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Abstract . The Fibouacci-like polynomials Gn(x) are defined by the recursive 
formula GT l(:r)=;rGn_1(:E)+Gn_2(:c) for n>2, where G0(a;) and Gi(;c) are given seed-
polynomials. In this paper the non-zero accumulation points of the set of the real ro-
ots of Fibonacci-like polynomials are determined if either both of the seed-polynomials 
are constants or G0(a;) = - a and Gx(x)=x±a ( a 6 R \ { 0 } ) . The theorems generalize the re-
sults of G. A. Moore and H. Prodinger who investigated this problem if G0(a;) = —1 and 
Gi(x) = a:-1, furthermore we extend a result of Hongquan Yu, Yi Wang and Mingfeng He. 

Introduction 

The Fibonacci-like polynomials G n (x ) are defined by the following man-
ner. For n > 2 

(1) Gn(x) = xGn-i(x) + Gn-2(x), 

where GQ(X) and are fixed polynomials (so-called seed-polynomials) 
with real coefficients. I f i t is necessary to denote the seed-polynomials, then 
we will use the notation GN(X) = Gn (GQ(X), G\ (a;), x), too. The polyno-
mials (?„((), 1, a;) are the original Fibonacci polynomials and the numbers 
G n ( 0 , l , l ) are the well-known Fibonacci numbers. 

Recently, G. A. Moore [5] investigated the maximal real roots g'n of 
the polynomials Gn( — l,x — 1,2:) and proved that g'n exists for every n > 1 
and lim g' = 3/2. (These numbers g' are called as "golden numbers". ) H. 

n—+ oo 
Prodinger [6] gave the asymptotic formula g'n ~ | + ( —l)n | | 4 ~ " Hongquan 
Yu, Yi Wang and Mingfeng He [3] investigated the limit of the maximal real 
roots g'n of polynomials Gn(—a, x - a, x) if a E R+. 

For brevity let us introduce the following notations. B denotes the set 
of the real roots of polynomials Gn(x) (n — 0,1, 2 , . . . ) and A denotes the 
set of the the accumulation points of set B. In [4] we investigated these sets. 
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Although, the main result of [4] is formulated for seed-polynomials with 
integer coefficients but it is true for seed-polynomials with real coefficients, 
too. Since we are going to apply it, therefore we cite it as a lemma. 

Lemma 1. Let GQ{X) and Gi(x) be two fixed polynomials with real 
coefficients, Go(0) • Gi(0) ^ 0 and x0 E R %o G A if and only if one of the 
following conditions holds: 

(i) = 0; 
(») - S d = wfcy «"» < o; 
(in) x0 = 0, 

where 

, s x + Vx2 -f 4 x - yjx2 + 4 
(2) a(x) = and = . 

The purpose of this paper is to investigate the asymptotic behavior 
of the elements of the set B in the cases of simple seed-polynomials. In 
our discussion we are going to use the following explicit formulae for the 
polynomial Gn{x) = Gn (Co(^), Ci(x), x). It is known that 

(3) Gn(x)=p(x)an(x)-q(x)ßn(x) 

for n > 0, where a(a:) and ß(x) are defined in (2), while 

_ G^x) - ß(x)G0(x) _ Gtfr)-«,(»)<?„(») 
P(X>- a(x)-ß{x) ^ q{X)~ a{x)-ß{x) ' 

These formulae can be obtained by standard methods or see in [2]. 
Since we want to investigate the roots of the polynomials Gn(x), the-

refore it is worth rephasing the expression Gn(x) = 0 as 

p(x) (ß{x) 
q(x) 

that is 

m Gi{x) - ß(x)G0(x) = / n 

U Gl(x) - a(x)Go(x) {x + V ^ T 4 j ' 

