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LIOUVILLE-TYPE THEOREMS FOR THE STATIONARY MHD
EQUATIONS IN 2D

WENDONG WANG AND YUZHAO WANG

ABSTRACT. This paper is devoted to investigating Liouville type properties of the two-dimensional
stationary incompressible Magnetohydrodynamics equations. More precisely, we show that
there are no non-trivial solutions to MHD equations either the Dirichlet integral or some LP
norm of the velocity-magnetic fields is suitably bounded, which generalize the well-known results
for the 2D Navier-Stokes equations by Gilbarg-Weinberger [I3] and Koch-Nadirashvili-Seregin-
Sverak [19]. Compared to the Navier-Stokes equations, there is no maximum principle for
solutions to the MHD equation. To overcome this difficulty, we develop a different approach,
which does not appeal to the special structure of the vorticity equation as [I3] did.

Keywords: Liouville type theorems, MHD equations, Navier-Stokes equations

1. INTRODUCTION

In this note, the main concern is the two-dimensional (2D) stationary incompressible Mag-
netohydrodynamics (MHD) equations on the whole plane R:

—pAu+u-Vu+Vr=b-Vb,
—vAb+u-Vb=b-Vu, (1)
divu=0, divb=0,

where u : R? — R? and b : R? — R? denote the velocity field and the magnetic field respectively;
1 > 0 is the viscosity coefficient and v > 0 is the resistivity coefficient. Magnetohydrodynamics
is the study of the magnetic properties of electrically conducting fluids, which appear naturally
in various branches of physics and engineering such as plasmas, liquid metals, salt water, and
electrolytes, etc. It models the phenomena that the magnetic fields induce currents in a moving
conductive fluid, which in turn affects the magnetic field itself. As a consequence, the math-
ematical model of MHD is a coupled system of the Navier-Stokes equations of fluid dynamics
governing the velocity field and the Maxwell’s equation of electromagnetism describing the mag-
netic field. Due to its fundamental importance, the field of MHD has attracted considerable
attention. In particular, Hannes Alfvén received the Nobel Prize in Physics in 1970 for his
pioneering contribution in this field. We focus on the stationary equations , which plays a
particularly important role in understanding the long time behaviour of its dynamical model.
For further physical background and mathematical theory, we refer to Schnack [26] and the
references therein.

It is obvious to observe that admits trivial solutions u = b = C. A natural question to
ask is whether there exists non-trivial solutions to with the finite Dirichlet energy:

D(u,b) = /R IVl + Vb2 da. @)

1



2 W. WANG AND Y. WANG

This question is known as the Liouville-type problem concerning MHD equations . Liouville
theory for MHD, if holds, claims that the stationary Magnetohydrodynamics flow owns the
rigidity in the sense that the Dirichlet energy of the flow is either null or infinite. Liouville
theory has been established for various fluid models, such as stationary Navier-Stokes equations.
When b = 0 and g = 1, the MHD equation reduces to the standard 2D Navier-Stokes

(NS) equations,
{—Au+u-Vu+V7r:0, 3)

div u = 0,

for which Liouville properties are well understood. For instance, Gilbarg-Weinberger [13] proved
that there are only constant solutions to provided the Dirichlet energy is finite, that is

/ |Vu|? dz < oc.
R2

Their proof relies on the fact that the vorticity of the 2D NS equations satisfies a nice elliptic
equation, to which the maximum principle applies. To be more precise, for a solution u to ,
define w = Oou1 — O1ue to be its vorticity. Then w solves the following elliptic equation

Aw —u-Vw =0,

which satisfies the maximal principle. The assumption on boundedness of the Dirichlet energy
can be relaxed to Vu € LP(R?) with some p € (£,3], see [2]. As a different type of Liouville
property for the 2D NS, Koch-Nadirashvili-Seregin-Sverak [19] showed that any bounded solu-
tion to is trivial solution, say u = C, as a byproduct of their results on the non-stationary
case. In [19] they exploited the maximum principle of a parabolic type, see also a note of Koch
[17]. Recently, it was extended to the case of generalized Newtonian fluids, where the viscosity is
a function depending on the shear rate in [7, 9]. See also [29] for a similar result for u € LP(R?)
with p > 1 on the generalized Newtonian fluid. Other types of Liouville properties for the
stationary NS on the plane were also extensively studied, such as under the growth condition
limsup |z|”*u(z)| < oo as |z| — oo for some a > 0, see [10, 2]; existence and asymptotic
behavior of solutions in an exterior domain, see [14] [24] 25| (15, 22 [18, [5]. For more references
on Liouville theorems of , we refer to [11, 6, 28, [16, [§] and the references therein.

