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RECURSIVE FORMULAE FOR SPECIAL CONTINUED
FRACTION CONVERGENTS

Ferenc Matyas (EKTF, Hungary)

Abstract: Let o and 8 be the zeros of the polynomial 22 — Az — B, where A €
Z\{0},B € {1,-1},D = A% +4B > 0,|a| > |B| and D is not a square number. In

this paper some recursive formulae are given for the continued fraction convergents to c.

1. Introduction

Let the sequence R = {R,},, be defined for n > 0 by the recursion
(1) Rn+2 = ARn+1 + BR,,

where A, B € Z\{0},Ry = 0,R; = 1,D = A% + 4B > 0 and D is not a perfect
square. If Ry = Ry = 1 then the terms of sequence R are denoted by R}, while
if A= B = R; =1 and Ry = 0 then the terms of sequence R are the Fibonacci
numbers, which are denoted by Fj,.

The polynomial f(z) = 22— Az— B is called to be the characteristic polynomial
of the sequence R, and the zeros of f(z) are denoted by a and . By our condition,
the zeros o and /8 are irrationals and we suppose that |a| > |5]. It is known that

forn>0
_ar—p" _ (1=pla" —(1—-a)p”
(2) R, = P and R; = P ,
from which -
lim Fnia = lim —FL — ¢
immediately follows.
P. Kiss [2] proved that
Rp+1 1
a — <
‘ R, VDR2
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holds for infinitely many positive integer n if and only if |B| = 1, and in this case
all of the rational solutions p/q of the inequality

1
VDg?

have the form p/q = R,+1/R,. Because of this fact, in this paper we deal with
only the case |B| = 1.

a—£’<
q

The connection between diophantine approximation and continued fraction
convergents is well-known (see [1]). The simple periodic continued fraction ex-
pansion of « is denoted by [ag,a1,...,8%,---,am], where [ag, ..., amn] denotes the
minimal periodic part, while the n'" convergent to a by r, ().

G. J. Rieger [4] has created a special function having the zero @ and he has

proved that the Newton approximants x,, to this zero satisfy the recursive formula

T, +1
Tn +2

Tnt1 = (.’ﬂ() =0,n> O)a

and xz,, = ro, (\/5_1) Since 79, (\/52_1> = L2 thus G. J. Rieger obtained a

2 Fant1
recursive formula for the (even) continued fraction convergents to V51

2
in close relation with the Fibonacci numbers. On the other hand, ‘/52*1 is a zero of

, which is

the characteristic polynomial 22 — Az — B of sequence R defined in (1) if A = —1
and B =1.

The aim of this paper is to generalize the result of G. J. Rieger for A € Z\{0}
and |B| = 1. We give some recursive formulae for the continued fraction convergents
rn(a) to a.

2. Results

It is known that ro(a) < ra(a) < ra(a) < ... < a < ... <r3() < r3(a) <
r1(a) (see [1]), therefore we are looking for recursive formulae for the odd and for
the even convergents to «.

Theorem 1. Let B = 1 in (1) and let the approzimant x,y1 be defined by the
recursive formula
(A2 + Dz, + A

>
y P (n = 0),

LTn+l =

let o and (3 denote the zeros of the polynomial * — Az — 1, where |a| > |B].
(1.) Let A > 1.

(a) If zo = Ai\*l, then z, = ropt1(a) (n>0).
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(b) If xog = A, then x, = ro, () (n>0).

(2.) Let A < —1.
(a) If o = A, then x, = rapt1(@) (n>0).
(b) If xg = A2A+1, then z, = ropi2(a) (n>0).

Remark. If A= —1 and B =1 then a = _*/25_1 and 8 = ‘/52_1. The cited paper

of G. J. Rieger [4] investigated exactly the even convergents to this S.

Theorem 2. Let B = —1 in (1) and let the approzimant x,4+1 be defined by the

recursive formula

Az, — 1
Tpy1 = x;i (n >0),

let o and (3 denote the zeros of the polynomial * — Az + 1, where |a| > |B].
(1.) Let A > 3.

(a) If o = A, then x, = rapt1(@) (n>0).

(b) If xo = A—1, then x, = ro,(c) (n>0).
(2.) Let A < —3.

(a) If 2o = A — 1, then zp, = rop+1() (n>0).

(b) If xo = A, then x, = roy () (n>0).

Further on, using the known Newton approximation to approximate the root
a of the equation 22 — Az — B=0 (B = £1), we will investigate the connection
between the convergents to « and the Newton approximants.

Theorem 3. Let f(z) = 2> — Az — B (B = +1,A? +4B > 0) and let « and 3
denote the root of f(x) = 0 with the condition || > |B|. Then the Newton iteration
gives the formula

22+ B

Tpy] = ——.
e 2x, — A

(1.) Let B=1 and zo = #.
(a) If A > 1, then x, = ron+1_1() (n>
(b) If A < —1, then x,, = ron+1(c) (n
(2.) Let B=—1 and o = A.
(a) If A >3, then x, = ront1_1(a) (n >0).
(b) If A < =3, then x, = ron+1_s(cx) (n >0).
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3. Proofs

Before the proofs of our theorems, we need the following lemma.

