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Abstract. Given a solution Y to a rough differential equation (RDE), a recent result (Ann. Probab. 47 (2019) 1-60) extends the
classical It6-Stratonovich formula and provides a closed-form expression for [ Y o dX — [ Y dX, i.e. the difference between the rough
and Skorohod integrals of Y with respect to X, where X is a Gaussian process with finite p-variation less than 3. In this paper, we
extend this result to Gaussian processes with finite p-variation such that 3 < p < 4. The constraint this time is that we restrict ourselves
to Volterra Gaussian processes with kernels satisfying a natural condition, which however still allows the result to encompass many
standard examples, including fractional Brownian motion with Hurst parameter H > 21; As an application we recover Itd formulas in
the case where the vector fields of the RDE governing Y are commutative.

Résumé. Etant donnée Y une solution d’une équation différentielle rugueuse (RDE), un résultat récent (Ann. Probab. 47 (2019) 1-60)
étend la formule d’Itd-Stratonovich et propose une expression explicite pour f YodX— f Y dX, c’est-a-dire pour la différence entre
I’intégrale rugueuse et I’intégrale de Skorohod de Y par rapport a X, ou X est un processus Gaussien avec p-variation plus petite que
3. Dans cet article, nous étendons ce résultat au cas de processus Gaussiens avec p-variation telle que 3 < p < 4. La contrainte ici est
que nous nous restreignons au cas de processus Gaussiens de type Volterra avec des noyaux satisfaisant une condition naturelle, ce qui
permet néanmoins de traiter beaucoup d’exemples classiques incluant le cas du mouvement Brownien fractionnaire avec parametre de
Hurst H > %. Comme application, nous retrouvons la formule d’Itd dans le cas ou les champs de vecteurs de la RDE gouvernant Y
sont commutatifs.
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1. Introduction

Lyons’ rough path theory is a framework for giving a path-wise interpretation to stochastic differential equations of the
form

dY; =V(¥;) o dX;, Yo = yo, e))

in particular for a broad class of continuous, vector-valued Gaussian processes X and sufficiently smooth vector fields
V. A fundamental contribution of Lyons [24,25] was to realize that this needs X to be enriched to a rough path X whose
components comprise not only X, but also the higher-order iterated integrals up to some finite degree. The model (1) can
then be interpreted as a rough differential equation:

dY; =V (Y1) o dX,, Yo = yo. 2

In this paper we will assume that X = (X LI ¢ d) has i.i.d components, each centered with covariance function R, and
that X is defined on a probability space (€2, F, ). For simplicity we assume that F' is generated by X. The process X
then gives rise to an isonormal Gaussian process w.r.t. the Hilbert space H¢ = EB?Z 1 ’HY) where, for alli =1,...,d,
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HY) =H; and H, is the completion of the real vector space
span{Ljo,(-) : [t € [0, T},

endowed with the inner-product (1o, (-), L[o,5)(-))%, = R(¢,s). The solution Y to (2) can also be viewed as a Wiener
functional on (€2, F, P), and its properties can be studied using the Malliavin calculus. A number of recent works have
opened up the interplay between Lyons’ and Malliavin’s calculi, see e.g. [4,5,19] and [6]. In particular, in a recent paper
[7], the authors have proven a conversion formula for the difference between the rough path integral of ¥ w.r.t X and the
Skorohod integral §X of Y (i.e. the L2() adjoint of the Malliavin derivative operator). In more detail this result shows,
for the case where Y and X are both R?-valued, the following almost sure identity

T y LT
/<Y’°dxf>—5 <Y)=—/ o[V (¥)]dR(2)
0 2 0
+ /[0 - 50,0 (9) [ JX(IX) TV (¥) = V(Y] dRGs, 0). )

Here, JtX denotes the Jacobian of the flow map yp — Y;, and the second part of the correction term is a proper 2D Young—
Stieltjes integral (see [15,16]) with respect to the covariance function of X. When X is standard Brownian motion, this
last term vanishes since the integrand is zero on the diagonal and dR(s, ) = 8(s=;) ds dz. This, together with the fact that
R(t) := R(t,t) =t, allows us to recover the classical Ito-Stratonovich conversion formula.

In [7], conditions need to be imposed in the proof of the formula (3) which limit the range of applications. An important
assumption, for instance, is that the covariance function of X has finite (two-parameter) p-variation for p € [1, %). This
implies that the sample paths of X will have finite p-variation, for some p € [2, 3), and this excludes interesting examples
such as fractional Brownian motion with H € (41_1’ %].

The purpose of the present paper is to extend the correction formula (3) to these less regular cases. To do so we will
assume that the Gaussian process X is a Volterra process; i.e. the covariance function R of each component can be written
as

tAS
R(s,t):/ K(t,r)K(s,r)dr,
0

for some kernel K, a square-integrable function K : [0, T1?> — R with K (¢, s) =0, Vs > r. We will present conditions on
K that allow us to generalize (3). In doing so, we need to overcome a number of serious obstacles. We highlight here the
three most salient of these, outline the contribution of the present work and, at the same time, provide a road-map for the
paper:

(i) We need to prove that the solution Y belongs to the domain of the Skorohod integral §X. In fact, we prove the
stronger statement that Y belongs to the Malliavin Sobolev space ]Dl’z(?-[‘f) C Dom(8%). To show that Y, a path-
valued random variable, can be understood as a random variable in the Hilbert space H¢, we need to identify a class
of functions with a subset of 7—[‘11. This was proved in [7], by taking advantage of the assumption that p € [1, %), but
the less regular cases need a new argument that exploits the structure of the Volterra kernel. To handle the Malliavin
derivative DY, we need a similar result that identifies a class of two-parameter functions as a subset of H‘f ® H‘f.

(i) For the examples considered in this paper, the Gaussian rough path X will consist of iterated integrals up to degree
three; i.e. X =(1, X, Xz, X3). This contrasts with the result in [7], where only the case X =(1, X, XZ) needs to be
considered. This increases the complexity of the arguments significantly; indeed, the rough integral in the left side
of (3) is now well approximated locally by terms up to third-order

t
/ (Y, 0 dX,) = (Yy, X50) + V(Y)XZ, + V2(Y)(X],).
s

A key step in [7] is the proof that the second-order terms in this approximation satisfy

1
Z V(Yt;’)(thlf',sz - gaz(tinvtinﬂ)zd)

i (n)={t"}

=0.
L2(Q)

lim
77 ()| =0

For the present work we need to address the same problem for the third order terms, namely the existence of an
L2(2)-limit for sums of terms of the form

V2 (Ytln ) (X?ln vt[n+1 )
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over a sequence of partitions with mesh tending to zero. An important discovery of this paper is the somewhat
surprising conclusion that these terms have vanishing L?($2)-limit, without the need to subtract any re-balancing
terms. This is the concluding result of Section 4.

(iii) The proof of point (ii) relies on a rather intricate interplay between estimates from Malliavin’s calculus and rough
path analysis. From the latter theory, we need estimates on the directional Malliavin derivatives of RDE solutions.
It is well known that an RDE solution of the form (2) can be differentiated in a direction & € C4~V¥ ([0, T], RY) by
considering the perturbed RDE solution driven by the translated rough path 7, X and then evaluating the derivative
in € at zero. For T, X to make sense, X and & must have Young-complementary regularity, i.e. % + % > 1, in which
case Duhamel’s formula gives

t
DyY, =f JX(IX) V(v dhs), @)
0

a well-defined Young integral. In Malliavin calculus, /2 will typically be an element of the Cameron—Martin space
(written as H¢ in this paper), and this has spurred interest in results that prove that 7£¢ can be continuously embedded
into g-variation spaces, see e.g. [5,13]. By combining these results with Young’s inequality, one can then say e.g.
that

IDrYil S 1hlg-var S |hlgga &)

and these arguments can be generalized to higher order directional derivatives, allowing one control over the Hilbert—
Schmidt norm of the Malliavin derivative; see [21]. Note however, that quality is lost in (5) by use of the embedding.
For the proof in (ii) we need subtler estimates on the higher order derivatives of the form

n
D Vel < CaOT 1l gvar- ©)

Taeees

j=1

The derivatives of order 2 and higher complicate matters because they are no longer representable as Young integrals
as in (4); instead genuine rough integrals appear. Much of the work underpinning point (ii) goes into deriving closed-
form expressions for these higher order derivatives and then estimating them so as to arrive at (6). We must also pay
careful attention to the random variable C,, (X) in (6) which, for our application, must have finite positive moments
of all orders. The first half of Section 4 is devoted to this material.

The culmination of these arguments is presented in Section 5, where we give a set of conditions under which a conver-
sion formula holds for fOT (YiodX;)—§ X (Y). This formula is reminiscent of the one obtained for the case of second-order
rough paths, but there are interesting differences too. Most notably the second term in (3),

/[0 - 1jo.r) (s)tr[J,X(JsX)_l V(Ys) — V(¥)]dR(s, 1), (7

which exists for 2 < p < 3 as a well-defined 2D Young-Stieltjes integral, can only be identified as an L>-limit of a se-
quence of approximating sums. The difference between the two cases stems from the lack of complementary Young reg-
ularity of the integrand and R. Interestingly the integrand, while being continuous on [0, T']?, is not Holder bi-continuous
and so we cannot even appeal to the relaxed criteria discussed in point (i) above. It is unknown at present whether the limit
is interpretable as a 2D Young—Stieltjes integral. We discuss in detail two important corollaries of our result. The first is
where X is a fractional Brownian motion with H in (i, %], and the second is the case where the vector fields defining
(2) commute. In this latter case, we show that the second term (7) in the correction formula disappears and, as a special
case, we can recover Ito-type formulas for Gaussian processes, thus connecting our work to a substantial recent corpus
e.g. [2,3,20,28] and [29].

2. Preliminaries
2.1. Rough path concepts and notation
We briefly review the basic notation used in this article; the standard references [14,24,26] and [16] can be consulted for

more detail. We let 77 (R?) denote the degree n truncated tensor algebra T (R?) :=R @ R? @ - -- @ (RY)®" equipped
with addition, scalar multiplication and the (truncated) tensor product defined in the usual way. The unit element is ¢ =
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(1,0...,0),and T} (R?) c T*(R?) denotes the Lie group of tensors whose zeroth order term equals unity; its Lie algebra
is A% (R). The exponential and logarithm maps are written as exp : A% (R?) — T (R4) and log : T (R?) — A’}(Rd ).
We let G (R?) will be the step-n nilpotent group with d generators equipped with some (any) symmetric, sub-additive
homogeneous norm || - || which induces a left-invariant metric d, allowing one to define a p-variation distance on the
space of G™(R)-valued paths in the customary way, cf. [15].

For p > 1, the set of weakly geometric (resp. geometric) p-rough paths is denoted by CPV¥ ([0, T']; G PJ(R?)) (resp.
COrvar((0, T1; GPI(RY))). Given a Banach space (E, || - |g), VPV¥([0, T1; E) is the set of E-valued paths of finite
p-variation w.r.t. the norm on E'; the subspace of continuous (resp. piecewise continuous) paths is C?¥* ([0, T']; E) (resp.
Cg{),/ar([O, T1; E)). For such paths f, we define the p-variation norm:

”f”Vl’;[O,T] = ”f”p»var;[O,T] + sup | fillE-
1€[0,T]

The extension of p-variation to two-parameter functions will be heavily used. The definition hinges on the notion of the

rectangular increment which for a function f : [0, T1> > Eis given on the rectangle [s, t] x [u, v] by
s, t
f (u v) = (o) + f(1,0) = fls,0) = £t,8); ®)

see [15,30] for a complete description. On occasion, we will use the notation

F (A ) = fuiv1,v) — fui,v)

and similarly for f(u, A ;). Two functions f and g defined on a rectangle will be said to have complementary regularity
if they respectively have finite p and ¢ variation such that p~! + ¢! > 1. In this case, the 2D Young-Stieltjes integral
of f against g (and vice versa) exists, and the following 2-parameter version of Young’s inequality holds:

[t
[s,2]1x[u,v]

where

SCp,q|||f|”||g||q—var,[s,t]><[u,v]v (&)

|||f||| = |f(s7 u)| + Hf(s’ ) Hp—var;[u,v] + ||f(a u)”p—var;[s,t] + ”f”p—var,[s,t]x[u,v];

see Theorem 2.12 of [7,30] and [15].
2.2. Gaussian rough paths

We will work with a continuous Gaussian process X; = (Xt(l), e X,(d)) eRe ¢t e [0, T'], which is assumed to have
zero-mean and to have i.i.d. components, defined on the canonical completed probability space (€2, F, P), where Q =
C(0,T1; Rd). The common covariance function of the components is R : [0, T1? — R, the variance R(t,t) will be
abbreviated by using R(¢), and for the rectangular increment of R over [s, t1? (recall (8)) we use the notation o2(s, 1)
in place of ]E[(Xé},))z]. The Hilbert space H¢ = @flz | H is the Cameron—Martin space (or reproducing kernel Hilbert
space), which is densely and continuously embedded in €2, and is given abstractly as the completion of the linear span of
the functions

[R(t,)™ :=R(t, Yeult €[0, T u=1,...,d}
under the inner-product
(R, )™, R(s, ) ™) =8 R(t,5), w,v=1,....d,

wherein {eu}g=1 is the standard basis of R¢ and §,, is the Kronecker delta. The reproducing property is captured by

(fo R, )W) qa = f, 1 €10, T forany f=(fD,..., f@)en.

