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Abstract

Method of decomposition has been successfully applied to function generation with multi-loop mechanisms. For a two-loop
mechanism, a function y = f(x) can be decomposed into two as w = g(x) and y = h(w) = h(g(x)) = f(x). This study makes use
of the method of decomposition for two-loop mechanisms, where the errors from each loop are forced to match each other.
In the first loop, which includes the input of the mechanism, the decomposed function (g) is generated and the resulting
structural error is determined. Then, for the second loop, the desired output of the function (f) is considered as an input and
the structural error of the decomposed function (g) is determined. By matching the obtained structural errors, the final error
in the output of the mechanism is reduced. Three different correction methods are proposed. The first method has three
precision points per loop, while the second method has four. In the third method, the extrema of the errors from both loops
are matched. The methods are applied to a Watt Il type planar six-bar linkage for demonstration. Several numerical
examples are worked out and the results are compared with the results in the literature.
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1. Introduction

There are several methods for the kinematic synthesis of function generating mechanisms. Polynomial
approximation methods such as interpolation, least squares and Chebyshev approximation methods are
some of the commonly used methods [1]. Among these, interpolation approximation method is the
easiest one to implement. On the other hand, least squares approximation method provides more
accurate approximation with respect to least squares (or L2) norm and Chebyshev approximation
method provides more accurate approximation with respect to Chebyshev (or Loo) norm, provided that
these two methods are applied for a single loop function generator mechanism.

The approximation accuracy in function generating mechanism synthesis can be enhanced by
increasing the number of design parameters of the mechanism. This can be accommodated by either of
the following methods: 1) introducing artificial frames of reference for the input or output of the
mechanism [1]; 2) also considering the amount of displacements of the input or the output link [2]; 3)
combining linkages with gears [3]; 4) using a mechanism with more design parameters [4]; 5) using
additional loops for a selected mechanism [5]. There are several studies on function generating planar
six-link mechanisms. Svoboda [6] considered a Watt Il type six-bar linkage as a double three-bar
linkage and specified nine design parameters (three link lengths per loop — taking scaling into account
and three rotation ranges for the three links connected to the ground). He formulized the function
generation problem as composition of two functions corresponding to the two loops, which we call the
method of decomposition. He proposes alternative uses of the approach. The first use is such that the
first loop is designed to approximately generate the desired function and the second loop is used to tune
the result. In the second use, the desired function is decomposed into two identical functions such that

! Corresponding author. Tel.: +90 232 7506777; fax: +90 232 7506701.
E-mail address: gokhankiper@iyte.edu.tr (G. Kiper).

1


https://core.ac.uk/display/324141545?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

the square root of the function is generated by each of the identical four-bar loops with equal input and
output travels. Svoboda calls this latter method as the method of successive approximations. The
generalized decomposition method proposed by Alizade et al. [7] allows the decomposition of the
function arbitrarily. This enables an extra design parameter for the designer. McLarnan [8] utilized an
iterative numerical method for synthesis of planar six-bar linkages for at most 9 precision points with
Watt linkages and at most 11 precision points with Stephenson linkages. Rao et al. [9] utilized
Burmester theory in order to design six-bar linkages performing function and path generation
simultaneously. Several examples of such dual-purpose (combination of function, path, motion
generation with the same mechanism) are presented in [10]. Dhingra and Mani [11] derived the
input/output (I/O) relationship for Stephenson 11l and Watt Il type planar six-bar linkages and used
Newton-Raphson numerical method to solve the function generation synthesis problem with 9 and 11
precision points. Dhingra et al. [12] used homotopy methods for function generation with planar six-bar
linkages.

Liu et al. [13] made use of homotopy methods for function generation with six-bar linkages for five
precision points. Simionescu and Alexandru [14] worked on the optimal design of Stephenson linkages
by increasing the degree-of-freedom to two by removing one of the links. [15] devised a modular
approach for design of six-bar function generators. Shiakolas et al. [16] devised a methodology that
combines differential evolution and geometric centroid of precision positions technique in order to
perform synthesis of Stephenson 111 type six-bar linkages for dwell and dual-dwell mechanisms with
prescribed timing and transmission angle constraints. Kinzel et al. [17] used the so-called geometric
constraint programming (GCP) to design a Stephenson Il type planar six-bar linkage for function
generation with up to 11 precision points. Both graphical and analytical methods are used in GCP and it
makes use of commercially available CAD packages to simultaneously meet precision point conditions.
Hwang and Chen [18] applied constrained optimization techniques for designing Stephenson Il type
function generators avoiding order, circuit, and branch defects. Sancibrian [19] made use of an
improved version of the generalized reduced gradient optimization method for function generation
synthesis of several planar linkages including the Stephenson Il, Stephenson 11l and Watt Il type six-
bar linkages.

Plecnik and McCarthy [20] also worked on Stephenson Il type type of six-bar linkages for function
generation with eight precision points. By assuming some of the link lengths, a set of 22 equations with
a total degree of 705,432 is obtained. Later on, Plecnik and McCarthy [21] also worked on function
generation with a Stephenson 1l type planar six-bar linkage for 11 precision points. The loop closure
equations constitute a set of 70 quadratic equations and the system is reduced to 10 eighth-degree
polynomials. The resulting set of equations have a total degree of 1.07x10°. In both of the last two
studies, the equations are solved using continuation method. The latter study resulted in 1,521,037
nonsingular solutions. Agarwal et al. [22] used a genetic-algorithm-based multi-objective optimizer for
function generation with a Stephenson-111 type planar six-bar linkage. In addition to the structural error
defined based on the 1/O relationship, the derivative of the structural error is also taken into account,
therefore the formulation is called the dual-order formulation. Also, analytical conditions are derived
for the identification of the candidate designs which are free of singularities, mobility or branch
defects. The numerical examples result in comparable values with the ones that are presented in [20].

