
Two problems related to the 
Bernoulli numbers 

FERENC MÁTYÁS* 

A b s t r a c t . In th is p a p e r we deal wi th two similar p rob lems . First we look for those 

po lynomia l s / j t (n) wi th r a t iona l coefficients for which the equal i ty Sk (n)—ík+2k H \-nk = 

( f k ( n ) ) m holds for every posit ive integer n with some posi t ive integer k and m ( > 2 ) . In 

our first t heo rem we prove for m>2 t h a t Sk ( n )= ( fk(n))m
 holds for every pos i t ive integer 

n if and only if m—2, k—3 and J3(n)— f n 2 + \n. In the second pa r t of this p a p e r we look 

for those po lynomia ls f(n) with complex coefficients for which the equal i ty 

2n — 2 

Pk(n,c) = £ n ^ ( 2 " - 1 ) B 2 n _ , = ( / ( n ) r 
j=k 

holds for every integer n>k with some integer m>2, where /c€{2,3,4}, Bj is the jth 

Bernoul l i n u m b e r and c is a complex p a r a m e t e r . In our second theorem we prove for 

m > 2 t h a t P 2 ( n , c ) = ( / ( r i ) ) m holds for every integer n>2 if and only if m = 2, c—l±i2\/2 

and / ( n ) = n + p where p— — while in the cases of 3 or 4 and m>2 t h e equal i ty 

Pk(n,c)—{ f(n))m d o e s n ' t hold for any po lynomia l / ( n ) . 

Let us introduce the following notations: (£) is the usual binomial coef-
ficient; Bj is the jth Bernoulli number defined by the recursion 

(1) E Í J ^ O (k > 2) 
3=0 

with B0 = 1. Sk(n) = lk + 2k + • • • + nk (n > 1, k > 1 are integers); 
2n —2 

Pk(n,c) = Yh 712n—j (2 UJ1) - j > where n> k >2 are integers and c is a 
j=k 

complex parameter; and / ( n ) are polynomials of n with rational and 
complex coefficients, respectively. 

The problem of looking for those polynomials fk(n) and integers m > 2 

for which Sk{n) = f° r every positive integer n was proposed and 
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solved in [1] and the author of this paper also was among the solvers. In 
our Theorem 1., using the Bernoulli numbers, we give a new proof for this 
problem. 

Theorem 1. If m > 2 is an integer then there exists a polynomial 
fk{n) such that Sk{n) = for every positive integer n if and only 
if m = 2, k = 3 and /3(n) = \n2 + \n. 

Proof. It is known that Sk{n) can be expressed by the Bernoulli num-
bers and the binomial coefficients, that is 

(2) ' x • 
+ „ 2 . fk + 1 

+ •••+1 fc_JW + ( k \Bkn 

moreover 

(3) B0 = l,Bl = -l-,B2 = i , J? 3 = 0 , . . . and 

Bj — 0 if and only if j > 3 and j is odd. 

Let fk(n) = CLjU3 + • • - + 0171 + 00 be a polynomial of n over the rationals 

and a j í 0. If Sk{n) = ^fk(n)) f° r some m, then by (2) öq = 0 follows 

and since m > 2 so the degree of the polynomial (Vfc(n)j is at least two, 
that is Bk = 0 in (2). But by (3) Bk — 0 implies that k > 3, k is an odd 
integer and Bk-i / 0. 

From the equality Sfc(n) = it follows that 

Í T I ( C 1 0 + • • • + ( Í - 1) = a > m ' + " • + 

and from this we get m = 2 and a\ ^ 0. 
So we have to investigate the equality 

w r h r ("k+1 + ' ' ' + C - ! ) B k ~ i n 2 ) = {ajn3 + " ' + a i n ) 2 

from which we obtain that k + 1 = 2j and j- = a2. Moreover dj is a 
rational number, therefore k + 1 = 4 / and j = 2 / . (4) can be written in the 
following form: 

1
 ( M I

 + 

(5 ) 

= (a2jn2f + b a2n2 + <nn) 



Two Problems Related to the Bernoulli Numbers 25 

and from (5) by 0 and (3) a2 = a4 = . . . + a2/_2 = 0 follows. But 

2Ö2/«I = k^[{k
k^2f)Bk-2f í 0, that is Bk.2f = ^ / - 1 - 2 / = £ 2 / - I / 0. It 

implies that 2/ — 1 = 1, and so / = 1, j = 2 and k — 3. Thus we have got 
the only solution m = 2, k = 3, h{n) = | n 2 + \n and 63(71) = (~n2 -f | n ) 2 

In [2], using the definition i \ ( n , c), one can find the proof of the equality 
-P2{n, 3) = n — 3 + ^ ; - I n our Theorem 2. we generalize this result and the 
proof will be similar to that proof which was sent for the original problem 
by the author of this paper. 

Theorem 2. a) If m > 2 is an integer then there exists a polynomial 
f(n) such that P 2 ( ^ c ) = ( f ( n ) ) m f° r every integer n > 2 if and only if 
m = 2, c = 1 db i2\[2 and f(n) = n - l ± 

b) If m > 2 and k — 3 or 4 then the equahty Pjt(n,c) — (f(n))"1 can 
not be solved by any polynomial f(n) and parameter c. 

Proof. One can easily verify the following equality: 

j — c (2n — 1\ (2n — 1\ c f 2n 

^ 2n - j V j J \2n - jJ 2n \2n - j 

Using (6), we have 

2^2 /2n - 1\ c 2 ^ f 2n \ 
(?) />*(», c) = n E ( 2 n _ j ) B — - 2 E U - J ^ 

j — k j — k 

By the recursive definition (1) of the Bernoulli number we can write that 

2n —2 

(8) 

and 

(9) 

j—k 
£ ( Í I - Í J ^ - ^ - U - i 1 ) 5 * - 1 

2 n - j 

í : , V r , - > - C , . - , ' i * 

£ ( 2 n - j ) ^ = -(iT-i)02"-1 " G - M 0 * - 1  

j — k 

2 n \ / 2 r c \ „ / 2 n \ „ 

i - 2 í w - - l
 i l " U K 
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First let us deal with the case a) of the Theorem 2. If k = 2 then by 
(7), (8), (9) and (3) 

, v / (2n - 1 \ (2n - l \ n P2(n,c) = n ( - i x J ^ i - ^ 0 ) B o 

c ( ( 2n \ ^ (2n\ ^ (2n\ ^ \ 2 3 -f c c 

follows. From this, investigating the polinomial equality P2(n,c) = ( f ( n ) ) m 

in the case m > 2, we can see that m = 2 and f(n) = (n + p) , where 
= - 1 ± a n d c = 1 ± i2\[2. V 

Now let us consider the case b) of the Theorem 2. 
If ft = 3 then by (7), (8), (9), and (3) 

, , ( (2n - 1 \ / 2 n - 1 \ „ (2n - 1 \ 

- K - O - C r ) » - C K 
n3 9 + c , 7c + 20 c 

= • • • = b n2 n + - . 
3 6 12 2 

If n) = (f{n))m and m > 2 then m = 3 and f(n) should have the form 
f[n) = — + -{/J- But it is easy to verify that such complex numbers c 
don't exist. 

If k — 4 then B3 appears on the right side of (8) and (9). But i?3 = 0 
and so P 3 (n ,c) = P4(n,c) . Therefore P 4 (n ,c) = {f(n))m (m > 2) is also 
unsolvable. 

R e m a r k . The statement of the Theorem 2 can also be extended for 
k > 5 too, but it seems, that there is no polynomial / (n ) such that Pk(n, c) = 
( / (n ) ) m where m > 2. 
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