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1　 Introduction and Background

In [1], the f irst autho r o f th is paper redef ined random no rm ed spaces and fu rther in t roduced

random no rm ed m odu les and random inne r product m odu les. Ba sed on these basic no t ions,

G uo, in [1], def ined the random con juga te space o f a random no rm ed space to be the random

no rm ed m odu le consist ing o f a ll a lm ost surely bounded random linea r funct iona ls de f ined on the

random no rm ed space. A se ries o f recen t w o rk on the theo ry o f random con juga te spaces and

its applicat ions[2— 7] have show n that this de fin ition o f a random con jugate space no t on ly p ro-

v ides a p roper f ram ew o rk fo r p rev ious resu lts o f random con jugate spaces bu t a lso have ove r-

com e all se rious sho rtcom ing s o f a ll p rev ious def in it ions o f a random con jugate space, and thus

w e regard it as the def init ive def in it ion o f a random con juga te space.

How eve r, th e fo rm at ive cou rse o f th is def in it ive def in it ion is long, inte rm it ten t and clo se ly

related to m any top ics from the theo ry o f p robabilistic no rm ed spaces, random funct ional ana l-

y sis and random m e tric theo ry
[ 8— 10]

. C hrono log ica lly, w e can div ide the fo rm a tive cou rse in to

the fo llow ing th ree stag es: the f irst is Su ltanbekov′s w o rk on st rong ly bounded random linea r

fun ctiona ls in spaces o f st rong ly m easurab le func tion s
[ 11]

( see also Sect ion 2 o f th is pape r); the

second is Zhu′s w o rk on a lmost su rely bounded random linear funct iona ls unde r the f ram ew o rk

o f an E-no rm space
[12 ]

( see a lso S ection 3 o f th is pape r); the th ird is G uo′s w o rk on random

con juga te spaces under the f ram ew o rk o f a random no rm ed space
[ 13, 14]

tog ether w ith a se ries o f



G uo′s fur the rw o rk
[ 1, 4— 7] ( see also Sec tions 4 and 5 o f th is pape r).

T he pu rpo se o f th is pape r is to g ive som e rev iew s on the above sta ted each stage o f w o rk

so tha t one canm ake clea r the sub stan t ia l dist inct ions am ong the th ree stag es o f w o rk tog e the r

w ith som e basic con cep ts presen ted a t each stag e. In pa rt icu la r, S ect ion 6 o f th is paper g ives

com p le te re la t ionsh ip s am ong strong ly bounded, topo lo g ically bounded and a lm ost su re ly

bounded random linea r fun ctiona ls, w here w e a lso discuss the reasonab ility o f the de fin itive

def init ion o f a random con jugate space f rom the ang le o f the ope ra to r space theo ry.

T o m ake precise ou r rev iew s on the above sub ject, w e first reca ll som e necessa ry no t ions

f rom the theo ry o f p robab ilist icm etric spaces and random funct ional analy sis.

T hroughou t this pape r, K alw ay s deno tes the scalar f ield o f a ll rea l num bers ( b rief ly, R )

o r o f a ll comp lex num bers ( b rief ly, C ). D
+
= {F: ( - ∞, + ∞ )→ [0, 1 ]|F is le f t con tinuou s,

nondecreasing, F ( 0) = 0, lim
x→+ ∞

F (x ) = 1}, n am ely the set o f all regu la r distance distribu tion

fun ction s ( see [8 ] ).

A tw o-p lace func tion T : [0, 1 ]× [0, 1]→ [0, 1] is ca lled aw eak t-no rm if it sat isf ies the

fo llow ing three condit ions: 1) T (a, b ) = T (b, a ) a, b∈ [0, 1 ]; 2) T (a, b )≤ T (c, d ) a≤

c, b≤ d; 3) T ( 1, 0) = 0. A w eak t -no rm T is cal led a t -no rm if it also sa tisfies the fo llow ing

tw o cond it ions: 4) T ( 1, a )= a a∈ [0, 1 ]; 5) T (a, T (b, c ) )= T (T (a, b ), c ) a, b, c∈

[0, 1].

C lea rly, Tmax (a, b )= 1 ifa b> 0 and 0 o therw ise, is the g reatest w eak t -no rm in a llw eak

t -no rm s. M in de fined by M in (a, b ) = a∧ b a, b∈ [0, 1 ], andW def ined byW (a, b ) =

m ax (a + b - 1, 0) a, b∈ [0, 1], are bo th t -no rm s.

Def in ition 1. 1
[8 ]
　A trip le (S, F, T ) is ca lled a M enger probab ilist ic no rm ed space

( br ie f ly aM enger-PN space) ove rK ifS is a linear space ove rK , T is a w eak t -no rm and F: S
→ D

+
is am app ing such that the fo llow ing ho ld:

(PN -1) F p ( t) = X0 ( t) =
1, t > 0

0, t≤ 0
　 ( t∈ R ) if p = θ( the nu ll inS );

(PN -2) FTp ( t ) = F p
t
|T|

 t∈ R, T∈ K andT≠ 0, and p ∈ S;

(PN -3) F p = X0 im p liesp = θ;

(PN -4) F p+ q ( x + y )≥ T (Fp ( x ), F q (y ) ) p, q ∈ S, x, y ∈ R.

He reFp stands fo rF (p ), ca lled the probab ilist ic no rm o f the vecto rp inS. If (S, F, T )

sa tisfies on ly (PN -1), (PN -2) and (PN -4) above then it is ca lled a p robab ilist ic p seudono rm ed

space ( b rief ly, aM enger-PPN space).

Le t (S, F, T ) be aM enger-PN space. Deno te the se t o f a ll such w eak t -no rm s T 1 fo r

w h ich (PN -4) ho lds by T, de f ineT
~ : [0, 1 ]× [0, 1]→ [0, 1] byT

~ (a, b )= sup{T 1 (a, b )|T 1

∈ T } a, b∈ [0, 1]. T henT~ st ill sa t isfie s (PN -4) and is also aw eak t -no rm. T
~ is ca lled the

g rea test w eak t -no rm o f (S, F, T ) [15, 16 ].

Def in ition 1. 2
[ 8]　L et (S, F, T ) be aM enger-PPN space such that T ( 1, a )≥ a a∈

[0, 1]. G iv en an e lem ent p inS, le tp~ = {q∈ S|Fp - q= X0 }, S
~ = {p~|p ∈ S } andF~ : S

~ →D
+

be def ined byF
~

p~ = F p fo r any p in S. T hen (S~ , F
~

, T ) is aM enge r-PN space, ca lled the quo-

t ien t space o f (S, F, T ).
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Remark 1. 1　Le t (S, F, T ) be the sam e as in D ef. 1. 1, p, q∈ S be su ch tha tF p - q = X0.

T henF p ( t) = Fq ( t ) t∈ R. In fact, w e need on ly to checkF p ( t )= F q ( t) t> 0. G iv en a po s-

t ive num ber t> 0, and 0< x < t, then (PN -4) y ie ldsF p ( t)≥ T (Fp - q (x ), F q ( t - x ) ) = T ( 1,

F q ( t - x ) )≥ F q ( t - x ) x ∈ ( 0, t ), and henceF p ( t)≥ F q ( t) t> 0 sinceF q is lef t cont inu-

ou s. S im ila rlyF q ( t )≥ Fp ( t ) t > 0, thusFp = Fq, thisF
~

is w e ll de f ined. O bv iously, all t -

no rm s T sat isfy the condit ion T ( 1, a ) = a, and hence a lso T ( 1, a)≥ a a∈ [0, 1].

Proposition 1. 1
[15, 16 ]

　 Le t (S, F, T ) be a M enger-PN space overK w ith its g reatest

w eak t -no rm T
~ . Fo r each r∈ ( 0, 1), de f ineN r ( ): S→ [0, + ∞ ) byN r (p ) = F

∧
p ( r ), w here

F
∧
p ( r ) = sup{ t≥ 0|F p ( t) < r }. T hen w e have the fo llow ing sta tem en ts:

1) (S, {N r ( ) }r∈ ( 0, 1) ) is a p seudono rm ed linear space if f sup {T~ (a, a)|0< a < 1}= 1;

2) (S, {N r ( ) }r∈ ( 0, 1) ) is aB 0 -type space ( nam e ly eachN r ( ) is a sem i-no rm on S ) iffT~≥

M in, nam e ly T~ (a, b )≥ a∧ b a, b∈ [0, 1].

3) there ex ists a no rm ‖  ‖ on S such th atN r (p ) = ‖ p‖ fo r al l r∈ ( 0, 1) and p ∈ S

if fT~ = Tm ax, nam e ly T~ (a, b ) = 1 ifa  b > 0, and 0 o therw ise.

Remark 1. 2　 A cco rding to LaS a lle
[ 17], tha t the above (S, {N r (  ) }r∈ ( 0, 1) ) is a

pseudono rm ed linear space overK m ean s it sa tisf ies the fo llow ing condit ions:

1) N r (p ) = 0 fo r a ll r ∈ ( 0, 1) if fp = θ;

2) N r (Tp ) = |T|N r (p ) fo r a llT∈ K , p ∈ S and a ll r ∈ ( 0, 1);

3) fo r each r∈ ( 0, 1) the re ex ists t∈ ( 0, 1) such thatN r (p + q )≤N t (p ) + N t (q ) fo r a ll

p , q∈ S.

S ince fo r any f ix ed p in S, N r (p ) is nondecreasing in r, as show n in [ 17 ], such

pseudono rm ed linear space s as (S, {N r ( ) }r∈ ( 0, 1) ) ex act ly g ive a llm etrizab le linea r topo log ica l

spaces, and thus g ive a llm e trizab le locally convex spaces w hen T~ ≥ M in. P ropo sition 1. 1 f irst

o ccu rred in [16 ] in the above fo rm togetherw ith a b rie f p roo f, it is a sligh t im provem en t o f the

co rre sponding resu lts in [15 ].

Proposition 1. 2[8 ]　Le t (S, F, T ) be aM enger-PN space su ch tha t its g rea test w eak t -

no rm T
~

sat isf ies sup {T~ (a, a)|0< a < 1}= 1. G ivenX> 0, 0< λ< 1, le tN θ(X, λ) = {p ∈

S|F p (X) > 1 - λ}, then {Nθ(X, λ)|X> 0, 0< λ< 1} fo rm s a lo ca l base a tθo f som em e tr izab le

linear topo logy fo r S, ca lled the (X, λ) -linear topo logy fo r S. Fo rm now on, fo r a g iv en

M enger-PN space, w e say it is a linea r topo log ica l space iff its linear topo log y is ex ac tly the

above (X, λ)- linear topo logy.

Remark 1. 3　 In fact, in P ropo sition 1. 2, the (X, λ)-m e trizab le linear topo log y is ex act ly

tha t determ ined by the pseudono rm s {N r ( )|r∈ ( 0, 1) } as in [17 ]. It is obv iou s that a se tA

o f (S, F, T ) is topo log ica lly bounded ( nam e ly A can be ab so rbed by any ne ighbo rhood o fθ) iff

A is p robab ilist ical ly bounded in term s o f [8] ( nam elyD A ( ): R → [0, 1 ] de fined byD A ( t ) =

sup
x< t

inf
p∈ A

Fp ( x ) fo r a ll t∈ R, be long s toD
+ ), th is is a lso equ iva lent to sup

a∈ A
N r (a ) < + ∞ fo r all r

∈ ( 0, 1).

Def in ition 1. 2　L et (S 1, F 1, T
1 ) and (S 2, F 2, T

2 ) be any tw o M enger-PN spaces ove r

the sam e sca lar fie ldK . T hen a linea r opera to rQ: S 1→ S 2 is cal led st rong ly bounded if the re ex-

ists a po sit ive numbe rM such tha tF
2
Q (p ) ( t )≥ F

1
p

t
M

fo r allp inS 1 and a ll t∈ R; is ca lled topo-
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log ica lly bounded ( if sup
0< a< 1

T
1 (a, a ) = 1 and sup

0< a< 1
T

2 (a, a ) = 1) ifQ m ap s every topo log ica lly

bounded se t o fS
1
to a topo log ical ly bounded se t o fS

2.

In th is sequel o f th is paper, a ll the g rea te stw eak t -no rm sT~ o fM enger-PN spaces appea r-

ing in th is paper are a ssum ed to sat isfy the condit ion sup
0< a< 1

T
~ (a, a )= 1. T hen it is easy to check

tha t a st rong ly bounded linear ope ra to r is topo lo t ical ly bounded, and tha t a linear opera to r is

topo log ica lly bounded iff it is con t inuous.

