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ON UNIQUENESS AND INSTABILITY FOR SOME
THERMOMECHANICAL PROBLEMS INVOLVING THE
MOORE-GIBSON-THOMPSON EQUATION

MARTA PELLICER AND RAMON QUINTANILLA

ABSTRACT. It is known that in the case that several constitutive tensors fail to be positive def-
inite the system of the thermoelasticity could become unstable and, in certain cases, ill-posed
in the sense of Hadamard. In this paper we consider the Moore-Gibson-Thompson thermoe-
lasticity in the case that some of the constitutive tensors fail to be positive and we will prove
basic results concerning uniqueness and instability of solutions. We first consider the case of
the heat conduction when dissipation condition holds but some constitutive tensors can fail to
be positive. In this case we prove the uniqueness and instability by means of the logarithmic
convexity argument. Second we study the thermoelastic system only assuming that the thermal
conductivity tensor and the mass density are positive and we obtain the uniqueness of solu-
tions by means of the Lagrange identities method. By the logarithmic convexity argument we
prove later the instability of solutions whenever the elasticity tensor fails to be positive, but
assuming that the conductivity rate is positive and the thermal dissipation condition hold. We
also sketch similar results when conductivity rate and/or the thermal conductivity fail to be
positive definite, but the elasticity tensor is positive definite and the dissipation condition holds.
Last sections are devoted to consider the case when a third order equation is proposed for the
displacement (which comes from the viscoelasticiy). A similar study is sketched in these cases.

AMS subject classification 2010: 74F05, 7T4H25, 74H40, 74B10, 74H55.

Keywords: Logarithmic convexity, Lagrange identities methods, Moore-
Gibson-Thompson thermoelasticity, Uniqueness, Instability

1. INTRODUCTION

The Moore-Gibson-Thompson (MGT) equation
(1.1) Uyt + oy + BAuy + yAu = 0,

where A is a strictly positive operator on some Hilbert space and «, 3,7~ > 0 are given parameters,
has deserved much attention in recent years, with several papers that have appeared in the
literature on this topic (see [4, [0} [7, 8, 15, 20} 27, 28| 29], among others). The model has been
originally introduced in connection with fluids mechanics [33].

It is worth recalling that recently this equation has been obtained by introducing a relaxation
parameter into the type III heat conductiorﬂ Therefore it is also natural to consider it as a
heat conduction equation. This proposition has been considered recently in [5, [3I] in order to
consider the Moore-Gibson-Thompson thermoelaticity. In this paper we are going to consider
this theory. At the same time it can be obtained as a particular case for the three-phase-lag
theory proposed by Choudhuri [3].

Date: April 7, 2020.
IThis is motivated becase type III heat conduction violates the principle of causality see [10, [32]
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On the other side it is well known that when the elasticity tensor fails to be positive definite
we cannot expect stability of the solutions for several thermoelastic theories [I7, [I8]. In this
paper we want to study the uniqueness and instability of solutions in the case that certain
thermoelastic tensors fail to be positive definite. Our main tools are the logarithmic convexity
argument and the Lagrange identities method (see [16], for instance).

The axioms of thermomechanics imply that the thermal conductivity tensor cannot have negative
sign. But these axioms do not give other conditions on any of the remaining tensors, in particular
the elasticity tensor [19, [I4]. For real elastic materials initially prestressed, the elasticity tensor
does not have necessarily positive sign [12] [13], [14]. Hence, it is needed to analyze the problem
determined by thermoelastic systems when the elasticity tensor is not positive definite (see, for
example, [2 [16] 17, 18] 22] 34]). It is worth noting that the problem can be ill posed in the
sense of Hadamard. Hence the task to deal with this problem can be difficult and it is not
easy to clarify the qualitative properties of the solutions. Results on uniqueness, instability,
continuous dependence in the sense of Holder, structural stability, etc., have been obtained for
different situations (see [IL [I7, I8 25 [30]). Although the techniques used to prove them are
quite standard we highlight that few attention has been considered in case of third order in time
equations or systems. As in this paper we consider equations and/or systems of third order in
time we believe that this contribution is of interest in the study of the thermoelasticity.

In this paper we always consider a three dimensional bounded region B such that its boundary
is smooth enough to apply the divergence theorem. Also, in all the sections we assume that
k;j(x) (thermal conductivity tensor) and the tensor k;‘j(x) given in sections below are symmetric
tensors, that is

(1.2) kw‘(X) = k?ji(X), k;‘j(x) = k;-‘i(x), X € B.
and that

i) the thermal relaxation parameter 7 (see sections below) is a positive number
ii) all the functions defined in the systems given in the sections below are bounded

This paper is organized as follows. Section 2 is devoted to prove the uniqueness and instability
for the heat conduction of MGT type when dissipation condition holds but some constitutive
tensors can fail to be positive. Sections 3 and 4 are devoted to the uniqueness and instability
for the MGT thermoelastic system only assuming that the thermal conductivity tensor and
the mass density are positive (for the uniqueness) and assuming that the conductivity rate is
positive and the thermal dissipation condition hold, but the elasticity tensor fails to be positive
(for the instability). In Section 5, the uniqueness and instability is proved for the same system
under an alternative set of assumptions. Section 6 is devoted to the displacement of MGT type
in thermoviscoelastic system, and Section 7 to the displacement of MGT type in thermovis-
coelastic system of type III, proving also uniqueness and instability under similar assumptions.
The techniques used in the previous sections are the logarithmic convexity argument and the
Lagrange identities method. To our knowledge, this paper is the first time where these methods
are being used for a third order in time system.

