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A b s t r a c t . Let G be an abelian group, K a ring of prime characteristic p and 
let V(KG) denote the group of normalized units of the group ring KG. An element 
U — ag9 ^ V(KG) is called unitary if I / - 1 coincides with the element U* = 
X/06G • The set of all unitary elements of the group V(Ií G) forms a subgroup 
VJKG). 

S. P. Novikov had raised the problem of determining the invariants of the group 
K(Ä G) when G has a p-power order and K is a finite field of characteristic p. This was 
solved by A. Bovdi and the author. Here we give the invariants of the unitary subgroup 
of the Sylow J9-subgroup of V(KG) whenever G is an arbitrary abelian group and Ií 
is a commutative ring of odd prime characteristic p without nilpotent elements. 

1. Introduction 

Let G be an abelian group, K a ring of prime characteristic p and 
let V(KG) denote the group of normalized units (i.e. of augmentation 1) 
of the group ring KG. We say that for x = ^ agg G KG the element 

geG 

x* = ^ ^ ag9~l is conjugate to x, and if x* = x, then x is selfconjugate. 
geo 

It can be seen that the map x —> x* is an anti-isomorphism (involution) of 
the ring KG. An element u G V{KG) is called unitary if u~l = u*. The 
set of all unitary elements of the group V(KG) obviously forms a subgroup, 
which we therefore call the unitary subgroup of V{KG), and we denote it 
by V*(KG). 

Let Gv denote the subgroup {gp \ g G G] of p-th powers elements of G 
and u an arbitrary ordinal. The subgroup Gv of the group G is defined by 0 
transfinite induction in following way: Gp = G, for non-limited ordinals 
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(that is if u = v + 1): Gv = yGp J , and if CJ is a limited ordinal, then 

Gp" = P| GpU. 

The subring Kp of the ring K is defined similarly. The ring Ii is called 
^-divisible if Kp = Ii. 

Let G\p] denote the subgroup {g E G \ gp = 1} of G. The factorgroup 
Gp" \p]/GpUJ+1 \p\ can be considered as a vector space over GF{p) the field of 
p elements, and the cardinality of a basis of this vector Space is called the 
cj-th Ulm-Kaplansky invariant fu(G) of the group G concerning p. 

S. P. Novikov had raised the problem of determining the invariants of 
the group V*(KG) when G has a p-power order and K is a finite field of 
characteristic p. This was solved by A. Bovdi and the author in [1]. Here we 
continue this work by giving the Ulm-K aplansky invariants of the unitary 
subgroup W(KG) of the Sylow p-subgroup VP(KG) of V(KG) whenever G 
is an arbitrary abelian group and Ii is a commutative ring of odd prime 
characteristic p without nilpotent elements. 

Theorem. Let eu be an arbitrary ordinal, Ii a commutative ring of odd 
prime characteristic p without nilpotent elements, P the maximal divisible 
subgroup of the Sylow p-subgroup S of an abelian group G, Gu = Gp , 
Su = and Ku = KpW. Let, further on, Vv = Vp(KG) denote the Sylow 
p-subgroup of the group V = V(KG) of normalized units in the group ring 
KG and W = W{KG) the unitary subgroup ofVp(KG). In case P / 1 we 
assume that the ring K is p-divisible. If Gu ^ Su ^ 1 and at least 

one of the ordinals \KJ\ or is infinite, then the u-th Ulm-K aplansky 
invariant /w(W) of the group W concerning p equals 

fu(W) = UVP) = max{|Gw | , \K„\}. 

PROOF. Note that if Gu = or Su = 1 then, according to [2], 
fu(Vp) = 0 and hence fu(W) = 0. 

Let C (KG) denote the subgroup of selfconjugate elements of the group 
VP(KG). Then the following statements are true: 

VP(KG) = C(KG) x W(KG) 

and 

W(KG) = { x ~ l x * I x E VP(KG)}. 

Really, if x £ C(KG) f | W(KG), then x = x* and xx* = 1. Hence x2 = 1 
and since p > 2, it follows that x = 1. Therefore, C(KG) X W(KG) is a 
subgroup of VP(KG). Let H be a finite subgroup of the group G and tp 
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the map, defined in following way: ip(x) = x~lx*(x G Vp(KH)). Then íj) 
is an endomorphism of the group Vp(K H), ip(Vp(KH)) Ç W(KH) and 
the kernel of tp coincides with the subgroup C(KH). Hence the index of 
the group Vp(KH) by the subgroup C(KH) not greater than the order 
of the group W(KH). Since C(KH)[\W(KH) = 1, it follows that this 
index coincides with the order of the group W(KH), and so Vp(KH) = 
C(IíH) X W(KH). The statements are proved. 