If we take the magnetic effect into account, i.e. b is not necessarily vanishing, the under-
standing of the Liouville-type properties of MHD on the plane is far from satisfactory. The
involvement of the magnetic field makes the problem much more complicated. As pointed out
by Oleinik-Samokhin in [21], the magnetic field applied to a conducting viscous flow may affect
the process of separation of the boundary layer as well as the speed. However, some numerical
experiments in [23] seem to indicate that the velocity field should play a more important role
than the magnetic field in the regularity theory. See also [27]. One may wonder whether the ve-
locity fields also play the leading role in a Liouville theory for MHD equations. Partial progress
has been made for the three-dimensional case, where Chae-Weng [4] recently proved the axially
symmetric Dirichlet solution (u, b) is trivial if u € L3(R3). It is still a challenging open problem
to remove the L3(R3) boundedness. In this note, we will give an affirmative answer to the
two-dimensional case. In particular, we show that by adding the magnetic effect the Liouville
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theorem still holds, provided that the magnetic fields are suitably controlled by the Reynold
number.

Before proceeding with our man result, we define the weak solution to the MHD system .

Definition 1.1. We say that (u,b) is a weak solution to the 2D MHD equations in a domain
Q C R? provided that:

(i). u,b € L; () for some s > 2;

loc

(ii). divu =0 and divb = 0, in the weak sense;

(ii). (u,b) satisfies the following system

,u/u'Aqbd:E—i—/(u-qu)-udx:/(b~V¢>)-bdﬂs
Q Q Q
and

V/S)b-AQde—F/Q(u-qu)~bdx:/ﬂ(b~v¢))-udx

for all ¢ € CF°(Q) with ¢ = (¢1,¢2) and dive = 0.
In what follows, we shall take Q2 = R? unless otherwise specified.

To establish the Liouville theory for the 2D stationary MHD equations , one may want to
mimic the arguments in [I3] or [I9] for Navier Stokes equations (3). However, this is not the
case. For instance, due to the presence of the magnetic fields, the maximum principle doesn’t
hold for the vorticity of the MHD equations. Therefore, Gilbarg-Weinberger’s argument fails to
apply to the 2D MHD equations. Nevertheless, we step forward in this direction and provide
positive answers to this question by assuming that the magnetic fields are suitably bounded.

Our first main result is as follows,

Theorem 1.1. Let (u,b) be a weak solution of the 2D MHD equations defined over the
entire plane. Assume that D(u,b) < Doy < 0o and there exists an absolute constant Cy such that

1
[0l (r2y Dy < Cw min{puv, ,u%y%}.
Then u and b are constants.

Remark 1. Similar analysis as Galdi in [I1], for any weak solutions (u,b) to the stationary
MHD equations , if u,b e LfOC(Q;RQ) with some s > 2, then u,b € VVZ%)’CQ(Q;]RQ) and u, b are
smooth as a consequence of the regularity property of Stokes equations. For more details, we
refer readers to [L1, Chapter IX]. Therefore, the weak solutions to are indeed smooth under

the conditions of Theorem [I.11

Remark 2. We stress that smallness conditions only apply to the magnetic field b. Note that
if (u,b) be a solution of (I]), then

uz) = Mu(dz), bN(x) = Ab(Ax)
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is also a solution of . The quantities [|b| 11 (r2) | Vullp2(rey and [|b]| 11 (r2)[| V]| 12(r2) are invari-
ant under the natural scaling. Furthermore, our proof doesn’t appeal to the special structure of
the vorticity equation of the 2D NS equations as [13] did, and so it is more robust in extending
to more general settings.

Remark 3. The suitable smallness of the magnetic field plays a vital role in our proof of
Theorem When p ~ v ~ (Re)™* and ||u||;x < 1, Theorem shows that ||b]|, 111 S
(Re)~2 implies the trivial solution are stable in this space. The upper bound (Re)~2 also
appeared in the study of in the time-dependent Navier-Stokes equations as the stability threshold
of shear flow. See Bedrossian-Germain-Masmoudi [I]. However, it is still not clear whether this

bound is essential to the Liouvillle theorem Theorem [T.11

Motivated by [19] and [29], our second result is concerned with the Liouville property for L?
solutions,

Theorem 1.2. Let (u,b) be a weak solution of the 2D MHD equations defined over the
entire plane. Then u, b are constants if one of the following conditions holds:

(1) u,b € LP(R?,R?) for some p € [2,6];
(2) |ullLe@2) + |6l w2y < L < 00 for some p € (6,00, and there exists an absolute constant
_p_
Cy such that ||b| 12y L2 < Ci min{,uy,u%u%}.

Remark 4. Note that for p € [2, 6], no smallness conditions are needed, that is to say there are
no non-trivial L? solutions to . However, it is different when p > 6. The main difference comes
from a simple fact: the estimate of the nonlinear term u-Vu or b- Vb, and R~* fBR\BR/z |b]3dx =

o(R) as R — oo if b € LP(R?) satisfying p < 6(see Section 4.1,4.2). When p € (6, cc], we need to
p P

assume that the scaling invariant norms |[b|| 1 (ge) HuHE;(QRQ) and [|b]| 11 (r2) Hb||£?(2R2) are sufficiently

small. Moreover, the above result generalizes the corresponding theorems for the Navier-Stokes
equation ({3)) in [I9] or [29] to the setting of MHD equations.