Remark 1.1. In all the problems that we consider in this paper, we will be assuming existence
in order to prove uniqueness and instability of solutions. Nevertheless, it has to be said that,
depending on the initial and boundary conditions, there is no guarantee that such a solution.
Hence, we should treat each case carefully. At the same time, we deal with classical solutions to
simplify the analysis. It is worth noting the possibility to work with weak solutions in a similar
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way as in [23], [24] or [II]. We also note that we develop our analysis for Dirichlet homogeneous
boundary conditions, but some remarks at the end of each section clarify when the analysis can
also be done in the case of alternative boundary conditions.

2. MGT-HEAT EQUATION: UNIQUENESS AND INSTABILITY

In this section we consider the heat conduction of MGT type problem (see references [5] and
[31]) determined by the equations

(2.1) Te(x) 0 + e(x)8 = (kij(x)0,5). + (K (x)0,5).

where 0(x,t) stands for the temperature, with null Dirichlet boundary conditions
(2.2) 0(x,t)=0, x€dB, t>0

and the initial conditions

(2.3) 0(x,0) = 0°(x), 6(x,0) =0°(x), 6(x,0)=7n"x), x€ B.

We note that to obtain equation ([2.1)) it is needed the elimination of the heat flux vector in the
derivation of the equations (see [31]), which requires some extra-regularity upon of the unknown
functions involved in the model (see also last part of Remark [2.3]).

We recall that we write 6; to denote the derivative of the function 6(x,t) with respect to the
space variable x;, and 6 to denote its derivative with respect to the time variable ¢.

Apart from the hypotheses considered in Section [ in the present section we also assume that
there exists a positive constant K such that

(2.4) Kij&i& = Ko&i&i,

for every vector (&;), where K;; = kj; — Tkj;.

Also, we assume the thermal capacity c¢(x) fulfils that

(2.5) c(x) >¢ >0, x€e B,

which is a natural condition to consider from the physical point of view.

Observe that we do not impose any condition on the sign of the tensors k;; and k7; in the sense

that they could be even negativeﬂ and this fact could be compatible with the condition on the
tensor Kj;.

We are going to use the logarithmic convexity argument to prove the results of this section (see,
for instance, Chpt.4 of [9]), which are uniqueness and instability of the solutions of the problem
above. As we said, it is worth noting that this is the first time we see this argument applied to
a third order in time equation.

The analysis starts by considering the energy equation
(2.6) Eq(t) = E1(0)

where

. .. . . . . t . .
El(t) = /3(0(9 + 7'9)2 + k;‘](e,z + 7'971')(90' + 7'97j) + TKZ-jG,i@,j)dv + 2/0 /BKijG,indvds.

2However it is worth recalling that the basic axioms of the thermomechanics imply that the tensor k;; is
semi-definite positive.
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(notice that the first three terms also depend on t). This energy equation (2.6 can be seen after
multiplying equation (2.1)) by 6 + 76, integrating by parts and using the boundary conditions.

Logarithmic convexity argument is based in the choice of a suitable function defined on the
solutions satisfying certain conditions, that we are going to see. In our case the function is:

t
F(t,w,to)—/ c(0+70)2dv—|—/ /Kijeyievjdvdﬁw(tﬂo)?.
B 0 JB

Observe that under the assumptions (2.5) and (2.4), F' is a strictly positive function.

Here w and ty are two positive parameters to be selected later. We have

dF (t,w,t .. .. t .

<d;"°) :2/ c(9+7'0)(0+7'0)dv+2w(t—|—t0)+2/ /Kije,ie,jdudw/ K:j0.:(0)0,;(0)dv.
B 0o JB B

where the last two terms have been obtained after deriving again and then integrating with

respect to t, and

sz(t, w, to)

(2.7) -

= 2/ (c(@ +710) 0+ 7)) + (6 + Té)2> dv + 2/ K040 jdv + 2w.
We note that ’ ’

(2.8) /B c(0+70)(0+76)dv+ /B Kij0,:0 jdv = — /B (k5;(0,+70,:)(0,;+ 70, 5) + 7K 50,30 ) dv.
where we have used equation and integrated by parts.

We use and in the expression to obtain that

2F . .. t ..
(ww’to)zll/ C(9+79)2d1}+4/ / K13919]d1)+2(W*E1(0))
dt? B o JB T
We now obtain
d?F(t,w, o)
dt?

2
Flt,w, to) — (dF(t’w’tO) _ ”) > 2w+ Er(0)F(t,w, o),

(2.9) 7 5

where
V= 2/BK13929?]dv

It is worth noting that if we consider the functional F(t) = F\(¢,0,0) in the case of null initial
conditions, (in which case v =0 and E;(0) = 0) we obtain

d2F (t) dF(t)\?
b (t)_<dt> 2 0.

This is equivalent to
d?In F(t)
dt?
that is, F'(t) is a logarithmic convex function. From the previous inequality and following the
same argument as in Chpt. 4.3.2 of [9] we derive that

F(t) < FO)'" MR, 0<t <t

and we conclude that F(t) = 0, 0 <t < t; whenever we assume null initial conditions. From
this relation we conclude u = 0 if the initial conditions are zero and, hence, the uniqueness of
the solution.

>0,
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In the general case and assuming that E7(0) < 0, we can always take w = —F1(0). From ([2.9)
we obtain that

d2F (t,w, t) dF (t,w,t) v\> _ dF(t,w,to) [dF(t,w,t)
SOV Rt w ) > 0 T > )
at? (t,w,t0) 2 < dt 2) T ( dt V>

Considering to large enough such that F (0,w, tg) > v, the previous inequality implies that

In %(t7wvt0) -V >1n %(vaﬂtO) I
F(t,w,to) B F(0,w, )

which implies

(2.10)

After integrating (2.10) we obtain

F(0,w,t0)EF(0,w, to) exp (F(O,w,tg) —-v t) _ vF(0,w,to)

F(t,w,ty) > - - .
( 0) F(0,w,ty) —v F(0,w, o) F0,w,tg) —v

This inequality gives the exponential growth of the solutions. We have proved that:

Theorem 2.1. Assume that the symmetry condition (1.2)) and the positivity assumptions (2.4
and (2.5) hold, and consider the MGT-heat equation problem (2.1) with (2.2) and (2.3 as
boundary and initial conditions. Then

(i) this first initial-boundary-value problem (2.1))-(2.3) has at most one solution.
(ii) If E1(0) < 0, then the solution of this problem becomes unbounded in an exponential way.

