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Abstract

Given any bounded linear operator T : X — Y between separable Hilbert spaces
X and Y, there exists a measure space (M, A, ) and isometries V : L*(M) — X,
U: L*(M) — Y and a nonnegative, bounded, measurable function o : M — [0, 00)
such that

T =Um,VT,

with mg : L?*(M) — L*(M) defined by m,(f) = o f for all f € L*(M). The expansion
T = UmyVT is called the singular value expansion (SVE) of T

The SVE is a useful tool for analyzing a number of problems such as the computation
of the generalized inverse T of T, understanding the inverse problem Tz = y and,
regularizing T'x = y using methods such as Tikhonov regularization. In fact, many
standard Tikhonov regularization results can be derived by making use of the SVE.

The expansion T' = Um, VT can also be compared to the SVE of a compact operator
T : X — Y which has the form

T:Zanun@)vn

where the above sum may be finite or infinite depending on the rank of T'. The set
{o,} is a sequence of positive real numbers that converge to zero if 7" has infinite
rank. Such o, are the singular values of T. The sets {v,} C X and {u,} C Y are
orthonormal sets of vectors that satisfy Tw, = o,u, for all n. The vectors v, and
u, are the right and left singular vectors of T, respectively. If the essential range,
denoted R.ss(0), forms a sequence of positive real numbers converging to zero (or is
merely a finite set of nonnegative real numbers) and for each nonzero s € R.s(0),
the essential preimage of the singleton set {s}, denoted o_L({s}), is finite, then the
bounded operator T'= Um, VT is in fact compact. The converse of this statement is
also true.

If the operator T is compact, the singular values and vectors of T" may be approx-
imated by discretizing the operator and finding the singular value decomposition of
a scaled Galerkin matrix. In general, the approximated singular values and vectors
converge at the same rate, which is governed by the error (in the operator norm) in
approximating T by the discretized operator. However, when the discretization is ac-
complished by projection (variational approximation), the computed singular values
converge at an increased rate; the typical case is that the errors in the singular values
are asymptotically equal to the square of the errors in the singular vectors (this state-
ment must be modified if the approximations to the left and right singular vectors
converge at different rates). Moreover, in the case of variational approximation, the
error in the singular vectors can be compared with the optimal approximation error,
with the two being asymptotically equal in the typical case.

xiil






Chapter 1

The singular value expansion

1.1 Introduction

In this chapter, we derive the singular value expansion (SVE) for a bounded operator
between two separable Hilbert spaces. Before we do this, we will discuss two special
cases of the SVE that should be familiar to the reader: the singular value decompo-
sition (SVD) of a rectangular matrix and also the SVE of a compact operator from
one separable Hilbert space to another. We will then derive the SVE for an operator
that is not necessarily compact. The principal aim in discussing these three cases, is
to demonstrate the relationship between a version of the spectral theorem and the
SVE in all three contexts. Although a derivation of the SVE of a bounded operator
can be found in the literature, this derivation relies on the polar decomposition the-
orem. We seek to derive the SVE in a way that mimics the logic of the derivations
for the SVE in the matrix and compact operator cases and doesn’t rely on the polar
decomposition theorem.

It is assumed the reader is already familiar with most topics in undergraduate linear
algebra, including the spectral theorem for a symmetric matrix. The reader is also
expected to be familiar with the basics of Hilbert space theory.

1.1.1 The matrix case

We start this section by stating the spectral theorem for a real symmetric matrix, a
result that can be found in most introductory linear algebra courses.

Theorem 1.1 (Spectral theorem for a real symmetric matrix) Let

A € R™™ be a symmetric matrixz. Then each of the n eigenvalues Ay, Mg, ..., A, of
A (counted according to multiplicity) are real numbers, there are n corresponding
eigenvectors vy, va, ..., v, of A that form an orthonormal basis for R", and A may be
written in the form A = VDV where V is the orthogonal matriz V = [vi|vs]...|v,)



and D = diag(A1, Ay ..oy M)

The proof of the spectral theorem may be found in many linear algebra textbooks,
such as [19] or [9], and will be omitted here. This theorem is then used to derive the
singular value expansion (SVD) for a rectangular matrix A € R™*". A sketch of the
proof is below.

Theorem 1.2 (SVD of a rectangular matrix) Let A € R™*"™. Then A may be
written as A = UXVT where U € R™™ and V € R™™ are orthogonal matrices and
¥ € R™*" 4s a diagonal rectangular matriz with nonnegative diagonal entries.

Proof: We start by assuming m > n. If n > m we can apply the below proof to
AT and then take the transpose of the resulting SVD.

Consider the symmetric matrix ATA. By the spectral theorem, we know there ex-

ist n orthonormal eigenvectors vy, vs,...,v, of ATA, corresponding to eigenvalues
A1, Ao, ..., Ay, such that
ATA=VvDVT,

where V' = [vq]vg]...|v,] and D = diag(Aq, Ag, ..., A,). Note that
/\i = )\Z'<’UZ',UZ'> = <)\Z”U7;,Ui> = <ATAU7;,’U1'> = |A’Ui|2 2 0.

This allows us to define the singular values o1, 09, ..., 0, by 0; = /\; fori =1,2,....n.
We also define vectors uy, us, ..., u,, where u; = o; "Av; for i = 1,2,...,r and 7 is
defined by the property o, > 0,1 = ... = 0, = 0. Note that {u;}!_; forms an
orthonormal set because

(i, uz) = (07 ' Avg, 05" Avy) = 07 oy v, AT Avy) = o o o (ui, v5) = 6y,
where §;; denotes the Kronecker delta. Extend {u;}_; to an orthonormal basis for all

of R™ to form the set {u;}!",, and define the orthogonal matrix U = [u;|ua]...|u,,] €
R™*™. Then

UTAV = UT[Avy|Avy|...| Av,) = U [ou|oous)...|opu,) = UTUS = 3,
where we have used the fact that Av; = o,u; for each i. Applying U to the left and
VT to the right yields A =UXVT. B

The vectors uy, us, ..., u,, and vy, ve, ..., v, are referred to as the left and right singular
vectors, respectively, for A. The values o1, 09, ..., 0, are called the singular values of

A.

Using matrix multiplication, one can also write the singular value decomposition of



the matrix A as a sum of rank one matrices:
T
i=1

The above expansion for A is similar in form to the singular value expansion (SVE)
of a compact operator, which we will discuss in the next section.

1.1.2 The compact operator case

We now consider the infinite-dimensional case, where a pair of theorems similar to
Theorems and hold for compact operators. A compact operator is defined
below

Definition 1.3 (Compact operator) The linear operator T : X — Y, where X,
Y are Hilbert spaces, is compact if the image under T of any bounded set in X has
compact closure.

A compact operator is necessarily bounded. There are a number of equivalent formu-
lations of a compact operator; in particular, 7" is compact if for any bounded sequence
{z,} C X, the sequence {T'z,} C Y has a convergence subsequence.

Every finite rank operator is compact. The most important class of compact operators
is formed by integrals operators that are defined as follows. For M, a subset of R",
and with kernel k : M x M — R that is square integrable over M x M, an integral
operator T': L*(M) — L?*(M) is defined by the equation

(Tz)(s) = /Mk:(s,t)a:(t) dt.

Such operators come up in a number of applied math problems.

In deriving the SVE of a compact operator, we will start by stating the spectral
theorem for a compact, self-adjoint operator 17" on a separable Hilbert space X. We
will then use this theorem to derive the SVE of a compact operator T': X — Y. Just
as we did for the matrix case, we will omit the proof of the spectral theorem and
provide a sketch of the derivation of the SVE.

Before stating the spectral theorem, we define the spectrum of a self-adjoint linear
operator on a Hilbert space X. The spectrum is a generalization of the set of eigen-
values.

Definition 1.4 (Spectrum) Given a self-adjoint linear operator T : X — X the
spectrum of T is the set of all real numbers X such that T — X1 is not invertible, where
I denotes the identity operator on X.



Often the spectrum of an operator 7" is denoted by o(7'). To avoid this notation
clashing with future uses of the letter o, we will use A(T') to denote the spectrum of
the operator T.

Theorem 1.5 (Spectral theorem for compact self-adjoint operators) Let

T : X — X be a compact, self-adjoint operator. Then every monzero element
A € A(T) is an eigenvalue of T whose eigenspace is finite-dimensional. There also
exists an orthonormal sequence {v,} of eigenvectors and a corresponding sequence of
eigenvalues {\,} such that

T:ZAnanbvn

where ® denotes the outer product defined by (v, @ v,)x = (x,v,)xv, for z € X. In
particular,

Ty = Z AT, vn)xv, forallz € X

These sequences {\,} and {v,} may be finite or infinite. If they are infinite, then
A — 0 as n — oo and the series converges to T in the operator norm.

For a proof of this theorem, the reader may consult [10].

Just as we did in the matrix case, we use the spectral theorem for compact self-
adjoint operators to derive the singular value expansion (SVE) for a compact operator
T : X — Y. The proof below can be also be found in [10].

Theorem 1.6 (SVE of a compact operator) Let T : X — Y be a compact op-
erator. Then there exist (finite or infinite) orthonormal sequences {v,} C X and
{u,} CY and positive numbers oy > o9 > ... such that

T = Z Onlly @ Up. (1.2)

If the series is infinite, then it converges in the operator norm to T and o, — 0 as
n — 00. Also,
Tv, = o,u, foralln

and
Ty = Zan@n,x))gun for all x € X.

Proof: We use an argument similar to the one used in the Theorem [I.2 We note
that T*T is compact and self-adjoint. So the spectral theorem for compact operators
gives us

T = Z AUn ® Uy,



where {v,} is an orthonormal sequence in X, |\{| > |Az] > ... > 0 and, if the above
sum is infinite, A, — 0 as n — oco. Note that

)\n — /\n<vn7vn>X — <)\nvn7vn>X - <T*Tvnavn>X - <Tvn7TUn>X Z 07

which means we may define o,, = /A, and u,, = o, 'Tv,. Next, note that

(U, Upn)y = <U;1Tvn, U;LlTvm>y = a_la;ﬂvn, T Tom)x = 0_10_1<vn, aglvmb(

n
=00, 02 (Vn, V) x

= 5nma

which shows {u,} is an orthonormal sequence. It is easily shown that N (T) =
N(T*T) = sp{vy, vy, ...}+, which implies

Te=T (prOjN(T)L[E) =T (Z(m,vn>xvn> = Z(x V) xTv, = ZU” T, Up) x U,

n n
= g On un®vnx
n

= (Z Oply @ vn) x

This shows that
T = Z Tty @ Uy,

in the pointwise sense. If the above sum is finite, the proof is complete. Otherwise,
we finish the proof by proving that this sum converges to 7' in the operator norm.
Let z € X with [|z|x = 1. Then

N [e)
Ty — <Z Oy @ vn> T = Z n (T, V) x U,

n=1 n=N+1
Thus,
2 (3]
Tx — Zo-n ZE Un X Unp Z Un x Un XUn = Z 0-3L|<x7vn>X|2
n=1 Yy n=N+1 y n=N+1
00
< (712\[-1-1 Z |<$7Un>X|2
n=N+1

< 012\7“||$H§( = U]2V+1'

The facts that oy, — 0 as N — oo and that this result holds for all unit vectors



x € X implies that the sum converges to the operator 7" in the operator norm. W

1.2 The spectral theorem

In reading through the proofs in the previous section, one should detect a pattern
in the derivations. We start with the spectral theorem for a self-adjoint operator
and then use that to produce the SVD or SVE of a non-self-adjoint operator. This
same principle may be applied to a bounded (perhaps non-compact) linear operator
T:X — Y, where X and Y are real, separable Hilbert spaces. Much of the derivation
in this section comes from results discussed in [16] starting on page 49. Because this
version of the SVE is both less well known and less accessible than the previous
theorems, we will devote more time going through it. To get started, we first need
several preliminary results.

Given a bounded, self-adjoint linear operator A on the separable Hilbert space X,
and a continuous function f defined on a compact subset of R, we want to define the
operator f(A): X — X in a sensible manner. For f(z) = z, it makes sense to define
f(A) = A, for f(x) = 2%, f(A) = A2, and so forth. Using this kind of reasoning, if
p(z) = >, aua® is a polynomial, then p(A) = Y7 a,A* is the obvious definition
for p(A). We then extend this idea to defining f(A) for continuous functions f on
a compact subset K of R. To do this, we consider C'(K), the space of continuous
functions defined on K. For our purposes, the spectrum A(A) of A (which is always
compact and because A is self-adjoint, is a subset of R), will act as our compact set
K. By the Stone-Weierstass theorem, P(K), the set of polynomials defined on K, is
dense in C(K).

Thus, we may define the operator &, : P(K) — L(X) where £(X) denotes the
collection of all bounded, self-adjoint linear operators on X, by

The space P(K) is dense in C(K') and it can be proven that ®, is bounded, which
follows from the fact that

P20y = Iplle)- (1.3)

A proof for ([1.3)) can be found in [16]. Thus, if {p, } is a Cauchy sequence in P(K), then
{pn(A)} is a Cauchy sequence in £(X), which implies that &4 may be continuously
extended to all of C(K).

Thus, we may define f(A) by B
f(A) = D4(f). (1.4)

where ® 4 denotes the extension of ® 4 to all of C'(K). For a more rigorous development
on this idea, the reader may consult [16].



The next result we require is the existence of the spectral measure. In deriving this,
we must first review several definitions.

Definition 1.7 (c-algebra) Given a set M, a o-algebra on M is a collection ¥ of
subsets of M that contains M and is closed under complements and countable unions.

Definition 1.8 (Borel sets) Given a set M with a known topology, the Borel sub-
sets of M form the smallest o-algebra of M that contains all the open sets of M.

Definition 1.9 (Measure) Given a set M and A, a o-algebra on M, a measure
W is a function from A to the interval [0,00] that satisfies u(0) = 0, and for any
countable collection {E;}32, with E; € A for alli and E;NE; =0 for i # j, we have

p(UZy Ei) = 2220 ().

Definition 1.10 (Borel measure) A Borel measure 1 is a measure defined on the
Borel subsets of M.

Definition 1.11 (Non-negative functional) Consider a bounded linear functional
¢ on the space of continuous, real-valued functions on a compact subset K of R"™
(denoted C(K)). We say { is non-negative if, for all non-negative functions f €
C(K), ((f) = 0.

Throughout this chapter, we will be using the standard topology on R. We now state
the Riesz representation theorem for compact subsets of R. See [23, p. 310] for a
proof.

Theorem 1.12 (Riesz representation) Let K be a compact subset of R and let ¢
be a nonnegative, bounded linear functional on C(K). Then there erists a unique,
nonnegative Borel measure i on K such that

- /K f(x) du(x) ¥f € O(K).

For ¢ € X, consider the bounded linear functional ¢, : C(K) — ]R deﬁned by

Cy(f) = (@, f(A)Y)x. If f is non-negative, we may define v/f and /f(A) by (1
Thus, (¥, f(A)Y)x = ||/ f(A)Y||% > 0 so £ is non-negative. Therefore, we can apply
the Riesz representation theorem to ¢, to produce a measure j,, which satisfies

(W, F(A X/f ) dp() Vf € C(K).

This measure f,; is called the spectral measure associated with ). This measure is
then used to define the space L?(K, ) of square integrable functions on K with



the measure . For convenience of presentation, we will denote this space L*(K)
rather than L?(K, u1,) and the measure will either be explicitly given or intuited from
context.

We next define a cyclic vector for the operator A, which we will use to prove a version
of the spectral theorem for certain bounded self-adjoint linear operators.

Definition 1.13 (Cyclic vector) Given a separable Hilbert space X and a bounded,
self-adjoint linear operator A : X — X, we say a vector v is a cyclic vector for A if
the subspace

Xy = span{p(A)Y : p € P} (1.5)

1s dense in X.

In general, a self-adjoint operator A need not have a cyclic vector. However, in the
case that it does, we may prove the spectral theorem below.

Theorem 1.14 Let X be a separable Hilbert space and let A : X — X be a bounded,
self-adjoint linear operator. If A has a cyclic vector v € X, then there exists a

unitary operator V : L*(A(A)) — X (under the spectral measure ) such that for
every f € L*(A(A)) we have

(VTTAV ) (A) = Af(A) for almost every X € A(A).

Proof: For f € C(A(A)), we define f(A) by (L.4). Let py be the spectral measure
on A(A) satisfying the equation

(¢, [(A)Y)x = / f duy Yf € C(A(A)).

A(A)

We then define V : C(A(A)) - X by Vf = f(A)y for each f € C(A(A)). Note that
IVFIZ = (F(AY, FAYD)x = (b, F(AP) x = / £ iy = £ 1Bocncny

which implies that V is an isometry. We know that C'(A(A)) is dense in L?(A(A)),
which implies there exists a unique continuous extension V of V from L2(A(A)) to X
that satisfies

IV Fllx = I fllz2acay for each f e L*(A(A)).

Because 1 is cyclic, we know X, = X. Thus, for z € X, there is a sequence {f,}
of functions such that f,(A)y — x as n — oo or, equivalently, V f,, — x as n — oc.
Because V is an _isometry, f, — f for some f € L*(A(A)) and then by continuity
of V, we know Vf = x. Thus, V (which we will denote by V for convenience)
maps L?(A(A)) onto all of X, which means that V' is an isometric isomorphism from

L2(A(A)) to X.



To finish the proof, let p be a polynomial defined on A(A) and let ¢ denote the
polynomial defined by ¢(t) = tp(t). Then

VIAVp = V1 Ap(A)Y = Vig(A) = q. (1.6)

Now note that each f € L?(A(A)) may be written as the limit of a sequence of
functions in C'(A(A)) and each function in C(A(A)) may be written as the limit of
a sequence of polynomials defined on A(A). Thus, the polynomials defined on A(A)
are dense in L*(A(A)), which means holds for all f € L?*(A(A)) as well. This
completes the proof. B

The above theorem is inadequate in that not every self-adjoint operator A has a single
cyclic vector. Below is a simple example of this phenomenon.

Example 1.15 Let A: X — X (with X having dimension larger than one) be defined
by Ax = Az for some real number \. For anyy € X, the space Xy defined by equation
(1.5) is one-dimensional. Thus, there is no cyclic vector for A.

The remainder of this section will be devoted to proving the spectral theorem for an
operator that does not have a cyclic vector. To do this, we require more definitions.

Definition 1.16 (Partially ordered set) Given a set P, a partial ordering on the
set, denoted by <, is a relation satisfying reflexivity (a < a for all a € P), antisym-
metry (a < b and b < a implies a = b) and transitivity (a < b and b < ¢ implies
a<c)

Definition 1.17 (Totally ordered set) A totally ordered set (P, <) is a partially
ordered set where every two elements are related to each other.

Definition 1.18 (Upper bound) Given a subset S of a partially ordered set (P, <),
an upper bound on S is an element p € P such that s < p for all s € S.

We now state Zorn’s lemma.

Lemma 1.19 (Zorn’s lemma) Suppose a partially ordered set P has the property
that every totally ordered subset has an upper bound. Then the set P contains a
mazimal element. That is, there is an element p € P such that ¢ < p for all ¢ € P
comparable to p.

We can now prove the below two lemmas. The arguments presented here are restate-
ments of proofs in [16].

Lemma 1.20 Let X be a real Hilbert space and let A be a bounded self-adjoint linear
operator on X. Let ¢, v € X. If ¢ L X4, then X, L Xg4.



Proof: If ¢ L X,, then, for every n € Z*, (A"¢,¢)x = 0. Thus, for each n,m €
7", we have

(A", AP x = (A", ) x =0,
which completes the proof. B

Before the next lemma, we require another definition.

Definition 1.21 Let X be a separable Hilbert space and { X, }nen be a collection of
mutually orthogonal subspaces of X. Then the orthogonal direct sum

D,
neN

denotes the collection of all sums of the form ),z where each x) € Xy, and it is
understood that only finitely many ) are nonzero.

It is easy to see that this direct sum is a subspace of X. Also, if the set N is finite,
the above direct sum is closed. If A/ is infinite, then it can be shown that the closure,

denoted by
D x.
neN

is the collection of sums of the form Zke v Tk for xp € X where we drop the as-
sumption that only a finite number of the x;’s are nonzero and also assume that
> ke llzkl% < oo. Note that the fact that X is a separable Hilbert space guarantees
that the set A is at most countably infinite.

Lemma 1.22 Let X be a real separable Hilbert space and let A be a bounded self-
adjoint linear operator on X. Then there exists a collection {¢p}nen of nonzero
vectors in X such that for all m,n € N, with m # n, we have Xy, L Xy, and

P x,, =x

neN

Proof: Let S = {x € X : ||z||x = 1} denote the unit sphere in X. Consider the
collection of subsets

D={DCS|V,beD, 6#1b = X, LX,}.

Note that D is a partially ordered set with respect to inclusion. Further, any totally
ordered subset Dy of D has a upper bound given by the union [ J pep, D+ Thus, by
Zorn’s lemma, there exists a maximal element D,,., € D. Now let V' be defined by

V=P X,

PEDmax

10



We finish the proof by showing that V' is dense in X. Suppose it is not. Then there
exists some ) € S such that ¢» L V. By Lemma this implies that X, L X, for
each ¢ € Dy.x. But then Dy, U {¥} € D and contains Dy, which contradicts the
fact that Dy, is maximal. W

It should be noted that the collection of cyclic vectors from the above lemma is by
Nno means unique.

The utility of Lemma is that while there exist operators that do not have a
cyclic vector, we can still prove the result in Theorem with a collection of cyclic
vectors. To do this, we use Lemma to produce a countable collection {1y, }nen

of vectors such that
D X, = x

neN

and 1, is a cyclic vector for the operator A, = Alx . Note we use X, instead of
Xy, because A, must be defined on a Hilbert space. We then apply Theorem to
each A,. To produce an expansion for A, we must combine the expansions for each
A,. To do this, we will need to introduce the notion of the direct sum of measure
spaces

(M: ./4, ,U) = @ (Mn:Am,un)
neN

as well as the direct sum of L? spaces

L*(M) = €D L*(M,).

neN

We will discuss these two in turn. If the collection of sets {M,} are each pairwise
disjoint, then the new set M may be taken to be the union of each M,,. However,
in many contexts (such as the case of repeated eigenvalues in A(A)) the sets M, will
not be disjoint. Thus, we define M to be the disjoint union of the sets M,:

M= || M, = J{@n)|zecM,}.

neN neN

In our context, each M, is a subset of R, and we impose the standard topology on R
and the subspace topology on M,,. That is, the open sets of M,, are all sets M,, N U,
where U is open in R.

