Two problems related to the
Bernoulli numbers
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Abstract. In this paper we deal with two similar problems. First we look for those
polynomials fx(n) with rational coefficients for which the equality Sy (n)=1F 2% 4...4n* =
(fx(n))™ holds for every positive integer n with some positive integer k and m(>2). In
our first theorem we prove for m>2 that Si(n)=(fx(n))™ holds for every positive integer
n if and only if m=2, k=3 and f3(n)=1n?+1n. In the second part of this paper we look

for those polynomials f(n) with complex coefficients for which the equality

2n-2

Py (n,c)= Z "2n J(Zn 1)an i=(f(n)™

=k

holds for every integer n>k with some integer m>2, where k€{2,3,4}, B; is the ;"
Bernoulli number and c¢ is a complex parameter. In our second theorem we prove for
m>2 that Py(n,c)=(f(n))™ holds for every integer n>2 if and only if m=2, c=14i2/2
and f(n)=n+p where p:—l:i:i%; while in the cases of k=3 or 4 and m>2 the equality
Pi(n,c)=(f(n))™ doesn’t hold for any polynomial f(n).

Let us introduce the following notations:(Z) is the usual binomial coef-
ficient; B; is the j** Bernoulli number defined by the recursion

W) () =0 (k>2)

5=0

with By = 1 Sk( y=1F+28 4+ ...+ 0k (n > 1, k > 1 are integers);

Pi(n,c) = E nz;c] (2” ") B,,_;, where n > k > 2 are integers and c is a

complex para.meter, fr(n) and f(n) are polynomials of n with rational and
complex coefficients, respectively.
The problem of looking for those polynomials fi(n) and integers m > 2

for which Si(n) = ( fk(n)> for every positive integer n was proposed and
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solved in [1] and the author of this paper also was among the solvers. In
our Theorem 1., using the Bernoulli numbers, we give a new proof for this
problem.

Theorem 1. If m > 2 is an integer then there exists a polynomial
fr(n) such that Si(n) = (fk(n)) " for every positive integer n if and only
if m=2k=23and f3(n) = ;n? + in.

Proof. It is known that S(n) can be expressed by the Bernoulli num-
bers and the binomial coeflicients, that is

1 k+1 k1 [(kE1 .

(2)
+~'-+(’;j1)3k—1n2+(kzl)Bkn)
moreover
Bo=1,B; = ! B -1 Bs =10 d
(3) 0—1, 1——5,2—6,3—,... al

B; =0 if and only if j > 3 and j is odd.
Let fi(n) = a; nd 4+---4a,n+ag be a polynomial of n over the rationals
and a; # 0. If Si(n) = (fk(n)> for some m, then by (2) ap = 0 follows

and since m > 2 so the degree of the polynomial ( fk(n))m is at least two,
that is By = 0 in (2). But by (3) Bx = 0 implies that £ > 3, k is an odd
integer and By_, # 0.
From the equality Si(n) = (fk(n)) it follows that
1 k +1 k+1 k +1 2 _ m_mj m, m
k+1(( 0 )Bon et (1) Beoant) =aum ok aln

and from this we get m = 2 and a; # 0.
So we have to investigate the equality

1 k+1 -
(4) k_H(nk+1+...+ (ktl)Bk_lnz) = (ajn9+..._|_aln)2

from which we obtain that £ + 1 = 27 and klﬁ = a?. Moreover a; is a
rational number, therefore £+ 1 = 4f and j = 2f. (4) can be written in the
following form:

L k+1 k+1 2
%) P} (n +eet (k-—l By_in

= (agyn® + - +agn? + aln)2
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and from (5) by a1 # 0 and (3) a2 = a4 = ...+ az5—» = 0 follows. But
2a2fa1 = kl?(kkalf)Bk_zf 75 0, that is Bk_gf = B4f_1;2f = Bgf_l 75 0. It
implies that 2f —1 =1, and so f =1, 7 = 2 and k£ = 3. Thus we have got
the only solution m = 2, k = 3, f3(n) = ;n?+ jn and S3(n) = (:n? + %n)z

In [2], using the definition Pi(n,c), one can find the proof of the equality
LPy(n,3) = n—3+ 3. In our Theorem 2. we generalize this result and the
proof will be similar to that proof which was sent for the original problem
by the author of this paper.

Theorem 2. a) If m > 2 is an integer then there exists a polynomial
f(n) such that Py(n,c¢) = (f(n))™ for every integer n > 2 if and only if
m=2c=1+i2/2and f(n) =n—1+i%Z.

b) If m > 2 and k& = 3 or 4 then the equality Px(n,c) = (f(n))™ can
not be solved by any polynomial f(n) and parameter c.

Proof. One can easily verify the following equality:

6) J—c¢ (2n—-1\ (2n-1 < ([ 2n
( 2n — j j S \2n—j 2n\2n -3/

Using (6), we have

= fom -1 = 2
@ Pi(n,e) =n z (2n —j) Ban—j = 2 & (2n - ]) Pan—y-
J= 1=

By the recursive definition (1) of the Bernoulli number we can write that

2n—-2
2n —1 2n — 1
Byp_; = — B
Z(zn—j) 2= (k~1) e
(8) 7=k

2n —1 2n —1 2n — 1
A e G I G

2n—2
2n 2n 2n
Byp_i = — Bop_1 — By_
> (our ) Bones= (a1 Bon = (1) B

(9) =k

(= (D) (D)

and
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First let us deal with the case a) of the Theorem 2. If ¥ = 2 then by
(7), (8), (9) and (3)

2n — 1 2n —1
s (0% (5 )
1 0

C 2n 2n 2n 3+¢ c

- mer = [T ) B = () By) =2 - <

(o o) = (0) = (5)0) == 555005
follows. From this, investigating the polinomial equality P,(n,c) = (f(n))™
in the case m > 2, we can see that m = 2 and f(n) = (n+p)2, where

p:—lj:i—‘-/z—i and ¢ = 1 + i2V/2.

Now let us consider the case b) of the Theorem 2.
If k = 3 then by (7), (8), (9), and (3)

ey =n (25 )5 (77 ) (5 1))
5 () (o7 o)

2 Tc + 20 +c.

!
Il

If Py(k,n) = (f(n))™ and m > 2 then m = 3 and f(n) should have the form
f(n) = —31—\/.5n + {/? . But it is easy to verify that such complex numbers c
don’t exist.

If kK = 4 then B; appears on the right side of (8) and (9). But B; = 0
and so P3(n,c) = Py(n,c). Therefore Py(n,c) = (f(n))" (m > 2) is also
unsolvable.

Remark. The statement of the Theorem 2 can also be extended for
k > 5 too, but it seems, that there is no polynomial f(n) such that Py(n,c) =
(f(n))™ where m > 2.
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