If R has finite 2D p-variation for p in [1, 2), then [15] proved that X lifts to a geometric p-rough path for p >
2p by taking limits of smooth approximations (see also [9] for the case of fractional Brownian motion). Moreover,
Proposition 17 in [15] shows that for all # € H¢ the following embedding holds

71l p-varso, 71 < Wllgga /1R | povar; 0,712
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Thus if p € [1, %), the sample paths of X will be complementary regular (a.s.) w.r.t. any Cameron—Martin path. In the
case p € [%, 2), Theorem 1 in [13] shows that if R satisfies the stronger condition of mixed (1, p)-variation [30], then

there exists C < 0o such that ||2l4-yar;[0,771 < CllAll34a for all 2 in H?, where g = 2p(p + 1)~'. One can easily verify
that this gives complementary regularity as long as p < 4.
The following condition collects the assumptions we impose on X, or equivalently R.

Condition 1. Let X be a continuous, centered Gaussian process in R with i.i.d. components. We assume that

@ IRl p-var;po, 72 < 00 for some p € [1,2),
(b) the geometric rough path lift of X is of finite p-variation, p € [1,4), and that there exists ¢ > 1 satisfying p~ ' +q~! >
1 such that |1l g-var:10.71 < Clhllgga for all h € H4.

For some theorems, we will need to impose further conditions on the covariance function to control the L2(§2) norm
of the iterated integrals. In these cases, we will assume there exists C < oo such that

|R@. ) —R(s, )| <Clt—s|?, Vs.1el0,T]. (10)

g-var;[0,T]
2.3. Volterra processes and fractional Brownian motion

A Volterra kernel K is a square-integrable function K : [0, T]2 — R such that K (¢, s) = OVs > t. Associated with any
Volterra kernel is a lower triangular, Hilbert—Schmidt operator K : L2([0,T]) — L%([0, T]) given by

T
K(f)(-):/ K(,5)f(s)ds forall f e L*([0,T]).
0

Given a standard Brownian motion B and a Volterra kernel K, we define a Volterra process X = (X;);¢[o,7] as the It6
integral

t
XIZ/ K(t,s)st,
0

this is a centered Gaussian process with covariance function

IAS
R(s,1t) :/ K(t,r)K(s,r)dr.
0
We will consider Volterra processes for which the following conditions prevail.

Condition 2. There exist constants C < oo and « € [0, 1/4) such that

Q) |K,s)|<Cs ™ @(t—s)*forall0<s<t<T,

(>i1) % exists for all 0 < s <t <T and satisfies |%| <C(t—s)~ @D,

3. Convergence in Dl’z(’H‘li)

In this section, we will discuss the various isomorphisms and subspaces of the Cameron—Martin space and its tensor
product. The motivation is as follows: let ¥ be a solution to RDE (2) and given a partition = = {r;} of [0, T'], denote

Y70 =) Vel ).
i
Now recall the following inequality from Proposition 1.3.1 in [27]
X(ym 2 b4 2 b4 2
B[ (r" — ] <B{|Y" — 3] + E[|DY" DY 2] an
which in particular implies that Dom(8%) D D! '2(7-[‘11), where we use 7—[? to denote the completion of the linear span of

{160 =10nOeult €[0. TLu=1,....d}
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(cf. [2,27]) with respect to the inner-product given by
(u) (v) —
(]l[()’t) “), ]]‘[O,X) ())'Hcli =8uwR(,5).

Thus if we can show that almost surely, ¥ and DY can be identified as elements of ’Hf and Hﬁl ® ’Hf respectively, and
furthermore || Y7 — Y”H‘{ and |DY" — DY ||H¢11®H611 both vanish as || || — 0, then with further integrability assumptions

one can use (11) and dominated convergence to show that 8% (Y™) converges to X (Y) in L?().
Given a Banach space E and a Volterra kernel K satisfying Condition 2 for some « € [0, 1/4), we introduce the linear
operator K* (see [2,10])

T
(K*¢)(s) == (s)K (T, 5) + / [6() — p()] K (dr,s), 12)

where the signed measure K (dr, s) := w dr. The domain D (KC*) of IC* consists of measurable functions ¢ : [0, T] —
E for which the integral on the right-hand side exists for all s in [0, T'].

Remark 3.1. Note in particular that if ¢ is a A-Holder continuous function in the norm of E for some A > «, then

¢ € D(K*) and K*¢ is in L>([0, T]; E). Also for any a in [0, T'], @110,4) is in D(K*) whenever ¢ is, and we have the
identity

K*(¢110,a)(s) = Il[o,a)(S)<¢(S)K(a,S) +/ [6(r) —¢(S)]K(dr,S)>- 13)

3.1. Convergence in 7—[?

The main aim of this subsection is to investigate the (almost sure) regularity required of Y to identify it as an element of
’H‘f, and to have ||[Y" —Y ”H‘{ — 0. For Volterra processes, the first issue is to find criteria ensuring that the step-function

approximations to a given Holder continuous function converge in Hi’. We recall the following result from [23] (see also
Proposition 8 of [1]).

Proposition 3.2. Let (E, || - | g) be a Banach space and K : [0, T1> — R be a kernel satisfying Condition 2 for some
a €0, JT). Let ¢ : [0, T] — E be A-Hodlder continuous, i.e. there exists C < oo such that

o) — )], <Cltt —nl*, Vu,1€[0,T],
and for any partition w = {s;} of [0, T], let ¢ : [0, T] — E denote

(1) = B (s) 55, (1)
Then if A > a we have

lim

T
Izl—0 Jo

% 4 2
(6™ - 8) 0 i =
where K* is defined as in (12).

Rather than dealing with the Hilbert space ’H‘f as an abstract completion, it will be useful to realize it as a closed

subspace of an L? space. To this end, we define ”Hg to be the closure in Lz([O, Tl; Rd) of the linear subspace generated
by

[K(@t, )™ =K, Je,t €[0,TLu=1,....d}.

The inner-product is the usual one in L([0, T]; R¢), namely (f, g)szl = fOT( fs, gs)ds where (-, -) denotes the Euclidean

inner-product in R, The following proposition is more or less immediate (see Proposition 2.2.4 of [22]).

Proposition 3.3. ’H‘li and ’HEJ are isomorphic as Hilbert spaces under the map K*.
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Remark 3.4. In the case of standard Brownian motion the isomorphism K* is the identity operator and H¢ = H‘z’l =
L*([0, T]; RY).

Since the RDE solutions we work with are path-valued, it will be convenient to find subspaces of ”Hf whose elements
are actual paths. We let

Ad= | ert ([0, T1: RY),

A>a

where C
product

;g‘ol([o, T1; RY) denotes the space of piecewise A-Holder continuous functions. By equipping A, with the inner-

(f’ g)Ag = <K*(f)9 K*(8)>L2([0’T];Rd),

whilst suppressing its dependence on K in the notation, the following proposition shows that we can regard Ag as a dense
subspace of ’Hf .

Proposition 3.5. Suppose K is a kernel satisfying Condition 2 for some « € [0, %). Then Ag is a dense subspace of ’H‘li,
and the inclusion map i : (Ag, (- ~)Ag) — (Hd, (-, ')Hflz) is an isometry.

Proof. Let f € Ag and let 7 (n) = {rl.(")} be a sequence of partitions whose mesh vanishes as n — co. We define

£ (1) = Z f(ri(n))jl[r;n),ri(i)l)(t).
i

Note that for each n, f™™ is in Ag N "H’f. Moreover, Proposition 3.2 tells us that ||*(f7" — Pr2qo.ry:rdy = 0.
Hence, using the fact from Proposition 3.3 that || f “7"‘11 =|K*f ||H,21 for all f € HY, we see that £ is Cauchy in ’H‘f.
We again identify f with the limit of the sequence, and under this identification we have

£ g = 1K (O 200,780 (14)
Since Ag contains all the generating functions {]lfg)t) ()} of 14, its closure is ’Hf. O

We recall from [7] a similar result in terms of p-variation. In that paper, ’H‘f was derived from a Gaussian covariance
function R which was assumed to be of finite 2D p-variation, p € [1, 2). It was shown that

wié:= ) ¢l (10, T1; RY), (15)
a<327

when equipped with the inner-product
{f, 8w :=/ (fs» &)ra dR(s, 1),
[0,71?

is a dense subspace of H¢ with the inclusion map again being an isometry. In the case when A > a A (1 — 1), any f and
P 1 0

g belonging to c},;}jﬁl([o, T1; R¥) also belong to W;f N A4, and we have

T
(f 8wy = f[o U 80050 ARG ) = fo (I £(r), K)o dr = (f, 8) -

The following figure depicts schematically the relationship between the various subspaces in the case of a Volterra
process satisfying Condition 2 (assuming d = 1 for convenience).
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IC*
Note that K gives an isomorphism from ’Hg onto H9 because R(t,) = fOT K(-,r)K(t,r)dr,and we let & : ’Hf — H4

denote the Hilbert space isomorphism obtained from extending the map 1{3?[)(') — R(t, -)(“), tel0, Tl,u=1,...,d.

3.2. Convergence in ’H’f ® ’H’f

The results of the previous subsection allow us to interpret RDE solutions (paths) as ’Hf-valued random variables. The

Malliavin derivatives of these random variables, when they exist, will take values in 7—[? ® H?, and we therefore need
similar results which identify suitable function spaces which are subspaces of this tensor product space.
Throughout, E will denote a general Banach space with norm || - || g. The following operator was defined in [23].

Definition 3.6. Let * ® C* denote the operator
(K*® K*) ¥ (u, v) := ¥ (u, v) K (T, v)K (T, u) + K (T, v) AX (¥ (-, v)) ()
+ K(T. ) AR (Y (. ) () + BX @) (u. v),

where

T
AR (p)(s) = / [¢(r) —p()]K (dr,s),

T T
BK(¢)(u,v):=/ / w(ﬁ :;)K(dm,u)l((drz,v),

which is defined for any measurable function v : [0, T]?> — E for which the integrals on the right side exist.

Using Proposition 3.3 and the fact that
(K* @K )y (s, 1) = (K*¥1) (s) ® (K*92) (1) (16)

when V¥ (s, 1) = Y1 (s)Y2(2), it is also clear that £* @ K* maps 7—[? ® ”Hf isometrically onto 7—[5’ ® M4, which is a closed
subspace of L2([0, T]; RY) ® L2([0, T]; RY) = L2([0, T1*; R @ RY).

To go beyond product functions in the domain of K* @ KC*, we also recall the class of strongly Holder bi-continuous
functions from [23].

Definition 3.7. Let 0 < A < 1. We say that a function ¢ : [0, T1? > E is strongly A-Holder bi-continuous in the norm of
E (or simply strongly A-Holder bi-continuous in the case where E is finite-dimensional), if for all uy, u;, vy, v2 € [0, T']
we have

sup || (u2,v) — pu1, v)||, < Cluz —ur|*, sup [, v2) — @, v1) |, < Clvz — 1,
vel0,T] uel0,7T]
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uir up
o5 %)

The following result and its proof can be found as Theorem 4.1 in [23].

and

< Cluy —uy[*va — vy |*. a7
E

Theorem 3.8. Let  : [0, T1*> — E be a function which is strongly A-Hélder bi-continuous in the norm of E. For any
partition w = {(u;, vj)} of [0, T1?, let ¥ [0, T1?> — E denote

YT v) =3 Wi 0) g gy (L0 (V).
iJj

In addition, let KC* ® K* denote the operator in Definition 3.6, where the Volterra kernel K satisfies Condition 2 for some
a € [0, %). Then if . > o, we have

lim / |(K* @ K*(¥™ — ) (u, v) | % dudv =0,
lzl—0Jio,772

and
T

im0 @ k0 =) ar =0

For this paper, the result above, coupled with the fact that 7—[‘11 ® ’Hf is isomorphic to ’Hg ® H<, shows that the
strongly A-Holder bi-continuous functions are contained in ’H‘li ® ”Hf for the class of Volterra kernels we are considering.
For orientation here, contrast this to Proposition 3.2, which showed a similar inclusion in ”H‘f for the class of A-Holder
continuous functions.

3.3. The Malliavin derivative and convergence in the tensor norm

Here, we will apply the results of the last subsection to the Malliavin derivatives of RDE solutions. When X €
cO-rvar([0, T1; GPI(RY)) satisfies Condition 1, for all & € H%, ®(h) can be embedded in C7 V¥ ([0, T]; RY) where
% + [ll > 1. Furthermore, the Malliavin derivative of Y satisfying (2) is given by [16]

t T
DhY,=/ J,X(JSX)*‘V(YS)ddnh)(s):/ 10,0 ) IX(IX) TV (¥ dD (R (s).
0 0
Denoting
DY, = Lo &) IX (IX) V(¥ (18)

with respect to any partition 7 = {r;} of [0, T'], we will write

DYy = Z DYy Ly i) (0)-
i

We will proceed to show that

(i) DY lies in 7—[‘11 ® 7—[‘11 almost surely, and under suitable regularity assumptions on DY, we have
(ii) |DY™ — DY”?—L‘{@?—L‘{ — Oas ||| = 0.

Coupled with the results in the previous subsections, this will mean that Y™ converges to Y in Dl’z(Hf), and 8% (Y)
is then the L2(£2) limit of X (¥Y™).