All methods mentioned above are based on numerical methods, whereas an analytical formulation is
presented in this study. The drawback of the proposed method is that relatively few number of
precision points are used. The powerful side of the analytical formulation is that the designer can carry
out hundreds of trials in several minutes. Furthermore, the methods proposed in this study allow the
designer to tune the design while monitoring several properties such as link length ratios, transmission
angle and etc.



The decomposition method is applicable when there are multiple loops in the generator mechanism and
is based on decomposition of the function to be generated into as many functions as the number of
loops. Maaroof and Dede [23, 24] have worked on application of the interpolation approximation for a
Bennett 6R linkage using the decomposition method. Although interpolation approximation seems to
result in inferior results compared to the other two approximation methods, Maaroof et al. [25] showed
that superiority of one method over the others is lost when the decomposition method is used.

In this study we apply the decomposition method to a Watt Il type planar six-bar mechanism. We
propose three correction methods to improve the accuracy of function generation. These methods can
be easily and conveniently applied to other two-loop mechanisms, as well. The proposed methods are
based on correction of the function generation errors of the first loop in the second loop. Interpolation
approximation is used as the synthesis method.

2. Description of the Mechanism and Function Synthesis Problem

The Watt Il type planar six-bar mechanism is composed of two ternary and four binary links connected
to each other by seven revolute joints. In Fig. 1, the input of the mechanism is the ¢ angle and the
output is y angle. y angle is the output of the first loop and will be used as an intermediate variable. A
Cartesian coordinate frame with origin at Ao is to be used such that the x-axis passes through Bo. The
input angle ¢ and the intermediate angle y are measured from their respective fixed reference axes
which make angles of ¢* and y*, respectively with the x-axis. The fixed reference axis of the output
angle v makes an angle of y* with respect to BoDo direction. In general, ¢*, y* and y* are design
parameters to be determined via synthesis. Since the 1/O relationship of a mechanism with revolute
joints does not change when the mechanism is scaled, the four bar loops AcABBo and BoCDDg can be
independently resized arbitrarily. So, without loss of generality we may assume |AoBo| = |BoDo| = 1 for
the fixed link lengths. The other link lengths of the mechanism are denoted as |AcA| = a, |AB| = b, |BoB]|
= ¢, kBBoC = a, ADoBox = B3, |BoC| = d, |CD| = e and |DoD| = f. A careful inspection shows that angles
o and B are not independent design parameters, but o + B is effective in the 1/0 relationship of four-bar
loop BoCDDo, because the effective input of the loop is .CBoDo =y + y* - (o0 + ). B also contributes to
the reference axis angle y* of the output link DD, but it just acts as a constant offset to the output
angle. Since o and B do not independently effect the I/O relationship, without loss of generality we
assume £BoAoDo = = 0 during our analyses. If the designer wishes to make use of a nonzero B, it is
sufficient to replace o by o — 3. Assigning 3 a nonzero value is just rotating the BoCDDo by an angle 8
without affecting the I/O relationship of the loop. Note that neither taking |AoBo| = |BoDo| =1 0or f =0
loses generality of the function generation synthesis problem. Also, for computational ease we assume
v* = B (= 0 during the computations) and y* = 0 in this study. The readers can examine [4] to learn
about the tools for handling nonzero intermediate (y*) and output (y*) reference angles.

The 1/0O relationships for the loops will be derived separately for different correction methods, because
the angle ¢* and/or o will be assumed zero in some of the methods.

We want to generate y = f(x) for xo < x < xf using the Watt Il type planar six-bar linkage. We
decompose f() function into two as w = g(x) and y = h(w) = h(g(x)) = f(x). g() function may be selected
arbitrarily. Initial and final values of w and y are found as wo = g(Xo), wr = g(Xr), Yo = f(Xo0) and yr =
f(xr). Also let AX = X¢ — Xo, AW = Ws — Wo and Ay = yr — Yo. We associate function variables x, w, y with
mechanism variables ¢, y, v linearly as

O—Pp _ X=Xy Y=V _W-W, V-V, Y-VY, )

Ad AX Ay AW Ay Ay
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Fig. 1 Kinematic diagram of a Watt Il linkage

where ¢o < ¢ < df, Yo <y <, o < v < ysand AP = ¢r— do, Ay = v£— yo, Ay = ys — yo. The limits of the

angles are chosen arbitrarily. From Eq. (1), desired mechanism variables ¢, y, v can be determined in

terms of function variables x, w, y as follows:
Ad Ay

(I):_(X_Xo)"'(bo ' V:_(W_Wo)"'YO ) \V:A_\V(

- 2
AX AW Ay y yo)"'\Vo (2)

Eq. (2) is used for determining the precision points for interpolation approximation. The precision
points can be selected with equal spacing, Chebyshev spacing or any other spacing. Usually Chebyshev
spacing gives good results. Conversely, X, w, y can be determined in terms of ¢, vy, v as follows

X_&(d)_d)o)"'xo , W:A_W(y_yo)+wo ) Y=ﬂ(\lf—\vo)+)’o 3)

CAd Ay Ay
Eq. (3) is used after the synthesis is performed in order to check the error in between the desired y(x)
and the generated y(y).