Le t (S 1, ‖  ‖ 1 ) and (S 2, ‖  ‖ 2 ) be any tw o no rm ed spaces over the sam e sca la r f ie ld

K . De fineF 1
: S 1→D

+
and F 2

: S 2→D
+

byF
1
p ( t) = X0 ( t - ‖ p‖ 1 ) p ∈ S 1, t∈ R; F

2
p ( t)

= X0 ( t - ‖ p‖ 2 ) p ∈ S 2, t∈ R. H e reX0 is the sam e as in D ef init ion 1. 1, then (S 1, F1,

M in) and (S 2, F 2, M in) a re bo thM enge r-PN spaces, and it is obv ious tha t the ir (X, λ) -linea r

topo log ies are exact ly the o rdinary no rm -topo log ies o f (S 1, ‖  ‖ 1 ) and (S 2, ‖  ‖ 2 ) re spec-

t ive ly. It is a lso c lea r tha t a t th is t im e a st rong ly bounded linear operato rQ from (S 1, F1
,

M in) to (S 2, F 2, M in) sa tisfiesF 2
Q (p ) ( t)≥ F

1
p

t
M

fo r all t∈ R, p ∈ S 1 fo r som eM > 0 iff

‖ Q (p )‖ 2≤ M‖ p‖ 1 fo r al lp ∈ S 1, th is is ag ain iffQ is topo log ica lly bounded. G enera lly

speak ing, a topo log ica lly bounded linear operato r is no t necessarily st rong ly bounded, see Sec-

t ion 6 o f th is pape r.

A lthough the topo log ica l boundedness o f linear ope ra to rs is st rict ly w eaker than the strong

boundedness o f linear opera to rs, the set o f al l topo log ica lly bounded linear operato rs f rom a

M enger-PN space to ano the r fo rm s a linear space under the o rdinary sca lar m u ltip lica t ion and

addit ion ope ra tion o f linea r operato rs. H ow eve r, the sim ila r con clusion, generally, no longe r

ho lds fo r strong ly bounded linear operato rs, a no t ve ry dif icu lt coun terex am p le on th is respect

is le f t to the reade r. W e g ive on ly the fo llow ing af firm a tiv e resu lt:

Proposition 1. 3　Le t (S 1, F 1, T
1 ) and (S 2, F 2, T

2 ) be any tw oM enger-PN space s ove r

the sam e scalar f ieldK , and T
2
≥ M in. T hen the set o f all strong ly bounded linea r operato rs

fo rm S 1 toS 2 fo rm s a linear space ove rK .

Proof　Le t {N
1
r ( ) }r∈ ( 0, 1) and {N 2

r ( ) }r∈ ( 0, 1) co rrespond to F 1
andF 2

respec tive ly as in

P rop. 1. 1. S inceT
2≥ M in, then fo r each r∈ ( 0, 1)N r

2 ( ) is a sem ino rm onS 2 by P rop. 1. 1.

W e need on ly to checkQ 1 + Q 2 is st ill strong ly bounded if bo thQ 1 andQ 2 a re st rong ly bounded

linear ope ra to rs f rom S 1 to S 2. SupposeM 1 andM 2 are po sit iv e su ch tha tF
2
Q

1
(p ) ( t)≥ F

1
p

t
M 1

,

F
2
Q

2
(p ) ( t)≥ F

1
p

t
M 2

fo r a ll t∈ R and allp ∈ S 1; equ iv alen t ly N
2
r (Q 1 (p ) )≤ M 1  N 1

r (p ), and

N
2
r (Q 2 (p ) )≤ M 2  N 1

r (p ) fo r a ll r∈ ( 0, 1) and a llp ∈ S 1.

S inceN 2
r ( (Q 1 + Q 2 ) (p ) )≤N

2
r (Q 1 (p ) ) + N

2
r (Q 2 (p ) )≤M 1  N 1

r (p ) + M 2  N 1
r (p ) = (M 1

+ M 2 )  N
1
r (p ) fo r al lp ∈ S 1 and a ll r ∈ ( 0, 1), then equiv alen t ly w e can have:

F
2
(Q

1
+ Q

2
) (p ) ( t)≥ F

1
p

t
M 1 + M 2

fo r a ll t∈ R and a llp ∈ S 1.

Q 1 + Q 2 is, clear ly, a lso linea r, and thusQ 1+ Q 2 is st ill a st rong ly bounded linear opera-

to r.

T h is comp le tes the pro o f.

Proposition 1. 4　 Le t (S, F 1
, T

1
) and (S 2, F 2

, T
2
) be tw oM enger-PN spaces overK .
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T hen w e have the fo llow ing:

1) ifT 1≥ M in, then there ex ists a nonze ro con t inuous linea r ope ra to r f rom S 1 toS 2;

2) ifT 2≥ M in and the re doesn′t ex ist a nonzero cont inuou s linea r fun ctiona l on (S 1, F1,

T
1 ), then it is im po ssib le tha t the re ex ists a nonzero cont inuou s linea r ope ra to r f rom (S 1, F1,

T
1 ) to (S 2, F 2, T

2 ).

Proof　 1) S inceT
1≥ M in, then (S 1, F 1, T

1 ) m ust be lo ca lly convex, o f course, there

ex ists a nonzero con t inuous linea r funct ional f on S 1. Le tq be any nonzero elem en t in S 2, then

Q : S 1→ S 2 de fined byQ (p )= f (p )  q fo r a llp∈ S 1, is clea rly a nonze ro con tinuous linear op-

e ra to r f rom S 1 toS 2.

2) Suppo se the re ex ists a nonzero con tinuou s linea r ope ra to rQ f rom S 1 to S 2, nam e lyQ (p )

≠θfo r som ep inS 1. S inceT
2
≥M in, (S 2, F 2

, T
2
) m ust be locally convex, then by H ahn-B a-

nach theo rem the re mu st be som e nonze ro con t inuous linea r funct iona l f on S 2 such th at

f (Q (p ) )≠ 0. D ef ineF: S 1→ K byF (p~ ) = ( f  Q ) (p~ ) p
~ ∈ S 1, then it is obv iou s thatF is a

nonze ro con t inuous linea r functiona l on S 1, th is is a con trad ict ion to the hypo thesis on 2).

T h is comp le tes the pro o f.

Remark 1. 4　 P ropo sit ion 1. 4 show s there are no t necessarily non triv ial con t inuous ( e-

qu iva lent ly, topo log ica lly bounded) linear ope ra to rs be tw eenM enger-PN spaces. D esp ite th is

fact, m any scho lars have d iscu ssed the so-called operato r space p rob lem s under the hypo thesis

tha tT
2
≥ M in, w e hope these scho la rs can take seriou sly th is fact.

E -no rm space s and sem i-no rm -generated space s are frequen tly em ployed in th is paper, be-

fo re they are cited, le t us first reca ll som e basic no t ions. T h roughou t the re st o f th is paper,

(K, A, _ ) a lw ay s deno tes a g iv en p robability space un less o therw ise sta ted.

Def in ition 1. 3　 Le t (B , ‖  ‖ ) be a no rm ed space. A m app in V : (K, A, _ ) → (B ,

‖  ‖ ) is ca lled anA-random e lem ent ( a lso ca lled anA-gene ra lized random variab le) if

V
- 1

(G ) = {k∈ K|V (k)∈ G }∈ Afo r all open setG o fB ( anA-random e lem en t is o f ten sim -

p ly said to be a random e lem en t if no o there-a lg eb ras thanAare conside red)
[9, 10 ]; A nA-

random elem en tV: (K, A, _ )→ B is ca lled simp le if V takes on ly f inite ly m any va lue s inB ,

fur the rmo re am app ing from (K, A, _ ) to (B, ‖  ‖ ) is ca lled anA-random va riab le if it is

the po in tw ise lim it o f a sequence o f sim p leA-random e lem en ts
[18 ]. A m apping f rom (K, A,

_ ) to (B, ‖  ‖ ) is ca lled a strong ly m easu rab le funct ion if it is the po intw ise lim it alm ost ev-

e ryw here o f a sequence o f sim p leA-random e lem ents
[ 19].

Remark 1. 5　 It isw e llknow n from [9, 10] that am apping isA-random var iab le iff it is

A-random e lem en t and its range is separab le. It is easy to see tha t the no t ion o f a st rong ly

m easu rab le func tion am oun ts to tha t o f a_ -m easu rab le funct ion in t roduced in [20 ]. Fo r any

tw oA-random variab lesV 1, V 2: (K, A, _ )→ (B, ‖  ‖ ), it isw e ll know n from [9] thatV 1

+ V 2 is st ill anA-random va riab le, and hence‖ V 1 + V 2‖ de f ined by‖ V 1 + V 2‖ (k) =

‖ V 1 (k) + V 2 (k)‖ fo r allk inK is a nonnega tiv eA-random va riab le. H ow ever, w h en V 1, V 2

are on lyA-random e lem en ts, V 1+ V 2 is no t necessa rily aA-random e lem en t, and even‖ V 1

+ V 2‖ is no t necessar ilyA-m easu rab le, either (S ee [9 ] ). F inally it is also obv ious tha t ev-

e ry st rong ly m easurab le fun ction m ust be_ -equiv alen t to anA-random var iab le.

20 应　用　泛　函　分　析　学　报 第 6卷



Def in ition 1. 4
[8, 21 ]　A n o rdered pair (S, F ) is ca lled an E -no rm space w ith base (K,

A, _ ) and targ e t (B, ‖  ‖ ) (w he re (B, ‖  ‖ ) is a no rm ed space overK ) ifS is a linea r

space ove rK o f m app ing s f rom (K, A, _ ) to (B , ‖  ‖ ) under the o rd inary po intw ise addi-

t ion and sca la rm u lt ip licat ion, and ifF is am apping f rom S toD
+

such tha t the fo llow ing ho ld:

(EN -1) fo r each p ∈ S, ‖ p‖ : K→ [0, + ∞ ) de fined by‖ p‖ (k)= ‖ p (k)‖ fo r a llk

inK, is a nonnega t iv eA-random va riab le;

(EN -2) Fp ( t ) = _ ( {k∈ K|‖ p (k)‖ < t} ) fo r all t∈ R and allp ∈ S.

Fur the rm o re, ifF p = X0 imp liesp (k)= θfo r a llk∈ K (w he reθis the nu l l o fB ), then (S,

F ) is ca lled a canonica lE -no rm space.

Remark 1. 6　 Let (S, F ) be an E -no rm space w ith ba se (K, A, _ ) and targ e t (B ,

‖  ‖ ). T hen (S, F, W ) is a M enger-PPN space
[8 ], w hereW (a, b ) = m ax (a + b - 1,

0) a, b∈ [0, 1], fur the rm o re if (S, F ) is canon ica l then (S, F, W ) is aM enger-PN space.

It shou ld also be po in ted ou t tha t the nu ll o fS is the m apping tak ing the constan t va lueθ( the

nu ll o fB ), and thu s fo r any tw o elem en tsp and q inS, p= qm eansp (k) = q (k) fo r a llk inK.

T ha t (S, F ) is canon ica lm ean s it is im possib le tha tp and q are sim u ltaneously con ta ined in S

ifp and q are on ly equa l alm ost su re ly bu t no t iden t ica l, th is is ra the r st ring en t.

Def in ition 1. 5
[8, 21 ]
　A n o rdered pa ir (S, F ) is ca lled a sem i-no rm -generated space overK

w ith base (K, A, _ ) ifS is a linear space overK , F is am apping f rom S toD
+
, and there is

a sem ino rm ‖  ‖ k on S fo r eachk inK such tha t the fo llow ing ho ld:

1)‖ p‖ k= 0 fo r a llk inK iff p = θ( the nu ll inS );

2) fo r each p ∈ S, ‖ p‖ k is a nonnegat iveA-m easu rab le funct ion o fk;

3) F p ( t) = _ ( {k∈ K|‖ p‖ k< t } ) fo r a ll t∈ R and allp ∈ S.

Fur the rm o re ifFp = X0 im p liesp = θ, then (S, F ) is ca lled sepa ra ted.