We then impose the disjoint union topology on M. That is, if S C M, then S will

have the form
s = Jlls.n) |5 € 5.}
neN

where S,, C M, and S is open if and only if each .5, is open under the topology on
M,.

11



The set of measurable sets A is defined in the following way: a subset S C M with the
form S = U {(s,n)|s €S,}is in A as long as each S,, € A,, . Further the measure
neN
 is defined in terms of the measures p,,. That is, for S = U {(s,n)|s € Sn},
neN

() =D pn(Sn)-

neN

When taking the direct sum of the L?(M,) spaces, we regard each L*(M,) as a
subspace of L?(M) by extending every f, € L?*(M,) to f,, € L*(M) by the equation

O i

This implies that {L*(M,)} is a set of orthogonal subspaces. Thus, any function f
in @, L*(M,) can be written as the sum f =3 _. f,. For convenience, we will
henceforth use f, to denote each extension f,. It is also understood that only a finite
number of these functions are nonzero. Every element in the set @, .\ L?(M,),
however, may be written as > _,- f, where potentially infinitely many of the f,
functions are nonzero. The norm of f € L?(M) is given by

1 122ary = D 1fallZcas,)-

neN

The last thing we must discuss is the topology that is placed on the set M. We place
the standard topology on the subset M,, of R for each n € A and the disjoint union
topology on M. We note that the standard topology on M, has a countable base,
(that is, a countable collection of open sets U = {U;}2, such that any open set F in
M,, may be written as a union of elements in /). Then because there is a countable
number of sets M,,, M itself must also have a countable base. When M has this
property, it is said to be second-countable.

The topological space M will also be Hausdorff. That is, for any pair of points
(A1, m1), (A2, ma) € M, there exist open sets O; and Oy such that (A,m;) € Oy,
()\Q,mg) c 02 and 01 N 02 == (Z)

Using all of this, we may now prove the spectral theorem.

Theorem 1.23 (The spectral theorem for bounded self-adjoint operators)

Let X be a real, separable Hilbert space and let A : X — X be a bounded, self-adjoint
linear operator. Then there exists a second countable, Hausdorff measure space
(M, A, 11),an essentially bounded function A : M — R, and an isometric isomorphism

12



V : L*(M) — X such that
V_IAV = my

where my : L*(M) — L*(M) is the multiplication operator on L*(M) defined by
myf = \f for all f € L*(M).

Proof: From Lemma [1.22] there is a countable subset A' C Z™ and a collection of
vectors {1y, fnenr such that
DX =X,

neN

where 7% is invariant under A and each 1, is a cyclic vector for the operator
A, = A|yw . We apply Theorem m to each A, to produce the measure spaces

A(A,), A, pin) where p, is the spectral measure given in Lemma [1.12, Theorem
also gives us the isometric isomorphism V;, : L*(A(A,)) — Xy,, defined by
Viof = f(An), for each f € L*(A(A,)) , such that

Vo LAV () = tf (1)

for almost every t € A(A,).
We then define the measure space (M, A, i) as

(M, A, N) = @ (A(An)a An, Mn)
neN

where M and p are defined per the discussion preceding the theorem. We also let

L*(M) = @ L*(A(A,)).

neN

Now define the operator V' : @, .5 L*(A(4,)) — X by

V=Y Vifa.

neN

where f € L?*(M) has the form f = Z fn, where f, € L*(A(A,)). Using the fact
neN
that V,.f, € Xy, foralln € N and X, L X, for m # n, we have

VAR =D IWVafallx =D 1 fallzzn = 11720,
neN neN

which shows that V' is an isometry. Now continuously extend V' to the operator
V1 L*(M) — X that satisfies |V f[|5 = || fI|72(s for all f € L?(M). For convenience,

we will use V instead of V' to denote this operator.
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Now let z € X. The vector x may be written as z = ) _, %, where x,, € 7%
for all n € N and Y,y |lzal|% < oo. Because R(V,) = Xy, there is a function
fn € L*(A(A,)) such that z,, =V, f, for each n € N. Define f =3~ _,- f, and note
that f € L*(M) because

1 Z2any = D IfallZeany = D lzalli < oo

neN neN

Alsoz =3 v Vafn =V (X,cn fn) = V. So z € R(V), which implies V' is an
isometric isomorphism from L?(M) to X.

Next, note that the operator V' : X — L?(M) is such that if z € X, then z =
Y nen Tn for z, € X, and V! sends x to the function f = Y nen fn such that
Vifn =2y for all n € N that is V7 (3 cn @) = Dopen Vi '@

Now define the function A\, : M,, — R by the formula A\, (t) =t for t € A(A,). Then
define A : M — R by A\ = Zne ~ An Where each A, has been extended to all of M
by setting A, (t,m) = t * &, for (t,m) € M. This implies that for f, € L*(M,),
Vn_lAnann = )\nfn

Finally, for f € L?*(M), we have

VAV =V"lA (Z v, fn) =yt (Z AV, fn) =) V' AVafa

neN neN neN

neN

This completes the proof. l

Before moving on, we present an example to illustrate the construction proved above.

Example 1.24 Consider for A € R, the operator A : X — X defined by Ax = Az for
each x € X. The operator A does not have a cyclic vector. However, supposing X is a
separable Hilbert space, we can find an orthonormal basis for X given by {¢,}22, and
let each ¢, act as a cyclic vector for A, = Alge,y- We then construct the measure
space (M, A, pin) where M, = {\}, A, = {0,{\}} and p, satisfies p,({\}) = 1.
The isometric isomorphism V,, : L*(M,) — sp{¢,} is defined as V,,f = f(\)¢, and
satisfies
An = VnmAVn_l

where my denotes the multiplication by X on L*(M,). So for x = B¢, € sp{on}, we
have

VoV te = Voma Vo Bé, = Vema S = Vo AB = ABo, = Az = A,x.
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We then construct the set M = {(A\,n) : n € ZT}, which is the disjoint union of
each M,,. The measure p is defined so that if S = {(A\,n) : n € N} where N is
some subset of Z*t, then u(S) = >, o n({A}), which reduces to p(S) = |N| in this
case. We then define V : L* (M) = X by Vf =V (307, o) = Doy fn(N)dy where
each fn : {\} = R is a function in L*(M,). This V defines an isometry. It is also
clear that R(V) = X so V is an isometric isomorphism. We can write any v € X
as x =Y o Buty and let fz denote the function in L*(M) such that fs(A\,n) = B,.
Then

Vm)\v_ll‘ = Vm)\v_l Zﬁnqbn = Vm)\fﬁ = V)\fﬁ - Z Anﬁngbn - )\Zﬁn%
n=1 n=1 =l

= \r = Az.

Thus A =Vm,V L.

One last thing we should note about the construction of the SVE is the flexibility
we have in defining the sets M,, for the measure spaces (M, A, it,). The spectral
measure fi, is defined on the spectrum A(A,,). Thus, the simplest way to define M,
is by M,, = A(A,)). However, one could also allow M, to be any subset of R as long
as A(A,) C M,. One then must adjust the definition of the measure yu, so that for
Sn C My, 11,(Sy) = (S, NA(A,)).

Now that we have constructed the SVE for a self-adjoint operator, we no longer
need to concern ourselves with the exact details of how M and the measure space
(M, A, p) are constructed. We may simply conclude that M is a set with a topology on
it that is both second countable and Hausdorff and there is an isometric isomorphism
V . L?*(M) — X such that A = Vm,V ! where A : M — R is an essentially bounded
function and my : L*(M) — L*(M) is defined by myf = \f for all f € L*(M).

1.3 The singular value expansion

We will now use the spectral theorem for a bounded self-adjoint linear operator to
derive the SVE for a general bounded linear operator 7' : X — Y in the same way
we did in the matrix and compact operator case. Before we do this however, we will
need to prove the following two lemmas and theorem. The results below were proven

by Gockenbach in [8].

Lemma 1.25 Let (M, A, ) be a measure space and let 0 : M — [0,00) be a mea-
surable function that is nonzero a.e. Let {ay} be any sequence of positive numbers
converging monotonically to zero and, for k € Z*, let By, = {x € M : 0(x) < a}. If
w(E,) < oo for somen € T, then u(Ey) — 0 as k — 0.
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Proof: We first define E = (-, Ey; then E = {& € M : 6(z) = 0}. Then u(E) =0
by hypothesis. But then, because Ey.1 C Ej for all k& and p(FE,) < oo, it follows
from a standard theorem of measure theory (see Theorem 1.8 of [7]) that

0=p(E) = p (M) = lim u(EBy),
which proves the result. B

Lemma 1.26 Let (M, A, i) be a measure space and let 0 : M — [0,00) be a measur-
able function that is positive and finite a.e. Define

S={fel*M):07'fec L*(M))}. (1.7)

Then S is dense in L*(M).

Proof: Let f € L?*(M) be given. For every ¢ > 0, since f? is integrable, there exists
a measurable subset N, of M such that pu(N,) < oo and

/ f<e
M\N.

(To see this, note that Theorems 2.10, 2.14 of [7] imply that there is a simple function
g: M — [0,00) such that | [ g — [ f?| < e. Define N to be the support of g. It is clear
that u(N,) < oo, because otherwise g could not be integrable.) Now let € > 0 be given.
For each k € Z*, define Ey, = {x € M : 0(x) < 1/k} N N2, F = (M\E) N N¢j2, and
fr : M — [0,00) by fr = fxr, (where x4 is the characteristic function of A € A).
We wish to show that f, € S for all k and, for &k sufficiently large, || fi — f|L2() < €.
We see that 67! f, € L*(M) because

Jonr = [oog, - | e [ per [ <o

since § > 1/k on F},. This shows that 671 f;, € L?(M), that is, f; € S.
Finally, M = F}, U Ej, U (M\N,/2) and therefore

/(fk—ff=/Fk(fk—f>2+[Ek(fk—f>2+/M\Ne/z(fk—f>2
=/Fk(f—f)2+/Ek(0—f)2+/M\N€/2(0—f)2

The second integral is less than €/2 by construction of N,j;. Moreover, A — [ 1 12
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defines a measure on A (a simple result to prove from the definition of measure).
Since Ey,q C Ej for all k and each Ej has finite measure, we know that

/Eka/EF:o,

where £ = N2 By = {x € M : 0(x) = 0} and p(E) = 0 by assumption. This implies
that

€
fF<=
B 2

for all k sufficiently large and hence that
/ (fe—f)? <e

for all k sufficiently large. Thus, f — f in L?(M). Since f was an arbitrary element
of L?*(M), this shows that S is dense in L*(M). &

Next, we derive the SVE for a bounded linear operator in the special case that
N(T) = {0}. As mentioned in Section [L.1] the derivation of the SVE for a bounded
operator follows from applying the spectral theorem for bounded operators to T*T
and following steps very similar to those found in Theorems and [1.6]

Theorem 1.27 Let X and Y be real separable Hilbert spaces and let T : X — Y
be a bounded linear operator with N (T) = {0}. Then there exist a measure space

(M, A, i), isometric isomorphisms V : L*(M) — X, U : L*(M) — R(T), and an
essentially bounded measurable function o : M — [0,00) such that

T =Um,V L

Moreover, o > 0 a.e.

Proof: By the spectral theorem for bounded self-adjoint operators, there exist a
measure space (M, A, i), an isometric isomorphism V : L*(M) — X, and a bounded
measurable function 6 : M — R such that

T*T = VmgV .
We will first show that 8 > 0 a.e., which will follow if we prove that
(mof, f)r20) > 0 for all f € L*(M).
We will prove this by first noting that mg = V~'T*TV and hence, for all f € L*(M),

(mof, frzom = (VT TV, fyreony = (TVETV f)y >0
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where we've used the fact that V! = V* because V is an isometric isomorphism. So
we conclude 6 > 0 a.e., as desired.
Now we define £ = {x € M : §(x) = 0}. If w(E) > 0, then yg # 0 in L*(M),
which implies that Vxg # 0 in X and hence that T*TV xg # 0 (because N (T*T') =
N(T) ={0}). But

T"TVxe = Vmexe = V(0xe) =0

because § =0 on E and xg = 0 on M\E. This contradiction shows that p(F) must
be zero, that is, @ > 0 a.e. in M. Now we define o = v/0 and

S={fecL*M):07'f c L*(M))}. (1.8)

By Lemma [1.26] we see that S is dense in L*(M). We then define U : S — Y by
U=TVmg-. Since 01 f € L*(M) for all f € S, U is well-defined. We also see that
it is linear and densely defined. Next, we have

HUfH%/ Uf> Uf)Y = <Tvma_1f7 Tvm0—1f>Y
fomg VT TV img -1 f) p2

fa m0—1m02m0_1f>L2(M)
[y f>L2(M) = Hf”%?(M)'

This shows that ||Uf|ly = || f||L2(m) for all f € S. Since U is bounded and densely
defined, it can be extended to a bounded operator whose domain is all of L?(M). For
convenience, we will use U to denote the extension as well (i.e. U satisfies U|s =
TVmg-1). Then, by continuity, we have ||U f|ly = || f||z2(m) for all f € L*(M). This
shows that U is an isometry from L*(M) to R(U).

Next, we show that T = Um,V~!. For each x € X, m,V 'z € S because
me-1m,V tx = V~lz € L*(M). Therefore, for each x € X,

=
=
=
=

Um,V e =TVmy-1m,V lx =TVV e = Tx.

Therefore, Um,V 1 =T.
Lastly, we will show that R(U) = R(T"). To do this, let y € R(T"). Then there exists

a sequence {x,} C X such that T'z,, — ¥, that is, Um,V "'z, — y. This means that

{Um,V~'z,} is a Cauchy sequence and hence, because U is an isometry, {m,V 'z,}
is Cauchy in L?(M). So suppose m,V 'z, — f € L*(M). Then

Uf = lim Um,V 'z, =v,

n—oo

which shows that y € R(U). Since R(U) C R(T') by definition of U, it follows that
R(U) = R(T). This completes the proof. B

We will now use the above theorem to derive the SVE of a bounded operator T :
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X — Y without the assumption that N (T) = {0}. Before we derive this however,
we recall the definition of the Moore-Penrose generalized inverse of an operator.

Definition 1.28 Given, a bounded linear operator T : X — Y, the Moore-Penrose
generalized inverse of T, denoted T is the unique linear extension of the operator

T to D(TH) = R(T) ® R(T)* with N(T1) = R(T)*, where T = Ty -

Theorem 1.29 (SVE of a bounded operator) Let X and Y be real separable
Hilbert spaces and let T : X — Y be a bounded linear operator. Then there exist
a measure space (M, A, ), isometries V : L*(M) — X and U : L*(M) — Y, and an
essentially bounded, measurable function o : M — [0,00) that is positive a.e. such
that

T =Um,V!

with my, : L*(M) — L3*(M) defined by m,(f) = of for all f € L*(M).
Proof: Apply Theorem to the operator T = T'|pr¢ry+- This gives us

T=U mUV_l,

where V : L2(M) — N(T)*, U : L*(M) — R(T) = R(T) are isometric isomorphisms
and m, : L?*(M) — L?*(M) is a multiplication operator with o > 0 almost everywhere.
We can then define U : L*(M) — Y and V : L*(M) — X such that Uf = Uf and
Vf=Vfforal fe L*(M). In effect, we are just changing the codomains of U
and V. Then U and V will be isometries (not necessarily isometric isomorphisms).
Next, let z € X and decompose z as © = z; + x5 for z; € N(T)+ = R(V) and
19 € N(T) = R(V)*L. Then

Tx =T(x1+x9) =Tay = Tay,=Um,V iz, = Um,V iz, = Um, V(2 + 2)
=Um,V'z,
where VT is the generalized inverse of V. Also note that N (V) = R(V)*+ = N (T)

and V”N(T)L = Vl_l. Thus,
T=Um,Vi. R (1.9)

This expansion for the operator T allows us to find expansions for 7% and Tt as well.
These expansions will be used prominently in future chapters. To derive expansions
for these operators, we first prove the following lemma.

Lemma 1.30 Let Hy, Hy be Hilbert spaces and let V : Hy — Hs be an isometry.
Then V* = VT,

Proof: Let x € Hy and y € Hy. Consider the inner product (Vz,y)y,. We can
decompose y = y; + yp with y; € R(V) and y, € R(V)*. Then y; = V2 for some
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z € H; and

<V$,y>H2 - <VI,y1 + y2>H2 - <V.T, VZ)HQ - < > <l’ VTVZ>H1
<:L’ V y1>H1

= (=, V' + v2))
<$ Vi y>H1

(VIV = projuyyr = I because N(V) is trivial). This proves that V* = VT, W

We now note the following expansions:

T =Vm,U"'
T*T = Vg V'
Umart (1.10)
T =Vm, U

The last equation holds by the following lemmas.

Lemma 1.31 Let S be defined as in equation (1.8)) and define U(S) ={Us:s € S}.
Then U(S) = R(T).

Proof: If s € S, then Us = TVm,-1s € R(T) by definition. Thus, U(S) C R(T).
On the other hand, if y = T for some x € X, then y = Um,VTz and m,Viz € S.
Therefore R(T') C U(S). This completes the proof. B

Lemma 1.32 7T = Vm,1UT.

Proof: We will begin by proving that D(TT) = D(Vm,-1UT). First suppose y €
D(TT) = R(T) & R(T)*. Write y = y1 + yo for y1 € R(T) and yo € R(T)* and
consider UTy. We can write y; = Tx = Um,V 'z for some # € X and note that
N (U = R(T)* (which follows from the fact that R(U) = R(T), which we showed

in Theorem [1.27)). This implies
UTy = UTyl =UUm,Viz=m,Vizes

where we have used the fact that UTU = proj ~y: = I because N (U) is trivial. Thus,
Uty € S which implies that y € D(Vm,-1UT) and thus, D(TT) C D(Vm,-1U").

On the other hand, suppose y € D(Vm,-1UT). Here, we write y = y; + y» where
y1 € R(T) and yo € R(T)*. Then y being in D(Vm,-1UT) implies that Uy =
Uly, € S Thus, UU'y; € U(S) = R(T) by the previous lemma. The fact that
UUtT = Projr () = Projzery implies that UUTy, = y;. Thus, y; € R(T) which implies
that y € R(T)®R(T)*. So D(Vm,U') € D(T") and hence, D(T") = D(Vm,UT).
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Next, let y € D(T') and again decompose y as y = y; + y» with y; € R(T) € R(U)
and yo € R(T)* = R(U)*. Then x = Ty is the unique element of A(T')* such that
Tx = y,. We can check that x = Vm,-1U'y satisfies this condition. First, note that
r € R(V)=N(T)*. In addition,

Tz = (Um,VH(Vm, Uy = UUy = Projr )y = Projzmy = Y1,

where we have used the fact that VIV = I = m,mgs-— on L*(M). Thus, for all
y€D(TY), Ty = Vm,Uly. B
As mentioned earlier in the chapter, the SVE is not unique. If T has two different

SVE’s given by T' = Uym,, VlJr = Uym,, V;, we can prove the below theorem regarding
the spaces L?(M;) and L*(M,).

Theorem 1.33 Let T : X — Y be a bounded linear operator with two distinct SVE'’s
gwen by T'= Uym,, V;r and T' = Uymy,, VJ. Then the associated Hilbert spaces L*( M)
and L*(My) are isometrically isomorphic.

Proof: Consider the operator V; : L2(My) — X. This operator is an isometry. The
operator Vi : L*(M;) — R(V1) = /\/’(T)LA with Vi f = Vif Vf € L*(M,), however, is
an isometric isomorphism. In addition, V;™* : N(T)+ — L%(M,), which is equivalent
to V1T| N(T)L is an isometric isomorphism. Using similar reasoning, we know that
Vo : L*(My) — R(Va) = N(T)* is an isometric isomorphism and so is V,* : N(T)* —
L?(Ms). Thus, V, V1 is an isometric isomorphism from L?(M;) to L?(M,). In
addition, V"'V is an isometric isomorphism from L?(M,) to L2(M;).

Likewise, we could construct isometric isomorphisms U0, - LA(M,) — L2(M;) and
Uy tUy  LA(My) — L2(Ms). B
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Chapter 2

Basic properties of the SVE of a
bounded linear operator

2.1 Introduction

In the previous chapter, we derived the singular value expansion (SVE) T' = Um, VT
of a bounded operator T. Here, we will define and discuss the essential range of a
measurable function and the essential preimage of a set in R under the same function.
This chapter is motivated by the paucity of references in the literature regarding the
essential range as well as the complete lack of references in the literature on the
essential pre-image. In [24], Rudin discusses the essential range only in a few of the
end-of-chapter problems. Because of this, we will prove several basic properties of
the essential range that are difficult to find in the literature. We will also define the
essential pre-image of a set S C R and derive several of its properties. Later on,
these results will be used to derive conditions on the multiplication operator m, that
guarantee T' is compact.

We start by discussing assumptions and notation. Throughout this chapter, we will
be working with a measure space (M, A, ). We assume there is a topology T on
the set M and that the collection A is the associated Borel o-algebra defined on M.
We also assume that 7 has a countable base B (which means the topology is second
countable). Finally, we assume 7 is Hausdorff. These assumptions will be used many
times in the proofs of this chapter, but we will avoid explicitly stating them in every
theorem or lemma.

The motivation for defining the essential range of a measurable function f is that the
range of f is not well defined. If f, g are measurable functions and f = ¢ except on
a set of measure zero, then f = g, but R(f) may not be equal to R(g).

The essential range is defined below and does not change when the function is altered
on a measure zero set. The reader can also consult [24] for a definition of the essential
range.
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Definition 2.1 (Essential range) Let f : M — R be a measurable function. The
essential range of f is the set

Ress(f) = {s € R:Ve>0, u({t € M :|f(t) —s| <e€}) >0} 2.1)

={scR:Ve>0, pu(f'(s—¢s5+¢) >0} '
We also note that for a measurable function f, the set f~!(s — ¢, s + ¢) is not well
defined because we may change f on a set of measure zero and thus change the set
f~Y(s — €,5+ €). However, the measure of this set is well-defined.

Because f~1(S) for some subset S C R is also not well defined, we next define the
essential preimage of a set.