3. Correction Methods

In this section, three correction methods are presented for function generation with a Watt 1l type
planar six-bar linkage. The first correction method involves only the link lengths of the mechanism
while the second correction method involves angle references also as extra design parameters. The
precision points of the two loops are matched in these two correction methods. In the third correction
method, the synthesis of the first loop is the same as the other methods; however precision points of the
first loop are not used in the second loop. Instead, the points which correspond to the extrema of the
error in the first loop are used for the second loop.

3.1 Correction Method 1

The first correction method is the most basic one. In Fig. 1 assume ¢* = 0 and o = 0. For loop AcABBo
the 1/O relationship is obtained as follows
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‘,@‘ = ‘@—m‘ = b? =(1+ccosy—acos$)’ +(csiny—asin¢)’

(4)
= b®-1-a”—c*+2acos¢+2accos(y—¢) = 2ccosy
Eq. (4) can be written in the polynomial form as
D Pf.(x)-F(x)=0 fori=1,..,m (5)
=1

2 2 2
W’ Pzz%’ P,=a, fl(xi)zl’ fZ(Xi)ZCOS(I)’

f,(x;)=cos(y—¢) and F(x,)=cy for Eq. (4). For three precision points X1, X2, X3, Eq. (5) results in a
linear set of equations:

where m = n = 3, xi = {¢i, yi}, P=—

-1

P, +P, cos¢, + P, cos(y, —¢, ) = cosy, P] |1 cos¢, cos(y,—¢,)| [cosy,
P, +P,cos¢, +P,cos(y, —¢,)=cosy, =|P, |=|1 cosd, cos(y,—¢,)| |cosy, (6)
P, +P,cos¢, +Pycos(y;—¢;)=cosy, |P;| |1 cosd, cos(ys—ds)| |cOsy,

Once P1, P2, P3 are found from Eq. (6), a, b, ¢ can be uniquely determined as a=P,, c=a/P, and

b= \f1+ a®+c” +2cP, , provided that b is real. If a gets a negative value, one can add = to the assumed

limits (¢o and ¢r) of ¢ in order to make a get a positive value. Similar argument is valid for ¢ and limits
(yo and v¢) of y. Analyzing the resulting four-bar loop with the designed link length parameters, the
generated y angle values corresponding to the desired ¢ angle values can be calculated from which the
generated w values can be determined. One should be careful about the assembly mode of the loop. Let
O1 = Wdesired — Wgenerated1 Fepresent the error in loop AcABBo. The error curve 1 versus X will be as in
Fig. 2.

811;

i X\/XZ

Fig. 2. Error curve for loop AcABBg

Although v is the output of the mechanism, for loop BoCDDo we shall assume  is given and resulting
v is monitored in order for the errors of the two loops be comparable. Therefore, for loop BoCDDo, the
error in the intermediate variable w will be monitored as well. Let 82 = Wesired — Wgenerated2 represent the
error value calculated for given desired y and corresponding v angle values. For the synthesis we will



use the same precision points as the first loop and try to approximately equate 6> and d:. The 1/0
relationship for the loop BoCDDy is obtained as

‘CT)‘: D,D-B,C|= e =(1+fcosy—dcosy) +(fsiny—dsiny)’
Srd e T s —f cos(y —y) = cos v
2d q v Y=Y Y
o : : o _ 1+d*—e® +f?
Eqg. (7) can be written in polynomial form (5) with m = n = 3, xi = {yi, vi}, P, T

P5=g' P,=f, f,(x;)=1, f5(x)=cy;, fs(x)=—c(y;—v;) and F(x;)=cy,. The three precision

points are selected such that the y angles coincide with those of the precision points of loop AcABBo.
The linear equations can be solved as

-1

P, +cosy,P, —cos(y, —y,)P;=cosy, [P, ]| |1 cosy, —cos(y,—y,)| [cosy,
P, +C0sy P, —cos(y, —v,)P;=cosy, = | Py |=|1 cosy, —cos(y,—v;)| |COSY, (8)
P, +c0sy P, —cos(y, —vg)P;=cosy; | P, | |1 cosy, —cos(ys—7vs)| |COSYs

After P4, Ps and Pg are found, the design parameters of the loop can be uniquely determined as f =P,

d=f/P, and e:\/1+ d®+f?—2dP, , provided that e is real. If d receives a negative value, this means

that o = = instead of o = 0, which is acceptable. If f is negative, then one can add = to the assumed
limits (yo and ) of the output angle y to force f to be positive. Analyzing the resulting four-bar loop
with the designed link length parameters, the generated y angle values corresponding to the desired ¢
angle values and hence the generated w values can be determined. Representative error curves &; and
d2 versus X are illustrated in Fig. 3. As a result of the whole design process, the y angle values as the
output of the mechanism will result in corresponding y values as the output of the generated function.
For given x, and hence corresponding angle ¢, the error dy = Ydesired — Ygenerated Variance is also depicted
in Fig. 3. Definitely &y = 0 at the precision points X1, X2 and x3. There may be other points where &y = 0
whenever 31 curve intersects 2, such as the x* point demonstrated in Fig. 3.