A potential problem with (18) is the discontinuity at the diagonal {s = t}. The next two propositions show how to
handle discontinuities of this form.
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Proposition 3.9. Given a Banach space (E, | - | g), let ¥ : [0, T1> — E be of the form
V¥ (u, v) =10, WV (u, v),

where ¥ : [0, T1> — E is strongly A-Holder bi-continuous in the norm of E. Assume that K is a Volterra kernel which
satisfies Condition 2 for some « € [0, %) and let IC* ® K* be the operator given in Definition 3.6. Then if A > «, (K* ®
Ky isin L*([0, T1%; E).

Proof. We will investigate the integrability of
K* @ K*yr(u, v) = ¥ (u, ) K (T, u) K (T, v) + K(T, ) A% (y (-, v)) (w)
+ KT, ) A% (Y (u, ) () + BN @), v) (19)
in the regions {u < v} and {v < u} separately (ignoring the diagonal as it has zero Lebesgue measure).
) u<wv:
For the first term on the right of (19) we have
¥ (u, v)K (T, u)K (T, v) = ¥ (u, v)K (T, u)K (T, v) € L*([0, T|*; E),

and for the second term, we have

| KT 0)AS (g v)]

v T
=”K(T,v)(f [&(r,v)—&(u,v)]l((dr,u)—/ &(u,v)K(dr,u)>

E

e 1 1
< C|K(T, v)|<(v —u) "+ ((v 5 (T_u)a» e L*([0, T1%).

The third term satisfies

T
|K (T, w)AX (v, )) )|, = HK(T, u)/ [V (u, r) — ¥ (u, v)]K (dr, v)

E
< CIK(T,w)[(T —v)*~* e L*([0, T1?).

For the fourth term, given r; € (v, T], we have

(u, T1x (v, T1={(, v] x (@, T} u{(@, T x (v, 1} u{(v, T1x (r1, T1},

v T
/u(/v w(ﬁ :;)K(drg,v))l((drl,u)

T T
+/ (/ [V (r1,72) + ¥ (u, v) — ¥ (u, r2) | K (dra, v))K(drl, u)

r

and thus

|85 @)@, v, =

T e 5
+/ (/ [lﬁ(u,v)—1//(u,r2)]K(dr2,v))K(drl,u)

E

This expression is bounded above by

c(@-wur - [ : ¢ 1 ) 1 : >>
<(v—u r=v +/v (r1 —v)e(r; —u)et! r1+<(T—U)a <(v_”)a_(T_”)a '

Since

/T 1 r 1
drl:[ dr1
v (r =) (rp — )t v (11— 0 — W) — )i
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1 T 1
< f dry, (20)
v

1 3
(v—u)*tsa (ri —v)**3

and o < %, the fourth term is also in L2([0, T1?; E).
(i) v < u:
The first two terms on the right of (19) vanish, and the third term obeys the estimate

(w(u,r)=0whenv <r< u)

T
K (T, u) A% (¥ (u, D)W= HK(T, u)f U (u, r)K (dr, v)

E

1 1
§C]K(T,“)|<(u_v)a B (T—v)“>7

and hence it is in L2([0, T1?; E). For the fourth term, note that

u r
1//( 1):O whenv <r <u,
v o

and thus we have

T o B
|BX @), < / (/ [wm,rz)—w(u,rz>]1<<dr1,u>>1<<drz,v)

T/ pT _
/ (/ Y(u, rz)K(drl,u)>K(dr2, v)

u r E
<c<< 1 )+ / ' ! dr>
=T \\w—v =) ), m—we = vyt )

Utilizing (20) again, we see that the fourth term is also in L>([0, T'1*; E). O

E

+

Proposition 3.10. Let F denote either R or L2(Q;R®), and let ¥ : [0, T1*> — F be a function of the form ¥ (u, v) =
Lj0,0) (W)Y (u, v), where r is strongly A-Holder bi-continuous in the norm of F. Given a partition m = {r;} of [0, T],
denote

YT (s 1) 1= D WS L) (0 1)
J

Moreover, let K* @ K* be the operator given in Definition 3.6, where the Volterra kernel K satisfies Condition 2 for some
a €0, %). Then if . > a, we have

/[0 - | @ K*(¥™ — ¥) (s, 1) ||§ dsdr — 0.
Proof. We define

T
B, v) = /0 (I (4 1)) (5). K (-, ) (8)) - .

and correspondingly,
T
hT (u,v) = /0 <]C*(wn’(, M))(S), KC* (wn(_’ U))(S))F ds
T
_ Z(/O (K (W™ o)) (), KF (47 ¢ ) () ds>11[,,.,,1.“)(u)]l[,_/.,,jm(v)
ij

= R L) W (V).
iJ
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Let A/ := JT A A. Since o < %, A’ is greater than o, and note that any strongly A-Holder bi-continuous function is also
strongly A’-Holder bi-continuous. We will begin by first showing that 4 (u, v) is strongly A’-Holder bi-continuous.
For all u, v, uy, uz, vy, v € [0, T], we have

L
2

T % T
|h(u1,v)—h(uz,v)|§</0 ||K*(w<~,u1)—w<~,uz>)(s>||§ds>2</0 \!ic*(t/f<~,v>)<s>||?dS)7

1
2

T i T
|h(u,v1)—h<u,vz)|s</o ||K*(w(-,v1)—w<-,vz))(s>||§ds)z</0 ||K*(¢<-,u))(s)n§ds>,

and |h(ul 2 )| is bounded above by

vy V2

1
2

T LT
(/0 HIC*(w(-,ul)—w(~,uz>)<s)|}ids> (/O ||K*(w(~,v1)—w(-,v2>)(s>||";ds) :

Note that for p > 1, using (13) and fixing w € [0, T'], we have

~ w_ - p
1w ¢ wy)]|7 = Hllf(s, w)K (w, 5) +/ [¥ (r, w) — ¥ (s, w)| K (dr, )
s F
p—1_ - Y TONE))
<C2 <sl’°‘(w oy + (w —s) ) 22)
Since a < %, fOT (I 4 (-, w)(s)||l} ds is finite as long as p <4.
Now, all we have to do is show that
T

/0 I (W (. w2) = ¥ (-, w) ()| 3 ds < Clwa — wy [, (23)

for all wy, wy € [0, T], where without loss of generality, we let w; < w». Observe that
r 2
/0 1K (¥ ¢, wa) = (¢ wi)) () | - ds
o ) wa o )
=f0 1 (W (o w2) = ¥ w)) () | 7 ds +/ 1 (W (o w2) = ¥ w)) () | 7 ds (24)
wi
as the integrand vanishes when s > w». For the first term above, for s € [0, w{), we have (using (13))

K*(W ¢ w2) — 9 ¢ wn) () = (Y (s, wa) — ¥ (s, w)) K (wa, )
wa
+/ [V (r, w2) — ¥ (s, w2) — ¥ (r, wi) + ¥ (s, w) K (dr, )

- ~ A
= (¥ (s, w2) — Y (s, w1)) K (w2, ) +/S v <w1 wz) K(dr,s)
wy ~ ~
+ f [ (r. ) — (5. w2) + ¥ (s, wn) | K (@r, 5). 25)
wi

Since v is strongly A’-Holder bi-continuous, we have

| (W (s, w2) = V(s w) K (w2, 5) | < Clwz — wi|*'s ™ (wz — )77, (26)
and
wi ~ ’ ’

/S v (ufl ufz) K@r)| = Clua =il (wr =97, 27
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For the last integral in (25), we let g1 denote ﬁ and use Holder’s inequality to derive

1
I wa q1 m
< Clwz — wi| dr
F w1

1
/ w2 1 a1
— A‘ —_—
< Clwz —wi]| </w| - —yn@D dr)

< Clwy — wy ¥ (wy — 5)~@), (28)

0K (r,s)
ar

wy - N
/ [ (r, w2) — (s, w2) + (s, wi) | K (dr, )

1

Putting estimates (26), (27) and (28) together, when s < w; we have

|K* (W Cowa) = 9 CowD) )| < Clwa — wil £(s), (29)

for some f(s) € L%([0, T']) since A’ > o and 2(c + 1) < 1. This gives
P 2 2
/0 1K (W (o w2) — ¥ w) () || ds < Clwa — wy 7.

Returning to the second term in (24), we let g» denote ﬁ and use Holder’s inequality again to obtain

wy , T qi
/ | (¥ wi) = ¥ w) ()| 7 ds < |wa — wi (/O | (¥ wi) — Y w2) ()| 32 ds) .

1

1
Since A’ < %, we have 2¢g, < 4 and this gives (fOT (W (-, wy) — (-, wz))(s)||?¢q2 ds)2 < oo from (22). Now that we

have shown that 4 is strongly A'-Holder bi-continuous, we will show that

T
/ 1K @ K (y™ — ) (s, )| ds de = / (K" @ K*(h™ — h)) (¢ 1) dr,
[0,T]? 0

and then invoke Theorem 3.8 to complete the proof.
Let g(s, 7) denote K*( (-, 1))(s), and note that g(s, #) =0 when s > r. We first compute

K* @ K*h(t,t) = h(t, ) K (T, 1)* + K(T, ) AX (h(-, 0)) (1) + K (T, ) A (h(z, ) (1) + BX (W) (2, 1)

T
= /0 (g(s’t)sg(s1t)>FK(T,t)2dS

T T
+2K(T,t)/ (/ (g(s,r)—g(s,t),g(s,t))Fds>K(dr,t)
t 0

T /T T
+/ / (/ (g(s,rl)—g(s,t),g(s,rz)—g(s,t))Fds>K(dr1,t)K(dr2,t). (30)
t t 0
The second term on the right vanishes when s > ¢, and when s < ¢, using (22) and (29) gives us
0K (r, 1) g1 =
(g5, r) = 865,00, 8(s, D) || == = | = Clr =11 71 [ (s)

for some f(s) € L'([0, T]), and thus we can swap the integral with respect to s outside the integral with respect to r.
Similarly, the third term on the right of (30) is bounded by

T 1 2
C(/ (r — o] dr)

when s > ¢ since the integrand vanishes when ry <s or rp <s. Furthermore, when s < ¢, its integrand is bounded by

W—a—1 W—a—1 g2
Clry —t|* 7 ra —t|* 77" f2(s).



Skorohod and rough integration for Volterra SDEs 145

Hence, we can also pull out the integral with respect to s, and we get

T

K* ® K*h(t, 1) :/ K*®@K*((g(s. ). g(s.)) ) (. 1) ds.

0

Observe that

,C* ® ’C* ((g(s’ ')v g(sa ))F)(t’ t) = (]C*(g(sa )) (t)v IC*(g(S7 )) (t)>F

2
=K (s65. ) O -
where here we use (16), and Fubini’s theorem in the case when F = L2(2; R¢).
Fixing s, note that for all ¢ > s, g(s, -) is A’-Holder continuous on [z, T'] (with the Holder norm depending on ¢) from

(29). Thus, K*(g(s, -))(¢) is well defined for all # > s, vanishes when 7 < s, and we can apply Lemma 3.2 in [23] to obtain

K*(g(s,)) (1) = K* @ K*¥(s. 1)

for all s # ¢. This concludes the proof. ]

We will use the previous proposition to show that ¢ ® H¢ contains functions ¥ : [0, T]*> — RY @ R? of the form
Y (u,v) =10,y (M)I/;(I/t, v) whenever & is strongly A-Holder bi-continuous.

Proposition 3.11. Let v : [0, T1*> — R? be of the form ¥ (u, v) = ]1[0’0)(u)1/~/(u, v), where Vr is strongly A-Hélder bi-
continuous, and let K* ® KC* be defined as in Definition 3.6, where the Volterra kernel K satisfies Condition 2 for some

ael0, ).
Then if A > «, Y is an element ofH‘f Q® HE, with norm given by

2
W”Hf@%‘{ = /[o,r]z |IC* ® K*yr (s, t)|Rd®Rd ds dt, (€29

and with Y™ defined as in (21), we have
T
- 2

o™ =¥l g =0 (32)
as ||| — 0.
Proof. Given a d-by-d matrix function A(s), let ay) (s) denote the 7, jth entry of A(s). Using the canonical identification

d d
AWy =YY al(s)ei ® Lapy(t)ej. a.bel0,T], (33)
j=1li=1

it is clear that ¥" is a member of A% ® H¢, and thus lies in Hd ® Hd by Proposition 3.5. Furthermore, |47 ||2 Hi 7l is

equal to, using the notation 1A, = 1y r;,)s

Z / ZIC* Vo r0) (), K (0 1) (5) ) ds f C* (Lag) (K (La) (1) dr
= /O N B B8 0) 60,7 @ K (Y1, O) 5, Dl 051,
k.l

2
:/[o,nzvc*®K*W(S’t)|Rd®R" dsdr,

which we know is Cauchy as || || — 0 by Proposition 3.10. We now take any sequence of partitions  (n) with vanishing
mesh and identify v with the limit of ¥ in ’Hf ® Hf . Invoking Proposition 3.10 again then gives us (31) and (32). O
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3.4. The It6—Skorohod isometry revisited

We now give another formulation for the [t6-Skorohod isometry for Volterra processes (cf. Theorem A.6 in [12] for the
specific case of fractional Brownian motion).

