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We investigate the radiation of surface polaritons by a charged particle rotating around a dielectric
waveguide. The general case is considered when the waveguide is immersed in a homogeneous medium.
For the evaluation of the corresponding electromagnetic fields the electromagnetic Green tensor is used.
A formula is derived for the spectral distribution of the radiation intensity for surface-type modes. It is
shown that the corresponding waves are radiated on the eigenmodes of the dielectric cylinder. We
demonstrate that the number of radiated quanta for surface polaritons of a given harmonic can be essentially
larger than that for guiding modes of the cylinder. The geometry under consideration is of interest from the
point of view of generation and transmitting of waves in waveguides, a subject which is of considerable
practical importance in microwave engineering and optical fiber communications.

DOI: 10.1103/PhysRevAccelBeams.22.040701

I. INTRODUCTION

The interfaces between two media with different electro-
magnetic characteristics give arise to the existence of new
types of electromagnetic modes. These surface modes
depend on the geometry of the separating boundary and
carry an important information on the electromagnetic
properties of the contacting media. Among the various
types of surface waves, the surface plasmon polaritons
(SPPs, for reviews see Refs. [1–4]) have been a powerful
tool in the wide range of investigations including surface
imaging, surface-enhanced Raman spectroscopy, data stor-
age, biosensors, plasmonic waveguides, photovoltaics,
various types of light-emitting devices, plasmonic solar
cells, etc. SPPs are evanescent electromagnetic waves
propagating along a metal-dielectric interface as a result
of collective oscillations of electron subsystem coupled to
electromagnetic field. They exist in frequency ranges where
the real part of the permittivity undergoes a change of the
sign at the interface. Remarkable properties of SPPs include
the possibility of concentrating electromagnetic fields
beyond the diffraction limit of light waves and enhancing
the local field strengths by orders of magnitude [1,2].
Although SPPs are the most thoroughly investigated type

of surface polaritons, depending on the dielectric properties

of the active medium (on the use of the terms active and
passive media in the physics of surface polaritons see, for
instance, Ref. [5]), other forms of surface polaritons may
exist. In particular, other materials besides metals, such as
semiconductors, organic and inorganic dielectrics, ionic
crystals, can support surface polariton type waves. An
important direction of recent developments is the extension
of plasmonics to the infrared and terahertz ranges of
frequencies. This can be done by a suitable choice of
the active medium such as doped semiconductors and
artificially constructed materials (metamaterials) [6,7].
The techniques used to excite surface polariton modes

include prism and grating coupling, strongly focused
optical beams, guided photonic modes from another wave-
guide, electron beams (in particular, in scanning electron
microscopes, for reviews see Refs. [1–3,8]). Note that the
first experimental observation of surface plasmon polar-
itons was based on measurements of the electron energy
loss spectra. From the point of view of an understanding of
the fundamental properties and practical applications, of
particular interest is the investigation of the effects induced
by the curvature of the interface on the generation and
propagation of surface polaritons. In the present paper we
consider the generation of surface polaritons by a charge
circulating around a cylindrical waveguide. Here, the term
“surface polariton” is used in the sense clarified, for
example, in Ref. [5] (note that, depending on the properties
of contacting media, there are also other types of surface
waves [9,10]). It corresponds to the electromagnetic wave
coupled to the induced polarization of the medium. We are
interested in the electromagnetic fields and in the intensity
of the radiated surface polaritons.
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For a charged particle rotating around a dielectric
cylinder, the spectral and angular distribution of the
radiation intensity at large distances from the cylinder
has been investigated in Refs. [11,12]. It was shown both
analytically and numerically that if the Cherenkov con-
dition for permittivity of the cylinder and for the velocity of
the particle image on the cylinder surface is obeyed then
strong narrow peaks appear in the angular distribution of
the radiation intensity on a given harmonic. At these peaks
the radiated energy density may exceed the corresponding
value for the radiation in the absence of the cylinder by
several orders of magnitude. Similar features for the radi-
ation from a charge moving along a helical trajectory around
a cylinder have been discussed in Ref. [13]. The radiation of
surface waves on the eigenmodes of a dielectric cylinder by a
charge circulating around the cylinder is discussed in
Ref. [14]. The interference effects between the synchrotron
and Smith-Purcell radiations from a charge rotating around a
cylindrical grating have been studied in Ref. [15]. In all these
investigation it has been assumed that the dielectric functions
for both the cylinder and surrounding medium are positive
and, hence, the cylinder modes corresponding to surface
polaritons are absent. The present paper aims to consider the
radiation intensity on those modes.
The organization of the paper is as follows. In the next

section we describe the geometry of the problem and
present the expression for the azimuthal component of
the electric field. The radiation fields for surface polaritons
are discussed in Sec. III. By using these fields, in Sec. IV
we evaluate the radiation intensity for surface polaritons.
Asymptotic limits of the general formula are discussed and
the results of numerical analysis are presented. Section V
concludes the main results of the paper.

