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1 Introduction

Let Q) be a bounded domain in IR® with a smooth boundary I' := 9Q), () C R3 be a subdomain
of () with a smooth boundary X := 9d(); and 01 C Q. Assume that )y = Q\ () is connected.
Obviously, 'NX = @ and 0(); = ' UX. In the present paper we study the existence of
solutions for the following Kirchhoff-type transmission problem

(|, 01T ) [~ div (20 V0) + g()g' () [VuP) = f(u) + Ag(a), i,

B( [ S0V ) [~div (2(0)V0) +g(0)g ()| Vo] = hio) +Ap(e), i O,

2

= O’ on 1—., (1.1)
u=u, onZx,
o [ fwlva?) 2 =p( [ LIvol) 2 onx
Ql 81/ Qz al/’ /

where A € R, := [0,c0) and v is the unit outward normal vector to 0();. This system is a

modified version of Kirchhoff-type transmission problem because the appearance of nonlocal
terms [, ¢%(u)|Vu|? and Ja, ¢%(v)|Vol2.

™ Corresponding author. E-mail: fyli@sxu.edu.cn.


https://doi.org/10.14232/ejqtde.2020.1.35
https://www.math.u-szeged.hu/ejqtde/

2 Y. Zhang, Z. Liang, X. Zhu and F. Li

There are two motivations for studying equation (1.1). The first one is the generalized
quasilinear Schrodinger equations. The second one is the classical Kirchhoff-type transmission
problem.

In 2015, Deng, Peng, and Yan in [9] researched the generalized quasilinear Schrédinger
equations

— div (¢%(u)Vu) + g(u)g' (u)|Vul> + V(x)u = f(x,u), x € RV, (1.2)

where N > 3, the potential function V € C(RN) and f € C(RN x R). If we take g*(t) =

1+ [(1(#2)) }2 /2 for t € R and [ being a suitable function defined on R, then the equation
(1.2) turns into

— Au+ V(x)u— AL (u®)u = f(x,u), x € RV, (1.3)

Solutions of (1.3) is related to the existence of solitary wave solutions for the following quasi-
linear Schrodinger equation

0z = —Az+ V(x)z — f(x,z) — Al(|z))]I'(|z]?)z, x € RV, (1.4)

This quasilinear version of Schrodinger equations is derived from several models of various
physical phenomena. The equation (1.4) is called the superfluid film equation in plasma
physics when [(t) = t for t € Ry, see [13] or [14,15]. If I(t) = (1 +t)Y/2 for t € R, the
equation (1.4) was used for the self-channeling of a high-power ultrashort laser in matter, see
[4,5,7,24]. In mathematics, many results about the equation (1.3) with I(¢) = t* for some a > 1
have been obtained, see [1,2,6,8,10,18-20,22,23,29-31] and the references therein. Equation
(1.3) with a general | was studied in the recent papers [9,25]. We can see that the equation
(1.2) is more general and more practical than the equation (1.3).

If we choose g(t) = 1 for t € R and A = 0, then the equation (1.1) becomes the classical
Kirchhoff-type transmission problem

—o </Q1 |Vu]2> Au = f(u), in ),

—B </Q2 |Vv]2> Av = h(v), in ),

v=0, onT, (1.5)
u=ou, on %,
" </ |wy2> du _ </ |Vv|2> % ony.
( o v O, ov
It is well known that this problem is related to the stationary analogue of the problem
utt—a(/ ]Vu|2> Au = f(u), xe€0Oq,t>0,
My
vy — B (/ |Vv]2> Av = ¢(v), xe Oy t>0,
O
v=20, onT,
u=uv, on X, (1.6)

ou v
2 _ 2
oc<Q]|Vu|> 1/_'8</QZWU|>B1/' onZxt,

u(0) = up, ut(0) = 1y, x € )y,
v(0) = vg,v:(0) = vy, x €0y,
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which models the transverse vibrations of a membrane composed of two different materials
in ()1 and (). According to [21], we call the problem (1.6) a transmission problem because the
boundary conditions u = v and a( [, |Vul2) e = B( B( Jo, Vo 2)%% on ¥. This transmission
problem (1.6) arises in physics and biology phenomena, such as in the study of electromag-
netic processes in ferromagnetic media with different dielectric constants [3], and in thinking
about the population distribution of subjects living in an environment composed of different
ecological media. In 2003, Ma and Mufioz Rivera [21] discussed the existence and nonexistence
of positive solution to the Kirchhoff-type transmission problem (1.5) by using minimization
arguments with f and g having subcritical growth. In [16], Li, Zhang, Zhu, and Liang investi-
gated the existence of the ground-state solutions to the following Kirchhoff-type transmission
problem with critical perturbation

—u (/ |Vu|2> Au= f(u)+ A, in Qg
(O]

—B </Q ]Vv\z) Av = g(v) + A0, in O,

2
v=0, onT, (1.7)
u=mo, on Z,

(/ |Vu|2> du _ =B </Qz |Vv]2> gi, on X.

Here, we will establish the existence of ground-state solutions to Kirchhoff-type transmis-
sion problem with more general ¢ and more general perturbation terms ¢ and . To obtain the
existence of ground-state solutions to the more general Kirchhoff-type transmission problem
(1.1), we assume that four pairs of functions (v, g, f), (8,8, h), (v, g, ¢), and (B, g, P) belong to
the set A, where a pair of functions («,g, f) is said to belongs to A, if («,g, f) satisfies the
following assumptions

(Ag) « € C!(Ry) is an increasing function and a(0) > 0;

(A1) there exists 7 € (0,2) such that [a(s) — a(0)]/s7 is decreasing on (0, c0);

(Fo

1)
(G) g € CY(R,IR;) is even with ¢/(s) > 0 for s € R} and g(0) = 1;
) f € CY(R,R) and lims_,o f(s)/s = 0;

)

(F1) there exists [y € R such that
. f(5)
im ———%— =1,
s g)G7(5)
where G(s fo t)dt for s € R. And if If = 0, we call that f has a quasicritical
growth; 1f l r#0, we call that f has a critical growth;

(F2) f(s)/(g(s)|G(s)[**G(s)) is nondecreasing on (0, oo) and nonincreasing on (—o0,0), and
lim e F(5)/[G(s)|*7"2 = co, where F(s =[5 f(t)dt for s € R and v is as in (Ay).

