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Abstract: This paper investigates the ergodicity and the power rule of the topological pressure of a cellular
automaton. If a cellular automaton is either leftmost or rightmost permutive (due to the terminology
given by Hedlund [Math. Syst. Theor. 3, 320-375, 1969]), then it is ergodic with respect to the uniform
Bernoulli measure. More than that, the relation of topological pressure between the original cellular
automaton and its power rule is expressed in a closed form. As an application, the topological pressure
of a linear cellular automaton can be computed explicitly.
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1. Introduction

Let A = {0,1,...,v — 1} for some v > 2, and let X = A% be the space of infinite sequences
x = (2;)icz. A continuous map F : X — X satisfying F oo = oo F is called a cellular automaton (CA),
where o is the shift map defined by o(z); = x;41, ¢ € Z. CA is a particular class of dynamical systems
introduced by S. Ulam [21] and J. von Neumann [23] as a model for self-production. It is widely studied
in a variety of contexts in physics, biology and computer science [6, 7, 10, 12, 16, 20, 22, 26, 27].

Greenberg and Hastings [13] transfer a reaction-diffusion equation into a CA and demonstrate that
such a simplified model can still generate spatial-temporal structures similar to the original system [11—
13]. In 1976, Hardy et al. [14] proposed the so-called HPP model for the study of hydrodynamics. Notably,
this model is a CA.

Since CA is widely applied in physics, it is also interesting to consider the role thermodynamics
plays in CA. The second law of thermodynamics says that the entropy of a system and its surroundings
(universe) do not decrease. However, this encounters with a paradox to Poincaré Recurrence Theorem.
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To overcome this difficulty, L. Boltzmann introduces “Ergodic Hypothesis". Reader may refer to [17].
This leads to the development of ergodic theory.

This elucidation studies two properties of CA. The first part investigates the ergodic property of CA.
Then the second part gives an application for ergodic CA by demonstrating the power rule of topological
pressure of CA.

One-dimensional CA consists of infinite lattice with finite states and an associated mapping, say local
rule. A systematic study of CA from purely mathematical point of view is discussed by Hedlund [15]. He
treats CA as a particular class of symbolic dynamics and discovers that a permutive CA (defined later)
implements many phenomena such as surjection. From the viewpoint of ergodic theory, it is interesting
to investigate whether a CA is surjective or not since a surjective CA preserves the uniform Bernoulli
measure [9]. Shereshevsky [18] demonstrates more ergodic properties for permutive CA, such as mixing,
Bernoulli automorphism, Kolmogorov automorphism, and so on. He also defines the power rule of a CA
and figures out many properties are preserved. Read is referred to Akin’s works [1, 2] for more results.

Shereshevsky and Rogers [19] conjecture that every surjective CA, except those of the form Fx; =
kx;, where g.c.d.(k,v) = 1, is ergodic with respect to the uniform Bernoulli measure. This conjecture
does not hold in general. A counterexample is discussed in Section 3.

The first result of this paper is, if a CA is permutive, then it is ergodic. Besides, the permutivity
of CA is necessary for the ergodicity for a particular class of CA. Using this property, the power rule of
topological pressure of CA can be expressed in a closed form.

For T : Q — Q a continuous transformation defined on a compact metric space, it is well-known that
the power rule of topological entropy of T' satisfying hip(T™) = nhiop(T) for all n € N. If, moreover,
(Q, B, 1) is a probability space and T : Q@ — Q is also a measure-preserving transformation. Then
huy(T"™) = nh,(T) for all n € N, where h,(T) is the measure-theoretic entropy of 7. Also, for the
topological pressure of T, P(T,-) : C(Q,R) — R, there is a similar expression

n—1
P(T",S,g) =nP(T,g), where S,g= Zg oT".
i=0

In [5], the authors investigated the topological pressure of permutive CA. Theorem 4.4 indicates
that, if F'is a permutive CA, then the topological pressure of F' and its nth power rule can be presented
in a closed form:

P(F", g) = nP(F,g) — (n— 1) / g du, (1)

for g continuous function, n € N. Notably, this expression does not hold in general. A counterexample is
studied in Section 4. As an application, the topological pressure of linear CA can be formulated rigorously
(cf. [3]), which extends our previous result [4].