II. ELECTRIC FIELD OUTSIDE THE CYLINDER

The system under consideration is a point charge q
moving along a circular trajectory of radius rq around a
cylinder with radius rc embedded in an outside medium
of infinite extent described by dielectric permittivity ε1.
The dielectric permittivity of the cylinder will be denoted
by ε0 (the magnetic permeabilities for both the cylinder
and surrounding medium will be taken to be unit). The
geometry of the problem is depicted in Fig. 1. We are
interested in the energy losses of the charge in the form of
the surface polaritons. The corresponding radiation inten-
sity will be denoted by IðSPÞ. It can be found evaluating the
work done by the radiation field on the charged particle:

IðSPÞ ¼ −
Z

∞

0

dr
Z

2π

0

dϕ
Z

∞

−∞
dzrj ·EðrÞ; ð1Þ

where j is the current density for the charge under
consideration. The corresponding components in the cylin-
drical coordinates ðr;ϕ; zÞ, with the axis z along the
cylinder axis, are given by the expression

jl ¼
q
r
vδlϕδðr − rqÞδðϕ − ω0tÞδðzÞ; ð2Þ

with v and ω0 ¼ v=rq being the velocity and angular
velocity of the charge. In (1), EðrÞ is the electric field
corresponding to surface polaritons. For the problem under

consideration the azimuthal component EðrÞ
ϕ of the radiation

field is required only.
For the electric field Eðr; tÞ, generated by the source (2),

we can write the Fourier expansion

Eðr; tÞ ¼ 2Re

�X0∞

n¼0

einϕ−iωnt

Z
∞

−∞
dkzeikzzEnðkz; rÞ

�
; ð3Þ

where ωn ¼ nω0 and the prime on the summation sign
means that the term n ¼ 0 should be taken with an
additional coefficient 1=2. The representation (3) is
obtained from the Fourier expansion of the electric field
in the form of the series

Pþ∞
n¼−∞ by combining the separate

contributions from positive and negative n and by using
the relations E�

nðkz; rÞ ¼ E−nð−kz; rÞ (see also Ref. [16]).
The n ¼ 0 term in Eq. (3) is time independent and will not
contribute to the radiation fields. The Fourier components
Enðkz; rÞ can be found by using the Green function given in
Ref. [11]. Here we will present the expression for the
azimuthal component Enϕðkz; rÞ, required for the evalu-
ation of the radiation intensity in Eq. (1).
In the region r > rc the Fourier component is decom-

posed as

Enϕðkz; rÞ ¼ Eð0Þ
nϕ ðkz; rÞ þ EðcÞ

nϕðkz; rÞ; ð4Þ

where Eð0Þ
nϕ ðkz; rÞ is the corresponding field for a charge

rotating in a homogeneous medium with permittivity ε1 and

EðcÞ
nϕðkz; rÞ is induced by the presence of the cylinder. For

the separate terms in Eq. (4) one has the expressions [for
simplicity we omit the arguments ðkz; rÞ, Enϕ ¼ Enϕðkz; rÞ]

FIG. 1. Geometry of the problem.
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Eð0Þ
nϕ ¼ −

qv
8ωnε1

X
p;j¼�1

�
j
ω2
n

c2
ε1 þ k2z

�
Jnþjpðλ1rqÞ

×Hnþpðλ1rÞ;

EðcÞ
nϕ ¼ −

iqv
4πωnε1

X
p;j¼�1

�
j
ω2
n

c2
ε1 þ k2z

�
BðcÞ
n;jp

×Hnþpðλ1rÞ; ð5Þ

where JνðxÞ is the Bessel function, HνðxÞ ¼ Hð1Þ
ν ðxÞ is the

Hankel function of the first kind and in the expression for

Eð0Þ
nϕ it is assumed that r > rq. The corresponding expres-

sion for Eð0Þ
nϕ in the region r < rq is obtained by the

replacements J⇄H. In Eq. (5) we have introduced the
notations

λ2j ¼ ω2
nεj=c2 − k2z ; j ¼ 0; 1: ð6Þ

The coefficients in the expression for the part induced by
the cylinder are defined by as