Theorem 3.12. Let X be a Volterra process which satisfies Condition 1 for some p € [1,2), and assume that its kernel

satisfies Condition 2 for o = % — 5-. Given A > «, let Y be a process which satisfies, almost surely,

() Y €Cyfl7([0, T; RY),

(i) DY : [0, T1> - R? @ R? is a function of the form Lo, (s)g(s, ), where g is strongly A-Holder bi-continuous (recall
that DY is the Malliavin derivative).

Then limz -0 Y™ =Y in DV2(HY) if and only if

uz}inIEO]E/ e mh&ddt} O

and

IE/ |K* @ K*(DY™ — DY) (s, 1)
[0.772

Rigma 45 dz} —0,

in which case limjz |0 E[sX (Y™ — Y)2] =0 and E[(SX(Y)z] is equal to

7—0

T
EU Y (1) |2 dt:| + ]EU tr(K* @ K*DY (s, )K* @ K*DY (¢, 5)) ds dti|.
0 [0.712

Proof. It6-Skorohod isometry (see [27]) gives us

E[s* (V)] =E[l Y||§_L,i,] + E[trace(DY o DY)]

= lim E[H Y™ ”;?] + H}}iﬂIEOIE[trace(DY” ) DY”)].

7 (|—0

The first term is equal to limyr—o ELfy [K*Y™ (1)12, dr], with limit E[f, |K*Y ()2, df]
For the second term, it can be shown that the trace E[trace(DY”™ o DY”™)] is equal to (see Theorem 4.8 of [7])

B d
B> DF’”Yé’%ﬂAi<->>H1<DF“Yz§"%ﬂA,-<->>H1]’

L i,j k=

which is the same as

E ZZ/ K*(D (k)Y(l))(s)K(A,,s)ds/O K*(D <’>Y<k))(t)K(A,,t)dz]

L i,j k=1

for a Volterra process. Using Lemma 3.2 in [23], this last expression equals

E f w(K* @ K*DY™ (s, NK* @ K*DY™ (1, 5)) ds dti|,
(0,712

and it converges as ||| — O to

E[/ tr(IC’k Q K*DY (s, H)K* @ K*DY (¢, s)) ds dtj|.
[O,T]z |:|

In the case of Brownian motion both £* and K* ® K* are identity operators and Theorem 3.12 recovers the usual
1t6-Skorohod isometry:

T
E[BX(Y)2]=IE[/ |Y,|2dt:|+IE[/ tr(D,nDSYt)dsdz].
0 0,772
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3.5. Approximation of the Skorohod integral

We will now put together the results of the previous subsections to show that the Skorohod integral of the discrete
approximations to the solution of an RDE converge. Before we proceed, let Y € CPV¥ ([0, T']; E(Rd; R™)) denote the
path-level solution to

dY, =V ;) o dX;, Yo = yo,

where V € ;P (R @ RY; R™ @ RY @ RY).
Given a Hilbert space H, we will denote an element of y of R” ® H as

=Z€j®[y]ja 4
j=1

where [y]; € H for j =1, ..., m. (Note that there may be several ways to perform the decomposition.)
Now fix 0 <s <t < T. Since V(¥y) e R" @ R ~R™ ® RY @ R?, we can decompose V (Y) as

V(Y)_Ze, [Vl
j=1
where

d
d(j—1)+i
V] =Y v e @ e
i,k=1

If we canonically identify R”¢ @ R? with the space of md-by-d matrices, then [V (Y;)] ;j simply denotes the d-by-d
sub-matrix of V (¥y) which starts at the (d(j — 1) + 1)th row and ends at the djth row. Contrast this with V;(Yy), which
denotes the jth column of V (¥y).

Similarly, we can do the same with Y, € R ~ R"™ @ R? and JX

X V¥ eRMQRI~R"@RIQRY, JX | :=
]X JX -1
t ( Ky ) .

1<s

Proposition 3.13. Ler X € COP ([0, T1; GIPI(RY)), 1 < p < 4, be a Volterra rough path which satisfies Condition
1, and assume that its kernel satisfies Condition 2 with o < % Let Y € CP ([0, T1; LRY; R™)) denote the path-level
solution to

dY; =V (;) o dX, Yo = yo,

where V € Clngl(Rm QR R" @ RY @ RY). Then Y € DV2(R™ ®7—[‘11) and
T m ri X
/ Y, dX, = i l{irrr}1” OZ Y (Xirisy) — Z(/ tr[J} HV(YS)]jR(Ai, ds))ej ,
0 =isll— : ; 0
i j=1

where the limit is taken in L*(S2).

Proof. We first use integration-by-parts to obtain

(X (Y™), ;) Z[([Y,] ””“>R“_/o tr[J,XHV(YS)]jR(Ai,ds)},

i

forall j =1,..., m. Next, we invoke Theorem 3.12, which requires us to prove that

T
E[ /O (YT = Y) (1) 2 g dt] 0, (35)
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and
E[/ K" @ K* (DY =Dy Y1) (5.0 | g g 05 dt] — 0. (36)
[0.712

We will show that Y is +-Holder continuous in L2(Q2; R™ ® RY), and then invoke Proposition 3.2 to obtain (35). We have
(see equation (10.15) in [16])

-3 v1)(t—s)% (37)

p-var;[s,t]

|Ys,t| = C(”X”p—var;[s,t] Vv ”X”p ) = C”X”%—Hbl;[O,T] (T

almost surely, and thus

JE[IYe 2] < Cile — 5|7

since || X|| 1 Ho1[0,7] has moments of all orders (corollary 66 in [15]).

To show (36), we will apply Proposition 3.10 with (s, 1) = Dy Y; = 19,1, (s)JX(JX) "1V (¥;). To do so, we have to
show that (s, £) := JX(JX) 71V (Y,) is strongly %—Hélder bi-continuous in L?(Q2; R @ RY). By Lemma 3.6 in [23],

this is equivalent to showing that JX and (J.X)_l Y. are both %-Hélder continuous.
Using equation (4.10) in [8], we have

1
‘JX))(;’ < C1lIX| p-var; 5,11 exp(CZNE[S,;]) <Ci(t—s)r “X”%_Hﬁl;[ojl eXP(CZNl)f[()YT]),

where N is defined in (44) of [7], and essentially gives a count of the number of times the p-variation of x increases by
1
1 in [0, T]. This yields %—Hélder continuity for JX as the expression to the right of (r —s)7 isin L4(Q) forall ¢ > 0

(Theorem 6.3 in [8]). The same is true for (J~X)’] since the inverse obeys the same bound.
Finally, (JX~1v(Y) is also %-Hélder continuous, since V is C' smooth and both Y and (JX)~! are %-Hblder
continuous. O

4. Augmenting the Skorohod integral with higher-level terms
The main purpose of this section is to show that the usual Riemann-sum approximation to the Skorohod integral can be
augmented with (suitably corrected) second-level and third-level rough path terms which vanish in L2?(£2) as the mesh of
the partition goes to zero.

Before we do so, we will consider the theory of controlled rough paths [17,18] in the case 3 < p < 4, and give bounds
on the higher-directional derivatives of a controlled rough path satisfying an RDE.

4.1. Estimates for controlled rough paths of lower regularity

To construct the rough integral of controlled rough paths for 3 < p < 4, we need the following definition. In what follows,
let U, V denote finite-dimensional vector spaces.

Definition 4.1. Let x = (1, x, X%, x3) € CPV¥([0, T]; G>(R?)), where 3 < p < 4, and let ¢ be such that % + % > 1. Let

(¢.¢'.¢") be such that ¢ € CPY*([0, T1:U), ¢’ € CP¥ ([0, T]; LR?; U)) and ¢” € CP ([0, T1; LRY @ R U)).
Then we say that (¢, ¢, ¢”) (or ¢) is controlled by x if for all s, 7 € [0, T] we have

bos = Bies + 8% + R 9L, =lxe+RY, (38)
where the remainder terms satisfy
R eCT™ ([0, TI:U),  R? CZ¥([0, T1; U).
Thus, ¢ is controlled by X if ||@|| p,4-cvar < 00, Where the controlled variation norm is defined as

&1l p.g-cvar := P llvr: 0,71 + ”‘P/ ”vp;[o,T] + ”‘PN ”w;[o,T] + ” R? ”q-var;[o,T] + ” RY ” L -var;[0,T]"
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Before we continue, note that 3 < p < 4 implies that £ < %1 < £. Since |R? |lg-var = |R? llg/var for ¢’ > q, we can

replace ¢ with ¢’ where

Py <L <
3 p—1

(ST laS|

(39)

in the subsequent analysis when working with p in the interval [3, 4) without affecting the results.
The following theorem and the next two propositions are the lower-regularity analogues of Theorem 2.20, Proposi-
tion 2.22 and Proposition 2.21 respectively from [7]. The proofs are routine and can be found in Section 5.1 of [22].

Theorem 4.2. Let x = (1, x, x2, x3) e CPY ([0, T1; G3(Rd)), where 3 < p < 4, and let q be such that % + ql > 1. Let
(¢, 9, 9" satisfy

¢ €CP ([0, TT; L(RY; R)),
¢’ eCP ([0, T1; L(RY; L(RY; RY)))  and
9" eCP ([0, T]; L(R ® RY; L(RY; RY))).
If (¢, ¢, ¢") is controlled by x with remainder terms R? and RY of bounded q-variation and %-variation respectively,
we can define the rough integral
n—1

t
[) br o dny = Hm Z(d)r’x" Fit1 +¢n TisFigl + ¢” 3, ri+1)’ (40)

””‘l_)o,ﬂ:{0:r0<..4<rn:t} —
1=

where we have made use of the canonical identification L(RY; L(RY; R¢)) ~ L(R? @ R?; R¢) and LR? @ R?; L(R?;
R?)) ~ L(R? ® R? ® R?; R?). Furthermore, if ¢ > £, then denoting

t
2 :=/ ¢ o dx,, Z, = ¢, z =¢y,
0

(z,7',7") is again controlled by x, and we have

(41)

2
”Z”p,q =< Cp,q”¢||p,q—cvar(1 + ”x”p-var;[o,T] + ”X ” P var;[0,T var; [0, T])

For the next proposition, given maps A € LR, LU; V) and B € LR U), we will identify them as tensors (either
LU; V)-valued or U-valued)

d d
=Zajdej, ajEE(Z/I;V), Zb dej, j Z/[7
j=1 j=1

and use the following notation
ABZZCli(bj)dei@dej, BA::aj(bi)dei(X)dej,

1
Sym(AB) := > (AB + BA).

Proposition 4.3 (Leibniz rule). For3 < p <4, let
¢ €CPM(10, T1; LWU; V),
¢’ eCP ([0, T]; L(RY; LWU:V)))  and
¢" eCP ([0, T1; L(R? @ RY; LU V))).

Assume that (¢, ¢, ¢") is controlled by x € CP ([0, T1; G (R?)), with remainder terms R® and R? of bounded q-
variation and —-variation respectively, where % + 5 > 1 and g > %
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(i) Let ¢ € CPM ([0, T];U), ¥ € CP ([0, T1; LR U)) and " € CPY ([0, T]; LR @ R U)). If (W, ', ¢) is
controlled by X, then the path ¢ € CPY ([0, T1; V) given by the composition of ¢ and  is also controlled by X,
with first and second derivative processes

@) =¢'v + ¢y’ and ($¥)" =¢"y +2Sym(¢'y’) + oy

In addition, we have the bound

||¢¢||p,q—cvar =< 4”¢”p,q-cvar”w”p,q-cvar(l + ||x||p-var;[0,T] + ”X2 %—var;[O,T])' (42)

(i1) Suppose that € C17V ([0, T1; U). Then ¢y € CPY ([0, T1; V) is also controlled by x, with first and second deriva-
tive processes

@) =¢'v and (@Y)" =¢"y.
Moreover, we have the bound
oY 1l p.g-cvar < 101l p.g-cvar ¥ Ve 10,71 (43)
Proposition 4.4. Let x € CP ([0, T1; G3(R?)) where 3 < p < 4. We assume that
yeCr ([0, T1:U),  y e’ ([0, T LR, U)) and y"eCP™([0,T]; L(R? @ RY; U)).

We also assume that (y,y',y") is controlled by x with remainder terms R and RY of bounded q-variation and %-
variation respectively, where % + % > 1and g > %. Let ¢ € C;,’ U, V) and define

(z5:25:25) 1= (85). VO )35 VO )y + V29 (35 (375 ¥5)

forall s € [0, T]. Then (z, 7, 7") is controlled by x, and we have the following bounds
Izl p-var;10,771 < ||¢||cg||)’||p-var;[o,T],
HZ/ ”p-var;[O,T] = ”¢”C§ Iyllve:0,1) Hy’ HV";[O,T]’

2
“Z//“p-var:[(lT] = ||¢”C,?”y”Wz[O»T](”y”Hw;[o,n + Hy,“w;[o,n)’

and

RZ/ ” g-var;[O,T] = ||¢”CZ(1 + ”y”qu'CVar)3(1 + ”x”p—var;[(),T] + ”X2 ” g-var;[O,T])z‘ (44)

” R* ||q-var; [0, 7]’
The following theorem extends Theorem 3.1 in [7].