A _ 61

Fig. 3. Error curves for the two loops and function output

The resemblance of &1 and &2 directly effects dy. In order to obtain lower amounts of dy, the designer
has several parameters to adjust. The limits ¢o, ¢f, Yo, v, Wo and s are free to choose, unless there are
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some constraints on these parameters. Also, it is possible to adjust the intermediate function g(-) for
most of the functions. If a design environment such as Microsoft Excel® is used, the designer can
assign spin buttons for the limits of the angles and the intermediate function parameter. By using these
spin buttons, the designer can simultaneously see the tendency of change in the variations of 61, &2 and
dy. Meanwhile the designer can monitor |3y|max Or root mean square of &y — whichever is convenient —
and minimize it. While performing these adjustments, it is also possible to monitor certain design
considerations such as maximum link length to minimum link length, transmission angles, etc.

3.2 Correction Method 2

In the second correction method, ¢* and o are assumed nonzero. In this case, the I/0 equation for loop
AoABB, becomes

4| = [AB A A|= b7 = (L coy—ac(9+47)) +(csy—as(0+47))
2 12, Q2 ©)
N _%+%c¢*c¢—%s¢*s¢+ac¢*c(y—¢)+as¢*s(y—¢) =cy

2 K2 2
Eq. (9) can be written in polynomial form (5) with m = 4, n =5, xi = {0i, yi}, P, :—%'

Pzz%cq)*, Psz%sq)*, P,=aco’, Py =as¢’, f,(x;)=1, f,(x)=cd;, f;(x;)=—sd;, f,(x;)=c(v;—d;).

fs(%;)=s(v;—¢;) and F(x;)=cy,. There are four design parameters (a, b, ¢ and ¢*), so there should

be four precision points: X1, X2, X3 and xs. However there are five Pj’s, hence they cannot be
independent of each other. Indeed, P3P4 = P2Ps. The problem can be linearized by using a Lagrange’s
variable. Let Ps =X and P; = m; + njA for j =1, 2, 3, 4, 5. Substituting into the polynomial equations:

ml+nIX+(m2+n2x)c¢1—(m3+n3x)s¢l+(m4+n4x)c(yl—¢l)—0yl— (v —¢l)

m, +nA+(m, +n,1)cod; —(My +n 1) sh, + (M, +n,A)c(ys— ;) =Cy; —S(v5—3) A (10)
m, + N A+ (M, +n,A) Chs — (M, +Nn,0)shs +(m, +n,4)c(ys —ds) =Cys —S(vs — ds ) A

m, +nA+(m, +n,1)co, —(m;+ni)so, +(m, +n,L)c(y, —d;)=cy, —s(v; — ;)2

In order for Egs. (10) to be satisfied, the coefficients of A and the rest of each equation need to be
equated to zero. In matrix form:

1 chp —sp cC (Yl —4, ) m, Cr, 1 cp —sp cC (Yl —4, ) n —S (71 -4 )
1 coy —So, C(Y3 _¢3) m, _ CY3 and 1 co; -0, C(Ya _¢3) n, _ _S(Y3 _¢3) (11)
1 co; —sds C(Ys _¢5) m, Cys 1 cos -Sbs C(Ys _¢5) Ny _S(Ys _¢5)
1 cp, —so, C(Y7 _¢7) m, Cy, 1 cop, —so, C(Y7 _¢7) n, _S(y7 _(1)7)

m1, M2, M3, M4, N1, N2, N3 and ns are solved by matrix inversion. A is solved as follows:



P,P, = PP, =(m,+nA)(m,+n,A)=(m,+n,A)A

= (n;n, —n,)A? +(myn, +n;m, —m, )AL +mym, =0 (12)

m, —m,n, —n,m, J—,\il(m3n4 +n,m,-m,)’ —4m,m, (n;n, —n,)

=SA=
2(nn, —n,)

Next, Pj = mj + mja for j = 1, 2, 3, 4 are evaluated. After determining Py, P2, Ps, P4, Ps, a=4/P,2 +P,?

¢* =atan2(P,,P;), c=ac¢’/P, and bz\/1+a2+cz+2cPl. All design parameters are uniquely

determined provided that b is real. If ¢ is negative, limits of y should be increased by r. The resulting
error variation 81 = Wesired — Wgenerated1 Nas at least four precision points (X1, X2, X3 and Xs) if the correct
assembly mode of the four bar loop is selected.