Definition 2.2 (Essential preimage) Let f : M — R be a measurable function.
Given a measurable subset S C R, the essential preimage of S under f is defined by

fos(8) = M\ {E € T: SN Rews(fl5) = 0} (2.2)

Before exploring the properties of these sets in the next section, we derive two alter-

nate definitions for f;;}(S) that we will use in future proofs.

Lemma 2.3 Let f : M — R be a measurable function. If S is a measurable subset
of R, then
S ={te M:VEE€T,tc E = SNRes(flr)#0}. (2.3)

€SS

Proof: DefineU ={te M :VE € T,tec E = SNRes(flg) #0}. Let t € U
and E C M be an open neighborhood of t. Then S N Ress(f|g) # 0, which implies
that

0 LB € T+ S0 Rl fle) = 0) (2.0
and thus, t € f..1(S).

€SS

Conversely, suppose t € f..1(S). Then (2.4) holds and for any open E C M, we know

SN Ress(f|r) =0 implies t ¢ E. This is equivalent to saying if £ C M is open, then
t € E implies S N Ress(f|r) # 0, which implies ¢ € U. This concludes the proof. B
We next wish to prove a simplification of the definition of essential preimage which
makes use of the fact that 7 is second countable. We will use this result several times
in future sections. Before we can prove this lemma however, we must prove a basic
property about the essential range.

Lemma 2.4 Let f : M — R be a measurable function and let E be a measurable
subset of M. Then Ress(flg) C Ress(f)-
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Proof: Because {t € E': |f(t) —s| <e} C{te€ M :|f(t) — s| < e}, then

$ € Ress(flg) = Ve>0, u({te E:|f(t)—s| <e})>0
= Ve>0, u({te M :|f(t)—s| <e})>0
— 5 € Ress(f)-

This completes the proof. B

Lemma 2.5 Let f : M — R be a measurable function. If S is a measurable subset
of R, then
feur(8) = MA|J{E € B: SN Res(f1) = 0} (2.5)

and

fHS)={te M:VE€B,tc E = SNRes(flr)# 0} (2.6)

SS

where B denotes the countable base of T .

Proof: In this proof, we will make use of the assumptions that 7, the topology on
M, is Hausdorff and second countable. To prove the result in ({2.5)), it suffices to show
that

L H{E€B:SNRelfle) =0} = {E € T: 5N Reaslfle) = 0}.

Ifte J{F e€B: SNRess(f|lr) =0} then of course t € | J{E € T : SNRess(f|r) = 0}
because B C T. To prove the converse, if t € |J{E € T : SN Ress(f|g) = 0}, then
there exists £ € T such that t € E and S N Ress(f|rg) = 0. But then there exists
some E’ € B such that t € E' C E and SNR(f|g) = 0 (since R(f|e) C R(f|r)).
Thus, t € U{E € B: SN Ress(f|r) = 0}. This proves (2.5).

To prove (2.6, we show that the two sets
Uy={teM:VEe€T,te E = SNRes(flg) #0}

and
Uy={te M:VEe€B,tc E = SNRe(flg)# 0}

are equal. Let t € Uy and F € B satisfy t € E. Because B C T, E € T as well and ¢
being in Uy implies S N Ress(f|z) # 0. Thus t € Us.

To prove the converse, let ¢ € U, and let £ € T such that ¢t € E. Then there
exists £/ € B such that t € E' € E. Moreover, t € Uy, and t € E’ imply that
SN Ress(fle) # 0. Because Ress(f|r) C Ress(f|r) by Lemma , this implies that
SN Ress(f|lE) # 0, and we have shown that ¢ € U;. This completes the proof. B

In Section [2.2] we will prove some more basic properties of the essential range and
preimage. Section will be devoted to proving results regarding isolated points in
the essential range. We will then use all of these results to relate properties of the
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essential range of m, to the compactness of the operator 7' in Section 2.4, We will
present several concluding remarks in Section [2.5]

2.2 Properties of the essential range/preimage

In this section, we will prove several basic properties of the essential range and then
one relation between the essential range and essential preimage. Many of these results
are straightforward to prove, but are difficult to find in the literature.

The first two lemmas show that Ress(f) is a closed set and is contained in R(f).
Lemma 2.6 If f : M — R is measurable, then Ress(f) is closed.

Proof: It suffices to show that R\ R.ss(f) is open. Suppose s € R\ Ress(f). Then
there exists € > 0 such that u(f~'(s —¢,s+¢)) = 0. For any s’ € (s — €/2,5 + €/2),
we know
f7Hs —€/2,8" +¢/2) C fH (s —e,5+¢)
and thus,
p(f (s — /2,8 +¢€/2)) =0.
Thus, if &' € (s —€/2,s 4+ €/2), then s’ ¢ Rss(f). Hence R\ Ress(f) is open. W

Lemma 2.7 Let f : M — R be measurable. Then Ress(f) C R(f).

Proof: We prove the contrapositive. Suppose s ¢ R(f). Then there exists some

€ > 0 such that (s —€,s+¢)NR(f) = 0 and hence f~'(s —¢€,s+¢) = 0. This implies
that s ¢ Ress(f). B

Our next lemma demonstrates that if the underlying set M has positive measure,
then the essential range is always nonempty.

Lemma 2.8 If f : M — R is measurable and (M) > 0, then Ress(f) # 0.

Proof: Note that R =J,,.,(n — 1,n] and thus

M=f"®R) = Jf((n-1n]

neL

= p(M) = u(f((n—1,n)),

ne’l

which implies that p(f~'((n — 1,n])) > 0 for at least one n € Z. Thus, there exists
an interval [ry, o] such that u(E) > 0 where E = f~([r1,7]). By Lemma 2.4 it
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suffices to show that R.ss(f|r) # 0. We argue by contradiction. Let F' = f|g and
assume R.ss(F) = (). Then for all s € [rq, 73], there exists some €, > 0 such that

pu{t € E:|F(t) —s| <es}) =0.

Since [r1,72] is compact, there exists a finite sequence sy, s9, ..., S, such that

n

[ry,m9] C U(Sj — €, 85 T €,)
j=1

n

= F'([r,m)]) C U{t € E:|F(t) —sj| <est

j=1
= p(F~H([ry,72]) <ZM{tGE E(t) — 55| <e5,}) =0.

But this contradicts the assumption that pu(f~'([ry,72])) > 0. B
Next, we prove that the intersection of R(f) and R.ss(f) cannot be empty.

Lemma 2.9 Suppose f: M — R is measurable and (M) > 0. Then
R(f) N Ress(f) # 0.

Proof: We will assume that R(f) N Ress(f) = 0 and prove that the measure of M
must be zero. Given s € R(f), the fact that s & Ress(f) implies that there exists
an open interval (ag,b,) containing s and such that u(f~*(as,bs)) = 0. Moreover,
since the topological space R is second-countable, there exists a countable collection
{(an,bn) : n € N} of open intervals such that

R(f) € | (an, ba)

neN

where N denotes a countable index set and u(f~!(a,,b,)) = 0 for all n € N. But
then

M:f_l(R(f))Cf_l<U anvn) Uf (@n, bn)

neN nenN

<> u(f (@, ba)) = 0.

neN

This completes the proof. l
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Corollary 2.10 Let f: M — R be measurable. If U C M and f(U) N Ress(f) = 0,
then u(U) = 0.

Proof: If u(U) > 0, then Lemma 2.9 implies that

R(f|U) M Ress(f|U) 7"é @
Since R(flv) = f(U) and Ress(f|v) C Ress(f), it follows that

pU) >0 = f(U) N Res(f) # 0,

which proves the contrapositive. ll

We end this section by proving that the essential preimage of the essential range is
equal to all of M save for a set of measure zero.

Lemma 2.11 If f : M — R is essentially bounded, then

(M fLH(Ress(£))) = 0.

Proof: By Lemma [2.5]

M\ frt(Ress(f) = | J{E € B Rews(f) N Ress(fl) = 0}
- U{E S B : Ress(f’E) = Q)}

By Lemma [2.10} Ress(f|r) = 0 implies that u(E) = 0. Thus, M \ f51(Ress(f)) is a

countable union of open sets of measure zero and hence is itself a set of measure zero.

2.3 Isolated points

We now turn our attention to points s € Res(f) that are isolated from all other
points in R.ss(f). We say a point s € R.ss(f) is an isolated point of R.ss(f) if there
exists an open interval (a,b) such that R.s(f) N (a,b) = {s}. We will eventually
prove that such points are eigenvalues of the multiplication operator my. We will
also prove that in order to guarantee that T'= Um,V T is a compact operator, that
the R.ss(0) must consist of either a finite collection of isolated points, or a countably
infinite collection of isolated points whose only limit point is zero.

In this section, we will derive a number of properties of the set f~!({s}), given that
s in an isolated point of Ress(f). These results will then be used in the next section.

Lemma 2.12 Let s be an isolated point of Ress(f). Then t € f.1({s}) if and only

€SS

if for all open E C M containing t, we have u(E N f~1({s})) > 0.
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Proof: Start by choosing an € > 0 such that Res(f) N (s —€,5 +€) = {s}. Let
t € f.1({s}) and choose an E € T containing ¢t. Then from the definition of the
essential preimage, we have

tefi({s}) = VEE€T,t€ E = s € Ress(f|r)
—= VEeT,teE = (V¢ >0,u({t e E:|f(t')—s| <€})>0)

Thus, we have u({z € E | |f(x) — s| < €}) > 0. Then write

{ze E||f(x)=sl <y =(ENf{s)) U Enf(s—e9) [ (ENF (s 5+6).

Suppose the set E N f~1(s — ¢, s) has positive measure. Then for some n € Z*, the
set S, defined by S, = EN f~'[s—e+1/n,s — 1/n] must have positive measure.
Consider f|g,. Clearly, R(f|s,) C [s — e+ 1/n,s — 1/n]. Also, the assumption that
wu(S,) > 0 along with Lemma imply that R(f|s,) N Ress(fls,) # 0. But this
contradicts the fact that Ress(f)N(s—¢,s+¢€) = {s}. Thus, u(ENf~(s—e,s)) = 0.
A similar argument holds for the set £ N f~!(s,s + €). Thus, the set £ N f~1({s})
must have positive measure.

To prove the converse, suppose for some t € M, every E € T containing ¢ satisfies
w(EN f71({s})) > 0. Then of course 0 < u(EN f~1({s})) S u(EN f(s—¢,s+¢€))
for any € > 0. Thus, ¢t € f.}({s}). &

€SS

Lemma 2.13 Let f: M — R be a measurable function. If s is an isolated point of
Ress(f) with
Ress(f)N(s—e€,s+¢€) ={s}

for some e > 0, then u(f~*({s})) > 0 and f(t) = s for almost everyt € f~(s—e, s+e€)
Proof: LetU = f~!(s—e¢,s+¢€)andlet V =U\f'({s}). Since s € Ress(f), u(U) >
0. Also, since f(V) C (s—¢€,s+¢€) and s ¢ f(V), it follows that (V)N Ress(f) =0
and hence £(V) = 0 by Lemma [2.10] But then

U=f"{shuV = uU)=ulf"{s}H) +u(V)=ulf"{s}).

This shows that u(f~'({s})) > 0 and also that f(¢t) = s for almost every t € U as
desired. W

This lemma immediately gives us the below theorem.

Theorem 2.14 Let f: M — R be a measurable function. If s is an isolated point of
Ress(f), then s is an eigenvalue of the multiplication operator my on L*(M) and the
characteristic function X y-1((s)) 8 a corresponding eigenvector.

Proof: Follows immediately from Lemma [ |

Next, we prove that f~1(S)\ f51(S) is a set of measure zero.
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Lemma 2.15 Let S C M be measurable. Then p(f=1(S)\ fZ1(S)) = 0.

Proof: Define N = f71(5)\ f.L(S). For each t € N, there exists an open set F;
containing ¢ such that S N Ress(f|,) = 0. Now define the open set £ = J,cy Er-
Clearly, S N Ress(f|g) = 0 and thus, because Ress(f|n) C Ress(f|E), we know S N
Ress(fln) = 0 as well. But R(f|ny) C S and thus R(f|n) N Ress(f|n) = 0, which by
Lemma [2.9| implies that u(N) =0. B

Corollary 2.16 For any measurable set S C M, u(f~1(S)) = u(f~1(S) N fL(9)).

Proof: Note that f~1(S) = (f~1(S) N fLLS)U(f1(S)\ f.L(S)). The result then
follows immediately from the Lemma [2.15 W

Corollary 2.17 Let f : M — R be a measurable function and s be an isolated point
of Ress(f). Then t € f1({s}) if and only if for all open sets E C M containing t,

€SS

we have p(E N f71({s}) N fes({s}) > 0.

Proof: We already know from Lemma that t € f.1({s}) if and only if for all
open sets £ C M containing ¢, we have u(E N f~1({s})) > 0. Now note that

Fsh = Ash\ fadsh) U 0 dsh nfaadsh)

and fL({s})\f1({s}) is a measure zero set by Lemma[2.15] Thus, u(ENf~1({s})) =
p(ENfH{sH N fa:({s}). ®

Now we wish to prove a relation between isolated points s € Ress(f) and isolated

points £ € f..1({s}). Before we do this, we prove the following lemma.

Lemma 2.18 Let f : M — R be a measurable function and let S be a subset of R.
Then for any open E C M,

(f1E)ess(S) = feaa(S) N E.
Proof: We have
te (fle)ii(S) < (YE' CE,E openandt € E' = SN Rew(flp) #0) (2.7)
and

te LUSNE —

€SS

2.8
te Fand VE”" C M,E" open and t € E" = SN Ress(f|pr) # 0. (2:8)

We will show that (2.7) and ({2.8]) are equivalent; it will then follow that

(flE)ess(8) = feus(S) N E.
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Suppose first that ¢ € (f|g)..L(S) and let E” be an open neighborhood of t. Then
E’" = E”" N E is an open subset of F such that ¢t € E’ and hence implies that
SN Ress(fler) # 0. Since Ress(flr) C Ress(f|er) and t obviously belongs to E, it
follows that the right-hand condition of is satisfied and hence ¢t € f.1(S) N E.

Conversely, suppose t € f;1(S) N E and let E’ be an open subset of E containing t.

€ss

Since E’ is also an open subset of M, it follows from ([2.8]) that SNRess(f|x) # @ and
we see that the right-hand condition of (2.7)) is satisfied. Therefore t € (f|g)2L(S).
This completes the proof. l

Lemma 2.19 Let f: M — R be a measurable function. If s € R is an isolated point
of Ress(f) and t € M s an isolated point of f.2({s}), then u({t}) > 0. Moreover,

ft) =s.
Proof: By assumption, there exists an open subset £ C M such that

fes{sh N E = {t}.

By definition of f}({s}), we know s € Ress(f|r) and also that s is an isolated point

€ss

of Ress(f|p). Hence, there is an € > 0 such that
Ress(flz) N (s —€s+€) = {s}.
It follows from Lemma and Corollary that
p((fle)es({sh) = ul(fle)ae({sh) N (fl2) 7 ({s1) = w((fl2) " ({s})) > 0.
Next, Lemma [2.18] implies that
(fle)es({s}) = fas({sh N B = {t},

and hence, p({t}) > 0. We know from Lemma [2.13| that f(¢) = s for almost every
t € (flg) (s — €5+ ¢€). But Lemma [2.15 implies that

(fle) (s —este) = (fl)euls —€s+e) UV ={THUV,

where V' is a set of measure zero. It follows that f(¢) = s, and the proof is complete.

We have already shown that isolated points s € R.s(f) are eigenvalues of my. We
now prove a result regarding the associated eigenvectors.

Lemma 2.20 Let f : M — R be a measurable function. If s € R is an isolated point
of Ress(f), then s is an eigenvalue of my and any eigenvector g : M — R of my
corresponding to s is equal to xg for some subset S C [~ ({s}) N L ({s}) of positive
measure.
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Proof: Define S, ={t € M | g(t) #0} and U = f~*({s}) N f,5({s}). Then

Sy = (SN (M {sH)) U S n (T s\ S sh) U (8,0 0)

and the set S, N M\ f~1({s}) must have measure zero (otherwise g would not be an
eigenvector). The set S, N (f~1({s}) \ foi({s})) also has measure zero by Lemma
2.15. This completes the proof. B

2.4 Compact operators and the SVE

In this section, our goal is to derive a set of conditions on the multiplication operator
m, that guarantees that the operator T = Um, VT is compact. To do this, we start
by proving several results about measurable sets that will be important for us later.

Lemma 2.21 If U C M has positive measure, then there exists t € U such that

VEe€T, te E = pwENU)>0.

Proof: Because T is second countable with countable base B, it suffices to prove
that for all £ € B, t € E implies u(ENU) > 0. By contradiction, assume for all
t € U, there exists some E; € B containing ¢ such that u(E; N U) = 0. Now notice
U=|J{E:NU |teU}. Because B is countable, the set {E,NU |t € U} will also be
countable. Thus, u(U) <> u(E,NU) = 0. This contradiction completes the proof.
|

Next, we consider a measurable set U such that U cannot be partitioned into two
disjoint sets U = U; N U, with both U; and U, having positive measure.

Lemma 2.22 Let U € A be a set with positive measure such that
i Ul, U, € A, ((Ul NU; = 0 and U = U,y UQ) — (,U/(Ul) =0 or IU/(UQ) = O)) .

Then there exists some t € M such that U = {t} UUy, where Uy € A, u({t}) = p(U),
and pu(Uy) = 0.

Proof: Let t € U be the element in U guaranteed by Lemma Define Uy =

U\ {t}. Then of course U = {t} UU, and {t} N Uy = 0. For any open set E C M
containing ¢, we know that

U=UnE) | JU\E)

and u(U N E) > 0 by Lemma [2.21] and by assumption, u(U \ E) = 0. Then because
T is second-countable, there exists a countable collection of open sets {F;}22, with
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t € F; Vj € Z* such that for all ¢’ € U with ¢’ # ¢, there exists at least one F} such
that t' ¢ Fj. Now define the sequence of sets {£;}32, by

J
E; =) Fx
k=1

Then each E;, being a finite intersection of open sets, is open and each £ contains
t. Also, E,q1 C E, for all n € Z7" and it is clear that (12, E; = {t}.

We thus, conclude that p(U) = p(U N Ej) for all j € ZT and apply a well known
theorem from measure theory to conclude

J—00

MUDZN(H@”U%>ZHmMWﬂEOZﬁgMW%=MW

j=1

Thus, (U \ {t}) must be equal to zero. This concludes the proof. B

Our next result requires us to define a positive partition of a measurable set.

Definition 2.23 (Positive partition) Let U be a measurable subset of M with
w(U) > 0. The set {Py}y_, is called a positive partition of U if U = (J,_, P,
P.NP,=0for1<k+#m<n and u(Py) > 0 for all k.

We also define a partial ordering on the set of positive partitions of U.

Definition 2.24 (Partial ordering) The partial ordering on the set of positive par-
titions of a measurable set U C M is defined as

{Petiy <A{Q}r, <= m>n andVl e {1,2,...m}, Ik € {1,2,...,n},Q; C Py.

A chain of positive partitions is a collection of the form {Py}r_, < {Q¢}j, <
{R;}_, < .... which may be infinite or finite.

Using these concepts, we prove the below lemma which demonstrates an important
relationship between the cardinality of the set f,.!({s}) and the dimension of the
eigenspace corresponding to the eigenvalue s.

Lemma 2.25 Let f: M — R be a measurable function. If s € R is an isolated point
of Ress(f), then s is an eigenvalue of my with eigenspace E,, (s), and

dim(E,,,(s)) =n < fi({s}) contains ezactly n points.
Proof: If s is an isolated point of Rss(f), then by Corollary [2.16, s must be an

eigenvalue of my. Suppose f;1({s}) consists of exactly n elements. Then each ¢ €
fo3({s}) will be an isolated point of f.!({s}) because M is a Hausdorff space. By
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Lemma [2.19] this means u({t}) > 0 and f(t) = s. Thus, if f,1({s}) = {t:1,ta, ... tn},
then {X{}, X{ta}, ---» X{t.} } 15 an orthogonal collection of eigenvectors associated with
s. Thus, the dimension of the eigenspace for s is at least n. Suppose dim(E,,,(s)) > n.
Then there exists an eigenvector g associated with s that is orthogonal to xy,; for
i =1,..,n. Also, by Lemma [2.20] g must be defined on f2;}({s}) N f~*({s}) except
for a set of measure zero. Thus, g = 0 a.e. on the set M. This contradiction proves
the eigenspace for s will have dimension exactly n.

To prove the converse, suppose the eigenspace of my associated with s has dimension
n. Define the set U = f.1({s}) N f71({s}), and let P,,s(U) be the collection of all
positive partitions of U. Notice that for any positive partition {P,}& | of N subsets
of U, the set of characteristic functions {xp,, Xp,, .-, Xpy | IS an orthogonal set of N
eigenvectors of f corresponding to s.

Suppose there exists a chain of positive partitions in P,,s(U) with no upper bound.
Then the chain is an infinite sequence of positive partitions (otherwise the last element
in the chain is an upper bound). If we assume, without loss of generality, that the
elements in the chain are distinct, then the cardinalities of the elements in the chain
form a strictly increasing sequence of positive integers that grow without bound. Then
for any positive partition of the chain, {P;}&,, the set of characteristic functions
{xpPys XPy, -, XPy } Is an orthogonal set of N eigenvectors of f corresponding to s.
Thus, the dimension of the eigenspace cannot be bounded, a contradiction.

Thus, every chain in P,,s(U) must have an upper bound. Zorn’s lemma then implies
there must exist some maximal positive partition {Py}}"; such that each Py cannot
be partitioned into two subsets of positive measure. That is, for any Vi, Vo C Py such
that Vi NVy = 0 and P, = V3 U Vj, either p(Vy) = 0 or u(V2) = 0. Thus, by Lemma
, for each k = 1,...,m there is some t;, € Py such that P, = {tx} U Py where
n({tk}) = p(Py) and p(Prpo) = 0.

We next prove that the sets {Pgo} are, in fact, empty. To do this, fix k& and let
t € P,y C U. Then Corollary implies that for every open set £ C M containing
t, u(ENU) > 0. But because the topology on M is Hausdorff, we may find an open
set F; containing t such that E, N {ty,...,t;,} = 0. So then pu(E; NU) = 0 because
U\ {t1,....tm} is a set of measure zero. This contradiction shows that each Py o must
be empty.