BðcÞ
n;p ¼ −

π

2i
Hnþpðλ1rqÞ

VJ
nþp

VH
nþp

þ p
λ0Jnðλ0rcÞ
2rcαn

Jnþpðλ0rcÞ
VH
nþp

×
X
l¼�1

Hnþlðλ1rqÞ
VH
nþl

; ð7Þ

where p ¼ �1,

αn ¼
ε0

ε1 − ε0
−
λ0
2
Jnðλ0rcÞ

X
l¼�1

l
Hnþlðλ1rcÞ

VH
nþl

; ð8Þ

and for F ¼ J, H we use the notation

VF
n ¼ Jnðλ0rcÞ

∂Fnðλ1rcÞ
∂rc − Fnðλ1rcÞ

∂Jnðλ0rcÞ
∂rc : ð9Þ

Note that the equation αn ¼ 0 determines the eigenmodes
of the cylinder. By using the properties of cylindrical
functions, this equation can be presented in the form given,
for example, in Refs. [17,18]. Although the expressions
given above are valid for a general case of frequency
dependent complex dielectric functions εj ¼ εjðωÞ, j ¼ 0,
1, we will ignore the imaginary parts of εjðωÞ when
describing the eigenmodes.
Radiation fields propagating at large distances from the

cylinder, r ≫ rq, correspond to the integration range in
Eq. (3) k2z < ω2

nε1=c2. For the parts of the fields corre-
sponding to k2z > ω2

nε1=c2 one has λ1 ¼ ijλ1j and the
Hankel functions with λ1 in their arguments are reduced
to the Macdonald function KνðxÞ. For these parts, the fields
exponentially decay at large distances from the cylinder.
The corresponding modes are divided into two subclasses:

guiding modes with λ20 > 0 and surface-type modes
with λ20 < 0. In what follows we are interested in the
radiation fields for the second subclass of the modes with
k2z > ω2

nεj=c2, j ¼ 0, 1. The surface polaritons are modes
of that type.

III. RADIATION FIELDS FOR
SURFACE-TYPE MODES

Let us consider the radiation part of the field (3) for large
values jzj and for fixed r. The problem is symmetric under
the replacement z → −z and, without loss of generality, we
will assume that z > 0. The exponent in Eq. (3) has no
stationary points and the only contribution to the radiation
field may come from the poles of the integrand. These
poles correspond to the zeros of the function αn in the

definition (7) of BðcÞ
n;p. For the modes with λ2j < 0 the

expression of αn can be rewritten in the form

αnðkzÞ ¼
UðsÞ

n ðkzÞ
ðε1 − ε0Þ

�
VðsÞ2
n − n2uðsÞ2

� ; ð10Þ

with the notations

VðsÞ
n ¼ u1

I0n
In

− u0
K0

n

Kn
; uðsÞ ¼ u0

u1
−
u1
u0

; ð11Þ

Here and in what follows In ¼ Inðu0Þ, Kn ¼ Knðu1Þ, InðxÞ
is the modified Bessel function, the prime stands for the
derivative with respect to the argument of the function and

uj ¼ rc
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2z − ω2

nεj=c2
q

: ð12Þ

In Eq. (10), the numerator is defined by the expression

UðsÞ
n ðkzÞ ¼ VðsÞ

n

�
ε0u1

I0n
In

− ε1u0
K0

n

Kn

�

−
n2ω2

n

c2
r4ck2z
u20u

2
1

ðε1 − ε0Þ2: ð13Þ

For the modes under consideration the functions VH
nþp,

p ¼ �1, in the denominators of Eq. (7) are presented as

πrc
2i

VH
nþp ¼ u0KnþpI0nþp − u1InþpK0

nþp

¼ KnIn
�
VðsÞ
n þ pnuðsÞ

�
: ð14Þ

From the first equality in Eq. (14) it follows that −iVH
nþp is

always positive and the functions VH
nþp have no zeros.

Hence, the only poles correspond to the zeros of αn. This
feature in the problem related to the guiding modes has
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been already mentioned in Ref. [16]. Note that from

Eq. (14) it also follows that VðsÞ
n > jnuðsÞj.

In accordance with Eq. (10), the equation for the
eigenmodes of the cylinder is reduced to the equation

UðsÞ
n ðkzÞ ¼ 0: ð15Þ

Equation (15) coincides with the equation for surface-type
modes given, for example, in Refs. [19,20] (on features of
propagation and radiation of surface polaritons in cylin-
drically curved geometries of the interface see, for instance,
Refs. [21–28] and references therein). From Eq. (15), as
necessary condition for the presence of the surface-type
modes with λ2j < 0, we get ε1=ε0 < 0. Hence, in order to
have surface-type modes the dielectric permittivities of the
cylinder and the surrounding medium must have opposite
signs. This condition is the same as that for surface-type
modes on a planar interface between two media.
In what follows we will assume that ε1 > 0 and ε0 < 0.

