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Abstract. In this paper, we find all Pell and Pell-Lucas numbers written in the form
—2% 3% 1 5¢ in nonnegative integers a, b, ¢, with 0 < max{a, b} < c.
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1. INTRODUCTION

Let {F,}n>0 be the Fibonacci sequence defined as F,,1o = F,411 + F,, where
Fy = 0 and Fy = 1 and its companion Lucas sequence {Lj,},>0 follows the same
recursive pattern as the Fibonacci numbers, but with initial values Ly = 2 and
Li = 1. The Pell sequence {P,},>0 is the binary recurrent sequence given by
Py=0,P =1and P12 =2PF,41 + P, for all n > 0 and its companion Pell-Lucas
sequence {@Qp }n>0 follows the same recursive pattern as the Pell numbers, but with
initial values Qg = 2 and @7 = 2. These numbers are well-known for possessing
amazing properties (consult [5]). The problem of finding binary recurrent sequence
of a particular form has a very rich history. Bugeaud, Mignotte and Siksek in [3]
concluded that 0, 1, 8, 144 and 1, 4 are the only perfect power in Fibonacci and
Lucas numbers, respectively. Other related papers searched for Fibonacci numbers
of the particular forms such as pr2+1, pr3+1 (see [11]), k2+k+2 (see [6]), p®£p®+1
(see [7]). There are also many papers that searched for Pell numbers and Pell-Lucas
numbers of a particular form. For example, in 1996, McDaniel found that 1 is the
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only triangular number in the Pell sequence (see [9]). In 1991, Pethé in [10] found
all perfect powers in the Pell sequence. In 2015, Bravo, Das, Guzman and Laishram
in [2] found the powers in products of terms of Pell and Pell-Lucas sequences.

In this paper, we are interested in Pell and Pell-Lucas numbers which are sums of
three perfect powers of some prescribed distinct bases. More precisely, our results
are as follows.

Theorem 1.1. The only solutions of the Diophantine equation
(1.1) P, =-2% -3 4 5¢
in nonnegative integers n, a, b, ¢ with 0 < max{a,b} < ¢ are

(n,a,b,c) € {(0,1,1,1),(1,0,1,1),(2,1,0,1), (4,2,2,2)}.

Theorem 1.2. The only solutions of the Diophantine equation
(1.2) Qu= 2" -84 5°
in nonnegative integers n, a, b, ¢ with 0 < max{a,b} < ¢ are

(n,a,b,c) € {(0,1,0,1),(1,1,0,1),(3,1,2,2)}.

2. PRELIMINARIES

Before proceeding further, we shall recall some facts and lemmas which will be
used later. First, we recall Binet’s formulae for Pell and Pell-Lucas sequences:

n n

pn:u
Y M

and
Qn=7"+pu",

where v = 1 + V2 and uw=1- \/2 are the roots of the characteristic equation
2?2 — 22 — 1 = 0 of P,. The inequalities

(2.1) VTP, < T < Q< 29"
hold for all positive integers n.
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In order to prove our theorem, one result is a Baker type lower bound for a linear
form in logarithms of algebraic numbers and such a bound was shown by the following
result of Matveev (see [8]).

Lemma 2.1. Let vyy,72,...,7 be real algebraic numbers and let by,...,b; be
nonzero rational integers. Let D be the degree of the number field Q(v1,72, ..., 7t)
over QO and let A; be a real number satisfying

A;j = max{Dh(v;),|log7;|,0.16}
for j=1,...,t. Assume that
B > max{|b1],...,|be|}
If’yfl ...’yft # 1, then

oL Pt — 1] > exp(—1.4 x 3013 x t*° x D2(1 +log D)(1 + log B)A; ... Ay).

In the above statement, the logarithmic height of an s-degree algebraic number
is given by
1 - ,
h(v) = -1 1 1,|yW
)= 3 (1oglal + > togmax{1. s D).
where a is the leading coefficient of the minimal polynomial of v (over Z) and ),
1 < j < s are the conjugates of v (over Q).

