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Abstract: In this paper, we investigate a class of constacyclic codes which contains isodual codes and formally
self-dual codes. Further, we introduce a recursive approach to obtain the explicit factorization of
22" %" — € F,[x], where n, m are positive integers and puy, is an element of order £* in F,. Moreover,
we give many examples of interesting isodual and formally self-dual constacyclic codes.
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1. Introduction

Let F, be a finite field with ¢ elements and n be a positive integer. An [n, k],-linear code C is
a k-dimensional subspace of Fj. Usually, elements of C' are referred to as codewords. The Hamming
weight of a vector ¢ € Fy, denoted by wt(c), is the number of nonzero coordinate entries in ¢. The
Hamming distance between two vectors ¢ and ¢’ in Fy is defined as d(c, ') = wt(c — ¢’). The minimum
distance di(C) of a code C is the smallest distance between distinct codewords of the code C, i.e.
dy(C) = min{d(c,c’) : ¢,/ € C}. For a linear code C, the minimum distance d = dg(C) is the same as
the minimum weight of nonzero codewords of C.

Let A; denote the number of codewords with Hamming weight ¢ in C', where 0 < ¢ < n. The sequence
(Ag, A1, ..., A,) is called the weight distribution of the code C. A linear code possessing minimum weight
d has no nonzero codeword of weight less than d except zero codeword, that is, A; = 0forall1 <i<d-1
and Ayp = 1. The weight distribution is an important research object in coding theory. However, the
problem of determining the weight distribution of linear codes is, in general, notoriously difficult. There
are extremely few linear codes for which the weight distribution is known (see for example [7], [11], [17],
[18] and the references therein).
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For an [n, k],-linear code C, the dual code C is also a linear code of length n and dimension n — k
over F,. The code C is self-orthogonal if C C C* and self-dual if C' = C*. The length n of a self-dual
code is even and dimension is n/2. Further, if ¢ is odd, then there is no self-dual cyclic code of length
2" over F, and, if ¢ is even, then there is a unique self-dual cyclic code of dimension 2"~! of length 2"
(see [16, Section 5]). Blackford [4] obtained the necessary and sufficient conditions for the existence of
simple-root self-dual negacyclic codes. Bakshi and Raka [3] obtained all the self-dual negacyclic codes of
length 2™ over Fpm, where p is an odd prime and integer m > 1. Dinh [8, Corollary 3.3] characterized
all repeated-root self-dual negacyclic codes of length 2p°® over F,». Remarkably note that constacyclic
codes, except negacyclic codes or binary cyclic codes, do not include an important class of codes, that is,
self-dual codes, however these codes contain formally self-dual and isodual codes.

A linear code C is called isodual if C' is equivalent to its dual code C+. A code C is called formally
self-dual (f.s.d.) code if C and C have the same weight distribution. Automatically, self-dual codes
are isodual codes and isodual codes are formally self-dual codes. Huffman and Pless [9] studied formally
self-dual binary codes, however little work is known about formally self-dual codes over non-binary fields.
These codes are important due to their applications in lattices [2], designs [10], code based cryptography,
particularly in determining a minimal access set [14] and coding theory [5].

In this paper, motivated by the numerous practical applications of isodual codes and formally self-
dual codes, we investigate a class of isodual and formally self-dual constacyclic codes which are permu-
tation and monomially equivalent to each other. Further, we study the form of codewords, generator
polynomials and the weight distribution of a class of uy- irreducible constacyclic codes of length 2¢™ over
F,, where ¢ is odd prime such that ¢*|(¢ — 1) and p, is an element of order ¢* in 2 \ {1, =1}. This paper

also presents a recursive factorization of 22" ¢ — iy, € F,[z], where integer m > 1.

The structure of the paper is as follows: Some background of constacyclic codes, the necessary
notation and some known results are to be used presented in Section 2. In Section 3, the explicit
factorization of 22¢" — iy, over I, is obtained. Further, we introduce a recursive factorization of 22—y
The form of codewords of all irreducible pg-constacyclic codes of length ¢™ and 2¢™ are also obtained.
Moreover, the weight distributions of these codes are determined by simply observing the weight of each
message word. In Section 4, we construct a family of isodual and hence formally self-dual codes of length
20" over I, in a very special case. In the end of this section, we illustrate a class of isodual codes and

formally self-dual codes by means of some examples.