Theorem 4.5. Consider the system of RDEs

dy; =V (y;) o dx;, yo=a € R®,
dJF =VV(y)(odx,)JF, Jy =1,

where V.= (V1, ..., V) is a collection of R¢-valued vector fields. If x = (1, x, x2, X3) eCrPvr(o,Ty; G3(]Rd)), 3<p<
4,and V is in Cg, then both (y, V(y), V2(y)) and (J*, (J*), (J¥)") are controlled by x. In addition,

190, -cvar = Co(1+ 1V le3) " (14 1Kl prsarso, 1) 45)
and
175, 2 v = €1 (14 exp(C2NE 0, 71)) (1 -+ 1l o) (46)

where C1, C» depend on p and || V”Cg'
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4.2. Upper bounds on the high-order Malliavin derivatives

We now use the results from the proceeding section to obtain upper bounds on the directional derivative. The following
result extends Proposition 3.5 in [7].

Proposition 4.6. Let p € [2,4) and q be such that 3 > 1. Let x € COP ([0, T1; GLPL(RY)), and y be the solution
to the RDE

dy; =V (y) o dx;, yo € R¢ given,

where V € C}EPH" (R¢; R¢ @ RY). Then there exists a polynomial Pymy : R4y x Ry — Ry of finite degree d(n) for which

n

1D%,... 0> [omo. 11 = Pacny (1%l pvarsgo.71 exp(C N o 1)) | | Nillgovario.71- (47)

,,,,,
i=1

forany g1, ..., gn € CIV ([0, T1; RY). The constant C as well as the coefficients of Py depend only on || V||CLpJ+n , D
b
and q (= 5 when2 < p <3).

Proof. We shall omit the details of the proof as it proceeds in virtually the same manner as in Proposition 3.5 in [7],
for which the reader is invited to consult. The key again is to use the explicit expression of Dg 1 y; as the sum of the
integrals

n—1 n

Z / FUN VIV AT 0 dx+ Y Y / TN TVIVOD B (9)dg (5) 48)

i=1 j=1
as derived in Corollary 3.4 of [7]. Here, A} and B;! ; are respectively defined as
A1) = > DIMly&--- @Dy, 1€[0,T], (49)
m={m1,... i }€P{81,-.8n})
and
Bj ;)= > DIy & .- @Dy, (50)
a={m1, ... }€P {81, 8j—1,8j+15+-8n})

The only difference is that when p > 3, we use Theorems 5.2 and 5.5, as well as Propositions 5.3 and 5.4 in lieu of
Theorem 2.20 and 3.5, and Propositions 2.22 and 2.21 respectively in [7]. (]

4.3. Augmenting the higher-order iterated integrals

For this section, we will use 7 (n) := {tl."} to denote the nth dyadic partition of [0, T], i.e. t” = ’25 for i=0,...,2", and
A7 to denote the interval [¢]", £ ]. In addition, p” will denote the Holder conjugate of p, i.e. Ly L—q,

One of the main results (Proposition 5.1) in [7] is the following: given a Gaussian process X and a stochastic process
¥, under certain conditions on the covariance of X and bounds on the Malliavin derivatives of ¥, one can show that

o |
Z Vi <X’Zfl’fi"+1 B 502(1 ’ l+1)Id)
i=0

=0. Gh
LX)

lim
n—oo

Recall that o2 (s, 1) denotes E[X (1)]2 and that the presence of this compensating term was critical in the proof of the

correction formula in [7]. We will now proceed to show that for the third-order terms, this is not needed for the L? norm
to vanish. We begin with the following lemma.

Lemma 4.7. Forany hy, ..., hg € ’Hf, we have

E|:‘/ftl’”ﬁt5' l_[ I (hk):| = [Dh| ha,h3,hashs, hGW t” Z Cos,146,1 +Co2A62 +Cy34A43,

0S¢
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where

Ag 1= E[Dﬁ(,(l),hg(z),hﬁ(3),h(,(4) Y 1/07](%(5), ho©))34

Ao = E[Dia(l)aha(z) Vi I/fr_;?] (ho @) ho @)y (hos), ho©)) 34

Aoz i =E[yn %;?](ha(l), hﬂ(Z))'Hlli (ho3)s ho‘(4)>’Ht]1 (ho(5) ha(é));.qi,

Se denotes the symmetric group of permutations on {1, ..., 6}, and the Cy s are constants that depend on the permuta-
tion o.

Proof. Using the product formula (cf. [27]), we have

6
[]1:0) = Is(hy @ hay @ h3 ® ha @ hs @ he)
k=1
+ Y Cotlalho() ® ho) ® ho3) ® ho@)(hos), ho©))3q
G'ES(,
+ Conlalho) @ ho@){hoG)s ho@) gy (ho5), ho(6)) 344
+ Co3{ho(1), ho@)aye(ho () ho @)yt (ho ) ho6)) 3t (52)
Applying integration-by-parts finishes the proof. (]

Proposition 4.8. Let X € COP" ([0, T]; G3(RY)), 3 < p < 4, be a geometric Gaussian rough path which satisfies Con-
dition 1, and assume that its covariance function satisfies, for all s, t € [0, T1],

HR(I’ ) - R(S’ ')”q—var;[O,T] = C|t - Sl%’

for some finite constant C and p € [1,2).
Let ¥ : Q x [0, T] > R @ R ® RY be a stochastic process satisfying W, = ZZ,b,c:l I/ft(a’b’c) de, ® dep @ de. €
DO2(RY @ RY @ RY) forallt € [0, T]. Furthermore, assume there exists C < 00 such that we have

|]E[ S(a,b,c)wt(lhb»c)]} <cC. (53)

and for k =2, 4,6, we have

k
‘]E[Dfll ,,,,, hi (ws(a’b’C)wt(a’b,C))]‘ = Cl_[|‘q>(hi)”q—var;[O,T]’ (54)
i=1

forallhl,...,hkE’Hﬁl,s,te[O,T]anda,b,c:l,...,d. Then

21
| S )| =0 )
i=0 LX(Q)
Proof. First note that
21 21 s 21 s
D v (Xf;’,zfﬂ) |2 Wt,”((Xz",t;’H) ) + 2 v ((Xi",zfﬂ) ) , (56)
i=0 L2(Q) =0 L2(9) =0 LX(Q)

where (X?)$ denotes the symmetric part of X> and

(Xg,t)NS = X?,z - (X?,t)s
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denotes the non-symmetric part. The two parts will be tackled separately, and since

d
=)
a,b,c

b e=1

2"—1

Z wt" t” i )

and similarly for the non-symmetric part, we will study the convergence of each fixed (a, b, c)th tensor component
individually and henceforth suppress the notation for the component in the superscript of .
(a) To begin, we will prove that

2"—1

(a,b,c)
Zwl(th)(( 1! ))a ‘

. i+l
i=0

’

L2(R)

LX)

2" —1
> (S,
y

=0. 7
LX)

lim
n—>0oo

Since

s 1
(th) = EX” ® Xs5,r ® X 1,

this is equivalent to showing that

2" —1 2 on_q
b, 1 b b
|:<Z I/II t” o )(a C)> j| 36 Z [lﬁt"wt X(u)X( )X(‘)X(“)X( )X(c)]

i,j=0
converges to zero as n — 00. First define

hy =19

(©)
hy =1 AT

®)
hy:=1 A

_q(@
h =1 A” s

b) )
Ally h IL and h6 = 1An.

A !
J
Note that fork =1, ..., 6, we have
ch(hk)”q -var;[0,7] — ”R(H-l") R(tlﬂ")Hq -var;[0,T] or ||R( /+l") R(t;?")”q-var;[O,T]
<C27r

and

nmwzﬁlwﬂmﬁhwh

= \/HR M) — R )”q ~var;[0,7] OF \/HR j+1 ) - R(t;l’ ) ”q-var;[O,T]

<27,

Recall from Lemma 4.7 that

6
E[I/fzi" Y H I (hk):| =: ]E[Dgl,hz,h3,;u,h5,h61/ftf Wz;] + Z Co140,1 + Co2A02+ Co 3403
k=1 0eSe

For the first term on the right side of the above expression, we have

1 21 6

_on(3_
Z E[Dgl,hz,hs,hmhsvhcwtf w’}l] =C Z HH(D(hk)“q-var;[O,T] =C2 " 1)’
i,j=0 i, j=0k=1

which vanishes as n — oo since p < 2.
For the A, 1 terms we have

2"—1

4
Z E[Dhg(l)1h(7(2)5h(7(3)7h0-(4) I/ft;' wt}’]<ha(5), ho(ﬁ))'Hd
i,j=0
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2"—1 4

< 2 TTI®tew) |y vareio.r1 o) 134 N )11 200
i,j=0k=1

5
<275 S,
and similarly for the A, » terms we have

|
Z E[Dﬁg(l),ha(z) Yy Iﬂt;?] {ho @), ho @) 32 (o (5), ho (6)) 3
i,j=0
om_q 6
= Z ||<D(h0(l))||q—var;[0,T] ”(D(ho(z))”q—var;[O,T] l_[”hf’(k)||7-l‘f
i,j=0 k=3

2
<c27Gb o,

Finally for the A, 3 terms we have two cases: either

3
A
(o), ho @) 32 Ao 3y, ho @) 344 (o 5) ho6))34 = R (tln t’n:l]) ;
i
or
6o 2 2
<h0(1)sh0(2)>’}-[611<h0(3)7ho(4)>’,l-[¢11<ha(5)’ha(é))’;-,fcllzR(tlr_l t?’L)" (RN Ll (VY B
J J
In either case, since
A C
R( ’“),ozt-",t.” Lo (1 1) < =
O RO R T e
we have
o]
> Elyy Vi lho (1), ho )34 (ho 3 o @) 38 (o (5)s ho6)) 34
i.j=0
1 1
m_1 0 P m_1 , F
AL S =2np’
i i+1
e[ S(f 1)) (227)
i,j=0 S i,j=0
~2n(5—)
SC”R”,o—valr;[O,T]22 "
i, Y|
SCHR“p—var;[O,T]22 "(p )_)O'
(b) We will now move on to show that
21
=0. (58)

lim
n—oo

3 NS
'2(; wt{l (X’;l’[znﬂ)
=

L2(Q)

Let X™® denote the piece-wise linear approximation of X over m(k), and let X"® = (1, X! (7 (k)), X2 (x (k)),
X3 (k) = S3(X "(k)) denote its canonical lift to a geometric rough path.
Next, define

X3 )Y A = (X3 ) @i+ ) = (X3 )Yz ).
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Since (X )Ns(n(n)) =0, we have

1, t”

n «n
tz ll+l

(X3 NS:hmZ v )" (Bniw) foreveryn e Nandi=0,1,....2" -1,
nm—0o0

where the limit is taken in L2(£2).
We want to show that

2n—1
(a,b,c)
Z 1//’" t” o (n(n—i—m))) o -0
L2(Q)
uniformly for all m as n — oo. To begin, let
_ n+k
t + 2n+k tu+i2k’ (59)
and we will denote the intervals
. k+1,0 _k+1,i i k+1,0 k+1,i
Al [ Sou 2 S2ut1 ] AW [ S2u+1+ 2u+2]

(60)
. ki
A=Al UA  =[skl sl e[ ], Yu=0,...2" - 1.
Note that we suppress the dependence on k and 7 in the notation for the variables on the left. The following computation
on G3(R?) can be verified easily; for f, g € R? we have

(f+9% 1 (f +9%
(N @expi) = (1.F +8. L= 1 L SEES ),
where
1 1
N(f.g):= Z((f +)®Lf gl +1fgl®(f+8)+ ﬁ([f’ [f. gl] + [g. [g. F1]).
Using the above expression with f = X ,i . and g = X \i T fork =1, ..., m we obtain the following identity on 73 (R%):
2k—1 2k—1
® exp(XA, )® exp(XAl ) — ® exp(XAz
u=0 u=0
2k—1 1 1
®2 ®3 . . . .
= ® [(1 Xais 5XA, : 8XA,> + (0, 0. 51X ni, Xai 1. 0) +(0,0,0, NXyi, s XALR))}
2k—1 |
®2 ®3
- ®<1 XA,,ZXN , 6XN>
2k—1
—Z(OO [XAI N Al ]M(XAI ) AiR)+N(XAiL,XAiR)>,
U— 0 u u u
where
u—1 2k—1
M(Xpi Xy ) =) XA ® [XA, X 145 [XA, Xy 1® > Xl
r=0 r=u-+1

1 1
:Xtin’sl’;-l'®E[XAivaA;R]_}'E[XA;LvXAL ]®Xkl FLA

Sut1lig1
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This means that
2k—1

Xo g (Tt k4 1) =X (714 K) = ZM,,+NM,

where we use M, and N, as short-hand for M (X 5 E X i R) and N (X i E X i R) respectively. This in turn gives us

2k—1
(X )" Bus) = D7 Mu+ N,
u=0

since

xf_,,,,, (T(n+k+1)) — t,, o, (T +K))
= (X} ) (Tt k4 D) = (X ) (10 +80) + (X5 ) (Bug)
=exp(Xyn ) —exp(Xyn n | )+( i ) S(An+k)

(X?n tn ) S(An+k).