Let us consider the polynomial Gn (Go(x),Gi(x), x). It is obvious that 
Gn(0,0, ;r) is identical to the zero polynomial for every n > 0. Using (3) 
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the identities G„(0, x) = Gi{x) • G n (0 ,1 , x) and Gn (G0(x), 0,ar) = 
Go(x) • Gn(l,0, x) yield. But it is known from [2] and can be obtained 
easily from (4) that neither the Fibonacci polynomials G n (0 , l ,a ; ) nor the 
polynomials Gn(l,0,x) have real root x' except x' — 0 if n is even or 
odd, respectively. Therefore investigating the asymptotic behavior of the 
roots of polynomials Gn(Go(x)JGi(x),x) we can assume that the seed-
polynomials differ from the zero polynomial and at least one of them is a 
monic polynomial (since one can simplify the left-hand side of (4) with the 
leading coefficient of the polynomial G\(x) or 

Theorems and Proofs 

First of all we need the following lemma, which deals with the properties 
of the functions a(x) and ß(x) defined in (2). 

Lemma 2. (a), On the interval [0, oo) the function -y-^-y is continuous 
and strictly monotonically decreasing, its graph is convex and 1 > —t—- > 0. 

(b) On the interval (—oo,0] the function - ^ y is continuous and strictly 
monotonically decreasing, its graph is concave and 0 > j ^ j > — 1. 

Proof. By (2) it is obvious that the functions ^ y and - ^ y are conti-
nuous on the above mentioned intervals. The rest of the statement can be 
proved easily using the methods of differential calculus. 

Further on we deal with the set A if Co(a;) = 1 and G\{x) = a. In this 
case, using Lemma 1, the set A can be determined in a very simple manner. 

Theorem 1. Let a G R \ {0} and Gn{\,a,x) be Fibonacci-like poli-
nomials. If 0 < |a| < 1 then A \ {0} = { ^ V 1 } ; while in the case |a| > 1 
A \ { O } = 0. 

Proof. According to Lemma 1 to get the elements of the set A \ {0} 
we have to solve the equations 

2 
(5) - a - — — _ _ _ _ for x > 0 

x + Vx2 + 4 

and 

2 
(6) -a = for x < 0. 

X — Y/X2 + 4 
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By Lemma 2 the functions —j-v = tUf= and -J^r = J , , , axe con-

tinuous, 1 > ^ y > 0 for any x > 0 and 0 > ^ y > - 1 for any x < 0, 
therefore 0 < \a\ < 1 is a necessary and sufficient condition for the solvabi-
lity of (5) and (6). Solving (5) and (6) we get that the single real root x0 

is = ^ - f 1 , where £ O > 0 i f - l < a < 0 and x 0 < O i f O < a < l . This 
completes the proof. 

In the following theorems we prove asymptotic formulae for those real 
roots gn of the polynomials Gn(—a,x ± a,x) which do not tend to 0 if n 
tends to infinity. 

T h e o r e m 2. Let GQ(X) = —A and G\(x) = x — a, where a 6 K \ {0}. 

If either a > 0 or a < - 2 then A \ {0} = Í }, while in the case 

- 2 < a < 0 we have A \ {0} = 0. Furthermore for large n 

q(q + 2) a(a2 + 2a + 2)2
 2 n 

9n + - 1 7—rTm—rrrr' ' 
a + 1 (a + 1) (a + 2 ) 

Proof . According to Lemma 1, XQ 6 A \ {0} if and only if 

XQ — a 2 
7 — = ^ and x0 > 0 

a XQ + y/x2
0 + 4 

or 

Xq — a 2 
8 ) — = 7 = = a n d < 0 

a x0- Vxo + 4 

holds. Using the statements of Lemma 2 one can verify that (7) has a solu-
tion for XQ if and only if a > 0, while (8) has a solution for XQ if and only if 
a < —2. Solving (7) and (8) we get that 

a ( a + 2) 
xo = ~r~-

a -f 1 

To determine the asymptotic behavior of gn we apply (4), which in our case 
has the following form 

2 ( g n - a) + q (gn - yjg* + 4) ^ / gn - y/gl+l\ " 

2(gn -a) + a (gn -f y/g£+Í) \9n + y / f f l + 4 J 
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This will be much nicer when we substitute 

(9) gn = u - - . 
u 

Without loss of generality we can assume that u > 0 and we get the equality 

(10) ( r + t t + 1 3 ( t t " V = - ( - " a ) w -

Since XQ = u — ^ holds for u = a + 1 and u = — ^ y therefore it is plain to 
see that, for large n, (9) can only hold if u is either close to a + 1 or — ̂ ry . 
In both cases this would mean that gn is close to x0 • 

Let us assume that u is close to a + 1 and so a > 0 because of u > 0. It is 
clear from (10) that the cases when n is even or odd have to be distinguished. 