2. Preliminaries

Throughout this paper [F; denotes a finite field with ¢ elements, where ¢ is a power of a prime. For
a fixed p € Fy;, where F; =, \ {0}, a linear code C of length n over F, is called a p-constacyclic code if

(c1,¢2, ..., Cne1, co) € C for each (co,c1,c9,...,¢n-1) € C.

The code C is called cyclic if 4 = 1 and negacyclic if 4 = —1. If ged(n,q) = 1, a p-constacyclic code
of length n is called simple-root code; otherwise it is called repeated-root code. Identifying the vector
(ag,a1,...,an_1) € F} with the polynomial apz™ ' 4+ a1z" % + --- + a1 € Fylz], a simple-root y-
constacyclic code C' can be represented as an ideal of the quotient ring F,[x]/(z™ — ). Each ideal in
F,lx]/(x™ — p) is of the form (g(z)), where g(z) is a monic divisor of ™ — y in F,[z]. The polynomial
g(z) is known as the generator polynomial of the code C. A pu-constacyclic code C' is called irreducible
or minimal over F, if h(x) = (2™ — p)/g(z) is an irreducible polynomial over F,, where the polynomial
h(z) is known as the parity check polynomial of the code C. The structure of constacyclic codes have
been extensively studied and can be found in [1, 3, 5-8, 11].

For any two vectors a = (ay,ag,...,a,) and b = (b1, ba,...,b,) in Fy, the (Euclidean) inner product
or dot product of a and b is defined as follows:
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n
a-b:Zaibi € F,, where a;,b; € F, foreachi=1,2,...,n
i=1

The two vectors a and b are said to be orthogonal if a-b = 0. The dual code of C, denoted by C*, is
defined as

t={beF!:a-b=0forallacC}.

For any polynomial f(z Za "%, where ag # 0, over F,, the reciprocal polynomial of f(x),

denoted by f*(x), is given by:

For a p-constacyclic [n, k]g-code C' with parity check polynomial h(z) of degree k over Fy, the
generator polynomial of C is given by h*(z) over F,. Note that h*(x) divides 2™ — u~! over F, if and
only if h(z) divides ™ — u over F,.

1

Lemma 2.1. [8, Proposition 2.2] The dual of p-constacyclic code is a p~'-constacyclic code.

Remark 2.2. The dual code C* of a cyclic (negacyclic) code C is a cyclic (negacyclic) code, however,
from Lemma 2.1, we notice that the dual code of p-constacyclic code is not a p-constacyclic code for every

p e\ {1, -1}
Definition 2.3 (see [13]). Two (n, M)-codes, where M is the size of the code, over Fy are equivalent if
one can be obtained from the other by a combination of operations of the following type:

(i) permutation of the n digits of the codewords;
(i1) multiplication of the symbols appearing in a fized position by a nonzero scalar.

Lemma 2.4. [13, p.72] Equivalent linear codes have the same length, dimension and distance.

The following result contains a criterion on irreducible non-linear binomials over F, which was given
by Serret in 1866.
Lemma 2.5. [12, Theorem 3.75] Let t > 2 be an integer and a € F;. Then the binomial xt —a is

irreducible in Fy[x] if and only if the following two conditions are satisfied:

(i) each prime factor of t divides the order e of a in F, but does not divide (g —1)/e;
(1)) g=1 (mod 4) if t =0 (mod 4).

For this section and the rest of this work, we set the following notation: Let £ be a prime such that
ged(£,q) = 1 and v = max{k : £¥|(¢—1)}. Obviously, v = 0 if and only if £{ (¢g—1). Let u be a primitive
¢¥th root of unity in Fy with po = 1.

For a fixed k, where 1 < k < v, we rephrase the factorization of z¢" — pu, over F, in the following
form:

Lemma 2.6. [6, Theorem 4.1(ii)] Let n be a positive mteger ged(q,0) = 1, r = min{n,v—k}, 1 <k <w,
and v > 2 if £ = 2. Then the irreducible factorization of x* — uy is given by

o

o _ Vi ki1
T = Uk —H(ZL’ ~ Hggr )7
i=1

where fi4, is an element of order (17 in Fy-
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In particular, by taking ¢ = 2 in Lemma 2.6, a factorization of 2" — py, into the product of 2" factors
is given as follows:

Lemma 2.7. Let n be a positive integer, q be odd prime power, r = min{n,v — k} and 1 < k <wv. Then
a factorization of x> — uy, over Fy is given by:
2" .
on gn—r okt
2 = =[] = i,
i=1
where 4, is an element of order 247 in 3. Further, if v > 2, the factorization is irreducible over IF,

and if v = 1, the irreducible factorization of x> — , is given in Lemma [16, Lemma 2.6].