Remark 2.2. We would like to note that equation (studied in many references such as
[15], [6], [27]) is not the same as equation (2.I). The problem studied in the present section turns
out to be a bit more general, in the sense that the second order operators may be different, and
them and the rest of the coefficients may depend on x. The results and hypothesis in [I5] are
optimal in the semigroup theory framework, but our results on uniqueness and stability are using
different techniques, and a bit more general hypothesis. For instance, we are considering the case
in which k;; is positive definite and £; can be negative definite (the axioms of thermomechanics
do not imply the sign of this last tensor). We also recall that, in this case, we can obtain a
quasi-contractive semigroup ( see [20]). Finally, note that some of our results cannot be obtained
as a consequence of the results of the references mentioned above.

Remark 2.3. The previous analysis can also be done in the case that we impose boundary
conditions on ¢;n;, where ¢; is the heat flux vector. In this case, we would need to write (2.1))
as the system

TG + G = ki j(x) + k5 (x)05, g5 = c(x)0.
Following the same steps as before, we could obtain the equalities (2.6) and (2.8]) and, hence,

repeat the arguments suggested for the homogeneous Dirichlet boundary conditions. Notice also
that, in this case, less regularity that in writing (2.1)) would be needed.
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3. MGT THERMOELASTICITY: UNIQUENESS

The system (usually) called as thermoelasticity of Moore-Gibson-Thompson type (see [5], for
instance) is given by

(3.1) pii; = (Clpung — Bij (0 + 70)) 5

(3-2) Te(x) 0 + e(x)6 = i + (kij(x)0,7)0 + (k)8 ) 0,

where we have assumed that the reference temperature is one to simplify the calculations. In
this system the vector (u;) denotes the velocity, Cjy, = Cjyp (x) is the elasticity tensor and
Bij = Bij(x) is the coupling tensor. We want to state a uniqueness result for the solutions of the

problem determined by this system with boundary conditions

(3.3) O(x,t) =0 and wu;(x,t) =0, x€ 0B, t>0,

and initial conditions

(3-4) 0(x,0) = 6°(x), 0(x,0)=0"(x), 6(x,0)=7"(x), x€B
and

(3.5) ui(x,0) = uf (x), wi(x,0) =v(x), x¢€B.

In this section, we do not impose the positivity conditions on the constitutive tensors given in
the previous one, but we have to impose another condition on the thermal tensor in order to
obtain our results. That is, we assume that there exists a positive constant kg such that

(3.6) kij&i&j > ko&i&i
for every vector (&;).

With respect ot the mechanical part we also assume the following lower bound for the mass
density p(x):

(3.7) p(x) >pp >0, xe€B,

which is an obvious assumption, and the symmetry of the elasticity tensor, that is
(3.8) Ci*jkl = CZlija

which is an assumption coming from the axioms of thermoelasticity.

The assumption that the thermal capacity ¢(x) is strictly positive is not needed.

The goal of this section is to prove the uniqueness of solutions of the problem above. To do so,
our argument is based in the Lagrange identities method (see references [9] or [I], for instance).

As the problem is linear, in order to prove the uniqueness of the solutions it is enough to prove
that the only solution with null initial conditions is the null solution. Therefore in this section
we assume that

0(x) = 00(x) = 6°(x) = °(x) = n°(x) = 0.
In this case of null initial conditions, the energy equation writes

(3.9) Es(t) =0
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with

Es (t) = /B(puzuz + C’fjklumuk,l)dv + /8(6(9 + Té)z + k;j(e,i + 7’(9‘71')(9,]' + Té’j) + TKZ'jé,ié,j)dv

t
+2/ /Kije,i%dvds.
0 JB

This energy equation can be obtained after multiplying equation (3.1)) by ; and equation (3.2)
by 8 + 76, integrating by parts and imposing the null boundary conditions.

We now proceed with the Lagrange identities method, that is, for a fixed ¢t € (0,7%) (where
T* > 0) we compute the following identities. Denoting (-,-) as the usual L? product in B, we
first multipliy equation by ;(2t — s), integrate by parts in the spatial variable and impose
the null boundary conditions, obtaining that

(3.10)

t t .

[ o). ia(2 = s+ [ {Cpaunals) g (26 = )ds = [ (51500) +70(5). g2 - )i,
0 0 0

and, analogously, we obtain that

t

t
(3.11) /0 (pti; (2t — s),u;(s))ds + /0 <C£kjkluk7l(2t —5), 4 ;(s))ds
t . ..
= [0 (62— )+ 721 - ) s (5)) s,
0

Now, multiplying equation (3.2) by 6(2t — s) +76(2t — s), integrating by parts and imposing the
null boundary conditions we obtain

(3.12)

/Ot<c (é(s) + T'é'(s)) : (9(215 —s) +70(2t — s)) Vs + /:(k;}é,i(s), (9’,j(2t —s)+ 72t — s)) \ds
+ /0 (kijf.i(s), (é,j(Qt — )+ 76,2t — s))>ds = - /0 (Bijii j (s), (é(zt — )+ rh(2t — s)))ds,

and, similarly,

(3.13) /0 e (62— 5) + 72t~ ) 606) + 7)) ds + /0 (k0.2 — 5),0,4(s) + 78, (s))ds

t . . . t . .
+ /0 (kij0 (2t — s5),0 5(s) + 70 j(s))ds = —/0 (Bijti (2t —s),0(s) + 70(s))ds.

