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A NEW PROBABILITY FUNCTION AND ITS PROPERTIES

By Tseng-Tung CHENG
National Amoy University, China

ET 24, Zg, * * *, Tn be 7 quantities which vary within the interval

(0, 1) and have the same probability function ¢(z). Let f(t)dt be the
probability that the sum of these n quantities has a value between ¢
and ¢-4-d¢. Then

d
10 =2 [ [ - [ oo s@dndz - am,

where the region V, over which the n-tuple integral is extended, is de-
fined by the inequalities

0=1,=51, 03151, -+ ,052. 51, ;at-29+ + -+ +2.50 (2)
Let V' be the region defined by
020,082, , 0S8z, o1+ T2+ +2,. 5

and V, be that part of V' in which s and only s of the 2’s are greater
than 1, so that when k<t{<k-+1, we may write symbolically

Vi=V4+Vid--- + Ve 3
Again, let V© be the region defined by
xlg 1) tt xsgl) $3+1_Z_0, Tty xngoy x1+x2+ A +xﬂ§t (4)

where, of course, s is less than ¢. Furthermore, we will denote the values
of the n-tuple integral

f f f S(@)d(xs) - - - d(za)dadws - - - din

extended over the regions V, V', ¥, and V' respectively' by I, I, I,
and I®,
By the definitions given above, we may derive the following relations:

Cr I = [, -+ Cly 4 Ci¥ls 4+« - - + CFL

CrI® = Io 4 C&L + - - - + CFL
O I® = Is+ - + CéL 5
Crl® = I

1Tt ig assumed here that the function ¢(z) has also been defined for values of z lying outside the
interval (0, 1).
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where C,» denotes, as usual, the number of combinations of n things

taken s at a time.
With the aid of the relation

I'sI+L+--+1,

which follows immediately from equation (3), we find from equations
(5) that

I =1 —CprI® 4 CpI@ — o 4 (= 1FRCRI®, (6)
The transformation
211=Z1+1,"',:l?s=2a+l,xa+1=2.+1,"',l'n=zn 0

carries the region V® into a new region R® defined by the inequalities
2120,2020,--- =0+t +a2t—s (8)

Hence

I® = ff e fR(s)¢(z1 + 1') - (2 + 1)¢(Zerr)

<o ¢(2u)deadze - - - d2.. (9)

If ¢(x) be a polynomial in , then each of the integrals I’ and I is
the sum of a number of Dirichlet’s integrals, and may therefore be ex-
pressed in terms of I' functions. In particular, when ¢(z)=1,

rae 1
r = ,_L(_)_]_tn = —{n, (10)
T(n+ 1) n!
1
IO=—(@t—-98" s=1,2---,k (11)
n!

Substituting (10) and (11) into (6) gives
1

I=—‘ [tr—Cr@t—1)r4 - -+ +H(—=1DFCr(t—k)»], k<t<k+1. (12)
n!

Differentiating (12) we obtain finally

1
D = — = -1 — Opn(t — 1)1 R
0 =5 == | (e = 1 +
4+ (= DCrt — k)], k<tLk+1. (13)
As shown elsewhere,? the function f(f) has the following properties:

2 T. T. Cheng, Collected Scientific and Engineering Papers, National Amoy University.
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(a) f(£), together with its first n»—2 derivatives, is continuous
throughout the interval (0, n).

(b) f(¢) 1s symmetrie with respect to the point {=1%n.

(c) f(?) increases in the {-interval (0, in) and decreases in (in, n).

(d) The moments of f(¢) with respect to its arithmetic average {=3n
are given by the following identity:

© tk e‘ p— 1 n
L ( 5 ) , (14
where uj denotes the kth moment. Hence

po=1, =0,y = n/12, uy = 0, s = (5n% — 21)/240, - - - . (15)

In general, uoz+1=0 and pa; is a polynomial of the kth degree in n which
may be written in the form

oy = T[Eﬁ _2_2] n*|1 + terms involving 1/n|. (16)

Neglecting the terms involving 1/7 and denoting the standard devia-
tion by o, this equation gives

o? = p = n/12, _ an
whereupon it follows that
e = (2 — 1)(2k — 3) - - - 3.1a%, (18)
which is a property characteristic of the normal curve
1 6—22/202‘

Y= Vare