In order to give a detailed explanation of our examples, we consider the following notions and results
given in [15].

Let S = {a* : a € F;} and O, = {a € F; : |a] is odd}, where |a| denotes the order of a € F}.
Readily note that O, and S, are subgroups of the multiplicative group F; of the nonzero elements of F,
satisfying O, C S,. Remarkably note that ¢ = 3 (mod 4) if and only if O, = S,.

Lemma 2.8. [15, Theorem 4.2] Let g and t be odd primes such that ¢ = 2t +1. Then S, is generated by
4.

Lemma 2.9. [15, Theorem 4.4] Let q and t be odd primes such that ¢ = 4t+1. Then the following holds:
(i) Oy =) ={t": 0<i<t—1}.
(11) Sq = (4) and Oy = (16) for q¢ > 13.

3. A class of irreducible constacyclic codes

This section studies a class of p- irreducible constacyclic code over F,. The weight distribution of
this class of codes is followed by the form of codewords without putting much effort.

First of all, by using the same notation introduced in Lemma 2.6, let C} ; denote a py-constacyclic

[¢7, 0"~ "], code with the parity check polynomial by, ;(x) = " —,uf;:f;rl. Then the generator polynomial

gk,i(z) of Ck; is given by:
e —

n—r R4l
x p’k-&-r

gk,i(SU) =

Theorem 3.1. Let n be a positive integer, £ be a prime such that ged(¢,q) =1, £*|(g—1) for 1 <k <w
and r = min{n,v — k}. Then the generator polynomial of Cy; is given by:

£r—1

VATES| n—ripr_
gri(x) = Zﬂgﬁ_i Ju 07T (7 —u—1)
u=0
Further, if a = (ag,a1,...,am-—r_1) € anﬂ be any message word, then
Fi1)(em -1
Cros = {(a,apf [t a7 7))

Proof. Let r =min{n,v —k} and 1 < k < wv. Since p = uéﬂjﬂ)[ for 1 <i< /", so

£r—1

o TN (eHi+1)em _ g e i+1) (€*i+1)u A GRS
zt —pe =) — g, =(z Mg Z Mg )
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Therefore, the generator polynomial gy ;(x) of a ug-constacyclic [¢", ("7, code C} ; is given by:

o -1
T T Hk (it )u g (r—u—1)
Gr.i(x) = o il 2: k+r T :
T — i —
k+r u=0
n—r . .
Let a = (ag, a1, ,apm-r_1) € Fg be any message word. Then the corresponding message polynomial
can be expressed as
£7l7T—1
n—r
a(z) = g ajzt" It
=0

Therefore, the code polynomial of C} ; is given as follows:

T 1
n-r j kg n—r/pr
a(w)gkﬂ-(m) = § (ijé —j—1 <§ :ulg?+i+l)ux( (¢ _u_1)>
Jj=0

u=0
-1 st JA
o Fitl)u T | T =1
ST DS PR
u=0 §=0
-1 @i
L%i4+1)u g (0T —y)—i—1
I SR
u=0 ;=0
Further, the uth component of codeword (cj, ¢}, -+, ¢j_q) is
« i1 JATES i1
c, = (G'OH;C+:” )u’ alﬂgng:‘ )’U«7 e 7al”*"'*1/l§c+i )u)
By using notation af for the vector (apf,a10,--- ,am-~_10), where 6 € [y, the code Cj ; is given by:
JAES| Ry (em—1 ner
Cra = {(aanf 5 a0 Y) ra e BT
This completes the proof. O
Remark 3.2. By Lemma 2.5, =t — ,ui?jl is an irreducible factor of x'" — wj over Fy for every

1 <4 < {" provided that v > 2 if £ = 2. Let us consider the exceptional case v=1if £ =2. Then k =1,
i =1 and hence g, ; = 1. Thus, the code Cy; becomes the whole space an, a trivial negacyclic code. For
any n > 2, 2" +1 is reducible over F,, where ¢ =3 (mod 4). Therefore, there are non-trivial negacyclic
equivalent codes of length 2". These negacyclic codes of length 2™ over F, and their weight distribution

have been studied in [17, Theorem 4.6].