We start with n = 2m and rewrite (10) as 

( 1 1 ) a + 1 - U = + . „ - 4 m . v ; u + l 

We get the asymptotic behavior by a process known as "bootstrapping" 
which is explained in [1]. First we insert u = a + 1 + Si into the left-hand 
side of (11) and u = a + 1 into the right-hand side of (11). So we get an 
approximation for Si. Then we insert w = a - f l - f -<$ i+^2 into the left-hand 
side of (11) and u = a + 1 -f into the rihgt-hand side of (11) and get 
an approximation for Si- This procedure can be repeated to get better and 
better estiamations for u. Now we determine only the number Si. Prom (11) 
we have 

a(a2 + 2 a + 2) 
1 ~ — — ( a + 1) a + Z 

and so 
a(a2 + 2 a + 2) . , 4 t t7 

U = a + 1 SI ~ a - f l + — 1 - 1 (a + l ) _ 4 m . 
a + 2 v 1 

Substituting u into (9) we get that 

1 a(a + 2) (a(a2 -f 2a + 2)2 . 
12 g2m=a+l+Si —— \ a+1 

a + 1-l-Ö! a + 1 (a + l j ^ a + z) 

If n — 2m -f 1 then (10) can be rewrite as 

(au + u -f l)(u - 1) _4m a + l - u = - — Lu 4m. 
w 2 (w + 1) 

— 4 m 
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Using the "bootstrapping" method for u = a -f 1 + 6[ we get the estimation 

a(a2 + 2a + 2) 4 m 

(G + 2)(a + l)2 ' 

which imphes the following form: 

#2m + l = a + 1 + -
a + 1 + S[ 

(13) 
V ' a(fl + 2) a(a2 -f 2a + 2)2

 4 m ~ — — — [ a + 1) a + 1 (a + 2)(a + l)4 ; 

Comparing (12) and (13) the desired approximation yields since a > 0. 
One can verify in the same manner that the estimation for gn also holds 

when a < — 2. This completes the proof. 

Remark. From our proof one can see that for large n gn = g'n if a > 0 
while gn is the minimal real root if a < —2. 

A similar result can be proved for the polynomials GN{ — a, x + a, x). 

Theorem 3. Let GQ{X) = —a and GI(x) — x + a where a £ R \ {0}. 

If etiher a > 0 or a < - 2 then A \ {0} = { - ^ p ^ } , while A \ {0} = 0 if 

— 2 < a < 0. Furthermore for large n 

a(a + 2) q(q2 + 2a + 2)2
 2 n 

~ - ^ r r + (o+i)»(a+2) ( a + x ) ' 

where Gn(gn) = 0 and lim ^ 0. 
n—*oo 

Proof. For a real number Xo, by our Lemma 2, Xo £ A \ {0} if and only 
if 

(14) = ? = = and xo > 0 
a x0+y/x2

0 + 4 

or 

(15) ° — — and XQ < 0 
a x0-y/xl + 4 

holds. Substituting — XQ for XQ into (14) and (15) we get that 

. . XQ — a 2 
(16) — . and xo < 0 

a x0- ^Jx\ + 4 
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and 
XQ — a 2 

(17 — = = and z0 > 0 
a XQ + v ^ o + 4 

Since (16) and (17) are identical to (8) and (7), respectively, therefore all 
of the statements of our theorem follows from the Theorem 2. Thus the 
theorem is proved. 

Concluding Remarks 

Using our Theorem 2 for a = 1 we get that gn - g'n ~ § + ( - l ) n f f 4 ~ n , 
which matches perfectly with the result of H. Prodinger. 

On the other hand it is quite likely that similar results can be obtained 
for seed-polynomials GQ(X) — X±a and GQ(X) = a or for other polynomials. 
This could be the subject of further research work. 
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