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Abstract . The Fibonacci-like polynomials G„(x) are defined by the recursive 

formula G7l(x) = xG n _ 1 ( a : )+G I l _ 2 (x ) for n>2, where G 0 (x) and G ^ x ) are given seed-

polynomials. The notat ion G n (x) = G„(G 0 (x) ,Gi(x) ,x) is also used. In this paper we de-

termine the location of the zeros of polynomials G n (a ,x+6 ,x) and give some bounds for 

the absolute values of complex roots of these polynomials if a ,b£R and a^O. Our result 

generalizes the result of P . E. RICCI who investigated this problem in the case a = 6 = l . 

Introduction 

Let GQ(X) and G\{x) be polynomials with real coefficients. For any 
n E N \ { 0 , l } the polynomial Gn(x) is defined by the recurrence relation 

(1) Gn(x) - xGn-i(x) + Gn-2(x) 

and these polynomials are called Fibonacci-like polynomials. If it is nec-
essary then the initial or seed polynomials Co (a:) and G\(x) can also be 
detected and in this case we use the form Gn(x) — Gn{G{){x)^ G\ (x), z). 
Note that G n (0 ,1 ,1) = FN where FN is the n t h Fibonacci number. 

In some earlier papers the Fibonacci-like polynomials and other poly-
nomials, defined by similar recursions, were studied. G . A . M O O R E [5] 

and H . P R O D I N G E R [6] investigated the maximal real roots (zeros) of the 
polynomials Gn(-l,x - l . Z ) (N > 1) . HONGQUAN Yu, Yl W A N G and 
M I N G FENG H E [2] studied the Hmit of maximal real roots of the polynomi-
als G„(-Ű, x — a,x) if a £ R+ as n tends to infinity. 

Under some restrictions in [3] we proved a necessary and sufficient 
condition for seed-polynomials when the set of the real roots of polynomi-
als Gn{Go{x), G\ (z), x) (n = 0,1, 2,. . .) has nonzero accumulation points. 
These accumulation points can be effectively determined. In [4], using this 
result, we proved the following 

Theorem A. I f a < 0 or 2<a then, apart from 0, the single accu-
mulation point of the set of real roots of polynomials Gn(a , x ± a, x) (n = 
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1 , 2 , . . .) is while in the case 0 < a < 2 the above set has no nonzero 
accumulation point. 

According to Theorem A, apart from finitely many real roots, all of the 
real roots of polynomials Gn(a, x ± a, x) (a E R \ { 0 } , n — 1 , 2 , . . . ) can be 
found in the open intervals 

a) , a(2 - a) , a(2 
± - £, ± - + £ or ( - £ , e ) , 

a — 1 a — 1 

where £ is an arbitrary positive real number. 

Investigating the complex zeros of Fibonacci-like polynomials V. E. 
H O G A T T , JR. and M. BLCKNELL [1] proved that the roots of the equation 
Gn(0,1, x) = 0 are xk = 2i cos (A; = 1, 2, 1), i.e. apart from 0 if n 
is even, all of the roots are purely imaginary and their absolute values are 
less than 2. P. E. R i c c i [7] among others studied the location of zeros of 
polynomials Gn(l,x -f l , x ) and proved the following result. 

T h e o r e m B. All of the complex zeros of polynomials Gn(l,x + 1, x) 
(n = 1, 2 , . . . ) are in or on the circle with midpoint (0, 0) and radius 2 in the 
Gaussian plane. 

The purpose of this paper is to generalize the result of P . E. R i c c i 

for the polynomials Gn(a,x + b,x) where a, b 6 R and a / 0, i.e. to give 
bounds for the absolute values of zeros. To prove our results we are going 
to use linear algebraic methods as it was applied by P . E. R l C C l [7], too. 