Lemma 3.3. For any 1 <1i,j <", Cy; is equivalent to Cy ;.

Proof. There are ¢" irreducible codes C}; for 1 < ¢ < {" for each fixed kK, where 1 < k£ < v and
r = min{n,v — k}. For every pair (i,j), where 1 <14 < j < {", there exists a unique [ = j — 4 (mod ¢")
k41 Rl

such that p, /" = ﬂfn,uk_w . Using the form of codewords of Cj; and Cj ; given in Theorem 3.1, it
follows that Cy; = pl~*Cy,;. Thus, the code Cy ; can be obtained form the code Cy; by multiplying
127" and hence they are equivalent. O

By Lemma 3.3, in particular, the code C; is equivalent to C, ¢-. For convenience point of view, we
denote Cj, ¢r by Cj.
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Theorem 3.4. By using the assumptions of Theorem 3.1, the weight distribution of ux-constacyclic
[07, 0" "]y code Cy is

Aprj = (6 j_ )(q 1) for 0<j <O

Proof. Direct from Theorem 3.1. O

Keeping in mind the previous notation, we now present the following result, which will be important
in order to study of isodual and formally self-dual constacyclic codes that we are interested in.

Theorem 3.5. Let q, £, r and k be as before, and additionally, let ¢ be odd. Then
o

2™ _ mor ki1
T — Mk = H(.’E + gk-i,-r )a
i=1

where Oy, is an element of order (¥ and 03 = py,.

Proof. For each 1 < k < v, the order of p, is £F. Clearly /¥ is odd and ,uf;k“ = up. Let 0 = ,ugfk“)ﬂ
for 1 < k < v. Then the order of 8 is ¢* and 9,% = pp. It follows that z2¢" — pj, = 22t (9,% =
(xek — Gk)(arzk 4 6,). By Lemma 2.6, the factorization of 2*" — 6 over F, is given by:

e’!‘
n n—r k:
1‘2 — Gk = 1_[(131Z — 0@::‘1)

i=1
By changing « to —z in the above factorization of z*" — ), we obtain the factorization of z*" + 6 over
F, as follows:
o .
o = [[E 0.
i=1
This completes the proof. O

Theorem 3.6. Let q, £, 7, k £ be as in Theorem 3.5, and additionally, let m be a positive integer. Then
a recursive factorization of ©2 ¢ — i over F, is given by

Vi

gmpn o 2w1—1en—7‘ éki+1
T _,uk—H(x i9k+r )a
i=1

where O, is an element of order 5T and 0,% = L.
Proof. The required form of factorization follows directly by using the substitution x to 22" in

Theorem 3.5. By Lemma 2.5, binomials 22" ¢" & 95:;"1 is reducible over F, if and only if :F@ii_ij'l €S,
where S is the set of all square elements in Fy.

For each 1 < k < v, in view of Theorem 3.5, there are 2¢" distinct irreducible factors of 22" — g over
Fy. Let €} ; and G} ; be pp-constacyclic [2¢7, £ 7], codes such that C} ; = (g; ;(x)) and C}/, = (g} ;(2)),
where 1 <i</", 1<k <wvand

20™ o
T2 — g v — 0 m
/ — —
gk,i(‘r) - ,’Een_r _ 9@’“i+1 - (.IZH_T . egkiJrl)(x + Hk)
k+r k+r

and

o0n o
T — g x° + 0 m
g (@) - ( - ) (2" — 0y).

= on—r ki1 gn—r
T + 6, T +0,. 0
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Theorem 3.7. Let £ be a prime. 1 <1 < (" and 1 < k < wv. Then the generator polynomial g,’“(x) of
ki 18 given by

-1

¥ u P g n
Goax) = D 0 VT D G gy,
u=0

Further, ifa € anw s any message word, then

Cllc,i ={(a, a@iii;ir17 e ’agl(fj:ﬂ)(getl))}.