2. PRELIMINARIES

In this section, we prepare some preliminary lemmas that we shall rely on. Throughout this
article, C(ay,--- ,ax) denotes a constant depending on aq,--- , ag, which may be different from
line to line. We denote the ball with centre xg of radius R by Br(zg). If xg = 0, we simply
write B = Bg(0). Let a radially decaying smooth n(x) be a test function such that

1, x € By,
€Tr) =
() 0, xe€ BsS.

and let
nr(T) =1 %) (4)

for R > 0. One notices that |V¥ng| < %.
Let us recall a result of Gilbarg-Weinberger in [13] about the decay of functions with finite
Dirichlet integrals.
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Lemma 2.1 (Lemma 2.1, 2.2, [13]). Let a C* vector-valued function f(x) = (f1, f2)(z) = f(r,0)
with v = || and ©1 = rcosf. There holds finite Dirichlet integral in the range r > rqo, that is

/ |V f|? dedy < oo.
r>ro

Then, we have

) 1 21 5
lim — |f(r,8)]7d6 = 0.
0

r—oo Inr

and furthermore, there is an increasing sequence {r,} with r, € (2",2""Y), such that

0P

n—oo Inry

0,
uniformly in 6.

If, furthermore, we assume Vf € LP(R?) for some 2 < p < oo, then the above decay property
can be improved to be point-wise uniformly. More precisely, we have

Lemma 2.2 (Theorem I11.9.1 [11]). Let Q C R? be an exterior domain and let
VfeL?’nLPQ),

for some 2 < p < o0. Then

|/ ()]

wlsoo \/In([z])

uniformly.

We also need a Giaquinta’s iteration lemma [12, Lemma 3.1], also see a proof in [3| Lemma
8].

Lemma 2.3 (Lemma 3.1 [12]). Let f(r) be a non-negative bounded function on [Ro, Ri] C Ry.
If there are negative constants A, B, D and positive exponents b < a and a parameter 6 € (0,1)
such that for all Ry < p <71 < Ry

flp) <0f(7) +

then for all Ro < p <1< Ry

f@)SC@ﬁ)[

A B
(r=p)* (r=p)

+ D,

A B

TRy &

b

3. PROOF OF THEOREM [L.1]

For a solution of (u,b) to , consider the vorticity w = 0yu; — 01uz and the current density
h = Oaby — O1ba. Tt is easy to check that (w, h) satisfies

—pAw +u-Vw=">b-Vh, (5)
—vAh+u-Vh=b-Vw+ H,

where

H = 2(92[)2(82’&1 + 81U2) + 201U (62b1 + 81b2). (6)
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One crucial step of the proof is to get the higher regularity estimates of the solutions of .
Different from the argument in [I3], we have to exploit something new to overcome the obstacle
due to the lack of maximum principle for the 2D MHD equations. Before proceeding with the
proof of Theorem 1.1} we prove the following smoothing property for the solution of .

Lemma 3.1. Let the vorticity w and the current h as in the MHD equations @ with finite
Dirichlet integral, i.e. D(u,b) < co. Then, we have

/ |Vw|? 4 |Vh|? dz < oo; (7)
R2

and furthermore, under the polar coordinate x = rcos@ and y = rsinf, we have

2 2
O ) 00

7—00 Inr Inr

0 (8)
uniformly in 6.

Proof. We assume p = v = 1 without loss of generality. Choose a cut-off function ¢(x) €
C§°(Br) with 0 < ¢ < 1 satisfying the following two properties:
i). ¢ is radially decreasing and satisfies
Lzl < p,
8(z) = 9(Js]) = {07 o
WhereO<§§p<T§R;
ii). |Vg|(z) < ;& for all w € R?.

Multiplying both sides of by ¢?w and ¢?h respectively and then integrating over R? to get
/ ®?|Vw|? de = —/ Vw - V(¢*)w dx — / u - Vwow dz + / b- Vho w dx
R2 R2 R2 R2

and

/ qﬁ?\vm?dx:—/ Vh~V(¢2)hdx—/ u~th§2hda:+/ b-Vwe?hdr + | He*hdz.
R2 R2 R2 R2 R2

By noticing the cancelation

/ b.Vh¢2wdx+/ b.vw&hda::—/ b-V(¢?)hw dz,
R2 R2 R2
and then applying integration by parts, we arrive at

/ ¢2]Vw|2dx+/ $*|Vh|? da

R2 R2

1
:—/ Vw-V(¢2)wda:—/ Vh-V(gb2)hdx+/ u- V() w? dx
R2 R2 2 R2
1
+/ u-V(¢2)h2dx/ b-V(¢*)hwdz+ | Hhe?dx
R2

2 R2 R2

In what follows we shall estimate I; for j = 1,2,---,6 one by one.
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For the term I;, by Holder’s inequality and we have

C
I < EHVMHLQ(BT)HU)HLQ(BT)

1 / ) C
— Vwl|* dx + ,
8 /B, Vel (T —p)?

