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Abstract. The integrals with homogeneous-difference kernels are considered on a smooth contour. The
boundary properties of the integrals are described in the Holder space. An analogue of the known
Sokhotski-Plemelj formula is obtained. Moreover, the differentiation formula of these integrals is also
given.

Let D C C be a plane domain with a smooth boundary I' and the function Q(t, &), t € I', be odd with
respect to & € C and homogeneous of degree —1. We call the integral

(I9)(2) = fr Q- phit, zeD,

by generalized Cauchy type integral. This form permits to represent the classical Cauchy type integrals [5],
the corresponding integrals for solutions of first order elliptic systems [2, 7], the double layer potential in
the theory of elliptic equations of second order [1, 4]. These also occur in applications [3].

Let CH(G), 0 < u <1, be the usual Holder functional space on the set G € C with Holder exponent p
and the corresponding norm

0G T [(P]y,G [(,0]” =sup M

Z1,Z2 |Zl - ZZly

lpluc =lp

We denote by C"*(G), n > 1, the corresponding space of continuously differentiable functions ¢, for
which ¢’ = (dp/dx,dp/dy) € C"1#(G). The class C* of smooth contours is defined with respect to their
parametrization.

We have also to introduce notations for homogeneous functions. Let us denote by H; € C*(C \ 0) the
class of functions Q(&), & = &1 + i&,, which are homogeneous of degree A. We define norms in this class by

_ (@) _
|Q|(Vl) - 1(;21&15)15 |Q§ |0,QI n= O/ 1/ cecy
where Q) is the unit circle {|£] = 1}. Note that
IQl1,0 < Mi1|Qlqy, 1)
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where M; depends only on A.

Let C*(G,H) be the class of functions Q(t, &) € H,, for which Qg)(t, &) € CH(G), i £ n, uniformly
with respect to |&] = 1. The analogous class C1*®)(G,H,) corresponds to C'#(G). Note that differentiation
Q — dQ/dé&; acts CH(G, Hy) — CF=D(G, H)_1), n > 1.

It follows from these definitions the following properties.

Lemma 1. (a) If Q € H) then for all &,1 € C the inequality
1Q(&) = QI < MIQIwy (€1 + Inl*~l& = 7, @

is valid, where M > 0 doesn’t depend only on A.

(b) Let a set G be bounded, the kernel Q(to,t;&) € CHO(G x G, Hy) and Q(t,t,&) = 0. Then the function
q(to, t) = Q(to, t; t — to) belongs to C*(G X G) and q(t,t) = 0.

(c) Let a smooth contour T C C belongs to CV#, so that the unit tangent vector e(t), t € T belongs to CH(T). Let a
kernel Qo(to, t; &) € CFO(T X T, Hy) be even with respect to &.

Then the function qo(to, t) = Qo(to, t; t —to), extended by qo(to, to) = Qolto, to; e(to)] at t = to, belongs to CH(I'XT).
Particularly, if a kernel Q(to, t; &) € CFO(T x T, H_1) is odd with respect to &, then Q(to, t;t — to) = q(to, )(t — to) ™"
with a function g € CH(I' X T).

Proof. (a) It is obviously that (1) is equivalent to

IQ(E") — Q7)< MIQIwy(1&' M + I HIE" =77l
with respect to &’ = £/|&], and 1" = 1/|&|. So we can put || = 1. Then

1Q(E) — Q)| = IQ(E) - WQ(%) <[Qliolt- %] +1Qloall — Il
It is obviously
'5—1 < |é—n|+‘1—1]|n|<2|fs—n|
il = |1 ’

taking into account that |1 — ||| = ||| = Inll £ | — 7|. Analogously we have
11— InI*l < [Almax(L [nl* DI = [l < AL + [t HIE =71,
It follows from these inequalities that

1Q(&) — QI < 2IQN0 + IAIQlo,a)(1 + In*™IE = 1,

and the last with (1) gives (2), where |£] = 1.
(b) By definition
Ig0(to, )] < 1Qlcuolto — ¥ < M|Qlcuo),

and it is sufficient to estimate A = go(t1, t) — go(f2, t) and A = go(to, t1) — qo(to, t2). Let us consider, for example,
the first one. Putting 6 = |t; — t5| the cases |t; — | < 20 |t; — #| > 26 consider separately. For the first case
|t, — t| < 36 and, therefore,

Al < |Qlcuo (It — HF + |2 — ) < (2 + 3)|Qlcuo 6. 3)
For the second case by virtue of the inequality |t — t;| — 0 < |t — f,| < |t — #1| + 6 we have
O < |t—t <2/t —H]. 4)