Remark 1.1. Assuming that g satisfies (G) and y € (0,2), let f(s) = g(s)|G(s)[*'G(s) In|G(s)|
and ¢(s) = g(s)(G(s))® for s € R. Then f and ¢ satisfy (Fo), (F1), and (Fy).

Example 1.2. Let a(s) = 1+ 5% for s € R, and for v € (0,2), define g(s) = s>+ 1, f(s) =

(s +1) \53/3—#5\27 (s*/3+s)In|s , 9(s) = (s2+1) (53/3—|—s)5 for s € R. Then
(v, g, f) and («, g, ¢) belong to A.
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Example 1.3. For a,b > 0, let a(s) = a+bs for s € Ry, and for v € (0,2), define g(s) =
252 4+1,

s) = \f\/252+1 )\@s\/st +1+1n (\f25+ \/2s2+1))27 (\fzs 252 +1
+ln(\f25—|—\/252—|—1)) xln)\stv2S2—|—1+ln(\f25+\/252+1> ,

5
Pp(s) = %\/252 +1 {\/55\/252 +1+1In (\@s + V252 + 1)} for s € R. Then («,g, f) and
(«, g, ¢) belong to A.

Remark 1.4. We know that the critical exponent of equation (1.7) is 6 which has a significant
influence on the properties of the solution. The critical exponent of equation (1.1) is different
for different ¢ and the critical exponent depends on G°. This is an interesting phenomenon.
For example, when ¢(s) = v/2s2 + 1 for s € R, the critical exponent is 12; when g(s) = s? + 1
for s € IR, the critical exponent is 18.

For any given subdomain D of R%, the standard norm on L?(D) is denoted by |- |, p for
p € [1,00). Let H'(Q) and H'(0),) be the usual Sobolev spaces. Then H!(Q);) x H'(Q) is
also a Sobolev space with the norm

1/2
)

I, 0)]l = (VuB, + 4B, +Vol3a, + 1030, (1,0) € H(Q) x H (Q2). (L8)

Our analysis is based on the following Sobolev space
E={(u,v) € H(O) x H}(O,) :u =vonX},

where
HE () = {v € HY(p):v=0o0nT}.

In [21] Ma and Mufioz Rivera established the following lemma which gave the definition of
norm for the Sobolev space E.

Lemma 1.5 ([21, Lemma 1]). E is a closed subspace of H'(Q)1) x H'(Q), and

1/2
I, 0)lle = (IVulin, +[VoBa,) ", (u0) €E,

defines also a norm on E, which is equivalent to the standard norm (1.8).

Remark 1.6. From Lemma 1.5, we know that the space E is embedded into L”();) x L7(())
for all p,q € [1,6], and these embeddings are compact for all p,q € [1,6). In particular, for
each p = g € [1, 6], there exists v, > 0 such that

1/p
(w,0)p = ([ulho, + lole,) " <wpl@o)e,  (wo) €k, (1.9)

In order to solve the transmission problem (1.1), due to the appearance of nonlocal terms
Jo, 8 ()| Vul> and [, ¢*(v)|Vo[?, the potential working space seems to be

Eoz{uv EE/ |Vu|2<oo/ |Vv]2<oo}
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Obviously, Eyp may not be a linear space under the assumed condition of (G). To avoid this
drawback, we gave a change of variables,

(u,0) = (G_l(ul)rc_l(01)> , (u1,v1) € E,

which is motivated by [9,25]. According to the properties of ¢,G, and G~! which will
be given in Section 2, if (u1,v1) € E, then (u,0) = (G '(u1),G '(v1)) € E (see Remark
2.3), fQ g wVul? = [, 83(G7H(1))[VG™H () = [Vu3 < oo, and [, g*(0)|Vo|* =
sz 01))|[VG (v )]2 |Vv13 < o0. Thus, it follows from the change of variables that
E can be used as the working space and the transmission problem (1.1) turns into

- </01 Nul'z) §(G7H(w1))duy = f(G™H(m)) +AP(G™H (1)), in Yy,
N </o 'Wl’2> (G (01))801 = h(G 1 (01)) + Ap(G (1)), in

U‘l = 0/ on 1", (110)
uy = 0, on Z,
(/ |V \2> aLLl = (/ |V, |2> az;/l on X.

Furthermore, we can prove that if (u1,v1) € EN (HE (1) x H2_())) is a strong solution to
the equation (1.10), then (1,v) = (G~ '(u1),G ' (v1)) € EN (HE.(O1) x HZ (1)) is a strong
solution to the equation (1.1). Here, we call that (1,v) € EN (HZ_(Q1) x HZ () is a strong
solution to the transmission problem (1.10) or (1.1) if the first two equations in (1.10) or (1.1)
hold in the sense of almost everywhere. Actually, we only need to verify that for any an
open bounded set D C R? if u; € H?>(D), then G~1(u1) € H?(D)(see Lemma 4.2). Moreover,
because of the continuity of g, G, and G~1, to obtain a strong solution to the transmission

problem (1.10), it suffices to seek for the weak solution to the following transmission problem

( AG ) p(G )
=0 (19 ) o0 = Gy g6 TGy O
_HGe) | #(G o)
F </oz 'Wl'2> A= G T T (G o)
(1.11)
v =0, onT,
U = 0y, on Y,
</ |V |2>au1—,3</ |VU1!2> a:)/l on X.