IN

and similarly

1 C
I < - / Vh|?dz + :
3 o, VR T
For the terms I3, - - - | I5, it only needs to consider I5 since other terms can be treated similarly.
Let
_ 1 2
= — 0)do
f(r) 27T 0 f(r? ) Y

then by Wirtinger’s inequality (for example, see Ch IL.5 [I1]) we have
2 2m
[ = ra< [T lonsrao. (10)
0 0
By Holder inequality, and Lemma we have

/ hwb-Vodx
RQ

Is <

< +

/ hw(b—b)-Védzr
RQ

/ hwb-Vedr
]RQ

1

C I 1 2 ?
(/ w4> </ h4> / / |b(r,8) — b|* df rdr
T—=p - B, Lori<r Jo
1
C 27 B
+ / lwoh| </ b(r,9)|2d0) da
T—P JB\B 0

R
2

1

4

1 2 %
< CR (/ w4> (/ h4>4 / R
T—p _ - Brl<r ™ Jo

+C(1“R)2/ (w? + h2) dz.
T—p JB.

Using the following Poincaré-Sobolev inequality(see, for example, Theorem 8.11 and 8.12 [20])

IN

-

1 1 1
lollzas,) < CIVWlZagy 0 Zgp, + Cr 2 lollz2(,). (11)

we obtain

1
CR > CRr' CvhR
L < </ |Vw2+\Vh|2> LT v
—p \JB, T—p  T—p

where we used the boundedness of Dirichlet integral. Thus
CRr~! CvVInR CR?
+ +
T—p T—p (T—p)

1
13+I4+I5§8/ IVh|? + |Vw|? dz + -
B,
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For the term Ig, using again we get

Is = /R OhH dz < C|[ V|25 0]l 125,

1
< 8/ V2|2 do + C(1 +771).

.

Moreover, due to V+ = (95, —0;) " and divu = 0, there holds
Ay = VL(E)zul — D1ug) = Viw.

Thus by integration by parts we have

/ % V3ul? dx
< / P Au*dr + ———— ¢ / |Vu|® de
=3 (=02 Js,
4
< - ¢2 Vuw?de + ——. 12
R (12)
Collecting the estimates I, -- , Ig, by we get
3/ \V2ul? + |V?b|? d
4 Jp
P
1
< / |V20)? + |V2ul® do
2 /g,
CRr~! C\/ 1 R CR? C
+CA+7N+ . 5+ .
o rep G- 9
Then by applying Lemma [2.3] we obtain
vVIinR
/ IV2ul? + |V2b2dz < CR™2 + CY21 4 ¢
Bpry2 R
Finally, by taking R — oo, we arrive at .
Now we turn to the proof of . By Gagliardo-Nirenberg inequality, one notices that
1 1
Hvu||L4(R2) < CHqu[Qﬁ(Hy)Hv2u||22(R2)-
Then follows from and Lemma Therefore, the proof is complete. O

Remark 5. Lemma[3.I]roughly says that by assuming the boundedness of the Dirichlet integral
), i.e. the L? norm of the gradient, one can bound the second order derivatives, . This is
a manifestation of the smoothing effect, which will be used as a substitution of the maximal
principle in [I3]. Please also note that the assumptions on the magnetic field b in Lemma
holds automatically for the Navier-Stokes equation since then b = 0. Therefore, in this
perspective, the smoothing effect exploited by Lemma is more robust than the maximal
principle used in [13].

Now we are ready to demonstrate the proof of Theorem
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Proof of Theorem [I.1 Making the inner product with n%w on both sides of the equation 1,
and n?{h on both sides of the equation (5])2, we have

u/ |Vw|2+1// \Vh|? da
Br Br

c C
<= / jwl? + |h[*dz | + - / !u\leHhF\uH\thHw!dw)
R Bar\Br R Bar\Br

+ Hh?ﬁ% dzx
Baogr
=10 + I + I3, (13)
where ng is as in and H is as in @
Terms I; and I, are easy to estimate. By D(u,b) < Dy and we have
C
||+ |L] < CR™2 + E\/1nR. (14)

It remains to bound /3. In what follows, we may assume that I3 = 209bo0dou; since the

treatments for other terms are similar.

/ 7712%h82 5282 (75} dzx
Bar

13| =

+ +

/ boOouq 82hn12;¢ dx / boOouq h@g?ﬁz dx
BQR BQR

<

/ bzagagulhmz% dz
Baor

1/2 1/2
< < / bl dx) ( / 1901z dx)
Bor Bor

1/2 1/2
+ (/ ]aghanzdx> (/ ]bg@zumR\Qdaz) + —=vVIhR.
Bar Bar R

where we used D(u,b) < Dy and (B)). For the first factor of the first term, due to the Gagliardo-

Nirenberg inequality we have
1/2
(/ \bghnR|2d:v>
Baor
< [bllzacre) 1p]| 4 g2
1 1 1 1
< CIBIE: |28 gy I 2 [
1
1\ 2
<0 (IllgDf ) 19l
where we used , D(u,b) < Dy, and . Similarly, we have
) 1/2 1\ 2 1 1
([ tdwnpar) ™ < (1l 0d) I19aliIvuls.
Bar

Hence, by letting R — 0o, we conclude

1
1\ 2 3 1
B (bl 0} ) (IVAlI Tl + VA1Vl ).
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1
By choosing [[b]|1(g2)Dg small enough, we arrive at

o 2 v 2
I < ||V — |V . 1
s < LRI + 2 Vw3 (15)

1 1 3
For instance, one may choose ||b]|1(r2)Dg < Cxmin{uv, p2v2}, where Cy is an absolute con-
stant.