We can write
Al <1Q(t,t,t —t1) = Qto, t,t — )| +1Q(t2, ¢, t — t1) — Qlf2, t,t — )| =
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= |t — 'Ot — 1) + |t — ' [Qa(t — 1) — Qa(t — t2)],

where Qt1,t,8) = Qlta, 1, &) Qta, 1, - Qt,1,8)
Ql(é)z 1,4 2,4 , Qz(é): 274, l 7ty 67—[0.
t1 — t2|H |ty — t]F
By virtue of (2) it follows
1Al < 1Qlcv0 " + MIQluadlta — HH (It — 7 + 12 — 7). 5)

Taking into account (4) we have:
Olty — 1 (Ity — £ + [t — 1) < 38|ty — t* 7L < 36H.

Together with (3), (5) we complete the proof.

(c) It is sufficient to prove that go(to,t) € CH(Ip X I'g) for every arc I'y € I We suppose that the
parametrization y : [0,1] — Ty belongs to the class C#[0, 1] and a(so, s) = qo[y(s0), 7(s)], 0 < 5,80 < 1. Since
the function Qo is homogeneous and even we can represent the last function in the form

y(s) — y(s0)

s—sy
It is obvious that b € CH([0,1] X [0, 1]) and |b(sg, s)| = ¢ for some ¢ > 0. Then a € C*#([0,1] X [0, 1] and therefore
do € C*(Ty X Ty).

The second part of (c) follows easily from the first one because q(ty, t) = Qo(fo, t, t — to) with Qo(to, t, &) =
EQ(tOI t/ é) U

Theorem 2. Let T € CY* and the generalized Cauchy kernel Q(t; &) belong to CH@(T, H_y).
Then the integral operator I : CH(T') — CH(D) is bounded with the norm estimate |I|; < C|lQ|cue.

a(so, s) = Qoly(s0), 7(s); b(so,8)],  b(so,s) =

Proof. Suppose that p > 0 is a small such that for any to € I the arc I'y(ty) = I' N {|z — to| < p} is smooth and
there exists the parametrization y : [-p; p] = I's(to) of class C'* satisfying to conditions

|7/(S) - t0| = |S|/ |S| < P, (6)
o+ 1, <M, 7)

where M’ > 0 does not depend on ¢y € I".
Let L(to) be the tangent to I' at to. It is obviously that segment L,(ty) = L(to) N {|z — to| < p} has the
parametric representation I(s) = ty + ’(0)s, |[s| < p. By virtue of (7) we get the estimate

ly(s) - I(s)| < fo Iy (7) = y/(0)ldt < M's**1. (8)

Let us denote by S,(to) circular sector of radius p with top ty with angle 6 for fixed 0 < 6 < 7. The
symmetry axis of the sector is directed along the inner normal to I'. Then for sufficiently small p we have
the estimate

|z =t > 6(|z — to| + [to — t]); t €T UL(to), z € Sp(to), )

where the constant 0 < 6 < 1 does not depend on the point t € T".
Let us consider the function ¢ = Ip in the sector S,(t). For its partial derivatives Letz € S,(t), z = x1 +ix,
and we have the expression
¢

a—x](Z) = jljp(t,t —Z)dli’, j= 1,2,

with kernel P
P(t, &) = (T?(t, E(t) € CHO(T, H.y).
]
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Particularly, taking into account Lemma 1 (a)
IP(t, £)] < MIQlcon lplol& |2,
IP(t, &) = Qj(to, &) < MIQlcwolplult — tol*IE]72,
IP(t, &) = P(t, )] < MIQlee lplo(1€™ + InI=)IE — 1,

where constant M > 0 does not depend on Q and ¢.
The function

h(z) = Qj(to, t —z)dit, z & L(tg),
L(to)

satisfies the condition h[z + sy;(0)] = h(z), s € R. By virtue of homogeneity we have

h[to + s(z — t)] = s 'h(z), s > 0.