Le t (S, F ) is a sem i-no rm -genera ted space, then (S, F, W ) is aM enge r-PPN space. If

(S, F ) is sepa ra ted, then (S, F, W ) is aM enger-PN space. N ow, suppo se (S, F ) is anE

-no rm spacew ith base (K, A, _ ) and ta rge t (B, ‖  ‖ ), def ine‖  ‖ k: S→ [0, + ∞ ) by

‖ p‖ k= ‖ p (k)‖ fo r a llk inK and a llp ∈ S, then {‖  ‖ k|k∈ K} is a fam ily o f sem ino rm s

on S and sat isf ies D ef in it ion 1. 5, and hence (S, F ) becom es a sem i-no rm -genera ted space.

T he fo llow ing p ropo sit ion show s a sem i-no rm -gene ra ted space can, essen t ia lly, also be regard-

ed as anE -no rm space.

Proposition 1. 5
[ 21]
　A M enge r-PPN space (S, F, T ) is anE -no rm space if f it is isom o r-

ph ica lly isom etric to a sem i-no rm -genera ted space, w here isom e tr icm ean s p robabilistic-no rm -

p rese rv ing.

2　 Som e Review s on Sultanbekov′sW ork on Random Functionals in Spaces of

StronglyM easurable Functions

Le t (B , ‖  ‖ ) be a no rm ed space ove rK , deno te by L
0
(K, B ) the linea r space o f a ll random

var iab les f rom (K, A, _ ) to (B, ‖  ‖ ), and by L (K, B ) the linear space o f a ll equ iv a lence

classes o f the e lem ents in L
0
(K, B ).

D ef ine F 0
: L

0
(K, B )→ D

+
byF

0
p ( t) = _ ( {k∈ K|‖ p (k)‖ < t} ) fo r a llp ∈ L

0
(_, B )
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and a ll t∈ R, then (L 0 (K, B ), F 0 ) is anE -no rm spacew ith base (K, A, _ ) and ta rge t (B ,

‖  ‖ ), nam e ly a llB -valued random variab le g ene ra tedE -no rm space in term s o f [8 ]. C lea r-

ly, (L
0
(K, B ), F 0

) is m ere ly anE -no rm space bu t no t necessar ily canon ica l. By Rem ark 1. 1,

(L 0 (K, B ), F 0 ) adm its a quo t ien t space (S, F ), it is obv ious tha tS is ex act ly L (K, B ), and

hence (L (K, B ), F ) is aM enger-PN space under the t -no rm W , w henB = K , w e sim p ly

w rite (L (_, K ), F 1 ) fo r (L (K, B ), F ).

A s spaces o f equ iv alence cla sses, ou r (L (K, B ), F ) is iden t ica lw ith the space o f al l e-

qu iva lence c lasse s o f the st rong ly m easurab le fun ction s em po lyed in [11].

Def in ition 2. 1
[11 ]　 Le t (B, ‖  ‖ ) be a rea l no rm ed space. A linear operato r f from L (K,

B ) to L (K, R ) is ca lled a random linear funct ional. A st rong ly bounded linear operato r f from

(L (K, B ), F ) to (L (K, R ), F 1
) is cal led a st rong ly bounded random linea r func tiona l on

L (K, B ), nam e ly the re ex ists som e posit ive num berM such tha tF
1
f (p ) ( t)≥ F p

t
M

fo r a llp ∈

L (K, B ) and al l t∈ R, ‖ f‖ = inf{M > 0|F 1
f (p ) ( t )≥ F p

t
M

fo r a llp ∈ L (K, B ) and a ll t∈

R } is ca lled the no rm o f f . Deno te by L (K, B )′the se t o f a ll st rong ly bounded random linea r

fun ctiona ls on L (K, B ).

Su ltanbekov
[11 ]

a lso con sidered the genera lizat ion prob lem o fH ahn-B anach theo rem. H ow -

eve r, by h is resu lt in [11], he can on ly ob tain the fo llow ing w eak resu lt:

Proposition 2. 1[11 ]　 L et (B, ‖  ‖ ) be a rea l sepa rab le ref lex ive B anach space. T hen fo r

any non ze ro e lem en tp ∈ L (K, B ) there ex ists a nonzero st rong ly bounded random linear func-

t iona l f on L (K, B ) such th at f (p )≠θ( the nu ll o fL (K, R ) ) and‖ f‖ = 1.

Review 2. 1　 Le tK= [0, 1], A= thee-a lgebra o f all L egesguem easu rab le subse ts o f

[0, 1 ], and _ = the Lebesgue m ea su re onA. T hen (K, A, _ ) is a com ple te p robab ility

space, and L (K, R ) is ex act ly the linea r space o f a ll equiv a lence c lasse s o f the rea l Lebesgue

m easu rab le func tion s on [0, 1 ], and thu s (L (K, R ), F 1 ) is a comp le teM enge r-PN space un-

derW , it isw ell know n tha t no t even a non zero con t inuous linea r funct iona l on (L (K, R ), F1
)

ex ists. P ropo sition 2. 1 show s there ex ists su ff icient ly m any strong ly bounded random linea r

fun ctiona ls on L (K, R ) , th is br ing s a new hope to look fo r a new theo ry o f con jugate spaces

instead o f classical con juga te spaces in the study o f S uchM enger-PN space s as (L (K, B ), F ).

T herefo re Su ltanbekov′s w o rk
[11 ]

is o f g reat im po r tance.

Review 2. 2　 U n fo rtuna tely, no t on ly because h is re su lt o f H ahn-Banach theo rem o f

strong ly bounded random linea r func tiona ls is too lim ited, bu t a lso becau se, as Su ltanbekov

sa id in [11 ], L (K, B )′doesn′t necessarily fo rm a linear space, the no tion o f a strong ly bound-

ed random linea r funct iona l can no t, even tua lly, lead to a sa tisfy ing theo ry o f random con juga te

spaces fo rL (K, B ).

3　 Som e Reviews on Zhu L in-hu′sWork on Random Conjugate Spaces under the

Fram ework ofE -norm Spaces

Le t (B , ‖  ‖ ) be a no rm ed space overK . A cco rd ing to [22, 23], am apping f : (K, A, _ )

× B → K is cal led a random funct iona l if f ( , b ): K→ K isA-m easurab le fo r each b∈ B; a
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random funct ional f :K× B → K is called samp le-linea r ( acco rding ly, sam p le-con tinuou s) if

f (k,  ): B→K is linea r ( co rresponding ly, cont inuou s) fo r eachkinK; a random funct ional f :

K× B→K is ca lled linear if_ ( {k∈ K|f (k, Tb1+ Ub2 )= Tf (k, b1 )+ Uf (k, b2 ) } ) = 1 fo r a ll

T, U∈ K and allb1, b2∈ B.

Le tL
0
(K, K ) and L (K, K ) be the sam e as in Sect ion 2 o f th is paper. T hen a random func-

t iona l f : K× B→ K can be regarded as them app ing f
 : B→ L

0 (K, K ) de fined by f
 (b ) = f ( ,

b ) b∈ B. T hen it is clea r that f is sam p le-linear if f f is linear and tha t f is linea r iff the lift ing

f
~

o f f
 , nam ely f

~: B→ L (K, K ) def ined by f
~ (b ) = the equ iv alence c lass o f f

 (b) ( b∈ B ), is

linear. O bv iou sly, the″sam p le-linea rity″and the″linea rity″o f random funct iona ls a re essen tia l-

ly dif feren t from each o ther.

In [9 ], W ang po sed the fo llow ing que ry: let (B, ‖  ‖ ) be a rea l no rm ed space, M as lin-

ea r sub space o fB and f :K×M → R a sam p le-linear and sam p le-con t inuous random funct iona l,

then can f be ex tended to a sam p le-linear and sam ple-cont inuou s random funct iona l onK× B ?

H ans
 [24 ]

gave an a ff irm at ive answ er w henB is separab le, it rem ains to so lve the non separab le

case.

Zhu
[12 ]

a ttem p ted to at tack this prob lem by u sing the f ram ew o rk o fE -no rm spaces. Befo re

w e g ive h is resu lts, let u s recal l the fo llow ing tw o p ropo sition s.

Proposition 3. 1
[25 ]　 Le tL 0 (K, R ) be the se t o f a ll rea l-va lued random va riab les on (K,

A, _ ) andA be a subse t o fL
0
(K, R ). a∈ L

0
(K, R ) is ca lled an essen t ia luppe r ( low er) bound

o f A ifa(k)≥ a(k) (a(k)≤ a(k) )_ -a. s. fo r each a∈ A . S im ilar ly, one can h ave a no t ion o f

an essen tial sup rem um ( o r in f im um ) o fA . T hen every subse tA h av ing an essen tia l upper ( low -

e r) bound m ust have an essen t ial sup rem um ( in fimum ), and is unque in the sen se o f alm ost

sure equality, deno ted by∨ A (∧ A ), fu rtherm o re there ex ists a sequen ce {an } in A such th at

∨ n≥ 1an = ∨ A (∧ n≥ 1an = ∧ A ).

P roposit ion 3. 2 be low is m erely an equ iva len t v arian t o f P ropo sit ion 3. 1, but it is m o re

na tu ral from the t rad it iona l lat t ice theo ry.

Proposition 3. 2
[20 ]　 L et L (K, R ) be the se t o f all equ iva lence classes o f the e lem ents in

L
0 (K, R ). T hen L (K, R ) is a com p le te la t t ice by the o rder ing≤: a≤ Zif fa

0 (k)≤ Z0 (k)_

-a. s. fo r a rb itrar ily cho sen represen ta tive sa
0
andZ

0
o faandZrespectiv ely. Suppo seA is a sub-

set o fL (K, R ), if∨ A (∧ A ) ex ists then the re ex ists a sequen ce {an } in A such that∨ n≥ 1an= ∨

A ( resp. , ∧ n≥ 1an = ∧ A ).

D eno te the se t {a∈ L
0 (K, R )|a(k)≥ 0_ -a. s. } byL+

0 (K), and th e se t o f a ll equ iv a lence

classes o f the e lem ents in L+
0 (K) by L+ (K).

Independent o f Su ltanbekov[11 ], Zhu in troduced the fo llow ing no tion in [12 ]. T h roughou t

h is w o rk in [12] Zhu alw ay s assum ed any tw o e lem en ts th at are equal a lm ost su re ly in anE -

no rm space, L
+
0 (K) and L

0 (K, R ) respectiv ely, a re iden t ified. Zhu in troduced De fin ition 3. 1

be low unde r the fo rm e r assump t ion:

Def in ition 3. 1
[12 ]
　 Le t (B, ‖  ‖ ) be a rea l no rm ed space and (E, F ) be a realE -no rm

space w ith b ase (K, A, _ ) and ta rge t (B , ‖  ‖ ). A linea r opera to r f from E toL
0 (K, R ) is

ca lled a random linea r funct ional, fu rtherm o re f is ca lled a lm ost su rely bounded ( b rief ly, a. s.
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bounded) if the re ex ists som ea∈ L
+
0 (K) such tha t|f (p ) (k)|≤a(k)  ‖ (p (k)‖_ -a. s.  p

∈ E, nam e ly_ ( {k∈ K||f (p ) (k)|≤a(k)  ‖ p (k)‖ } )= 1 p∈ E. D eno te byE
*

the linea r

space o f all a. s. bounded random linear funct ionals onE, def ine F* : S* → D
+

by F
*
f ( t) =

_ ( {k∈ K|X *
f (k) < t} ) fo r a ll t∈ R and all f ∈ E

* , w hereX
*
f = ∧ {a∈ L

+
0 (K)||f (p ) (k)|

≤a(k)  ‖ p (k)‖ _ -a. s.  p ∈ E }, then Zhu asse rted in [12] tha t (E
*
, F*

) is isom o rph i-

ca lly isom e tric to a sem i-no rm genera ted space, and hence it can be rega rded as an E -no rm

space by P roposit ion 1. 5, th isE -no rm space ( st ill deno ted by (E
*
, F*

) ) is ca lled (by Zhu)

the random con jugate space o f (E, F ).

D ef init ion 3. 1 g iv en by Zhu in [12 ] is fu ll o f ser ious vagueness on the linear ity o f random

fun ctiona ls; and h is asse rt ion tha t (E
*
, F*

) is anE -no rm space is a v ita lm istake. F o llow ing

are tw o rev iew s on h is D ef in it ion 3. 1.

