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Abstract. The elastoplastic constitutive equation with the damage is formulated incorporating
the subloading surface model. Further, it is extended to describe the unilateral damage
phenomenon by formulating the actual Young’s modulus tensor as the function of the signs of
the principal actual damaged stresses and the damage variable. Here, we may perform the
ordinary deformation analysis simply in the virtual undamaged state.

1 INTRODUCTION

The past elastoplastic-damage models [1] [2] [3] [4] have been formulated in the current
damaged configuration, so that several complicated modifications of evolution rules of internal
variables by incorporating the damage effect are required. In addition, they are incapable of
describing cyclic loading behavior.

Further, when the material undergoes the damage, the microdefects may be partly closed
leading to the reduction of the damage effect in the plane subject to the compressional normal
stress in the most materials. This is more often the case for very brittle materials. The partial
closure of microcracks revives the effective area which can carry the load in compression and
thus the stiffness may then be partially or fully recovered in compression. It is called the
unilateral microdefect closure effect or simply unilateral damaged effect by Ladeveze and
Lemaitre [5]. The constitutive relations for the unilateral damage effect have been formulated
in the current damaged configuration, introducing various transformation tensor of the actual
damaged stress tensor to the virtual undamaged stress tensor [2] [5] [6].

The elastoplastic-damage model capable of describing the cyclic loading behavior is
formulated by incorporating the subloading surface model [7] [8] [9] in this article. It is
formulated in the virtual undamaged configuration, so that the elastoplastic constitutive
equation in the ordinary subloading surface model itself is inherited to this model without any
modification. Further, it is extended to describe the unilateral damage phenomenon by
formulating the actual Young’s modulus as the function of the signs of the principal actual
damaged stresses and the damage variable, in which the complicated transformation tensor is
not required. Here, it is noticeable that the simple deformation analysis by the ordinary
constitutive equation without the influence of the damage can be performed in the virtual
undamaged configuration, provided that the actual damaged stress tensor is calculated from the
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virtual undamaged stress tensor.

2 HYPERELASTIC EQUATION

The infinitesimal strain € is additively decomposed into the elastic strain €° and the

plastic strain €7 as follows:
e=g°+g” (1)

In what follows, we adopt the hypothesis of strain equivalence [10] insisting that the strain and
its elastic and plastic parts in the virtual undamaged configuration are equivalent to those in the
actual damaged configuration. It is based on the fact that the cracks possess infinitesimal
thicknesses and various directions and thus it is assumed that the shape and the volume of the
material in the actual configuration does not change from them in the virtual undamaged
configuration. Mechanical quantities in the virtual undamaged configuration are specified by
the symbols added the wave under them, i.e.( ).

The relation of the virtual Cauchy stress O in the undamaged configuration and the elastic
strain €° are given by the Helmholtz free energy function ¥(£°) and the Gibbs’ free energy
?(g) as follows:

G- 31/1(86)’ e o0¢(0) )
~ oe° oo
Adopting the simplest functions in the quadratic forms
8—16‘..6_1.6 _1.—. 1 e _ e
v(e) =581 i (—Eg.a ), #(0)=50:E l.g(zzg:g — (&%) 3)
it follows that
oy (%) 0
g= 2e¢ E :€° a‘f:—g(f) =E':0 )

where E is the fourth-order elastic modulus tensor. If E is the constant tensor, we have the rate
linear relations:

S-E: ¥-E:6 (5)

The elastic stiffness modulus tensor E is given for the Hooke’s law as follows:

E [l v
Eju = m[i(&/ﬁﬂ +5il5f'k)+m5’75k’] (6)
-1 _1r1
Ew =% [5(1 +v)(SikSj1 +0udji ) — V5(15kl]
where E is the virtual Young’s modulus in the virtual undamaged configuration and V is the

Poisson’s ratio which is assumed to be constant independently of the damage. Equations (2)-
(4) are expressed for Eq. (6) as follows:

e :l E e e 4 e \2
lg({;‘lj) 21+V[gUgU+]_2V(8kk) ] (7)
1
#(2y) = 55 [(14v)gya; ~v(gy )]
c..= £ (g.e.+ V__ ge 5--) g?:L[(l+v)G~~—VO' Sijl ®)
0 jj T+v 71—y kkOij ) i E Qij = kk O]
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Analogously, let the following quadratic free energy functions be adopted by taking into
account of the fact that the actual elastic modulus tensor is influenced by the damage variable
D (0<DXL1).

v (g, D)= %ae: E(D): €° (: %G(D): se)

9)
$6)= %c: E'(D):o
from which one has
o=V, D) .04, D) (10)
0’ 00
6=E(D):¢%, e=E'(D):0 (11)

Further, assume the following Hooke’s type elastic modulus tensor with the damage effect,
provided that the Poisson’s ratio is not influenced by the damage.

l]kl (D) = E(D)[ (é‘lké‘/l + k)+ 5 5]{[]

(12)
y_k]l( )_E(D)[2(1+V)(51A5ﬂ+5i/5jk)—V5g,-5k1]
1 E(D) e e e
vieh. D) =51 e + 5 )] (13)
$(0y, D)= ZE(D)K1+wdoyog—v<aM>ﬂ
052 a5 ety ). 5=y (1410 ~voa)] (14)

The damaged virtual stress is related to the undamaged virtual stress from Egs. (4) and
(11) as follows:

6=E(D):E':¢, 6=E:E"\(D): 0 (15)

3 SUBLOADING SURFACE MODEL IN VIRTUAL UNDAMAGED
CONFIGUTRATION

The elastoplastic constitutive equation in the virtual undamaged configuration will be
formulated based on the concept of subloading surface in this section (cf. [9]).

3.1 Normal-yield and subloading surfaces
The normal-yield surface with the isotropic and the kinematic hardening is described as

[(©)=E(H) (16)
where i
6=c—a (17
The subloading surface for the normal-yield sur-face in Eq. (16) is given as follows.
f(@)=RE(H) (18)

where R (0< R <1) is the normal-yield ratio designating the ratio of the size of the subloading
surface to that of the normal-yield surface and
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G=0—0 (19)
where @ stands for the conjugate (similar) point to the variable @ in the normal-yield surface.
Here, f (6) is chosen to be the homogeneous function of ¢ in degree one.

By lettmg ¢ denote the center of similarity of the normal- yield and the subloading surfaces,
1.e. the similarity-center, which is called elastic-core since the most elastic deformation
behavior is induced when the stress lies on it fulfilling R=0 as will be explained later, the
following relation holds.

c-0=R(c-0) (20)
from which one has
@=c-R¢, §=G+RE @D
where
€=c-a. G=0-¢ (22)

3.2 Plastic flow rule and evolution equations of internal variables

Adopt the associated flow rule for the subloading surface:

& =71 (1=I1>0 (23)
where
_ af (6)
§-22 )¢ aa 2l qai=n (24)
The rate of the isotropic hardening Varlable is described as
H(G: H; ) = fun(G: H: D) 2 (25)
and the rate of the kinematic hardening variable is described as follows:
&= ck(éﬂ——napna) B T =605 F ) (26)

where ¢, and p, are the material constants.
The evolution rule of the normal-yield ratio is given by
R=U®II#"| for g"=0 (27)
where U(R) 1s the monotonically-decreasing function of normal-yield ratio which is given
explicitly as
Re>) (28)
Re
where () is the Macaulay’s bracket and ¥ is the material parameters and Re(<1) is the
material constant denoting the value of R below which only elastic deformation is induced
practically.

UR) = ucot( > 1o

3.3 Evolution rule of elastic-core

Let the following elastic-core surface be introduced, which always passes through the
elastic-core ¢ and maintains a similarity to the normal-yield surface with respect to the
kinematic-hardening variable g.
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f©=9FH),ie %= [f(©/ EFH) (29)
97, designates the ratio of the size of the elastic-core surface to the normal-yield surface so that
let it be called the elastic-core yield ratio. Then, let it be postulated that the elastic-core can
never reach the normal-yield surface designating the fully-plastic stress state so that the elastic-

core does not go over the following limit elastic-core surface.

S© =xFEH) (30)
where 7 (<1) is the material constant designating the limit value of the variable .
The following evolution rule of the elastic-core is assumed [11].
¢= c||8”||(lo ¢)+a+ géz/%fc,ﬁ }.ffknwt,%Eg ¢ (D)
where ¢ is the material constant and
f.=c(£6-¢ 32
tN‘Cn c (]3 g g) ( )
The time-differentiation of Eq. (21) leads to
0=Ra+(1-R)E-RE (33)
Substituting Eq. (31) into Eq. (33), one obtains
2 XY= = ° ﬁ‘,\ oA
a=Ra+(1- Rﬁﬂ#M?g g+g+§g]Rg (34)

3.4 Plastic strain rate

The time derivative of Eq. (18) leads to the consistency condition for the subloading

surface:
Y@ . F@©) » . e
A RE-RL
Here, one has
o (6) _

o (35)

(36)

based on the homogeneous function /() of ¢ in degree-one by the Euler’s theorem. Then, it

follows that

@) _
_.o_ o8 % RE _0:g (37)
ey 2@y %@, BE
1221 1%2) %2
The substitution of Eq. (37) into Eq. (35) leads to
8:¢ - (5 p)ar -0 (38)

The substitution of Eq. (34) into Eq. (38) leads to
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13
.o
13

%6 +E§+ (1—@)0(%6—9)”517”“:1]:0

The substitutions of Egs. (23), (25), (26), (27) and (31) into Eq. (39) leads to

A+iﬂm+(l—13>ifc ;zm]

p— L] p— [ )
n:g ,, 0:g
AT

§-1

where

_ _rF' . = _ U.
i’ = Lli[?anng fkn+(1‘8)fvn+ﬁg]

3.5 Stain rate vs. stress rate relations
The strain rate is given by substituting Egs. (5) and (41), into Eq. (1) as follows:
n ®n

g B (B =):é

=E':¢ +

Me

(39)

(40)

(41)

(42)

(43)

from which the magnitude of plastic strain rate described in terms of the strain rate, denoted

by A instead of /E , in the flow rule of Eq. (23) is given as follows:
tE:

z=|

n:E:g

. oy o £ -
:_—_, sz n=— — _11
4M+n1:313 SRR T
The stress rate is given by the strain rate as follows:
=E:% - I~1]%'t:_Eﬁz(E—_l::g@gl;_):é
T7 0 MPHmiEm T T YT MY+ miEm
The loading criterion is given as follows [9]:

£ 20 forn:E:£>0

e}

tre
IA
o

£’ =0 for m:

3.6 Improvement of inverse-reloading responses

(44)

(45)

(46)

The material parameter # is extended in order to improve the description of the inverse-

reloading behavior as follows:
=u eXp(McﬂjcQa)
where 7 and u. is the material constant and

Co=h.:

t'.:‘ol
—~
U@
Q

with
R af (9) af(©)

f.=—=" /H ||(|| ficl|=1)
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4 EVOLUTION OF DAMAGE VARIABLE

The continuum damage variable D is interpreted as an indirect measure of density of
microvoids and microcracks [12] and its evolution rule was given as follows [13]:

@ (e _ cdpy,
? H(EI_D&; 2P (50)
where { and a are the material constants, and & ,5’ is the threshold value of the accumulation
of the deviatoric plastic strain rate, i.e. §% = _[ I f—:pll dt . Y is the virtual undamaged strain
energy function given by

D=(

c:e°=-c:E:q (51)

1 e e
Y=2¢g (Eig°=
ok €

(S
=

5 BILATERAL DAMAGE EFFECT

The elastic modulus tensor and its inverse in the virtual undamaged configuration in Eq. (6)
are expressed in the matrix form as

1-v v v 0 0 0 |
l-v v 0 0 o0
B E v 1-v 0 0 0 (52)
T (I+v)(1-2v) 1-2v 0 O
Sym. 1-2v 0
L 1-2v]
and
1l -v -v 0 0 O
1 -=v 0 0 O
el L 1 0 00 (53)
~ E Sym. 1+v 0 0
I+v 0
L 1+v |
Here, let the damaged Young’s modulus in Eq. (12) be given by
E(D)=(1-D)E (54)
leading to
E=(1-DE, g'=—_g (55)