By collecting , , and , we finally get

C
,u/ Vwl? + y/ IVhi2dz < CR™2+ Z 1R+ 2 |vw|2 + Z||va|2
. . R 16 16

Consequently, letting R — oo, we conclude that
Vw=Vh=0.

It follows that both w and h are constants. Due to D(u,b) < Dy, we conclude that w = 0 and
h = 0. Finally, since divu = 0 and divb = 0, it follows that u and b are constants. Furthermore,
one notices that b = 0 since b € L. Thus the proof is finished. O

4. PROOF OF THEOREM

In this section, the proof relies on a Giaquinta’s iteration lemma [12, Lemma3.1]. We assume
that 4 = v = 1 for simplicity. The proof is split into four cases: 3 < p < 6, 2 < p < 4,
6 < p < oo, and p = oco. The arguments for the former two cases are similar, the main point of
which is to establish a gradient estimate; while the later two cases appeal to estimates involving
second order derivatives. We shall give full detailed proofs for the first and third cases, and
indicate where modification is needed to treat the second and fourth cases.

Let us start with the first case.

4.1. Case 3 < p < 6. At first, we fix a R € Ry and the cut-off function ¢(z) € C5°(BRr) as in
the previous section. But here the choice of the parameters p, 7 satisfies

R 2 3
— — —R< < R.
0<2<37’<4R_p<7'_R

Due to Theorem III 3.1 in [I1], there exists a constant C(s) and a vector-valued function
w: B\ B%r — R? such that w € WOI’S(BT \ B%r)’ and V- w(x) = V, - [¢(z)u(z)]. Moreover,
we get

/ |[Vw(z)]®dx < C(s)/ V- ul®dx. (16)
B-\By, B \Bj

We thus can extend 1 to the whole space R?, which vanishes outside of the domain B;.

Proof of Theorem [1.2: case 3 < p < 6. Making the inner products (¢u—w) and ¢b on both sides
of the equation (I]), by V- @ = V - [¢u] we have

/ o|Vul? dx
B,

=— Vd)-Vu-udx—f—/ Vw:Vuda:—/ u-Vu- pudzx
B- BB .
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—i—/ u'Vu-wdx—i—/ b-Vb-gbudw—/ b-Vb-wdx
Br\By B, Br\By

=I5+ + I,
and
/cp\vm?daz
B
= - ngb.vz).bdx/ u-Vb-¢bdx+/ b-Vu - ¢bdz

=01+ 1+ I
For the term I;, by Holder inequality we have

1 1
C 2 :
|| < —— (/ |Vu]2d1:) / lul?dx | .
T—=P \JB, Br\Bp/2
For the term I3, Holder inequality and imply that
1
2
pl<o ([ vPdr) IValuws,

C
< T IVl s )

By integration by parts, it is easy to find that

3

For the term 14, integration by parts leads to

I4——/ u- V- udx.
BT\B%T

Then in view of we find
[ 14]

IN

a3 (5 g IV 25
C
T—p

For the term I, we need a cancellation with I. More precisely,

15+1g:_/3 (bob): (Vo u),

3
< 1ull23(Br\Br 2"

and it follows that

C
/ 3 3
IQ+M§Fi5@ﬂm%mmﬁ+wm@ﬂ%M)

The treatment for Ig is similar to I, and

2
16| < meHLS(BR\BR/Q)||u||L3(BR\BR/2)'

For the terms I] and I/, similar as I; and I3 respectively, we find
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C C
11| + 3] < P— p||VbHL2(BT)||b||L2(BR\BR/2) R— p (”uH%3(BR\BR/2) + ”b”?iB(BR\BR/Q))'
By setting
£0) = [ 1Vul Vo ds, (1)
B,

collecting the above estimates we have

1 C 3 3
10) < 50+ -2 (s + 1055050
¢ 2 2
o (s + 2500, )

Now we apply Lemma [2.3| with Ry = 3£ and R; = R to obtain
4

/ |Vul? + |Vb|? dx
Br/2

c 2 2
< =5 (112 a2+ 112805

C 3 3
+ 5 (10 ) + 11353018
< OR™ 7 (||ul]? + [1b)I3
= LP(BR\BR/Q) LP(BR\BR/2)

1—-6
+ OB (1l 50+ 1oy )- (18)

for all p > 3.
Hence, for p € [3,6], we get

lim |Vul? + |Vb|* dx = 0,

R—o0 BR/2

provided u,b € LP(R?). Tt follows that u and b are constants, thus u = b = 0. Therefore we
finish the proof. O

By incorporating with the translation, the estimate implies the following uniform local
estimate

Corollary 4.1. For smooth solutions u,b to the MHD equations (1)), we have
/ |Vul? +|Vb|? dx
Bprya(zo