In fact, if (u1,v1) € E is a weak solution to the transmission problem (1.11), then it should
satisfy, for all (wy,z1) € E,

(Vi lzq,) /Q Vuy - Vr + B (|Vor3,) /Q Vo1 -Vz
1 2

[ f(GT () (G (1)) $(G~' (1))
~ Ja, g<cl<u1>>wl+/o2 (G 1(0)) ™ T o, 5(G ()

Hence, u; € H'(Q)1) weakly solves the equation

$(G- 1( ))
1

w1+ A
! (0} g(G

—a (Vi l30,) Aug = a(x)(1+u1), inQy,
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1 f(G (1)) ¢(G_1(M1))> 1
a(x) = +A _.
= 5 (Gt 6T
where f(s) = ﬁg%@ and ¢(s) = gég:g;g; for s € R. The condition (F;) implies that
ac LSO/ C2 (()1). By the Brézis—Kato theorem, see also [26, Lemma B.3, p. 244] , we know that u; €
L] () for any g € [1,00). Theorem 8.8 in [11, p. 183] shows that u; € H'(Qq) N H2 ()
and

oy () +A9(m) ).

_'1—{—1/[1 b

—a (|Vu13g,) Aun = f(ur) + Adp(u1), ace. x € Q.

Similarly, we can prove that v; € H(Q) N HZ () such that

loc

—ﬁ (|VU]|%,QZ) Avp = h(Ul) + /\l;[)v(Ul), a.e.x € (),

where h(s) = Z)Eg%igz))g and ¢(s) = Z’((gj ((:3)) for s € R. So the problem (1.11) holds in the sense

of almost everywhere and (uy,01) € (H'(Q1) N HZ (1)) x (HE(Q2) NHE () is a strong
solution to the equation. Here, let (1,v) = (G(u1), G '(v1)). Then (u,v) is a strong solution
to the transmission problem (1.1). For the convenience, removing the subscripts of uq,v; , we

rewrite (1.11) as the following transmission problem

( 2\ py = FGTHW) @G W)
a</01!w| )Au 2(C-T(u)) +Ag(G_1<u)), 0,
N 2\ pp = MGTH@) | ¥(GTHv)

ﬁ(/ﬂ2\wl >Av e=TE) +Ag(G71(0)), 0y,
v=0, onT, (1.12)
u=uv, ony,
a</01]Vu|2>gZ:[3(/QZ\VU|2> gi’ on L.

In the following, we make our efforts to find the weak solution to the transmission problem
(1.12). To this end, we define the energy functional I : E — IR associated with the transmission
problem (1.12)

L(wo) = 34 (VuBa,) + 5B (VoBa,) - [ FG ()~ [ HG (@)

o) o

_A cp(c;*l(u))—)x/Q ¥(G(v)), (u0)€E,

]

where A(s) = [y a(t)dt,B(s) = [5 B(t)dt for s € Ry, and H(s) = [; h(t)dt, D(s) = [, ¢(
fo t)dt fors € IR It can be Ver1f1ed that I, is of class C1 And for all (u v) (w, )

/ f(G™ ())
(1w 0), (w,2)) = ([ VuB,) [ Vi Vot 6(ToBo,) [ Vo-Vz | o

(

[ MG,y G, $(OT),
0:2(G1@)" oy g6 oy (G0

Let E(s) = E(G™(5)), H(s) = H(G'(5)), B(s) =

s € R. Then, for all (u,v), (w,z) € E, we have that

®(GY(s)), and F(s) = ¥(G1(s)) for

I(w,0) = 2 A ([Vuldo,) + 5B (190B0,) _/m f(u)—/gz A) A [ @) -2 [ ¥(),
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and

(I} (u,0), (w,z)) :uc(]VuB,Q])/Ql Vu-Vw+B(|Vol3a,) /Qz Vo-Vz

_ Qlf(u)w—/nzﬁ(v)z—)&/ﬂl 5(u)w—A/02 ¥(v)z. (1.13)

Then we say that (u,v) € E is a weak solution to the transmission problem (1.12) if and only
if (u,v) is a critical point of the functional I, in E, i.e., I} (u,v) = 0. To sum up, it suffices to
seek a critical point of the functional I, in E to achieve a strong solution to the transmission
problem (1.1).

Now, we state our main results through the following theorems.

Theorem 1.7. Assume that (a,g,f),(B,8,h) € Awithly =1, =0, (&,8,¢), (8,8 ¥) € A with
lo, Iy # 0, and ¢(s)s > 0,9(s)s > 0 for s # 0. Then there exists Ao > 0 such that both the problem
(1.12) and (1.1) have a ground-state solution (u,,v,) for all A € [0, Ag). Furthermore, it holds that
(upr,vr) = (uo,v0) in E as A — 0, where (1, vg) is a ground-state solution to the problem (1.1) with
A=0.

Corollary 1.8. Let Oy = @, a(s) = 1,¢(s) = V1 +2s2, f(s) = |s|772, and ¢(s) = |s|%s for s € R.
Then the following equation has a ground-state solution uy for all A € [0, Ag),

{—Au—A(uZ)u = [u|"2u+Au|"u, inQ, (1.14)

u=20, on d(),

where q € (4,12). Furthermore, it holds that uy — ug in H}(Q)) as A — 0, where ug is a ground-state
solution to the above problem with A = 0.

Remark 1.9. According to [8], for a single quasilinear Schrodinger equation (1.14) in a bounded
domain in R3, there exists a suitable energy level c* such that if c(A) < ¢*, then the associated
energy functional satisfies the (PS).(,) condition, where ¢* = S3/6 and S is the best Sobolev
constant for D?(IR?) < L(IR%). However, a large amount of calculations is required to prove
that c(A) < c* by verifying

sup Iy (tue) < c*,

teR
where 1, is a modification of U and U attains the best Sobolev constant S. In this paper to
avoid this difficulty, we adopt the perturbation method from [12,32].

Remark 1.10. Let ¢(s) = 1 and ¢(s) = ¢(s) = s° for s € R. Then by Theorem 1.7, we have
that the transmission problem (1.1) also has a ground-state solution, which has been achieved
in [16]. Thus, Theorem 1.7 could be regarded as a generalization of Theorem 1.1 in [16].

This paper is organized as follows. We give some preliminaries in Section 2. Theorem 1.7 is
proved in Section 3. Throughout this paper we denote C; for i € N := {1,2,... } as constants
which can be different from line to line.

2 Preliminaries

In this section we first give some properties of the functions «, g, f, and A, G, G, F via the
following lemmas.
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Lemma 2.1.
(i) Assume that « satisfies the condition (Ao). Then A(s) > a(0)s for s € Ry.