Consequently, the allowed values for kz in the case of
surface-type modes are restricted by k2z > ω2

nε1=c2. The
condition ε0ðωÞ < 0 is realized for example in metals
whose plasma frequency ωp exceeds ω. The simplest
model for the corresponding dielectric function is described
by the expression

ε0ðωÞ ¼ ε∞ − ω2
p=ω2; ð16Þ

where ε∞ is the background dielectric constant. The
dispersion described by Eq. (16) is the limiting case of
the generalized Drude model (for applications of the Drude
type dispersion in surface plasmonics see, for example,
Refs. [1,2,6,29]) when the damping coefficient is small. In
considering SPPs in the visible and infrared spectral ranges
the most commonly used metals are silver, gold, copper,
and aluminum. However, it should be noted that in those
regions of frequencies the metals are plagued by relatively
large ohmic losses which are among the main problems in
the performance of plasmonic devices (for a survey of the
activities in developing new materials for plasmonics see,
for example, Ref. [6]). For the extension of plasmonics
to lower frequency ranges, including the THz range [30],
the plasma frequency can be tuned changing the carrier
concentrations. One of approaches is to use doped semi-
conductors. An example is semiconductor indium antimo-
nide (InSb) with the plasma frequency about 1.8 THz
and with the background dielectric constant ε∞ ≈ 15.6
[29,31,32]. Another method is based on the use of
artificially constructed materials having given electromag-
netic properties (metamaterials).
We will denote by kz ¼ �kn;s, kn;s > 0, the roots of

Eq. (15) with respect to kz. Here s enumerates the roots for
a given n. Let us denote by vc ¼ ω0rc the velocity of the
charge image on the cylinder surface. For given εj, n and

vc, Eq. (15) can be solved with respect to ckz=ω with
ω ¼ ωn. For fixed ε1, n and vc, we have numerically solved
that equation for ckz=ω as a function of ε0. By taking into
account that for a given ε0 one can have several solutions
for ckz=ω, in Figs. 2 and 3 we have plotted ε0 versus ckz=ω
for n ¼ 1, 2 and for ε1 ¼ 1. The numbers near the curves
correspond to the values of vc=c. For relatively small values
of the ratio vc=c there is a region of the values for ε0 where
the number of solutions of Eq. (15) is two or three. For
large values ckz=ω, corresponding to small wavelengths, ε0
tends to the limiting value ε0 ¼ −ε1 ¼ −1. For n ¼ 1,
Eq. (15) has solution for any value of ε0 < −ε1. This is not
the case for n > 1: there is a critical value ε0 ¼ ε0n and
Eq. (15) has no solutions for ε0 < ε0n. For example, for
n ¼ 2, vc=c ¼ 0.9 one has ε0n ¼ −3.43. Note that in

FIG. 2. The roots of the equation αn ¼ 0 with respect to ε0
versus ckz=ω for ε1 ¼ 1 and n ¼ 1. The numbers near the curves
are the values of the ratio vc=c.

FIG. 3. The same as in Fig. 2 for n ¼ 2.
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plotting the data of Figs. 2 and 3 no specific form of the
dispersion ε0 ¼ ε0ðωÞ is assumed. Given the dispersion
law, for example, in the form (16), one can find kn;s for
given n and ω0 by solving the equation ε0ðωnÞ ¼
fðckz=ωnÞ with respect to kz, where the function ε0 ¼
fðckz=ωÞ is given by the graphs in Figs. 2 and 3. As it is
seen from these figures, for surface polaritons the ratio
ckz=ω can be essentially greater than unity. By taking into
account that this ratio is also presented as λð0Þ=λðSPÞ, where
λð0Þ ¼ 2πc=ω is the wavelength of the electromagnetic
waves in vacuum and λðSPÞ ¼ 2π=kz is the wavelength of
surface polaritons (along the z-direction), we see that the
wavelength of surface polariton for a given frequency can
be essentially smaller than the corresponding wavelength
for the electromagnetic radiation in free space. The wide
applications of surface polaritons, in particular, are based
on this feature.
The asymptotic behavior for large kz can also be seen

analytically. By using the asymptotics for the modified
Bessel functions for large arguments we can show that
for large uj (corresponding to large values of kz), to the
leading order,

αn ≈
ε0

ε1 − ε0
þ u0
u0 þ u1

: ð17Þ

The equation αn ¼ 0 for the eigenmodes of the cylinder is
reduced to ε1u0 ≈ −ε0u1 with the solution

k2z ≈
ω2
n

c2
ε0ε1

ε0 þ ε1
: ð18Þ

This relation coincides with the corresponding relation for a
planar interface between two media with permittivities ε0
and ε1. We could expect this feature by taking into account
that for small wavelengths (large kz) the effects of the
interface curvature are small. The asymptotic relation (18)
shows that ε0 → −ε1 for kz → ∞, the feature seen from
Figs. 2 and 3.
For values of kz close to its lowest allowed value for

surface polaritons, ωn
ffiffiffiffiffi
ε1

p
=c, the argument u1 of the

Macdonald function in the expression for αn is small.
By making use of the corresponding asymptotic, for n ¼ 1
one gets

α1 ≈
ε1

ε1 − ε0
þ I0
2u0I1

1

ln u1
; ð19Þ

where, to the leading order, u0 ¼ ðωnrc=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1 þ jε0j

p
.