After finding an upper bound on n which is in general too large, the next step is to
reduce it. For that, we need a variant of the famous Baker-Davenport lemma, which
is due to Dujella and Pethé (see [4]). For a real number x, we denote the distance
from z to the nearest integer by ||z| = min{|z — n|: n € Z}.

Lemma 2.2 (see [1]). Let M be a positive integer, let p/q be a convergent of the
continued fraction of the irrational number « such that ¢ > 6M, and let A, B, T
be some real numbers with A > 0 and B > 1. Let ¢ = ||7q|| — M||aq||, where || - ||
denotes the distance from the nearest integer. If € > 0, then there exists no solution
to the inequality

0<|lua—v+7| <AB™™
in positive integers u, v, and w with u < M and

w > os(Aa/e)
log B

Now, we are ready to deal with the proofs of our theorems.
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3. PrOOF OF THEOREM 1.1

3.1. Bounding n. Combining the Binet formula together with (1.1) we get

Pyn c a b l"’n a b |M|n
3.1 ‘ _5 :‘—2 b B coaygb M
(3-1) 2v/2 2v/2 2v/2
which yields
s 3
3.2 —1‘ < .
( ) 2\/5 50.36

We claim that 4*57¢/2v/2 — 1 # 0. In fact, if y"5°¢/2v/2 — 1 = 0, then 4" = 5°V/8,
hence 3" = —5°V/8, where 7 is the conjugate of . Thus, we can get 43" = —5°8,
hence (—1)"~1 = 52¢8, which is an absurdity. So, we have

y"5¢ 3
2 ‘ 50-3¢”

If n = 0, from (1.1), we get 5¢ = 2% + 3% < 2¢ + 3¢, this implies that ¢ = 0,1. If
n > 0, from the first inequality of (2.1), we obtain the estimate v"~2 < 5; this yields
n < 1.83c+ 2. If ¢ < 10, then n < 20. A brute force search with Mathematica in
the range 0 < ¢ < 10 and 0 < n < 20 turned up that the only solutions of (1.1)
are (n,a,b,¢) € {(0,1,1,1),(1,0,1,1),(2,1,0,1), (4,2,2,2)}. Thus, we assume that
¢ > 10. From the first inequality of (2.1), we get

(3.3) 0<

1 1

n—1 c a b c 0.44c 0.69¢ __ rc
7T 2 50— 20 = 8h > 5 — 50Me 5000 —5e(1 - o — o

) > 0.9 x 5°,

which implies that 1.82¢ + 0.8 < n, and this also yields ¢ < n.

We apply Matveev’s result Lemma 2.1 to the left-hand side of (3.2). According
to (3.3) we have proved that the expression on the left-hand side of (3.2) is nonzero.
We take t := 3, 71 := 7, 72 := 5, 73 := /8 and by :=n, by := —¢, b3 := —1. For
this choice, we have D = [Q(v/2): Q] = 2. Note that h(y1) = 3log~, h(72) = log5
and h(vy3) = log V/8. Thus, we can take A; := 0.89, Ay := 3.22 and Az := 2.1. Note
that B = max{|b1],|b2],|bs3|} = max{n,c,1} = n. According to Matveev’s result
Lemma 2.1 together with a straightforward calculation, we get

7%5—0
2v2
where C' = 5.84 x 10'2. Thus from (3.3), (3.4) and ¢ > (n —2)/1.83, taking log-

arithms in inequalities (3.3), (3.4) and comparing the resulting inequalities, we get
that

(3.4)

- 1‘ > exp(—C(1 + logn)),

0.263n — 1.63 < 5.84 x 10" x (1 + logn),

giving n < 7.84 x 104, We obtain the conclusion of this section as follows.
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Lemma 3.1. If (n,a,b,c) is a solution in positive integers of equation (1.1) with
0 < max{a, b} < ¢, then
c<n<7.84x10M

3.2. Reducing the bound on n. We use several times Lemma 2.2 to reduce the
bound for n. We return to (3.3). Put

Ap :=nlogy — clogh — log V8.