Review 3. 1　S in ceE -no rm spaces a re no t necessarily H au sdo rf f spaces, it is in o rde r to

guaran tee the tw oE -no rm space s (E, F ) and L
0 (K, R ) in D ef in it ion 3. 1 to h ave theH aus-

do rff sepa ra t ion prope rty tha t Zhu a ssum ed in [12] any tw o e lem ents tha t a re equa l alm ost

surely bo th in (E, F ) and in L
0
(K, R ) are iden t ified. H ow ever, once the hypo thesis is m ade,

then (E, F ) and L
0
(K, R ) a re, strict ly speak ing, the ir quo tien t spaces (E

~
, F
~

) and (L (K,

R ), F 1 ), as such a linea r opera to r f from E toL
0 (K, R ) is, in p rinciple, a linea r opera to r from

E
~ toL (K, R ). If the hypo thesis had no t been m ade, acco rd ing to the o ring inal linea r stru ctu re

o fE andL
0
(K, R ), f is a linea r operato r from E toL

0
(K, R ) if f f (Tp 1+ Up 2 ) (k) = Tf (p 1 ) (k)

+ Uf (p 2 ) (k) fo r a llk inK. C lear ly, f be ing a linear operato r from E
~

to L (K, R ) is essen t ia lly

d if feren t f rom f being a linea r opera to r from E toL
0
(K, R ), and th is tw o k ind s o f linea rity can

no t co ex ist, in g ene ra l, in a sing le de fin ition. How eve r, Zhu, in [12], som e tim es con sider f to

be a linea r ope ra to r f rom E toL
0
(K, R ), and som e tim es con sider f to be a linear operato r from

E
~

toL (K, R ) o nly by a sing le de fin it ion, w h ich leads to m any confusions in h is and sequen t

w o rk on the topics o f random con jugate spaces.

Review 3. 2　 If w e rem ove the hypo thesis tha t any tw o e lem en ts equal a lm ost su re ly in

(E, F ), L
+
0 (K) and L

0 (K, R ) are iden tif ied, it is no t v ery dif ficu lt fo r one to rea lize th at

Zhu′s asse rt ion tha t (E
* , F* ) is anE -no rm space is fa lse: sin ce by P ropo sition 3. 1 fo r any

g ivenT∈ R and any tw o a. s. bounded random linea r funct ion als f and g onE one, in g ene ra l,

can on ly ob tain the fo llow ing info rm a t ion:

1) X *
Tf (k) = |T| X *

f (k)_ -a. s. ;

2) X *
f+ g (k)≤ X

*
f (k) + X

*
g (k)_ -a. s. .

A nd one can no t g e t the fu rther in fo rm at ion: the re ex ists a sing le_ -nul l setN such th at

fo r eachk inK\N, ‖  ‖ k: E
*
→ [0, + ∞ ) def ined by‖ f‖ k= X

*
f (k) fo r a ll f ∈ E

*
, is a

sem i-no rm onE
*
. T hus there is no a rgum en t fo r Zhu′s a sert ion tha t (E

*
, F*

) is a sem i-

no rm -generated space and hen ce allow s h im to de f ine (E
* , F* ) to be anE -no rm space, and it

tu rned ou t to be am isuse o f P ropo sition 1. 5 th at Zhu sa id (E* , F* ) to be anE -no rm space in

[12 ]. H is m isu se o f P ropo sit io n 1. 5 had let Zhu to m ake a v ita l m istake since th is m istake

m akes him in [12] no t to rea lize the im po r tance o f random no rm ed spaces in the theo ry o f ran-

dom con juga te spaces!
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W ith the above at tendan t sho rtcom ing s o f h is D ef init ion 3. 1 Zhu gave an ana lo gue o f the

H ahn-Banach ex tension theo rem fo r real linear spaces and som e o the r v ague conclusion s as fo l-

low s:

Proposition 3. 3[12 ]　Le t (E, F ) be the sam e as in De fin ition 3. 1, M  E a rea l sub space

and f :M → L
0 (K, R ) an a. s. bounded random linea r func tiona l. T hen there ex ists an a. s.

bounded random linea r fun ctiona l f~ onE such tha t 1) f~ (p ) = f (p ) p ∈ M and 2) F
*
f
~ = F

*
f .

Review 3. 3　Replacing the sup rem um and in f im um princip le fo r the sy stem o f rea l num -

bers by P ropo sit ion 3. 1 o r P ropo sit io n 3. 2, Zhum ade use o f the sim ilar techn ique s fo r classica l

H ahn-B anach theo rem to p rove P roposit ion 3. 3. S imu ltaneou sly, Zhu sa id in [12] it is a lso ob-

v iou s that the com p lex fo rm u la tion o f P ropo sition 3. 3 ho ld s. H ow eve r Zhu′s so-ca lled obv ious

rea son fo r the com p lex fo rm u lat ion is tha t he inexp licit ly em p loyed the fo llow ing fact: le t (E,

F ) be a com plexE -no rm space, M E a subspace and f : M → L
0 (K, C ) an a. s. bounded ran-

dom linea r fun ctiona l; Suppo se f 1: M → L
0 (K, R ) is the rea l pa rt o f f w ith an ex ten sion f

~
1: E

→ L
0 (K, R ), then there ex ists a sing le_ -nu l l se tN such that fo r eachk inK\N the fo llow ing

tw o condit ions are sat isf ied: 1) f
~

1 (Tp 1+ Up 2 ) (k) = Tf~ 1 (p 1 ) (k) + Uf~ 1 (p 2 ) (k) fo r a ll rea lsT,

U∈ R and a llp 1, p 2∈ E, and 2)|f~ 1 (p ) (k)|≤X
*
f (k)  ‖ p (k)‖ fo r a llp ∈ E. S ince h is de-

sired sing le_ -nu ll se tN, in g enera l, se ldom ex ists, in par t icu lar the p rope rty 2) can no t be

guaran teed a t all by P ropo sition 3. 1 o r by any k ind o f linearity as described in ou r Rev iew 3. 2,

and then Zhu′s conclu sion s onH ahn-Banach theo rem fo r a. s. bounded random linea r fun ction-

a ls onE -no rm space s h ide g rea t vagueness because o f De fin ition 3. 1 asw el l as false asse rt ions.

Indeed, it is no t very easy to g iv e a p roper rev iew on Zhu′s above w o rk as a part o f the

w ho le w o rk in [12]. Just as stated in ou rR ev iew s 3. 1, 3. 2 and 3. 3, th is part con tains lo ts o f

v agueness and v ita lm istakes; on the o the r hand, th is pa rtm ark s the beg inn ing o f the study o f

a. s. bounded random linea r funct ionals. T here is no doub t tha t th is part o f [12 ] is ex t rem e ly

m o t iva ting in the fo rm a tive cou rse o f the theo ry o f random con juga te spaces.

4　 Som e Reviews on Guo T ie-xin′sW ork on the Theory of Random Conjugate

Spaces under the Fram ework of Random N orm ed Spaces

Befo reG uo′s w o rk
[ 13]

appea red, random me tric theo ry is no t on ly no t sy stem at ic bu t also rela-

t ive ly su rfacia l, it o ccupies in [8 ] on ly one chap te r″Random M etric Spaces″w here the theo ry

o fE -spaces is still the sub ject o f [8 ]; in part icu la r, the no t ion o f a random no rm ed spacew as

m erely m en t ioned in a inexp licitw ay in Ch ap ter 15 o f [8 ]. How eve r, a series o f recen t develop-

m en ts o f random m etric theo ry and its applica tions to functiona l ana ly sis and random fun ctiona l

ana ly sis have show n random m e tric theo ry, in pa rt icu la r, the theo ry o f random no rm ed spaces

is bo th an ou tg row th o f seve ra l c lose ly re lated b ranches inM athem a tics and an ex t rem e ly f ruit-

fu l par t o f the theo ry o f p robab ilist icm etric space s.

Fo r the sub ject o f th is paper, le t u s f irst reca ll a random no rm ed space in the sen se o f [8].

Def in ition 4. 1
[8 ]　A n o rdered pair (S, X) is called a random no rm ed space ( b rief ly an

RN space) ov erK w ith base (K, A, _ ) ifS is a linea r space ove rK andX is a m apping from

S to L
+
0 (K) such tha t the fo llow ing ho ld:
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(RN -1) XTp (k) = |T| X p (k) a. s. fo r anyT∈ K and any p in S;

(RN -2) X p (k) = 0 a. s. im p liesp = θ( the nu ll in S );

(RN -3) X p+ q (k)≤ X p (k) + X q (k) a. s. fo r any p, q in S.

He reX p = X(p ) is ca lled the random no rm o f the vecto r p in S. IfX on ly sa tisf ies the

above (RN -1) and (RN -3) thenX is cal led a random sem ino rm, at th is t im e (S, X) is ca lled

a random sem i-no rm ed space, if, in add ition, the re ex ists a sing le_ -nu ll setΓ o fK such th at

fo r eachk∈ K\Γ, ‖  ‖ k: S→ [0, + ∞ ) def ined by‖ p‖ k= X p (k) p ∈ S, is an o rdinary

sem ino rm on S, then (S, X) is sa id to be a unifo rm random sem i-no rm ed space.

Le t (E, F ) be anE -no rm space w ith ba se (K, A, _ ) and targ e t (B, ‖  ‖ ). D ef ine

X: E → L
+
0 (K) byX p (k) = ‖ p (k)‖ fo r a llp inE and allk inK, then (E, X) is a un ifo rm

random sem i-no rm ed space [8]. In spite o f th is fa irly w el l-know n fact it is ra the r st range th at

the au tho rs o f the pape r [26 ] st ill did no t know the e ssent ia l dif ference betw een anE -no rm

space and an random no rm ed space.

Le t (S, X) be a random sem i- no rmed space w ith ba se (K, A, _ ). D ef ineF: S→D
+

byF p ( t) = _ ( {k∈ K|X p (k) < t } ) fo r a llp in S and all t∈ R, then (S, F, W ) is aM enge r-

PPN space, it s (X, λ) -linear topo log y is also ca lled the (X, λ) -linea r topo logy o f (S, X).

Le t (B, ‖  ‖ ) be a no rm ed space. T hen a s in Sect ion 2 o f this paper the setL
0 (K, B ) o f

allB -va luedA-random va riab les on (K, A, _ ) fo rm s anE -no rm space. LetR (A, B ) be

the se t o f allB -va luedA-random elem en ts on (K, A, _ ), then it is w ell know n from [ 9]

tha tR (A, B ) does no t fo rm a linear space fo r m any nonsepa rab le spaces (B, ‖  ‖ ), and

from Rem a rk 1. 5 it is im possib le th at the linear space gene ra ted by R (A, B ) can alw ay s be

m ade in to anE -no rm space, the fo llow ing const ruct show sR (A, B ) can be em bedded in to a

random sem i-no rm ed space in a na tura l and u sefu lw ay.

Proposition 4. 1
[13 ]
　Le t (B, ‖  ‖ ) be a no rm ed space, and S = {p: (K, A, _ ) → B|

there ex ists som e nonnegat ive random var iab leasu ch tha t‖ p (k)‖ ≤ a(k)_ -a. s. }. D ef ine

X: S→ L
+
0 (K) byX p = ∧ {a∈ L

+
0 (K)|‖ p (k)‖ ≤a(k)_ -a. s. } p ∈ S, then (S, X) is

a random sem i-no rm ed space w ith base (K, A, _ ). Se tL
0 (A, B ) = the linea r topo log ica l

clo su re o f the linear space genera ted byR (A, B ) in (S, X), w e st ill deno te the lim itat ion o f

X toL 0 (A, B ) by X, then (L 0 (A, B ), X) is a random sem i-no rm ed spacew ith base (K,

A, _ ), ca lled a llB -va luedA-random e lem ent gene ra ted random sem i-no rm ed space, and it

is a lso com p le te ifB is a Banach space. W henB separab le, L
0 (A, B ) is ex ac tly L

0 (K, B ).

P roposit ion 4. 1 show s random sem i-no rm ed spaces are o f fundam en ta l impo rtance in ran-

dom funct iona l ana ly sis. T he fo llow ing de f in it io n fu r ther show s random sem i- no rm ed spaces

are a lso o f fundam en ta l im po rtance in th e theo ry o f random con juga te spaces.