Thus, we obtain

n_1 2
|:<Z 1//1 n n l (T[(l’l +m)))(a’b’6)> :|

2"—1 m 2
[(Z Ve (X5 e )NS<An+k>)‘”’b’”> }

i=0 k=1

2"—1 m
= Z E[wt;n I//[;l Z(( 1, t" ) (An-i- ) (11 b Z t" t" (An-i— ))(a’b’C):|

i,j=0 k=1

2m—1 m 2k—12—1

=D 20 >0 D E[uve (My + NP (My + Ny @), 61)

i,j=0k,I=1 u=0 v=0

In what follows, it does not matter to the analysis which particular subinterval of AL, A, Af or A’/’. is present in the
terms. Hence we will use the notation

Ap=A L AR or A, AU*:AiL,AiR or AJ,

A =il s"] or [Sﬁilvtﬁrl]a Ajr = [’;l’swlfj] or [s f}JJrl’t7+l]

and

Ay L _ a az
R (Au*) L (]]-AZv ]]-Af;)?'u - R <b] b2 )
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where [a1, a2] = ALy, Al or AL, and [by,bol = AL, Al or Al R(R7), R(3%), R(37), R(37), R(4") and

J
R ( i”: ) can be defined in the same manner, and we have the bounds

Q) R () (55 = s
= ||(D(]]'Au*) |q—vaI;[0,T] = 2% ’
(62)
el | e | Y Gl 1T il [ L
= ||(D(]]'Av*) |q—var;[0,T] = »i :

Using the notation

ki ki i Gk Gki o ki ki i
e 2u 2u+1 2u+1 2u+2 2u 2u+1 2u+1 2u+2
Ryiwpd =R\ 15 25 )| TR0 1577 )|+ R 1 L | TR 1 il IE
" S S2u+1 Sy Sop+l Sov+1 S2v42 S20+1 S2u42
note that
2n—12k—12/—1 A o 2'—12F—12/—1
*
ORI 3 30 SN CT T
> Y |r(in) = RNEZ L L
i,j=0 u=0 v=0 i,j=0 u=0 v=0

forall k,l € N.
Fork =1,...6,let y; denote a, b or c. Returning to (61), we see that the last line can be expanded to include terms of

the type M,Ea’b’C)Ml(,a’b’C):

Bl XXX KGN, ©

terms coming from N,Ea’h’c) nga’h’c):
B[y v X3 X0 XL XX XL, 64

and terms arising from M\*? N{®0).

B iy XX X XX X, 65

To account for the remaining N> M{** terms, we simply swap u and v in the third case. Note also that with our
short-hand notation, as an example, X (Aylz may not be equal to X (Ayzz even if y; = y, since A,+ may be one of several

intervals.
Since M, is anti-symmetric with respect to X A and X A, g» WE Can assume that y; # y; in (63) and (65), and y4 # ys5

in (63). In each of the three cases, we will use I; (/) to denote X% for k =1, ..., 6; for example in (63), by := Il(Ayi)

and I1(h1) = X(Aylz. Now applying Lemma 4.7, we have

6
6
E[I/ft,." Y l_[ I (hk):| =E[D}, 1y 13 g s g Vi I/ft_';]
k=1

+ Z Ca,lAU,l + CJ,ZAU,Z + C0,3A0,37

(o2 ES@

where we recall that

o 4
Ag1 = E[Dhn(l)’ha(Z)sha(3),ha(4) 1/ftl-" %;] (ha(S): ho(ﬁ))yf,
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Asp = E[Dﬁam,h”(z) 125 Iﬁz}f] (ho@3)s ha(4))Ht11 {(ho(s)s ho(ﬁ))’;.[fll,
Ag3 =Ky %;](ha(l), ho(2))’}.[‘f' (ho @3y, ha(4)>7.[111 (ho(5) ho (6)) 44

We will show that for each of these terms, the sum over all the sub-intervals converges to zero as n — 00.
For the first term, from (54) we have

6
E[Dglshzqhbhmhs,héw"iﬂ wt}l] = c H”Cb(hl) “q—var;[O,T]'
i=1

Looking at each of the three types of terms (63), (64) and (65), we see that at least two of the #;’s are 14 ., and another
two of the A;’s are 1A , . Thus we obtain

2"—1 m 2k—12/—-1 2"—1 m 2k—12/—1
)IDIDIDM 2 NNWNR 37 LD DD DD DD Demwrss W)z —W)z
i,j=0k,l=1 u=0 v=0 i,j=0k,l=1 u=0 v=0 2
] | |
=C). S
'y n<p> A2 2KGD 9l G-
C
<————0
22n(;—1)
since p < 2.

For the A1 terms, we have two cases:

A
() (ho), ho©)pe = R(Au* ):
In all three types of terms (63), (64) and (65), at least one of {4 (1), 15 (2); ho3), ho @)} €quals T4 ., and another
one in the set equals 14 .. Applying the bounds in (62), we get

2—1 m 2k—12/—1

Z Z Z ZE[Dio(l),hq<2>,ha(3),ha(4)w’;”/ft_;'](h"(s)’h"(6))7'l‘f’

i,j=0k,/=1 u=0 v=0
2"—1 m 2k—12l—1 4

=C Z Z Z Zl_[”q)(ha(r))”q -var; [0T| a(5)> h0(6)>'H‘1
i,j=0k,/=1 u=0 v=0r=1
<n+k) =Gt A
e Ry k()
i,j=0k,/=1 u=0 v=0
m [2r—12k-12/—1 0 2n—126-12/-1
<cY [ X > > r ( ) (Z DDIFE 1+ (8) 5=+ (5) )

k=1 \i,j=0 u=0 v=0 i,j=0 u=0 v=0

-1 m 2k—12/—1

— - / kl / 7[ o
<C2 2 )”R”pvar[OT]ZZZ Gyl

k=1

o0
2_ _k(2_ _J(2_
<C2 G VNRI g Y 270276 0,
k,l=1

(i) (ho(5), ho(6))pd 7 R( )
We will go through each of the three types of terms (63), (64) and (65) to count the number of quantities with

7(71 D)

+k
increments A+ or A+, which yield the factors 277 and2 7 respectively.
(a) M\“P PO terms:
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We have five possibilities:

_ Ay Ay Ayx Ay Ajx .
(ho(5), hg(()))’Hlli =R (Ai*) ,R (Aj*> R (Ai*> R <Aj*> or R (Aj*) ; (66)

Ayx

we need not consider the cases R(,"" ) or R( ﬁ”i) since y; # yp and y4 # ys in (63).

If (ho(5), hg(6))H? is equal to either of the first two quantities on the right of (66), then one of {hs 1), ho(2),
hs@3), ho(4)} must be equal to 14 , and another two in the set must be equal to 14 . If (A4 s), ha—(ﬁ))r]_[7 is equal
to the third or the fourth quantity in (66), we have the same count with « and v switched.

If (hy(s), h0<6))7_[¢11 = R(ﬁ;: ), then without loss of generality,

ho(1y and hg ) = 1A 4, ho3) and hgg) = 1A,

(b) N@WPO N@bO) torms:
If (hs(5), h”(6)>7-l‘1’ = R(ﬁz: ), then one of {hs(1), hs(2), ho(3), ho@4)} must equal 14 , and another two in
the set must equal 1 .. By switching # and v, we can resolve the only other case (hs(5), ha(6))H? = R(i::)
similarly.
(c) Mlga’h’c)N,Ea’b’c) terms:
There are only three possibilities

A, As As
st = (37) (37 e (1),

and we need not consider the case R(i::) since y; # y2 in (65). If (o s), ho-(()))r}_[zli is equal to R(ij: ), then
one of {hs(1), ho2), ho@3)s ho(a)} must be equal to 15 . and another two in the set must be equal to 14 .. If
(ho(5) h(,(6))7_[¢lz is equal to the second or third quantity, the same count applies with u and v switched.

Thus in each case, applying the bounds in (62) yields

4 Z2nth) | =2t
l_[”(D(ho-(r))”q_var;[(),'r]|<h0'(5)’ ho-(ﬁ))HLll ’ E Cz ’ 2 ! ’ (67)

r=1
which gives us

21 m 2k—121-1

Z Z Z ZE[D25(1),hn<2),ha(3>,ha(4)wt{”//f;']m"@)’h0(6))H‘f

i,j=0k,/=1 u=0 v=0

21 m 2k—121-1

<c Z Z Z ZZ—(an)%z—(n-H)%

i,j=0k,I=1 u=0 v=0

o0
2 2 2
<G N GG g,
k,l=1

For the A, > terms, when we consider (i (3), hg(4))H511 and (hq(s), ho-(é))/;_[cll, we have three cases: either both, one, or

none of them are equal to R( i“: )

. Ay,
) (o 3), ho @)z and (o s), ho6))34 = R( A ):
(Note that this does not imply that they are equal to one another since A+ and A+ can be one of several intervals.)

Observe that
Ac\|Z ] (A
u* u*
o)) Je(a)

—(n+k)
=h (1)

P
<CR? 2 ,
A

|(h0(3)’h0(4))7.[111| <

i J
XAy
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and

—m+h) 1_p
<CR® 27D,
Al x A}

|(ha(5)vha(6)>7{611| <|R

Thus we obtain

21 m 2k—12/—1

Z Z Z ZE Dha(l) hooy Vil I/fz"]< o) ho@)qga (o 5), ho6)) 3

i,j=0k,/=1 u=0 v=0

m m_12k—12/—1

—(n+k) 1— —(n+l)(1
Z ( v Z Z Z Al x A

=1 i,j=0 u=0 v=0

cr2G—1) —k(E=5) =G =3 p 1P
Z 27T TR o = O
k,l=1

. 11
smce;—§>0.

.. A A, x
(i) WLOG, assume (1 3), hg(4)>H<11 = R( AZ* ), (ho(5) ho‘(6))H({i #* R(A‘;* )Z
As before, we will use the bounds in (62) to show that

*(n+k) —(n+l)

HqD(h”(l))Hq—var;[O,T] ”qD(ha(z))Hq»var;[O,T]|<h‘7(5) h0(6) H‘]’ =C2 20 (68)

(a) M,Ea’b’c)Ml(,a’b’C) terms:
Again we have five possibilities,

Ay Ay A x A x A
ot () (3 ) (3 ()

and we need not consider the cases R( iZ: ) or R( iz: ) since y; # y2 and y4 # ys5 in (63).

If (ho(s), hg(6))H(fz is equal to either of the first two quantities on the right of (69), then either /4 (1) or hs(2)
is equal to T . If (hs(5), hg(ﬁ))HC{ is equal to the third or fourth quantity, then either s, (1) or hs(2) is equal to
LA

If (hy(5), hg(é))HzlJ = R(A *) then we must have i, (1) =1, and hg(2) = 1A ., O Vice versa.

(b) NP N@bO) torms:
If (ho(s), h“(6)>7-[1‘ = R(ﬁz: ) (resp. R(izi )), then both A, (1) and ks (2) must be equal to T . (resp. L)

(©) M,Ea’h’c)Nl(,a’b’c) terms:
There are only three possibilities,

Ay A+ Ay*
o). ho@)ug = R (A> . (A) ok (A) ’

and we need not consider the case R(i“:) since y; # y2 in (65). If (hs(s), h(,(6))Hd is equal to R( ”*) then

both /(1) and hg(p) are equal to 1a .. If (hgs), hg(6)>Hd is equal to R( ) or R( ), then either A4 (1) or
he () is equal to Tp ..
Thus we obtain

m 2k—12/—1

-1
Z Z Z Z]E[Dﬁau),ha(z)wf{"/’t_',?](ha(S)vha(4)>H{(ho(5),ho(6))Hd
i j=

=0k,/=1 u=0 v=0

ol

m_12k—12l—1

3 D33

k=1 \i,j=0 u=0 v=0

2n—12k—12/—1
(Z Z Zz (n+k)<ﬂ)2 <n+l)(” )

i,j=0 u=0 v=0




Skorohod and rough integration for Volterra SDEs 161

o —2n(o by k(b -ty it
< IRl pvar:0, 772 Z 2 P DT TR T T
k=1
—on(2 -1
< ClIR I pryao,rp2 "7 7" = 0.

(i) (ho(3). how)ge and (ho(s). ho(6))qa # R( ", ):
We will show that

| @)y varto. 1112 Cto @) | 4 varsto, 11| o) ha @) 344 || ¢ (5)- o)) 204 (70)

. —2(n+k) =2+l . .
is bounded above by C2° » 2 » , which gives us

-1 m 2k—12/—1

DI ZE[Din(l),ha(z)wti"1/’t}’]<ha(3)vha(4)>H611<h0(5),ha(6))’,'.[611

i,j=0k,/=1 u=0 v=0

n_1 2k_12/—1

<C 22 i Z 2= (k) 5 o=+
i

j=0k,I=1 u=0 v=0

m
2 2 2
<G N GG g,
k=1

@ MM erms:
Note that in this scenario, neither /(1) nor kg (2) can be equal to 1. or L ., so we essentially have two
cases.
If ho(1y and hg(2) = 1A, , We must have

l*

A A
(ho@)s ho@))qya =R | " and (s (5), ho@)ya =R 1" ),
1 A 1 AJ*

or vice versa. (The case /(1) and iy (2) = 1A, can be resolved similarly by swapping u and v.)
If instead we have hy (1) = 1A . and hg(2) = 1A ., OF Vice versa, then without loss of generality, it must be the
case that

(ho3), htr(4))7.[111 =R (AI:*) or R <Aj*> , (ho(5), ha(6)>’Hﬂll =R (Aj*) or R <A?*> .