From Eq. (19) it follows that in the limit under consid-
eration the equation α1 ¼ 0 has solutions for ε0 ≪ −1 only.
For n > 1 and for kz close to ωn

ffiffiffiffiffi
ε1

p
=c we have

αn ≈
1

2

�
ε1 þ ε0
ε1 − ε0

þ In
In−2

�
: ð20Þ

Based on this relation, it can be seen that for n > 1 the
equation αn ¼ 0 has no solutions for ε0 ≪ −1. For n > 1
there is a critical value ε0 ¼ ε0n and the equation αn ¼ 0
has no solution for ε0 < ε0n. Again, this feature is con-
firmed by the numerical data in Fig. 3. For n > 1 and in the
limit kz → ωn

ffiffiffiffiffi
ε1

p
=c the dielectric function ε0 tends to a

finite limiting value εð1Þ0n . For relatively large values of the
ratio vc=c this limiting value coincides with the critical
value ε0n. This is not the case for small values of vc=c.
Having clarified the properties of the eingemodes for

surface polaritons, let us turn to the corresponding radiation
fields for the problem at hand. In the presence of the poles
kz ¼ �kn;s, the integration contour in Eq. (3) must be
specified. That is done by noting that in physically realistic
situations one has εjðωnÞ ¼ ε0jðωnÞ þ iε00j ðωnÞ. By taking
into account that ε00j ðωnÞ > 0 for ωn > 0, it can be seen that
(see also Ref. [16,33]) in the integral over kz in Eq. (3) the
contour must avoid the poles kz ¼ kn;s from below and the
poles kz ¼ −kn;s from above. For the radiation fields in
the region z > 0 we close the integration contour by a
semicircle with large radius in the upper complex plane and
the integral is expressed in terms of the residues of the
integrand. Denoting the radiation part of the electric field
by EðrÞðr; tÞ, we find

EðrÞðr; tÞ ¼ 4πRe

	
i
X∞
n¼1

einϕ−iωnt

×
X
s

Res
kz¼kn;s

½eikzzEnðkz; rÞ�


: ð21Þ

By using the expressions for the Fourier components
Enϕðkz; rÞ from Eq. (5) and evaluating the residue, the
azimuthal component of the radiation field outside the
cylinder (r > rc) is presented in the form

EðrÞ
ϕ ðr; tÞ ¼

X∞
n¼1

qvrc
2ωnε1

X
s

λð0Þn;s

InK2
nα

0
nðkn;sÞ

X
l¼�1

lKnþlðλð1Þn;srqÞ
VðsÞ
n þ lnuðsÞ

×
X

p;j¼�1

p

�
k2n;s þ j

ω2
nε1
c2

�
InþjpKnþpðλð1Þn;srÞ
VðsÞ
n þ jpnuðsÞ

× cos ðnϕ − ωntþ kn;szÞ; ð22Þ

where In ¼ Inðλð0Þn;srcÞ, Kn ¼ Knðλð1Þn;srcÞ, and

λðjÞn;s ¼ jλjðkn;sÞj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2n;s − ω2

nεj=c2
q

: ð23Þ

Here, VðsÞ
n and uðsÞ are defined by Eq. (11) with uj ¼ rcλ

ðjÞ
n;s.

The part in Eq. (4) corresponding to the field in a
homogeneous medium does not contribute to the radiation
field (22).
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Note that the expression (22) for the azimuthal compo-
nent of the electric field corresponding to the radiated
surface-type modes is valid for all values of z > 0 (the
expression for the field in the region z < 0 is obtained by
changing the sign of kn;sz in the argument of the cosine
function). This follows from the fact that the contribution of
the poles kz ¼ kn;s to the integral over kz in Eq. (3) remains
the same for all values of z > 0. For large values of z and
for a fixed r close to the cylinder surface the contribution of
(4) dominates in the total electric field, whereas for z close
to the charge it is mixed with other contributions (proper
field of the charge and the field corresponding to the
radiation at large distances from the cylinder). In deriving
Eq. (22) we have assumed that z > 0. The expression in the
right-hand side of Eq. (22) is an analytic function of z in
that region and can be analytically continued to the
value z ¼ 0.

IV. RADIATION INTENSITY

Substituting the radiation field (21) in Eq. (1), the
radiation intensity is presented as the sum of the intensities
on separate harmonics with a given n, IðSPÞ ¼

P∞
n¼1 IðSPÞn,

where

IðSPÞn ¼ −
q2v2

2ωnε1

X
s

rcλ
ð0Þ
n;s

α0nðkn;sÞInK2
n

X
l¼�1

lKnþlðλð1Þn;srqÞ
VðsÞ
n þ lnuðsÞ

×
X

p;j¼�1

p

�
k2n;s þ j

ω2
nε1
c2

�
InþjpKnþpðλð1Þn;srqÞ
VðsÞ
n þ jpnuðsÞ

:

ð24Þ

This expression can be further simplified by using the
relation

X
p;j¼�1

p

�
k2n;s þ j

ω2
nε1
c2

�
InþjpKnþpðxÞ
VðsÞ
n þ jpnuðsÞ

¼ 2In

λð1Þn;suðsÞ
ω2
nε1
c2

�
λð0Þn;s

I0n
In

− λð1Þn;s
K0

n

Kn

�X
p

pKnþpðxÞ
VðsÞ
n þ pnuðsÞ

:

ð25Þ

The radiation intensity is presented as

IðSPÞn ¼ −
q2v2rc

ωnðε1 − ε0Þ
X
s

λð0Þ2n;s

α0nðkn;sÞK2
n

×

�X
l¼�1

lKnþlðλð1Þn;srqÞ
VðsÞ
n þ lnuðsÞ

�2�
λð0Þn;s

I0n
In

− λð1Þn;s
K0

n

Kn

�
:

ð26Þ

For a given angular velocity ω0 of the charge rotation,
the radius of the orbit appears in the argument of the

functions Knþlðλð1Þn;srqÞ and through v2 in the numerator of
the first factor in the right-hand side. For distances from the
cylinder surface, rq − rc, much larger that the radiation
wavelength the radiation intensity is suppressed by the

factor exp½−2λð1Þn;sðrq − rcÞ�.
In order to further clarify the dependence of the radiation

intensity on the parameters of the problem let us consider
some limiting cases. As it has been shown above, for values
of ε0 close to −ε1 the roots kn;s are large. By using the
asymptotic expressions of the modified Bessel functions for
large values of the arguments, to the leading order we get

IðSPÞn ≈
4q2v2ε0

ðε21 − ε20Þr3qωn
exp

�
−2

ωn

c

ε1ðrq − rcÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi−ε0 − ε1
p

�
: ð27Þ

This shows that the radiation intensity tends to zero in the
limit ε0 → −ε1. For ε0 ≪ −ε1 the surface polariton type
modes are present for the main harmonic n ¼ 1 only. By
taking into account that in this range the roots for kz are
close to the limiting value ωn

ffiffiffiffiffi
ε1

p
=c and the arguments of

the Macdonald functions in Eq. (26) are small, to the
leading order we find

IðSPÞ1 ≈
q2cjε0j
2ε5=21 r2q

ðr2q=r2c − 1Þ2 exp
�
−
c

ffiffiffiffiffiffiffijε0j
p
ε1vc

�
: ð28Þ

This shows that the radiation intensity, as a function of the
dielectric permittivity of the cylinder, vanishes in the limit
ε0 → −∞. For n > 1 and in the limit kz → ωn

ffiffiffiffiffi
ε1

p
=c, the

dielectric permittivity of the cylinder, determined from
the mode equation for surface polaritons, tends to a finite

limiting value, ε0 → εð1Þ0n . Consequently, the quantity λ
ð0Þ
n;s in

Eq. (26) tends to the finite limit ðωn=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε1 þ jεð1Þ0n j

q
. In the

limit under consideration the arguments of the Macdonald
functions in Eq. (26) are small. By using the corresponding
asymptotic expressions, it can be seen that the radiation
intensity IðSPÞn approaches a finite limiting value.
In the numerical analysis for the radiation intensity it is

convenient to introduce a new variable zn ¼ ckz=ωn. In

terms of the latter one has uj ¼ nðvc=cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
z2n − εj

q
. For a

given harmonic n, the root zn is a function of vc=c, ε0 and
ε1, determined from Eq. (15). Examples of the dependence
of zn on ε0, for ε1 ¼ 1 and for several values of vc=c, are
presented in Figs. 2 and 3. For surface polaritons one has
ε1 ≤ ckz=ω < ∞. In Fig. 4 we have plotted the number of
the radiated quanta in the form of surface polaritons on
a given harmonic n per period of the charge rotation
T ¼ 2π=ω0,

NðSPÞn ¼ T
IðSPÞn
ℏωn

; ð29Þ
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as a function of ε0 for ε1 ¼ 1, rc=rq ¼ 0.95. The numbers
near the curves correspond to the values of v=c and the full
(dashed) curves correspond to n ¼ 1 (n ¼ 2). For the
critical values of the cylinder dielectric permittivity in
the case n ¼ 2 one has ε0n ≈ −1.52 for v=c ¼ 0.5 and
ε0n ≈ −3.44 for v=c ¼ 0.9.
In Fig. 5 we have plotted the dependence of the number

of the radiated surface polaritons on the dielectric permit-
tivity of the cylinder for v=c ¼ 0.5 and for higher har-
monics n ¼ 3, 5, 10 (numbers near the curves). Again we
see the presence of critical values of the dielectric permit-
tivity for the radiation of surface polaritons on the har-
monics with n > 1. The critical value increases with
increasing n. For n ¼ 3, 5, 10 one has ε0n ≈ −1.37,