The materials of this elucidation are organized as follows. Section 2 states some definitions and
notations. Section 3 investigates the sufficient condition for the ergodic CA, and figures out a necessary
condition for the ergodicity for a particular class of CA. Section 4 studies the power rule of topological
pressure of a CA. A closed expression is given via a strong generator.

2. Preliminaries

Let A = {0,1,...,v — 1} be a finite alphabet and let X = A’ be the space of infinite sequence
r = (2,)=, . Whenever a local rule f : A?**! — A is given, there associates unique CA, say F': X — X
defined by

F(x); = f(#i—ky- - Tigr),
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where
A, ={aiaz - ap:a; € A,1<i<n}, neN
For any m > 1, f can be extended to the mapping f,, : A2¥*™ — A™ by
Fn(@—ky oo Zhpme1) = (f(@—kye oy Zk),y ooy [T ket o s Thtm—1)),
where f; = f. In addition, the nth power rule of f, denote by f™ : A2"k*1 — A is defined as
F (@ ks k) = FUF N ok, - . - T (n—1)k)s - - - s fn_l(fl;_(n_g)k, ey Tnk))s
forn > 1.

Hedlund [15] shows a necessary and sufficient condition for the surjection of a CA.

Proposition 2.1 ([15]). Consider F a CA with local rule f : A?*™Y — A. Then F is surjective if and
only if card f (y1,. .., ym) = (card A)?F for allm € N and all (y1, .. .,Ym) € A™, where card S denotes
the cardinality of S.

The study of the local rule of a CA is essential for the understanding of this system. A particular
class of local rules, say permutive, is initially introduced by Hedlund [15].

Definition 2.2. The local rule f : A%t — A for a given CA is said to be leftmost (respectively
rightmost) permutive in x; if there exists an integer i, —k <1i < —1 (respectively 1 <i < k), such that

(i) for (y1,...,y2x) € A%*, g(x:) = f(y1, ..., yor; i) : A — A is a permutation;
(i1) f does not depend on x; for j < i (respectively j > i),

where © = (x;)5__,, € A*+1

Definition 2.3. The local rule f is called bipermutive if it is not only rightmost permutive but also
leftmost permutive. f is called permutive if f is one of these three cases, i.e., f is either leftmost or
rightmost or bipermutive.

Hedlund demonstrates a permutive CA is also surjective.

Proposition 2.4 ([15]). If f is permutive, then F is surjective.

It is easily verified that the permutivity is preserved by power rule.
Lemma 2.5. If f is permutive, then so is f™ for all n € N. More precisely, f™ preserves the type of
permutivity of f for all n € N.
Proof. This follows immediately from the definition of f”. O
Example 2.6. Consider the alphabet A = {0,1,2,3} and local rule f : A*> — A defined by
flz_1,20,21) =221 + 21 mod 4.
Then f is rightmost permutive.
Observe that the second and the third power rule of f are
P A = A fAxg, .., 20) = 2,
and
AT s A (s, ..., x3) = 20y + 3,
respectively. It comes by induction that

] xn, n is even;

n . g2n+1 n
f c A — A; f (‘r*"’ T 71.”) N { 2Tp_2 + Ty, nis odd. (2)

Hence f™ is rightmost permutive for all n € N.
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Let (X, B, i) be a probability space and let T': X — X be a measure-preserving transformation. T’
is called ergodic if the only elements A € B with T—1A = A satisfy u(A4) =0 or u(A) = 1. The following
theorem gives some equivalent conditions for the ergodicity of T'.

Theorem 2.7 ([24]). If T : X — X is a measure-preserving transformation of the probability space
(X, B, i), then the following statements are equivalent:

(i) T is ergodic.
(ii) If g is measurable and go T = g a.e., then g is constant a.e.