-2 2 2
<CR7 (H“”Lp(BR(wo)\BR/z(wo)) + Hb”LP(Bmo)\BR/z(xo)))
1-8 3 3
+CR » (HUHLP(BR(mo)\BR/Q(xO)) + HbHLP(BR(a:O)\BR/Q(xO)))7 (19)

provided u,b € LP(R?) with 3 < p < oco.
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In particular, the above lemma says that Vu and Vb are uniformly locally in L?(R?), which will
be denoted by u,b € H& by assuming u,b € LP(R?) for some p > 3. From Corollary one
easily obtains the following estimate on the growth of the Dirichlet integral,

loc»

Corollary 4.2. For smooth solutions u,b to the MHD equations , we have
6
/ \Vul> +|Vb)?de <1+ R »,
Br(zo

provided u,b € LP(R?) with 3 < p < oo.
These two properties are of particular importance in what follows.
4.2. Case 2 <p < 4.

Proof of Theorem[1.2: case 2 < p < 4. The argument for this case is similar to that of the pre-
vious one. While different treatments are needed to deal with the nonlinear terms I3, - - - , Ig,
and I}, I. However, the methods to estimate each of these terms are similar and thus we only
compute one term, say Iy, to illustrate the idea.

With the help of and , we have

]I4|:’/ u-Vu_J'udx‘
B:\Bj

HUH%4(BT\B%T)vaHLQ(BT\B%T)
C
T—p

IN

IN

HUHL2(BR\BR/2) [HUHLQ(BT) IVullp2(z,y + Tﬁl”“”%?(BT)

1 C
gHVUH%%BT) + WHUH%Q(BR\BR/Z)HUH%Q(BT)

C 2
i L AR NALL AR

IN

Similar arguments for all other terms finally lead to
1 C C
£6) < 5 50) + Ty (1l + 18Em0)) + (= (lellage + 10 L)

¢ 3 3
+ m(HUHLQ(BR) + ||b||L2(BR))a
where f(p) was defined in and % < p <7 < R. Then we apply Lemma to obtain

/ |Vu|® 4 |Vb|* dz
Bry2

c 2 2 c 3 3
< 255 (Il ey + 1002, ) + 725 (1l + 10032z )
C
+ g2 (Il ) + 100 E2(5,)
< CR» (JJul? b2 CR 7 (||u))? b||®
= P ||u||LP(BR)+H ”LQ(BR) + P HUHLP(BR)+|| HLP(BR)

_8
+ CR* (oo + 1000 (sr) )
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which implies the triviality of u,b when 2 < p < 4. Therefore we complete the proof for this
case. (|

4.3. Case 6 < p < co. We'll reduce this case to the case of p = 0o, i.e. we show that the LP
boundedness implies the L> boundedness. See Corollary[4.4l Then the completed proof for this
case will then be presented in the next subsection when considering the case of p = co. Under
the natural scaling, we can assume that |[ul|rg2) + [[0]|Lr(r2) < 1.

Now we turn to the vorticity and current-density equation . As we have seen in the previous
subsection, when p < 6, from one has a decay estimate on the gradients

/ |Vu|? + |Vb|? dz = o(1),
Br

as R — oo, from which the theorem follows. However, this argument fails when p > 6 as the
left hand side of may fail to decay to zero as R — oo. To circumvent this difficulty, we
exploit the local properties of the solution instead. To be more precise, by choosing R = 2,
becomes

/B oy [Vl + Vb dz < C(p) [+ 1l ageny) + 191 aBateop| < C0);

from which we shall show u, b are bounded globally. To this purpose, we shall first prove that
V2u and V?b are uniformly locally L? bounded

Lemma 4.3. For p > 6, assume u,b € LP(R?) are smooth solutions to (1) and
[ull o2y + 16l r 2y < 1.

Then, we have

sup/ IV2ul? + |V?b)? dx < oco. (20)
Bi(zo

Zo

Proof. The idea of the proof is similar to that of Lemma In view of Corollary we have
the local boundedness . Then, there holds

/ \Vul? + |Vb*dz < C. (21)
Bi(zo)

Without loss of any generality, we may assume xg = 0 for simplicity.
Let ¢ be defined as in Subsection 4.1 with R = 2. Multiplying both sides of the vorticity and
current-density equation by ¢?w and ¢?h respectively and then integrating over R? to get

/¢2|Vw\2da:+/¢2wh|2dx
= —/vw-V(¢2)wdx—/Vh.V(¢2)hdx+;/u.V(qs?)w? da

+;/U-V(¢2)h2 dx—/b-V(¢2)hwdx+/Hh¢2 da

In what follows we shall estimate I; for j = 1,2,---,6 one by one.
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For the term I;, by Holder’s inequality and we have

C
hs — pHVme(BT)HwHL?(BQ)