(ii) Assume that a satisfies the conditions (Ag) and (A1). Then [A(s) — a(0)s]/s7"!, a(s)s —
(v +1)A(s) + ya(0)s, and A(s) /s are decreasing on (0, 00). Furthermore, we have that

(y+1)A(s) —a(s)s = ya(0)s, s e Ry, (2.1)
and
a'(s)s < yla(s) — a(0)] < ya(s), seER,. (2.2)
Lemma 2.2. The functions ¢, G, and G~ have the following properties under the assumption of (G):
(i) G and G™! are both odd, and

t<G() <gt)t, teRy,  s/g(G'(s)) <G '(s)<s, seRy;

(ii) limg_,0 G 1(s)/s = 1 and lims_,eo G 1(s) /s = 1/g(c0), where g(o0) = limy_,c0 g(8);
(iii) G=1(s)/ [|s|*'sg(G(s))] is nonincreasing on (0, c0) and nondecreasing on (—oo,0);
(iv) [G1(s)]> — G~ 1(s)s/g(G~1(s)) is nondecreasing on (0, 00) and nonincreasing on (—oo,0);

(v) if f is a continuous function and (Fp) holds, then f(G=1(s))s/[(2y +2)g(G71(s))] — F(G1(s))
is increasing on (0, 00) and decreasing on (—oo,0).

Proof. (i), (ii), and (iv) can be derived from [17, (1), (2), and (4) of Lemma 2.2]. As for (iii),
because g is even, we need only to prove that the conclusion holds on (0,c0). In fact, since
[G(t)/#*"*1g(t) is nondecreasing on (0,c0), [G(t)]***1g(t)/t is also nondecreasing on (0, %),
and then G~1(s)/[s*"*1g(G~!(s))] is nonincreasing on (0, ).

Finally, we prove that (v) holds. Indeed, since f(t)/[¢(t)|G(t)|*”G(t)] is nondecreasing on
(0, 00) and nonincreasing on (—o0,0), according to [17, Lemma A.1], f(¢)G(t)/[(2y +2)g(#)] —
F(t) is nondecreasing on (0,00) and nonincreasing on (—0,0), and then f(G~1(s))s/[(2y +
2)¢(G7Y(s))] — F(G™1(s)) is nondecreasing on (0,) and nonincreasing on (—oo,0), that is,
(v) holds. The proof is complete. O

Remark 2.3. Let (1,v) € E. Then it follows from g¢(t) > 1 for t € R4, and (i) of Lemma 2.2
that (G~!(u), G"1(v)) € E.

Lemma 2.4. Assume that g satisfies (G) and f satisfies (Fo), (F1), and (F,). Let f(s) = {;Egjgzgg for

s € R. Then f has the following properties:

(F)) f € CYR) and limg o f(s)/s = 0;

(F1) .
f(s)

lim 2 = [j;
|s|1£>noo s° i

(F3) f(s)/(|s|?"s) is nondecreasing on (0, 00) and nonincreasing on (—oo,0), and

lim F(s)/[s|>7? = co.
|s|—o0
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From [16], the function fpossesses some other properties as mentioned in the following
Remark 2.5. With those properties, we know that Lemmas 2.6-2.8 hold.

Remark 2.5. It follows from (F,) and [17, Lemma A.1] that f(s)s — 2(vy + 1) F(s) is nondecreas-
ing on R and nonincreasing (—oo, 0], and then

f(s)s—=2(y+1)E(s) 20, seR, (2.3)
and N _
fi(s)s—(@2y+1)f(s) 20, seR,. (24)
Lemma 2.6. Suppose that f satisfies the conditions (Fy) and (F1) and g satisfies the conditions (G).
Then for each u € H'(Q), one has that
lim fltu)u =0.
t—=0 Joy t
Lemma 2.7. Suppose that f satisfies the conditions (Fo) and (F1) and g satisfies the conditions (G). If
Uy — u # 0in HY(Q) and |t,| — oo, then
lim f buttn U _
n=eo Jo o |ta]27t,
Lemma 2.8. Suppose that f satisfies the conditions (Fy) and (F1) and g satisfies the conditions (G).
Then for each u € H'(Q) and u # 0, it holds that

F(t
lim f( ;4)14 =
t—oo Joy, (271

3 Existence and convergence of ground-state solutions

In this section, assuming that the all conditions of Theorem 1.7 hold, we will establish the
existence of ground-state solutions to the problems (1.12) and complete the proof of Theo-
rem 1.7. First, we verify that the functional I, has a mountain pass geometric structure and
the functional Ij satisfies the Palais—Smale (PS for short) condition.

For each A € R, let

[y =A{r € C(0,1],E) : 7(0) = 0, I (7(1)) < 0}

and define

A) = inf max I (7(t)).
¢(A) = inf max L((*)

Lemma 3.1. T') # @and c(A) > 0 for A € Ry.

Proof. For any given ¢ € (0, [2(1 + A)v3] ! min{a(0),$(0)}) and p € (2 + 2,6], we obtain
from (F;)) and (F}) that there exists Cp, C > 0 such that

F) r(s) < ells|+[s]°] +CeplslP™,  s€R, (3.1)
[E(s)], [H(s)| <€ (s +5°) + Ceplsl’,  seR,

B(s)|, [9(s)| <els| +Cels]”,  seR, (3.2)
|D(s)],|F(s)| < es®+ Ces®, s €R,
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where F(s) = [ f(t)dt, H(s) = [5h(t)dt, ®(s) = [ ¢(t)dt, and F(s) = [ ¢(t)dt for s € R.
Then it follows from the Sobolev 1nequahty (1 11) that for (u,v) € E

/Q | Fu) + . (o)

< ev || (u,0) [1F + evgll (u, 0) |2 +vpCeypll (1, 0)IE,

and

/Ql )+ [ )| <

Thus, combining this and (i) of Lemma 2.1, we have that for (u,v) € E,

< evg||(u, 0) [IE + veCell(u, ) |2

I (u,v)

A(Vufa) + 38 (Voo — [ Fo) = [ A -A|[ Sw+ [ %)