Proof. Using the argument of Theorem 3.1, we obtain

-1

= (S )
u=0
It follows that
:L'%n — Uk (:L'En — gk)(l'fn + Gk)
. m—1 o
S ; it (g n
= (wz _9£+r+1)( Z el(HrJr gt (e 1))($e +9’f)
u=0
20" —1

n—r . k ; n—r r
C (D )
u=0

Thus the generator polynomial g; ,(z) of a uk-constacyclic [2¢",£"7"]; code C} ; is

om 20" —1
/ S A o (Fitl)u_gm=" (26" —u—1)
gr..i(T) = o gl Z Opir T :
k+r u=0
Let a = (ag,a1, -+ ,apm-r_1) € anir be any message word. Then the corresponding message polynomial
1
can be expressed as a(x) = Z aszn_rfjfl. It follows that the code polynomial of C,’m. is
j=0

£rnor—1 20" —1 R
/ _ an'r_j_l (£1+1)u enfr(Qer_u_l)
a(z)gyq(z) = E a;r E , Oprr
3=0 u=0

-1 T
B (CFit1)u i1 | 20 —u—1)
= E 9k+r E a;T x

u=0 =0

20" —1¢"""—1 .
_ %+ g (20" —u)—j—1
= E E ajﬂk_” T .
u=0 ;=0

Further, the uth component of codeword (c§*, ci*, -, cpr_ ) is
w5 Q(Zki-&-l)u 0(@’%+1)u 0(4’%+1)u
Cu = (aO k+r , A1 k+r sttty Qpn—r_q k—+r )
k-
If we denote af = (agf, a10,- - , agn—r_10) for some 6 € F};, then ¢}* = a@,(ﬁrfl)u for each 0 < u < 207 —1.

Therefore



M. Singh / J. Algebra Comb. Discrete Appl. 7(1) (2020) 21-33

VATES| ok i+1)(207 -1 n—r
C,’cyi:{(a,aHkJ:f Lo ,aGI(Hi it )):ang b
This completes the proof. O
Using the argument discussed in Lemma 3.3, observe that codes Cj, ; and C}/; are equivalent to codes
Cy.¢er and Cf . respectively. Denote C} ;. by Cy, and CY/ . by C}.

Theorem 3.8. With our notation and assumption, C}, is equivalent to Cy..

Proof. Let g, (z) and gj/(z) be generator polynomials of C}, and C} respectively. Now the equivalence
of these codes is asserted by the following identity:

26’”. 2@’”
17 €T — Mk X — Mk ’
gi(—2)=—F=—7— = —(M ) = —gi ().

k(=2) =zt + Oppr 2" — Opgr k(@)

O

Remark 3.9. For each fited 1 < k < v and r = min{n,v — k}, there are 20" irreducible codes C,’m and

C]’C',Z- for 1 <i</{". By Theorem 3.8, these codes are equivalent to C},. By Lemma 2.4, since equivalent
linear codes share the same weight distributions, so it is sufficient to determine the weight distribution of

Cy., a pp-constacyclic code of length 20™ with the parity check polynomial 2 = O
Theorem 3.10. Let £ be a prime, r = min{n,v — k} and 1 < k < v. Then the weight distribution of
i -constacyclic [207, 477, code C), is

Aggrj = (ej >(q — 1)j for 0 S _] S [n—?“.

Proof. From Theorem 3.7, the explicit form of codewords of Cj, is given by:

Ol = {(a,al s, 202 1) ca e FE T,
Now, the weight distribution of C}, follows directly by using the above form of the code. O

In end of this section, we present two examples as follows.

Example 3.11. With our notation, let g =163, £ =3. Thenv=4,1 <k <3 andr = min{n,4—k} > 1.
Since Sy(= Oy), a subgroup of order 81, has ¢(3%) = 3°=1-2 elements of order 3" for1 <i <4, and4 € S,
so its order is either 9, 27 or 81. Using simple modular arithmetic, we obtain the order of 4 is 81. Thus
one of the value of g is 4. Take py = —18 = 451 3 = 36 = 42! py = 38 = 463_, w1 =104 = 4%7. It is
important to note that the choice of j4 determines pu; uniquely as follows s = 3 for0 < i < 3, however
if we choose py first, then s has more than one choices, for example if 1 = 104, then pe € {40, 38}.
By Lemma 2.6, the factorization of x3" — . is given by:

3"

n n—r k
e = [ -,
=1

In view of Table 1, the explicit factorization of 8! — 38 over Figs is given by:
2 —38 = (27 +32)(2” + 75) (2% + 79) (2 + 68) (2 — 24)
(2% +66) (2 + 63)(2° — 51) (2" + 18).
Further, by Theorem 3.4, the weight distribution of 38-constacyclic [81,9,9]163 code C' is
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Table 1. Parameters of the factorization z°" — pes 1< k<3

n k r=min{n,4 —k} i degree coeflicients in Fig3
3n=" {(—18 )3’“i+1 11<i<3")
51 3 104 9 {(36)(—18): 1< i< 27}
52 2 38 27 {(38)"(—18) : 1 <i <9}
53 1 36 81 {(104)(—18):1<i <3}
41 3 104 {(36)(—18) : 1 < i < 27}
4 2 2 38 {(38)"(—18) : 1 < i < 9}
43 1 36 27 {(104)'(-18): 1 < < 3}
31 3 104 {(36)(—18) : 1 < i < 27}
32 2 38 {(38)%(—=18): 1 < i <9}
33 1 36 9 {(104)"(-18) : 1 <i < 3}
21 2 104 {(36)(—18) : 1 < i < 9}
22 2 38 {(38)(~18) : 1 < i < 9}
23 1 36 3 {(104)"(-18) : 1 <i < 3}
11 1 104 {(36)"(—18): 1 < i < 3}
12 1 38 {(38)(—~18) : 1 < i < 3}
13 1 36 1 {(104)(—18) : 1 < < 3}
The weight distribution of C}, where A3 (3 j )(162)j for0<j<3""
nkr=4—k p, Weight No. of codewords of weight ¢
i=3"j Ay =AY

51 3104 275 A

5 2 2 38 95 AT

53 1 36 35 A5

41 3104 275 A?

42 2 38 9j Af

43 1 36 35 AT

31 3 104 275 Aj

32 2 38 9y A3

33 1 36 35 A9

Table 1 provides the weight distributions of all irreducible iy, -constacyclic codes of length 3™ forn = 3,4,5
and 1 < k < 3 over Fqg3.

Example 3.12. With our notation, let ¢ = 251, £ = 5. Then v = 3 and r = min{n,3 — k}. The set of
all square elements S, contains 125 elements as follows: ¢$(125) = 100 elements of order 125, ¢(25) = 20
elements of order 25, 4 elements of order 5 and one element of order 1. Since 4,9 € S, are of order 25
and 125 respectively. Take pz = 9, thereby ps = p3 = 64 and pj = pp = —32 = 219. Now, s = 64,
ps =9, 0y = 6413 = —8 and 3 = 9'3 = 88. By Theorem 3.5, the factorization of %" — py, forn >1 is
given by:

5"

2.5" _ 5T 5%i41
25—y = [[@ £ 67,
i=1

Now forn =2,k =2, r =1, uy = 64, 05 = 88, the explicit factorization of 2°° — 64 over Fa51 is given
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by:

a0 —64 = ° 48877

’:]o«

= (; +96) (2% + 55)(2® — 60)(z° — 3)(z° — 88)
(z° — 96)(2° — 55)(2° + 60)(z° + 3)(2” + 88).

Also by Theorem 3.10, the weight distribution of 64-constacyclic [50,5,10]251 code is

Aroj = (j) (250)7 for 0 < j <5.

Further, by Theorem 3.6, a reducible factorization of x'°° — 64 is given by:

5
xlOO _64 _ H .Tloj:8825i+1)

= 4 96 4 55)w — 60)a? el 5
(2'% = 96) (2" — 55)('® + 60)(+'" + 3)(z'" + 88).

Since —1 ¢ S, and 88 € S, so there are 5 reducible binomials, for ezample x'°—88 = (x5—313)(25+313) =
(25 + 29)(2° — 29), and the remaining 5 are irreducible over F,. Moreover all binomials x'° — 8825¢+1
for 1 < i <5 are reducible over F, such as x'0 — 88251 = (g5 — 313(5i+1)) (55 4 132541y — (25 4
29250H 1) (25 — 292501 for 1 < i < 5. This process can be carried forward for a reducible factorization of
2290 — 64 from the explicit factorization of x1°° — 64 with 15 irreducible factors over F,,.

4. Formally self-dual and isodual codes

A code is formally self-dual (f.s.d.) if the code and its dual have the same weight distribution. A code
is isodual if it is equivalent to its dual. Since two equivalent codes have the same weight distribution, so
the class of formally self-dual codes automatically contains the class of isodual codes, however, a formally
self-dual code need not be isodual (see [9, p. 378]). In this section, we construct isodual and formally
self-dual linear codes.