This implies that U = {t1,...,t,,} and each singleton set {¢;} has positive measure.
Thus {X{t,}:---» X{t..} } forms an orthogonal set of eigenvectors, which means m < n.
Next, Lemma [2.20] implies that every eigenvector g associated with s must be equal
to xs for some S C U = {ty,...,t,, }. This means that n < m and therefore m = n.

Lastly, we must prove that the set f;1({s})\ f~*({s}) is empty. This will prove

€SS

that f.}({s}) consists of exactly n elements. To do this, suppose t € f.1({s})\
f7'({s}). Then by definition of the essential preimage and range, for all € > 0, we
have uu(f|5' (s —¢,5+¢€)) > 0 for every open set E containing t. Again, select an open

E; such that E; N {ty,....,t,} = 0. Lemma then implies that the f(r) = s for

34



almost every r € (f|g,) (s — €, s + ¢). But that would imply that the characteristic
function of the set (f|z,) (s — €,s + €) is an eigenvector associated with s that
is orthogonal to {1, ...,¢,} which would contradict the fact that dim(E,,,(s)) = n.
Thus, f..}({s}) must consist of exactly n points.

(&2
Now that we have built up the necessary machinery, we can begin to prove several
relationships between T = Um,V' and the multiplication operator m,. We start
with an easy result.

Theorem 2.26 The range of T = Um, V' fails to be closed if and only if the function
o 18 not bounded away from zero.

Proof: By Corollary 2.17 of [10], R(T) will fail to be closed if and only if TT =
Vmgy—1UT is unbounded. 7T will fail to be bounded if and only if o~! fails to be
essentially bounded. This holds if and only if ¢ is not bounded away from zero a.e.
This completes the proof. l

Next, we relate the spectrum of a self-adjoint operator A : X — X with SVE A =
Vm,V =1 to the essential range of the function A. As in the previous chapter, to avoid
ambiguity in our notation, we use A(A) to denote the spectrum of A rather than the
traditional o(A) notation.

Theorem 2.27 If A : X — X is a bounded self-adjoint operator with spectral de-
composition given by A =VmyV =1, then Ress(A) = A(A).

Proof: Let s € Ress(A). We will prove that s is an approximate eigenvalue of A
and hence is contained in the spectrum of A. To show this, define

fn = CnX)ﬁl(s_l”g_i_ 1)

n n

where y g denotes the characteristic function for the set F and ¢, is a normalization
constant such that || f,.||r2(ar) = 1. It needs to be noted that A™' (s — 1,54 1) is not

well defined because A can be altered on a set of measure zero. However, x, _, (s—Lst1)
is well defined in L?(M). Note that it is possible to find a normalization ¢, because
s € Ress(A) and hence Xa-t(s—Lst1) # 0 in L*(M). We then define the sequence

{z,} € X by z,, = Vf,. Note that ||z,||x = 1 for all n because V' is an isometry.
Then

HAxn - anH%( = va)\V_lxn - an”g( = ”Vm)\V_lan - SanH%(

= [lmafn — anH%Q(M)

= (=95 dn
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We then note that the support of this integrand is A~* (s — %,3 + %), and hence
|A —s| < 2. This allows us to conclude that

1 1
/(()\—s)fn)2du§E/fzduzﬁ—)Oasn%oo.

Thus, there exists a sequence {z,} C X with |z,||x = 1 for all n such that
|Az,, — sz,||x — 0, which means that s is an approximate eigenvalue of A and is
hence contained in the spectrum of A. Thus, Ress(A) C A(A).

Conversely, suppose s ¢ Ress(A). Then there exists an € > 0 such that
pA (s — e 5+¢) =0.

This means that A is bounded away from s almost everywhere; that is, [\ —s| > € a.e..
Thus, the operator A — sI = Vm[\ — s]V ! is a composition of invertible operators
and hence, is invertible. It will have an inverse of the form

1
A-s)'=V v
(A=) =V | 1]
It follows that s is not contained in the spectrum of A, and the proof is complete. B

Corollary 2.28 IfT : X — Y is a bounded operator with singular value expansion
given by T = Um, V7, then Ress(o) = {s: s> € A(T*T)}.

Proof: Apply Theorem to the self-adjoint operator T*T to obtain R.ss(0?) =
A(T*T). By the construction of the function o, this means R.s(0) = {s : s €
AT*T)}. &

We now prove the main result of this chapter, giving conditions on the multiplication

operator m, that guarantee that 7' = Um,V is compact. We start with the self-
adjoint case.

Theorem 2.29 Let A: X — X be a bounded self-adjoint linear operator with spectral
decomposition A = Vm\V L. Then A is compact if and only if one of the following
15 true.

1. Ress(A) forms a sequence of nonzero numbers converging to zero (along with zero)
and for each nonzero s € Ress(N) the set A\ L({s}) is finite. Or

2. Ress(N) is a finite set of nonnegative numbers and for each s € Ress(N) the set
AL({s}) is finite.

Proof: Suppose A is compact. Then by Theorem , A(A) consists of either a
finite collection of nonnegative numbers or a sequence of positive real numbers that
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converge to zero (along with zero itself). Corollary implies that Ress(A) must
also have this property.

Now let s be a nonzero element in R.ss(A\). Because A is compact, s must be an
eigenvalue of A with finite dimensional eigenspace. Lemma then implies that
AL ({s}) must be finite.

To prove the converse, suppose for every s € Reqs(A), the set A\ZL({s}) is finite. Then
the set A.L(Ress(\)) is a countable collection {e,} of values in M, each e, is an

isolated point of M (because M is Hausdorff) and thus p({e,}) > 0, and x¢,} is an
eigenvector for my with eigenvalue A\, = A(e,,).

Also by Lemma [2.11], the set M \ A_L(Recss(\)) must have measure zero. This means

€ess
we may define every function f in L?(M) on the set {e,}. That is, we may write

f= Z f(en)X{en}

and also

maf =D Anf(en)Xteny = D MnlF Xen )220 Xeen)-

Therefore,
my = Z )\nX{en} ® X{en}

where by assumption, A, is either a finite set of nonnegative values or else a sequence
of positive numbers satisfying A, — 0. This implies that m, is compact and thus,
that A = Vm,V ! is also compact. B

We can now easily prove the non-self-adjoint version of this theorem.

Corollary 2.30 Let T : X — Y be a bounded linear operator with singular value
expansion T = Um, V1. Then T is compact if and only if one of the following is true.
1. Ress(0) forms a sequence of nonzero numbers converging to zero (along with zero)
and for each nonzero s € Ress(o) the set o, ({s}) is finite. Or

2. Ress(0) is a finite set of nonnegative numbers and for each nonzero s € Ress(0)
the set oL ({s}) is finite.

Proof: Apply Theorem to the self-adjoint operator T*T = Vm,2VT. Then the

given properties hold for the function o2 : M — R and thus must also hold for the
positive square root ¢ : M — R. R

2.5 Concluding remarks

We conclude this chapter by first discussing the ambiguity in defining the singular
values of a bounded linear operator T' that does not occur when the operator is a
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matrix, or is compact.

The singular values of a matrix A € R™*" are familiar to the reader. There are two
ways to conceptualize them. The first is to think of them as the square roots of the
eigenvalues of AT A. The second approach is to employ the min-max theorem given
below.

Theorem 2.31 Let A € R™™ be a matrix with singular values o4 > o9 > ... > 0y,.

Then
op = min  max|Az| (2.9)
dim(S)=n—k+1 ||z||=1
and
o) = max miél | Az||, (2.10)
dim(S)=k ||z||=1
where || - || denotes the Euclidean norm.

Similarly, if T': X — Y is a compact operator, one can think of the singular values
for T as the square roots of the elements in the spectrum of T*7" or one could use the
following theorem, which is very similar to Theorem [2.31]

Theorem 2.32 Let T : X — Y be a compact operator with singular values oy >
o9 > 03> .... Then

o) = ;gﬁ( zseusg | Tx||y (2.11)

and
o = sup ing | Tz||y (2.12)
€

Scx =
dim(S)=k Izl x=1

For the matrix and compact operator cases, these two approaches will each yield the
same set of values we called the singular values of the operator. However, when we
move to the more general, bounded operator case, the two approaches do not produce
the same values. Consider the following example.

Example 2.33 Let M = [0,1] U{2,3} and define the measure space (M, A, 1) with
w being Lebesque measure on [0,1] and counting measure on {2,3}. Let T : L*(M) —
L2(M) be defined by (T f)(t) =tf(t) for each f € L*(M).

We will now determine the singular values of the operator T using the two approaches

we discussed earlier. It is not hard to see that the spectrum of T*T = T? is the set
0,1) U {4,9}. Taking the square roots of each value, we obtain the set [0,1] U {2,3}.

However, if we attempt to find the singular values using equations (2.11) or (2.12),
we would find the values \y = 3, Ao = 2, and then A\, =1 for n > 3. Thus, the two
approaches for finding singular values of an operator do not produce the same set of
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values in the general setting where T is a bounded linear operator; in particular when
the continuous or residual spectrum of the operator is nonempty.

The example above illustrates that there is not a clear definition of singular values
for a bounded linear operator. But if one wanted to choose one, we would argue that
the essential range R.ss(0), rather than the min-max theorems, would be the more
useful definition. For one, the set R.ss(0) is larger than the set one obtains from the
min-max theorems. In addition, if R.ss(o) is not bounded away from zero, then R(7T)
will fail to be closed and Tz = y is an ill-posed problem. The min-max principle may
not reveal that about 7.

The last thing we will discuss in this chapter are some potential objections to our
definition of the essential preimage. Our ultimate goal in this chapter was to derive
results like the ones found in Theorem [2.29] and Corollary 2.30 Our definition of
essential preimage was useful in that it allowed us to accomplish this. But whether
or not our definition for the essential preimage is useful in all contexts is another
question.

For instance, in Lemma H 2.15| we proved that u(f~(S) \ f1(S)) = 0, but we never
proved that u(f;1(S)\ f71(S)) = 0. The reason for this is because f;1(S)\ f(9)
need not be a measure zero set. Consider the following example.

Example 2.34 Let M = [0,1] and (M, A, ) be a measure space with p being
Lebesque measure on (0,1] and counting measure on {0}. Now define the function

f:M—R by
0 =0
f(x>:{1 z > 0.

Using our deﬁmtwn of the essential preimage, we find that f;,;}({1}) = [0,1]. Then
because f~1({1}) = (0,1], we have

fas DN\ ({1} = {0}

which is a set of positive measure. In addition, u(f;L({1})) =2 and p(f~1({1})) =

This example illustrates a potentially undesirable property of our definition of the
essential preimage. It also raises the following question: is it possible to produce a
definition of essential preimage where f.;}(S) and f~1(S) are the same save for a set
of measure zero? Producing a robust definition of the essential preimage (if there is
one to be found) is a potential topic of future study.
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Chapter 3

Tikhonov regularization

3.1 Introduction

Tikhonov regularization is a popular regularization method for ill-posed problems. In
[14], Groetsch proves many of the standard results regarding Tikhonov regularization.
Some of his proofs rely on the singular value expansion (SVE) of a compact opera-
tor. In [10], Gockenbach derives many of the usual Tikhonov regularization results
without relying on the SVE at all. In this chapter, we demonstrate that the SVE of
a bounded (not necessarily compact) operator may be used to derive many Tikhonov
regularization results similar to those found in [14] or [10].

Before we begin, we recall the setting of Tikhonov regularization. We are interested
in equations of the form Tz = y, where T is a bounded linear operator between two
real, separable Hilbert spaces X and Y. In particular, we are interested in the case in
which R(T) fails to be closed. When this holds, solving Tz = y for z is an ill-posed
problem because the solution = to Tz = y (if it exists) does not depend continuously
on the data y. To solve such an ill-posed problem, we employ a regularization method
to compute a stable estimate of TTy, where TT denotes the generalized inverse of T
and is an unbounded operator when R(7") is not closed.

This chapter will be similar in structure to pages 15—52 of [14]. In Section [3.2] we will
derive a condition that guarantees the convergence of regularization methods to the
solution of Tz = y. We will discuss convergence rates of these methods in Section [3.3]
The case of inexact data will then be discussed in Section B.4. We discuss Tikhonov
regularization as a specific instance of these methods in Section [3.5] In Section
on converse results, we will prove that the convergence rates from Section are, in
fact, optimal. Finally, we will end the chapter by exploring the discrepancy principle
in Section [3.7] which is based on the idea that if the error in the data y is bounded
by some constant 0, then we will only try to make the residual ||T'z — y||y as small
as 0.
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3.2 Convergence

One way to approach an inverse problem of the form T'x = y is to construct operators
Sy :Y — X, XA > 0, that are bounded and approximate the generalized inverse T'f
(which, when R(T) fails to be closed, is unbounded). These operators S\ should
satisfy

Syy — Ty as A — 0% for each y € D(T) = R(T) & R(T)™*.

For now, we will assume that y is known exactly. The vector zy, = T'y satisfies
T*Txo, = T*y and zy, € N(T)*. Therefore, we attempt to approximate xq, with

S\y = R\(T*T)T™y,

where R) is a family of continuous functions defined on [0, ||7||?] (which contains the
spectrum of T*T') that approximate f(¢) = 1/t. That is, R)(t) — 1/t as A — 0T for
t > 0. Using the SVE, the expression Ry(T*T)T* can be written as

R\(T*T)T* = Vm [Ry(0%)o] U".

Notice from equation (1.10)), 77 = Vm,-1UT, which underscores the requirement for
Ry (0?) to converge pointwise to 1/a%. We now prove the following convergence result.

Theorem 3.1 Suppose {Ry)}rso is a family of continuous real-valued functions de-
fined on [0, ||T)|?] that satisfies

1
Ry\(t) — 7 as A — 0% for each t € (0, T|%. (3.1)

In addition, suppose there exists C' > 0 such that

[tRy\(t)] < C for each t € (0,||T|]%], and for each A > 0. (3.2)
Then Ry\(T*T)T*y — TTy as A — 0% for each y € D(TT).
Proof: Let y € D(TT) be given and define §j = projzpyy- Note that T"y = Ty
because R(T)+ = N(T*). We have Ry\(T*T)T*y = Vm |[R\(c*)o|U'y and TTy =
Vm [0~} U"y. Therefore,

|IRA(T*T)T*y — Thy|[% = ||[Vim [Ra(0®)o] UG — Vi [o7'] U7
= [|m [Ba(0®)o — o7 1 U'G|;2 00,

= / (Rr(0®)0” — 1)2?2 du,
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where we have defined f = m[o~'|UTy. We have f € L?*(M) by the following
reasoning. We know y € D(TT) which implies that 7 € R(T). Then by Lemma
[1.31] we know § = Us for some s € S (where S is defined as in (1.7)) and hence,
Uly=UUs=s¢€S. Thus, f € L3(M).

Next, Ry(0?)o? is uniformly bounded by 1} and thus || (Ry(c?)o? — 1)7HQL2(M) <

(C+ 1)2”7”%2(1\4)- Also, (Ry(02)0> —1)°F converges to zero pointwise. So then

|RA(T*T)T*y — Thy|l% = / (Ra(0?)0” — 1) F du — 0

by the dominated convergence theorem. Wl

This theorem demonstrates that Ry(T*T)T™* converges pointwise to 7" on D(T'") =
R(T) ® R(T)*+. When R(T) fails to be closed, D(T7) is a proper dense subset of YV’
and T is unbounded. The next lemma and theorem demonstrate that if y ¢ D(T'),
then R, (T*T)T*y is not even weakly convergent.

Lemma 3.2 Let y € R(T). Then TR\(T*T)T*y — y as A\ — 0.

Proof: We start by noting

| (TRA(TT)T* ~ Dyl = [[Um [Ra(0*)0® — 1] Uty
= [|m [R,\(UQ)UQ - 1} UT?/HLQ(M)

= / (Ra(0®)o” — 1)2 (UTy)? dp.
Then by equations (3.1)) and (3.2)), there exists a constant C' such that
(Ra(0®)o —1) < (C'+1).

By applying the dominated convergence theorem, the above norm goes to zero. l

Theorem 3.3 If y ¢ D(T'), then for any sequence N\, — 0, the sequence
{R, (T*T)T*y} is not weakly convergent.

Proof: We will prove the contrapositive. We again use y to denote the orthogonal
projection of y onto R(T'). Suppose there exists a sequence A\, — 0 such that

R, (T*TT*y = Ry, (T"T)T"y — z € X weakly.
Then, because T is a bounded operator, we know

TRy, (T"T)T"y — Tz weakly
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as well. However, TR, (I"T)T*y — ¥y as n — oo by Lemma [3.2] Thus,
TRy, (T*TT*y — Tz weakly and TRy, (T*T)T*y — 7 strongly. This means that
7 = Tz, which implies that y € D(T'). R

Corollary 3.4 Ify ¢ D(T"), then }\il% |RA(T*T)T"y||x = oc.
—

Proof: If the limit does not go to infinity, then there exists {\,} C (0,00) such
that A\, — 0 and the sequence {R, (T*T)T*y} is bounded. But that would imply
that {R,,(T*T)T*y} has a weakly convergent subsequence. Then by the previous
theorem, y € D(TT). This proves the contrapositive. B

3.3 Convergence rates

In this section, we prove convergence rates for the method discussed in the pre-
vious section given certain conditions. For simplicity, we will use the notation
Ty = Ra(T*T)T*y to denote the approximation of Ty and x, to denote Ty itself.
In general, we can not say anything about the rate of convergence of x,, — x¢,.
However, if we make the assumption that zq, is contained in R((7*1)") for some
v > 0, then we can derive a rate of convergence.

Before we prove this, we first note that the condition x¢, € R((7%7')") is equivalent
toy € R(T(T*T)"), where § denotes the projection of y onto R(T). Groetsch (in

[14]) proves the convergence rate we are about to prove assuming § € R(T(T*T)").
We will prove the same convergence rate assuming o, € R((7*T)").

Lemma 3.5 g, € R((T*T)") if and only if y € R(T(T*T)").

Proof: If zy, € R((T*T)"), then obviously § = Tz, € R(T(T*T)"). To prove the
converse, we first note that R((T*T)") C N(T)* by the following reasoning;
re€R(T*T)") = x = (T"T)"w for some w € X
— z=Vm [02”} Viw for some w € X
= 1€ R(V)=N(T)"
Now suppose that y € R(T(7T*T')"). Then Tz, =y = T(T*T)"w and hence z, —
(T*T)*w € N(T). But we know xq, € N(T)* and (T*T)"w € N(T)* so we conclude

that zo, — (T*T)"w € N(T)NN(T)* = {0}. Thus o, = (T*T)"w, which completes
the proof. W

We will now prove a convergence rate assuming the condition

|1 —tRy\(t)| < ¢(A,v) for all t € (0,[|T||*], v >0 (3.3)
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where ¢(A,v) is called a rate of convergence function and has the property that
oA\, v) = 0 as A — 0 for every v > 0.

Theorem 3.6 If holds and x, = (T*T)"w for v >0 and some w € X, then
23y = Zoyllx < 6N V) [|wllx.
Proof: Using the singular value expansion, we obtain
Try — Toy = Vm [R\(0®)a| Uy — Vm [07' | Uy = Vm [R\(0®)o — o7 '] U'7.
Note that ¥ = T'zp, = U mUVTzO,y so the above equation becomes
Vm [R,\(O‘Q)U — 0_1] mUVT$07y =Vm [R)\(O'g)O'Q — 1] V%Qy.

If zg, = (T*T)"w = Vm[o®]|VTw for some w € N(T)*, the above expression can be
simplified further to

Vm [Ry(0%)0” — 1] m[o®|Viw = Vm [(Rx(0?)0® — 1) 6*] Viw.
We conclude that

H$)\7y — xoyyHX = Hm [(R,\(O’2)(72 — 1) 0'21/} VTwHLQ(M) S ¢()\,V)HVTU)HL2(M)
< oA v)[w|x.

We conclude this section by mentioning an alternative way to conceptualize the con-
dition g = T(T*T )" w:

y=T(T"T)'w < y=Uml[c™"] Viw <= m [0 Uy € L*(M)

— /04”2((]@)2 dp < 0.

That is, € R(T(T*T)") is equivalent to o=2*"*UTy € L*(M).

3.4 Inexact data

The results from the previous sections hold when y is known exactly. In a more
realistic scenario, we do not know the true data, but rather some noisy approximation
of the data. In this section, we will prove a convergence result when the data is not
known exactly.

We will let y* denote the exact data and y, some noisy measurement of y*. We then
assume that ||y — y*|ly < ¢ for some & > 0. We compute ), = R\(T*T)T*y (as
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opposed to xy,+ = R\(T*T)T*y*) and hope for some choice of A depending on 9, the
solution z,, converges to xg,~ = T'y* as § — 0. Thus, in addition to determining
a suitable family of functions { Ry },>0, we also must choose a suitable regularization
parameter A. For now, we will assume A is chosen based on the value of 9, i.e.
A = A(6). We say that the approximation z, , is regular if there is some choice of the
regularization parameter A in terms of  such that ), — 2, as 6 — 0.

In this section, we will make use of the equation

Try — Loy = (x/\,y - xk,y*) + (mk,y* - xO,y*) (3.4)

where the expression in the first set of parentheses is called the perturbation error and
the expression in the second set of parentheses is called the reqularization error. Note
that the regularization error was analyzed in the previous section. In this section,
our attention will be devoted to analyzing the perturbation error.

In order to prove our results regarding the perturbation error, we assume there exists
some positive constant C' that satisfies equation ([3.2]). We also define the function

r(A\) = max{|R\(t)| : t € [0, ||T||*]}. (3.5)

These allow us to prove the following lemmas.

Lemma 3.7 ||T(zry — Zay )|y < OC.

Proof: First note that
T(xyy — 2y ) =TRA\(TD)T*(y —y*) =Um [R,\(UQ)JQ] UT(y —y")

which implies

v = |Um [Ra(a?)a®] UT(y — )|,
= Hm [R)\(Uz)o—z} UT(y - y*) L2(M)
< CNUNy — y) 2y < CO.M

I T (zxy — Tay~)

< 3VC\/r(N).