Now, we form the combination (3.10)+(3.13))-(3.11)-(3.12). First, (3.10)+(3.13)) cancels the right
hand side of both equalities, and the same happens with (3.11)+(3.12)). Then, combining them as
(3.10)+(3.13)-(3.11)-(3.12)), after integration over s, considering the symmetry of the operators,
and taking into account that we are assuming null initial conditions, we obtain (everything
evaluated in )

/B(puzul + k:;’}-@ﬁ’j + TkijéJ'éJ + 27’]{32}971‘97]‘)6&} = /B(C;jklui:jukvl + 0(9 + 75)2)dv.
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Substituting the previous equality into the energy equation we obtain

/B (pst; + k550,30 5 + Thi;0,:0 j + 27k};0,30 ;) dv + /0 t /B Ki;0.,0 jdvds = 0.
After time integration, and using again the null initial conditions, we also have

t
(3.14) / /(pumi—f—kij 6 —|—T]€z](9 9 +2Tk*9 973 dvds—i—/ / (t—s) KUH 9 jdvds = 0.
0o JB

t t
I = / / k040 jdvds and I =2t / / k50,30 jdvds.
0 JB 0 JB

As we are assuming null initial conditions we have

t t
(3.15) |L|< K, < / / e,ie,iduds> < Kot? / / ki;0.:0 jdvds
0 JB 0 JB

Here K7 and K5 are computable positive constants, and we have used the Poincaré inequality
taking into account that the solutions vanish at ¢ = 0 and the positivity of k;; assumed in (3.6]).
Similarly, using the same tools and assumptions,

t t
(3.16) |I2|= |27'/ / ki;0.:0 jdvds|< Kg/ /]97i07ildvds
0 JB 0 JB
t 1/2 t oo 1/2 t o
S K3 </ / Hﬁ'gﬂ'dUdS) </ / 97i9’id’l)d8> S K4t/ / kijﬁ,ié?,jdvds
0 JB 0 JB 0 JB

where K3 and K4 are also computable positive constants.
We select t; small enough to guarantee that 7 — Kot? — Kyt1 > 7/2, but positive. Using this
and inequalities (3.15)) and (3.16]), it is easy to see that for every ¢ < ¢; the following inequality

t t
(3.17) / / K5(0.40,5 + 2700 5)dvds + / / kij0:0 ;dvds > g / / ki;0.:0 ;dvds
0 JB 0 JB

is satisfied.

Let us consider

Now, we define the function

t
—/ /(t - s)KijQindvds
o JB
and observe that, by (3.14]),

t . .
(3.18) //puluzdvds+/ /k:* (040 ; + 270 ; 0 dvds+7‘/ /kij97i97jdvds.
0 JB

We have .
G(t) = —/ / Kij0'7i9'7jdvds < K5G(t) t e [O,tl],
0 JB

where K5 can be calculated. Observe that, by (3.17)) and (3.18]), we have G(t) > 0 for ¢ € [0, ¢1].
After integration we see

G(t) < G(O) exp(K5t) t e [O,tl].
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In view of (3.17) and (3.18) we have

t
/ / (pﬂiﬂi + %kijﬁjiﬁ,j)dvds < G(O) exp(K5t) t e [O,tl].
0 JB

As G(0) = 0, it then follows that u; = 6 = 0 when ¢ € [0,¢1]. We can extend this argument to
the interval [t1,2t1], [2t1, 3t1],... to see that the solution vanishes for every time.

Therefore we have proved:

Theorem 3.1. Assume that the symmetry conditions (1.2) and (3.8]), and the positivity as-
sumptions (3.6) and (3.7) hold. Then the first initial-boundary-value problem (3.1)-(3.5) has at

most one solution.

Remark 3.2. It is important to note that to obtain this result we have not imposed any
condition on the tensor Kj;;, which is related with the dissipation.

Remark 3.3. The uniqueness theorem obtained in this section can be adapted to the case that
we assume null traction on the boundary, whenever we assume homogeneous Dirichlet boundary
conditions for the temperature.

4. MGT THERMOELASTICITY: INSTABILITY

The aim of this section is to obtain an instability result for the solutions of the problem deter-
mined by the system (3.1))-(3.2)) with the homogeneous Dirichlet boundary conditions (3.3) and
the general initial conditions (3.4)-(3.5) given in the previous section. In this section we con-
tinue assuming that the mass density p(x) is definite positive and the symmetry of the elasticity
tensor C7, as in the previous section (see (3.7) and (3.8])), but not the positivity of k;;. Instead,

we need to impose positivity conditions on the tensors kfj and Kj; (which, in turn, imply the

positivity of k;;). These are the requirements needed in order to use again the logarithmic con-
vexity method, that will allow us to prove instability results for this problem under this more
restrictive set of hypothesis.

*

So, and as in Section [2| we assume the positivity of Kj; (see (2.4])) as well as of kj;, that is, we

assume the existence of another positive constant kg such that
(4.1) kj;&i€5 > ko&iis

for every vector (§;). As we said above, it is worth noting that previous inequalities imply that
the tensor k;; is also positive definite (that is, hypothesis (3.6))).

If we integrate with respect to the time ¢ the heat equation (3.2)) we obtain
cf + et = —Bijuij + (kij0,) 5 + (ki) 5 + 0 + emn® + Bijul; — (kij0%) 5,
where

a(x,t) = /0 "0z, 9)ds.