Def in ition 4. 2[13 ]　 Le t (S, X) be a random sem i-no rm ed space ove rK w ith base (K, A,

_ ). A m app ing f : S → L
0 (K, K ) is called a random linear func tiona l if f (Tp + Uq ) (k) =

Tf (p ) (k) + Uf (q ) (k) a. s. fo r a llp, q inS and a llT, U inK , if, in add it ion, there ex ists a sin-

g le_ -nu ll se tΓ o fK such tha t f (Tp + Uq ) (k) = T f (p ) (k) + U f (q ) (k) fo r a llk inK\Γ,

allp, q in S, and a llT, U inK , then f is called a sam ple-linea r random funct ional. A random

linear funct iona l f on S is cal led a. s. bounded if the re ex ists som ea∈ L
+
0 (K) such th at
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|f (p ) (k)|≤a(k)  X p (k) a. s. fo r a llp ∈ S. Deno te the linear space o f a ll a. s. bounded ran-

dom linea r func tiona ls on (S, X) under the po in tw ise addit ion and sca larm u ltip licat ion opera-

t ions by S
*
, def ineX*

: S
*
→ L

+
0 (K) byX

*
f = ∧ {a∈ L

+
0 (K)||f (p ) (k)|≤a(k)  X p (k) a. s.

fo r a llp ∈ S } fo r al l f ∈ S
*
, then it is easy to check from P ropo sition 3. 1 that (S

*
, X*

) is

st ill a random sem i-no rm ed space w ith base (K, A, _ ), ca lled the random con juga te space o f

(S, X).

Review 4. 1　F rom the parag raph fo llow ing De fin ition 4. 1, anE -no rm space can be na tu-

rally reg arded as a un ifo rm random sem i-no rm ed space, hence D ef in it ion 4. 2 is, o f course,

suitab le fo r anE -no rm space. Rev iew 3. 2 show s u s tha t one can on ly guaran tee the random

con juga te space o f anE -no rm space to be a random sem i-no rm ed space (g ene ra ll speak ing, th is

random sem i-no rm ed space is seldom anE -no rm space). T hus the f ram ew o rk o f anE -no rm

space is, som ew ha t, no t se lf-suf f icien t fo r the theo ry o f random con juga te spaces.

Review 4. 2　 Le t (S* , X* ) be the random con jugate space o f a random sem i-no rm ed

space (S, X). A lthough (S
*
, X*

), be ing a random sem i-no rm ed space, de term ine s a

M enger-PPN spaceF
*
f ( t) = _ ( {k∈ K|X

*
f (k) < t} ) fo r a ll t∈ R and a ll f ∈ S

*
, the triang le

inequ ality: X
*
f+ g (k)≤X

*
f (k)+ X

*
g (k) a. s. fo r all f, g∈ S

*
, ism uch st ronge r th an the t rian-

g le inequa lity: F
*
f+ g ( t)≥W (F*

f ( r ), F
*
g ( s ) ) fo r all f , g ∈ S and a ll the r, s∈ R such th at t=

r+ s, and the fo rm e r t riang le inequality is key to the deep deve lopm en t o f random con juga te

spaces, it is because o f th is tha tw e h ave no t cal led (S* , F* , W ) the random con jugate space

o f (S, X).

Review 4. 3　Fo r any tw o e lem en ts p and q in anE -no rm space, L
+
0 (K) and L

0 (K, K ) re-

spect ive ly, w e say they a re equa l if fp (k) = q (k) fo r a llk∈ K, and thu s in De fin ition 4. 2 w e

have to select the f ram ew o rk o f a random sem i-no rm ed space. It shou ld a lso be po in ted ou t th at

all possib le v agueness o ccu rring in D ef init ion 3. 1 h ave been rem oved by D ef init ion 4. 2, in pa r-

t icu la r the linear ity and the sam ple-linea rity fo r a random funct iona l are a lso m ade clear in an

explic it w ay. B ased on De fin it io n 4. 2, the H ahn-B anach ex tension theo rem o f random linea r

fun ctiona ls can be g iv en in a con cise w ay, as fo llow s.

Proposition 4. 2
[13 ]
　Le t (S, X) be a random sem i-no rm d space overK w ith base (K, A,

_ ), M  S a linea r subspace and f :M → L
0 (_, K ) an a. s. bounded random linear funct iona l.

T hen the re ex ists an a. s. bounded random linear funct iona l f
~ : S→ L

0 (K, K ) such tha t the fo l-

low ing tw o propert ies ho ld:

1) f~ (p ) (k) = f (p ) (k) fo r a llp ∈ M and a llk inK;

2) X *
f
~ (k) = X

*
f (k) fo r a llk inK.

Fur the r, if f is sam p le-linear, then f
~ can a lso be asked to be sam p le-linea r.

Remark 4. 1　Fo r a rig o rous p roo f o f P ropo sit ion 4. 2, see [G uo, 2]. In 2) o f P ropo sition

4. 2, sinceX *
f = ∧ {a∈ L

+
0 (K)||f (p ) (k)|≤a(k)  X p (k) a. s.  p ∈ M } andX *

f
~ = ∧ {a∈

L
+
0 (K)||f~ (p ) (k)|≤a(k)  X p (k) a. s.  p in S }, and it is easy to see by P ropo sition 3. 1 and

by the p ro cess o f the pro o f o f P ropo sition 4. 2 tha tX
*
f
~ (k) = X

*
f (k) a. s. , thus one can seeX

*
f

is also an essen t ial in fimum o f the se t {a∈ L
+
0 (K)||f

~
(p ) (k)|≤a(k)  X p (k) a. s.  p ∈ S },

and hence w e can takeX
*
f~ to beX

*
f .
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Remark 4. 2　W henK = R, in the p roo f o f P ropo sit ion 4. 2 w e adopted an idea o f the

p roo f o f P ropo sition 3. 3 g iven in [12]. W h enK = the com p lex f ie ldC, there w e rem any o the r

scho lars in terested in the proo f o f P roposit ion 4. 2, bu t the ir p roo fs a re a ll w rong, the f irst

righ t p roo f o f it w as g iven in [G uo, 13 ] w ho m ake fu ll use o f the separab ility o f the com p lex

num ber fie ldC. Le tK be the rea l numbe r f ieldR, (S, X), M , f and f
~ be the sam e as in

P ropo sit ion 4. 2, even if f is sam ple-linea r and the re ex ists a sing le_ -nu ll setΓ1 o fK such th at

|f (p ) (k)|≤ X
*
f (k)  X p (k) fo r a llp ∈ M and a llkinK\Γ1, one can no t gua rantee tha t there

ex ists a sing le_ -nu ll setΓ o fK such th at|f~ (p ) (k)|≤X
*
f (k). X p (k) fo r a llp inS and allk∈

K\Γ, e ithe r. T hus the p roo f o f P ropo sit ion 4. 2 fo r the caseK = C can no t be com p leted by a

com p le tely m im ick ing w ay tha t is used in the p roo f o f classicalH ahn-B anach theo rem.

Remark 4. 3　 In [13], G uo a lso show ed the set o f a llA-random e lem en ts from a prob a-

b ility space (K, A, _ ) to a m e tric space (M , d ) a lw ay s fo rm s a random pseudom e tr ic space

( see a lso [2, T heo rem 3. 1 ] ) w ith ba se (K, A, _ ). C om b ining th is, P ropo sit io n 4. 2 and De fi-

n ition 4. 2, G uo f irst recogn ized the fundam en tal impo rtance o f random m e tric theo ry in random

fun ctiona l ana ly sis and first pu t fo rw ard in [13] a new app roach to random functiona l ana ly sis.

T h is new approach amoun ts to reg a rding random func tiona l ana ly sis as ana ly sis founded on

random m e tric theo ry, w hich w as fu rther en riched and m ade perfect in [14, 27 ].

5　 Som eR eviews on Guo′sWork on aN ew Form of theTheory ofRandom Conju-

gate Spaces

Just asw as show n in [2], bo th a random sem i-no rm ed space and a random linear functiona l de-

f ined on it can be rega rded as a sto chast ic p ro cess, it is to enab le u s to ob tain as mu ch in fo rm a-

t ion abou t sam p les o f these sto chast ic proce sses as po ssib le tha t w e a re fo rced to deve lop the

theo ry o f random con jugate spaces unde r the fram ew o rk o f a random sem i-no rm ed space in Sec-

t ion 4 o f th is paper. H ow ever, w hen w e deep ly deve loped random m etric theo ry and its app lica-

t ions to t radit iona l funct iona l ana ly sis ( see [4] ) w e o ften need a direct connect ion be tw een ran-

dom m e tric theo ry and funct ional ana ly sis, th is lead sG uo in [1 ] to a new fo rm o f the de fin ition

o f a random no rm ed space tog etherw ith it s random con juga te space, nam e ly the quo t ient-space

fo rm, since the no rm ed spaces th at a re clo sely re lated to random no rm ed spaces ( e. g. ,

Lebesgue-Bochner funct ion spaces
[20 ] ) take the co rresponding quo tien t- space fo rm. In pa rt ic-

u la r, based on th is new fo rm w e smoo th ly presen ted the no tion o f a random no rm ed m odu le

tha t has been the key b ridge connect ing random m e tric theo ry and funct iona l analy sis ( see [2,

3] ).

In th is section, le t (K, A, _ ) be ae-f inite m easure space, and (B , ‖  ‖ ) be a g iv en

no rm ed space overK . L
0 (_, B ) is the linea r space o f a llB -va lued_ -m easu rab le func tion s on

(K, A, _ ), and L (_, B ) is the linear space o f a ll_ -equ iv a lence classes o f the e lem en ts in

L
0
(_, B ), in par ticu lar w henB = K , L (_, K ) is an alg eb ra overK unde r the o rd inary addi-

t ion, mu lt ip lica tion and sca la rmu lt ip lica tion ope ra t ion s on_ -equ iva lence cla sses
[20 ]
, w e sim p ly

w rite 0 and 1 fo r th e nu ll e lem en t and the iden tity elem en t respectiv ely. Spec ially, fo r any e le-

m en tp in L (_, B ), let p 0∈ L
0 (_, B ) be an a rb it rarily cho sen represen ta tiv e o f p, w e deno te
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the_ -equ iv alence class o f‖ p
0‖ by‖ p‖ , w he re‖ p

0‖ : (K, A, _ )→ [0, + ∞ ) is de fined

by‖ p
0‖ (k) = ‖ p

0 (k)‖ fo r al lk inK.

It is w e ll know n from [20] tha tL (_, R ) is a com p le te la tt ice by th e o rde ring≤:a≤Ziff

a
0
(k)≤Z

0
(k)_ -a. e. fo r a rbit rarily cho sen rep resen tat ivesa

0
andZ

0
o faandZrespectiv ely. W e

deno te the se t {a∈ L (_, R )|a≥ 0} by L
+ (_ ).

Def in ition 5. 1
[1 ]　 A n o rdered pair (S, X) is ca lled a random no rm ed space ( b rie fly, an

RN space) ov erK w ith base (K, A, _ ) ifS is a linea r space ove rK and ifX is am app ing from

S to L
+ (_ ) su ch th at, w r itingX p fo rX(p ) fo r a llp in S, the fo llow ing ho ld:

1) XTp = |T|X p fo r a llT∈ K and a llp ∈ S;

2) X p = 0 im p lies p = θ( the nu ll inS );

3) X p+ q≤ X p + X q fo r a llp and q in S.

X p is ca lled the random no rm o f the vecto r p in S. IfX on ly sa t isf ies 1) and 3) as above

then X is ca lled a random sem ino rm onS, and (S, X) is ca lled a random sem i-no rm ed space.

If (S, X) is an RN space overK w ith base (K, A, _ ), and if, in addit ion, the re ex ists

ano therm apping* : L (_, K )× S → S such th at the fo llow ing ho ld:

4) (S, * ) is a le f tm odu le ove r the alg eb raL (_, K );

5) Xa* p = |a| X p fo r a llain L (_, K ) and a llp inS.

T hen the tr ip le (S, X, * ) is ca lled a random no rm ed m odu le ( b rief ly, an RN m odu le)

o verK w ith base (K, A, _ ).

F rom now on, tha t w e say th at (S, X) is an RN space a lw ay s m eans (S, X) is one in

the sense o f De fin ition 5. 1 ra the r than D ef in it ion 4. 1 un less o the rw ise sta ted.