Lemma 3.8 ||z, — Txy»

Proof: We note that

Try — Trg = Vm [Ry(0®)o] Ul(y — y*) = (Vm,UNUm [R\(c*)] Uty — y*)
=T"Um [R\(0®)] UT(y — ¢*).
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So then

%( - <Um [R)\(Oj)} UT(y - y*)7T<I>\,y - x)\,y*)>y
< m [RA(@®)] Uy = y* )| 2an [T (2ry — 22 yr)
<rWUNy = ")l 2anC8 < r(A\)C8?,

[Zxy — Tayr

|y

where Lemma has been used in the last step. Taking a square root completes the
proof. B

With these lemmas, we can now prove sufficient conditions for z,, to converge to
Zoy+. We have to assume that A : [0,00) — [0,00) is a continuous, increasing, and
nonnegative parameter choice depending on §, with A(0) = 0.

Theorem 3.9 If y* € D(TT), A(§) — 0 and 6*r(\(J)) — 0 as § — 0, then x5, —
Zoy+ as 0 — 0.

Proof: Note that

22y = Toyllx < loay — Zayllx + [[2ays — 2oyl x-

We know that ||z« — o,

B3,

x — 0 as 0 — 0 by Theorem and, applying Lemma

x < VOV r(N0)),

which goes to zero as § — 0 provided §r(\(d)) goes to zero. B

|22y — Tay

3.5 Tikhonov regularization

In this section, we will apply the results from previous sections to ordinary Tikhonov
regularization. We start by choosing a regularization parameter A € Z* and mini-
mizing the functional

Fyy(2) = [|Tz — ylly + Allz]l%
over x € X. We first note that the first two derivatives of F), with respect to = are

given by

VF>\7y (1’)
VZF)\yy (.’L’)

=2(T"Tx — Ty + \x),

=2(T"T + \I).

For A > 0, the operator V2F) ,(z) = 2(T*T + \) is positive definite, which implies
that F\, is strictly convex. Thus, F), has a unique minimizer which can be found
by solving the equation VF) ,(x) = 0 for . That is, the minimizer of F) , is given by
Try = (T*T + X )~ 'T*y. We can express 1, in the context of the previous section
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by defining
Ry(t) = (t+ X)L

Then the Tikhonov solution z, = R\(T*T)T*y will have the form

o
Try = Vm [02 n )\} Uly.

We can also derive the form of ¢(\, v) from equation (3.3) by finding an upper bound
for V|1 — tRy(t)| for the given function Ry(t) where t € [0, ||T']|?]. We have

t A
(11— = :
< )\+t> A+t (3:6)

and we treat this as a function of a single variable ¢. To find an upper bound, we first
consider the case where v > 1. Here we can obtain the following simple upper bound

Y A - A
A+t t

=M< O\

where C' = ||T||**72. On the other hand, if v < 1 we can find an upper bound by
maximizing 1} using calculus. We find a critical number ¢t = % and 1} is equal
to

V(1 — )ty

at this value of ¢. If v is between 0 and 1, then v”(1—v)'™" < 1 so we let ¢(\,v) = N
for v € (0,1]. In summary, ¢(A, v) may be defined by

A O<rl
A U) =
o) {C’)\ v>1.

The above derivation implies (when the data y is known) that first order convergence
is the fastest possible convergence given by these results. In Section [3.6, we will see
that first order convergence is the best possible rate for Tikhonov regularization.

In addition, the constant C from (3.2)) is 1 and r(\) from (3.5 is A™'. With these
values, we quickly obtain the following convergence results for Tikhonov regulariza-
tion.

Lemma 3.10 Lety € D(T"). If xo, = Ty € R(T*T)") for some v € (0,1], then

||x>\,y - xO,yHX =0\).

Proof: This lemma is just a special case of Theorem [3.6, W

The lemma below will allow us to give another convergence condition.
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Lemma 3.11 R((T*T)"?) = R(T*).

Proof: Let z € R((T*T)"?). Then x = Vm,V'w for some w € X. Note that UTU
is the identity on L2(M) so z = Vm,UN(UVTw) = T*(UVTw) € R(T*). Conversely,
if z € R(T*), then x = Vm,U'y for some y € Y. Because VIV = I on L*(M), we
have z = Vm,VI(VU'y) = (T*T)V*(VU'y) € R(T*T)"?). B

Corollary 3.12 Let y* € D(T"). If 7o, € R(T*), then ||zx, — Toyllx = ONV2).

Proof: The result follows trivially from the previous two lemmas. Bl

For the case of inexact data, we again let y* denote the true data and y a noisy
approximation of y* satisfying ||y — y*||y < 0 for § > 0. We analyze the convergence
of 5, to zg,+ using

lexny — Toyllx < |leay — Tagellx + |2ays — Toye | x- (3.7)

By Lemma we know the perturbation error, ||z, —Tx,-| x, is bounded by §A~1/2
and if we assume - € R(T™), Corollary .12 implies that the regularization error
|22 — Zoy|lx, is bounded by CAY?2 for some constant C' > 0. Thus, a convergence
rate for Tikhonov regularization can be obtained by choosing A in such as way as to
minimize the quantity §A~%/2 + CAY2. Using calculus, it can be shown that A oc §
will give you such a minimum.

Lemma 3.13 If o, € R(T*) and A\ = mé for some constant m > 0, then

x = 0(W5).

|72y — To.y-

Proof: The proof follows from ({3.7), Lemma [3.8 and Corollary [3.12| W

In a more general setting where we assume zg,+ € R((7%7)"), Lemma implies
that the regularization error is O(A”) and thus, we can obtain a rate of convergence
by choosing A to minimize 6A~Y2 4+ C'\” for some constant C' > 0. Using calculus,
choosing A oc 6%+ gives us a minimum.

Lemma 3.14 If 29, € R((T*T)") for some v € (0,1] and A\ = mé*®+V | then

ka,y — Lo.y* Ix = O((Szy/(QVH))-

Proof: This follows from equation (3.7)), Lemma [3.8 and Lemma 3.10, W

To conclude this section, we note that when the data is not known exactly, the fastest
possible convergence rate of xy , to zg,+ given by these lemmas is §2/3 which occurs
when xg,- € R(T*T) and A ~ 6*3. In the next section we will show this rate is
optimal.
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3.6 Converse results

In the last section we derived a rate of convergence for ordinary Tikhonov regular-
ization. The error ||z, — %o,-||x was proportional to, at best, §2/%. This rate turns
out to be the best possible rate of convergence for Tikhonov regularization, as we will
show in this section.

We will first show that the rate at which the regularization error goes to zero, which
we proved in Theorem [3.6] is in fact optimal.

Theorem 3.15 Suppose y € D(T) and ||zr, — oyl|x = o(\). Then o, = 0 and
Ty = 0 for all \.

Proof: Consider
(T*T + )\])(xk,y — l’oy).

We note that V'V is the projection onto R(V), zx, = Vm [#] Uty € R(V), and
To, = Vm[o™ Uy € R(V). Next note that (T*T + M)z, = T*y and also that
T*Txy, = T*y because xg, is the least squares solution of T'x = y. Thus, we obtain

(T*T 4+ M) (xry — oy) =Ty — Ty — Axgyy = —ATo,y.
This implies that
Maogll < ITT + Afllay = woyllx < (ITIF + Mllwry = zoyllx = o).

But the above equation is only possible if xy, = 0. Now let i denote the projection

of y onto R(T"). Then of course 0 = T'zy, = 7. This implies
Tyy = (T*T + X)) ' T*y = (T*T + X)) 'T*y = 0
which completes the proof.ll

Theorem 3.16 Ify € D(T") and ||z, — zoyllx = O(N), then xo, € R(T*T).

Proof: Again, let ¥ denote PIOJz Y- Note that xg, = Vm,-U'y and =y, =
Vm {02;:_/\} U'7. Therefore,

o
o2+ A\

1
oy = augll = Vi | 2 = 2| Ul = 2 [ 022 4 27201 d

But because ||y, — Zoy||x = O(X\) by assumption, we know
/0‘2(02 + N2 U)? dp = /0‘6(1 + Ao UY)? dp
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is bounded as A — 0. Note that the expression (14 Ao~2)~2 increases as A decreases
and converges pointwise to 1 as A — 0, so it follows by the monotone convergence
theorem.

/0_6(UT@2 dp < 00.

Thus, m,-sU'y € L2(M). For convenience of notation, let f = m,-sU'7. Note that
V1V is the identity on L?(M), so m,-sUTy = VTV f. This means § = Um,sVT(V f) €
R(TT*T). Thus, zoy = Ty = Vme-U' (Ume:VI(V)) = VmeVI(Vf) =
T*T(V f) € R(T*T). This completes the proof. B

We can also prove converse results for inexact data. Let y* and y be defined as before
and assume A : [0,00) — [0,00) is a continuous, strictly increasing function with

A(0) = 0.
Lemma 3.17 If xgy,- # 0, then A(6) = O(||zoy+ — Ta@)yllx) + O(0).
Proof: For convenience, we write A for A(9) throughout this proof. Note that

(T°T + M)(woyy — way) = T Ty + Azoye — (T°T + A(TT + M) 7'y
= Azoy + T (y* — y),

where y* denotes the projection of y* onto R(T). Thus,
[Azoy + T (5" = y)llx = [(T7T + M) (w0, — 22y x-
By the reverse triangle inequality, we have
Mlzoy-llx = 177" = w)llx < NTT + M) (2o — 2ay)llx-
From this, we obtain,

< (TT + M) (o — 2a)lx + 1T (" = w)llx
< (IT1* + Mllwoy — zrgllx + 17N = lly
< (T + Moy — zayllx + 17716

Mo,y x

x. 1

We will use this lemma to prove the following theorem.

The result follows after division by ||z,

Theorem 3.18 Suppose R(T') fails to be closed. If ||xgy —xry.||lx = o(62"%) for any
sequence {y,} C Y such that y, — y* and ||y* — yu|ly < 9, for some sequence {0,}
with 9, — 0, then xg,- = 0.

Proof: By Theorem [2.26, the range of T failing to be closed implies there exists a
sequence {s,} C Ress(o) such that s, — 0. Define {5,}°°, by §, = s>. We note

n

o1



that —’ is a continuous function in ¢ for each fixed A. So for all n € 77", there

exists some €, > 0 such that if |s, — o] < €,, then ‘

5 — 75| < »- This condition
implies (by the reverse triangle inequality) that for all o € (s, — €, S5, + €5),

o
o2+ A\

Sn
s2 4+ A

o
o2+ N —

E

‘ 2 (3.8)

Now define f,, = ¢y Xo-1(sp—en,snten)s Where ¢, is a normalization constant chosen so
that || fu|/z2(y = 1. Such a constant is possible because s, € Ress(0) and thus,
Xo—1(sp—ensnten) 7 010 L?(M). Then define the sequence {y,} C Y by

It follows that ||y* — ynlly < 9. Now let A\, = A(d,,). Then

xovy* - kayn = xoyy* - $)\n,y* _I_ IAn,y* - 'IAnyyn
= (Toy+ — Tapy) + (TT + X 1) 7' TH(y* — y)
} U (6,U fn)

g

+ An

= (o = ) + Vi |

o
= (170,y* - xAn,y*) +0,Vm {m} In-

Therefore,

@04+ — Tan I = [[T0ye — Za, 00

?X + 2(5n <~T0,y* - x)\n,y*v Vm |: ’ :| fn>
X

o2+ \,
o 2

> —20n |0y — A, 4

X

o
m [02 + )\J I

2
g
+52/<02+A) frdu,

where we have used the Cauchy-Schwartz inequality and the fact that V' is an isometry.
We then use the fact that the two L?(M) integrals above are supported on the set
o7 (s, — €n, S + €,), which implies

1 5 1\’
* T 2 > _25 * T * Sn - 52 n -
onay x/\nvynHX - n”xo,y x/\nyy HX S% + )\n + n + n 8721 4 )\n n )

L*(M)
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where we've used the fact that | f,|/z2(x) = 1. By definition s, = 52/ thus

2
5* 1 5* 1
20y = xuyulIx = —20ul0y =20 pellx | 55—+~ | 0| 55— | -
! s ! PGP, D W

Multiplication by o, 4/3 gives us

4/3 2 1 (57:1/3
6 w0y — Tanyallx = —2[1T0y — Ta gy llx 572/3 Y + n

. s25 s\’
s34y, n
(5_2/3 5—1/3)

= =2||lwoy — wx, el x +
y y ESWEE 0

1 513 2
+<1+An5n2/3_ n >

1 1
> 2520 — wnrllx (— . )

1+ A6,
1 sY/3 2
+<1+)\n5;2/3_ n )

> —40, || wo - — Tr, 0|l x
2
. 1 5L3
L+ NG5 n )

1/3

2/3

where we have used the fact that 6, /" < §,

for small 9,,, also +2/3 < 1 and
14+ An by,
% < 1. Now assume that x,+ 7# 0 and consider the equation

2
—4/3 2 —2/3 1 o'
611 ||I0,y* - xAnﬂUnHX > _45n ||I0,y* - $/\n,y*||X + 14 6_2/3 - n : (39)

We will compute the limit supremum of both sides of the inequality in (3.9) and
obtain a contradiction. If we consider the left side of (3.9), we obtain,

6774/3Hx07y* - kaynH%( - 0

by assumption. We now consider both terms on the right side of the inequality in ({3.9)).
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For the first term, —46, " "||zo* — Zx, 4| x, We note that ||xg — x4, |lx = 0(53/3)

for any y, such that ||y* — y,|ly < d,. So in particular, it holds for y, = y*. Thus,
x — 0 asd, — 0. For

2/3|

|Zoy — Tanyrllx = 0(5,2/3) and hence —45;2/3Hx0’y* — T,y

the second term, we know
1 su/3 2
<1+An5;2/3 o ) h

because A,0n > — 0 as 6, — 0 (by Lemma m which uses the fact that zg,+« # 0).
Thus, the right side of (3.9)) converges to 1. This contradiction shows that zq,- = 0.
|

This theorem shows that 6%/3 is in fact the optimal rate of convergence of Tikhonov
regularization with inexact data. Our next theorem is the converse of Lemma [3.14]
and shows that the rate §%/® will only occur when z,- € R(T*T).

Theorem 3.19 Suppose \(§) = c6*/3 for some constant ¢ # 0. If |20, — a5, 5]l =

0(52/3) for any sequence {y,} CY such that y, — y* and ||y* — yu|ly < 0, for some
sequence {9, } with 6, — 0, then xg,~ € R(T*T).

Proof: Let {0,} be a sequence with 4, — 0 and let \, = 62 Define Yp =
<1 + ﬁ) y*; then ||y* — yn|ly = 9, for each n € Z*. We have

Loyx — T

-1 * * *
=V || Uy = v | T 0 8

I a2+ A\,

1 (A +0/llyllv)e

=Vm |- — Uly*

" o 0%+ Ay Y

(A —6n0?/lly"ly
g(o?2+\,)

|

Thus,

A
o = oranl = [ (SN ) @) o

_ 2 * 2

1+ N\, 072

By assumption, there exists a constant M > 0 such that

43 o [ (M= 0 I\ st v
M 2 571, ”xO,y* - ‘r)\n,ynHX = 577, 1 + by 0.—2 o (U Yy ) d/’l/
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We then note that A\, = 52 3, which gives us

2
c— 6}/30.2 y* B i
ey ( AW ooty an

14¢d/ 0~

c—8:%0%/y*lly

1+ 62352
as 0, — 0 and the denominator decreases as d,, — 0. Thus, it must increase mono-
tonically as 9, — 0. So we can take the limit as d,, — 0 of both sides of the above
expression and apply the monotone convergence theorem to obtain

is such that the numerator increases

Now note that the expression

M > CQ/UG(UTy*>2 dp.

Thus, m[o=3|UTy* = f € L?*(M). This implies that y* = Um[a®]VT(V f), where we've
used the fact that VIV = I in L?(M). Therefore y* € R(TT*T) = R(UmgyVT) and
hence,

2o = Tly* = Ve UN(Um[a VIV ) = Vm[o?)VI(V f) = T*T(V f).

Thus, g, € R(T*T). B

3.7 The discrepancy principle

In this section, we will discuss the discrepancy principle, a method of choosing the
regularization parameter A\ based on the noise level §. We again let y* denote the
true data and assume y* € R(T') throughout this section. We consider the problem
Tx =y, where y is a noisy approximation of y* satisfying

ly* —ylly << |ylly- (3.10)

The relation |ly||y > 0 is reasonable in that if § > ||y||y, the noise level would be so
high relative to the data y that we couldn’t hope to find a reasonable approximation
to TTy* from y. We must assume the noise level is low enough to make some sort of
analysis possible.

The discrepancy principle chooses the parameter A to satisfy
||TZL')\’y — y“y == 5 (311)

The main idea behind the discrepancy principle is that if the data satisfies equation
(3.10)), then there is no reason to attempt to make the residual ||Tz), — y||y any
smaller than . That is, the quality of the result can be no better than the quality of
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the input data.

To prove that it is possible to choose ¢ in this way, we first define the function
dry Y x [0,00) — R by
dry = [Txxy — ylly (3.12)

and then prove the following theorem.

Theorem 3.20 Suppose y* and y satisfy (3.10). Then the function X — dy, is
continuous, increasing and contains § in its range.

Proof: We begin by noting that

0.2

_ * — 1 _ t
Tayy —y=T(T"T+N)""T'y—y=Um Lz_i_/\]Uy—y

0.2
:Um[ ]UTy—UUTy—g),

oz 4+ )\

where ¢ denotes the projection of y onto R(T)* and UU'y is the projection onto
R(U) =R(T). Thus

2

o
o2+ A\

X —A X
Tx,\,y—y:Um[ —1}UTy—y:Um[02+)\}UTy—y

and hence,

2

+ Il
Y

A
By = 1Tar, — ol = v | = | 01y

A\ 2 .
:/<02+A> (Uty)? du+ 1913,

where the Pythagorean theorem holds because § € R(T)+ = R(U)*. The above
expression for dy, shows that A — d,, is continuous in A. Also, the derivative of
A/ (02 + \) with respect to A is

9
DY

which implies that d,, also increases with A. We next note that by the monotone
convergence theorem,

Jim &, = Uyl + 1918 = VT + 1313 = gl > &

where the last equality comes from the Pythagorean theorem. Now note that y* €
R(T) and we can decompose y as y = § + § with ¥ € R(T) and § € R(T)*+. Thus,
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ly* =l =y =7 =9l = lly" = 7l + 19115 Thus, [I5]5 < lly* = y[7. We now
use the dominated convergence theorem to compute the limit

limd? =9|> < lly* —y||?> < 6%
/\g% Ay 197115 < lly ylly <
Thus, A — d,, defines a continuous, increasing function such that

limd? < 6% and lim d? > 62
A—0 Ay = A—00 Ay

Thus, 0 must exist in the range of dy,. W

We obtain further results by defining the residual
Ty =Y —Txy,. (3.13)

Note that dy, = ||7s]ly. We also have the relation

3
Tryy =Ty —T"Txy, = Vm[o)UTy — Vm [ 20+ )J fy
. (3.14)
o
_ T, —
_Vm[ 2+>\} Uy = Ay .

When we analyze the approximations x,,, we are interested in the squared error
between z¢ ,+ and x,,. Using the above definitions, we find

2
||x0,y* - xk,y”%{ = ||x0,y* %( - X<T*T/\,y7x0,y*>X + ||x>\y||§(
2
= [z, 11% — X(m,y,y*ﬁ + leayll%

2 2 .
% — X<T>\,y7y>Y + X<T/\vy’y — Yy + loag %

= ||x07y*

S E)x,y
where we've used the fact that y* € R(T") and also defined E) , by

20

2
— M Yy + de,y + [|zo,y-

% X % (3.15)

Eyy = ||x/\,y

The next theorem will show that the above estimate of the error is minimized when
0 =dy,.

Theorem 3.21 If y and y* satisfy (3.10), then E\, is a minimum if and only if
dry =9.

Proof: Note that d,, must be positive for all positive A. To show this, suppose
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ryy =Y — Txy, =0 for some A > 0. Then
tag = (T°T + ATy = (T°T 4+ \I) T Ty

applying (77T + AI) to both sides gives us Az, , = 0. But then z,, = 0 and hence,
y = Txy, = 0 also. This means (3.10|) will fail to hold, a contradiction. Thus, d,,
must be positive for all A > 0. We now take the derivative of F) , defined in (3.15

with respect to A:

d ) 2 2, .
i (Exy) = 2(@ry: Tag)x + ﬁ(rx,y, Y)y + X<T-T/\,y7 Y)y
25 95 ' (3.16)
_ ﬁd)\’y — m(T.CE)\’y, 7’)\7y>y.

We note that @), = —(T*T + \I)?*T*y and 7\, = —Ti,,. We analyze each of the
above terms in (3.16]) in sequence. The first term can be written as

2<‘T)\,ya :t')\,y>X = _2<5L‘)\,y7 (T*T + )‘I)_l‘r)\,y>X

2 * _ *
— _X(xA,y, (T*T + X)7'T™ry ) x

2
— _Xm,y, T(TT* + M) 'ry ) x

2
= —X<Tl’)\’y, (TT* + >\]>717’)\,y>y,

where the third equality follows from the SVE of T* and (T*T+AI)~!. For the second
term,

2 2 . _ .
ﬁ(ﬁ,y,yﬂ = ﬁ((TT + A7 ray, (TT* + X)y)y
2 2
— F<(TT* + M)y, TT )y + X((TT* + M) 7y, )y
2

2
= T (TT" + M)y, Ty)x + T{TT" +AD 1y, 0)y
2 2

— ﬁ<(T*T + M)y, T y) x + X<(TT* + M), )y

2 2
= ((T*T + XI)'ayr,, T y) x + X<(TT* + M), )y

A
2 2 2 * —1
= Sl + SUTT + A1) My, )y,

where we have used the fact that T™ry, = Az, ,. For the third equation:

2 . 2 * — * * 2
X<Tx/\,y7y>Y = _X«T T+ \) Ty, T y) x = —X”fﬁx,y”?x-
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Thus, if we add the expressions for the first three terms of (3.16]), we obtain

2

2
— X<T$>\’y’ (TT* + )\I)_lT)\7y>y = X((TT* + /\])_17’)\’3,, T’)\’y>y.