Theorem 4.1. Let ¢ be an odd prime such that £|(q — 1), but €2 { (¢ — 1) and n be a positive integer. Let
n be a primitive Cth root of unity in Fy. Then there exists an element 6 = pUtD/2 ¢ [y of the order ¢
such that z2*" —n = (2" = 0)(z"" +0). If C; = (" 4+ 0)) and Cy = (z*" —0)). Then C, = {(a,fa)} ,
Ci = {(9a,—a)}, Cy = {(a,—0a) and C5- = {(fa,a) where a = (ag,ay,...,am_1) € IFf;n. Further, Cy
and Cy are isodual codes, and C;, Ci+ for i =1,2 are formally self-dual codes.

Proof. On substituting v =1, r =0, k = 1, n = pg4, = p1 in Theorem 3.5, the factorization of
22" — pu, reduces in the following form:
xZ@“ —n= x%" _ n€+1 — (xén _ 9)(xé“ + 9),

where § = n(¢*1)/2, Clearly the order of § € [ is £. Further, by Theorem 3.7, we find the desired form of
C, and Cs. Furthermore, Ci is a ~'-constacyclic code. Since 22" — 5=t = %(93:2” —1)(0z*" +1) and
Oy is generated by 2t + 0, so Cf- = 0z —1) = (2" —0~1). Similarly C5- = (#z" +1) = (2" +071).
Obviously, Oy, Cy, Ci- and Cs- are all equivalent via a permutation of coordinates and multiplying certain
coordinates by constants. Since the relation of equivalence of codes is an equivalence relation, so C; is
equivalent to Ci- and Cy is equivalent to Cs-. This proves that C; and Cy are isodual codes. Further, by

14 ,

Theorem 3.10, the weight distribution of C; and its dual C;- is Agj = < ) (g —1)7, where 0 < j < ¢ for
J

1 =1,2. Therefore C7 and Cy are formally self-dual codes. O
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Remark 4.2. In view of Theorem 3.5, 0y € F} presents one of the solution of the equation 2% = .
Obviously, —0y, is another solution of this equation. Since the order of Oy is (F, then 0 is a square
element in F;. Note that —1 is a square in Fy if and only if 4[(q — 1). In fact, the order of —0y is
20F when ¢ = 3 (mod 4) and, /% when ¢ = 1 (mod 4). From Theorem 3.6, a reducible factorization of
" — py, over F, is given recursively as follows:

o

4m _ 20mT ki1
T 7:“‘16*]__[( iak-i—r )
i=1

(i) If ¢ = 1 (mod 4), for each i, since i@i:ijl is a square element of order (**", where r and k are

as usual, and hence by applying Theorem 3.5, one has the explicit factorization of x2¢" " 95::‘1
into the product of 20™ + 2¢™ irreducible factors over Fy, where r1 = min{n —r,v — k}. In this
case when ¢ =1 (mod 8), this process of factorization allows us to select the generator polynomials
of isodual and formally self-dual codes of length 8¢™ and dimension 40™ over a finite field from the
given factorization of x5 — py € Fyz] (see Example 4.6).

(it) If ¢ = 3 (mod 4), then —1 ¢ S,, and one of the element +£0LH1 s g square element and hence

k+r
either of the binomial z2*" " Gij:rl can be expressed as a product of 2™ irreducible factors over

F,, where r1 = min{n — r,v — k}. In this case, the generator polynomials of isodual codes and
formally self-dual codes are given by Theorem 4.1.

4.1. Worked examples

The following are examples of isodual codes and formally self-dual codes by means of Theorem 4.1
and Theorem 3.6.

Example 4.3. For ¢ = 13, we have £ = 3, v =1, r = 0. By Lemma 2.9, the order of 3 is 3 modulo
13, it follows that py = 3 61 = 9. By Lemma 2.5, 23 — 3 is an irreducible over Fi3. By Theorem 3.5,
20 -3 = (23 -9)(2®+9). Let

Cl = <£L'3 — 9> = {(ao, ay, 09,4&0,40,1,4(12) tQp,a1,02 € Flg}.
Then Ci is 9-constacyclic code and is given by:
Ci = (2 + 3) = {(ao, a1, az, 3ag, 3a1, 3az) : ag, a1, as € Fi3}.