(b) N,Ea’h’C)nga’b’C) terms:
Without loss of generality, we have

A * A *
ho(y =1a,., he@) =1a., (ho@), ho@)qya =R \“ ). (ho) ho@)qa =R 7).
1 Ay 1 Ay
(c) M,Ea’b’c)nga’b’c) terms:
Without loss of generality, either
Ayx Ay
ho(ys ho@ =1A,x» (ho@)s ho@)ga =R\ and  (ho(s), ho(6))qa = R ,
1 Aj* 1 Ayx
or
ho(y =1a,., he@) =1a.,

Ay AL
(o), how)gyg = R (AIf ) and  (ho(5). ho(6)ge = R (Av*> .
v

i*



162 T. Cass and N. Lim

For the A, 3 terms, when we consider the three inner-products (4 1), hgg))w{, (ho3), hg(4))Hfl1 and (hq(s), ha(6))Hclz,
we have two cases: either one of them is equal to R ( i”: ), or two or more of them are. Observe that it is not possible for
none of them to equal R( u )

(1) If two or more of the inner-products are equal to R( u ) then we can use the same computation as in the first case
for the Ay > terms to show that

(n+1<)(1_g) —(n+l)(1_g)
[tha): ha@)aggl[tho @) ho)rgl[tho®) ha@)ag| < CRY, (277 T2 2770,

XAy
and this gives us
2'—1 m 2%-12/—1

XX ZE[%"% ho)s ho @)yt tho3)s ho@)qga (ho 3)s o 6)) 344

i,j=0k,/=1 u=0 v=0

o0
1 1 1 1 1 1
<2767 Y 2 GmD G Ry

—= p-var;[0,T]? — 0.
k,l=1

.. A A
(ii) Assume that (Ao (1), ho )3 = R(5" ). and (o). ho@))ga- (ho(s) ha(6))qa # R(A")-
Then without loss of generality, we have:
(a) M,Ea’b’c)Mlga’b’C) terms:

(ho(3), h0(4))7.[t11 =R (AI:*) or R <Aj*> , (ho(5), ha(6)>H611 =R (A;}*) or R (AIJ}*> .

(b) N,Ea’b’C)ng“’b’C) terms:

— Au* = Av*
(h0(3)7 h0(4))’}-[‘li =R (Au*) ’ (ha(s)’ hg(6)>H‘lj =R <AU*> ’

(c) M,Ea’b’c)nga’h’c) terms:

A * A *
(o), ho@)ya = R (&;) , {ho5), ho©))ys = R <A:*> .
In each case, applying the bounds in (62) gives us
—(n+k) —(n+l)
|<h6(3)vho(4) HdH ho(s)s ho(6)) 7—["| <C2 270,

which in turn yields

M1 m 2k—12/—1

I Z]E[l/fzpiﬂz}l](haa),haa))q{f(hae),ha(4))Hrli<ha(5),ha(ﬁ))Hd

i,j=0k,I=1 u=0 v=0
< ) p

m 2Mm—12k—12/—1

DB DIDIOML

k=1 \i,j=0 u=0 v=0

21 2k—12/—1 —/
(Z Z 22 <n+k)(”>2 <n+l)(p )

i,j=0 u=0 v=0

m
=2n(5 =) k(5= 515 =)
S”R”p—var;[O,T]2 ZZ por2 por2 —
k,l=1
(21
SCHR“,o—var;[O,T]22 " )_)O' O

Corollary 4.9. For2<p <4,letY e CP" ([0, T]; L(RY; R™)) denote the path-level solution to

dY; =V(Y;) o dX;, Yo = yo,
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where X € CO-P ([0, T; GLPI(RY)) satisfies Condition 1 and its covariance function satisfies
1
IR ) = R yaeory S ClE =517, Vs, 1 €[0,T].

Then if V € CprJH(Rmd; R™4 @ RY), we have
1 2 (o
Z V) t” iy T 2¢ (1 ) 1+1)Id

Furthermore, if3<p <4andV € Cg(Rmd; R ]Rd), we have

lim
|7 ()| —0

—0. (71)
L)

lim

=0. 72
ll77 ()| -0 (72)

L2(Q)

ZVV(YI” V(Yf"))( e )

i0%i+1

Proof. We have to show that bounds (91) and (92) of Proposition 5.1 in [7] are satisfied with
vi=[Va], eR'QRY, j=1,....m,

to show (71). Similarly, proving bounds (53) and (54) in Proposition 4.8 are satisfied with
- [VV(Y,)(V(Y,))]j eRIQRIQRY, j=1,....m,

will yield (72). (53), as well as (91) in Proposition 5.1 of [7], is trivially true since V € Ckl,. To show that the bounds hold
for the higher Malliavin derivatives, recall Proposition 4.6, which states that almost surely we have

I Y” <Pd(n)(||X||p -var; (0,71 eXP(CNl [0,7] l_[||<1>(h )”q ~var;[0,T]" (73)
i=1

,,,,,

As both || X|| p-yar;[0,7] and exp(CN1 [0.7] ) belong to (), L"(2), we have

n

L@ = Cng nllq’(hﬂ “q—var; [0,7] (74)
i=

1Dh,.n Yo

.....

for any r > 0. Now we simply use the product and chain rule of Malliavin differentiation in conjunction with the fact that
V has bounded derivatives up to the appropriate order. (]

5. Correction formula

We are now ready to prove the main result of the paper. As before, 7 (n) := {t'}, /' := ‘é—,{, denotes the sequence of dyadic
partitions on [0, T'].

5.1. Main theorem
Theorem 5.1. For3<p <4,letY e CPY([0,T]; E(Rd; R™)) denote the path-level solution to
dY, =V (¥;) o dX,, Yo = o,

where V € C,?(Rmd; R™ @ RY), and X € COP ([0, T1; GLPL(R?)) is a Volterra process which satisfies Condition 1,
and whose kernel satisfies Condition 2 with a < %. Furthermore, we assume the covariance function satisfies

[RG = R, go.ry = €l =17 s)

foralls,t €[0,T], and ||R()|lg-var;[0,7] < 00. Then almost surely, we have

T
/ Y,odX,:/ Y,dX,+Z< / a[V(¥y)], dR(s)—i—U(’)) (76)
0 0
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where for j =1,...,m, U}j) is the limit in L*>(Q) of

Zf (73, V(X)) = V()] R(AY, ds) (77)

along the dyadic partitions {t!'} of [0, T'].

Proof. Using bounds (41), (45) together with the integrability of X, we can apply dominated convergence theorem to
(40) in Theorem 4.2 to show that fOT Y; o dX; is the L2($2) limit of

ngn;OZthn g,) T VA X )+ IV E) (V) (X )-

Now applying Proposition 3.13 in conjunction with Corollary 4.9 gives us

T m t
fYthr=JE&Z[Y#<X¢J:’H>—Z</O ulJy V), (A?’ds)>ej+Ai},

0 i j=1
where the limit is also in L2(£2) and
1
aii= V(%5 g ) = 30T ) + TV (V) (5, )

Following the procedure in Theorem 6.1 of [7], subtracting the two integrals and re-balancing the terms gives us

T T
/ Yl‘ (¢] dXt - / Yl dXt
0 0

- 1
=Z<1£202 [ vl R ) + Jr ) v,

m tn
:Z( lim Zf [Ty V() = V¥ R(AT, ds)
o n— 00 - 0

1
3.l SV O] (R ) = R0 )

The second term in the last line of the expression above is dominated by

¢ H V() “ p-var;[0,T] H RC) ”‘i-\’af? [0.7]

by Young’s inequality, and thus converges in L?(2) to
1 T
= / [V (Yy)] . dR(s).
2 Jo J

This in turn guarantees the convergence of the first term in L?(£2) to the random variable U}j ) Now extracting an almost
sure subsequence allows us to equate both sides of (76) almost surely, and the proof is thus complete. O

In the more regular case 2 < p < 3, we can be more precise in identifying the second term (77) when X is a Volterra
process (cf. Theorem 6.1 in [7]).

Proposition 5.2. For2 < p <3, let Y € CP" ([0, T]; LRY; R™)) denote the path-level solution to X

dY; =V ;) o dX;, Yo = yo,
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where X € COP ([0, T1; GLPI(R?)) is a Volterra process satisfying Condition 1 with some p € [1, %), and whose kernel

. .. . 1
satisfies Condition 2 with o < TR

Furthermore, assume that V € Cg (R’”d; R™ @ Rd), and the covariance function satisfies

|R(t. ) = RGs, )| [ <Cli =57, (79)

p-var;[0,T

SJoralls,t €[0,T], and ||R(-)|lg-var;[0,7] < 00. Then almost surely we have

T T
/ YtOdXt=/ Y[dX[—'—ZT,
0 0

where the correction term is given by

. 1 rT
z<TJ>:§/O tr[V(YS)]de(s)—i-/[o 0 dRG.D

1 T T
=§/ tr[V(YS)]de(s)—i-/ K*®@K*hj(r,rydr, j=1,....m. (80)
0 0
with

hj(s,t) =10, () e[ JX V(¥) — V(Y,)]j.
Proof. Under the conditions of the theorem, we can invoke Theorem 6.1 from [7] to obtain the first line of (80). To obtain
the second line, we will use Proposition 4.3 from [23], which states that if ¢ : [0, T1> — R is a A-Holder bi-continuous
function (one that satisfies Definition 3.7 without necessarily satisfying (17)) with A > 2, then

T
/ ¢(s,t)dR(s, 1) :/ K*® K ¢ (r, r)dr. 81)
[0,T]? 0
Thus, the proof is complete once we show that & j(s, 1) is %-Hélder bi-continuous for all j =1,...,m since % > 2.
Using the fact that

hiGs, 1) =ulJX V(¥ — V],

is %—Hélder bi-continuous, we have, assuming v, > v without loss of generality,

|hjQu,v2) = hj(u,v1)| = |[hju,v2vVu) —hju,v V)|, wu,vr,vel0,T],

1
<CilvyVu—vVulr
1
< Clvy — w7,

and similarly,
1
|hj(ua, v) —hjui,v)| < Clus —uil?, v,ui,uz€[0,T1. O

Remark 5.3. In the case 3 < p <4, due to the lack of complementary regularity, we cannot apply the standard criterion
to ensure the 2D integral exists even though 1o ;) (s) tr[Jt)f_SV(Y s) — V(Y;)]; is continuous almost surely on [0, T1%.
Furthermore, although the integrand is strongly +-Holder bi-continuous away from the diagonal, one can check that in
general, (17) fails at the diagonal, which means that we cannot employ (81) from Proposition 4.3 in [23] (it can also be
verified that there would be insufficient Holder regularity in the weaker sense). Hence, we can only show convergence
in L2(2) rather than almost surely. The question of whether the second part of the correction term can be identified as a
proper 2D Young-Stieltjes integral requires further investigation.

An interesting special case of Theorem 5.1 is when the vector fields defining the RDE commute. In this situation the
Ur terms in the correction formula (76) disappear.
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Corollary 5.4. Under the conditions of Theorem 5.1, if in addition the vector fields commute, i.e. [V;, V;] =0 for all
i,j=1,...,d, then

T T 1 m T
/0 Y,odX,:/O Y,dX,—i—EZ;(/O tr[V(Ys)]de(s)>ej,
j:

Proof. For any vector field W € C! (R™4; R™d) | we have
1 S 1 i
(J5) " W) =W(o) +Z/ (JX) " Vi, Wlo dX?,
. 0
i=1
which can be computed using the RDEs satisfied by Y and (J Xy-1 of, Chapter 20 (Section 4.2) in [16]. Hence, if the
V;’s commute, then each V; is invariant under the flow of Y, and we have
JX viyy=v), 0<s<t<T. O
5.2. Applications of the correction formula

We present applications of the main theorem to two important special cases. The first is to fractional Brownian motion
in the regime H > zl_t' The second is to use the commuting case discussed in Corollary 5.4 to obtain Itd formulas for
Gaussian processes.

Theorem 5.5 (Correction formula fBM, H > JT). For1 <p<d4,letY e CP"(0,T]; L(RY; R™)) denote the path-
level solution to

dY, =V (¥;) o dX;, Y= yo,
where we assume that V € C’lj (Rmd, Rmd @ RA) with

2, 1<p<2,
k=416, 2<p<3, (82)
9, 3<p<4,

and X € COP ([0, T1; GLPI(RY)) is the geometric rough path constructed from the limit of the piecewise-linear approx-
imations of standard fractional Brownian motion with Hurst parameter H > % Then almost surely, we have

T T
/ Y[OdX[:/ Y[dX["r‘ZT,
0 0

where the correction term Zp = (Z(l), e, Z(Tm)) is given by
) T
2 =H f afV(r)] 52 ds + / hi(s. DRG0, j=1....m,
0 1 [0,T12
T T 1 1
= H/ tI‘[V(YS)]jSZH_l ds —i—/ K*®K*hj(r,r)dr, (when B <H< E), (83)

0 0

with

hi(s.t) =T n@Ou[JX V) -VE].. j=1...m.

j’

Remark 5.6. For simplicity, we use the same notation for the second term of Z(Tj ) forall H > %, with the understanding
that it denotes the L2(<2) limit of (77) when § < H < 1.