At the end of this part we list some terms of the polynomial sequence 
Gn(x) = Gn(a, x + 6, x) (n = 2, 3 , . . .). We have 

( ^ ( x ) = x2 -f bx + a, 

G3(X) = x3 + bx2 + (a + l)x + b, 

G4(x) = X4 + bx3 + (a + 2)x2 + 2 bx + a, 

G5(X) = x5 + bx4 + (a + 3)x3 + 3 bx2 + (2a + l)x + b, 

Ge{x) = x6 + bx5 + (a + 4)z4 + 4 bx3 + (3a + 3)x2 + 3 bx + a. 

K n o w n facts from linear algebra 

To estimate the absolute values of zeros of polynomials Gn(a,x + 
b,x) (n > 1) we need the following notations and theorem. Let A = ( a^ ) 
be an n X n matrix with complex entries, A; (I = 1, 2 , . . . , n) and f(x) de-
note the eigenvalues and the characteristic polynomial of A, respectively. It 
is known that 

(2) / (A,) = 0 
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and 

(3) max IAi| < ||A||, 

where ||A|| denotes a norm of the matrix A. In this paper we apply the 
norms 

(4) lí-A-ĵ  = n m a x J ö j J j 

and 

(5) l | A | | , = / D ° 
2 

ij I 
M 

Using the so called Gershgorin's theorem we can get a better estimation 
for the absolute values of the roots of f(x) = 0 and it gives the location of 
zeros of / (x) , too. Let us consider the sets C, of complex numbers z defined 
by 

(6) Ci - {z : I z - an[ < r{} , 

where i = 1 , 2 , . . . , n and 
n 

(7) ri = £laiJl (n > 2). 
; = i 

So CI is the set of complex numbers 2 which are inside the circle or on 
the circle with midpoint an and radius r t in the complex plane. These 
sets (circles) are called to be Gershgorin-circles. Using these notations we 
formulate the following well-known theorem. 

Gershgorin's theorem. Let n > 2. For every i (1 < i < n) there 
exists a j (1 < j < n) such that 

(8) X l G C , 

and so 

(9) { A i , A j , . . . , A n } c C i U C 2 U - - - U C „ . 
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Theorems and the Main Result 

Let us consider the n X n matrix 

0 0 0 \ 

0 0 0 
0 0 0 , 

-i 0 -i 
0 - 2 0 / 

where 6 E R and a £ R \ {0}. 
Further on we prove the following 

Theorem 1. Let n > 1 and a, 6 G R (a / 0). The characteristic 
polynomial of matrix An is the polynomial Gn(a, x + b, x). 

Let n > 2 and a, 6 £ R (a ^ 0). If Ani, An2,. . . , Ann denote the zeros 
of the polynomial Gn(a, x + 6, x) then, using the norms defined by (4) and 
(5) for the matrix A n , one can get the following estimations by (2),(3) and 
Theorem 1. 

/-b -ai 0 
-i 0 -i 
0 -i 0 

0 0 0 
V 0 0 0 

(10) max |Am j < n max( |a | , |6|, 1) 
1 < i < n 

and 

(11) max |Amj < y/a2 + b2 + 2n - 3. 
1 < i < n 

From (10) and (11) it can be seen that these bounds depend on a, 6 
and n but using the Gershgorin-circles we can get a more precise bound for 
IA m-| and this bound depends only on a and b. 

We shall prove 

Theorem 2. Let n > 2 and a, b E R (a / 0) and let us denote by K\ 
the set K\ = {z : \z + 6| < |a|} and by K2 the set Ii2 - {z : \z\ < 2} in the 
Gaussian plane. Then 

(12) A 

n 1 1 ^n2 •> • • • 1 ^ n n 6 K1 U K2. 

Now we are able to formulate our main result. 
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Main Result . For any n > 1 and fl,Ä£R(a/0) if Gn(a, x + b, x) = 0, 
then 

(13) \x\ <max(|fl| + |6|,2), 

i.e. the absolute values of all zeros of all polynomial terms of polynomial 
sequence Gn(a, x + 6, x) (n = 1, 2,3,.. .) have a common upper bound, and 
by (13) this bound depends only on a and b in explicit way. 