It is easy to prove the following statements (see [2]): 
1) \KP\ = \K\\ 
2) if n is a nonnegative integer and J(GP [p]) is the ideal of the ring 

(KG) P , generated by the elements of the form g — 1 (g G Gpn\p\), then 
Vpn(KG)\p\ = V(KnGn)[p] = 1 + J(Gpn\p}). 

First we shall prove the theorem for a finite ordinal u = n. Suppose 
that n is a nonnegative integer, the Sylow p-subgroup Sn of the group Gn 

is not singular, Gn / 1 and at least one of the ordinals \Kn\ or \Gn\ is 
infinite. Since 

Wpn+1\p] Ç Wpn\p] Ç = V(KnGn), 

it follows that 

fn(W) < < max{|/ ín | , |G„|} = ß. 

In the proof of the équation fn(W) = ß we shall consider the following 
cases: 
A) \Kn\ > \Gn\, 
B) IGnI > \Kn\ and Sn / Sn+U 

C) \G I > n | and Sn — <S'n+1j 

and in each of this cases we shall construct a set MC Wp (KG)[p] of 
cardinahty ß = max{|Är

n|, |Gn |} elements of which belong to différent cosets 
of the group VpU {KG)\p] by the subgroup VpU+' (KG)\p\. This will be 
sufficient for the proof of the theorem, because the elements of a set M 
constructed in this way can be considered as the reçresentatives of the 
cosets of the group 

Wp (KG)[p] by the subgroup Wp (I(G)[p]. Note that 
we will choose the elements of the set M in form y~1y* (y G Vp (KG)). 

Suppose A) holds, i.e. \Kn\ > \Gn\. 
It is easy to prove that in this case the Sylow p-subgroup Sn of the 

group Gn has an element g of order p and there exists an a G Gn such that 
one of the following conditions holds: 
^ i ) {g), a £ (g) and a2 $ {g), 
M) Gn / (g), a £ {g) and a2 G (g), 
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A3) Gn = (g), 
and in cases Ai) and A2) one of the elements a or g does not belong to the 
subgroup Gn+i. Indeed, if g G Gn+1 then, by the condition Gn ^ Gn+1, the 
set Gn \ Gn+1 has the required element a. 

Suppose Ai) holds. Let 0 be a nonzero element of the ring Kn and 
ya = 1 — aa( 1 -f g + • • • -f gp~~1)- We shall prove that the set 

M = {xa = Va'1 Va* = 1 + a(a - a " l ) ( l + g + . •. + gv~l) \ 

0 / û G Kn} 

has the above declaxed property. Indeed, since a2 ^ {g), it follows that 
the elements a and a~l belong to différent cosets of the group Gn by the 
subgroup (g). Hence xa / 1. It is easy to see that 

xa* = 1- a(a - a - 1 ) ( l + g + • • • + gp~l) = 

and xn
p — 1. Therefore X (y IS cl unitary element of order p of the group 

V(KnGn). If xa G Vp then, from the condition a2 £ (g), it follows that 
agl G Gn+i for every i = 0 ,1 , . . . ,p— 1. Hence the elements a and ag belong 
to the group Gn+1, but this contradicts the choice of elements a and g. 
Therefore xa G Wp" [p] \ WpU+1 [p]. 

Suppose that the cosets xa Vp \p] and x„Vp [p] coincide for some 
différent a and u from Kn. Then xa = xuz for a suitable 2 G VpH+1. Since 
xu* = it follows that 

z = xaxv* = 1 + (a - v)(a - a _ 1 ) ( l + g H h gp~l) = xa-v 

and x a _ v belongs to the subgroup Vp n + 1 , which contradicts the proved 
above. Obviously \M\ = \Kn|. Therefore, the constructed set M has the 
above declared property. 

Suppose now that A2) holds. 
Then ya — 1 + c^o,(g — 1) is not a selfconjugate element in the group 

Vp [p] \ Vp \p] and the set M can be choosen in the following way: 

M = {xa = ya~ly** I 0 / a G Kn} . 

It is easy to prove that X Q- — CC q/ ^ S O j from the assumption 
xa = x„z (o: / z G Vp ) the équation 

(l + va(g-l)){l + aa~l{g-1 - 1)) = 

= (1 + oca{g - 1)) (1 + ua-'ig-1 - 1)) 2: 
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follows. If we multiply (1) by (g - l)v~l = 1 + g + • • • gp~l, then we get 
the équation 1 + g + • • • + gv~l — (1 + g + • • • + gp~l )z. Hence 

(2) (l + g+--- + g?-í)(z-l) = 0. 