The weight distribution of Cy and Ci- is Azj = (3> (12)7 for 0 < j < 3. Thus the weight distribution of
J

this code is same as the weight of the code Cy. Denote by Cy = (23 +9), C3 = (x® —3) and Cy = (23 +3).

Then these codes are formally self-dual codes, while pairs (C1,Cy) and (Ca,C3) are of isodual codes.

Moreover, using Theorem 3.6, we obtain
123 = (2% = 3)(z® +3)(a® — 2)(«® + 2).

Now, let C = {((z® + 10)(z® + 11)), then C+ = ((z* + 4)(2® + 6)). Here C and C* are respectively, a
3-constacyclic [12,6, 3]13-code and a 9-constacyclic [12,6, 3]15-code. It is quite easy to see that these codes
are equivalent and hence C' is isodual.

Example 4.4. For ¢ = 11, we obtain £ =5, v =1, r = 0. By Lemma 2.8, uy € (4) is an element of
order 5. All ¢(5) = 4 elements of order 5 are given in {3,4,5,9}. Consider u; = 3. By Lemma 2.5,
x5 — 3 is irreducible and x'° — 3 is reducible over F11. Note that 20 —3 = 210 — 3% = (2% - 33)(2° +33) =
(x® — 5)(z° +5). By Theorem 3.6, 220 — 3 = (2'° — 5)(2'° +5). Since 4> =5, so 6, = 4, 210 -5 =
(25 — 4)(2® + 4) and hence 22° — 3 = (2° — 4)(2® + 4)(2° — 6). Let C = (2° +5) = {(a,ba) : a € F}, }.
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Then C is a 3-constacyclic code of length 10 over Fi, with the parity check polynomial x° — 5. Then
C+ = (52° — 1) = (2% +2) = {(a,2a) : a € F},} is a 4-constacyclic code of length 10 over Fy;. Since C*+
is equivalent to C, so C is isodual and hence formally self-dual codes.

Example 4.5. For ¢ = 29, we obtain £ =7, v =1, r =0. By Lemma 2.9, 7 is an element of order 7
modulo 29. Take p1 = 7. By Lemma 2.5, &7 — 7 is irreducible and x'* — 7 is reducible over Fog. Note
that x4 —7 =2 — 78 = (2" =7 (2" +7*) = (27 +6) (2" —6). Let C = (2" — 6) = {(a, —6a) : a € Fiy}.
Then C is a T-constacyclic code of length 14 over Faog with the parity check polynomial 7 4+ 6. Then
C+ = (62" +1) = (2" +5) = {(a,5a) : a € Fiy} is a 4-constacyclic code of length 14 over Fag. Since
Ct+ = 4C and hence C is isodual and hence formally self-dual codes. By Theorem 3.6, x*® — 7 =
(1% — 6) (214 — 23) = (27 £8) (27 £ 9) and 2% — 25 = (z!* — 5)(z™* +5) = (27 £ 11)(z7 £ 13). Now let
Cy = (a7 = 8)(@" +9)),CE = (a7 —11)(a7 +13)),C = (a7 = 8)(7 — 9)),C4 = (a7 — 11)(a7 — 13)),
Cs = (27 +8)(z7—9)), Cf = (" +11)(2" —13)) and Cy = ((z7+8)(z7+9)), Cf = (7 +11)(z" +13))
can be used for describing equivalent isodual and formally self-dual 23-constacyclic codes.

Example 4.6. For g =41, we obtain £ =5, v =1, r = 0. Note that 16 is an element of order 5 modulo
41. Take py = 16, we have ufl = 18. By Lemma 2.5, x° — 16 is irreducible and z° — 16 is reducible
over Fy1. The factorization of x*° — 16 over Fy, is given by

240 — 16 = (z° £ 17)(2° £ 11)(2° £ 10)(2° £ 8).
Also
740 — 18 = (2° £ 12)(2° £ 15)(2° £ 4)(z° £ 5).

Let C = (fi1(z) fa(x)g1(2)g2(x)), where fi(x) = x° —n; and g;(x) = 2° +n;, where n; € {8,10,11,17} and
1<4i<2. Then C is a 16-constacyclic code of length 40 over Fq1 and Then

ct= <fik(x)f2f?0x)gfl(i)g§(x)>

is an 18-constacyclic code of length 40 over F4y. This represents a class of isodual codes.

Acknowledgment: The author would like to sincerely thank the anonymous referees who gave
many helpful comments and suggestions to create an improved version.
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