(iii) For every A, B € B with u(A) > 0, u(B) > 0, there exists n € N such that n(T~"AN B) > 0.

Defined: X x X — R by

oo

Ti —Yi
d(z,y) = Z %7 z,y € X. (3)

It is easy to verify that d is a metric and (X, d) is a compact metric space.

Consider p an invariant probability measure on (X, F). Let a and S be two finite measurable
partitions of X, define

aVp={ANB:A€caBEe/}}
It is easily seen that aV 3 is a refinement of a and . We define the entropy of the partition o by
Hy(a) ==Y p(A)log u(A).
Aca
The entropy of the measure preserving transformation F' with respect to the partition « is given by
n—1

hu(F,a) = lim lHH(\/ Fla), (4)

n—o00 N
1=0

reader may refer to [24] for the existence of the limit. And the measure-theoretic entropy of F' is defined
by

hy(F) =suph,(F,a), (5)
where the supremum is taken over all finite measurable partitions of X.
Let (X, F') be an endomorphism and let P be an open cover of X. Set
H(P) = inf{log cardP},

where the infimum is taken over the set of finite subcovers P of P and cardA is the cardinality of A.
The topological entropy of the measure preserving transformation F' with respect to the open cover P is
defined by

n—1

1 —i
h(F,P) = lim EH(\/() F7ip). (6)
i=
For the existence of the limit, we refer reader to [24]. The topological entropy of F is defined by
hiop(F') = sup h(F, P), (7)

where the supremum is taken over all finite open covers of X.
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In addition, for o an open cover of X and ¢ € C(X,R) a continuous function from X to R, denote
by

n—1
pu(Fy o, ) = inf{z sup e®n9)(@) . 3 ig a finite subcover of \/ Fa},
Bep *€B i=0

where n € N and S,,¢ = Z?:_ol ¢ o F'. Then lim,_, %1ogpn(F, ¢, ) exists [24]. For each 6 > 0, define

P(F,6,8) = sup{ lim_~ logpu(F, 9,0) : diam(a) < 6}, ®)
and
P(F,6) = lim P(F, 6,0) ©)

The map P(F,-) : C(X,R) - RU{oo} is called the topological pressure of F. It comes immediately that
P(F,0) = hop(F).

3. Ergodicity on Permutive Cellular Automata

This section studies the ergodicity of permutive CA. For simplicity, a local rule f : A%2**1 — A is
presumed that f only depends on z;, 7 < i < s, for some r < s, r, 5 € Z.

In the rest of this elucidation, we refer p to the uniform Bernoulli measure unless otherwise stated.

Theorem 3.1. If [ is permutive, then F is ergodic.

Proof. 1t suffices to show that F is ergodic if f is rightmost permutive. The case that f is leftmost
permutive can be demonstrated via the same argument, thus is omitted.

Denote by C(i, j) = i[ai, . ..,a;]; a cylinder of X, i.e., for all z = (z,,) € X, z,, = ap, wherei <n < j
and ¢ < j. First we show that, for any two cylinder C(i, j) = i[ci, - . ., ¢jlj, D(m, 1) = n[dm, - - ., di]i, there
exists N € N such that u(F~NC(i,5) N D(m,1)) > 0, where i < j,m < [.

Without loss of generality, we may assume that » = 0. The case that r # 0 can be done analogously.
We construct a scheme to demonstrate the ergodicity of F.

Since f is rightmost permutive, it comes immediately that F~"C(i,j) is a collection of cylinders
E(i,j + ns) with cardinality card F~"C(i,j) = v"*, for n € N. Therefore, if | < i or j < m — s, then the
permutivity of f demonstrates that u(F~1C(i,j) N D(m,1)) > 0.