1110

(10)
(1)
(12)

Therefore, this function is identically equal to zero. So, the function d¢/dx; can be represented as a sum

Yo + P1(2) + x, where
Yo2) = f [0t - 2) - Oyt t — )it
T

= - ji\to, bt — d ’
¥1e) [jl:\rp(fo) fL‘(ﬁ))\%(ﬁ))] Q](to Rt
= - i(tg, t — z)dqt.
X@) [ [ . | p(m]Q]uo it

By virtue of (9), (11) we have obvious inequality

and

It — tolidyt
It — tol + |to — z[)?’

o) < M52IQlalgl,K, K = f :
T

Taking into account (6)

P s|*ds
KSp_zf |t—t0|“d1t+M'f #2
T\I,(to) p (sl +1to —zI)

e
r (Is| +1)2

[Po(2)| < MolQlcunllulto — zI*™!,  z € S,(to),

The last integral is less than

as a result we have the estimate

where constant My does not depend on Q and ¢.
For the function 11 (z) by virtue of (9), (10) we can write

[V1(2)] < MK|Qlcowlplo, K= [f +f )It — 2|72, t,
\Lp(to) L(to)\Ly(to)

K<p™ f dit +672 f Is|"2ds.
I\ (o) Isl>p

[¥1(z)] < MilQlonl@lolto — 21", z € Sp(to).

Therefore we have the estimate

(13)

(14)
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Consider the function x(z). According to (6) we can write
P
x@) = | [Qjlto, y(s) = 2)ly'(s)l = Qj(to, I(s) — 2)lds = xo(2) + x1(2)
-p

with
P
0@ = [ Qito,y6) =20 - 11,
-P

0
1@ = [ 101t y6) -2) - Qi 1) - 2.
-p
The function xo(z) satisfies the analogous estimate (14). We have for the function x;(z) according to (8), (12)

P
IX1@) < MM'|Qlcoa lploK, K = f (1y(s) = 217 +11(s) — 2| 7)IsHdis.
-p

By virtue of (6), (9) values [y(s) — z|, |I(s) — z| are both not less than 6(|s| + |z — to|) for z € S,(tp). So the integral

P u+lg u
__BTds 3 < 2673z - tolf“lf d S ds.
(s + 2= tol) ® (51 + 1)

Using inequalities (13), (14), we have the final estimate

¢J

7%

K<2673

5= @) < MIQlcwol@lulz — tolt™!, ze Sp(to),

where M does not depend on Q and ¢.
The distance from the point z € D to I' is denoted by d(z,I'). If d(z,I) < p and ty € I such that
d(z,T) = |z — tol, then z € S,(tp). Therefore the last inequality leads to the estimate

[Y(2)| < Clol,rd* "' (z,T),

forany z € D, d(z,T) < p. Since ¢ = d¢/dx;, we come to the validity of the theorem on the basis of Lemma
1from[7]. O

Corollary 3. LetT € C'", let the kernel Q(u, t, &) depend on a parameter u € G C RF and belong to C*®(GXT, H_y).
Lete CHI'), p<v<1l
Then the corresponding function

62 = [ Quute =20,
belongs to CH(G x D) with corresponding norm estimate.
Proof. Letz,z1,2z2 € D, u,u1,up € Gand z; # zp, 11 # up. Then by Theorem 2 we have the estimate
lp(u, 2)| + 1p(u, z1) — P(u, 22)|21 — 22 ™ < Ma|Qlcu |l (15)

where M; > 0 doesn’t depend on Q and ¢.
Let us write

(6111, 2) — bluiz, 2)llus — 1] * = fr Qt, t - Dby,

with the kernel _
Q(t, &) = [Q(ua, £, &) — Quz, t, s — uz] .
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It follows from the next Lemma 4 that é(t, &) € C*(T') with 0 < ¢ < v — p and the corresponding estimate

|é|c:e<2>(r) < MIQlceeexr
holds. Applying Theorem 2 with respect to ¢ = min(u, v — u) we receive the estimate
lp(u1, 2) = Pluz, 2)llur — u2] ™ < Ma|Qlcealle.
Together with (15) it completes the proof. [

Lemma 4. Let G C Rk, a function P (x, y) € C"(G X G) and P(x, y) = 0 for x = v.
Then the function Yo(x, y) = |x — yI* P (x, y), where 0 < p < v, belongs to C*(G x G) and

[IPO]y < 6[¢]v

Proof. First of all note that
Y, Yl = 19(x, y) = Pl 2l < [Phlx =yl

and therefore y(x,y) = 0asx —y — 0.

(16)

For fixed xy € G consider the functions ¢(x) = ¥(x, xo), @o(x) = Po(x, xo) of variable x. These functions

are linked by the corresponding relation g (x) = [x — xo/*™"¢(x). We prove that

[(PO]y < 3[(P]v-

(17)

It is sufficient to establish this estimate under assumption xp = 0 € G. Let x, y € G and for definiteness

lyl < |x|. Putting ¢ = v — u we have:

.