Proof. The proof rests entirely on the following Proposition 5.7, which tells us that fractional Brownian motion fulfills
all the requirements needed to apply Theorem 6.1 of [7] when H > %, and Theorem 5.1 when le <H< % ]
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Proposition 5.7. Let B be standard fractional Brownian motion with Hurst index H € ( }T’ 1), and let K be the square-
integrable kernel associated with it [11]. We have:

(1) Forany p > % the sample paths of B are almost surely %-Hb'lder continuous. Furthermore, there exists a geomet-
ric rough path X € COP ([0, T1; GLPY(RY)) which is the dp.var -limit of the paths S|, | (X™) as || || = 0.
(i) BH satisfies Condition 1 with p = % and

2 .
g = o fi<H=3,
pV1 ift<H<L

(ii1) If% <H< %, then the kernel K satisfies Condition 2 with o = % —H.
(iv) The covariance function, R(s,t) := %(SZH + 12" | — 521, of BY satisfies:

L
@ IRt ) = R(s. ) lgvarto.r1 < Clt =517, if § < H < 3,
(b) R(t) =*" is of bounded variation and thus of finite g-variation for any q > 1.

Proof. The proof uses standard arguments and can be found in Proposition 1.2.5 of [22]. |
We now show that we can recover It6’s formulas; cf. [2,3,20,28] and [29].

Theorem 5.8 (Ité formulas for Gaussian processes). For 1 < p <4, let X € C%P™ ([0, T; GLP1(RY)) satisfy Condi-
tion 1. Depending on p, we further impose the following conditions:

() 1<p<2:02s,1) <Clt —s|? for some 8 > 1 and | Rl g-var; 0,71 < 0.
(i) 2 < p < 3: The covariance function satisfies

HR(t’ ) - R(S, ')”q—var;[O,T] = Clt - S|%’ (84)

foralls,t €[0,T].
(i) 3 < p < 4: X is a Volterra process whose kernel satisfies Condition 2 with a < %. Furthermore, its covariance
function satisfies (84) and || R(-) || g-var;[0,T] < 00.

Then almost surely, for f € C£+2 (Rd; R), k defined as in (82), we have

T

T 1 T
f(XT)—f(0)=/O (Vf(Xt)aOdXt>=/o (Vf(Xz),dXz>+§/O Af(X)dR(@).

Proof. Let Y; = (Y, l(l), .Y ,(M)) denote the augmented process

9 3
—f(X,),...,—f(X,),Xfl),...X§d> :
dej deg

In this case Y satisfies the RDE
dY; =V (Y;) o dX¢, Yo = (30, 0),
where V(Y) € R?? ® R? is represented by the 2d-by-d matrix
vif (_Yr_)]
Ta

’

V(¥;) ={
and note that V2 £ (¥,) = V2 (x40 v®D) =v2 (X))

Now one can check that [V;, V;] =0 forall i, j =1,...,d, apply Corollary 5.4, and project back onto the first d
components to obtain the result. (]

Acknowledgements

The first-named author acknowledges the support of EPSRC Grants EP/M00516X/1 and EP/S026347/1.



168

T. Cass and N. Lim

References

(1]
(2]
(3]
[4]
[5]
[6]
(71
(8]
[9]
[10]
[11]
[12]
[13]

[14]
(15]

[16]

(17]
[18]

[19]
[20]
[21]
[22]
(23]
[24]
(25]
[26]

[27]
(28]

(29]

(30]

E. Alos, O. Mazet and D. Nualart. Stochastic calculus with respect to fractional Brownian motion with Hurst parameter lesser than % Stochastic
Process. Appl. 86 (1) (2000) 121-139. MR1741199 https://doi.org/10.1016/S0304-4149(99)00089-7

E. Alos, O. Mazet and D. Nualart. Stochastic calculus with respect to Gaussian processes. Ann. Probab. 29 (2) (2001) 766-801. MR1849177
https://doi.org/10.1214/a0p/1008956692

P. Carmona, L. Coutin and G. Montseny. Stochastic integration with respect to fractional Brownian motion. Ann. Inst. Henri Poincaré Probab.
Stat. 39 (1) (2003) 27-68. MR1959841 https://doi.org/10.1016/S0246-0203(02)01111-1

T. Cass and P. Friz. Malliavin calculus and rough paths. Bull. Sci. Math. 135 (6-7) (2011) 542-556. MR2838089 https://doi.org/10.1016/j.bulsci.
2011.07.003

T. Cass, P. Friz and N. Victoir. Non-degeneracy of Wiener functionals arising from rough differential equations. Trans. Amer. Math. Soc. 361 (6)
(2009) 3359-3371. MR2485431 https://doi.org/10.1090/S0002-9947-09-04677-7

T. Cass, M. Hairer, C. Litterer and S. Tindel. Smoothness of the density for solutions to Gaussian rough differential equations. Ann. Probab. 43
(1) (2015) 188-239. MR3298472 https://doi.org/10.1214/13- AOP896

T. Cass and N. Lim. A Stratonovich—Skorohod integral formula for Gaussian rough paths. Ann. Probab. 47 (1) (2019) 1-60. MR3909965
https://doi.org/10.1214/18- AOP1254

T. Cass, C. Litterer and T. Lyons. Integrability and tail estimates for Gaussian rough differential equations. Ann. Probab. 41 (4) (2013) 3026-3050.
MR3112937 https://doi.org/10.1214/12- AOP821

L. Coutin and Z. Qian. Stochastic analysis, rough path analysis and fractional Brownian motions. Probab. Theory Related Fields 122 (2002)
108-140. MR 1883719 https://doi.org/10.1007/s004400100158

L. Decreusefond. Stochastic integration with respect to Volterra processes. Ann. Inst. Henri Poincaré Probab. Stat. 41 (2) (2005) 123-149.
MR2124078 https://doi.org/10.1016/j.anihpb.2004.03.004

L. Decreusefond and A. S. Ustiinel. Stochastic analysis of the fractional Brownian motion. Potential Anal. 10 (2) (1999) 177-214. MR1677455
https://doi.org/10.1023/A:1008634027843

R. J. Elliott and J. Van Der Hoek. A general fractional white noise theory and applications to finance. Math. Finance 13 (2) (2003) 301-330.
MR1967778 https://doi.org/10.1111/1467-9965.00018

P. Friz, B. Gess, A. Gulisashvili and S. Riedel. The jain-monrad criterion for rough paths and applications. Ann. Probab. 44 (1) (2016) 684-738.
MR3456349 https://doi.org/10.1214/14- AOP986

P. Friz and M. Hairer. A Course on Rough Paths. Springer, Berlin, 2014. MR3289027 https://doi.org/10.1007/978-3-319-08332-2

P. Friz and N. Victoir. Differential equations driven by Gaussian signals. Ann. Inst. Henri Poincaré Probab. Stat. 46 (2) (2010) 369-413.
MR2667703 https://doi.org/10.1214/09- ATHP202

P. Friz and N. Victoir. Multidimensional Stochastic Processes as Rough Paths: Theory and Applications, 1st edition. Cambridge Studies in
Advanced Mathematics 120. Cambridge University Press, Cambridge, 2010. MR2604669 https://doi.org/10.1017/CB0O9780511845079

M. Gubinelli. Controlling rough paths. J. Funct. Anal. 216 (1) (2004) 86-140. MR2091358 https://doi.org/10.1016/j.jfa.2004.01.002

M. Gubinelli. Ramification of rough paths. J. Differential Equations 248 (4) (2010) 693—721. MR2578445 https://doi.org/10.1016/j.jde.2009.11.
015

M. Hairer and N. S. Pillai. Regularity of laws and ergodicity of hypoelliptic SDES driven by rough paths. Ann. Probab. 41 (4) (2013) 2544-2598.
MR3112925 https://doi.org/10.1214/12- AOP777

Y. Hu, M. Jolis and S. Tindel. On Stratonovich and Skorohod stochastic calculus for Gaussian processes. Ann. Probab. 41 (3A) (2013) 1656-1693.
MR3098687 https://doi.org/10.1214/12- AOP751

Y. Inahama. Malliavin differentiability of solutions of rough differential equations. J. Funct. Anal. 267 (5) (2014) 1566-1584. MR3229800
https://doi.org/10.1016/j.jfa.2014.06.011

N. Lim. A Stratonovich—Skorohod integral formula for Gaussian rough paths. Ph.D. thesis, Imperial College, London, 2016.

N. Lim Young-Stieltjes integrals with respect to Volterra covariance functions, 2018. Preprint. Available at arXiv:1806.02214.

T. Lyons. Differential equations driven by rough signals. Rev. Mat. Iberoam. 14 (2) (1998) 215-310. MR 1654527 https://doi.org/10.4171/RM1/240
T. Lyons, M. Caruana and T. Lévy. Differential Equations Driven by Rough Paths. Springer, Berlin, 2007. MR2314753

T. Lyons and Z. Qian. System Control and Rough Paths. Oxford Mathematical Monographs. Oxford University Press, London, 2003. MR2036784
https://doi.org/10.1093/acprof:0s0/9780198506485.001.0001

D. Nualart. The Malliavin Calculus and Related Topics, 2nd edition. Probability and Its Applications. Springer, Berlin, 2006. MR2200233

D. Nualart and S. Ortiz-Latorre. Multidimensional Wick—Ité Formula for Gaussian Processes. Stochastic Analysis, Stochastic Systems and Appli-
cations to Finance. World Scientific, Singapore, 2011. MR2884564 https://doi.org/10.1142/9789814355711_0001

N. Privault. Skorohod stochastic integration with respect to non-adapted processes on Wiener space. Stoch. Stoch. Rep. 65 (1998) 13-39.
MR1708428 https://doi.org/10.1080/17442509808834172

N. Towghi. Multidimensional extension of L.C. Young’s inequality. JIPAM. J. Inequal. Pure Appl. Math. 4 (1) (2002) 1-7. MR1906391


http://www.ams.org/mathscinet-getitem?mr=1741199
https://doi.org/10.1016/S0304-4149(99)00089-7
http://www.ams.org/mathscinet-getitem?mr=1849177
https://doi.org/10.1214/aop/1008956692
http://www.ams.org/mathscinet-getitem?mr=1959841
https://doi.org/10.1016/S0246-0203(02)01111-1
http://www.ams.org/mathscinet-getitem?mr=2838089
https://doi.org/10.1016/j.bulsci.2011.07.003
http://www.ams.org/mathscinet-getitem?mr=2485431
https://doi.org/10.1090/S0002-9947-09-04677-7
http://www.ams.org/mathscinet-getitem?mr=3298472
https://doi.org/10.1214/13-AOP896
http://www.ams.org/mathscinet-getitem?mr=3909965
https://doi.org/10.1214/18-AOP1254
http://www.ams.org/mathscinet-getitem?mr=3112937
https://doi.org/10.1214/12-AOP821
http://www.ams.org/mathscinet-getitem?mr=1883719
https://doi.org/10.1007/s004400100158
http://www.ams.org/mathscinet-getitem?mr=2124078
https://doi.org/10.1016/j.anihpb.2004.03.004
http://www.ams.org/mathscinet-getitem?mr=1677455
https://doi.org/10.1023/A:1008634027843
http://www.ams.org/mathscinet-getitem?mr=1967778
https://doi.org/10.1111/1467-9965.00018
http://www.ams.org/mathscinet-getitem?mr=3456349
https://doi.org/10.1214/14-AOP986
http://www.ams.org/mathscinet-getitem?mr=3289027
https://doi.org/10.1007/978-3-319-08332-2
http://www.ams.org/mathscinet-getitem?mr=2667703
https://doi.org/10.1214/09-AIHP202
http://www.ams.org/mathscinet-getitem?mr=2604669
https://doi.org/10.1017/CBO9780511845079
http://www.ams.org/mathscinet-getitem?mr=2091358
https://doi.org/10.1016/j.jfa.2004.01.002
http://www.ams.org/mathscinet-getitem?mr=2578445
https://doi.org/10.1016/j.jde.2009.11.015
http://www.ams.org/mathscinet-getitem?mr=3112925
https://doi.org/10.1214/12-AOP777
http://www.ams.org/mathscinet-getitem?mr=3098687
https://doi.org/10.1214/12-AOP751
http://www.ams.org/mathscinet-getitem?mr=3229800
https://doi.org/10.1016/j.jfa.2014.06.011
http://arxiv.org/abs/arXiv:1806.02214
http://www.ams.org/mathscinet-getitem?mr=1654527
https://doi.org/10.4171/RMI/240
http://www.ams.org/mathscinet-getitem?mr=2314753
http://www.ams.org/mathscinet-getitem?mr=2036784
https://doi.org/10.1093/acprof:oso/9780198506485.001.0001
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2884564
https://doi.org/10.1142/9789814355711_0001
http://www.ams.org/mathscinet-getitem?mr=1708428
https://doi.org/10.1080/17442509808834172
http://www.ams.org/mathscinet-getitem?mr=1906391
https://doi.org/10.1016/j.bulsci.2011.07.003
https://doi.org/10.1016/j.jde.2009.11.015

	Introduction
	Preliminaries
	Rough path concepts and notation
	Gaussian rough paths
	Volterra processes and fractional Brownian motion

	Convergence in D1, 2 ( H1d )
	Convergence in H1d
	Convergence in H1dH1d
	The Malliavin derivative and convergence in the tensor norm
	The Itô-Skorohod isometry revisited
	Approximation of the Skorohod integral

	Augmenting the Skorohod integral with higher-level terms
	Estimates for controlled rough paths of lower regularity
	Upper bounds on the high-order Malliavin derivatives
	Augmenting the higher-order iterated integrals

	Correction formula
	Main theorem
	Applications of the correction formula

	Acknowledgements
	References