Lemma. Let the sequence R be defined by (1), where B = +£1. Then for all k >0

Proof. We are going to show the proof only in the case B = 1, because the proof
would be very similar if B = —1. Using (1), (2) and a8 = —1, one can verify the
following:

<R"“)2 +1 2 2
Bk _ Ry + Ry
2R§—:1 —A 2Ri+1 R, — AR}

R; , + R} _ R, + R} _
Ry (Rps1 — ARg) + RpRiy1 Ry (Ri—1 + Riq1)
a2k+2 | G2k+2 _ 9ok+lghtl 4 o2k 4 g% _ 9qkgh

Oé2k’_l + (_1)k(a + 6) + a2k+1 + (_1)k+1(a + B) + 62k—1 + 62k+1 -

a2k+1(a + é) +62k+1(ﬁ+ %) (Q o B)(a2k+1 _ 52k+1) B R2k+1

F(Era) G +h) | (- A - ) Ra

This completes the proof.

In the proofs of our theorems we omit the numerical calculation of the
continued fraction expansions and the convergents. For the calculations we used
the general algorithms that can be found in [1].

Proof of Theorem 1. First we deal with the case (1.) Now o = AFvA*+4 V2Az+4 = [4]
and so the n'™ convergent to « is

R,i2

(3) Tn(a) = Roin

(n=0,1,2,...),
that is, the odd and the even convergents are

Ry, R
(4) ron+1(a) = 203 and ron(a) = =242
R2n+2 R2n+1

(These can be easily verified or see [2].)
The cases (a) and (b) will be proved by induction on n. By (3) and (1), in (a)
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(o) = % = A2A+1 = 20, while in (b) 7o(a) = £2

R =
(a) and (b) hold for some n > 0. Then in (a), by (4),

% = xo. Let us suppose that

Ron
- (A2+1)T2n+1(a)+A: (A2+1)Rz I;+A_
n+ Argnii(a) +1 ARenis | g

Rany2

A(AR2pny3 + Ront2) + Ronys  Ronys

= =r a),
ARopt3 + Ranyo Ron+a 2(n+1)+1()
and in (b)
(A2 + 1)T2n (Oé) + A R2n+4
Tl = =...= = To(ne1) ().
T Aran(a) +1 Ropys +1)(@)
Now, let us see the case (2.), where a = Aif‘w =[A-1,1,-A—1,—A] and so
the ntP convergents to « is
R
(5) Tn(a) = ];—H (n: 1,2,)

By (5) and (1), in (a) r1 (@) = g—f = 4 = 19, while in (b) r2(@) = g—z = # = .
But forn >0

(A% + 1)rogny1 () + A Ronsa
Ty = =...= == =1y, a
+1 Argpiq(a) +1 Ronis )41 (@)
and
P (A2 + Dropga(@) +A _ _ Ronss _ ) o
" Aropio(a) +1 " Ropys 2(n+1)+2

in the case (a) and (b), respectively, which proves the theorem by induction.

Proof of Theorem 2. Similarly, as we have done it in the previous proof, first

let us deal with the case (1.). Then o = A+vYAZ=4 V2A2*4 =[A—-1,1,A —2] and so the
odd and the even convergents to « are

Rii2

*
and 7o (a) = =22 (n=0,1,2,...).
RnJrl

*
RnJrl

(6) Ton+1(a) =

1
A—-1

In the case (a) and (b), by (6) and (1), r1(a) = % =4 = 25 and ro(a) = g—% =
27— = o, respectively. By induction on n, by (6) and (1), we get that in (a)

Rn+2
- Az, —1 Argppa(a) — 1 AR Roi: 1 _ Rpiz ., (@)
n+1 — - - — '2(n+1)+1
Tn T2n+1(a) gn—ﬁ Rn+2 ( ) ’
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while in (b)

Argp(a) — 1 Ry 5
T T )T P "o (@)

In the case (2.) o = A=vA™=4 V2A2_4 =[4,—-A—1,1,—A—2] and so the odd and the
even convergents to « are

*
R,
(7) ront+1(a) = ZH and  ron(a) = nt? (n=0,1,2,...).
RnJrl Rn+1

Using (7), by induction on n, the proof can be terminated in this case, too.

Proof of Theorem 3. It is known that, under some conditions, the Newton
approximants for the zero of the function f(x) can be derived from the equality

f'(xn)

(8) Tn4+1 = Tn —

(see [3]). Now, f(xzo) > 0 and f”(x) = 2 > 0, that is, the approximants converge
to a (see [3]), and from (8) we get the following iterative formula

z2 + B
9 =_nt7
(9) Tl 2z, — A

First, let us see the case (1.), when A > 1. Then, by (1) and (4), zo = r(a) =
ro0+1_1 (). Supposing that (a) holds for some n > 0, by (9) and (4),

Ronyi1,4 2
.’K?L +1 T’Qn+1,1(0£)2 +1 ( Rynt1 ) +1
Tnt1 = = _A =

Q.T,L —A B 2’/“2n+1_1(0¢) 2R2n+1+1 — A ’

Ron41
From this, applying the Lemma and (4), we get

Ron+24q
R2n+2

anrl = = 7’2(n+1)+171(0[).

If A < —1 then, by (1) and (5), zg = r2(a) = r90+1 (). By (5) and the Lemma,
using induction on n we obtain

Ront1,4 2
aji +1 _ Tont1 (04)2 + (m) +1

1
Tl = 20, — A 2rgnii(a) — A 2R§n+1+1 _A
on+1
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R2n+2+1

Ri-wz = To(n+1)+1 (a)
271/

The part (2.) of the theorem can be proved similarly, therefore we omit it.
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