If m <i<1<j LetacZ be the smallest number such that | + a — i is a multiple of s,

say | + a — i = 7s for some 7 € N. Pick D'(m,l + ) = p[dm,--.,d;,0,...,0]i4a = [dm,--. dita) &
subcylinder of D(m,!). Define k11,...,K1,5,K2,1,... by
R1e = fT_l(dz?Fffla ) di+€+(7’—l)s—l)7 1<e< S,
Koo = f7 2 (digo1s- o dipps(r-2)s-1)s 1< €< 2s,
Kr_10= f(dige—1,.. ., diyoys—1), 1<L<(7—1)s.
Since f is rightmost permutive, there exist unique Si1,..., 51 j—i+1 such that F([ki1,...,K1s, P11,

oy Brj—ig]) = C(i,4), Le.,

Er=ilk11, k16 B, Brj—ivilivs C 71O ).
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Similarly, there exist unique 321, ..., 32 —i+1 such that
F([k21,... k2,25 82,155 P2j—it1]) = E1,
ie.,
By = [k, k2,25, B2,y Bojiti)jres C F1EL C F72C(1, 7).

Inductively we can conclude that D’(m,l+ «) C F~7C(4, ). This implies u(F~"C(i,5) N D(m,1)) > 0.

The other cases, such as m <i < j <[, 71 <m < j <[, and so on, can be done analogously. Hence,
for any two cylinders C(i, j) and D(m, 1), there exists N € N such that u(F~1C(i,5) N D(m,1)) > 0.

For any two measurable sets A, B with positive measure and ¢ > 0, there exist two collections of
pairwise disjoint cylinders A1, ..., A,,, B1,..., B; such that
(i) UA; € A and UB; C B;
(ii) p(A\UA;) <eand pu(B\UBj) <e.

It can be easily verified that the permutivity of F asserts F~1A4;NF~'A; =@ and F'B,NF'B; =9
for all ¢ # j. Moreover,

F"ANB D (F"(UA)) N (UB;) = U; ;(F~"A; N B;),

for all n € N. Therefore, there exists N € N such that u(F~VAN B) > 0.

The proof is completed. O
Example 3.2. For A= {0,1,...,v—1}, v > 2. Let 0 : AZ — A” be the shift map. Then o is rightmost
permutive.

It is easy to see that o is ergodic. For any two distinct cylinders C(i,j) and D(m,l), where i <
J,m <. There exists n € N such that ¢ +n > [. Thus c7"C(i,5) N D(m,1) = C(i + n,j + n) N D(m,I)
is of positive measure. That is, o is ergodic.

Example 3.3 (Continued). In Example 2.6, we consider the alphabet A = {0,1,2,3} and local rule
f: A% — A defined by

flx_1,20,21) =22x_1 + 21 mod 4.

Moreover,
n . g2n+1 n ) xg, n is even;
M A - A, f (x_n,...,xn)—{an2+xm nis odd. (10)
It is easily seen that if F™ is ergodic for some n € N, then sois F. For all k € N, f2%(x_op, ..., z91) =

xop. This indicates F2* is kind of a “multiple-shift map", thus is ergodic. Therefore, F is ergodic.

If the cardinality of states A is a prime, then every additive CA is permutive except for those local
rules of the form f: A — A, f(z) = az for some 0 < a < p — 1, where card A = p.

There is an example that, f is permutive in xy but not ergodic since f is not rightmost permutive.

Proposition 3.4. Consider A= {0,1} and local rule f : A*> — A defined by
f(xo,z1,22) =20+ x1(22 +1) mod 2.

Then F' is not ergodic.
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Proof. Tt comes from [§] that F' is not topologically transitive. Therefore, F' is not ergodic. O

However, the assumption of permutivity is the necessary condition for the ergodicity in a particular
class of CA.

Proposition 3.5. Consider A={0,1,...,v—1} and F a CA satisfying the following conditions:

(i) f is additive, i.e., f: AZ**1 — A can be represented as f(x_y,...,x1) = Zfz_k a; ;.

(ii) There exists unique £,—k < { < k, such that ay = 1.