Remark 5. 1　A s [1 ] show ed, if (S, X, * ) is an RN m odu le overK w ith base (K, A,

_ ) then, acco rding to 4) o f D ef. 5. 1, themodu lem u ltip lica t ion* : L (_, K )× S→ S can be re-

garded a natu ra l ex tension o f the sca larm u lt ip licat ion : K × S→ S w henK and {T 1|T∈ K }

are iden t if ied, w here 1, as at the beg inn ing o f this sect ion, deno tes the iden t ity e lem en t in

L (_, K ), so 1) and 5) o f De f. 5. 1 are, obv iously, com pat ib le. T hus once* is unde rsto od w e

can sim p ly w rite (S, X) anda p fo r (S, X, * ) anda* p respect ive ly fo r any RN m odu le

(S, X, * ) , a llp in S and al lain L (_, K ).

Remark 5. 2　A s w as show n in [4], in De f. 5. 1 w e em p loyed_ -m easu rab le funct ions in-

stead o fA-m easurab le funct ions becau seL
0 (K, K ) L

0 (_, K ) and each elem en t o fL
0 (_, K )

is ex act lyA~ -m easu rab le, and par ticu lar ly becauseA~ is the Lebe sgue com p let ion o fAw ith

respect to_ so that w e can m ake fu ll use o f the lif t ing property estab lish ed in [28].

Proposition 5. 1
[1 ]　 L et (S, X) be an RN space ove rK w ith base (K, A, _ ), and

F+ (A) = {A ∈ A|0< _ (A ) < + ∞ }. Fo r each A ∈ F+ (A), X> 0, and 0< λ< _ (A ),

se tUθ(A, X, λ) = {p ∈ S|_ ( {k∈ A|X 0
p (k) < X} ) > _ (A ) - λ} w he reX 0

p is an a rb it rarily cho-

sen_ -m easu rab le rep resenta t ive o fX p ( since_ ( {k∈ A|X 0
p (k) < X} ) is independen t o f a pa rt ic-

u la r cho ice o fX 0
p , w e o ften w r ite_ ( {k∈ A|X p (k) < X} ) fo r_ ( {k∈ A|X 0

p (k) < X} ) ). Deno te

Uθ(A ) = {Uθ(A, X, λ)|X> 0, 0 < λ< _ (A ) } fo r each A ∈ F+ (A), and Uθ =
U A∈ F+

(A)Uθ(A ), thenUθ is a b ase o f the neighbo rhood sy stem atθo f som eH ausdo rff linea r

topo log y fo rS, cal led the (X, λ) -linear topo lo gy o f (S, X), and the linear topo lo gy is induced
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by the quasino rm||| |||: S→ [0, + ∞ ) de fined by|||p|||= ∑
∞

n= 1

1
2
n∫A

n

X p

1+ X p
d_ p ∈ S,

w here {A n } is an a rbit rarily cho sen coun tab le pa rt it io n o fK toA. C lea rly a sequence {p n } in

(S, X) converges in the (X, λ) -linea r topo lo gy to a po in tp in S iff {X p
n
- p } converg es in m ea-

su re_ to 0 on each A ∈ F+ (A ), hencew e o f ten ca lled the (X, λ) -linear topo logy the topo logy

o f convergence loca lly in m easure. L (_, K ), as an RN space ( see Exam p le 5. 1 be low ), be-

com es a topo log ica l a lgebra overK w hen endow ed w ith its (X, λ) -linear topo log y, nam e ly the

alg eb ra m u ltip licat ion opera tion  : L (_, K )× L (_, K )→ L (_, K ) is jo in t ly con t inuous w ith

respect to the na tu ral p rodu ct topo log y. In par ticu lar, w hen (S, X) is an RN m odu le S be-

com es a topo log ica l m odu le over the topo lo g ical a lgebra L (_, K ) unde r the (X, λ) -linea r

topo log ies o f (S, X) and L (_, K ) re spect ive ly, nam ely them odu le m u ltip lica t ion : L (_, K )

× S→ S is jo in t ly con t inuous.

Def in ition 5. 2
[1 ]
　 Let (S, X) be an RN space ove rK w ith base (K, A, _ ). A linear op-

e ra to r f f rom S to L (_, K ) is ca lled a random linea r funct iona l on S, fu rther f is ca lled a. s.

bounded if the re ex ists som ea∈ L
+ (_ ) such tha t|f (p )|≤a X p fo r a llp ∈ S. D eno te the lin-

ea r space o f a ll a. s. bounded random linea r func tiona ls unde r the o rd inary operat ions on linea r

ope ra to rs by S* , def ineX* : S* → L
+ (_ ) byX *

f = ∧ {a∈ L
+ (_ )||f (p )|≤ a X p p ∈

S } f ∈ S
*
, then (S

*
, X*

) is an RN space ove rK w ith ba se (K, A, _ ). D ef ine : L (_,

K )× S
* → S

* by (a f ) (p ) = a ( f (p ) ) fo r a llain L (_, K ), a llp inS and all f∈ S
* , then

(S
*
, X*

,  ) is an RN m odu le ove rK w ith base (K, A, _ ), st ill deno ted by (S
*
, X*

),

ca lled the random con jugate space o f (S, X).

Remark 5. 3　 In D ef in it ion 5. 2, the set {a∈ L
+ (_ )||f (p )|≤a X p p ∈ S } has a low -

e r bound 0 in the com p le te la t ticeL (_, R ), and it is a lso du ally d irected, and thu sX *
f ex ists

and|f (p )|≤ X f
*
 X p fo r a ll f ∈ S

*
and a llp ∈ S.

Example 5. 1　D ef ineX: L (_, B )→ L
+ (_ ) by X p = ‖ p‖  p ∈ L (_, B ); de fine* :

L (_, K )× L (_, B )→ L (_, K ) bya* p = a p, w herea p is the_ -equiv alence c lass o f the

_ -m easurab le fun ctiona0 p 0 de f ined by (a0  p 0 ) (k)= a0 (k)  p 0 (k) k∈ K, he rea0 and p 0 are

arb itrar ily cho sen rep resenta t ives o faand p, respec tiv ely. T hen (L (_, B ), X, * ) is an RN

m odu le overK w ith base (K, A, _ ), so isL (_, K ).

Example 5. 2　 Le tB′be the classical con juga te space o f (B, ‖  ‖ ). Deno te byL
0 (_ , B′,

k
*
) the linea r space o f a llB′-va luedk

*
-_ -m easurab le func tions on (K, A, _ ) unde r the o rdi-

nary ope ra t ions, and by L (_, B′, k* ) the linear space o f a llk* -_ -equiv a lence classes o f the e l-

em ents inL
0 (_, B′, k* ). D ef ineX: L (_, B′, k* )→ L

+ (_ ) byX q= ∨ {|〈b, q〉||b∈ B′and

‖ b‖ ≤ 1} q∈ L (_, B′, k* ), and* : L (_, K )× L (_, B′, k* )→ L (_, B′, k* ) bya* q=

a q fo r a llq∈ L (_, B′, k* ) and a lla∈ L (_, K ), w h ere, fo r an arb it ra rily chosen rep resen ta-

t ive q
0
o f q, and fo r an arb it ra rily cho sen rep resenta t ivea

0
o fa, a q is thek

*
-_ -equ iv a lence

class o fa0  q0 def ined by (a0  q0 ) (k) = a0 (k)  q0 (k) k∈ K, and〈b, q〉 is the_ -equ iv a lence

class o f〈b, q
0〉 def ined by〈b, q

0〉 (k) = 〈b, q
0 (k)〉= (q0 (k) ) (b ) fo r a llb∈ B, and a llk∈ K.

T hen (L (_, B′, k
*
), X, * ) is an RN m odu le overK w ith base (K, A, _ ).

Example 5. 3　 Le t (S
0
, X0

) be a random sem i-no rm ed space ove rK w ith base (K, A, _ )

in the sense o f De fin ition 4. 1, and f
0: S 0→ L

0 (K, K ) be an a. s. bounded random linear func-
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t iona l in the sen se o f D ef init ion 4. 2. Fo r anyp
0∈ S

0, se tp = {q0∈ S
0|X

0

p
0
- q

0 (k)= 0 a. s. } and

S = {p|p 0∈ S
0 }. De fineX: S → L

+ (_ ) ( no teL
+ (_ ) = L

+ (K) ) byX p = the_ -equ iv a lence

class o fX
0

p
0 p ∈ S, and f : S→ L (_, K ) by f (p ) = the_ -equ iva lence c lass o f f

0
(p

0
) p ∈

S. T hen it is easy to check tha t (S, X) is an RN space ove rK w ith b ase (K, A, _ ) in the

sen se o f De fin ition 5. 1 and tha t f is an a. s. bounded random linear func tiona l on (S, X) in

the sense o f De fin ition 5. 2 w ith the p roper ty : X
*
f = the_ -equiv a lence class o f th e random

no rm o f f
0. T hus De fin ition 5. 1 and De fin ition 5. 2 pro v ide the quo t ien t-space fo rm s o f D ef ini-

t ion 4. 1 and D ef init ion 4. 2, respect iv ely. W ith the aid o f the Cho ice ax iom, fo r ev ery RN

space (S, X) and every a. s. bounded random linear funct ional f in the sense o f De fin ition 5. 1

andD ef in it ion 5. 2 respect ive ly there ex ist an RN space (S
0
, X0

) and an a. s. bounded random

linear funct iona l f
0
on (S

0
, X0

) in the sense o f De f in it io ns 4. 1 and 4. 2 respec tive ly such th at

the fo rm e r co rrespondence re lat ions ho ld. T h is leads d irect ly to the fo llow ing quo t ient-space

fo rm o f P ropo sit ion 4. 2 ( due to G uo).

Proposition 5. 2[1 ]　Le t (S, X) be an RN space overK w ith base (K, A, _ ), M  S a

linear sub space and f an a. s. bounded random linea r fun ctiona l onM . T hen there ex ists an f
~ ∈

S
*

such tha t f~ is an ex tension o f f andX
*
f
~ = X

*
f .

Corollary 5. 1
[ 1]
　Le t (S, X) be an RN space ove rK w ith base (K, A, _ ), and p ∈ S be

a nonze ro e lem ent. T he there ex ists f ∈ S
*

such tha t f (p )= X p andX
*
f = IA, w he re IA deno tes

the_ -equ iv alence class o f IA 0 andA
0= {k∈ K|a0 (k)≠ 0} fo r an arb it ra rily cho sen rep resen ta-

t ivea
0
o fX p .

Remark 5. 4　 It is obv iou s tha t Co ro llary 5. 1 include s Su ltanbekov′s P ropo sit ion 2. 1 as an

ex trem ely specia l case.

Fo r an RN m odu le (S, X), an a. s. bounded random linear funct iona l on S has m any n ice

p roper ties such tha t the theo ry o f random con juga te space s ha s obta ined a deep deve lopm en t fo r

the past six y ears. Fo llow ing a re som e conv incing conclusion s.

Proposition 5. 3 [G uo 1 ]　 Le t (S, X) be an RN m odu le overK w ith base (K, A, _ ),

and f : S→ L (_, K ) be a linea r operato r. T hen w e have:

1) f is a. s. bounded if f f is a cont inuou sm odu le hom om o rphism;

2) if f is a. s. bounded thenX
*
f = ∨ {|f (p )||p ∈ S andX p ≤ 1} and there ex ists a se-

quence {p n } in {p ∈ S|X p ≤ 1} such tha t {|f (p n )|} ( in fact w e can ask { f (pn ) } ) conve rg es to

X
*
f in a nondecreasing w ay.

Proposition 5. 4 [G uo, 4 ]　 T he canonica lm app ing T: L (_, B′, k* ) → (L (_, B ) )* de-

f ined by T q (p )= 〈p, q〉 fo r a llp ∈ L (_, B ) and a llq∈ L (_ , B′, k* ) (w hereT q deno tesT (q ) )

is a random -no rm -p rese rv ing m odu le isom o rph ism. If, rep lacing L (_, B′, k
*
) by L (_, B′),

then T is a random -no rm -p rese rv ing m odu le isom o rph ism iffB′has theR adon-N ikody'm prope r-

ty w ith respect to (K, A, _ ).

P roposit ion 5. 4 so lves a ll represen ta tion prob lem s about the random con juga te space o f the

random no rm ed m odu leL (_, B ). In a comp le tely sim ilar w ay to De fin ition 5. 1 G uo in t roduced

the no t ion o f a random inner productm odu le ( br ief ly an R IP m odu le) and p roved the fo llow ing

R iesz rep resen tat ion theo rem in [1].
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Proposition 5. 5[1 ]　 Le t (S, X) be a comp le te R IP m odu le ove rK w ith base (K, A, _ ).