We mention that Theorem B can be obtained as a special case (a = 
b = 1) of our Main Result. 

Proofs 

Proof of Theorem 1. It is known that the characteristic polynomial 
fn(x) of matrix A n can be obtained by the determinant of matrix x\n - A n , 
where l n is the n X n unit matrix. So 

f x + b ai 0 • • • 0 0 0 \ 

i x i ••• 0 0 0 

(14) fn(x) = det (xln - A n ) = det 
0 i x • • • 0 0 0 

0 0 0 ••• i x i 
\ 0 0 0 • • • 0 i x ) 

We prove the theorem by induction on n. It can be seen directly that fi(x) = 
x + b = Gi (a, x -f 6, x) and /2(2) = x2 -f bx + a = G2(a, x -f b. x). Let us 
suppose that / n _ 2 ( z ) = Gn-2(a, x + 6, x) and fn-i(x) = G n _ i ( a , x + b, x) 
hold for an integer n > 3. Then developing (14) with respect to the last 
column and the resulting determinant with respect to the last row, we get 

fn{x) = xfn-i(x) - ilfn-2{x) = xfn-i(x) + fn-2(x), 

i.e. by our induction hipothesis 

fn(x) = xGn-i(a,x + b,x) + Gn-2(a.x -f b,x) 

and so by (1) 

fn(x) = Gn(a, x + 6, x) 

holds for every integer n > 1. 
Proof of the Theorem 2. From the matrix An we determine the so-

called Gershgorin-circles. By the definition of A n and (6) now there are only 
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two distinct Gershgorin-circles. The midpoints of these circles are — 6 and 0 
in the Gaussian plane, while by (7) their radii are jaj and 2, respectively, i.e. 
they are the sets (circles) Ii\ and K2 . (We omitted the circle with midpoint 
0 and radius 1, because this circle is contained by one of the above circles.) 

Since Gn(fl, x + b, x) is the characteristic polynomial of the matrix A n , 
and A N L , X N 2 , . . . , AN N are the zeros of it so from ( 8 ) and (9) we get that 

5 ? • • • J ^nn G U Ii 2 . 

This completes the proof. 

Proof of the M a i n Resu l t . We have seen in the proof of Theorem 2 
that the Gershgorin-circles K\ and K2 don't depend on n if n > 2, therefore 
for any n > 2 the zeros of the polynomials Gn(a, x + b, x) belong to the sets 
(circles) Ii 1 and Ii2. I.e. if Gn(a,x + b.x) = 0 for a complex x, then 

(15) \x\ < max(|a| + |6| ,2). 

Since Gi(a,x + b,x) = 0 if x = -b therefore (15) also holds if n = 1. This 
completes our proof for every integer n > 1. 

Refe rences 

[1] V. E. HOGGAT, JR. AND M. BICKNELL, Roots of Fibonacci Polynomials, The 
Fibonacci Quarterly 1 1 . 3 (1973), 271-274. 

[2] HONGQUAN YU, Y I WANG AND MINGFENG HE, O n t h e L i m i t of G e n e r a l i z e d G o l d e n 

Numbers , The Fibonacci Quarterly 3 4 . 4 (1996), 320-322. 
[3] F . MÁTYÁS, Real Roots of Fibonacci-like Polynomials, Proceedings of Number The-

ory Conference, Eger (1996) (to appear) 
[4] F. MÁTYÁS, The Asymptot ic Behavior of Real Roots of Fibonacci-like Polynomials, 

Acta Acad. Paed. Agriensis, Sec. Mat., 24 (1997), 55-61. 
[5] G. A. MOORE, The Limit of the Golden Numbers is 3/2, The Fibonacci Quarterly 

32 .3 (1994), 211-217. 
[6] H. PRODINGER, The Asymptot ic Behavior of the Golden Numbers, The Fibonacci 

Quarterly 35 .3 (1996), 224-225. 
[7] P. E. RICCI, Generalized Lucas Polynomials and Fibonacci Polynomials, Riv. Mat. 