Suppose that g ^ Gn+i. Since the support of the element z—1 belongs 
to the subgroup Gn+\ and the elements of the group Gn+i belong to the 
cosets of the group Gn by the subgroup (g), it follows that z — 1. According 
to the statement 

1 = 1 + (g - iy = (1 + g - 1)(1 - (g - 1) + (g - l)2 - • • • + (g - l ) ^ 1 ) 

it is easy to prove that 

(3) g'1 - 1 = -(a - i ) + (g - i ) 2 - • • • + (g - í ) ' " 1 . 

I f i n the équation (1) the element g~l — 1 is substituted by the right side of 
(3) and the obtained équation is multiplied by (g — l ) p~ 2 , then we get 

(u - a)fl( 1 + g + • •. + gp~l) = (a- u)a( 1 + g + • • • + gp~l). 

Hence (u — a ) = —{y — a) and this is impossible in a ring of characteristic 
p > 2 whenever a / v. 

Now let g G G n +i . The element y = z — 1 can be presented in the form 

y - z - 1 - ziui + h zsus 

where Z{ G K n (g) and U{ (i = 1 , . . . , 5 ) are the représentatives of the 
cosets of the group G n + 1 by the subgroup (g). Then, according to (2), 
every Z{ (i — 1 , s ) belongs to the fundamental ideal of the ring Kn(g) 
and hence it can be written in the form Z{ = Oi\{g — 1) + • • • + o:p_i(g — l ) p _ 1 . 
Therefore 

(4) Z = 1 + yi(g - 1) + • • • + yp-i(g - 1 y~l 

where the support of the elements yi (i = 1 , . . . — 1) consists of the 
représentatives of the cosets of the group Gn+1 by the subgroup (g). E in the 
équation (1) the elements g ' 1 — 1 and 2 are substituted by the expressions 
shown in (3) and (4), and the obtained équation is multiplied by (g — l) p~ 2 , 
then we get 

2(i/ - a)a( 1 + g + • • • + gv~X) = Vi{l + g + • • • + ^ - 1 ) . 
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Hence the element a from the support of the left side of this équation co-
incides with some element from the support of the right side. But this con-
tradicts the condition a £ Gn+i, since the support of the right side belongs 
to the group Gn+1. Therefore, the case A2) is completed. 

Suppose A3) holds, i.e. Gn = {g). Then Gn+\ = 1. As in the previous 
case it is easy to prove that the set 

M = [xa = (1 + a(g - I ) )" 1 (1 + a(g~l - 1)) | 0 / a 6 Kn) 

has the needed property. 
Therefore, the proof is complété whenever A) holds. 
Suppose now that B) holds, i.e. \Gn\ > \Kn\ and the Sylow p-subgroup 

Sn of the group Gn does not coincide with the Sylow p-subgroup Sn+1 of 
the group Gn+1. Then the set Sn \ Sn+1 has an element g of order q = pr. 
Let 7r = 7T(Gn/(g)) denote the füll set of représentatives of the cosets of the 
group Gn by the subgroup (g). Consider two disjunct subsets 

ir1 = {a G 7T I a2 £ (g)} and 7t2 = {a G 7r | a2 G (^)} 

of the set 7r.lt is easy to see that \Gn\ = |TT| = m a x l ^ J , |7T2|}. 
Let us suppose first that \Gn\ = 17r31. Without loss of generahty we can 

assume that the représentative of the set a-1 (g) is the element a - 1 . Let E 
denote a set which has a unique représentative in every subset of the form 
{a, a~l I a G TTJ and ya = 1 - a~l (1 + g + • • • + gq~l ). Then \Gn\ = \E\ and 
the elements of the set 

M = {xa = ya-
lya* = 1 + (a" 1 - a){ 1 +g + --- + gq~l) \ a G E} 

belong to différent cosets of the group Vpn[p] by the subgroup Vpn+1[p\. 

Indeed, it is easy to see that xa G Wpn[p] \ W?n \p]. Suppose that a and c 

are distinct elements of the set E. If xa = xcz for some 2 G Vpn , then 

2 = xaxc* = 1 + (a~l - a - c - 1 + c)(l + g + • • • + gq~l). 

According to the choice of the elements of the set E we have that the ele-
ments a, a - 1 , c, c _ 1 belong to distinct cosets of the group G n by the subgroup 
(g). Hence from the condition z G Vp it follows that agl G Gn+1 (î = 
0,1, • • •, ç — 1), which contradicts the choice of the element g G Sn\ Sn+\. 

Let be |Gn\ = |7r2|- Then the set M can be choosen in the following 
way: 

M = {xa = (1 + a(g - I ) ) - 1 (1 + a~l(g~1 - 1)) | a G TT2}. 