For loop BoCDDyo the 1/O relationship is obtained as
5=

ﬁj—ﬁ?‘ = e’ =(1+fC\|f—dC(y—0L))2 +(fS\|/—dS(y—0c))2

1+d?—e’*+f> f
+ cw—Tfc(wy—v)—tasy+ftas(yv—v)=
A L (v —v)—tasy+ftas(y—y)=cy

(13)

L . . B _ B 1+d*—e® +f?
Eq. (13) can be written in polynomial form (5) with m =4, n =5, xi = {yi, vi}, Ps T odea
(04
f

P7:E1 P,=f, P,=ta, P,=fta, fG(Xi)zl, f7(Xi)=C\|/i, fS(Xi)z—C(\yi—yi), fy (%) =-sv;,

fo(X;)=s(w;—v;) and F(x;)=cy,. There are four design parameters (d, e, f and ) and hence four

precision points X1, X2, X3 and Xxs. The same precision points for loop AcABBg are used and
corresponding yi and ; angles for i = 1, 2, 3, 4 are to be used. There are five P;’s, but P1o = PgPg. Let
Pio=A and P; =m; + njA for j = 6, 7, 8, 9. Substituting into the polynomial equations:

(Mg +ngh)+(m; +n,3) ey, —(mg +ngh)c(w, —y,)— (Mg +ngA ) sy, =cy, —s(y, — v, ) A
(Mg +nA)+(m, +n,1) ey, —(Mg +ngh)c(wy —v;)— (Mg +ngh)sy; =Cyy —s (W —7;) A

(14)
(Mg +ngh)+(m; +n,3) s — (Mg +Nngh)c (s —vs ) — (Mg +Ngh ) Sys = Cys —S(Ws — 75 )2
(me+n6x)+(m7+n7x)cw7—(m8+n8x)c(\y7—y1)7—(m9+n9x)5y7:cv7—s(\y7—y7)k

Equating coefficients of A and the rest to zero in Egs. (14) and writing in matrix form:

1 cy, _C(Wl_Y1) =Sy, || Mg Cry 1 oy, _C(\Vl_Yl) =Sy, || Ng _S(\Vl_yl)
Loovs —o(ve=ts) Syg My fors| oL ovs —e(vsmve) ssra e SS(vem) | g
1ocys —C(Ws—7vs) —SYs||Mg| |Crs 1oy —c(ws—vs) —Svs||Ns| |-S(Ws—7s)
1 oy, _C(\V7_Y7) =Sy; | Mg Cy, 1 oy, _C(‘V7_Y7) —SY7 || Ny _S(W7_Y7)

me, M7, Mg, My, Ns, N7, Ng and ng are solved by matrix inversion. A is solved as follows:



A =Py, =P;Py =(mg +ngh)(mg +n,h)

= NgNgA” +(Mgng +NgMy —1) A+ mymy =0 (16)

_ 2
e 1-mgn, —Ngm, T \/(msng +ngm, —1)" —4mymyn,n,

2ngn,

Next, Pj = mj + mjo for j = 6, 7, 8, 9 are evaluated. Then, f=P,, a=tan™P,, d=f/(P,ca) and

e :\/1+ d® +f2—2dcaP, . Solution results in a mechanism if e is real. In this case, the solution is not

unique, because o =tan* P, +mris also a feasible solution. If d is positive for oo =tan™P,, o is kept as

it is. Otherwise, 7 is added to a. If f is negative, © can be added to limits of . The error variation d; =
Wdesired — Wgenerated2 1S determined with at least four precision points with the right assembly mode of the
loop. As in the first correction method, Sy = Ydesired — Ygenerated IS Obtained and minimized by adjusting
the angles and the intermediate function parameter while monitoring the necessary design
considerations.

3.3 Correction Method 3

In the first two correction methods explained above, numerical examples showed that mostly the
maximum error occurs due to the difference in the local extrema of &; and d.. A third correction
method is developed to equate local extrema rather than the precision points. In this last correction
method, ¢* = 0, but o is nonzero. In this case, the 1/0O equation for loop AcABBy is given by Eq. (4)
and the 1/0O equation for loop BoCDDy is given by Eq. (13). Synthesis is performed for loop AcABBo
with three precision points X1, X2 and xs. The resulting error variation 81 = Waesired — Wgenerated1 1S given
once again in Fig. 4, however in this case the two local extrema inside the domain and the
corresponding x4 and Xs locations are also shown. (x4, d(x4)) and (Xs, 8(xs)) points in the error curve in
Fig. 4 will be used for the design of loop BoCDDsx.

811;

v

Xi X1

Fig. 4. Error curve for loop AcABBg

X4 and xs are analytically determined from ? =0 as follows:
X



By _ 0 ()= e Wy Or 06 _ oW, AW, Ab &y (17)
ax Oy 0pox  ox | Ay AX

X ox
where Wq IS Waesired aNd Wg IS Wgenerated1. Oy/0¢ is to be evaluated by differentiating the 1/0 equation of
loop AcABBo with respect to ¢:

P, +P,co+Pc(y—0¢)=cy=P,50+ Pss(y—d))(%—lj = Sy%
N oy _ P,s¢— Pss(V_¢)
09  sy—Ps(v-9)
Substituting in 051/0x in Eq. (17) and equating to zero:

aWd _ AWQ A_(I) PZS(I)_ PSS(Y_(I)) aWd AWQ A(I) Sd)P +(AW9 A_(I)_ a\Nd
2

—0= Mg, "M 20
X Ay AX sy—Ps(y—9¢) OX Ay AX Ay AX  OX

(18)

js(y—q))P3 =0 (19)

Eqg. (19) is a nonlinear equation in x and can be solved for x using a numerical method. There should be
two solutions corresponding to the local extrema inside the domain of x. In Excel, the built-in function
“Goal Seek” can be used to find the roots. The “Goal Seek” function of Excel is based on the Newton-
Raphson root finding algorithm. Also a simple macro can be written inside the spin button codes so that
the Goal Seek function is automatically employed when the function limits or the intermediate function
parameter are altered. When the initial value for the Goal Seek is set to the previous value of the roots,
the convergence is immediate, because the initial value will be very close to the solution.