2
X<(TT* + )\])_IT)\,y, y>Y

The fourth term in (3.16) can be written as

26 26
_ﬁ Ay — _)\ZTM<T>\7y7T>\’y>Y
2
== ——5<(TT* + )\])_17")\ 0 (TT* + /\])r)\ y>Y
)\Zd)\7y ’ ’
26
:=—;zg—(«TT“+AD‘%waTWny+A«TT*+An—%M”myh)
Y
26
= x%;—«T%TT“+AU‘%%wTﬂxﬁX~+A«TT*+AD‘%XWT&QY)
Y
26
= (T(TT* + M) "'y, mag)x + (TT* + X)) 7'y, Tag)y)
Y
26
::—Ad\(«TT*+AIY%XWY%%QX+(UY”+AU‘%MMmth,
Y

Lastly, the fifth term in (3.16]) is

20 , 20 . .
_)\d,\ <Tx)\,ya T)\,y>Y = _mc@)\,ya T rA,y)X
7y 7y
20
= d/\ <J">\ y,.fE)\ y>
Y
20

<TI’>\y, (TT* + )\]) T)\7y>y7
" Ay,

where the last step was done by copying our work on the first expression of (3.16)).
Thus, when we add the expressions for all five terms to gether, we obtain

d 2 )
50 =3 (1= g0 )l e an e (3.17

We note that the norm in the above expression must be positive for all A\ > 0. If
the norm was equal to zero, then ry, = 0 for some A > 0 and we would obtain a
contradiction as we did earlier in the proof. Now note that in the proof of Theorem
3.20, we proved that dy, increases as A increases. Thus, tells us (E,\ y) <0
for dy, < 0 and % (EAy) > 0 for dy, > 6. Thus, E), is mlnlmlzed 1f and only if
0 =dyy.

We may now prove the convergence of x,, to z¢,~, given the choice of A satisfying
the discrepancy principle.
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Theorem 3.22 Ify and y* satisfy (3.10) and A = \(0) satisfies (3.11), then x, —
Ty as 0 — 0.

Proof: By definition, z, , minimizes the functional F) ,(z) = [Tz — y[|} + \|z|)%,
so then

2
X

g{ < 52+)‘||x0,y*

g( = FA,y(xA,y) < FA,y(IO,y*) = ||y*_y’|§/+/\”$0,y*

[ Y[ E3

But ||ry,lly = d, so we have

[exyllx < llzoyllx

for all 9. Thus, for each sequence {6, } converging to 0, there is a subsequence, which
we'll also denote {0, } and a vector w € X, such that

T,y — w weakly,

where )\, is defined by A, = A(d,,). We will prove that w = z¢,+ and z,,, — w for
all subsequences {d,}.

Because T is a bounded operator,
Tz, y — Tw weakly.
But |7z, y — ylly = 6, — 0 and by (3.10), we know that y — y*. Thus,

|Txx,y =y lly < N T2x,y —vlly +lly =y lly =0,

and hence Tz, , — y*. Therefore, Tz, , — Tw weakly and T'x,,, — y* strongly,
which together imply Tw = y*. Because zy, = (T*T + \)'T*y = T*(TT* +
M)ty € R(T™), it follows that w € R(T*) = N(T)*. Thus, Tw = y* and w is

contained in N(T)*. It then follows that w = z¢,+ and thus

Tx,y —F Toy Weakly as n — oo.

Then, because the norm function is weakly lower semi-continuous, as well as the fact
that ||z, yllx < ||zoy||x, we have

|zoy||x <liminf ||z, || x < lmsup ||z, llx < |20y x-
n—oo

n—oo

This implies that ||z),l|x — ||Zoy*||x. We conclude the proof by noting that weak
convergence along with convergence in norm implies strong convergence. Thus,
T,y — Loy as 0, — 0. W

We will now focus on proving convergence rates of x, — o~ for A chosen according
to the discrepancy principle.

Theorem 3.23 If A = \(9) satisfies dy, =9, then X\ < 5”1\/\”T1/Hi5_
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Proof: From (3.11)), we have
lylly =0 =1llylly = lITzry —ylly <lylly + 1Tzxyll = llylly = 1T2xylly
where we have used the reverse triangle inequality. Then (3.14)) implies that

[7xyll J
< ||T||QTy = ”THQX

T*
[T, ol

y S| T(llzxyll = 1T
and thus, we have

)
Iyl — 3 < ITIPS

and the result follows directly. B

We are now able to prove a convergence rate, assuming xg,~ € R(7).

Theorem 3.24 If xg,~ € R(T*) and X is chosen by the discrepancy principle, then
[0y — 2ayllx = O<\/g)

Proof: Let zg,~ = T*w for some w € Y. Then, using our assumption that y* is in
R(T), we have Txg,+ = y*. Therefore,

?X = HxA,yH?X - 2<$>\,y’x0,y*>X + HxO,y*

<2 (on,y* ?X - <$>\,y’x0,y*>X)

= 2(xgyr — Ty, T W) x

ka,y — Zo,y* X

= 2(Txgy — Ty, w)y

=2(y" —y,w)y +2(y — Txy,, w)y
<2[ly" = ylyllwlly +2lly = Texylly |lwlly
< 4d|wlly,

where we used the fact that ||y — Txy, ||y = ¢ in the last step above. B

Next, we prove that this rate of convergence cannot be improved upon except in the
trivial case.

Theorem 3.25 If X is chosen by the discrepancy principle and ||zy, — Toy-

o(\/8) for all y and y* satisfying (3.10)), then R(T) is closed.

X:

Proof: Suppose R(T) fails to be closed but ||zx, — oy |x = 0(v/§). Then by
Theorem there exists a strictly decreasing sequence {s,,} C Ress(0) such that
s, — 0. Let 6, = s2 and A, denote the parameter chosen by the discrepancy principle.
We then choose a sequence {e¢,} that satisfies the following properties. Each e, for
n > 1, must be small enough so that (s; — €1, 51 + €1) N (8, — €, Sn + €,) = 0. Note

also that the function ¢ — ﬁ is continuous in o for each fixed A,,. So we also
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n 1
- = < - or, by

o
02+ $24+n,

choose €, for each n € Z* so that if |s, — 0| < €,, then

Sn . l
> s24+An n'

the triangle inequality,

o
We now define

Jn = CnXo=1(sn—en,sn+en)
where ¢, is a normalization constant such that || f,||z2(x) = 1. Our requirement that
(s1—€1,81 4+ €1) N (8 — €, Sn + €,) = () implies that f; will be orthogonal to each f,,.
We also define y* = U f; and y, = y* + 6, U fn. Then ||y* — yully = 6 < ||nlly. It
follows that

2

‘ | x)\n,yn - m07?/%

2 _ g _ 1 o
X — va |:O'2 + )\n:| fl Vm[a ]fl +5nvm |:0_2 + /\n‘| fn

An ? 2 2 o ? 2
2 Sn 1’ 2
= 24\, n Ju

AR
“\1+ NS n )

X

where the second equality follows from the orthogonality of f; and f,, and the first
inequality follows from the fact that the above integrals are supported only on the
set 071(s, — €4, 5, + €,). The last inequality follows from the equation §, = s2. By
hypothesis, we know that

Vo O (/i

1+ X001 n

But this will only hold if A\,d,;! — oo as n — co. But by Theorem [3.23] we know
that 2 p_—
NP R

T ylly =6 T /14626,

where we used the fact that

— ||T|I* as n — oo

[ynlly = 11+ OnfullToary = 1+ 0 + 20, f1, fa)r2ary > 1+ 6.

This contradiction completes the proof. l
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Chapter 4

Approximating the SVE of a
compact operator

This chapter is an expanded version of our paper [6] that has been accepted for
publication in the SIAM Journal on Numerical Analysis (SINUM). Several proofs
that were cut out of the paper for economy of space are included here.

4.1 Introduction

The singular value expansion (SVE) of a compact linear operator T': X — Y, where
X and Y are separable Hilbert spaces, enables a straightforward analysis of several re-
lated problems: computing the generalized inverse T of T', understanding the inverse
problem Tz = y (given y € Y, estimate x € X), regularizing the inverse problem
using Tikhonov regularization or another scheme, and so forth. Although the SVE
is used mostly for analysis, it is employed in certain computational schemes, most
notably truncated singular value expansion (TSVE) regularization. In this chapter,
we analyze general schemes for approximating the singular values and vectors of a
compact operator.

The SVE and its analysis have a long history; in the context of integral equations,
this history dates from 1907 [25]. (For even earlier work, the reader can consult
Stewart’s brief history of the SVD [27].) In addition to deriving the basic properties
of the SVE, much of the work focused on clarifying the sense in which the kernel of
the integral operator could be represented in terms of the singular values and vectors
(for example, [21], [26]) and characterizing the singular values, including the rate at
which they converge to zero (for example, [29], [17], [26]). As we discuss below, there
is little work in the literature about computing numerical estimates of the singular
values and vectors of a compact operator.

Throughout this chapter, X and Y denote separable Hilbert spaces and T": X — Y
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denotes a compact linear operator with singular value expansion
[o.¢]
T =Y o1 ® ¢r.
k=1

Thus, {¢r} and {t} are orthonormal sequences in X and Y, respectively, and {o}}
is a sequence of positive numbers decreasing monotonically to zero. (If T" has finite
rank, then the SVE contains only finitely many terms. For simplicity of exposition,
we will assume the typical case that 7" has infinite rank.)

Let {T}, : X — Y | h > 0} be a family of compact linear operators with the property
that T, — T in the operator norm as h — 0; more specifically, we assume that

||Th — THL(X,Y) <e€, —0as h — 0.

Each operator T}, has an SVE

T = Onithnk ® Gni,
k

where the sum contains finitely many terms if 7}, has finite rank and infinitely many
terms otherwise. This notation for T}, its SVE, and ¢, will be used throughout
the chapter. We wish to analyze how the singular values and singular vectors of T},
converge to those of 7.

We will frequently use the fact that the singular values and singular vectors of 1" are
related to the nonzero eigenvalues and corresponding eigenvectors of 771" and TT™.
Specifically, for each k € Z*, we have

Tor = oy,
T*Ty, = orr,
TT* i = oiy.
It follows that the subspace of right singular vectors associated with the singular value

o1 can be defined as
Ey={pe X : T"T¢ =oi¢}. (4.1)

Similarly,
Fo={YcY : TT*) = o4} (4.2)

is the subspace of left singular vectors associated with the singular value o;. We
assume that the singular values are enumerated according to multiplicity. That is, if
dim(Ey) = d > 1, then the value oy appears d times in the list oy, 09,03, .. ..

By definition, the singular values of T" and T, satisfy

012> 092032 """
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and
Oh1 = Op2 = Op3 => "

There is therefore no ambiguity in asserting that the singular values of 7}, converge
to those of T'; it simply means that, for each k € Z*, o4, — 0} as h — 0, where it is
understood that, for a given k, o, is defined for all A sufficiently small.

The convergence of the singular vectors is a more subtle question. If the singular
space E} has dimension d > 1, then convergence of the singular values implies that
there will be d singular values of T}, converging to oy:

ong, —0opash—0fore=1,2,....d
(where oy, = o foralli =1,2,...,d). However, there is no reason to expect that oy, 4, ,
1=1,2,...,d, all have the same value; more typically, the singular space associated

with each oy, 1, is one-dimensional. Since the right singular vectors associated with
o need only form an orthonormal basis for Ej, it need not be the case that ¢y,
converge to any particular ¢ . For this reason, we define

Eh,k = Sp{¢ e X :dle Z+, Ohe — Ok a8 h — 0 and T;Thgb = 0'}2L’Z§Z5} (43)
and
Foe=sp{v €Y : I € Z*, oy — 0}, as h — 0 and T, ;¢ = o}, 0} (4.4)

We then require that Ej, ;, converge to Ej, in the sense that the gap between Ej, ;, and
E}, converges to zero, and similarly for Fj,;, and Fj.

Definition 4.1 Given subspaces U and V' of a Hilbert space H, we define

J(U,V) = inf v — ul|s.
(U,V) = supinf [l —ufx
lullr=1

We then define the gap between U and V' by

A

(U, V) =max{d(U,V),6(V,U)}.

In the case that V is closed (the only case discussed in this chapter), we could equiv-
alently define 6(U, V') as

(U, V)= sup |[Pyu— ulp,

uelU
[lull =1

where Py, denotes the (orthogonal) projection onto V. It is clear that 0 < (U, V') < 1.
In general, 6(U, V) and 6(V, U) may differ, but it is known (see, for example, [? , §2])
that the two are equal when both are strictly less than 1. Moreover, this also holds
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if U and V are finite-dimensional subspaces with the same dimension.

Lemma 4.2 Let U and V' be k-dimensional subspaces of a Hilbert space H, where k
is a positive integer. Then 06(U, V) = §(V,U).

Proof: Without loss of generality, let us assume that 6(U, V) < 6(V,U). As noted
above, §(V,U) < 1 implies that §(U, V') = o(V, U). It suffices, therefore, to show that
the assumption 6(U, V) < §(V,U) = 1 produces a contradiction.

Since V is finite-dimensional,

yWV,U) = 151655( | Pov — vl g

vl =1

Therefore, the assumption that 6(V,U) = 1 implies that there exists © € V such that
|9]|gr = 1 and || Pyo — 9|/ = 1. This is possible only if Pyo = 0, that is, if 6 € U*L.
On the other hand, the assumption that 6(U, V') < 1 implies that ||Pyu—u| g < 1 for
all v € U and hence that the null space of P = Py |y (Py restricted to U) is trivial.
Since dim(U) = dim(V') = k, the fundamental theorem of linear algebra implies that
P maps U onto V; thus, there exists u € U such that Pu = v. But then

I () -
[l )~ Talln

<1l=||Pu—ilg <|i|a
H

= |10 —alla < [|a]lm

= [0l + llalE < llallE

(where we used §(U,V) < 1 in the first step and © € U* in the last step). Since
|0||z = 1, the last inequality is impossible, and the proof is complete. B

Convergence of the singular values and vectors of T}, to those of T follows from
the theory of Babuska and Osborn [3]; the following result is Theorem 9.1 of [4],
specialized to the self-adjoint case.

Theorem 4.3 Let X be a Hilbert space, let A: X — X and A, : X — X, h > 0,
be compact self-adjoint linear operators, and assume that A, — A in the operator
norm as h — 0. Then, for any compact subset K of p(A) (the resolvent of A), there
exists ho > 0 such that for all h € (0,hy), K C p(An). If X is a nonzero eigenvalue
of A with multiplicity equal to m, then there are m eigenvalues Ap 1, Ap2,. .., Aom
of Ay, repeated according to their multiplicities, such that each \p; — X as h — 0.
Moreover, the gap between the direct sum of the eigenspaces of Ay corresponding to
Ah1s Ah2s -« -y Anm and the eigenspace of A corresponding to A tends to zero as h — 0.

We can use Theorem to demonstrate the convergence of the singular values and
singular vectors of T}, to those of T" by applying it to 7T and T7T™.
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Lemma 4.4 There exists a constant C > 0 such that

||T;:Th — T*T”L(X,X) < Céh and HThT}t — TT*HL(y’y) < CEh VYh>D0.

Proof: We have

T Th — T || x,x) < NTRTh — T Tl oxx) + |1 T7Th — 17T || £ex,x)
< I Tullecxyy + 1T ey Th — Tllex vy

and the first result follows (note that {||7,||x} is bounded because {7},} converges as
h — 0; also, || T*||z(v,x) = |T]|z(x,v))- The proof of the second is similar. W

Theorem 4.5 For each k € Z™,

Ok — 0k as h — 0,
S(E}%k,Ek) —0ash— O,
5(Fh,k, Fk) — 0 as h — O7

where By, F, Bk, and Fyj, are defined by .

Proof: The convergence of oy, to o) and ) (Enk, Ex) to zero follows from applying
Theorem to {11}, } and T*T, while the convergence of §(F}, x, Fi) to zero follows
from applying Theorem to {T; Ty} and T7T*. W

We will not use Theorems [£.3] and [4.5 in the rest of the chapter, preferring to give a
direct analysis that also provides rates of convergence.

We will use the following well-known max-min characterizations of the singular values:

_ [Ty
0r = max min
SCX  zeS ||[L’||X
dim(S)=k z#0 (4 5)
_ N[ Th|ly '
opr = max min
’ ScX  zeS ||.T||X
dim(S)=k 740

(see [13, Theorem 8.6.1] or [I8, Chapter 28, Theorem 4]).

A particular discretization (discretization by projection or variational approximation)
is of special interest: We choose families {X}} and {Y},} of finite-dimensional sub-
spaces of X and Y, respectively, having the property that Px, — Ix and Py, — Iy
pointwise as h — 0 (where Iy and Iy denote the identity operators on X and Y,
respectively), and define T}, = Py, T Px,,.

It is straightforward to use the max-min formulas to prove the following results:
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Theorem 4.6

1. For each k € Z%, |opp — ox| < [|[Th — T|zx,y) for all h > 0. (This holds
regardless of the form of Tj.)

2. If Ty, = Py, TPx,, then, for each k € ZT, opy < oy for all h > 0.

Proof: The first statement has been proved in [12, Chapter IV, Cor. 1.6], but we
will provide our own proof below. Using ({4.5)), we obtain

_ N Th|ly
Opkr = Inax min
’ Scx wes ||z||lx
dim(S)=k x#0

< max min
ScX reS

|Tz]ly N (T — T)-’BHY)
dim(S)=k 27#0

]l x )l x

T
< max min (” zlly + || T, — THL(X,Y)>

ani, o9 \ llzllx
. Tx
= max min Il + \1Th = Tl eexyy = ok + | Th — Tl 2exy)-
ScX  zeS H.%'HX
dim(S)=k z#0
Similarly,
- N T=|ly
0r = max min
SCX xzeS ”iL’HX

dim(S)=k 270

< max min
SCX zeS
dim(S)=k z#0

(Viely , I Dol

]l x ]l x

< max min

Tyx
(H htlly +|\T—ThHL(X’Y))

a2z Ilx
= max min M + ||T—Th||L(XY) = Ok + ||T—Th||£(XY)'
ScX xes \ |lz||x ’ 7 7

dim(S)=k z#0

Thus, o — [|T = Thllcxy) < onpe < ok + | T — Thll £cx,v)-

To prove the second statement, note that if o, = 0, then the statement holds
trivially. Now consider the operator T}, : X;, — Y}, defined by T), = Py, T|x,. We will
prove that any nonzero singular value of T}, = Py, T Px, is also a singular value of T,.
To show this, note that nonzero any singular value oy, of T}, satisfies T;T),¢ = U,Qhkgb
for some ¢ € X; that is,

(Px, T*Py, TPx,)p = a,ikqb.
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In fact, the above equation implies that ¢ € X} and hence, the above equation can
be written as

(PXhT*PYhT)¢ = O-i2z,k¢'

The adjoint of T}, : Y}, — X, is equal to Px, T*|p,, and thus, T, T, = Px, T*Py, T)x, .
This implies that oy, and ¢ will also satisty T Tt = ai’kgb. Thus, oy, and ¢ are a
singular value and singular vector respectively, for Tj,.

We finish the proof by noting that for any singular value oy, of Tj,, we have

_ | Thzlly || Py Ty [Ty
Thk = SR Tes zlx | Sk mes  faflx — Sex ses [z
dim(S)h:k z7#0 X dim(S)h:k z#0 X dim(S)h:k 70 X
T
< max min H xHY:Uk.I

o, zes vl

Note that, in Theorem , we define oy, = 0 for k£ > dim(X},).

Relatively little work has been done on approximating the SVE of a compact operator.
Hansen [I5] analyzed the rate of convergence of the method of moments (equivalent
to variational approximation) for the case that 7' is an integral operator of the first
kind. Specifically, assume that

(Tz)(s) = / k(s,t)z(t)dt, (Thz)(s) :/ kn(s,t)z(t)dt, s € I,

It It
where ky, is the kernel produced by variational approximation (namely, the projection
of k onto the tensor product space Y}, @ X}, in L?(I, x I;)). Hansen’s analysis is based
on
én = |lkn — kll 221 x1,)
(an upper bound for |7}, — T'||z(x,y)), and his Theorem 4 implies that

~2
o — opg < Shoyg = 1,2,..., N, = min{dim(X}),dim(Y})}.
Oh,k

As we show below (Theorem , a more precise estimate can be formulated in
terms of the optimal approximation errors for ¢, and v, which are ||(I — Px, )¢kl x
and ||(I — Py, )¢k||y, respectively, and €, (rather than €,). (This statement assumes
that the singular spaces corresponding to o are one-dimensional; see Theorem |4.16
for the general statement.)

Regarding the singular vectors, Hansen’s Theorem 5 implies (under the assumption
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that the singular spaces are one-dimensional) that

V2V,
VOE — Ok41

Our Theorem below improves this to an O(e;,) upper bound for an arbitrary
approximation 7} of T, while Theorem improves the estimate for the case of
variational approximation and shows when the error in the singular vectors is asymp-
totically optimal.

max{ || onr — xllx, [Vnr — Yrlly} < Vk=1,2,..., Ny

Given the paucity of results about approximation of the singular value expansion, it
is natural to look to the literature on eigenvalues and eigenvectors, which is extensive
(see, for example, [3] or [5]). We could aproximate the singular values and right
singular vectors of T" by approximating the eigenvalues and eigenvectors of 7T as,
for example, described in Babuska and Osborn [2]. They analyze Galerkin methods
for solving self-adjoint eigenvalue problems posed in variational form; the eigenvalue
problem T*T¢ = 02¢ would be posed in variational form as

find ¢ € X, A € R, such that (¢,v)y = A (T¢,Tv), Vve X (4.6)
(with 0% = A1), The Galerkin method discretizes this variational problem as
find ¢ € X5, A € R, such that (¢, v), = X (Tp,Tv), Vve X, (4.7)

It is straightforward to show that (4.7) is equivalent to T;Ty¢ = 0?¢ with T;, = T'Px,
(again, with 0% = A71).