If we denote by x(x) the solution of the problem
(kix.a) g = e + e + Bijul ; — (kii6%) 5,
with homogeneous Dirichlet boundary conditions, we can write

(4.2) cf + et = —ﬂiju,;,j + (/Cije,i)’j + (k;kjﬁb,i),ja
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where

(4.3) o(x,t) = a(x,t) + x(x).
The analysis starts by considering again the energy equation
(4.4) Es(t) = E»(0)

where, as in the previous section,

E (t) = /B(puzuz + C'fjklui7juk7l)dv + /B(C(e + Té)Q + k?:}(e’l + 7'9'71‘)(0,]' + TéJ') + TKijé,iéyj)d’U

t
+2/ /Kije,ﬂ,jdvds.
0 JB

We recall that, as we are not assuming now null initial conditions, F5(0) may not be equal to
zero, as happened in (3.9).
Now, we define the function
t

F(t, w, to) = / (pulul+k‘:j(¢>ﬂ+79ﬂ)(¢7] +79,j)+7—Kij9,i9,j)dv+/ / Kij97ie,jdvd8+w(t+t0)2.

B o JB
Observe that under the assumptions assumed in this section F' is a strictly positive function.
Proceeding in the same way as in Section [2, we have

dF(t,w,t g - ;
(d;UO) = 2/ (puit; + k,-j(qb,i + 7’971')(9,j + 7'0,]') + TKijQJQ,j)dU
B
t
+ 2/ / K00 jdvds +/ K;;056%dv + 2w(t + to).
0 JB B

where ¢(x,t) is defined in (4.3, and we also have

d2F(t7 W, tO)

pre =2 /B(puzuz + k:j(qbﬁ + 7'971‘)(9.’]' + Té’j) + TKij97i€'7j)dv +2 /B Kije,ié,jdv

+ 2w + 2/ (puiu; + k;kj(ﬁvi + 7’0‘,2')(07]‘ + T0.7j) + TKin‘Vié’j)dv.
B
Using equation (3.1)) multiplied by u; and integrated by parts, and equation (4.2)) multiplied by
0 + 76 and also integrated by parts (but only the second term of its right hand side), we note

that

d*F(t,w,t . L.
(dt;u o) = _2/ (Cz‘jkzui,j“k,l +C(9+79)2)d?f
B

+2w+2 / (pistv; + k(0,3 + 70.)(0 + 76 5) + TK;0.:6 ;) dv.
B

Recalling the definition of Fs(t) and using the energy equation (4.4) we have

d2F(t,w, to) o . . . t .

T =4 (puiui—Fk‘ij(9,@'4—7'971')(9,j+7'9,j)+7'Kij0ﬂ‘97j)dv+4 Kijﬁ,i97jdvds+2(w—E2(0)).
B 0 JB

We obtain again

2R a 2
s T b ) - (W - 2) > —9(w + Bo(0)F(t, w, o).
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Here
v = Q/BKijegegdv.

In the case that F5(0) < 0, we can always take w = —F»(0) and to large enough to guarantee
that F'(0,w,t9) > v, and then, from (4.5) and proceeding in the same way as in Section [2| we
obtain that

(46) F(t,w,to) > F(vautO)F(vautO) - (-F(OMtO)_V ) _ I/F(O,w,to)

F(O,w,to) —v F(0,w,to)

F (0, W, to) — UV
which gives us the exponential growth of the solutions.

Hence, we have proved the following result:

Theorem 4.1. Assume that the symmetry conditions (1.2)) and (3.8)), and the positivity assump-
tions (2.4), (3.7), and (4.1)) hold. Then, if E2(0) < O the solution of the initial-boundary-value
m (1)-B.3

proble ) becomes unbounded in an exponential way.

Remark 4.2. Observe that this logarithmic convexity technique would also us to prove the
uniqueness of solutions of problem — under the hypotheses considered in Theorem |4.1
However, we recall that this uniqueness has already been proved in Section [3] under a less
restrictive set of hypotheses.

Remark 4.3. Inequality also states that the solutions of our system are not stable, in
the sense that small changes in the initial state of the system become larger as time increases.
Physically, that means that for prestressed elastic solids, the MGT-thermal effect may not control
the instability given by the lack of positivity of the elastic tensor. Of course, in case of positivity
of the elasticity tensor, the solutions are stable. Furthermore, we have seen that the thermal
effects proposed here are not enough to stabilize the elastic deformations.

Remark 4.4. Again, and as in Section [3] the analysis of this section can be extended to the case
that we impose null traction on the boundary, but we need to assume Dirichlet homogeneous
boundary conditions for the temperature.

5. MGT THERMOELASTICITY: ANOTHER APPROACH

The aim of this section is to obtain another result about uniqueness and instability for the
solutions of the problem of the MGT-thermoelasticty - under an alternative family of
assumptions. In this section we assume the conditions proposed in the previous section about
the thermal constitutive tensors in the sense that ¢ and Kj; are positive (see conditions
and ) but we do not assume the positivity of k;; neither of £};. We also assume that there
exists a positive constant C* such that

(5.1) / ijklui,jukvldv > C*/ wi ju; jdv, for all (u;) such that u;|gp= 0.
B B

We note that this condition is usual in elasticity and it is related with the elastic stability
condition, which says that the elasticity tensor is definite positive.
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In this situation, we can use again the logarithmic convexity method to prove uniqueness and
instability of solutions. To do so, it is more convenient to consider the new alternative energy

E5(t) = /B(pulu@ + Ci*jklﬂi’jﬂk,l + 6(9 + 7'.9')2 + k;k](e,z + Té,i)(éﬂ' + TéJ') + TKijé,iéyj)dU

(5.2) 2
t .. .
+2/ /Kij97i97jdvds.
0 JB

Using the temporal derivatives of system (3.1))-(3.2)), it is easy to see that this new energy is also
conserved, and, hence

(5.3) E5(t) = E5(0).

We now define the function
. .. t . .
(5.4) F(t,w, to) = /B (6(9 + 7'9)2 + Ci*jklui,juk,l) dv + /0 /BKZ-jGﬁ,jdvds + w(t + t0)2.

Observe that under the assumptions assumed in this section F' is a strictly positive function.