1 (9}

p—\l\)\»—t

> 5 [2(0)|Vul30, + BO)| Vo3 0,] = (1+ Aevz ]| (u, )
= 0pCepll (1, 0) |17 = (e + AC)VE | (,0) |1}

> (G min{u(0), B0))  (1+ A)erF ) 10,0} = vfCop 0, 0D — e+ ACHEN 1,

Hence, letting p > 0 small enough, it is easy to see that inf{I)(u,v) : ||(u,v)||g = p} > 0.
Next, for each (u,v) € E\ {0}, according to (ii) of Lemma 2.1, the following limits exist

A (tz\Vu]in) B (tZIVv@/QZ)
R T o b I

-1
For any given M > (e + boo) [(1 +A) (\u@zﬁol + \v@:’yﬁﬂzﬂ , it follows from (F}) and
(Fp) that there exists C > 0 such that

F(s),H(s), ®(s),¥(s) > M|s|*"2 -C, seR.

Thus, we have that

—_

1 2942 2942
IN(t(u,0)) < EA (PIVul3q,) + 2B (IV0l30,) — M(1+A) P72 ““’2112,01 + |U|zliz,nz}

+ C(1+ )| + [a]]

— 2142 A <t2|vu|%'01) B (tZIVv\%’()Z)

2942 2942
—M(1+A) [’”‘2%2,01 + Mz%z,m}

2427+2 2427+2
C(1+A
L+ ja)

— —o0o, t— 00,
The proof is complete. O

Lemma 3.2. For each A € R4, any PS sequence of the functional 1, is always bounded. Particularly,
for A = 0, the functional Iy satisfies the PS condition.



Ground-state solutions with critical perturbation 11

Proof. As for the boundedness of PS sequence, one only needs to observe that (2.1) and (2.3)
imply the AR condition. Here for the completeness, we sketch out the proof. Assume that
A €Ry,c€R,and {(uy,vy)} is a (PS). sequence of I. Then according to (2.1) and (2.3), for
sufficiently large n we have that

1
c+ 1 + H(un/vn)HE 2 IA(un/vn) - mu//\(unzvn)/ <un/vn)>

1
2742

—_

A(|Vugl30,) — a(|Vun|30) | Vials o,

—2
1 1 5 5
+ EB(|VUH|ZQZ) mﬁ(’vvﬂzoz)’vvn’z,oz

/ [27—1—2 n ) —f(un)} +/02 [Mlﬁh(vn)vn _ﬁ(vn)}
+/\/0] [W5(un)un —&)(un)} +A o {Mlﬂﬁ(vn)vn —‘T’(vn)}

L (0 g 1BO) o
2’Y +2!0 7" 20, T 2y 42 V020,
> 5 min{a(0), 0)} (1,00 [} 3.3)

It follows that {(u,,v,)} is bounded in E.

Now, we illustrate that the functional Iy satisfies the PS condition. In fact, let {(u,,v,)} be
a PS sequence of Ij. First, from the above conclusion we can get the boundedness of {(u,,v,)}
in E . Without loss of generality, there exists (#,v) € E such that (u,,v,) — (1,v) as n — 0.
Owing to (3.1) and the compact embedding E — LP({)y) x LP(Q)) for p € [1,6), we can
derive that

lim [ f(un)(uy —u) =0, lim [ h(v,)(v, —v) =0. (34)

n—oo Ql n—oo O,

Thus, similarly to Lemma 3.2 in [16], we can prove that ||(u, — u, v, — v)||2 — 0. The proof is
complete. O

It follows from the mountain pass theorem that the following corollary holds.

Corollary 3.3.
Koy == {(u,v) € E: Iy(u,v) = 0,Io(u,v) = c(0)} # @. (3.5)

Define

Ny = {(u,v) € E\ {0} : (I} (w,0), (u,v)) =0}, d(A) = il\rafIA. (3.6)

We now prove that N, # @ and provide some properties of the mapping d(-).
Lemma 3.4. Let (u,v) € E\{0}.

(i) Foreach A € Ry, there exists a unique t(A) > 0 such that t(A)(u,v) € Ny, (I} (t(u,v)), t(u,v))
> 0 for t € (0,t(A)), (I} (t(w,v)),t(u,v)) < O for t € (t(A),00), and I (t(A)(u,v)) =
maxier, Ir(H(u,v)).

(ii) The function t(-) : Ry — (0,00) is continuously differentiable and

fQ Yu + fQ (A)o)t(A)o
Wl( (/\)/(MIU)) '

t'(A) = (3.7)
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where W1 is defined by

Wilt, (u,0)) = — 27t [a (B VuBq,) [VuBa, +B(EIV0B0,) VoR,
+28 [ (R|VuB o, )| Vuldo, + B (#IVol0,) [ Volig,

+(2y+1) [/01 f(tu)u+/02ii(tv)v] — f’(tu)tuz— /ini/(tv)tv2

+(2'y+1)A[/Ql(lj(tu)u—f—/ozlf(tv)] / (tu)tu? —A/

Particularly, t(-) is decreasing on R..

Proof. (i) Let (u,v) € E\{0} and A € R be fixed, and let w(t) = I,(t(u,v)) for t € R,. Then
w € C}(IR;) and we have that for t > 0,

w'(t) = (Iy(t(w,0)), (u,0))

= ta (BVulo,) [VuBo, + 8 (P[VoB0,) [Vol3a, = [ Fltwu— [ hito)o
1 2

—A [/01 $(tu)u+/02 fﬁ(tv)v} : (3.8)

By applying (Ag) and Lemma 2.6, we obtain that w’(t) > 0 for small ¢ > 0. And by applying
(i) of Lemma 2.1 and Lemma 2.8, we obtain that w’(t) < 0 for t large. Thus, there must be
some t(A) > 0 such that w’(t(A)) = 0. Therefore, t(A)(u,v) € N,.