For loop BoCDDo we impose 82(Xa) = 81(Xa), 82(xs) = 81(xs) and 882/0x = 0 at both of x4 and xs.The
first two conditions are generated from the 1/0O relationship of loop BoCDDo by using generated y
values from loop AcABBo and desired y corresponding to x4 and Xs:

P, +cy, P _C(\lf4 _Y4)P6 —sy,P, +S(\|’4 _Y4)P8 =Cy, (20)
P, +CysP; _C(\Ifs _YS)PG —SysP, +S(\|’5 _YS)PS =Cys

We need to take derivative of &, and equate to zero at X4 and xs for the extrema conditions:

By _ 0 (g )M WYV W Aw Ay ey Oy )
ox ox' % ax dyoyoyox ox Ay Ay X oy

where Wy iS Waesired and Wq IS Wgenerated2. Oy/Oy IS to be evaluated by differentiating the 1/O equation of
loop BoCDDg with respect to :

P, + Py —P,c(y—7)—P,sy+Ps(y—y)=cy
_ 129 p ey O SN T A o) ]
= —Pssy +Ps(y y)( a\vj P7Cyaw+P8C(\|f y)(l aw) Syaw (22)
oy _ Psy—Ps(y-v)-Pc(y-7)
oy sy—Ps(y—v)-Pcy—Pc(v-v)

Substituting in 682/0x in Eq. (21) and equating to zero:
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06, OW AW Ay oy PSS\V—PGS(\V—y)—PBC(\V—y)

00, W AW AY oy -0
ox  Ox Ay Ay ox sy—Ps(y—v)—P,cy—Pc(y—7v)
oy ow oy
= AWAYSY —=P. +| AYAy — — AWAy —=— [S(y —v)P. +... 23
sy — Ps+| AyAy— v (v=7)P, (23)

oy

ow ow
o+ AYAYCY — P, +| AYAy — — AWAy —
YYY6X7{YY8X Wax

oW
—7)P. = AyAysy v
}C(w v) Py yAYSY —

Eq. (23) is linear in Ps, P, P7 and Pg. Eqg. (20) and Eq. (23) written for x4 and xs constitute four
equations in 5 unknowns (P4, Ps, Ps, P7, Pg). However, Pg = P¢P7, so not all Pj’s are independent. Let Pg
=\ and Pj=m;+ njA for j =4, 5, 6, 7. Substituting in Eq. (20) and Eq. (23):

° <m4 + n47“)+C‘V4 (ms + nsk)_c(\h _74)(m6 + n67")_574 (m7 + n77‘-) =0y, _S(\V4 _3(4)7L

o (m,+n,)+cyg(mg+nd)—c(ys—7s) (Mg +nh)=sys (M, +n,4) =cys—S(ws—vs )M

oy ow oy
. AWA\VSW4&X4(m5+n5k)+s(w4—y4) AyAya_Xx4_AWAW&x4 (Mg +NGA)+...
ow ow oy
ot AYAYCy, —2 (M, +nA)=AyAysy, —| —c(y,—7,)| AyAy—| —-AwAy—=| [ (24
YAYCY, x x4( 7 7) yYY4aXX4 (\V4 74)[)/“/6)()(4 Waxxj (24)
oy ow oy
. AWA\uS\VS&XS(m5+n5k)+s(w5—y5) AyAY&XS_AWAW&XS (Mg +ngh)+...
ow ow ow oy |
FAYAYCY, —24 (M, +n.0) = AyAYsy, —| —C(w. =7 )| AYAy—| —AWAy—=| |A
YAYCYs X XS( 7 7) yyY5aXX5 (Ws Ys)[yyaxxs W@XXS
Equating coefficients of A and the rest to zero in Eq. (24) and writing in matrix form:
T oo ] ~S(W,—74)
m, CYs n, _S(Ws _Vs)
m, ow n ow oy
=| AyAysy, — Sl=|—C - AYyAy—| —AWAy —
[A] m || AT | and [A] N \2 n)[ Sl v J (25)
m, ow n, ow oy
AyAysy, x . —(ys— ys)[AyAya—X — AWAy =
1 Cy, _C(\V4 - VA) =SV, ]
Cys _C(\Vs - Ys) —SYs
ow ow
where [A]=0 AWMS%% S(w—w){AyAv& —AwAw% J AyAv%a—X"
oy ow oy oW,
0 AwAysy, — S(w: — AYyAy —| —AWAy — AyAycy, —=
sl (ws—7s)| AyAr— Thwby S ) sysers |

M4, Ms, Ms, M7, N4, N5, Ns and n7 are solved by inverting [A]. A is solved as follows:
11



A =P, =P;P, =(mg+n ) (m, +n,L) = ngn,A% +(mgn, +n;m, —1)A+ mgm, =0

1-mgn, —n,m, 1\/(m6n7 +nem, —1)° —4m,m.n,n, (26)

=Ai
2ngn,

Next, Pj = mj + njA for j = 4, 5, 6, 7 are evaluated. Then d, e and f are found as f =P,, a=tan'P,,

d= and e= \/1+ d? +f* —2dcaP, . Once again e should be real, if d is positive for o.=tan™P,,

P.ca
otherwise, a.=tan™ P, +n and if f is negative, = can be added to limits of . The error variation 5, =

Wdesired — Wgenerated2 1S determined with at least three precision points with the right assembly mode of the
loop. Oy = Vdesired — Ygenerated 1S Obtained and minimized by adjusting the angles and the intermediate
function parameter while monitoring the necessary design considerations.