Proceeding as in Sections [2| or 4, we obtain again an inequality such as (2.9). We start by
deriving F' with respect to time, and we obtain

dF(t,w,t . P i} .
t
. 2/ / Ki;0:0 jdvds + / Kij959%dv + 2w(t + to)
0o /B B
and
dF(t,w, to)

Lo lo) o [ (e 04 75+ ) do

+ 2/ (C;jklui,juk,l + C:jklui,juk,l) dv + 2/ Kijé’iéd'dv + 2w.
B B

We now multiply (3.1)) by ; and (3.2) by 0 + 70, integrate each one on B, and use the resulting
equalities into the previous expression, obtaining;:
d2F(t,w,to)

5 = 2/ 0(9 +76)%dv — 2/ (kwej(ﬁz + 701) + kZ‘JH (97, + 79,)) dv

+ 2/ Cz}klﬂi,juk,ldv — 2/ p(ul)2dv + 2/ Kijé,ié,jdv + 2w.
B B B

Substituting the energy equation ([5.2)) into the previous equality, we obtain the following alter-
d’F .

native expression for %5

(5.6)
d2F t,w, o - . . ¢ R .
(dt2) = 4/B 6(9 +760 )2dU +4 /B C’ijklui,jukyldv + 4/0 /BKije,ﬂjdvds + 2(w — E2 (O))
Using expressions (5.4)), (5.5) and (5.6)), we can see that inequality (2.9) is satisfied with

v = 2/3@0%9%@.
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Therefore we have proved the following result.

Theorem 5.1. Assume that the symmetry condition (1.2)), and the positivity assumptions (2.4]),

2-5) and (5.1) hold. Then,

(i) The first initial-boundary-value problem (3.1)-(3.5) has at most one solution.
(ii) If E5(0) < 0, then the solution of (3.1)-(3.5) becomes unbounded in an exponential way.

Remark 5.2. It is worth noting that even in case that the elasticity tensor C7; must be positive
definite, the initial energy of the system could be negative as we are not assuming the positivity
of the tensors k;; neither k;;. Hence, together with hypothesis in Section @, we see another
possibility for the instability of the solutions.

6. MGT FOR THE DISPLACEMENT IN THERMOVISCOELASTICITY

In this section we consider the problem determined by a viscoelastic material coupled with the
Fourier thermal effects. This can be done by considering the following relaxation functiorEl

(6.1) Gijni(x, 8) = Cjg (%) + exp(=7"'5) (17! Cijra (%) — Oy (%))

and coupling the equation for the displacement with the usual Fourier heat equation. More
concretely, in our case the system of equations is determined by the evolution equations

(6.2) pii; = tijj, 0= gi
where t; ; is the stress tensor, n the entropy and ¢; is the heat flux vector. We assume the
following constitutive equations

t
(6.3) tiy = Gijr(x,0)uprg(t) + / G (x,t — s)up,(s)ds — Bi;0
(64) n = ch + ﬁijui,j

(6.5) a = kit

Observe that ¢;; is given in terms of a memory kernel, which is usual in viscoelastic materials,
as it contains all the information of the past history of the variable ([2I], [7]). Using the form
of the relaxation function in and the previous evolution and constitutive equations, we
obtain, after several calculations,

TP + pii; = (Clipuny + Cijritng — Bij (0 + 70)) 5,
C@I =+ Tcé = (k‘zj<971 =+ Té,i)),j — ﬁij('ui,j + Tﬂ@j).
If we denote 0 = 6 + 76 and omit the hat to simplify the notation, we obtain the system

(6.6) TpU; + piiy = (Chjur + Cijrte,r — Bigf) 5,

(6.7) ct = (kij0.i) ; — Bij(tij + Tiiij).
We observe that the MGT type form is now on the displacement equation.

We want to state uniqueness and instability results for the solutions of the problem determined
by this system with boundary conditions

(6.8) 0(x,t) =0 and wu;(x,t) =0, x€ 0B, t>0,

3This kind of relaxation function satisfies the usual requirements of fading memory for viscoelastic materials.
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and initial conditions

(6.9) ui(x,0) = ud(x), Ui(x,0) = v)(x), i(x,0) = w)(x), x€ B.
and
(6.10) 0(x,0) = °(x), x € B.

In this section we assume that the viscoelasticity tensor Cjjx, C’Z?kjkl and k;; are symmetric in
the sense that

(6.11) Cijkt = Chiijs ijkz = Cle'jv kij = kji.

We also assume the positivity of the thermal conductivity tensor k;; given in (3.6). We also
impose the the positivity of the tensor Cyjx = Cijr — TC;‘jkl, that is, the existence of a positive
constant C such that

(6.12) /Bcijklui,juk,ldv > C’/B w;i jui jdv for all (u;) such that u;|pp= 0.
We also assume that the mass density p(x) is positive, that is (3.7)).
If we integrate with respect to the time ¢ the heat equation we obtain
cd = (kijo;) j — Bijuij — Bt j + b + Bi’jugj + Tﬁijvgj.

If we denote by x(x) the solution of the problem

(kijx.i); = b+ ﬁijugj + TBZ']"U?J,
with homogeneous Dirichlet boundary condition, we can write
(6.13) c = (kijdi) ; — Bijuij — 7Bl .
where

P(x,t) = alx,t) + x(x).

The energy equation in this case reads
(6.14) Es(t) = E3(0)

where

Eg(t) = / (p(uz + Tul)(uz + Tul) + ijkl(ui,j + T’llm)(uk’l + T’llk,l) + Taijkl@i,jﬂk,l + 092) dv
B

t
+ 2/ / (Cijklibi’juk,l + k‘ije’i@,j) dvds.
o JB
In this situation we can define the function

t
(6.15) F(t,w,tg) = / p(ui—i-T?li)(ui—i-Tﬂi)dv—l-/ / (Cijklui,jukyl + kijQi(ﬁ’j) dvds+w(t+t0)2.
B 0 JB

Observe that under the assumptions (3.6]), (3.7) and (6.12)), F' is a strictly positive function.