Given any u € Ej (that is, any right singular vector corresponding to the singular
value oy) with ||ul|x = 1, and not assuming that Fj is one-dimensional, the optimal
approximation error for w is ||(I — Px, )u||x, and we obviously have

11 = Px, Jullx < |[(I = Pg,, Jullx-
Theorem 4.4 of [2] depends on
én = T3Th =TT || c(x x)
and implies that
(I = P, Jullx < (14 drén)[[(I = Px,)ullx, (4.8)

where dj, is a constant proportional to the reciprocal of the gap between o7 and the
closest distinct eigenvalue of 7*T. (Babuska and Osborn also prove a version of
with €, replaced by ||T;Th—T*T||2£(XhX1), where X is the completion of N'(T)* under
the inner product defined by (u,v)y = (T'u,Tv),.. For some problems, this provides
a more precise bound, because ||T;T), — T*T ||%( x,.x;) can be asymptotically smaller
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than €, for some problems. We will not discuss this and similar refined bounds any
further.) The bound (4.8)) is comparable to the result in our Theorem [£.11}

(I = P, Jullx < (14 V2aen) (T = Px,ullx + vV2aqeenll(I = Py )vlly.  (4.9)

Our constant v/2g; is proportional to the reciprocal of the gap between o and the
closest distinct singular value of T', which implies that v/2¢;, is asymptotically smaller
than dy as k — oo. On the other hand, while ¢, = O(e;) as h — 0, it could be the
case that €, is asymptotically smaller than €. Therefore, the two constants, dié, and
V2qi€n, are not directly comparable. Nevertheless, implies that

I(I = Pg, ,Jullx ~ [[(I = Px,)ullx as h =0

and yields the same result if e, || (I — Py, )v||ly = o(||({ — Px,, )u|lx). We will see by
example that this is not always the case and thus that optimal approximability of the
right singular vectors can be lost due to poor approximability of the corresponding
left singular vectors.

With respect to the singular values, Theorem 4.2 of [2] implies that there exists a
right singular vector u corresponding to o such that

P P
Ok = Ohk R
———= < (L + dpén)l|(I — Px, )ull%.
Ohk
Since
01% - UFQL,k _ Ok = Ohk Ok + ok
0;217;{ Ohk Ohk
and (since oy < 0y)
Ohk Onk 1
Ok +0nk ~ Ongp+onk 2
we obtain
— 1
Tk —Thk < ~(1 4 dyep)||(I — Py, )ull%. (4.10)
Oh,k 2

Our Theorem [4.16| implies that if we estimate the singular values by computing the
SVE of T}, = Py, T P, directly (rather than solving an eigenvalue problem), we obtain

Ok — Ohy

1
p (I = Px,Jullx + [I(Z = Py, )vlly) +

Cren (JI(I = Px,)ullx + ||(I = Py, )v|ly)* Vh > 0 sufficiently small,

where u € X and v € Y satisty ||u||x =1, ||[v|ly = 1, and Tu = opv. If || ({ — Px, )ul| x
and ||(I — Py, )v|ly go to zero at the same rate, this suggests that the error in the
singular values (computed directly) is twice the error in the same quantities computed
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by the eigenvalue approach. However, this ignores the limitations of finite precision
arithmetic, as discussed below.

It is natural to compute the singular values and singular vectors of T" directly, rather
than compute the eigenvalues and eigenvectors of T*7T', for several reasons. First,
given that o, — 0 as k — 00, we can expect to compute o, directly as long as it is
larger than machine epsilon €,,,.,. By the eigenvalue approach, we expect to be able
to compute o} as long as it remains above €mqch, that is, as long as oy, is larger than
V/€mach- Thus, the eigenvalue approach reduces the range of the singular values than
can be estimated. Second, both approaches require the computation of a Galerkin
matrix. The eigenvalue approach requires A defined by

Aij = <£IZ'Z', T*ij>X = <T£Cz, T.CCJ'>X s
while the direct approach requires A defined by
Aij = (yi, Txj) 5

(where {z1, xo,...,2z,} and {y1, Y2, ..., Ym } are the bases for X}, and Y}, respectively).
In the common case that 7" is an integral operator, Aij is defined by a triple integral,
while A;; is defined by a double integral. Therefore, the direct approach may be more
efficient. Finally, the eigenvalue approach gives no direct estimate of the left singular
vectors.

In the remainder of the chapter, we will analyze the errors in both the singular values
and the singular vectors in both the generic case (T}, is assumed only to converge to T’
in the operator norm) and the case of variational approximation (7}, = Py, T Px, and
the related cases of T}, = T'Px, and 1}, = P, T). Specifically, Section contains
error estimates for the computed singular vectors in the generic case. In Section 4.3,
we present an analysis of the convergence of both the singular vectors and singular
values in the case of variational approximation. Numerical examples are presented in
Section 4.4l In Section we show how to compute the singular values and singular
vectors of T, = Py, TP, from the singular value decomposition (SVD) of a scaled
Galerkin matrix. We present some conclusions in Section

4.2 Convergence of singular vectors: the general
case

We have already seen that

\ohe — o < ||Th — T'||rx,y) < € for all b > 0.
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We now show that S(Eh,k, E}) and 5(Fh7k, F}) also converge to zero like O(ep,). We
begin by establishing more notation.

We have already defined Ej and Fj, in (4.1) and (4.2)); let I be the corresponding
index set, so that

Ek = Sp{¢g e [k}, Fk = Sp{wg e [k}

Let opne, Gnes Yne, £ € Ly, be the singular values and singular vectors of 7}, where
I, ={1,2,..., N} or I, = Z*, according as T}, has finite rank or not, and define

Ih,k: {KEI}L P Ope — Of a8 h—>0}

(Note that I, = I for all h > 0 sufficiently small.) Then Ej, = sp{one : € € Inx}.
Extend {¢n, : ¢ € Zp,} to a complete orthonormal sequence {¢n, : £ € J,} for X
(Zn, C Jn), and define oy, = 0 for £ € Jj, \ Iy

We will write gap,, for the gap between o} and the nearest distinct singular value of
T.Ifk>1and 0p_1 > 0 = Opt1 =+ = Okinp—1 > Oktn,, then

gapy = mm{Uk—l — Ok, 0 — 0k+ﬂk}7

while gap, = 01 — o4, where o; is the largest singular value not equal to o;.

Lemma 4.7 Assume that ||T}, — T'||z(x,y) < €n for h > 0. Then, for each k € Z*,

1 2
max {— e T\ Ih,k} < i YV h > 0 sufficiently small.
|0k — Ohl gapy

Proof: Let k € Z* be given and note that o, — o, as h — 0 for all £ € ZT. It
follows that, for A > 0 sufficiently small, Ij = I} and

gapy
Vi e I s
NG TIn \ Ik

lohe — ol >

The result follows. B

In Lemma , we could obviously replace v/2 by any constant strictly greater than
1. We will write ¢, = v/2/gap,.

Theorem 4.8 Assume that ||T, — T zx,y) < €, for h > 0. Let k € Z* and let Ej,

and Ey, j, be defined by and , respectively. Then, for all u € E} satisfying
|ullx =1 and for all h > 0 sufficiently small, ||(I — Pg, ,)ul|x < 2qxén.
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Proof: Given u € Ej, we define v = ak_lTu; then T*v = opu. We have

U= Z (Phe, 1) x Dhes

LeTn

PEh,ku = Z <¢h,£7 u)x On,e

Lelp i

and hence

u = PEh,ku = Z <¢h,£7 U>X ¢h,€-

LETn\In Kk

For each ¢ € J, \ Ik, we have

Okl (Do, w) x | = [{Dne, onw) x | = [ (Do, T0) x | = [ {TPne, v}y |,
e <¢h,£:u>X | = <Uh,€¢h,€vu>x | = <Tf:¢h,eau>x | = <wh,e,ThU>y E
okl (Ynes V)y | = | (Une, ox0)y | = | (Wne, Tu)y |,
el (nes V)y | = [ {Onetbne; v)y | = | (Thdne, v)y |-

Subtracting yields

(or = on )| (Dne, ) | = [{(Thne,v)y | — | (Yo, Thu)y |,
(0r = on)l Wne; )y | = [ ne, Tu)y | = [ {Thdne, v)y |-

We then add to obtain

(o1 = one) (| (Snesw) x|+ | (Wne, v)y )
|
|

(Tone,v)y | = [ Wne, Taw)y | + [ (Wne, Tu)y | — [ {Thones v)y |
= [ (TOne,v)y | = [ {Thone; v)y | + | (Une, Tu)y | = [ (One, Thu)y |,

which yields

ok = onl (| (Do u) ¢ |+ | (ne,v)y |)

[ Thne0)y | = [{Tndne, v)y |+ (Wne, Ty | = [ (@ne, Ty ||
1{Téne, v)y | = [(Tndn, v}y I 4[| @, Tuy | = {nes Thwy ||
(T = Th)bne v)y | + [(Wne, (T = Ti)u)y | -

This implies that

<
<

(T = Ti)pn, v)y | + | {ne, (T = Tp)u)y | _

|<7k - Uh,e\

| (Do u)x | < (4.11)
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Therefore,

||u - PEhkuH%( = Z <¢h,€7 u>_2X

LeT \In,k
> (T = T bnev)y | + | Wnes (T = Tiyu)y |\
e, oy — O'h,e|
w\h,k

<25 ) <‘<¢h€v(T 1)) x|” + |(ne, (T = Thu ‘)

EEJ}L\I}L
< 2q; (H(T T)*vl% + (T — Th)UHY) < dqie;

(since ||Th — Tllexyy = 1Ty — T*||lzevixy < e and |lul|x = |lv|ly = 1). Therefore,
|u — Pg, ,ullx < 2qxen, as desired. B

The previous theorem implies that 6(Eg, Ep k) < 2qxep, for all A > 0 sufficiently small.
Since Lemma shows that d(Ej, Ex) = 0(Ek, Eny) for all h sufficiently small (h
must be small enough that dim(E} ;) = dim(E))), we obtain the desired bound on
the gap between Ej, and Ej, .

Corollary 4.9 For each k € 7™,

5(Eh7k, Ex) < 2qren, Y h > 0 sufficiently small.
The same analysis, applied to 7™ and T}, shows that

S(FM, Fy) < 2qrep, Y h > 0 sufficiently small,

where Fj, and Fj,, are defined by (4.2)) and (4.4).

4.3 Accelerated convergence

The case of variational approximation deserves special attention because it leads to
increased rates of convergence. Given the families of finite-dimensional subspaces
{X,} and {Y,,} of X and Y, respectively, we define 7}, : X — Y by T, = Py, TPx,
and

€Ep = HPYhTPXh - THLZ(X,Y) Vh>0.

Under our assumptions on {X} and {Y,} (namely, that Px, — Ix and Py, — Iy
pointwise), it is guaranteed that ¢, — 0 as h — 0.

Theorem 4.10 The operator Py, T Px, converges in the operator norm to T as h —
0.
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Proof: Consider

Py, TPx, — Tl zxy) < [Py, TPx, — Py, Tllcixy) + 1P, T — Tlleix,yy
<|T(Px, — Ix)llccxy) + 1Py, — )T || cxy)-

The second norm goes to zero by a standard result (see [I] or [IT, Theorem 7]), while
the first goes to zero by Theorem 16 of [11]. W

The results of Section apply and show that the singular values and corresponding
singular spaces of T}, satisfy

lons — ok| < en,

8(Eh,k> Ey) < 2qxep,

5(Fh,k, F) < 2qyep,
where the above inequalities hold for all A~ > 0 sufficiently small. We will now show
that, for T, = Py, T'Px, , better rates of convergence are obtained. Recall that {¢p :
le ]h} was extended to a complete orthonormal _sequence {gbh ¢ e Ty} for X. We

now assume that this is done so that {¢,, : £ € [h} (I C I, C Jp) is an orthonormal
basis for Xy, (I, = I, if N(T),)N X}, is trivial). Similarly, we extend {¢n, : £ € I} to a

complete orthonormal sequence {15 : £ € Kp,} for Y and assume that {¢, : £ € I}
is an orthonormal basis for Y},. These definitions imply that {¢n, : € € Tp \ I} is

a complete orthonormal sequence for X;- and {¢p, : £ € Ky \ I} is a complete
orthonormal sequence for Y.

4.3.1 Singular vectors

Theorem 4.11 Suppose u € Ej, and v € Fy, satisfy Tu = opv and T}, = Py, TPx, .
Then, for all h > 0 sufficiently small,

17 = Po, Jullx < 1+ V2ae)ll( - P, )ullx + vV2qerll(I — Py)olly  (412)
17 = Pr)olly < (14 V3qen) (I = Povlly + Vagenll(I - Pyullx.  (413)

Proof: As in the proof of Theorem [4.8]

(I = Pg,,)u= Z (Oh,es W) Phes

LETn\In,k

which yields

1= Peul = Y neu)i+ S (o)

e T \In, el \In &
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The first term on the right of the equals sign is exactly ||(I — Px, )ul|%. To estimate
the second term, we use the following inequality from the proof of Theorem

1

\Uk - Uh,z\

| (Dhe,u) | < ([{(T = T)bnes v)y | + [, (T = Th)u)y|) -

We argue as follows:

Z (Pho,u)s < Z (K(T — Th)he, V)y | + [(Wnye, (T — Th)u>y‘)2

el \In i\ In |0k = onl
2 2
<2 ) (!((T —T0)éne: )y |+ |(Wne, (T — Th)u)y | ) ,
el \In i

For any z € Xy,
(T —Ty)x =Tx — Py, TPx, v =Tx — Py, Tx = (I — Py, )Tz € Y,

and therefore

(T =Th)onev)y = (T = Th)ne, (I = Py,)v)y
because (1" — T})pne € YhL and Py,v € Y},. Similarly, for y € Y,

(T —Ty)'y =Ty — Px,T*Py,y =T*y — Px,T*y = (I — Px,)T*y € Xj,
which yields

(Une, (T = Th)u)y = (T = To) e, w) = (T = Th) " Pne, (I = P, )Ju)

Therefore,
(! (T = Th)dne,v) }2+|<¢h,£,(T—Th)u>y|2>
el \In i
5o (T = T, (T = Poody [+ [(T = Ty e, (7 = P )
el \In i
<| Gne, (T —Tn)"(I — Py, )v | + [, (T = T)(I — Px, )u)y ‘2)
Celp\In i
< (||(T — Tp)*(I = Py )vl[% + (T = Tw)(I — Px, )ull3)
<er (11 = Py)olls + (I = Px,)ull%) -

The conclusion is

H(I PEh k)u”X < H(I PXh)uHX + queh (H(I PYh) ||§/ + H(I - PXh)uH?X) .
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Inequality (4.12]) follows immediately.
The proof of (4.13)) is exactly analogous. B

Inequality suggests that the approximation error for a given right singular
vector u is affected by the optimal approximation error for that singular vector and
also the optimal approximation error for the corresponding left singular vector. As
long as

enl|(I = Py, )vlly = o (|(I = Px,)ullx) as h =0,

it follows that
(I = Pg, Jullx ~ (I — Px,)ulx as h — 0,

that is, the error in the approximation to u is asymptotically optimal. However, it is
not difficult to construct an example in which

I(I = Px, )Jullx = o(el[(I = Py,)vlly) as h =0,

in which case the error in the approximation to w is suboptimal. Examples are
presented in later sections.

The situation with respect to optimal approximation of the left singular vectors is
exactly analogous.

The bound is not directly comparable to the result of Babuska and Os-
born. When we approximate both the right and left singular vector simultaneously,
it is not guaranteed that we obtain an optimal rate of convergence for both, although
Theorem [4.11] shows that at least one of the left or right singular vectors will exhibit
an optimal rate of convergence. The examples given below verify that suboptimal
convergence is observed in some cases. If, for some reason, it were desired to approx-
imate just the singular values and either the right singular vectors or the left singular
vectors, we could (at least in principle) proceed with 7}, = T'Px, or T), = Py, T.

Theorem 4.12

1. Let the family {X,} of subspaces of X be given and, for each h > 0, define
Y, =T(Xy), T, = TPx,. Let u € Ey be given and define v = Uk_lTu. Then,
for all h > 0 sufficiently small,

(7 = Pr, Jullx < (1+V2qen) | (1 = Py, )ullx, (4.14)

(I = Pr Jvlly < (T = Py)olly + vV2arenl|(I = Px, Jul|x. (4.15)

2. Let the family {Ys} of subspaces of Y be given and, for each h > 0, define
Xn =T*(Yy), Ty, = Py, T. Let v € Fy, be given and define v = a,;lT*v. Then,
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for all h > 0 sufficiently small,

I(I = Pg, Jullx < I = Px,)ullx + V2aenl| (1 = Py)vlly, (4.16)
(I = Pr,.,)olly < (1+V2ae)|[(I = Py, )olly (4.17)

Proof: The proofs of (4.14H4.17)) are similar to the proofs of (4.12H4.13)) and will
not be given in detail. The difference between (4.12)) and (4.14) is that, for z € X,

and T'= TPx,, (T —Typ)xz = 0 (rather than just (T — T},)z € X;-, as in the case of
Ty, = Py, TPy, ). The difference between (4.13)) and (4.17)) is similar. W

Therefore, if we approximate 7" with T}, = T'Px, , we are guaranteed that the error in
the approximations of the right singular vectors is optimal and of the same quality
as obtained in . Similarly. with T}, = Py, T, we are guaranteed optimal approx-
imation of the left singular vectors. In Section 4.5 we show how to compute the
SVE of Py, T Px, by computing the SVD of a suitably scaled Galerkin matrix. The
numerical computation of the SVE of T}, = T'Px, or 1T = Py, T is problematic; we
also comment on this in Section .5

4.3.2 Singular values

We continue to discuss the case of Tj, = Py, T Px,. To start, we require a bound on
|Th(I — Pg, , Jully for u € E;. We will use the following technical results.

Lemma 4.13 If {s.} is a strictly decreasing sequence of positive real numbers that
converges to zero, then

Sk—1 25y,
< — Vk>1.
Sk—1 — Sk mlﬂ{Sk—1 — Sk, Sk — 5k+1}

Proof: Given k > 1, we consider two cases.

1. If sg1 — sk < Sk — Skr1, then it follows that s, — sp < s; and hence that
Sp—1 < 28p. Therefore,

Sk-1 Sk-1 28

= — < — .
Sp—1 — Sk min{sp_1 — s, Sp — Spp1}  Min{sp_1 — Sk, Sk — Spt1}

Thus the result holds in this case.

2. If s — sg1 < Sk—1 — Sk, define

Sk+1
0= ——, b= —
Sk—1 Sk—1
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and note that 6; € (0,1), 0, € (0,6;). We must show that

Sk—1 < QSk B QSk
Sp—1 — Sk Mmin{Sp_1 — Sp, Sp — Sky1} Sk — Sk
Sp—1(8k — s 0, —0

k—1(Sk — Sk+1) <9 o 1 =0 g
Sk(sk—l — Sk) 91(1 — 91)

Note that s — sp11 < sp_1 — Sg is equivalent to 6, — 6, < 1 — ;. It is now
an easy exercise to prove that (0, — 6;)/(0:(1 — 6,)) < 2 for 6,, 6, satisfying
0<f#y<0; <1land b —0, <1—0,. This completes the proof. B

Lemma 4.14 For a given k € Z*, there exists hg > 0 such that

O'h7g 2

N

o
~ b :\/iqkak VEgZIh,k Vhe (0,h0)
0k — onel — gapy
Proof: We will assume that o, = 0441 = -+ = Okin,—1 > Opyn, and either b =1
or o,_1 > 0. If we prove the result in this case, it obviously follows for any other
value of k. Suppose first that ¢ > k + ny. Then oy, < 0¢ < Op4y, < 0. Therefore,

One(Ok = Okgny,) _ Oktng (Ok — Okgny) 1o ThegAD;

or(ox —one) = ok(0k — Okiny) k(0 — Onye)
Ohyt < Ok

Ok — Ohy gapy

<1

This proves the desired result in the case ¢ > k+ny. If ¢ < k, then there exists hy > 0
such that o1 > oy for all h € (0, hy). For such h,

Ohe Oht < Oh,k—1

ok — ol B Ope— Ok Opk—1— Ok

(using the fact that s/(s — oy) increases as s decreases toward oy). Since

Oh,k—1 Ok—1
— ash —0
Ohk—1 — Ok Ok—1 — Ok
and 5
Ok—1 Ok
<

Ok-1— Ok  8aPg
by Lemma [4.13] it follows that there exists hg € (0, hy) such that
Ohk—1 20y

< Vhe (O,ho)

Ohk—1— O gapy

Thus the desired results holds in the case that ¢ < k, and the proof is complete. B

We can now prove the desired bound on ||T),(I — P, , )ully for u € E.
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Theorem 4.15 Let k € Z* be given, suppose T, = Py, T Px,, and let u € Ey, v € [,
satisfy Tu = opv. Then, for all h > 0 sufficiently small,

|Th(u — Pg, ,u)lly < 20kqren ([[(1 — Py, )vlly +[[(I — Px,)ullx) .

Proof: We will assume that oy, = 0441 =+ = Okinp—1 > Okyn, and either k =1
or oy_1 > 0. We have

u= Z (Pne, 1) - Dhes

Ledy

PEh’ku = Z <¢h,f) u>X ¢h,€7

EEIhyk

and therefore

(I - PEh,k)u = Z <¢h,£a u>X ¢h,£-

LETn\In k
This yields

Ty(u — Pg, ,u) = Z Ot (Ph.es ) x U

LETn\In k
= ||Th(u - PEh,ku)H%/ = Z O-sz,Z <¢h,f7 u)%{ :
LEeTn\In,k

Now we use the upper bound (4.11)) and Lemma to obtain
ITh(I = Pp,,)u)ly

< Z # (J{(T = Tw)pne, v)y | + | (Wne, (T — Th)u>Y‘)2

LETp\In K Tk~ O-h7€|2
< 20743 Z ([((T = Tn)ne, v)y | + | (Wne, (T — Th)u>Y‘)2 ’
€T \Ip

where the last inequality holds for all h > 0 sufficiently small. Proceeding as in the
proof of Theorem [4.11], we obtain

IT(I = Pp, )y < dogages, (11— Py)vlly + (1 = Px, ullX) -

The desired result follows. W

We can now give our main result on the convergence of the singular values.

Theorem 4.16 Let k € Z* be given and suppose T, = Py, TPx,. For each { € I},
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there exist u € Ey, v € F}, and a constant Cj, > 0 such that

O — Ohpy €§( 6%/ 2 :
0<—m<L > - 5 + Cren (ex +ey)” Vh > 0 sufficiently small,
Ok
where ex = ||(I — Px, )ul|lx and ey = ||(I — Py, )v|y-

Proof: Let ¢ € I, be given, let h > 0 be sufficiently small that ¢ € I, ;, and choose
Qbh,g < Eh,k) ¢h7g & Fth such that

| Onellx = 1nelly =1 and Théne = onethne.