(iii) If f only depends on x;, v < i < s, for some —k < r < s < k, then g.cd.(am,v) > 1 for
r<m<s,m#¢.

Then F is ergodic if and only if f is either leftrmost or rightmost permutive.

Proof. 1t suffices to show that, if f is neither leftmost nor rightmost permutive, then F' is not ergodic.

Write f(zr,...,25) = Y. ;_, a;z;. There exists & € N,k # 0 mod v, such that ka; = 0 mod v for
all i # ¢. Then

S

kF(x); = nZaixiﬂ- = KTjqg.

i=r

Define
g: A2 5 R by g(z) = Zlﬂﬂi,

it is easily seen that g is measurable and g o F' = g on A%. The fact that ¢ is not constant demonstrates
F' is not ergodic.

This completes the proof. O
Example 3.6. Consider A = {0,1,2,3} and local rule f: A% — A defined by
f(l‘_l,l‘o,.%'l) =2x_1+ x9+2x1 mod 4.

Then f is neither rightmost nor leftmost permutive.

Consider g : X — R defined by g(x) = 2x¢9. Then ¢ is measurable and nonconstant, however,
go I =g for all x € X. This demonstrates F' is not ergodic.

4. The Topological Pressure of Power Rule of CA

This section investigates the topological pressure via a strong generator.

Consider (X, F') an endomorphism and ¢ a finite cover of X, we call £ a strong generator if, for any

0 > 0, there exists N € N such that || \/?Z)l F~i¢||< § for all m > N, where || A || denotes the diameter
of A. In other words, £ is a strong generator if and only if

m—1
I \/ F7¢||—0, asn— oo.
i=0

For a,b € Z, a < b, denote by 4[sq,-.-,8p]p = {x € X : £g = Sa,...,2p = Sp} a cylinder in X and
&(a,b) = {alza, -, Tolp : Ta, ..., xp € S} a partition of X.



Some properties of topological pressure on cellular automata

Lemma 4.1. Let f be permutive and let & = £(a,b) be a partition of X for a <b, a,b € Z. Then &(a,b)
18 a strong generator.

Proof. We show the case that f is rightmost permutive, the other cases can be done similarly.

Assume that f is rightmost permutive in x, and does not depend on z; for all j < r, where
r < s. Denote by C(%,5) = i[a;,...,a;]; a cylinder of X, i.e, for all x = () € X, Ty, = Qpm,, Where
i <m < jandi < j. It is easy to verify that F"'AN F~'B = @ since f is rightmost permutive.
Moreover, for any cylinder C(i,5), F~1C(i,§) C £(i + 7,7 + s) with cardinality v*~". In other words,
F~1¢(a,b) = €(a+r,b+ s).

Denote £ = £(a, b) for simplicity. It follows from the discussion above that

S b A a
Inductively,
EVETIEY v e = { St (e by (me1)s), 057 (12)
This elucidates that
[ évVETEV - v ETMTDE |50, asm — oo,
i.e., & is a strong generator.
The proof is completed. O

Example 4.2 (Continued). Consider A and f same as given in Example 2.6. Pick £(0) = {[0]o, [1]o,
[2]o, [3]o} the standard partition of X = A%. Then

F7o[0]o = {-1[0,,0]1, —1[1, -, 21, —1[2, -, 0]1, —1[3, -, 21 },
FH1o = {10, -, 0, a[1, 3]0, -1[2, 11, 1(3, -, 31},
F2lo = {-1[0,,2)1, 1 [1, 001, -1(2,,2]1, 1[3, -, 01},
F8lo = {-1[0,,3]1, <1 [1, 11, —1(2,, 3]0, 1[3, - 1a ).

It follows that

(i) F~ o n F~'[jlo = @ for i # j;

(ii) for 0<i <3, ANB =@ for A# B, A, B € F~[i]p;
(i) F1€(0) = €(~1,1).