Note that Ap # 0, thus, we distinguish the following cases. If Ap > 0, then e®? > 1,
so from (3.3) we obtain 0 < Ap < err -1 < 3/5%3¢. Suppose now that Ap < 0.
It is easy to check that 3/5°3¢ < 1 for all ¢ > 10. Then, from (3.3), we have that
le*? — 1| < § and therefore el < 2. Since Ap < 0, we have

6

0< |AP| < e‘APl -1 < e‘AP||eAP - ].| < W

In any case, we have that the inequality 0 < |[Ap| < 6/5%3¢ holds for all ¢ > 10. Re-
placing Ap in the above inequality by its formula and dividing by log 5, we conclude
that

log v el log v/8 6
log5h log b log5 x 50-3¢

(3.5) 0<|n <3.73x1.6"°

We are now ready to apply Lemma 2.2 with the obvious parameters

__logy . _log\/g

= = A:=3.73, B:=1.6.
“ logh’ g logh ’ ’

It is easy to prove that « is irrational and we omit this step here. Let py/qx be its con-
tinued fraction’s kth convergent. We can take M := 7.84x10'. Applying Lemma 2.2
and performing the calculations with gog > 6M and e = ||7¢es|| — M||agas| =
0.02427.. ., we get that if (n, a, b, ¢) is a solution in positive integers of equation (1.1),
then ¢ < 88, which implies that

n < 1.83 x 8842 =163.04 < 164.

Then we can take M := 164. Applying Lemma 2.2 again and performing the calcula-
tions with g7 > 6M and € = ||7q7|| — M||agr|| = 0.10378 ..., we get that if (n,a,b,c)
is a solution in positive integers of equation (1.1), then ¢ < 25, which implies that

n < 1.83 x25+2=47.75 < 48.
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Finally, we use a program written in Mathematica to find the solutions of (1.1)
in the range 0 < max{a,b} < ¢ < 25 and n < 48. Quickly, the program returns the
solutions (n,a,b,c) € {(0,1,1,1),(1,0,1,1),(2,1,0,1), (4,2,2,2)}. This completes
the proof. O

4. PROOF OF THEOREM 1.2
4.1. Bounding n. Combining the Binet formula together with (1.2), we get

_ g0 3b _ 3
(4.1) |y"57¢ — 1| = _5_5_‘% ‘| < o

From the second inequality of (2.1) and (1.2), we obtain the estimate 7"~ < 5¢, this
yields n < 1.83c+ 1. If ¢ < 20, then n < 38. A brute force search with Mathematica
in the range 0 < ¢ < 20 and 0 < n < 38 turned up that the only solutions of (1.2) are
(n,a,b,c) € {(0,1,0,1),(1,1,0,1),(3,1,2,2)}. Thus, we assume that ¢ > 20. From
the second inequality of (2.1), we get

1 1

24" > 5¢ 90 _ 3b 5 5e _ 504de _ 50.69c _ 5c(1 ~ S5~ 5oE

) > 0.9 x 5°,
which implies that 1.82¢ — 0.91 < n, and this also yields ¢ < n.