Unitary subgroup of the Sylow p-subgroup ... 91 

Indeed, from the supposition xa = xcz (z G VpU+1 the équation 

( l + c ( f f - l ) ) ( l + a - 1 ( f f - 1 - l ) ) = 

= (1 + i(g - 1)) (l + c~1(g~1 - 1)) z 

follows. Multiplying the équation (5) by (g - 1)9 _ 1 we get the statement 
(1 + 5 + 1- 9q~l) = (1 + g + h gq~l )z- As in above, we can prove that 
from this équation and the condition g ^ Gn+i the statement z = 1 follows. 
Substituting the element g — 1 in (5) by the right side of (3) and the obtained 
équation is multiplied by (g —1)9~2 we have that 2(c — a)(l-\-g-\ Vgq~l) — 
0. But it contradicts the fact that a and c belong to distinct cosets of the 
group Gn by the subgroup (g). So the case B) is fully considered. 

Suppose C) holds , i. e. \Gn\ > \Kn\ and the Sylow p-subgroup Sn of 
the group Gn is p-divisible. 

Let us fix an element g G Sn\p] and choose v G Gn \ Gn+i such that p 
does not divide the order of v. Since \Sn\ = [Sn : (g)] > |{r)| and v Sn, it 
follows that the caxdinality of the set 7r = ír (G n / (g, v)) coincides with \Gn\. 
Obviously the set ír décomposés to two disjoint subsets 71̂  = {a G 7r | a2 £ 
{v,g)} and tt2 = {a G TT I a2 G (v,g)}. 

Let \Gn\ = IxJ, 

\ l + v, i f v 2 = l , 

E be a set which has a unique représentative in every subset of the form 
{a, a~l \ a E 7T1} and ya = 1 — av( 1 + g + • • • + gp~l ). Then the set M can 
be choosen in the following way: 

M = {xa = ya-
lya* = 1 + {a-a~1)v{l + g + --- + gp-1) | a G E}. 

Indeed, from the équation xa = xcz (z G Vp + follows that 

0 = 1 + (a - a" 1 - c + c - 1 ) ï ï ( l + g + • • • + g*'1) G . 

Hence, according to the construction of the set E, the elements a and av 
belong to the group Gn+\, but this contradicts the condition v (fc Gn+1. 

Assume \Gn\ = |7T2|. The elements of 

M = {xa = (1 + a( 1 + v)(g - l))"1 (l + a~l(l + T T 1 ) ^ 1 ) ) I« £ TT2} 
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belong to distinct cosets of the group Vpn[p] by the subgroup Vpn+1\p], 
Indeed, suppose that xa = xcz for distinct elements a and c from the set 7r2 

and for some z G Vp [p]. Then 

(1 + c(l + v)(g - 1)) (1 + a - 1 ( l + t T 1 ) ^ 1 - 1)) = 

= (1 + a(l + v)(g - t))'1 (1 + c~\ 1 + v~l)(g'1 - 1)) s. 

If we multiply the équation (6) by (g — l ) p _ 1 , then it follows that (1 -f g + 
' • • + gv~l){z

 — 1) = 0 and we can write z in the form (4). Let us now 
multiply the équation (6) by (g — l ) p ~ 2 . Then, by useing (3) and (4), we get 

(c - a)( 2 + t; + t r 1 ) ^ + g + • • • + gp~l) = îft (1 +g + --- + gp~l). 

Since a and c are from distinct cosets of the group Gn by the subgroup 
(g,v), it follows that c and cv belong to the support of the left side of this 
équation. Hence they coincide with some elements from the support of the 
right side, which belongs to the subgroup Gn+\. Therefore c G G n+i and 
cv G Gn+1, but this contradicts the choice of v £ Gn+i-

Therefore, the case C) is fully considered and the theorem is proved for 
a finite ordinal u> = n. 

Let us consider the case of infinite ordinal u . 
Let w be an arbitrary infinite ordinal R = K^^H = GU } ^ G u +i 

and the Sylow p-subgroup of the group Gu is not singular. Then 

W(KG)pU Ç W(RH) C VP(RH) 

and by transfinite induction it is easy to prove 

(7) (Vp(KG)f = Vp(RH). 

For the group VP(RH) we can construct the set M as in the above shown 
cases A), B) and C). Since in each of these cases the set M consists of 
elements of form x = y~ly* and, by (7), y belongs to the group Vv(RH) = 

íjj 

(Vp(KG)) , it follows that the elements x are the représentatives of the 

cosets of the group Wp (KG)[p] by the subgroup Wp (KG)\p]. 
Therefore, for an arbitrary infinite ordinal u the Ulm-Kaplansky in-

variants of the group W{KG) can be calculated in the above shown way for 
the case a: — n. 
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