It is easily verified that
n—1 ) n—1 ]
\/ F75(0) =&(—(n—1),n—1), and | \/ F74(0) |0,
i=0 i=0

as n — o0o. In other words, £(0) is a strong generator. In addition, it can be checked without difficulty
that £(a,b) is a strong generator for a < b.

It is well-known that hyop(F™) = nhyep(F) and P(F™, Spg) = nP(F, g) for all n € N, where S,,g =

Z?;Ol go F'and g € C(X,R) [24]. There is an intuitive connection between F and the nth power rule
of local rule f.
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Lemma 4.3. Consider a CA F with local rule f. Then the nth power rule of F, F", is a CA with local
rule f* forn € N.

Proof. This comes from the definition of F™ and f™, thus is omitted. O

The main theorem of this section then follows.

Theorem 4.4. Consider F' a CA with permutive local rule f. The topological pressure of F™ can be
expressed as

P(F".9) = nP(F.g) ~(n=1) [ g (13)
foralln e N, g € C(X,R).

Theorem 3.1 shows that, for a CA F with the local rule f, if f is permutive, then F' is ergodic.
Therefore, there is an immediate consequence comes from Birkhoff Ergodic Theorem.

Lemma 4.5. Consider g € C(X,R). For any € > 0, there exists N € N such that for { > N,
| sup Seg(x) — sup Seg(z)| < Le,
€A z€B
for any two disjoint measurable set A, B, where Sgg = Zf;é go M,
Proof. The permutivity of f implies f™ is permutive, thus F" is ergodic. Birkhoff Ergodic Theorem

demonstrates that %Sgg converges a.e. to a function g and g = fX g du is constant a.e.

The proof is completed. O

Proof of Theorem 4.4. & is a strong generator implies that

P(F 79)—W}£nooilogp7n( nag7£)7

for g € C(X,R). Same discussion as in the proof of Lemma 4.1 indicates that

m—1

ni £(a, b+ (m — 1)ns), 0<r
\/F 6= {E ((—1)n)7“’b)+(m—1)ns),02r.

and

m—1 b—a+1+(m—1)ns .
i v , 0<r
card \/ F™¢ = { pb—atlt(m=—Dn(s—r) > p

i=0 o=

Hence

P(ang) = hm *Ingm( n7¢’§)

m—o0 M

lim —loglnf{z sup eSm9@) . B ¢ \/ Fmig}

m—o0 M z€B
i | vb— a+1+(m, 1)77,56(5mg)7 O <r
= umn —10g pb=at i (m=1)n(s=r)(Smg) (> .

m—o00 M

_ [ nslogv+ [ g dp, 0<r;
Tl n(s—r)logv+ [y gdu, 0>r.

by Lemma 4.5.
It is easily seen that P(F",g) = nP(F,g) — (n—1) [ g dpu.
This completes the proof. O
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Example 4.6 (Continued). Let A and f same as in Example 2.6. Replace n by 1 in the proof above,
we have

P(F,g) =2logd + /Xg du,
and
P(F",g) =2nlogd + /Xg du.
Hence P(F",g) = nP(F,g) — (n—1) [y g du for all n € N.
Furthermore, Ward [25] shows that h,(F) = 2log4. This implies

P(F™,g) = nhyop(F) + / g it = heop(F™) + / ¢ du.
X X

Notably, Theorem 4.4 fails if the permutivity of F' is omitted.
Proposition 4.7. Consider F' a CA with local rule
fo AR 5 AL defined by f(x_k, ..., frx) = Ko,
where 0 <k <v—1. Then P(F",g) =0 for alln € N,g € C(X,R).

Proof. It can be easily verified that F is not permutive.

If K =0, it comes immediately that P(F™, g) =0 for all n € N, g € C(X,R). It remains to show the
cases Kk # 0.

For n € N and £(a,b) a partition of X, where a < b. Since f(x_g,...,z) = kzo, we have
V;igl F~"¢(a,b) = £(a,b). This implies P(F", g) = 0 for any g € C(X,R).

The proof is completed. O
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