−1.29, −1.26, respectively. In these cases the critical values
ε0n coincide with the limiting values εð1Þ0n .
It is of interest to compare the radiation intensity for

surface polaritons with the radiation for guiding modes
(λ21 < 0 < λ20) from a charge rotating around a cylinder
having dielectric permittivity ε0 > 0 in a given spectral
range. The intensity for the part of the corresponding
radiation propagating in the region outside the cylinder has
been investigated in Ref. [14] (the radiation of guiding
modes by a charge circulating inside the dielectric cylinder
has been discussed in Ref. [34]). The numerical results
were presented for a cylinder made of quartz. Note that for
guiding modes, with increasing harmonic number n the
number of roots kn;s increases for some critical values of
the harmonic. For the example considered in Ref. [14], the
number of roots was 1 for 1 ≤ n ≤ 7, 2 for 8 ≤ n ≤ 12,
and 3 for 13 ≤ n ≤ 16. For the corresponding number
of the quanta radiated on the guiding modes per period
of the rotation by an electron of energy 2 MeV and
for rc=rq ¼ 0.99 ones has NðGMÞn < 0.25q2=ðℏcÞ. The
numerical data for these values of the energy and the
ratio rc=rq, similar to those depicted in Fig. 4, show that f
or −5 < ε0 < 0 the number of the radiated surface polar-
itons is essentially larger. For example, in the case of
n ¼ 1 one gets NðSPÞn ≈ 4.23q2=ðℏcÞ for ε0 ¼ −3 and
NðSPÞn ≈ 45.49q2=ðℏcÞ for ε0 ¼ −1.5.
By using the approach described above, we have also

evaluated the total radiation intensity, IðGÞn, for the same
geometry depicted in Fig. 1 and for a cylinder with positive
dielectric permittivity ε0 > 0 (the corresponding results
will be presented elsewhere). For comparison with the
radiation of surface polaritons, in Fig. 6 we present the
analog of Fig. 4 for NðGÞn ¼ TIðGÞn=ðℏωnÞ. The graphs are

FIG. 5. The same as in Fig. 3 for v=c ¼ 0.5 and n ¼ 3, 5, 10
(numbers near the curves).

FIG. 4. The number of the radiated quanta in the form of
surface polaritons versus the dielectric permittivity of the cylin-
der. The graphs are plotted for v=c ¼ 0.5, 0.95 (numbers near the
curves) and for n ¼ 1, 2 (full and dashed curves, respectively).

FIG. 6. The number of the radiated quanta for guiding modes,
as a function of the dielectric permittivity of the cylinder, for
v=c ¼ 0.95 and for n ¼ 1, 2 (full and dashed curves).
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plotted for ε1 ¼ 1, v=c ¼ 0.95, rc=rq ¼ 0.95, n ¼ 1 (full
curve) and n ¼ 2 (dashed curve). For v=c ¼ 0.5 and for the
same values of the remaining parameters there are no
guiding modes for ε0 < 15 and the corresponding radiation
is absent. Again, we see that in the considered ranges of the
dielectric permittivity of the cylinder the radiation intensity
of surface polaritons is essentially larger than the one for
guiding modes. Similar to the case of surface polaritons,
for the examples presented in Fig. 6 there is a critical value
ε0n for the dielectric permittivity of the cylinder with no
guiding modes in the range ε0 < ε0n. For graphs in Fig. 6
one has ε0n ¼ 4.18 for n ¼ 1 and ε0n ¼ 4.30 for n ¼ 2. The
truncation of the graphs is related to the existence of these
critical values.

V. SUMMARY

Cylindrical waveguides are essential components in
photonic integrated circuits. They have also attracted much
interest due to potential applications in communications
technology and in the microcavity lasers. In the present
paper we have investigated the radiation of surface polar-
itons by a charge rotating around a dielectric cylinder with
permittivity ε0. For the corresponding waves the compo-
nent of the wave vector along the cylinder axis obey the
condition k2z > ω2

nε1=c2 and they are radiated on the
eigenmodes of the cylinder, determined by the zeros of
the function αnðkzÞ for a given harmonic. For the existence
of solutions to this equation the dielectric permittivities for
the cylinder and surrounding medium should have opposite
signs. We have considered the case ε0 < 0 < ε1. The
radiation intensity for surface waves on a given harmonic
n is given by Eq. (26). For the main harmonic n ¼ 1, the
surface polaritons are radiated for all values of the cylinder
dielectric function in the range ε0 < −ε1. For higher
harmonics n > 1, there exists a critical value ε0n with
the absence of surface polariton radiation in the range
ε0 < −ε0n. The radiation wavelength increases with
approaching ε0 to the limiting value −ε1. In that range,
the wavelength of surface polaritons is much smaller that
the wavelength of electromagnetic radiation in free space
with the same frequency. We have also demonstrated that,
for a given harmonic, the number of radiated quanta for
surface polaritons can be essentially larger than that for
guiding modes of the cylinder.
Note that in the consideration above we have not fixed