We proceed as in the previous sections and start by deriving F' with respect to time:

dF (t,w,t t _
A GLILD / p(u; + 70;) (U; + Tii;)dv + 2 / / (Cijrrtvi jug + kij0:¢,7) dvds
(6.16) dt B 0o /B

+ /B (Cijrud ) + kigx%x%) dv + 20 (t + to)
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and
d’F(t,w,tg)

G = [ (ol i)? - pla + i) i 7)) do
B

+2 / (Cljnrtia jun + kijf,id ) dv + 2w
B

We now multiply by u;+74; and (6.13]) by 0, integrate each one on B, and use the resulting
equalities into the previous expression, obtaining;:

’F
d°F(t w to) = 2/ p(t; + Tilg)2dv — 2/ ctdv
dt? B B

-2 / (Ci*jklukJ(ui,j + Tui’j) + Cijklﬂk,l(ui,j + T’L'LZ'J)) dv + 2/ Uijklui,juk,l + 2w.
B B

Substituting the energy equation (6.14]) into the previous equality, we obtain the following
alternative expression for %:

d*F(t,w,to)

6.17

t
:4/ p(ﬂi+Tﬂi)2dU+4/ / (6¢jklﬂi,jﬂk7l—l—k“ij@’i@’j) dvds+2(w—FE3(0)).
B 0 JB

Using expressions ((6.15)), (6.16)) and (6.17]), we can see that inequality (2.9) is satisfied with

v = 2/ (Uijklugju%l + kin,iX,j) dv.
B

Therefore we see that:

Theorem 6.1. Assume that the symmetry conditions (1.2)) and (6.11)), and the positivity as-

sumptions (3.6]), , and (6.12) hold. Consider the first initial-boundary-value problem -
(6.7) with the corresponding boundary and initial conditions (6.8)-(6.10). Then,

(i) The first initial-boundary-value problem (6.6))-(6.10) has at most one solution.
(ii) If E5(0) < 0, the solution of (6.6)-(6.10) becomes unbounded in an exponential way.

Remark 6.2. Again we see that the thermal and mechanical dissipation are not so strong to
stabilize the mechanical part.

Remark 6.3. It is worth noting that a suitable variation in the logarithmic convexity argument
allows us to obtain Holder stability of the solutions in a similar way to the one proposed by
Ames and Straughan in [I] for the classical theory of thermoelasticity.

The uniqueness result can be also obtained using the Lagrange identities method. In this case
we would need the additional hypothesis of the the positivity of the tensor Cjjx, that is, the
existence of a positive constant C' such that

(6.18) / Cijklui,jukldv > C/ u; ju; jdv for all (u;) such that u;|gp= 0.
B B

If we assume null initial conditions, the Lagrange identities argument used in Section [3| bring us
to the relation

/ p(ul + T’LLZ)(Uz + Tul)dv == / (C;}klui,jUk’l + 27C;jklui,juk,l + TCijklui,jﬂk,l + 092) dv.
B B
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When considering null initial conditions we have F5(0) = 0. Therefore, substituting the previous
equality into the energy equation (6.14) we obtain the relation

/ (692 + C'Jklu”ukl + QTCjklu”ukl + TC”kluwukl dv—i—/ / Z]kluwukl + k0,0, ) dvds = 0.
B
After integration by parts and using again the null initial conditions we obtain
! 2
(6.19) / / 09 + C']klu”ukl + 27'C']klu”ukl + 7C; k1t U, l) dvds
t
+ / / (t — 8) (Cijklai,juk,l + kije,ﬂ,j) dvds = 0.
0 /B

We now consider

t
J1 // ijlumuk,ldvds and J2:2T/ /C’;‘jkluivjuk,ldvds.
0 JB

Proceeding as and m, and as we are assuming null initial conditions, we have

t t
(6.20) ‘J1|§ K1 (/ / uiVjuideUdS) S K2t2/ / Cijklui,juk,ldvds
0 JB 0 JB

and
t t
(6.21) |J2’: ‘27‘/ / szkjklui,jﬂk,ldvdsyg Kg/ /]uivjuk’l\dvds
0 JB 0 JB
t 1/2 t o 1/2 t
< K3 (/ / |ui,j|2dvds> (/ / |Uk7l|2dvd8> < K4t/ / Cijritt; jU; jdvds
0 JB 0 JB 0 JB
Here K;,7 =1, ...,4, are computable positive constants, and we have used the Poincaré inequal-

ity taking into account that the solutions vanish at ¢ = 0 and the positivity of Cjjx; assumed in
- As in Section |3 I, we select t; small enough to guarantee that 7 — K2t2 Kty > 7/2, but
positive. Using the previous inequalities it is easy to see that for every ¢ < t; we have

t t
* % . . T .
(6.22) / / (Cijklui,jukvl + 2TCijklui7juk,l + TC’ijklui,jukJ) duvds > 5 / / Cijklui,jumdvds.
0 JB 0 JB

In case that we assume that the thermal capacity is positive (see (2.5))), the thermal conductivity
tensor k;; is positive semi-definite and the tensor Cjj;i; is positive definite (see (6.18)). Then we
can define

t
G(t) = —/ / (t - S) (éijklﬂi,juk,l + kijeﬂ'g,j) Cl’UdS.
0 JB
By (6.19)) we have

(6.23) / / 092 + Cjkl Wi U+ 270 U ) + TCjkis Uk, l) dvds

An argument similar to the one proposed in Section [3| but now using (6.22)) and (6.23)) allows
us to obtain again that the only solution is the null solution. Therefore we have obtained an
alternative proof for the uniqueness of problem — when the thermal capacity is positive
and we have null initial conditions, under the new assumptions.
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Theorem 6.4. Assume that the symmetry conditions (1.2) and (6.11), and the positivity as-
sumptions (2.5)), (3.7) and (6.18)) hold. Also assume that the tensor k;j is positive semi-definite.
Then, the first initial-boundary-value problem 1' has at most one solution.