We also apply Matveev’s result Lemma 2.1 to the left-hand side of (4.1). The
expression on the left-hand side of (4.1) is nonzero, since this expression being zero
means that v = 5° € Z, so v" € Z for some positive integer n, which is false.
We take t := 2, 71 := 7, 72 := 5 and b; := n, by := —c. For this choice, we have
D = [@(V2) : Q] = 2. Note that h(y1) = 3log~, h(y2) = log5. Thus, we can take
Ay = 0.89, Ay := 3.22. Note that B = max{|b1], |b2|} = max{n,c} = n. According
to Matveev’s result Lemma 2.1 together with a straightforward calculation, we get

(4.2) |y"57¢ — 1] > exp(—C(1 + logn)),

where C = 1.5 x 10'°. Thus from (4.1), (4.2) and ¢ > (n — 1)/1.83, taking logarithms
in inequalities (4.1), (4.2) and comparing the resulting inequalities, we get that

0.263n — 1.37 < 1.5 x 10'° x (1 + logn),

giving n < 1.662 x 10'2. We obtain the conclusion of this section as follows.
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Lemma 4.1. If (n,a,b,c) is a solution in positive integers of equation (1.2), with
0 < max{a, b} < ¢, then
c<n<1.662x 10"

4.2. Reducing the bound on n. We reduce the bound for n by using the
extremality property of continued fractions. We return to (4.1). Put

Ag :=nlogy — clogb.

Note that Ag # 0, thus, we distinguish the following cases. If Ag > 0, then e*@ > 1,
so from (4.1) we obtain 0 < Ag < e®@ — 1 < 3/5%3¢. Suppose now that Ag < 0.
It is easy to check that 3/5°3¢ < 1 for all ¢ > 20. Then, from (4.1), we have that
leh@ — 1| < § and therefore elrel < 2. Since Ag < 0, we have

6
A A A
0<|AQ|<Q| Ql—lée‘ Q‘|GQ—1|<W.

In any case, we have that the inequality 0 < |[Ag| < 6/5%3¢ holds for all ¢ > 20. Re-
placing Ag in the above inequality by its formula and dividing by log 5, we conclude
that

log ~y 6
¥ <l 6
(4.3) nlog5 ¢ log5 x 50-3¢
Let [ag,a1,a2,a3,a4,...,] =10,1,1,4,1,2,...] be the continued fraction of the ratio

logv/log5, and let py/qx be its kth convergent. Recall that n < 1.662 x 10'2 by
Lemma 4.1. A quick inspection using Mathematica reveals that ¢19 < 1.662 x 10'2 <
g20. Furthermore, ap; := max{a;: ¢ = 0,1,...,20} = a17 = 163. So, from the
extremality property of continued fractions we obtain that

’ log ~y ‘ S 1 1
n —c = .
log b (apr +2)n 16510

(4.4)

Comparing estimates (4.3) and (4.4), we get that

1 < 6
165n  logh x 50-3¢’

Since ¢ > (n — 1)/1.83, leading to
0.263n < 6.69 + log n,

which implies that 0 < n < 40, this yields ¢ < (n+0.91)/1.82 < 23. Finally, we
use a program written in Mathematica to find the solutions of (1.2) in the range
0 < max{a,b} < ¢ < 23 and n < 40. Quickly, the program returns the only solutions
of (1.2) are (n,a,b,c) € {(0,1,0,1),(1,1,0,1),(3,1,2,2)}. This completes the proof.

O
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5. CONCLUSION

In this paper, we solve the Diophantine equation (1.1) by using Matveev’s re-
sult Lemma 2.1 and Lemma 2.2 from Diophantine approximation to reduce the up-
per bounds on the variables of the equation. For the Diophantine equation (1.2),
we find its all solutions by using Matveev’s result Lemma 2.1 and the properties
of continued fractions to reduce the upper bounds on the variables of the equa-
tion.

6. FINAL COMMENTS

We remark that we can use our approach to conclude that there are only finitely
many solutions which are effectively computable for the Diophantine equation P, =
+2% F 3% 4+ 5%, Q, = £2% F 3 + 5° in nonnegative integers n, a, b, ¢ with 0 <
max{a, b} < c. We leave this as a problem for other readers.

Acknowledgements. The authors express their gratitude to the anonymous
referee for carefully reading the manuscript and for the instructive suggestions im-
proving the paper.
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