Furthermore, we can also derive the uniqueness of t(A). In fact, suppose by contradiction
there are t1,t, € (0,00) with t; < f; such that w'(t;) = w/(t;) = 0. Then we have that

w (BIVulls,)  «(BIVulg,) B(BIVoRa,) B (BIVela,)
- 27 - £27
1 2

27 127
tlu tzu) ﬁ(tlv) E(fzv)
- / [ 29+1 27+1 ] u+ /Qz [ t27+1 o t2'y+1 v
o(tiu)  (tau) P(to) (o)
+A o [ +/\/ 2'y+1 - 27+1 o

29+1 27+1
B
which is absurd in view of (A1), (F), and t; < f,.
(ii) Let us define a function W(t,A) = (I} (t(u,v)), (u,v)) for (t,A) € (-1
W(t(A),A) =0 for A € R; and by calculation we know that for (t,A) € (—1,00)?

|Vu‘%,01 + |VU|%,Q2

oW

oF (tA)=a (t"*!WIzol) ]Vu|201 +p (t2|Vv|202) |V7J|2Q2

+22 [ (B|Vulig,) [Vulio, + B (BIVofa,) [Volia,]

ﬁ(tu)uz—/ﬂzﬁ'(tv)vz—A [/Q a'(tu)u2+/ﬂz l’p'(tv)vz] (3.9)

(O

and
aalgv(t A) = —/Ql a(tu)u—/ﬂz 3 (to)o.



Ground-state solutions with critical perturbation 13

Moreover, it follows from (3.9), (3.8), (2.2), and (2.4) that for A € R,

oW oW 29+1
ar (HA)A) = SE(EN),A) = S W(EA), )

= =27 [a (F(N)|Vul3q,) [Vul5a, + B (F(A)|Vol3q,) [Vol3q,]
+ 28 | o (tZIWI%Ql) ’V”ﬁ,nl + B (P|Vol3a,) |VU|§,QZ]

+ o o (@ + D - Pt «

1/ 27_;_ Dh(t(A)o) —E’(t()\)u)t()\)v} v

—

TEY
s L 1@ DR — F ]
s 1@ D) — Pty o

< 0.

Hence, the implicit function theorem and (i) imply that ¢(-) : Ry — (0,00) is continuously
differentiable and (3.7) holds. Particularly, recall that ¢(s)s > 0 and ¥ (s)s > 0 for s # 0, so
t'(A) <0 for A € Ry. Thus, t(+) is decreasing on R O

Lemma 3.5. For each y > 0, it holds that p, := inf)¢g ) dist(0, Ny) > 0.

Proof. Let A € [0, 1] and (u,v) € N). Then for each ¢ € (0, [(1+ ,u)v%}_lmin{a(O),ﬁ(O)}), it
follows from (3.6), (3.1), and (3.2) with p = 5, and the Sobolev embedding theorem that
min{w(0), B(0)}]|(u, 0)||Z
<a(0)[Vul3 o, +B(0)|Vol3q,
<a([Vulig,) [Vul3o, +B(IVolia,) [Volia,

—/ f(u u+/ U+A[/§)1$<u)u+/ &(v)v]

< U+ e [lufo, + oBa,] + (e +AC) [[ulga, + [olé0,] + Cop [ul] 0, + 1010,
< (1 + pev3 | (u, 0)[IE + (e + ACe + Ceg)ve | (u,0) |13
Thus, there exists a positive number ¢ independent of A such that ||(u,v)||g > o for (u,v) €

N,. Hence, Py = 0. L]

Subsequently, we will obtain a minimax characterization of d(-) given by the following
lemma.

Lemma 3.6. d(A) = c(A) = inf(, o)cp\ (0} Maxier, I\ (H(1,0)) for A € Ry

This lemma can be achieved from (i) of Lemma 3.4 and Lemma 3.1. Here we omit the
proof, and for the concrete process readers can refer Lemma 3.6 in [16].

According to the above lemma, since ¢(-) is nonincreasing on R, we know that d(-) is
nonincreasing on R and d(A) < d(0) for A € R. Similarly, to establish the right continuity
of c(-) at A = 0, it suffices to prove that d(-) is continuous at A = 0 from the right.

Lemma 3.7. lim, ,od(A) = d(0).
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Proof. Let {A,} C (0, ] satisfy A, — 0 as n — oo. Then for any given ¢ € (0,d(0)) it follows
from the definition of d(A,) that there exists (#,,v,) € Ny, such that for all n,

I/\n (un, vn) < d(An) + E. (3.10)

We note that as in (3.3), for fixed A € [0, y],
Y . 2 o
3712 min{a(0), B(0) }||(u,v)||g < Ix(w,v), (u,0) € Nj.

Then it follows from (3.10) that for all n,

2y +2 4(v +1)d(0)
ymin{a(0), B(0)} ymin{a(0),5(0)}
Hence, there exist (u,v) € E and a subsequence of {(uy,v,)}, still denoted by {(un,v,)},

satisfying that (u,,v,) — (u,v). Particularly, it holds that (u,v) # 0. Otherwise, by (1.13),
(3.4), and the fact that A,, — 0, one can conclude that

min{a(0), B(0)}]| (tn, vn)|IZ

g’ (’v”n‘%,ol) ‘V“n’%,ol +B (‘an‘%,ﬂz) ’vvn’%,nz

= /01 f(”n)un+/()zﬁ(vn)vn + An {/01 4~7(”n)“n+/02 lp(vn)vn} — 0.

o, o) 17 < (d(An) +¢) <

This contradicts the fact that {||(#,, v,)||g} has a positive lower bound which can be derived
from Lemma 3.5.