4. Numerical Examples

All formulations in the Section 3 are implemented in Excel and several different function synthesis
tasks are performed. In this section, we present the application of each of the three correction methods
for generation of a power function, an exponential function and a trigonometric function.

First function worked on is y = x? for 1 < x < 5.y = x? is decomposed as w = x* and y = w?*, Second
function is y = %> for 1 < x <5 and the function is decomposed as w = e>> and y = wX. For both of
the functions, Kk is the intermediate function parameter. k is a design parameter which can be selected
arbitrarily by the designer and can be adjusted to minimize the function generation error. The third
function is y = sin(x) for 0 < x < n/2 and the function is decomposed as w = tan(x/2) and y =
2w/(1+w?). In this case, there is no intermediate function parameter.

For the three correction methods, the mechanism angle limits and, if exists, the intermediate function
parameter are varied to minimize the maximum absolute error |8y|max Subject to the conditions that the
maximum to minimum link length ratio (ri) of the mechanism is less than 10 and A¢, Ay or Ay is not
less than 20°. Recall that the fixed link lengths are |AoBo| = |BoDo| = 1, but the loops can be
independently scaled as one wishes. Therefore, ri is monitored independently for the two loops, but the
relative sizes of the two loops is also considered. Since there are 6 angle limits and 1 intermediate
function parameter for the first two functions and no intermediate parameter for the last function, there
is a 7 or 6 dimensional optimization space. Using the spin buttons in Excel, several trials can be
performed in a short time to find an optimum solution. Use of complicated numerical optimization
techniques is not necessary. After several trials for the three functions with the three correction
methods, the resulting designed link lengths are provided in Tables 1, 2 and 3 fory = x?, y = e*> and y
= sin(x), respectively.

Table 1. Intermediate function parameter, angle limits and designed link lengths of the 6-bar linkage
for generation of y = x2for 1 <x <5

Method| k (1)0 ¢f Yo Vi Wo \Ai ¢* a b C o d e f m |8y|max
1 1.2 [155°| 33° | 99° | 44° |230°(309°| 0° (0.119/1.090|0.259| 0° |0.379(1.052|0.303|9.177|6.91x107?
2 1.2180°| 0° [110°| 58° | 82° | 59° | 73.4°|0.780|1.536|1.338(239.1°|1.873|4.534|2.347|4.534(2.97x10*
3 1.3 [247°|315°|170°|140°| 60° |120°| 0° |0.341|0.693|0.585|169.2°|0.459|0.635|0.160|6.244(2.15x103
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Table 2. Intermediate function parameter, angle limits and designed link lengths of the 6-bar linkage
for generation of y = e%> for 1 <x <5

Method| K | do | &t | yo | v | wo | wi | ¢* a b C o d e f M| [Sylmax
1 2 [159°|265°|250°|317°|205°|231°| 0° |0.649|1.680({0.856| 0° |5.477|4.711|1.571|5.477|4.08x102

2 2 |273°(230°|120°| 54° [133°|107°(148.2°/1.840|0.716/1.570| 229° [1.893|2.903|1.423|2.903|1.81x10

3 2 |159°|268°|248°|323°|205°|275°| 0° |0.742|1.752|0.898|-61.0°/8.750|8.503|1.471|8.750|2.48x1072

Table 3. Angle limits and designed link lengths of the 6-bar linkage for generation of y = sin(x) for 0 <
X <m/2

Method o Of Yo Wi Yo Yt o* a b c o4 d e f n |8y max
1 213°| 75° |150°| 45° | 57° | 105°| 0° |1.577|1.973/1.994| 180° |0.329|1.447|0.823|4.398|1.99x1072
2 180° | 96° | 150° | 270° | 265° | 185° [244.1°0.684|0.422|0.514(177.390.594|0.678|0.854 | 1.682|3.00x103
3 183° | 90° | 148°| 80° | 42° | 90° 0° |0.705(1.128|0.816[255.2°0.147(1.154|0.117|9.837|1.39x103

All error curves of the worked out nine examples will not be presented here. To illustrate, the error
curves for generation of y = x? with correction method 2 is presented in Fig. 5.

0,004 S
—381 ---82 0,0005
0.003 ‘ 0,0004
0,0003

. \ /’/—\ 0,0002 \ / \
0,001 \ / \ / 0,0001 \\ // \\

0 - | | oo N

1 \ 2/ 3 \ / 5 -0,0001 5 5 - -

0,001 N 10,0002 \ / \\
0002 \ / 10,0003 \ /
’ Nt -0,0004 \v/
-0,003 -0,0005

Fig. 5. Error curves for y = x? with correction method 2
5. Performance Evaluation

For y = x? and y = €% the solutions found for correction method 2 are superior than the solutions
found for correction method 3 and correction method 1 yields the worst results. It is expectable that
correction method 2 with four precision points is better than the correction method 1 with three
precision points. On the other hand, we were expecting to get the best results with correction method 3,
which makes use of the first order derivatives. Unlike the other two functions, for y = sin(x), correction
method 3 gives the best results and correction method 2 gives the worst results. Once again, we do not
claim that the results cannot be improved, however, the obtained numerical results indicate that any of
the correction methods may be better than the others depending on the function to be generated and the
domain of the independent variable.