T hen fo r any a. s. bounded random linear funct iona l f on S the re ex ists unique ly an e lem en t

q ( f ) in S such that f (p ) = X p, q( f ) p ∈ S andX~
*
f = X

~
q( f ), w he reX

~
: S→ L

+
(_ ) is g iven byX~ q

= X q, q  q∈ S (no te (S, X
~

) is an RN m odu le).

P roposit ion 5. 6 be low connects the theo ry o f random con juga te space to tha t o f classica l

con juga te spaces. Le t 1≤ p ≤+ ∞ and (S, X) be an RN m odu le overK w ith base (K, A,

_ ). D ef ine‖  ‖ p: S → [0, + ∞ ] by‖ g‖ p = the o rd ina ry p -no rm o fX g g ∈ S, nam e ly

‖ g‖ p = ∫K (X g ) p d_
1 /p

w hen 1≤ p < + ∞, ‖ g‖ ∞ = the_ -essen t ia l suprem um o fX g. T hen

(L p (S ), ‖  ‖ p ) is a no rm ed space overK fo r eve ry p, 1≤ p≤+ ∞, w hereL p (S ) = {g∈ S|

‖ g‖ p < + ∞ }, and eve ry L
p (S ) is den se in S in the (X, λ) -linea r topo lo gy fo r (S, X).

Proposition 5. 6[6 ]　 Le t 1≤ p < + ∞. T hen the canonica lm apping T : (L q (S* ), ‖  ‖ q )

→ (L p (S ), ‖  ‖ p )′( the con juga te space o f (L
p (S ), ‖  ‖ p ) ) de fined byT f (g )=∫K f (g )d_

fo r a ll f ∈ L
q
(S

*
) and a llg∈ L

p
(S ), is an isom e tric isom o rph ism, w he reT f deno tesT ( f ) fo r

all f ∈ L
q
(S

*
), L

q
(S

*
) = { f ∈ S

*
|‖ f‖ q≡ the o rd inary q -no rm o fX

*
f < + ∞ } and p and

q a re a pa ir o f con juga te num bers, nam e ly
1
p
+ 1

q
= 1.

Remark 5. 5　W hen S = L (_, B ) in P roposit ion 5. 6, L
p
(S ) is ex act ly the o rdinary

Lebesgue-Bochne r fun ction spaceL
p (_, B ) ( see [19, 20 ] ), and L

q (S* ) is ex act ly L
q (_, B′,

k
*
), and thus P ropo sit io n 5. 6 un if ies a ll rep resen ta t ion theo rem s o f the con jugate space o f

L
p
(_, B ) ( see [5 ] fo r deta ils). P ropo sit io n 5. 6 is o f v ita l impo r tance in cha rac te rizing random

ref lex ive spaces. W e say a com ple te random no rm edm odu le (S, X) is random ref lex ive if the

canon ical em bedd ing J : (S, X)→ (S* * , X* * ) de fined by (J (p ) ) ( f ) = f (p ) fo r allp ∈ S

and a ll f ∈ S
*
, is sur ject iv e, w he re (S

* *
, X* *

) deno tes the random con juga te space o f (S
*
,

X* ). T hen w e h ave the fo llow ing:

Proposition 5. 7
[6 ]
　 Le t 1 < p < + ∞ be a g iv en posit ive num ber. T hen a com ple te RN

m odu le (S, X) is random re f lex ive if f (L
p
(S ), ‖  ‖ p ) is ref lex ive.

In [4], By P ropo sit ion 5. 4 G uo p roved L (_, B ) is random re f lex ive if fB is re f lex ive. In

pa rt icu lar, G uo has recent ly p roved the fam ou s Jam es theo rem still ho lds fo r com p lete RN

m odu les in [3 ].

P roposit ion 5. 8[3 ]　A com ple te RN modu le (S, X) is random ref lex ive if f fo r ev ery f ∈

S
* the re ex ists som ep ∈ S su ch th atX p ≤ 1 and f (p ) = X

*
f .

Review 5. 1　 F rom the v iew po in t o f tradit ional funct iona l ana ly sis, D ef init ions 5. 1 and

5. 2 arem o re natura l th an De fin ition s 4. 1 and 4. 2 respect ive ly, in par t icu lar these proposit ions

p resen ted in th is sect ion are enough to conv ince anyone tha t D ef init ions 5. 1 and 5. 2 are m ost

f ru itfu l and tha t RN m odu les h ave p lay ed an e ssen t ia l ro le in the cou rse o f the deep develop-

m en t o f random m e tric theo ry and its app lica t ions.

6　 The Relations among Strongly Bounded, Topologically Bounded and a. s.

Bounded Random L inear Func tionals
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In th is sect ion, le t (K, A, _ ) be a probab ility space. Suppose (S, X) is an RN space ove rK

w ith base (K, A, _ ), then (S, X) de term ines aM enger-PN space (S, F, W ) ove rK as fo l-

low s: Fp ( t ) = _ ( {k∈ K|X p (k) < t } ) fo r a llp ∈ S and a ll t∈ R. C lea rly, L
∞
(S ) = {p ∈ S|

there ex ists som e t > 0 such tha tFp ( t ) = 1} and fo r any p ∈ L
∞
(S ) it is easy to check th at

‖ p‖ ∞ = inf{ t > 0|Fp ( t ) = 1}.

T hroughou t th is sect ion, le t (S
1
, X1

) and (S
2
, X2

) be any tw o g iven RN m odu les ove r

the iden tica l sca la r f ie ldK w th the iden t ica l base (K, A, _ ) un less o therw ise sta ted, they de-

term ine the tw oM enger-PN spaces (S
1
, F 1

, W ) and (S
2
, F 2

, W ) respect ive ly. A linear ope r-

a to rT : S
1
→ S

2
is ca lled a. s. bounded if there ex ists som ea∈ L

+
(_ ) such tha tX

2
Tp ≤a X

1
p fo r

allp ∈ S
1
, X T = ∧ {a∈ L

+
(_ )|X

2
Tp ≤a X

1
p fo r a llp ∈ S

1
} ca lled the random no rm o f T.

S ince the t -no rm W ( see Sect ion 1) sat isf ies the condit ion sup
0< a< 1

W (a, a ) = sup
0< a< 1

M ax ( 2a -

1, 0)= 1. A cco rding to D ef init ion 1. 2 and the fact tha t (S
1, X1 ) and (S 2, X2 ) a rem e tr izab le

linear topo log ica l spaces one can easily see tha t a strong ly bounded linear operato r f rom S
1 toS 2

is topo log ica lly bounded linea r operato r and tha t an a. s. bounded linear opera to r f rom S
1
to S

2

is topo log ica lly bounded, nam ely con t inuous. T he fo llow ing Exam p le 6. 1 show s a st rong ly

bounded ( hence a lso topo log ica lly bounded) random linear funct iona l de fined on an RN m odu le

is no t a. s. bounded.

Example 6. 1
[29, 2 ]
　 T akeK= -

1
2
,

1
2

, A= thee-a lg eb ra o f a llL ebesgue-m easurab le

sub sets o fK and_ = the L egesguem easu re onA, then (K, A, _ ) is a p robab ility space. C on-

siderS = L (_, R ) and de f ine f : S → S as fo llow s:

f (p ) = p
 fo r a llp ∈ S, w here fo r each p ∈ S, le tp 0 be an a rb itrarily cho sen represen ta tive

o f p , then p
 

stands fo r the_ -equ iva lence class o fp
 

0 def ined by p
 

0 (k) = p 0 ( - k) fo r a llk∈

-
1
2
,

1
2

.

T hen it is obv ious tha tS = L (_, R ) is a com p lete RN modu le ove rR w ith base (K, A, _ )

( see E xam p le 5. 1), and f is a strong ly bounded random linea r func tiona l on S: in fact, F f ( p ) ( t)

= F p ( t ) fo r a llp ∈ S and a ll t∈ R, nam ely f is a lso probab ilist ic-no rm -pre serv ing.

But f is no t a. s. bounded. If there ex ists som ea∈ L
+ (_ ) su ch th at|f (p )|≤a X p fo r

all p ∈ S, nam ely |p
 
|≤ a |p| p ∈ S, how ever, this is im possib le since, def ine p 0:

-
1
2
,

1
2
→ R by p 0 (k) = 0 ifk∈ -

1
2
, 0 , and by p 0 (k) = 1 ifk∈ 0,

1
2

, then p =

the_ -equ iv alence class o fp 0 c lea rly does no t sa t isfy|p |≤a |p|.

W e knew from [1 ] tha t a linea r ope ra to rT f rom S
1 toS 2 is a. s. bounded if f it is a cont inu-

ou s m odu le hom om o rph ism, and in th is caseX T = ∧ {X
2
Tp|p ∈ S

1
andX

1
p ≤ 1}, in pa rt icu la r

there ex ists a sequence {pn } in {p ∈ S
1|X 1

p ≤ 1} such th at {X
2
Tp

n
} converges toX T in a nonde-

creasing w ay. T hus it is a lso obv iou s tha t a st rong ly boundedm odu le hom om o rph ism from S
1
to

S
2
m ust be a. s. bounded, converse ly, w e h ave the fo llow ing:

Proposition 6. 1　 A n a. s. bounded linea r opera to r T f rom (S 1, X1 ) to (S 2, X2 ) is

strong ly bounded iffX T is_ -essen tially bounded.

Proof ( Su ff iciency )　 If X T is _ -essent ia lly bounded, and deno te byM the _ -essen tia l
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sup rem um o fX T, then 0≤M < + ∞. O bv iouslyX
2
T p≤X T  X 1

p≤ (M + 1)  X 1
p fo r a llp ∈ S

1,

and hence alsoF
2
Tp ( t)≥F

1
p

t
M + 1

fo r a llp ∈ S
1
and a ll t∈ R, nam ely T is st rong ly bounded.

(N ecessity )　 IfT is st rong ly bounded, nam e ly there ex ists a po sitiv e numbeM such th at

F
2
Tp ( t )≥ F

1
p

t
M

fo r a llp∈ S
1
and a ll t∈ R. T herefo re, ifp∈ L

∞
(S

1
), by the beg inn ing o f th is

sect ion, nam e ly the re ex ists t0 > 0 such tha tF
1
p ( t0 )= 1, thenF

2
T p (M t0 )≥F

1
p
M t0

M
= F

1
p ( t0 )=

1, nam e ly F 2
T p (M t0 ) = 1, th is im p lies T p ∈ L

∞ (S 2 ). It is easy to check th at fo r each p ∈

L
∞ (S 1 )‖ T p‖ ∞ = inf{ t> 0|F 2

Tp ( t )= 1}≤ in f t > 0|F 1
p

t
M

= 1 = M  ( in f{ t> 0|F 1
p ( t )=

1} ) = M  ‖ p‖ ∞ , nam ely the lim itat ion o f T to L
∞ (S 1 ) is a bounded linea r ope ra to r from

(L∞ (S 1 ), ‖  ‖ ∞ ) to (L∞ (S 2 ), ‖  ‖ ∞ ).

N o ting {p ∈ S
1|X 1

p≤ 1} is ex act ly {p ∈ S
1|‖ p‖ ∞≤ 1}, one can easily seeT m ap s {p ∈

S
1
|X

1
p ≤ 1} in to {q∈ S

2
|‖ q‖ ∞≤M }. S ince the re ex ists a sequen ce {p n } in {p ∈ S

1
|X

1
p≤ 1}

such tha t {X
2
Tp

n
} converges toX T in a nondecreasing w ay, and since fo r each n‖ T pn‖ ∞≤ M ,

nam e lyX
2
Tp

n
(k)≤M _ -a. s. , th is m ean s a lsoX T (k)≤ M _ -a. s. SoX T is_ -essent ia lly bound-

ed.

T h is comp le tes the pro o f.

Corollary 6. 1　 Let (S, X) be anRN m odu le overK w ith base (K, A, _ ). T hen an a. s.

bounded random linear funct ion al f on (S, X) is st rong ly bounded if fX
*
f is_ -essen t ia lly

bounded.

Proof　T ak ing S
1= S andS

2= L (_, K ), then our desired conclusion fo llow s imm ediate ly

f rom Proposit ion 6. 1.