For (un,vs) € Ny, chosen above, by (I)(ity, vn), (ttn, vn)) > <Ign(un,vn),(un,vn)> =0and
(i) of Lemma 3.4, there exists a unique f,(0) > 1 such that t,(0)(u,,v,) € Ny. Therefore,

0<d(0)—d(An) < Io(t:(0) (un, vn)) — In, (ttn, vn) + €. (3.11)

It follows from Lemma 3.4 that there exists t,(A) > 0 such that t,(A)(u,,v,) € Ny. Let us
define g, (A) = I (ty(A)(un, v,)) for A € Ry. Then the fact t,(A)(uy, v4) € Ny implies that

(0 = (5000 00, 0), (i, 0D 00) = | [ BCtu0) + [ Fa)00)]

1

== | [ 8w+ [ Fe@e],  rers.
Q] QZ
Thus, it follows from (ii) of Lemma 3.4 that

TIo(tn(0) (1, vp)) — I)w(”nrvn)
= gn(0) — gn(An)

An
= — [ gi(s)as
0
An - -
-/ [/Q Bt (s)un) + /QZ‘I’(tn(s)vn)] ds
< Au (t%(O) [|”n|%,01 + |vn|%()2] + Cgtﬁ(O) Uun|g,01 + ’Un|g,02}) . (3.12)

By (3.11), (3.12), and the Sobolev embedding theorem, to establish that d(A) — d(0) as
A — 0, it suffices to prove that {t,(0)} is bounded. We assume toward a contradiction that
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there exists a subsequence {n;} of {n} such thats; := t,.(0) — oo as i — co. Then by the fact
that t,,,(0)(un,, vn,) € Np for all i and (1.13), we have that

w (sﬂwn,ﬁgl |) ) p (Sﬂvvni‘g,ﬁzo
i |Vin |30, + 27
l. i

| VUVli | %,Qz

:/Q f(si””f)un.Jr/Q hsion) ,  (313)

27+1 2y+1 U
21+ i 21t

Moreover, it follows from (uy,,v,,) — (#,v) # 0 and Lemma 2.7 that the right-hand side of
(3.13) converges to infinity. This contradicts the fact that the limit superior of the left-hand
side is finite by (A). Hence, {t,(0)} is bounded. The proof is complete. O

We now establish the existence of ground-state solutions to the problem (1.1). Motivated
by [16,32], we first study the distance between any (PS).(,) sequence of I) and a compact set
K¢(o) defined in (3.5). Here, the existence of a (PS).(,) sequence can be derived from Lemma
3.1 and a general minimax principle [28, Theorem 2.8, p. 41]. The compactness of K, follows
directly from the fact that Iy satisfies the PS condition.

Lemma 3.8. For each A € R, let {(u},v))} be any (PS),(,) sequence of Iy. Then

lim lim sup dist ((uﬁ, o)), Kc(o)) =0.

A=0 poeo

Proof. It just needs to repeat the proof of Lemma 3.8 in [16]. O
Finally, we prove Theorem 1.7.

Proof of Theorem 1.7. For each A € Ry, let {(uy,v))} be a (PS)(,) sequence of I. We note
that {(u},v})} is bounded by Lemma 3.2. Then there exist a subsequence of {(u},v})}, still
denoted by {(u},v})}, and (uy,v,) € E such that (u},v)) — (uy,v,) as n — co. We will try
to find a Ag > 0 such that (u,,v)) # 0 for A € [0,Ap). In fact, since c(0) # 0 and K, is
compact, it holds that
b := dist(0,K)) = min ||(u,0)|[g > 0.
(u,0) €K (o)

Moreover, according to Lemma 3.8, for any given g9 € [0,dp), there exists a Ag = A(g)
such that when A € (0,Ag), there is some n, := n(A) such that dist((u},v}),K. ) < €
for all n > n,. Fixing A € (0,A) and by the compactness of K, there exists a sequence
{(w},z3)} C K () such that ||(uy,05) — (wp, zy)||e < €o for all n > n,. Furthermore, for a
subsequence of {(w},z})}, still denoted by {(w},z})}, and some (w),z,) € K¢(0), it holds that
(wp,z}) — (wy,z,) as n — co. Hence, we have that (u},v}) € Be,(wy, z)) for sufficiently large
n. Thus, (up,v)) € Bey(wp,z)) because B, (w), z,) is weakly closed. Therefore, || (ux,v,) || =
[(wx,z2)||E — €0 = do — €0 > 0, that is, (uy,vy) # 0.

We now prove that I} (uy,v)) = 0 and Iy (uy,v,) = d(A), that is, (1), v,) is a ground-state
solution to the problem (1.1). Without loss of generality, we may assume that the sequence
{(uy,00)} satisfies that (|Vugl3 ,[Voil5,) — (a,b) as n — oo for some (a,b) € R \ {0}.
For all (u,v) € E, let

IA,(a,h) (u/ 7))

— 5 @[ VuBo, + )| VoRa,] - [ Fu) - |

A [ Hio) - A [/Q u) + ?(v)] .

0y



16 Y. Zhang, Z. Liang, X. Zhu and F. Li

Then I} (, )(ufz‘,v)‘) — 0. Hence, I} ,;(3,02) = 0. We claim that (IVual3 0,/ IVOrl3 0,

) =
(a,b). In fact, it would follow from (u}},v)}) — (u,,v,) that |VL1)L\2Q a and |VU/\|202 <b,
and then

(I (un,02), (up,00)) < ALY (g (2, 00), (2, 02)) = 0.

Since (u,,v,) # 0, which is obtained on the above paragraph, by (i) of Lemma 3.4 there exists
a unique t(A) € (0,1] such that #(A)(u,,v)) € N). Furthermore, the monotonicity obtained
in Lemma 2.1 and Remark 2.5, the weak lower continuity of norm, Fatou’s lemma, and the
choice of {(u}),v})} imply that

A(0) < IW(H(A) (12,00)) = 55 (T4 (HA) (02, 00)), HA) (i, 22)
= 340 Vina,) = 5z (K0 T B, ) 1K) Vua B,

1 1
+ *B (LM Voalzq,) — mﬁ ([EA)Vorl30,) [HA)Voul5q,

/ [27 2/ (Aur)t(M)ur — ?(t(A)uA)}
/ [27 2" (Ao)t(M)vy — H(t()\)m)}

1 - ~

o [W <<A>m>tm>m—q><tm>m>}

A/Q [zﬁz‘ﬂf(ﬂwﬂum—‘If<t<A>vA>]
1

(|V”A\201) m

1
(|VUA|2 Qz) mﬁ (|VU/\|%,QZ) |VUA|%,Q2

5
/ [27+2 (A )ux - P(m)} +/ [271+2h(”)” - H(m)}

1 -~ ~ ~ ~
A/Ql L’Y#LZ (u;\)u;\—fb(m)] +A/Q {2 +2¢’(UA)UA—T(U?\)}
o1 1
< liminf [2A (IVuBa, ) - 53 2 (IViadBa, ) W“A\ml]

n—oo
1

.11
—|—11£g10£1f [ZB (|VU2|%QZ) — mﬁ <|VU;)H%QZ> !Vvﬁlﬁ,m]
1
29 +2

N

a (’V”A@,Q]) ’V”A@,Q]