Po(x) = Po(y)] < Ip() = PRI + ()l | bl = ly

Since |p(y)| < [l ly|**¢ we receive

lpo(x) — po(y)l

— yl¢ & _ & u
| el V9V

<[plA, A= - -
PR O
It is obviously,
(il + )" (= )y R
A< + =1+t +t—r,
ke e D Ty

where t = |y|/|x] < 1. Since 1 —t* <1 -t < (1 - #)*, it follows A < 3 and hence (17) is valid.
Now it easily to prove (16). We write

[Po(x, y) = Yo(x’, y) < Po(x, ) — Yo', ) + [Po(x’, y) = Pox’, y)

and by virtue of (17) we obtain

[Yo(x, ) — Yo, ¥ < 3[YL(x — X + |y — ') < 6[P](Ix — X' + |y — v )2

|
Corollary 5. Let T € C*, the generalized Cauchy kernel Q(t; &) belong to CF(T', H_1) and
Qlt,e(®)] =0, teT,

where e(t) is the unit tangent vector to I at the point t.
Then the operator 1 is bounded C(I') — C(D).

(18)
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Proof. With the help of (18) analogously to the proof of Theorem 2 we can establish that

M=sup | |Q(tt—2)ldit < oo
zeD JT

and hence
sup [(Ip)(z)] < Mlplo, ¢ € C(I). (19)
zeD
Let ¢, € C¥(T') and |, — @lo — 0 as n — co. By Theorem 2 the functions I, € C*(D). By virtue of (19) it
follows that I € C(D) and hence the operator I is bounded in C(I') — C(D). O

Example 6. The double layer potential for Laplace operator is defined by the kernel

1 &im(b) + Eama(t)

T £ ’

where n(t) € C is the unit outward normal, satisfies (18). It is well known that the operator I is bounded
C(T') — C(D) for this case.

The question of boundary values (Ip)*(fg) = lim(Ip)(z) as z — to, z € D, of the function I is closely
related to the singular integral

Qt, &) =

(Fg)(to) = fr Qto,t — t)p()hit, to e T

If CH@(T, H_1) then by Lemma 1 (c) we can write

q(to, t)

to, 5t — 1) =
Q(to 0) P—,

, geC'(I'xT)

and thus the singular integral (I"¢)(t) exists.
Let the unit tangent vector e(ty) to I at the point ¢y be oriented positively with respect to the domain D
and L(ty) be the correspondence tangent line, which is oriented by e(ty). Let us consider the integral

o(ty) = Q(to, t — z)dit, z € G'(ty), (20)
L(to)

where the half-plane G*(fy) is on the left from L(tp). This integral is singular with respect to co and does not
depend on point z € G*. It follows from the formula

f B—Q(to,t—z)dltZO, ZEGJr, j=1,2,
Lto) 9%

which has already used in the proof of Theorem 2.
Theorem 7. Let T € C¥ and the generalized Cauchy kernel Q(t; &) € C"®(T, H_1). Then
ceCHI), O<pu<v, (21)
and for ¢ € CH(I') the following formula
(Ip)*(to) = o(to)g(to) + I'p)(to), to €T, (22)

is valid. Particularly, the singular operator I" is bounded in C*(T).
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Proof. We can put z = ty + ie(tg) € G*(tp) in (21). Then

ot = [ Qltort - to— ie(to)dyt = f Olto, (s — ie(to)lds =
R

L(to)

1 1
- f Qlto, (s — ielto))ds + f (Qlto, (1 - ie(to)] — Qlto, elto)]) .
-1 -1 S

By Lemma 4 we can write

1 _
s|VHds
a(to) =f ﬂl(to,S)| |
-1 S

with some function g € C¥(I' X [-1,1]), that proves the first part of the theorem.
Using notions from the proof of Theorem 2 it is easi to see that

fr [, £ — 2p(t) — Qtor  — Dplto)ldat — fr [Q, £ — to)p(t) — Qo t — to)p(to)ldht

U —f ]Q(to,t—zwlte( —f ]Q(to,t—mdlt
rp(fo) Lp(fo) rp(to) Lp(to)

as z — to, z € Sy(t). So it is sufficiently to prove the equality

and

lim Qlto, t — to — ice(to)Jdat = a(to),
€20 JL(to)

where we take into account that

Q(to, t — to)dit = 0.
Ly(to)

Since

Q(to, t — z)dqt = Qlto, (1 —i)se(to)]ds,
Ly (ko) sl<p/e

this equality is obvious. O

Let two generalized Cauchy kernels Q;(t, &), j = 1,2, are given. The expression

QHEM =Qit, E)ym + Qu(t, &), n=m+in €C,

is called the Cauchy kernel if the function Q(t; &, &) does not depend on &. For example, this condition is
satisfied for the case of the classical Cauchy kernel

__n
Qe = 3z
Let us consider the Cauchy type integral
(90 = [ Qt-zdvpw, zeD, 3)
r

where dt = dt; + idt, and contour T’ is oriented.
We prove the following result which consists with the famous theorem (see monograph by N.I. Muskhe-
lishvili) for the classical Cauchy kernel.