Remark 6. 1　 By C o ro l lary 6. 1 one can easily find an a. s. bounded ( o f course,

con tinuous) random linear func tiona l def ined on an RN m odu le such tha t it is no t st rong ly

bounded, th is fact and Exam p le 6. 1 show the th ree no t ions o f a topo log ica lly bounded ( nam e-

ly, cont inuou s), strong ly bounded and a. s. bounded random linear funct ional are essen t ia lly

d if feren t: the f irst is properly w eake r than the la tte r tw o, and ne ithe r o f the la tte r tw o imp lies

ano ther, bu t if a topo log ica lly bounded o r strong ly bounded random linear fun ctiona l def ined on

an RN m odu le is a m odu le hom om o rph ism then it mu st be a. s. bounded.

C on sidering P ropo sition 1. 4, Propo sit ion 6. 2 be low is o f new inte rest.

Proposition 6. 2　 Le t (S
1
, X1

) be an RN space ove rK w ith base (K, A, _ ) and (S
2
,

X2
) be an RN m odu le overK w ith ba se (K, A, _ ). If the re ex istp 0 in S

1
and q0 in S

2
such th at

X
1
p 0
 X

2
q0
≠ 0 then there ex ists bo th a non zero a. s. bounded linea r operato r and a nonzero

strong ly bounded linear ope ra to r from S
1
to S

2
, o f cou rse, there ex ists a nonzero topo log ica lly

bounded ( equ iv alen tly, a nonzero con tinuou s) linear opera to r f rom S
1
to S

2.

Proof　S ince (S
2
, X2

) is an RN m odu le, w e can, w ithout loss o f generality, suppo seX
2
q
0

≤ 1 ( if no t, w e can rep lace q0 byQ (X
2
q
0
)  q0, w he reQ (X

2
q
0
) deno tes the gene ralized inverse o f

X
2
q
0
, thenQ (X

2
q
0
)  q0 sa t isf ies our desire, see [1, De fin ition 1. 1] fo r the def init ion o f the gene r-

a lized inverse).

By Co ro lla ry 5. 1 there ex ists an a. s. bounded random linea r fun ctiona l f on (S
1
, X1

)
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such th atX
*
f = IA (w here A = [X

1
p
0
≠ 0 ] ) and f (p 0 ) = X

1
p
0
. D ef ine T: S

1→ S
2
by T (p ) =

( f (p ) )  q0 fo r allp ∈ S
1, then T is a nonze ro linea r ope ra to r and T is a lso a. s. bounded since

T (p 0 ) = f (p 0 )  q0= (X
1
p
0
)  q0≠θ( the nu ll in S

2 ) andX
2
T (p )≤|f (p )| X

2
q
0
≤|f (p )|≤ X

*
f

 X
1
p ≤ X

1
p fo r al lp ∈ S

1
.

It is also obv ious tha tF
2
T (p ) ( t )≥ F

1
p ( t) fo r a ll t∈ R and a llp ∈ S

1, th is imp lies T is also

bo th strong ly bounded and con tinuous.

T h is comp le tes the pro o f.

Le t (S
1, X1 ) and (S 2, X2 ) be any tw o RN spaces overK w ith base (K, A, _ ) and (S2,

X2 ) be an RN m odu le. D eno te bySBL (S 1, S
2 ) the set o f a ll st rong ly bounded linea r operato rs

f rom S
1
to S

2
; byCL (S

1
, S

2
) the se t o f a ll cont inuou s ( equiv a len t ly, al l to po log ica lly bounded)

linear ope ra to rs f rom S
1
toS

2
; and by BL (S

1
, S

2
) the se t o f a ll a. s. bounded linea r operato rs

f rom S
1
toS

2. H e re w e do no t in tend to g ive any rev iew s on SBL (S 1, S
2 ) since it is no t neces-

sar ily a linea r space, w e h ave the fo llow ing tw o rev iew s conce rn ing the o ther tw o since th ey are

bo th linear spaces w ith the add ition and sca la rm u ltip lica t ion as usual.

Review 6. 1　F irst, the linear spaceCL (S 1, S
2 ) becom es a le ft m odu le ove rL (_, K ) unde r

the modu lem u lt iplica tion* : L (_, K )× CL (S
1
, S

2
)→ CL (S

1
, S

2
) g iven by (a* T ) (p ) = a 

(T (p ) ) fo r al la∈ L (_, K ), allT ∈ CL (S 1, S
2 ) and allp ∈ S

1. Second, w e w ill in t roduce a

linear topo log y fo rCL (S 1, S
2 ) such tha t th is linea r topo lo gy is exac tly the one o f conve rg ence

o f operato rs inCL (S
1
, S

2
) un ifo rm ly on each bounded suse t o f (S

1
, X1

) (w here″bounded″

m eans″linear topo log ica lly bounded″, w h ich is equiv alen t to″p robab ilist ica lly bounded″in (S1,

F 1
, W ), nam e ly theM enge r-PN space determ ined by (S

1
, X1

) ) as fo llow s: deno te byB the

fam ily o f a ll bounded subse ts o f (S 1, X1 ), th en fo r eachE ∈ Bde fineFE: CL (S 1, S
2 )→D

+

byF
E
T ( t ) = sup

x< t
inf

p∈ E
F

2
T (p ) (x ) fo r a ll t∈ R and a llT ∈ CL (S 1, S

2 ), w here (S
2, F 2, W ) is the

M enger-PN space dete rm ined by (S 2, X2 ), it is no t very diff icu lt to p rove FE sat isf ies

F
E
T
1
+ T

2
( t1 + t2 )≥ W (FE

T
1
( t1 ), F

E
T
2
( t2 ) ) fo r a llT 1, T 2 inCL (S 1, S

2 ), (CL (S 1, S
2 ), {FE }E ∈ B,

W ) fo rm s a so-ca lled prob ab ilist ic local ly convex space in term s o f [30 ], the (X, λ) -linea r

topo log y o fCL (S 1, S
2 ) de te rm ined by the fam ily {FE }E∈ B is ex act ly ou r desired linear topo lo-

gy, this topo log y m ay be ra ther com p licated sinceBis too comp licated, up to now w e have no t

even know n w hether it is m e trizab le ( although it is a lw ay s H ausdo rff ), w e on ly know it is

m etrizab le in the ra the r sim p le ca sew hen (S 1, X1 ) adm its a bounded ne ighbo rhoodNθ(X0, λ0 )

atθ( the nu ll in S
1
), w hereN θ(X0, λ0 )= {p ∈ S

1
|F

1
p (X0 ) > 1 - λ0}, X0 > 0 and 0< λ0 < 1. D e-

f ine F: CL (S 1, S
2 ) →D

+
byF T ( t ) = sup

t< x
in f

p∈ N
θ
(X
0
, λ

0
)
F

2
T (p ) ( x ) fo r al lT ∈ CL (S 1, S

2 ) and all t∈

R, then it is ea sy to see tha t (CL (S 1, S
2 ), F, W ) is aM enger-PN space and th at the (X, λ) -

linear topo lo gy de te rm ined by the sing le F is equ iv alen t to the one determ ined by the fam ily

{FE }E∈ B. Bu t even fo r qu ite sim p le RN m odu les likeL (_, R ) in E xamp le 6. 1 they do no t ad-

m it any bounded ne ighbo rhood. Hence, g ene ra lly speak ing, CL (S 1, S
2 ) does no t po ssess so

n ice and simp le stru ctu re s as an RN m odu le so th at w e can fu rther develop it deep ly. C lear ly,

fo r an RN space (S, X) o verK w ith base (K, A, _ ), CL (S, L (_, K ) ) is ex act ly the linea r

space o f a ll con tinuous random linear funct ionals on (S, X), hen ce one can easily see w hy w e

have no t def ined (CL (S, L (_, K ) ), {FE
}E∈ B, W ) to be the random con jugate space o f (S,
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X).

Review 6. 2　C lea rly, BL (S 1, S
2 ) is an L (_, K ) -subm odu le o f CL (S 1, S

2 ), def ine X:

BL (S
1
, S

2
)→ L

+
(_ ) byX T = ∧ {a∈ L

+
(_ )|X

2
T (p )≤a X

1
p fo r a llp in S

1
} fo r a llT inBL (S

1
,

S
2 ), then it is easy to check tha t (BL (S 1, S

2 ), X) is an RN modu le ove rK w ith base (K, A,

_ ). W hen (S
1
, X1

) is a lso an RN m odu le the (X, λ) -linea r topo logy o f (BL (S
1
, S

2
), X) is e-

qu iva lent to the linear topo logy o f conve rgence o f operato rs inBL (S 1, S
2 ) un ifo rm ly on each

a. s. bounded subse t o f (S
1, X1 ) ( a se tE S

1
is ca lled a. s. bounded if the re ex istsa∈ L

+ (_ )

such thatX
1
p≤a p∈ E ). G ene ra lly speak ing, an a. s. bounde t se t is a lw ay s bounded, bu t the

converse is fa lse, and hence the (X, λ) -linear topo log y o f (BL (S 1, S
2 ), X) is st ric tly w eake r

than the lim ita t ion o f the (X, λ) -linea r topo logy o f (CL (S 1, S
2 ), {FE }E∈ B, W ) to BL (S1,

S
2
). But the fact tha tBL (S

1
, S

2
), X) is an RN m odu le is v ery impo r tan t sincew e can m ake

fu ll u se o f the theo ry o f RN m odu les to deve lop it deep ly, in part icu la r w hen (S 1, X1 ) is an

RN m odu le every T inBL (S 1, S
2 ) behaves ve ry w e ll, fo r ex am ple, T is a cont inuou s m odu le

hom om o rph ism andX T= ∨ {X
2
T (p )|p∈ S

1
andX

1
p≤ 1}, and fur the r there ex ists a sequence {p n }

in {p ∈ S
1|X 1

p≤ 1} such th at {X
2
T (p

n
) } converges toX T in a nondecreasing m anne r. Even if (S

1,

X1 ) ism e re ly an RN spacew e can a lso conve rt the study o fBL (S 1, S
2 ) to the casew hen (S1,

X1
) is an RN m odu le, in [31] w e succeeded in prov ing (BL (S

1
, S

2
), X) is com ple te if (S

2
,

X2 ) is comp le te by m eans o f this conve rt ing w ay, in pa rt icu la rw e p roved in [31 ] tha t the ran-

dom con juga te space o f an RN space is a lw ay s com ple te.

Retu rn ing to the classica l case w hen (S 1, X1 ) and (S 2, X2 ) a re bo th o rdina ry no rm ed

spaces, the case am oun ts to tak ing the base space (K, A, _ ) to be triv ial, nam e lyA= {K,

H}, thenSBL (S 1, S
2 ), CL (S 1, S

2 ) andBL (S 1, S
2 ) a ll au tom at ica lly reduce to the linea r space

o f a ll bounded linea r operato rs from S
1
toS

2
, w h ich is a no rm ed space unde r the o rd inary opera-

to r no rm, deno ted by (B (S 1, S
2 ), ‖  ‖ ). In the no rm ed space (S 1, X1 ), the topo log ica l

boundedness and no rm - boundedness fo r a se t co incide, bu t w hen (K, A, _ ) is no t t riv ia l,

nam e ly in the random no rm ed space (S
1
, X1

), the topo log ica lboundedness and the a. s. bund-

edness no longe r concide ( see [1, D ef init ion 3. 4 and L emm a 3. 1 ] ), and the d ist inction s be-

tw een SBL (S
1
, S

2
), CL (S

1
, S

2
) andBL (S

1
, S

2
) are obv ious. O u r above invest iga t ions show

(BL (S 1, S
2 ), X) is the best random gene ra liza t ion o f the no rm ed space o f a ll bounded linea r

ope ra to rs from a no rm ed space to ano the r. T herefo re our De f in it io n 5. 2 is the best random

gene ra liza t ion o f the trad it ional con juga te space o f a no rm ed space.
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关于随机共轭空间的各种定义及随机线性

泛函各种有界性的某些评论

郭铁信,　马瑞萍
(厦门大学数学系, 福建 厦门 　 361005)

摘要: 　中心目的是详细廉政论在随机共轭空间理论形成过程中所经历的三个阶段的工作, 尤其指出

了这三个阶段工作之间的联系及本质差别; 给出了强有界、拓扑有界及几乎处处有界随机线性泛函之

间的关系; 亦指出了在概率赋范空间上线性算子理论研究中目前存在的不足.

关键词: 　概率赋范空间; E -范空间; 随机赋范空间; 强有界随机线性泛函;拓扑有界的随机线性泛函;

几乎处处有界的随机线性泛函; 随机共轭空间
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