Remark 6.5. It is important to note that to obtain this second result it is only necessary the
positivity of Cjjx;, but not of C;‘jkl nor Cjjk.

Remark 6.6. As in Sections [3| and 4] we can adapt the analysis of this section to the case
where we assume null heat flux vector. However, it does not seem easy to adapt the arguments
to other boundary conditions on the mechanical part.

7. MGT FOR THE DISPLACEMENT IN THERMOVISCOELASTICITY OF TYPE III

Type I1I thermoelasticity can be considered if we change the last equation in —, obtain-
ing the system

(7.1) TpU; + pii; = (CFjpury + Cijrite — Bijf) 5,
(7.2) cd = (kjj). 5 + (kijba) g — Bijive — mBijiia g
where

t
a(x,t) = a(x,0) +/0 0(x,s)ds

is the thermal displacement.

This system can be obtained in a similar way as we have obtained the system in Section 6. That
is, using the form of the relaxation function given in (6.1) and the evolution and constitutive
equations ([6.2))-(6.4)), but with the following constitutive equation for ¢;, instead of (6.5)):

q; = k‘:j()z’j -+ k‘ijed.
We want to state a uniqueness and a instability results for the solutions of the problem deter-
mined by this system with boundary conditions

(7.3) ui(x,t) =0, 6(x,t)=0 and a(x,t)=0, x€IB, t>0,
and initial conditions

(7.4) u;(x,0) = ud(x), 0;(x,0) =v?(x)and ii;(x,0) = wl(x), x€ B.
and

(7.5) 0(x,0) = 0(x) and a(x,0) =a’(x), x€ B.

In this section we will be assuming k;;, k7; to be symmetric and positive (hypothesis (1.2)), (3.6),

(4.1)) and the same for Cjji; (the symmetry can be deduced from and its positivity is
hypothesis (6.12)). Also, we assume the positivity of the mass density p (see (3.7)). We will be
considering the same initial and boundary conditions as in the previous sections, together with
null Dirichlet boundary conditions for «. Then, the analysis done in previous sections can be
adapted by considering the energy equation

(7.6) Eu(t) = Ea(0)

where

E4(t) = / (p(di + Tuz)(uz + Tuz) + C;jkl(ui,j + T’L'Li’j)(uk’l + Tl'LkJ) + Taijklﬂi,juk,l + cb? + k:;‘joz’ioz’j) dv
B



18 M. Pellicer and R. Quintanilla

+2 /t/ (@jk,umuk,l + kij97i97j) dvds.
We proceed as in Section |§| and iontegrate with respect to time, obtaining:
(7.7) cd = (kj0,),5 + (kijai) j — Bijwij — TBijii
where .
o(x,t) = / a(x,s)ds + T (x)
and Y (x) being a solution of ’
(k* ) = ,6’”( it Tu ) + c6°
with homogeneous Dirichlet boundary conditions.

We then define
(7.8)

t

F(t,w,ty) = / (p(ui—l—TiLi)(ui—{—T'L'Li)—I—/ﬁ;}gD’igO,j)d’L)—l-/ / (C’ijklumuk,l + kijogioz,j) dvds+w(t—|—t0)2.
B 0 /B

Observe that under the assumptions assumed in this section F' is a strictly positive function.

Deriving F' with respect to time we obtain

(7.9)
dF (t,w,to) . . . b ,
T =2 (p(uz + TUZ)(UZ + TUZ') + kijgoviogj)dv + 2 (Cijklui,jukvl + kijOéﬂ‘a’j) dvds
B 0o JB
+ / (C”klu?]ukl + k; Ja o ) dv 4 2w(t + to)
B
and
dQF(tawvtO) . . . .
— = 2 /B(p(ui + 7iis)? 4 (wg + 7)1 + TU) + kijoio g + k:z]gpﬂ,])d

+ 2/ (éijklui,j'llk,l + kija,lﬂ,j) dv + 2w.
B

We now multiply (7.1)) by u; +7u; and (7.7)) by 6, integrate each one on B, and use the resulting
equalities into the previous expression, and we obtain:

d’F(t,w, to)

0 =2 /B (p(its + Tiis)* — Cipquna (wij + 70 5) — Coigrating (uij + T 3) + koo )dv

— 2/ ch?dv + 2/ éijklui,jl'bk’ldv + 2w.
B B

Substituting the energy equation ([7.6)) into the previous equality, we obtain the following alter-

native expression for ‘575:
d2F(t,w,to) . .

(7.10) — = 4/B(p(ui + 7iig)? + kjjo i j)dv

t
+ 4/ / (aijklﬂi,jﬂk,l + k?ije,i‘g,j) dvds + 2(w — E4(O)).
0 JB



On uniqueness and instability for the MGT thermoelasticity 19

Using expressions ([7.8)), (7.9) and (7.10)), we can see that inequality (2.9) is satisfied with
V= 2/ (Cijmug juiy + kijaal) do
B

Uniqueness of solutions can be obtained as well as their instability whenever we assume that
E4(0) < 0 using the same arguments as in the previous sections.

Theorem 7.1. Assume that the symmetry conditions (1.2) and (6.11), and the positivity as-

sumptions (3.6)), (3.7), (4.1) and (6.12)) hold. Consider the first initial-boundary-value problem
(7.1)-(7.2) with the corresponding boundary and initial conditions (7.3|)-(7.5)). Then,

(i) the first initial-boundary-value problem (7.1)-(7.5) has at most one solution.
(ii) If E4(0) < 0, the solution of (7.1)-(7.5) becomes unbounded in an exponential way.
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