We note that 04,0 < o4 by Theorem . We must derive an upper bound on oy, — oy, 4.
For h > 0 sufficiently small, 0(E},x, Ex) = 0(Ek, Enr) < 1, which implies that Pg, ,
defines a bijection from Ej onto Ej j, (see the proof of Lemma . Thus there exists
u € Ej, such that |lulx = 1 and Pg, ,u = a¢y, for some o € (0, 1]. Define v € Fy, by
Tu = ov and note that ||v||y = 1. As in the statement of the theorem, we will write

ex = (I = Px,)ulx, ey = [[(I = Py,)vly.
We have
or = (v, Tu)y
= <PFh,kU + (I - PFh,k)Uv T(‘PEhku + (I - PEhk)U’>>

= (Pp,,v,TPg, ,u), + (I = Pg,,)v,TPg, u), +
<PFh,k’U,T(I — PEh,k)u>Y + <(I — Pthk)?),T<] — PEh’k)u>Y .

Y

We now consider each of these four inner products. For the first, we have

<PFh,k’U, TPEh,ku>Y = <PFh’kU, Th¢h,€>y = OfO'hl <PFh’k’U, ¢h75>y .

By the Pythagorean theorem and Taylor’s theorem,

o = || P, ullx = /1= (I = Pr.,Jullk
| = Po,Jullk

1 : +O(||(I = P, )ull¥)
2
e
6_2)( 4
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where the bound from Theorem [4.11]is used in the last step. Similarly,

2
(&
<PFh,kvuwh,E>y < HPFh,kUHY <1- 7)/ + O(e;l,)

It follows that
62 2
<PFh,kv7TPEh,ku>y S Ohy (1 - ; + O(GX)) (1 — 2 + O( ))
2 2
=Ohyt — <6—X + —= + O(GX + ey)> Oht
_ 6%{ 6%/ 4 4
—O'h’[_ - _+O(6X+6Y) Uk;+

6%{ 6%/ 4 4
7 + 7 + O(GX + €Y) (O’k — O'h,é)

e e
= O'h,g — (TX + 2Y> O + O(O’kCh(GX + ey) )

(using the fact that o, — ope < €, and ex, ey = O(ep,) by Theorems and .
To bound the second inner product, notice that ((I — Pg, ,)v, T) Pg, ,u), = 0 because
(I — Pp,,)v € Fy, and T}, Pg, ,u € Fjj. Thus

((I - Pp,,)v,TPg, ,uy, = ((I - Pp, k)v TPg, ,u—TyPg, u),

= (I = Pp,,)v.(I = Py,)TPg, u),

{(I = Py,)v, (1 — Py, )TPg, u),

ey||(I = Py,)T Pp, ,ully

ey (I(I = Py,)Tully + (I = Py,)T(I = Pg, ,)ully)
ey (akey + enl||(I — Ppg, k)UHX)

- («ay e PEhmHX)

< orey (€Y + GhCIkH(] - PEh,k)u“X)
— o'keg, —+ O (akeh(ex + 6y)2)

VAR VAR VAN

IA

(using Theorem and the fact that |7 — Py, T zxv) < |T — Thllzix,y) = €n)-

We use similar reasoning to bound the third inner product as follows:

<PFh’kv, T(I — PEh,k)u’>Y < opek + 0 (akeh(ex + 6y)2) )
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Finally, for the fourth inner product, we use Theorem to obtain

((I = Ppg,,)v,T(I = Pg,,)uy,
= (I = Pg,,)v, Tv(I = Pg, u), + ((I = Pg, v, (T = Tp)(I — Pg, ,)u),
< (I = Pr, )vlly[[Th(I = Pg, ,)ully+
(1 = Pr, JvlIv IT = Thllcix ) [I(1 = P, , Jullx

< 9onqeenl( = Pry)olly (ey + ex) + o4 ( ) 1 = Pry )olly (I = Pay Jullx
=0 (akeh(ex + Gy)z) )

We thus obtain

et e?
O S Uhj — Ok (7)( + Ty) + JkBX + Okey + O (O'keh(ex + €y)2)
_ SO ATy
= Opy + Ok 74-? + akehex—i—ey))

and hence

oL —0 X,

WLV JC ST
Ok 2 2

as desired. W

Since ||(I — Px, )u||x and ||({ — Py, )v||y are both O(e;) by Theorem Theorem
implies that the relative error in each computed singular value is O(e}) when
Ty, = Py, TPy, (as opposed to O(e,) for a general approximation 7}, of T').

4.4 Numerical experiments

The first example demonstrates the convergence guaranteed by Theorems [4.6|and [4.8]

Example 4.17 Consider the first-kind integral operator T : L*(0,1) — L*(0,1) de-
fined by

(Tx)(s) = /01 k(s Da(t) dt, 0< s < 1,

where k(s,t) = se’'. We will use the techniques described in this chapter, with X},
and Y chosen to be finite-element spaces, to estimate the SVE of T'. Since the kernel
is smooth, Chebyshev approrimation allows for a sequence of approrimations that
converge exponentially quickly (see [20] and [28]). The finite-element approximations
described here do not lead to a competitive algorithm, but they serve to illustrate the
convergence theorems of this chapter.
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To apply the above results, we define X;, =Y}, to be the space of continuous piecewise
polynomial functions relative to the uniform mesh on [0,1] with 1/h elements. We
denote the nodes by to,ti1,...,t, (where t; = j/n for each j) and use the standard
nodal basis {xo,1,...,x,} (defined by x;(t;) = 6;;). Note that n = d/h for piecewise
polynomials of degree d. We discretize the integral operator by interpolating the kernel
k onto the tensor-product finite element space

Y, ® Xp =sp{zie : 0 <k, 0 <n},

where zyg is defined by zke(s,t) = xp(s)xe(t). We then define Ty, : X, — Y}, by

(Thx)(s) = /0 kn(s,t)x(t)dt, 0 <s <1,

where ky, 1s the interpolated kernel:

kn(s,t) = k(te, to)wg(s)ze(t)
k=0 (=0

Standard finite element approximation results can be used to show that, for piecewise
polynomials of degree d,

1kn — kllz20.1)x 0.1y) < Ch*.

It follows immediately that || Ty — T'||£(22(0,1),22(0,1)) < Ch* and therefore we expect
Ohk, Eny, and Fy, . to converge with an error of O(h®t1).

It is easy to show that the Galerkin matrix A is given by A = MCM, where M is
the Gram matriz for the basis {xo,x1,...,x,} and C is defined by Cyp = k(ty, te). It
follows that it is simple to implement this particular discretization.

Table shows the computed values of op1, ona, ons for h = 273274 . 2710,
using piecewise linear functions (d = 1). The exact values are unknown, but we
use Richardson extrapolation to estimate an exponent p such that the error appears
to converge to zero like O(hP). As expected, the results suggest that the errors are
O(h?). Although we do not show the results, the same method suggests that the sin-
gular functions {¢ni} and {¢n i} converge at the same rate. (The singular spaces all
appear to be one-dimensional.) Figure shows the first three right and left singular
functions.

The next experiment illustrates the accelerated convergence guaranteed by Theorem
4. 16l
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h|o h,1 (pest) Oh,2 (pest) Oh,3 (pest)

1/8 | 8.95937 - 107! 4.25077 - 1072 1.19714- 1073

1/16 | 8.93464 - 101 4.26331 - 1072 1.22087 - 1073
1/32 | 8.92847 - 1071(2.00) | 4.26627 - 1072(2.09) | 1.22608 - 1073(2.19)
1/64 | 8.92693 - 1071(2.00) | 4.26700 - 1072(2.02) | 1.22734 - 1073(2.05)
1/128 | 8.92655 - 1071(2.00) | 4.26718 - 1072(2.00) | 1.22765 - 1073(2.01)
1/256 | 8.92645 - 1071(2.00) | 4.26722 - 1072(2.00) | 1.22773 - 1073(2.00)
1/512 | 8.92643 - 1071(2.00) | 4.26723 - 1072(2.00) | 1.22775 - 1073(2.00)
1/1024 | 8.92642 - 1071(2.00) | 4.26724 - 1072(2.00) | 1.22775 - 1073(2.00)

Table 4.1

The computed singular values 0, 1,032, 05 3 for Example Richardson
extrapolation is used to estimate p such that |op,  — 0| = O(RP) appears
to hold; the estimated exponents p.s; appear in parentheses.

Right Singular Functions Left Singular Functions

0 0.2 0.4 0.6 0.8 1 i 0 0.2 0.4 0.6 0.8 1

Figure 4.1: The computed singular functions ¢p 1,én 2, ¢n3 (left) and
Y1, ¥n2,Yn3 (right). The solid curves represent ¢y 1 and 1y, 1, the dashed
curves ¢p, o and 1)y 2, and the dotted curves ¢p, 3 and 1)y, 3.

Example 4.18 We now repeat Example but using Ty, = Py, TPx, to approxi-
mate T'. We are required to compute the Galerkin matriz A defined by
Ape =

<yk> Th$£>L2(0 1) yk’a TQT( L2(0 1)

// (s,t)xe(t)yx(s) dt ds.

We use a tensor-product Gauss quadrature rule to compute the entries of A to high
accuracy. For an integral operator such as T', it is straightforward to show that Ty =
Py, T'Px, 1s the integral operator defined by the kernel kh, where ky, is the projection
(in the L* inner product) of the true kernel k onto the tensor-product space Y, ® Xp,
(see [15]). It follows that ||kn — k| L2(0,1)x(0,1)) @S no greater than ||kn — k|| L2(0,1)x(0,1))
(where ky, is the interpolated kernel used in Example , and numerical evidence
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suggests that the asymptotic rate is the same: |k, — kllr201x01) = O(hITY) if
piecewise polynomials of degree d are used. By Theorem then, we expect the
computed singular values to converge at a rate of O((ht1)?) = O(h??+2).

Table[4.d shows the computed values of op1,0p2, 043 for h=273,274 . 2710 using
piecewise linear functions (d =1). As expected, the errors are consistent with O(h*)
convergence. Table[].3 shows the analogous results for piecewise quadratic polynomials
(d=2). In this case, the results are consistent with O(h®) convergence, as predicted
by Theorem . (With piecewise quadratic functions, the singular values converge
quickly enough that the errors reach the level of round-off error in our computations.
This is reflected in the fact that the estimated exponent is not as close to 2d+2 as in
the linear case, and even becomes negative in some cases.)

h Uh,l (pest) Oh,2 (pest) O-h,3 (pest)
1/8 | 8.92640 - 107! 4.26673 - 1072 1.22572-1073
1/16 | 8.92642 - 107! 4.26720 - 1072 1.22763 - 1073

1/32 | 8.92642 - 1071(4.00) | 4.26723 - 10~2(4.00) | 1.22775 - 10-3(3.99)
1/64 | 8.92642 - 1071(4.00) | 4.26724 - 10~2(4.00) | 1.22776 - 10~3(4.00)
1/128 | 8.92642 - 1071(4.00) | 4.26724 - 1072(4.00) | 1.22776 - 10-3(4.00)
1/256 | 8.92642 - 1071(4.00) | 4.26724 - 1072(4.00) | 1.22776 - 10-3(4.00)
1/512 | 8.92642 - 1071(4.00) | 4.26724 - 1072(4.00) | 1.22776 - 10-3(4.00)
1/1024 | 8.92642 - 1071(4.00) | 4.26724 - 10-2(4.00) | 1.22776 - 10-3(4.00)

Table 4.2
The computed singular values 0,1, 03,2, 0y 3 for Example (piecewise
linear functions). Richardson extrapolation is used to estimate p such that
lonk — ox| = O(hP) appears to hold; the estimated exponents pes appear in
parentheses.

With both piecewise linear and piecewise quadratic functions, the computed singular
functions are consistent with O(h®*t) convergence; the increased rate of convergence
applies only to the singular values.

We also note that the first nine (that is, the nine largest) singular values of T are
approximately

8.926- 1071, 4.267-1072, 1.228-1073, 2.434-107°, 3.685- 107",
4.507-107%, 4.621-10"'", 4.076- 1073, 3.15-1071°.

Using piecewise linear functions and a uniform mesh with 256 elements, we are able
to estimate these values accurately (error approximately 1% in o9 and much less than
1% for o1,...,08) by computing the SVE of Ty, = Py, TPx,. Using the eigenvalue
approach and the same mesh, it is possible only to estimate the first five singular
values, with the error in o5 ~ 3.685 - 10~7 already about 0.6%.
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h Oh,1 (pest) Oh,2 (pest) Uh,3 (pest)

1/8 | 8.92642 - 101 4.26724 - 1072 1.22775- 1073
1/16 | 8.92642 - 10’1 4.26724 - 10’2 1.22776 - 1073
1/32 | 8.92642 - 5.93 4.26724 - 5.91 1.22776 - 1073(5.86

~1(5.93) ~%(5.91) (5.86)
1/64 8.92642- ~1(5.98) 4.26724- ~2(5.95) | 1.22776 - 1073(5.93)
1/128 | 8.92642 - 1071(6.27) | 4.26724 - 1072(5.98) | 1.22776 - 10-3(5.96)
1/256 | 8.92642 - 107(1. 91) 426724 - 1 (7:38) 1.22776 - 1073(6.00)
1/512 | 8.92642 - 1071(—4.15) | 4.26724 - 1072(—2.39) | 1.22776 - 10-3(4.79)

Table 4.3
The computed singular values oy, 1,02, 0,3 for Example (piecewise
quadratic functions). Richardson extrapolation is used to estimate p such
that |oj,x — 0| = O(hP) appears to hold; the estimated exponents peg
appear in parentheses. With piecewise quadratic approximations, the
errors quickly reach the level of machine epsilon and so the estimates of p
deteriorate as the mesh is refined.

Finally, as we have noted, Theorem does not guarantee an optimal rate of con-
vergence for the estimates of the singular vectors, at least not in all scenarios. The
following example, in which we use different finite element spaces for X} and Y},, sug-
gests that Theorem correctly predicts the observed rate of convergence (optimal
or suboptimal).

Example 4.19 Let T : L*(0,1) — L?*(0,1) be defined by

(Tz)(s) = /01 k(s,t)x(t)dt, 0 < s <1,

where k is the discontinuous kernel defined as follows:

2t <t
k(s,t):{s N , S,

se’, t <s.

We use continuous piecewise polynomials of degree p — 1 and q — 1 for X, and Y},
respectively, yielding the following rates of convergence:

Right singular vectors: ||(I — Px, )ullx = O(h?);
Left singular vectors: ||(I — Py, )v|ly = O(h?).

Since k is discontinuous, €, = O(h). Theorems and .16 suggest that we should
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observe

|1 = Py, ullx = O (), r = min{p,q + 1},
17 = Pry,Jelly = O (), s = min{g,p+ 1},

Tk Tk _ 0 (h), t =2min{r, s} = 2min{p, ¢}
Ok

Table [{.4] presents the results of our numerical experiments for different values of
p and q; the results are fully consistent with the predictions of Theorems and
[4.16. For illustration, we use k = 1; specifically, we estimate u = ¢1 and v = by on
uniform meshes with 16, 32, and 6/ elements. We then use Richardson extrapolation
to estimate r, s, and t so that

O

Tk —Thk _ O(nt).

Ok

I(I = P, ullx = O("), [|(I = Pr,,)vlly = O(h*), and

Although we do not show the results here, we observe the same behavior for various
values of k, except that, as k increases, finer meshes are needed to observe predicted
rates of convergence.

(1 = Pg, ullx | (T = Pp,Jolly | =5
P q observed r observed s observed t
2 2 2.0213 2.0057 4.0217
2 3 2.0201 2.9772 4.0450
3 2 2.8997 2.0061 4.0117
2 4 2.0201 3.1194 4.0395
4 2 3.0198 2.0061 4.0113
4 3 3.9531 2.9552 5.9103
5 2 3.0194 2.0061 4.0113
3 5 2.8427 3.7315 5.6847
5 3 3.8940 2.9552 5.9096
6 2 3.0195 2.0061 4.0113

Table 4.4

Observed rates of convergence of the first right and left singular vectors for
different discretizations. In each case, the observed rate of convergence
agrees with the prediction of Theorem Suboptimal rates of
convergence are indicated in boldface. The last column shows the rate of
convergence for the first singular value; the results agree with Theorem

16
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4.5 SVE Computation

We now show how to compute the SVE of T}, = Py, T'Px,. It is clear that the right
singular vectors of T}, belong to X, and the left singular vectors to Y},. Therefore,
it suffices to show how to compute the SVE of an operator of the form 7 : X — Y,
where X and Y are finite-dimensional subspaces of X and Y, respectively.

The following lemma will be useful.

Lemma 4.20 Let {z1,29,...,2,} be a basis for a finite-dimensional inner product
space X, and let M € R™ " be the Gram matriz for this basis. Then {b1,02,..., 00}
1s an orthonormal basis for X if and only if

¢j :ZUij%‘, J=12,...n, (4'18)
=1

where M'/?U is an orthogonal matriz.

Proof: Since {x1, s, ..., x,} is a basis for X}, any other basis {¢1, ¢2, ..., ¢, } can be
written in the form of (4.18)) for some matrix U € R™ ™. We then have

n

(fi, 0j)x = <Z Ukixk,ZUej$e> = ZZUkiUej<$k,$e>X
k=1 —1

X k=1 (=1

= Z Z UiUgi Mg

= zUlTZMIU) ((720)" (w20))

i

v

It follows that {¢1, ¢2, ..., ¢n} is orthonormal if and only if M 1/2[J is an orthogonal
matrix. W

We can now state the desired theorem.

Theorem 4.21 Let X and Y be finite-dimensional subspaces of X and Y, respec-
tively, and let {x1,x3,..., v, } and {y1,ya, ..., Ym} be bases for X and Y, respectively.
Suppose T : X — Y is linear, and let A € R™*" be the Galerkin matriz defined by

Ape = <yk,T$z> -
Y

Let HY2AM Y2 = USVT be an SVD of the matrizc A = HY2AM Y2, where M
and H are the Gram matrices for {x1,xo,...,x,} and {y1,y2, ..., Ym}, respectively,
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and define V.= M=Y2V and U = H-Y2U. Then an SVE of T is given by

T =) 61 @ ox, (4.19)
k=1
where 61,09, ...,0, are the nonzero singular values offl and

é@z Z‘A/kgxka [: 1,2,...,71,
k=l (4.20)

d& ::EE:(ﬁ%yk, 52: 1,2,...,ﬂ1
k=1

Proof: By Lemma [4.20, (4.20) defines orthonormal bases

{él? 9527 SR én}7 {&171;27 s 7¢m}
of X, Y, respectively. It suffices to prove that |D holds. We see that

T (Z Ozﬂe) = Z Beye
(=1 /=1

= (50

— Z(yk, Tae)xoy =
/=1

<~ Aa=Hp
— = H 'Aa.

= <yk,25&y@> L k=1,2,...m
(=1 Y

<yk7y€>Y6€; k= 1, 2, ., m

[]:=

T
X

We must show that

(Z by ® ng) (Z ozm) = B,
h=1 =1 =1
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where 3 = H 'Aa. This can be shown directly:

<Z Gt ® ék) (Z 04@%) = Z Z &1 ( Pk, ) x ety
=1 =1

=1 (=1
T n n m

= E E O, g Vikwi, o aeg UqgkYq
k=1 (=1 i=1 X q=1

3
3
3

Z Z (qu‘zk6k<xi7 $Z>X064yq>

q=1 k=1
Z <UZVTMa> Yq
q=1 I

This gives the desired result, because

USVIM = HV2USVT M YV2 N = HV2HV2ZAM V2N -2 = H AR

It might be desirable to compute the SVE of f: : X — Y, where X is a given finite-
dimensional subspace of X, Y = T(X), and Tz = Tz for all z € X. We suppose
first that {z1,22,...,2,} is a basis for X and that {y1,ys,...,yn}, Where y; = T'z,

for i =1,2,...,n, is linearly independent and hence is a basis for Y = T'(X},). In this
case, the Galerkin matrix A is defined by

Aij = (Yi, Txj)y, = (T, Taj)y,

and coincides with the Gram matrix for the basis {y1,9a,...,yn}. Since A is likely
to be dense (even if X}, is a finite-element space), the square root A2 required by
Theorem is expensive to compute when n is large. For this reason, we use the
Cholesky factorization instead (as, indeed, we could have done in Theorem . Let
A= LLT and M = NNT be Cholesky factorizations of A and M, respectively (so
that L and N are lower triangular). We then define A = LAN-T = L”N-T and
compute an SVD of A: LTN-T = USVT. Defining V = N7V and U = L~TU, it is
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easy to show that

.
T = oK @ Gy,
=1

where 64,09, ...,0, are the nonzero singular values of A and
n
¢€: E Vk€$k7€:1527"'7n7
k=1

&g:Zngyk, fz 1,2,...,n.
k=1

The above scheme is likely to be effective if A(T) N X is trivial and the singular
vectors of T' go to zero slowly enough to allow a sufficiently fine discretization of X
for accurate approximation of the left singular vectors while maintaining the positive
definiteness of A. For many operators T, though, the Galerkin matrix A will be
singular for a reasonable discretization X of X. In this case, a more careful algorithm
is needed.

4.6 Conclusions

The singular values and singular vectors of a compact operator can be estimated using
a variety of discretizations. In the generic case, where the operator 1" is approximated
by a family {7}, : h > 0} of discretized operators, the errors in both singular values
and singular vectors go to zero at least as fast as does |7, — T||z(x,y). With the
special choice of T}, = Py, TPy, , the error in the computed singular vectors can be
expressed in terms of the optimal approximation errors, but the approximability of
both left and right singular vectors affects the error in either the computed left sin-
gular vectors or the computed right singular vectors. In many cases, the error in the
computed singular vector is asymptotically optimal, but a poor degree of approxima-
bility in the left singular vectors, for example, can cause the error in the computed
right singular vectors to be suboptimal. This is suggested by the bounds in Theo-
rem [4.11] and confirmed by the numerical examples in Section [£.4] Still considering
the case of 1), = Py, T'Px,, Theorem shows that the computed singular values
converge at an increased rate. The typical case is that the error goes to zero like the
square of the optimal approximation error for the singular vectors, but once again the
approximability of both left and right singular vectors must be taken into account.

Although the approximation of the singular values and singular vectors of T is related
to the approximation of the eigenvalues and eigenvectors of T*T', the fact that both
left and right singular vectors (which may have different degrees of approximability)
are involved means that the situation cannot be understood by simply transferring
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the results of the eigenvalue theory (due to Chatelin, Babuska and Osborn, and
others) to the singular value problem. Moreover, as discussed in Section there
are advantages to computing the singular values and singular vectors directly, rather
than by formulating a related eigenvalue problem, particularly the fact that we can
approximate smaller singular values accurately.
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