2
+

+ liminf [
M

n—o0

= A E
(g )uy — F(u )]+117rlr_1>g1f [2’Y+2

+ Aliminf o, [ p(ud)ud — d(u )}—f—/\hmmf [ ! lf(vﬁ)vﬁ—q’(vﬁ)}

n—oo 27y +2 n—so0 2742
1
. oM — P oA AN (A A
< i 10} o) = 57 (e o) o o)

= ¢(A) = d(A).
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Thus, there exists a subsequence {(u;,, v} )} of {(uy,vy)} such that

1 2 1 2 2
EA (|V”A‘2,Ql) - 727 T 2“ (|V”A|2,Ql) |V”A|2,Ql
. 1 A2 1 A2 A2
= }g?o [214 (|V”ni|z,01> - 2y +20‘ (|Vuni‘2,01) ‘Vunifz,ol
1 1
= EA(u) - m«x(a)a
and
LB(IVoaBa,) — 5B (IVoria,) Vo l2
2 2,00 2,), 42 2,0 2,

|1 1

i—sc0 2742
1 1

It follows from the monotonicity of (y+1)A(s) —a(s)s and (y+1)B(s) + B(s)s that (| Vu, |%,01'
Vo A@,Qz) = (a,b) holds, and then (u},v}) — (u,,v,) in E. Moreover, since I, is continuously
differentiability, one can also conclude that I (1), v,y) = 0 and I (up,v)) = c¢(A) = d(A). Thus,
(up,v)) is a ground-state solution to the problem (1.1).

Finally, we will end the proof of Theorem 1.7 by proving that (u,,v,) — (1o, v9) as A — 0,
where (19, vp) is a ground-state solution to (1.1) with A = 0. Actually, let {1, } C [0,A¢) such
that A, — 0 as n — oo. Then as a consequence of the fact that (u,,,v,,) is a ground-station
solution to (1.1) with A = A, it hold that I} (uy,,vy,) = 0 and I),(up,,0p,) = c(An). By
Lemma 3.7, similar to (3.3), we have that as n — oo,

c(0) +0(1) =c(Ay)

1
= I\, (U, 00, ) — 57 Up, (UA,,OA, ), (UA,, VA,
D, 00,) = 5y (8, 00,), (1, 20,))

> 27%min{tx(O),ﬁ(O)}H(uAn,vAn)H%

This yields that {(u,,,v,,)} is bounded in E. Hence, it follows from the Sobolev embedding
theorem that as n — oo,

Io(up,,0p,) = Iy, (up,, 0a,) + An [/01 ®(uy,) +/QI‘T’(%)} — ¢(0),

and

(T8, (0,2)) = (1, (2,0 00,), (0,2)) - | [ Bl oo [ Fon,)z]

e | [ Bl )os [ Gz
ol (w2 €

Thus, {(ux,,va,)} is a (PS).(o) sequence of Iy in E, and then by Lemma 3.2, there exists a sub-
sequence of {(u),,v,,)}, still denoted by {(u,,, v, )}, and (up,vo) € E such that (u,,,v,,) —
(uo,v0) and Iy(up,vo) = c(0), that is, (up,vo) is a ground-state solution to (1.1) with A = 0.
The proof is complete. O
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4 Appendix

In this section, some regular properties of compound functions will be proved.

Lemma 4.1. Assume that f € C2(R) and f', " € L®(R). If u € W>P(Q) and 2(N — p) < N,
then f(u) € W>P(Q) and

f/(w)D*, o <1,
D*(f(u)) = { F"(u) (D) + f/()D*u, &= (2,0,0,...),

Proof. According to [27, Theorem 2.5.1, p. 70], we have that f(u) € W' (Q) and D(f(u)) =
f'(u)Du. When |a| < 1, we have that D*(f(u)) € LP(Q). Assume that |a| = 2, without loss
of generality, let « = (2,0,...,0). Then we could calculate Dy (f(u)) as follows. Actually, for
any given ¢ € CP(Q), because f(u) € W (Q) and D1¢ € C3°(Q)), we have that

J D¢ = [ Di(f)Dip = - [ f'(0)DruDrg. @1

Let g(s) = f'(s) for s € R. Since f € C3(R) and f” € L®(R), then g € C!(R) and
¢ € L*®(R). Thus, g(u) € W' (Q). It follows from the weak derivative product formula
that ¢(u)Diu € WY (Q) and D;(g(u)Diu) = Di(g(u))Diu + g(u)D*u = ¢'(u)(Dyu)? +
¢(u)D*u = f"(u)(Diu)?+ f'(u)D*u. Moreover, (4.1) can be written

| rwp*e =~ [ (gwDi)Dig = [ Dilg)Di)g = [ [f"(u)(Dru)*+ f (w)D"u] .

Thus, D*(f(u)) = f"(u)(Diu)? + f'(u) D%u.

Next, we prove D*(f(u)) € LP(Q). In fact, because f', f” € L*(RN) and D*u € LP(Q), we
need only illustrate (D1u)? € LP(Q), that is, Dju € L?(Q). In fact, since D1u € W7 (Q) and
2p < Np/(N — p), it follows from the Sobolev embedding theorem that WP (Q) < L2/ (Q)),
and then Dju € L?’(Q). The proof is complete. O

Lemma 4.2. Assume that there exists M > 0 such that |¢'(s)/g*(s)| < M for s € R. Ifu € H*(D),
then G=Y(u) € H*(D), where D C R® is an open domain with 0D € C.

Proof. Let f(s) = G~1(s) for s € R. Then the conclusion holds by Lemma 4.1. O
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