Univ. Parma ( 5 ) 4 ( 1 9 9 5 ) , 1 3 7 - 1 4 6 . 

F E R E N C M Á T Y Á S 

K Á R O L Y E S Z T E R H Á Z Y T E A C H E R S ' T R A I N I N G C O L L E G E 

D E P A R T M E N T OF M A T H E M A T I C S 

H - 3 3 0 1 E G E R , P F . 4 3 

H U N G A R Y 

E-mail: matyas iekt i .hu 


	ZAY , B., An application of the continued fractions for ... in solving some types of Pell's equations������������������������������������������������������������������������������������������������������������
	MÁTYÁS , F., Bounds for the zeros of Fibonacci-like polynomials����������������������������������������������������������������������
	JONES, J. P. and Kiss, P., Representation of integers as terms of a linear recurrence with maximal index���������������������������������������������������������������������������������������������������������������
	TSANGARIS, PANAYIOTIS G., A sieve for all primes of the form R2+(X-)-l)2 ....������������������������������������������������������������������������������������
	PHONG, B. M., Quasi multiplicative functions with congruence property����������������������������������������������������������������������������
	GRYTCZUK, A., On a conjecture about the equation Amx + Amy=Amt���������������������������������������������������������������������
	KIRÁLY B. ÉS OROSZ GYULÁNÉ: Egy euklidészi gyürü�������������������������������������������������������
	MAKSA, GY ., Functions having quadratic differences in a given class���������������������������������������������������������������������������
	GÁT, G., On a theorem of type Hardy-Littlewood with respect to the Vilenkin-like systems�����������������������������������������������������������������������������������������������
	BACSÓ , S . and PAPP, L, P-Finsler spaces with vanishing Douglas tensor ....�����������������������������������������������������������������������������������
	GRYTCZUK, K., On a class of differential equations connected with number-theoretic polynomials�����������������������������������������������������������������������������������������������������
	HOFFMANN, M. and KOVÁCS, E., Interpolation possibilities using rational B-spline curve���������������������������������������������������������������������������������������������
	OROSZ GYULÁNÉ: A matematikai problémamegoldó gondolkodás vizsgálata 13—14 éves korú tanulóknál�����������������������������������������������������������������������������������������������������
	Oldalszámok������������������
	_1���������
	_2���������
	1��������
	2��������
	3��������
	4��������
	5��������
	6��������
	7��������
	8��������
	9��������
	10���������
	11���������
	12���������
	13���������
	14���������
	15���������
	16���������
	17���������
	18���������
	19���������
	20���������
	21���������
	22���������
	23���������
	24���������
	25���������
	26���������
	27���������
	28���������
	29���������
	30���������
	31���������
	32���������
	33���������
	34���������
	35���������
	36���������
	37���������
	38���������
	39���������
	40���������
	41���������
	42���������
	43���������
	44���������
	45���������
	46���������
	47���������
	48���������
	49���������
	50���������
	51���������
	52���������
	53���������
	54���������
	55���������
	56���������
	57���������
	58���������
	59���������
	60���������
	61���������
	62���������
	63���������
	64���������
	65���������
	66���������
	67���������
	68���������
	69���������
	70���������
	71���������
	72���������
	73���������
	74���������
	75���������
	76���������
	77���������
	78���������
	79���������
	80���������
	81���������
	82���������
	83���������
	84���������
	85���������
	86���������
	87���������
	88���������
	89���������
	90���������
	91���������
	92���������
	93���������
	94���������
	95���������
	96���������
	97���������
	98���������
	99���������
	100����������
	101����������
	102����������
	103����������
	104����������
	105����������
	106����������
	107����������
	108����������
	109����������
	110����������
	111����������
	112����������
	113����������
	114����������
	115����������
	116����������
	117����������
	118����������
	119����������
	120����������
	121����������
	122����������


