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Abstract  
We apply Lagrangian particle method combined with the level-set method to model 
morphogenesis of budding yeast on the subcellular level. We model the biochemical 
reactions, anisotropic diffusion, membrane-cytoplasmic transport of proteins and introduction 
of new membrane material (exocytosis) that occur on the plasma membrane. Exocytosis 
results in protrusion of the membrane surface. Hence, to model these phenomena we need to 
solve a system of reaction-diffusion-advection equations on the evolving surface.   

 
MODEL 
 

Our biological system is composed of the plasma membrane enclosing a homogeneous 
cytoplasmic compartment. Chemical reactions, diffusion and transport from the cytoplasm 
may occur on the membrane. The surface of the membrane may move due to insertion of new 
membrane material by exocytosis process. The spatio-temporal rate of exocytosis is believed 
to be defined by the concentrations of proteins on the membrane. 

From the biochemical point of view, the main molecules are signaling GTP-binding 
protein Cdc42 (a small Rho GTPase), its regulators (activating GEF and inactivating GAP) 
and septin polymer (P) formed from the monomers recruited to the membrane by the active 
form of Cdc42GTP (Fig. 1) [1]. 
 

 
 

Figure 1. Reaction network scheme. 
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We solve reaction-diffusion-advection system on the evolving surface S. 
 

   
     (   )    (   )    (  ( )    ) i=1, ... , n   (1) 

 

Diffusion tensors may be concentration dependent. We assume the simplest exponential 
dependence for the diffusion coefficients of species on the concentration of septin polymer P  
 

   (   0 −    1)𝑒𝑒−𝑃𝑃/𝐾𝐾𝑑𝑑     1   (2) 
 

where Kd, Di,1=Di,0/df and df>0 are the measures of the strength of diffusion barrier imposed 
by septin. Di,0=0.01 m2/s corresponds to diffusion coefficient in the absence of diffusion 
barrier. 

Concentrations in the homogeneous cytosol enclosed by surface S are described by the 
following ordinary differential equations 

  
   
     (   )  i=1, ... , nc. (3) 

 

Our system possess also constant integrals resulting from mass conservation of proteins  
 

  (∫       )         i=1, ... , m 
 

For example, for GEF protein we have 
 

∫ ([   ]  [           𝑃𝑃])  
 

         [   ]                [   ]      
 

Membrane surface is represented by the level-set function  Exocytosis is modelled as 
movement of this function with a normal velocity u dependent on the species concentrations 
on the membrane (Cdc42GTP and P, in particular). 
 

  
    ( )     (4) 

 

Based on known biological facts we use the following formula for exocytosis rate 
 

      
 

 −1 ∫     

 

 

  
         
 

    / 𝑃𝑃
 

 

where f is a function of local concentration of species, A is the membrane surface and rexo is 
the total rate of exocytosis (number of exocytic vesicles introduced in 1 sec) in the case of a 
uniform cell growth. If exocytosis is not polarized (uniform), the surface of a spherical cell 
grows as  ̇     | | and  ̇ is equal to rexoAv where Av is the area of an exocytic vesicle. In 
this way we may translate the rate of exocytosis into the surface velocity u. 
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METHODS 
 

Equations (1) and (4) are discretized on the particles localized at the nodes of a uniform 
rectangular mesh. 
 

   
    (    )    (5a) 

 
   
      ( )      

 (      )    (5b) 
 

   
        (5c) 

 
   
       

  (    )    (5d) 
 

where np is the mass of species in particle p,      is the discretized version of the gradient 
operator and xp and Vp are the position and volume of particle p, respectively. 
We apply the particle strength exchange (PSE) method [2] combined with the level set 
method to simulate anisotropic diffusion on an evolving surface. The level set function is 
computed in a narrow band of radius k. The surface diffusion operator is obtained by 
projecting the true surface operator to the 3D narrow band of radius kd. The method is shortly 
described in the flow chart in Fig. 2. In mathematical terms it may be presented as follows: 

1) Re-initialization of the level-set function by solving equation 
 

‖  ‖   a


using group marching method (GMM) of order 2 or by solving an equivalent equation 
 

  
      ( )(    )      (6b) 

 

using WENO Hamiltonian Jacobi solver in 3D tube of radius k.  
2) Extension of concentration from the narrow tube of radius kd to narrow tube of radius k 

by solving equation 
 

      a
 

using GMM of order 2 or by solving equivalent equation 
  

  
      ( )(    )      (4b) 

 

using WENO Hamiltonian Jacobi solver. 
3) Computation of Laplacian on the surface  

 
1

‖  ‖ 
 (    )    (6a) 

 

using projection tensor 
 

  ( −        
‖  ‖  

) ‖  ‖  (6b) 
 

where all differential operators are now computed in a 3D narrow band of radius kd. 
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4) Computation of the 3D diffusional tensor using PSE method with 2nd order B-spline-4 
kernel [3]. 
 

 ( )  {

 
  

 −  
  

               
− 1
  

   
  

 −                 
               

   (7) 

 

where s=x/h. Anisotropic Laplacian in Eq. (6a) is discretized as follows 
 

 ( ̃  )   − [∑   (  −   ) 
  1  (  −   )∑      

   (     )(  −   ) (  −   ) ] (8) 
 

where  ̃     and M is as proposed by Degond and Mas-Gallic [4] 
 

 (     )  
1
 ( (  )   (  ))   (9a) 

 

 ( )   ̃( ) − 1
   ( ̃( ))1     (9b) 

 

Spatial dependence of the diffusion tensor in Eq. (9b) allows us to introduce here 
concentration dependence of the diffusional tensor. 

5) Map particle mass and level-set function to rectangular mesh using partition of the 
unity kernel (7) 

 

           ∑       (     −      )
 

  1
 

 

      
∑            (     −      ) 
  1
∑       (     −      ) 
  1

 
 

where Vp
new=h3 and h is the rectangular mesh size.  System (5) is solved by explicit time-

stepping method (STS) with nine steps [5]. Whole algorithm is coded using PPM parallel 
particle mesh library [6] procedures.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                             
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Figure 2. Flow chart of the method. 
 

Initialization of the level set function in a narrow band of radius k 

Extension of initial conditions from the surface to a narrow band of radius k 

Creation of particles in the narrow band of radius k 

Computation of particle velocities and movement of particles 

Remeshing of particles to a regular mesh (interpolation of set-level function and 
concentrations) 

 

Computation of diffusion tensor in 3D narrow band of radius kd 
and diffusion tensor on surface using projection tensor T  

Computation of reaction and cytosol-membrane transport terms in 3D narrow band of radius kd 

Modification of particle concentrations for all species 

Reinitialization of level set function in narrow band of radius k 

Extension of particle concentrations from narrow band of radius kd to narrow band of radius k 

NEXT TIME STEP 
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RESULTS 
 

Initial conditions are zero concentrations for all species on the spherical membrane of radius 
2m which correspond to an average size of an unbudded yeast cell. Table 1 presents typical 
numerical parameters used in our simulations. Because due to transport from the cytosol the 
total mass on the membrane increases, we found GMM method as better extension method for 
our system.  
 

Parameter Value 
spatial step (x=y=z=h) m 

 (kernel radius) 2h 
cf (cut-off for particle strength exchange) 4h 

k (level set tube radius) 3.5cf 
kd (PSE tube radius) 2.5cf 

Np (number of particles) 200000 
NI (number of iteration in H-J solver) 100 
tol (solution change in subsequent iterations) 10-3 

 

Table 1. Parameters of the computational method. 
 
Cytosol-membrane transport terms are computed for particles which are inside tube of radius 
kd where diffusional operator is computed. This guarantees conservation of the protein amount 
because PSE algorithm conserves mass. However, this causes dependence of simulation 
results on the numerical parameters. It may be avoided by the proper choice of volume ratio 
between the cytosolic and membrane compartments v=Vc/Vm. For example, the number of 
GEF proteins is conserved according to the following equation 
 

∑   ([   ]  [           𝑃𝑃] )
  

  1
         [   ]                [   ]      

 

where Np and Vi are the number and volumes of particles, respectively. Because we used 
particles localized at the nodes of rectangular mesh, all Vi are equal to Vp and the mass 
conservation equation reads 
 

 
   

∑ ([   ]  [           𝑃𝑃] )
  

  1
 [   ]        [   ]      

 

v in typical yeast cell is approximately equal to 100 because not entire volume enclosed by the 
membrane is available for cytosol. 
Formation of the septin ring plays crucial role in the asymmetric cell division of budding 
yeast. It determines the identity of budding new cell and separates plasma membranes of 
mother and daughter cells [7]. Using genetic manipulation and live cell imaging, we 
demonstrated that impaired exocytosis results in the defective formation of the septin ring [8]. 
In the absence of exocytosis, septins form a solid cap (or a cloud) and the transition from cap 
to ring (ring opening) may not take place at all. With weak exocytosis, opening of the ring is 
delayed or transient.  
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In complete agreement with experimental data, our simulations show that the first stage of 
ring formation is a septin cloud (green colour in Fig. 3a) which co-localizes with the cdc42GTP 
cluster (red colour). Then, if intensity of exocytosis is high enough, the ring opens as a result 
of new material introduction (Fig. 3b). Moreover, if the spatial profile of exocytosis is not 
sufficiently focused, a broad protrusion is formed instead of the ring (Fig. 4a). Figures 4a and 
4b show how different spatial profiles of surface expansion velocity may create different yeast 
cell morphologies: broad protrusion or bud neck, respectively. 
 

 
 

Figure 3. Septin polymer P (green) is initially recruited as cloud by cdc42GTP cluster (red) (A). Then exocytosis 
opens the septin ring (B). 
 

 
 

Figure 4. Different profiles of expansion velocity (bottom) create different cell morphologies: broad protrusion 
(A) or bud neck (B). Only concentration of septin polymer (green) is shown. 
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CONCLUSIONS 
 

The most striking difference between non-biological and biological reaction-diffusion systems 
is the growth of the latter. We use deterministic Lagrangian particle method to study the 
influence of growth on the formation of polarity patterns in a budding yeast cell. We model 
early stages of morphogenesis (polarization and septin ring formation). In the future work we 
are going to introduce a biomechanical description of the membrane which may allow us to 
study later stages of cell division including cytokinesis. Another straightforward modification 
of the method is to use stochastic description for the chemical reactions and the cytosol-
membrane transport processes. 
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