1-D
for which the damaged current stress is related to the undamaged virtual stress by substituting
Eq. (54) into Eq. (15) as follows:

—(1- 1 56
6-(1-D)g, ¢=——¢C (36)
The virtual undamaged strain energy function Y is given by substituting Egs. (55) and (56)
into Eq. (51) as

g’ :E:¢&°

Y =

N =
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__ 1 eopege_ 1 | cFle e 1 P 57
D B g O S gy O B 0 g Ot E e (57)
S UNILATERAL DAMAGE EFFECT

Let the principal actual damaged axial stress Op (p=I, 2, 3) be given by the principal
elastic axial strain €5 in the uniaxial loading state as follows:

{O—p =Ep (D under 64 =0 (g # p) (58)
¢=E,' (D)o,
Let the damaged Young’s modulus E,(D) in Eq. (58) be given as follows:
Ep=(-Hy,D)E (59)
) {(1—0)15 for op>0
(I1-hsD)E for op<0

HO'p EH(O-P)"' [I_H(O-P)]ha (60)
H(s) is the Heaviside’s step function, i.e. H(s)=1 for s >0 and H(s)=0 for s<0 (s:
arbitrary scalar), and /5 (0 < h5<1) is the material constant. Equation (59) is shown in Fig. 1.

™

(1=heD)E

(1-D)E

(a) Relation of principal actual Young’s modulus (a) Relation of principal actual damage stress
vs. principal actual damaged stress. vs. principal elastic strain

Fig. 1. Actual damaged Young’s modulus and actual damaged stress in uniaxial loading
for unilateral damage phenomenon.

Extending the inverse elastic modulus tensor to the unilateral damage by adopting the
damaged Young’s modulus in Eq. (59) on the premise that the elastic strain is not influenced
by the lateral stresses, let the inverse elastic modulus tensor be given by the matrix form in the
coordinate system with the base {€p} in the principal stress directions as follows:
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(I, —v =v 0 0 0]
Ir,-v 0 0 0
gl I 0 00 (61)
E| Sym. 1+v 0 0
1+v 0
L 1+v |
[y —v? vl +v2 vl,+v2 0 0 0|
I's—v? vij+v2 0 0 0
r,-v: 0 0 0
127V - (62)
=L — 0 0
I7 Sym. 1+v
LA
1+v
RIS
L 1+v ]
where
JT) F A E—— (63)
Ep (-HopD)E 1-Hg,D
E? E3
Tpy=Tply=——, Tpop=Iplyly =—"— (64)
P plo » Lpor=1LpLolp
Q E By M0 EpEyEy
IT =T~V (I + T+ Ty) =203 (65)
The actual damaged stress is given by the virtual undamaged stress as
6=E:g=E:E':6-J:0 (66)
where
[Ty vy + T +142v)  —v(Dyy +VI, Ty —v)  —v(Dyy =Ty +vls—v) 0 0 0
vy —T+vly—v) Ty v+ +1+2v)  —v(y +vi -1 —v) 0 0 0
J=g:g = L| v+ =Ty-v) v, =T +vI, =) Iy —v2(C+ T +1+2v) 0 0 0 (1)
R 0 0 0 70 0
0 0 0 0 77 0
I 0 0 0 007 |
(67)
The relation 6 to O is expressed by the components in the fixed coordinate system as follows:
Ojj :QPiQQjQRa O 1 porsZab (68)
where
Q=8¢ (69)
noting

Ojj=e;+(Ipors €p @€ ® € @ €5): (€. € )e;

Inversely, the virtual undamaged stress is given by the actual damaged stress as follows:
6=E:¢=E:F :6=J:0 (70)
where
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_(1 -v)I[ —2v2 vy 1) vl -1) 0 0 ]
1+v)1-2v) (A+v)A-2v)  A+v)1-2v)
v -1) - -2v2 y5-1) 0 0
1+v)1-2v)  (1+v)(1-2v) (1+v)(1-2v) (71)
I=EETS () wnep Gwhewe o o o] ®7)
1+v)1-2v)  (1+v)A-2v)  (1+v)(1-2V)
0 0 0 1 0 0
0 0 0 0
| 0 0 0 0 0 |

noting J is the non-symmetric tensor but the tensor J:t is the symmetric tensor for an
arbitrary symmetric second-order tensor t.
Equation (70) is described in the component form as follows:

Qij :QPiQQjQRaQSbj PORS P ab (72)
because of
gij=€;*(Tpors €p D€, ® €, ®€y): (0,,€,2€,)e;
Noting
s _Hop o 1 (73)
P El27 ~D ( p (1_Ho'pD)E)
one has i ]
a9 9 0 0 0
El
Ho‘2
0O 0 0 0 O
E3 (74)
® —] °
E = ED,
s g9 0 0]
E
3
Sym. 0 0 O
0 0
L 0 .
It follows from Eq. (52) and (74) that
E:E ' =3D (75)
where ) )
Ho1 g 9 0 0 o0
Ej
Hoa o g 0 o
E2
o 2 (76)
F=— -~V
(1+v)(1-2v) Hos o g o
E3
Sym. 0 0
0
. 0 .
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It is required to calculate the virtual undamaged stress rate from the actual damaged stress
rate at the boundary where the stress and its rate are given, while the virtual undamaged stress
is calculated from the actual stress by Eq. (70). The virtual undamaged stress rate is given from
the actual stress rate by Egs. (70) and (75) as follows:

§ (“E:§ =E:(E':0)")=E:E 1 6+E:E 16=3:¢+ D30 a7
or in the component description as follows:
(:7 = TporsOpi QQ/QRa Og,Gap+ D Opi QQ;QRa QSbJ PORS O (78)

noting
é,;,- =€+ [(Tpors € ® €, ® €, ®€;): (0,5€a0€p)"
+ DT pors € @€, ® €, ®€,): (Tup€a®ey)]e;
= €;*[(Tpors € ® €, ® € ®€): (Surea®ey)]e; + D 01000, 0,7 porsTas
However, note that the rate of the damage variable is involved in Eq. (77). Equation will be

represented fully in terms of the actual stress and its rate in the following.
Equation (77) is rewritten by substituting Eq. (50) of the damage variable with Eq. (41) of
the plastic strain rate as follows:

Y\ H(e? —&ff) é;
3:6+(L) 222 5 (79)
from which one has
_.. a d — [ ] _
1”1_’91\7[ —f:3 6JF(Y) H(&"p 5dp 1}_91—1 36 (80)
MP T MP -
leading to
n:c n:J:¢ (81)
Mr

o () HET g5z

The damage variable is rewritten by substltutlng Eq. (81) as follows:

5o n:3:6 (82)
=D §) ~0:3i0
~ H dp gdp) ~

Substituting Eq. (82), the rate of the virtual undamaged stress is described by the actual
damaged stress and its rate as follows:

o ~ e 2 g:j:& ~ e (83)
=76 +— D Na == J:o
MP——"~Y (=) —n:J:c
B H(sd”—gg’p)(y) ~
where
(3: G)IJ _QPzQQ QRaQSb PorsCab
(84)

3: G)U - QPzQQ 2P0 PORS Gab
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Consider the deformation in the uniaxial loading process ( o, = o3 = 0) in which the principal
directions are fixed. It follows from Eq. (70) with Eq. (71) that
g = A-v)I|-2v2 o (85)
1 A+v)(1-2v)
from which we have
(1+ v)(1- 21/) (86)
(1 -v)1 2v2 -

Further, it follows from Eq. (77) with Egs. (71) and (76) that
° _(1_V)1—i _2‘/2&_'_ 1-v bHo-l

T va—2v) T @i —2v) B2 (87)
6226326420:'5:(%6:0
where
A-nr-2v2
. (+v)i-2v) ! (33)
.y NG (=v) =22 _
i H(edp gdl’( ) (1+v)(1-2v) "oy
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