1 C
< — 2 -
_8/T’Vw| dw—i-(T_p)Q,

where B, C Bs. For the term I3, similar argument as the case I; gives

¢ 1
bsT_pmmmﬂ&mwpwﬂggéhwmam+

(r=p)*
To estimate the term I3, we set
1
(w?)p, = w?dr and up = —— udx,
|B‘r| B, |BT| B

be the means of w? and u over the ball B,, we have

1
I3 < /u - Vwo*w dx| = 5 /u -V (w® — (w?)p,)¢? dx
< ¢ / ‘wz—(wQ)BTHu—uBT\dx—FC@ w? da
T—pJB, T—pJB,
Ss/ ‘w2—(w2)37‘2d$+0€2/ \u—uBT|2dx+C@ w? da
- (t—=p)? /B, T—=PJB,
where € > 0 will be determined later. The last two terms can be easily bounded by

062/ |Vu\2d:c+i w2d:1:/ |u| dz,
(1 —p)* /B, T—=PJBy B

where we used Poincaré’s inequality. For the first term, by Poincaré inequality, Holder’s in-
equality, and Young’s inequality, we arrive at

/ }wQ - (wQ)BTFd:E
B,

<C </ \V(w2)\da:>2

SC’/ \Vw]zd:c/ lw|? da.
B By

To summary, by choosing € small enough and applying we have
C

1 C
I3 < < / Vw|* dz + + . 23
8 Jp, VO T ey 29)
For the term 14, the proof is similar to that of I3, we have
1 C C
I << / Vh|? dz + - :
8 /5, VA T—p (T1-p)?

To bound I5, we use a similar argument as that of I3 but with the following application of
Poincaré inequality instead

/ lwh — (wh)p, |* dz < C/ ]Vh\de/ \w[de+C/ |vw\2dx/ |h|? dz.
- B~ Ba B Ba
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One then gets

1 1 C C
I5§/ Vther/ Yw|? dx + + :
8 BT‘ | 8 BT‘ | T—p (T—p)?

Lastly, for the term Ig, by using Holder inequality and Gagliardo-Nirenberg inequality, we

have
[ ¢*hH do < [6V8IE s, IVl 2o,
< ClloVb| L2 IV (@YD) L2,y lwl| L2(B,)
< gHVhHL2(BT) +C+ Tifp’
where we also used .
By denoting

g(r):/ |Vh|2daj—|—/ |Vwl|? d,
B, By

we finally arrive at

1 C C
g(p)§§g(7)+0+7_p+<7_p)

for all % < p <7 < 2. Then an application of Lemma yields

2

/ \Vh|2dx+/ Vw|®dz < C.
Bl Bl
Then the desired bound follows. ([l
One direct consequence of Lemma [.3]is the boundedness of u and b.
Corollary 4.4. With the same assumptions as Lemma[{.3, we have
]| oo (m2;R2) + (0]l oo (R2;R2) < C(p) < 00.

4.4. Case p = co. In Subsection 4.3, it is showed that u,b € L> provided u,b € LP(R?;R?) for
some p € (6,00). Next we shall start with u,b € L. At first, we strengthen the local estimate
into a global one. More precisely, we have

Lemma 4.5. Let smooth solutions u,b to the MHD equations satisfying
[ull oo m2:r2) + ([0l oo (m2;R2) < 1.

Then, there exists an absolute constant Cy such that if
[0l 212y < Cs min{uu,u%y%},

there holds
/Rz V2ul? da + /RQ IV2b|? dz < C.

Proof. In view of , it suffices to show

/ Vw|2d:c+/ |Vh?dz < 1.
R2 R2
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The proof is a modification of the proof of Lemma As in the proof of Lemma we get
u/d)z]Vw]de—l—u/(bQ]Vh\de
1
= —/Vw-V¢2wdx—/Vh-V¢2hdx+ 2/u-V¢2w2dm

+;/u-V¢2h2dx—/b-V¢2hwdx+/H¢2hdx

=11+ + I (24)

where ¢ is a test function as in the proof of Lemma with |Vo¢| < % and |V2¢| < (Tfp)Q.

We shall show all the above terms are bounded uniformly in R.
For the term I;, by Corollary [£.2] we have

1 C Cr
I == 2A2d</ 2 < —2°
e L e e it

where Tr = B; \ Bz_. For the term I3, since v € L*™ and then we have
3

C C
Bl =C [ w?¢?do < wrar< T
T—PJT, T—p
For the term Io, Iy, I5, similar as I; and I3 we have
Cr Cr

Io| + 14| + |I5] < + .
i+l il < 25 O

Now we turn to the term Ig, which is the main difficulty. Without loss of any generality, we

may assume H = Oybo02u1. Applying integration by parts we obtain

|Is| =

/ ¢2h82b282u1 dx

S ‘/82¢2h82u1b2 dzr

= Ig1 + Ig2 + Is3.

+ ‘/¢282h02ulb2 dx

+ ’ / #*hd3uiby dx

The first term can be bounded easily by using b € L* and Corollary

-[61 S L |h82u\ dSL‘S cr .
T—pJB, T—p

The terms Igo and Ig3 can be treated in a similar way. Therefore we only estimate the former,
for which we have

/ ¢282h82u1b2 dx

= /82h82(u1q§)¢b2 dx—/aghu162¢b2¢dx
= Ig21 + Ig20.