V.A. Polunin, A.P. Soldatov / Filomat 32:3 (2018), 1107-1116 1115

Theorem 8. Let I' = dD be a smooth contour oriented positively with respect to D and the Cauchy kernel Q(t; &, 1) €

CtO)(T, H_y). Then the operator I defined by (23) is bounded C*(T) — C*(D) with a corresponding norm estimate.
Nevertheless the formula (22) for boundary values holds with the coefficient

atto) =5 [ Qi o, @

where T denotes the unit circumference, oriented counterclockwise.
Particularly the singular operator I* is bounded in C*(T).

Proof. For fixed t € T the differential form Q(t; &, d&) = Q1(E)dE1 + Q2(&)dE, is closed i.e.

9Q _ dQy
=z Tx=i 25
dér  dé )
Indeed by definition we have equalities
3Q1 dQ, .
+=—&+=-&=0j=1,2,
and the Euler identity for homogeneous functions.
Q 9Qj
Qj(&) = & 6]52, j=12.
It implies (25) from these equalities at once.
Let zg € D and ¢ > 0 such that {|z — zg| < €} € D. By virtue of (24) and (25) we can write
fQ(fo,t — 2o, dt) = f Q(to, t — zo, dt) = 20(to). (26)
r lt—zol=e
It is established analogously the following relation for the singular integral
f Q(to, t = to, dt) = a(to). (27)
r

From (26) it follows that

aQ(to, —2,d)=0, ze D,

and particularly the partial derivatives of ¢ = Ip we can be represented in the form

d d :
—¢( ) = f[ Q( -z, dt)p(t) — Q —(to, t =z, dt)p(to)|, j=1,2.
dE; dE;

So analogously to the proof of Theorem 2 we obtain the estimate (13) and hence the operator I is bounded
in CH.

Let us consider formulas (22), (24). According to the proof of Theorem 7 it is sufficient to prove this
formula for Q(ty, &, 1) and ¢ = 1. In this case it follows from (26), (27) immediately.

Notice that (24) coincides with the corresponding formula (20) defined by

U(tO) = Q(tO/t -z dt)/ z € G+(t0) (28)
L(to)

It is sufficient to apply the form Q(to, t — z,dt) in the domain G, = {|z — to| < n} N G~ (tp), wheren =1,2,...
and G~ (o) is the half-plane on the left f L(to). Then

Q(to, t —z,dt) = (f —I)Q(tg,t—z,dt) =0,
JG, Ly Ty
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where L, = {|z—fo| < n} N L(tp) and I',, is the correspondence semi-circumference. It remains to note that the
integral
Q(tOI t— z, dt)
r)l
coincides with (28). O

It is easy to prove the following differentiation formula of the function ¢ = Ip, defined by (23).

Lemma9. LetT € C'#, ¢ € CX(T), the Cauchy kernel Q belong to C+*W(T, H_q) and Qo(t; &, 1) = Qi(t; &, 1), where
prime denotes differentiation with respect to arc length parameter.
Then for function ¢ = I with density ¢ € CY(T) the following differentiation formula holds:

d J
@5%+m£3®=L@WJ%WWWN+£Q@F%WMW¢

Obviously, the function Q in this lemma is in fact the generalized Cauchy kernel. Therefore together
with Theorems 2 and 8 we can obtain the following result.

Theorem 10. Let a smooth contour T € CUY be oriented positively with respect to D and the Cauchy kernel
Q(t; &, 1) € CYO(T, H_y). Then the operator I is bounded C#(T) — CY*(D) with a corresponding norm estimate.

Let us apply these results to the singular Cauchy integral

U@W@=£Q@ﬂ%wMW& her.

Corollary 11. Under the conditions of Theorem 10 the singular operator I* is bounded in C+(T), with the corre-
sponding norm estimate. Wherein the derivative of function ¢ = I'@ is given by the formula

Y (ty) = fQo[f,f— to, e(to)lp(t)dit + fQ[t,f — to, e(to)l¢’ (H)dit,
r T
where Qo = Q.
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