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Abstract

There are many mature studies on options pricing since options are one of the
most widely traded financial products. However, the study on exotic options is
relatively rare. As the development of financial market, there will be much more
complex option products. Thus, finding a general method to solve the option pricing
and hedging problems is essential.

This paper mainly focuses on the pricing and hedging problems of European call
option, digital call option and a special case of barrier option via numerical solution of
partial differential equations (PDEs). Firstly, this paper transfers the B-S PDE of
option pricing into heat equation, which makes the numerical solving much easier
than solving the B-S PDE directly. Besides, this paper discusses the most widely used
numerical approach in solving PDEs, the implicit scheme and the Crank-Nicolson
scheme and their implications in option pricing. The speed of convergence in implicit
scheme is slower than that in Crank-Nicolson scheme, but the solution of implicit
scheme is more stable. Thus, we recommend the implicit scheme in numerical option
pricing. Also, the errors of numerical solution are huge and order of convergence in
space dimension does not approximate theoretical value when the payoff function of
option is not continuous or its first order derivative does not exist, especially when
these discontinuous points are not on the grid of numerical solution. To handle this
problem, this paper proposes a smoothing function approach. This approach changes
the payoff of points near the discontinuous points via a smoothing function. Finally,
this paper shows the relationship of Greeks and initial stock price. The Greeks change
much more smoothly with initial stock price after smoothing payoff function than the
case without smoothing payoff function.

Key words: PDE Numerical Solution; Smoothing Function; Implicit Scheme;

Crank-Nicolson Scheme

1I



B B ettt seseaeaeae s s s s s st s s e e e e e neneneaeaenenenanenane I
ADSITACE ccccceeerrrcrcrneeeeeecceccssssssnnsasseeeecessssssssssnssssssesssssssssssasasssssssssssssssnnsanns II
HI—BF G T cverrrrerrrerssessssssssessssessssessssssssssssssssssessssessssssssasssasssssssssses 1
1.1 FARBREE N ccccsssnsssssssssssssssssssssssssssciassssssinssns 1
1.2 A58k 2
1.3 FABABZR cooecccsnsscssssssssssssssssssssssssssssssassssssnisns 3
BB STEREDE .ooveeereeerereressssssssssssssssssssssssssscssssssissssssssasssssssssassses 5
2.1 #AR 5
2.2 RIS OB AR 8

2.3 ZfTERBEBALIE 10
BT RS TTIEBUERR .oovevceercrrieesssesssssssssssssssssssssssssssssasssssens 13
3.1 RS FRENEEESR.......... 13
32 BRENE o 14
321 B VAR EETRAN oo 14

3.2.2. ST B ZE P VEIIIRAE e 15
3.3.Crank-Nicolson 3% 19
3.3.1. Crank-Nicolson VAR oo 19

3.3.2. SEHIRF Crank-Nicolson V2 FIERIE .......oveeveeveereieeeeeseeeeneene 21

34 YMEEHFILFFS 25
FEIIE TATERBITETEALIR ...coceeeeerererreneenenseneneesessssssssesesssssesesssssssns 27
4.1 ZAHERBOLR LIRS 27
4.2 BRI ERY AT BRI R EE 29
4.2.1. BRECE TRIABOETE AL BT S5 BO E 30

4.2.2. BB BRIABUDGTE A BT S WSO B e 34

4.2.3. 1) LR IO AL PR JE SCSB BON 39

1



BEFER JRUBE T coeeeereeeeeeesnecsnesnssssnssssnsssssssnssssnsssssssnssssnsssssssnssssnssssssens 47

5.1 BT B AR B WIS EL 47

5.2 BFEREIPE R LR E R X X EE 49

5.3 BER BB AL IR AT IR R S BT EE 50
BITNEE LR oot st ae s R saesstaes 53
BT TUHR coovevereenereneenenerenessssssesesssssessesessssssssesessssssssesssssssssessssssssesisasasasans 56
BIISR A ercreceeeesesesessenssssssssssssssssssssssssssssssssssssssssessessasssssssssssassasiassassasses 61
BHISR B evueecesenscnsensenssessesssssensssssssssssssssssssssssnssssssssssssssssesssssssssssssssssssssans 63
BISR Correrecrrercnnensenssessensssssenssssssnsssssessssssssssnsssssinssssssnssssssssssssssssssssssssans 64
BHISR D veeecrrenscnnensenssessenssssenssssssnsssssssssssssasssssssssnisssssnssssssssssssssssssssssssens 65
BHIB .vencnereenensnnssenssnssesssnssessensssssensstisenssassesssiasesssnssssssssssssesssnssssssnsssssnsases 67

v



Table of Contents

Chinese Abstract ..... . . . . . |
English Abstract . . . . . JI
Chapter 1 Introduction....... . . . R 4 1
1.1 Research Background and Motivation 1

1.2 Contributions 2

1.3 Research Framework 3
Chapter 2 Literature Review . ) . .S
2.1 Options 5

2.2 Numerical Solution of PDE 8

2.3 Payoff Function Smoothing 10
Chapter 3 Numerical Solution of PDE..... . 13
3.1 Changing Variables of PDE 13

3.2 Implicit Scheme 14
3.2.1. Theoretical Introduction of Implicit Scheme..........c...cceevvevieeirennnne 14

3.2.2. Application and Proof of Implicit Scheme .........c...cccevevierieecnrennnn. 15
3.3.Crank-Nicolson Scheme 19
3.3.1. Theoretical Introduction of Crank-Nicolson Scheme....................... 19

3.3.2. Application and Proof of Crank-Nicolson Scheme .............ccccvrnien. 21
3.4.Initial and Boundary Conditions 25
Chapter 4 Payoff Function Smoothing .... . 27
4.1 Smoothing Scheme 27

4.2 Order of Convergence before and after Smoothing 29

4.2.1. Comparison of Order of Convergence in European Call Option....... 30

4.2.2. Comparison of Order of Convergence in Digital Call Option........... 34
4.2.3. Comparison of Order of Convergence in Barrier Option .................. 39
Chapter 5 Risk Hedging ..... . . .47




5.1 Comparison of Greeks in European Call Option

47

49

5.2 Comparison of Greeks in Digital Call Option

5.3 Comparison of Greeks in Barrier Option

50

Chapter 6 Conclusion

Reference

Appendix A ....

Appendix B .....

Appendix C....

Appendix D ....

Acknowledgements ..

VI

53

56

.61

.63

64

65

67



T}
it
i}

1.1 AREREEX
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WAL (Options) &<l B35k, Mg 1 IBETH B AR KB E
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W BIE E N 1 HEAT. WERISAHERIRNIBER i, B IBE G2 5,
SIBLI RS A 2 AN S B U5 AR B B R R B O s 2 15 B EAME I — 3
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