We notice that the term Igo9 is easy to control,

C
T2z < Z—lIV Al lull 0] s
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% I
< 7__pHVhHL?(BT)||UHL4(BT)||bHL1Hb”Loo
1
Cr2 13
< T_pHVhHH(BT)”UHLOO(BT)HszlHb”foo’

which is sufficient for our purpose. Now we turn to the term Igo1,

Is21 < ||Vl 2(,)102(u19)Pbal| 12
<|IVA| L2 IV (ud) || Law2) | 9b]] L4 (r2)-

Then we apply the following two Gagliardo-Nirenberg inequalities,

1 1
||vf”L4(R2) < Hvasz(Rz)||f||ioo(R2)7
and 1 1
Hf||L4(]R2) < ”V2f||22(R2)||f||zl(R2)a

to obtain
1 1 1
Iion < ClIVA as,) (192w 2w I V2(00) | 2(k2)) ? 10b]2: gy |90ll e

1 / 9 9 > CR Cr?
< - Vhl|* +v|Vw|*dx | + C + + ,
4< BTM "+ vl (r=p? (r-p)*

provided [|b||z1 is small enough and we used and Corollary
Finally, by setting

o(r) = / VAP + [Vl de,
B,

we arrive at

1 CR CR?
< Z
9(p) < 59(n) + O+ — + 0

Where%§p<T§R.
Hence, by Lemma [2.3] we have

/ \Vw|? 4 |Vh*dz < C + %
R/2 R

Letting R — oo, the proof is complete. ]

In fact, by assuming b is small enough in L' space, we can conclude that V2u and V?2b are
both trivial. More precisely, we have

Lemma 4.6. Let (u,b) be a weak solution of the 2D MHD equations defined over the entire
plane. Assume that

[ull oo m2) + [1Bl| oo (r2) < 1.
There exists a constant Cy such that if
b1l ) < Comingpu, v,

then
Viu= 0, V2bh = 0.
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Proof. In view of Lemma we may assume V2u, V2b € L?(R?) in what follows. We shall
revisit the proof of Lemma and show the terms I to I5 in vanishes and I becomes
small as R goes to infinity.

Let ¢ be replaced by np in Lemma [£.5] then one notices that the terms I; and I tend to
zero as R — oco. The treatments for terms Is, Iy, I5 are similar, thus we only focus on the term
I5. Let x(x) be a test function such that

1, x € Bgr\ Bgya,
Xp(T) = c
Oa T € BQRUBR/4'
and |VFy| < %. Then
C C ¢
R JBp\Bp)» R JBp\Bps i e

< %HUHL2(TR) [||XRV2U||L2(TR) + IVulVx gl L2 (1) + ”|u’v2XR||L2(TR)]
< C||\V?ull 2y + \5%7
where Tr = Bag \ Br/4, and we used Corollary Obviously, I3 tends to zero as R — oo by
Lemma 4.5
Now we turn to the term Ig. Unlike other terms, we will not show I goes to zero as R — oo,
instead we shall show Ig tends to something smaller than the left hand side of , which
implies the desired result.
Without loss of any generality, assume H = Obbo0ouy. Therefore,

I(j:/ OhdobaDouy dx
RQ

=— / phd3uiby da — / $O2hdgu1 by d — / Do phOaur by dx
R2 R2 R2
=Ji+ Jo + Js.
Then we shall estimate J;, Jo, and J3 one by one. For the term Jp,
J1 < 05wl 2wy |7l paeey 1Bl Lo re)
1 1 1 1
< CHa%uHN(R?)Hszoo(W)Hvzbuz2(R2)Hszl(W)Hva”zz(Rz)
I v
< ZHVQUHL?(R?) + ZHV%HL?(R%

provided ||b]| 1 sufficiently small, that is ||b||;1 < Cypr holds for a small C,. For the term .Jo,
it can be estimated in the same way

J2 < |02 L2 r2)l|O2ull a2y 0]l Lo (r2)

1 1 1 1
< CHa%bHLQ(RQ)Hquoo(Rz)||v2quz(R2)Hszl(R2)‘|v2b||z2(R2)

i v
< SVl 2 (rey + ZHV2bHL2(R2)7

1= ,J;‘

provided ||b||;1 < Cyp V2. The term Js can be dealt with similarly as I3, which also vanishes

as R — oo. Thus the proof is finished. O
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Now we are ready to finish the remaining part 6 < p < oo of Theorem
Proof of Theorem[1.9: case 6 < p < oo. For 6 < p < 0o, assume that (u,b) are nontrivial and
lull o) + bl oy = L > 0 (25)
then consider the scaling solution (u*(z),b*(z)), where
uw(z) = Mu(dz), bNz) = Ab(\x)

Then by scaling property we get

[uM Lo g2y + 10| o2y < 1

—2
it A7 = L. By the assumption of Theorem we get there exists an absolute constant C,
such that

L772 ||b]| 1 r2y < Cs min{puv, 23}
and hence
16M | 1 2y = A Bl rzy < O min{par, 203} (26)
Then it follows from Corollary [£.4) and Lemma [4.6] that
Vi) =0, VM=o,
which implies u, b are constants, since u,b € LP(R?). This is a contradiction with . Hence

(u, b) are trivial solutions.
The proof is complete. ]
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