Different types of mechanisms, different functions and different independent variable domains are used
in the examples in the literature. Still, for comparing our results with the previously published results,
we can take a look at the order of magnitudes of the errors. As a measure to be compared let us use the
percentage error defined as

%e = 100 - [Maximum error|/|Range of the output|

13



For our examples the best results are as follows: %¢e = 0.00124% for y = x? with 1 < x < 5, %e =
0.0172% for y = €% with 1 < x < 5 and %e = 0.139% for y = sin(x) with 0 < x < 7/2. The maximum
percentage error we get is 0.139%.

Kinzel et al. [17] designed a Stephenson 111 type six-bar linkage for generation of y = logio(X) for 1 <
x < 2 with eleven precision points. The maximum error in the output of the function can be evaluated
from the link lengths provided in the paper as 1.62x10°, so %e = 0.0054%. For comparison, we also
worked out y = logio(x) for 1 < x < 2 with Correction method 2, i.e. for four precision points for both
loops. A good solution is obtained for the angle limits listed in Table 4. The percentage error is
evaluated as %e = 0.0018% which is better than the error of Kinzel et al. [17]. But, note that the
linkages utilized are of different type.

Table 4. Angle limits and designed link lengths of the 6-bar linkage for generation of y = logio(x) for 1
<x<L2

Method| o | & | yo | ¢ | wo | wr | ¢* | a b c a d e f M| [8ylmex
2 40° | 164°| 60° | 131°| 1° | 67° |45.03°1.432|8.181(8.846|-32.5°/1.126|3.250(2.012|8.846|5.47x106

Hwang and Chen [18] designed a Stephenson Il type function generator as an example for generation
of y = x? for —1 < x < 1. The result is a maximum error of 0.498° for an output range of A8 = 60°. This
corresponds to a percentage error of %e = 0.83%. Sancibrian [19] presented several design examples
with different types of linkages for several different functions. The best result with the smallest
magnitude of error is obtained with a Stephenson 11 type six-bar linkage for generation of a rise-dwell-
return type simple harmonic motion for 24° oscillation of the output link. When the mechanism is
analyzed, we found that the maximum amount of absolute error is 0.411° within the range of 24°,
which corresponds to a percentage error of %e = 1.71%. These results are summarized in Table 5.

Table 5. Comparison of designs

. Input .
Author Function domain Output range| Linkage %e
Kinzel et al. [17] y = 10g10(X) 1<x<2 | 0<y<0.301 |Stephenson I11|0.0054%
Hwang and Chen [18] y=x? -1<x<1| 0<y<1 |Stephensonll| 0.83%
n[1-cos(2x)]/30 for 0<x < /2
Sancibrian [19] |y = /15 for n/2<x<3n/2|0<x<2r|0<y<2m/15 |Stephenson 1| 1.71%
n[1-cos(2x)]/30 for 3n/2<x <2n
Kiper et al. y = 10g10(X) 1<x<2 |0<y<0.301 Watt 11 0.0018%
Kiper et al. y=x2 1<x<5 | 1<y<25 Watt Il |0.00124%
Kiper et al. y = g0 1<x<5 |1.65<y<122| Wattll 0.0172%
Kiper et al. y =sin(x) 0<x<n2] 0<y<l1 Watt 11 0.139%

6. Conclusions

In this study, the method of decomposition is successfully applied to a Watt Il type planar six-bar
linkage. The method also can be easily adapted for the Stephenson 11l type planar six-bar linkage, as
well, provided that the input link of the mechanism is a binary link connected to the ternary links. The
three types of proposed correction methods are applied for three different functions: a power function,
an exponential function and a trigonometric function.
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Using a two-loop function generator mechanism instead of a single-loop mechanism has the obvious
advantage of reduced generation error. This can be seen by comparing the two plots in Fig. 5. The left
plot for the single-loop mechanisms has errors in the order of 0.001s, while the right plot for the two-
loop mechanism has errors in the order of 0.0001s. This is of course just an example, however it is
natural to expect the superiority of a two-loop mechanism over a single-loop mechanism since the two-
loop mechanism has more number of design parameters in total, regardless of it has been decomposed
into two single-loops or not. Also via the examples presented in Section 5, we have demonstrated the
power of the proposed methods in this study compared to the other methods presented in the literature
for two-loop planar 6-bar mechanisms.

The application of the synthesis methods enclosed herein require specification of the six mechanism
angle limits and, if exists, the intermediate function parameter by the designer. This gives the designer
a flexibility in design. Although the selection of these six or seven design parameters is done manually
in this study, it is also possible to run a numerical optimization technique with these free design
parameters. We do not prefer to use such an optimization technique, because we want to see the
changing behavior of the error variation as the free parameters are continuously varied. However, with
this manual operation, we can only obtain limited number of feasible solutions and cannot guarantee
that there is no better solution with less amount of error. Still, we can speculate on the results of the
numerical examples in order to compare the three correction methods for the generation of the three
different functions and conclude that superiority of the methods with respect to each other depends on
the function to be generated.
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