the absolute values of the cylinder and the charge orbit
radii. The features described were sensitive on the ratio of
these quantities and, in dependence of the orbit radius, they
are valid in different spectral ranges. For a given energy of
the charge, the spectral range of the radiation is determined
by the radius of the rotation orbit. Depending on that range,
various materials for the cylinder can be used: silver, gold,
copper, aluminum in the visible and infrared spectral ranges
and appropriately doped semiconductors and metamaterials
in the THz range. For example, let us consider the radiation

of surface polaritons corresponding to the local peak in
Fig. 4 closer to the limiting value −ε1 ¼ −1 for n ¼ 1 and
v=c ¼ 0.5. For that peak one has ckz=ωn ≈ 20 which
means that the radiation wavelength for surface polaritons
is about 20 times smaller than the wavelength of corre-
sponding free space electromagnetic radiation. For a
cylindrical waveguide with the radius of the order of
1 mm, the wavelength of surface polaritons is in the
submillimeter range that corresponds to the THz frequency
range of free space electromagnetic radiation. The corre-
sponding circular motion for electron can be generated by
laboratory magnetic fields (for other configurations of
external fields in a more general case of a helical trajectory
see also [16]).
We have considered an idealized problem with an

infinite length cylindrical waveguide. The corresponding
results well approximate real situations when the length of
the dielectric cylinder is much larger than the radius of the
rotation orbit and the wavelength of the radiated polaritons.
For a cylinder with finite length, in the corresponding
electrodynamical problem additional boundary conditions
must be imposed at the ends. An interesting effect that
arises at the termination is the transformation of surface
polaritons to free electromagnetic field propagating in
surrounding medium (radiation of electromagnetic waves
by surface polaritons). A similar effect of conversion of the
energy from surface polaritons to free radiation takes place
in bent waveguides [23,35]. The corresponding electro-
magnetic radiation can be used for the investigation of
properties of surface polaritons [36].
For the problem under consideration, in addition to the

radiation of surface polaritons, there is also radiation
propagating at large distances from the cylinder. The latter
corresponds to synchrotron radiation modified by the
presence of the cylinder. For the respective electromagnetic
fields one has k2z < ω2

nε1=c2 and their radial dependence is
given by the Hankel functions Hnþpðλ1rÞ with positive λ1.
The features of synchrotron radiation for a cylinder made
of material with negative dielectric permittivity will be
discussed in a separate paper.
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APPENDIX: TOTAL RADIATION INTENSITY

In this Appendix we consider the total radiation intensity
evaluated as

I ¼ −
Z

∞

0

dr
Z

2π

0

dϕ
Z

∞

−∞
dzrj ·E: ðA1Þ
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By using the expression (2) for the current density and the
Fourier expansion (3), it is presented in the form

I ¼ −2qv lim
r→rq

X∞
n¼1

Re
�Z

∞

−∞
dkzEnϕðkz; rÞ

�
; ðA2Þ

where we keep in the integrand r > rq for the convenience
of the further evaluation. As it has been argued above, in
Eq. (A2), the poles kz ¼ kn;s (kz ¼ −kn;s) in the integration
range jkzj > ωn

ffiffiffiffiffi
ε1

p
=c are avoided by small semicircles

Cþ
n;sðρÞ [C−

n;sðρÞ] with radius ρ in the lower (upper) half-
plane of the complex plane kz.
By using the expression for Enϕðkz; rÞ [see Eqs. (4)

and (5)], it can be seen that for real kz and in the region
jkzj > ωn

ffiffiffiffiffi
ε1

p
=c the Fourier component Enϕðkz; rÞ is purely

imaginary. Hence, in that region the only nonzero con-
tribution to the integral in Eq. (A2) comes from the
integrals over the semicircles C�

n;sðρÞ. In the limit ρ → 0

the sum of these integrals is combined as the residue at
kz ¼ kn;s:

X
j¼þ;−

Z
Cj
n;sðρÞ

dkzEϕnðkz; rÞ ¼ 2πi Res
kz¼kn;s

½Eϕnðkz; rÞ�: ðA3Þ

The contribution of this part of the integral to Eq. (A2)
coincides with the radiation intensity IðSPÞ for surface
polaritons, given by Eq. (24) for a given harmonic. As a
result, the total radiation intensity is presented as

I ¼ IðSPÞ − 2qv lim
r→rq

X∞
n¼1

Re

�Z
ωn

ffiffiffi
ε1

p
=c

−ωn
ffiffiffi
ε1

p
=c
dkzEnϕðkz; rÞ

�
:

ðA4Þ

For the second term in the right-hand side of Eq. (A4) one
has λ21 > 0 and it corresponds to the radiation observed at
large distances from the cylinder. In particular, it can be

seen that the part with Eð0Þ
nϕ ðkz; rÞ from Eq. (5) coincides

with the radiation intensity for the synchrotron radiation in
a homogeneous medium with permittivity ε1 (see, for
instance, [37]).
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