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Abstract. The Vickers indentation technique is commonly used to investigate the frac-
ture toughness of ferroelectric single crystals. Experiments show that the radial cracks
perpendicular to the poling direction of the material propagate faster than the parallel
ones. Using a phase-field model, we perform numerical simulations to show this anisotropy
attributed to interactions between material microstructure and radial cracks. This model
is based on a modified regularized formulation of the variational brittle fracture and do-
main evolution in ferroelectric materials.

1 INTRODUCTION

Ferroelectric materials exhibit strong electro-mechanical coupling which make them
ideal materials for use in electro-mechanical devices such as sensors, actuators and trans-
ducers. To assure optimum reliability of these devices, understanding of the fracture
behavior in these materials is essential. The complex nonlinear interactions of the me-
chanical and electrical fields in the vicinity of the crack, with localized switching phenom-
ena, govern the fracture behavior of ferroelectric materials. Experimental techniques have
been used to study fracture in ferroelectrics, including Vickers indentation to investigate
the fracture toughness anisotropy [1–5]. Experiments show that cracking along the poling
direction of the material has a shorter length and consequently a higher effective fracture
toughness than that normal to the poling direction.

In this paper we introduce a model able to capture the anisotropic crack growth under
Vickers indentation loading. This anisotropy is obtained by linking the crack propagation
with the microstructural phenomena. The model treats in a coupled phase-field energetic
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fashion both the brittle crack propagation and the microstructure evolution. We have
recently presented a model, showing that the interaction of the microstructure and the
crack leads to a slow-fast crack propagation behavior observed in experiment [6]. In
Ref. [7], we have introduced a modification in the formulation to endow the phase-field
model with the ability to simulate the aforementioned anisotropic crack growth. We
present here the highlights of that work.

The theory of the coupled phase-field model is summarized in Section 2. Simulation
results are presented and discussed in Section 3. The last Section is the conclusion of this
paper.

2 PHASE-FIELD MODEL

The proposed approach to brittle fracture in ferroelectrics relies on the coupling of
two energetic phase-field models, namely a time-dependent Ginzburg-Landau model for
ferroelectric domain formation and evolution [8], and a variational regularized model of
Griffith’s fracture [9]. The electro-mechanical enthalpy density h is written as [6]

h(ε,p,E, v) = (v2 + ηκ) [U(∇p) + W (p, ε)] + We(ε, v) + χ(p) − ε0

2
|E|2 − E · p

+ Gc

[
(1 − v)2

4κ
+ κ|∇v|2

]
, (1)

where p is the polarization, E is the electric field defined as E = −∇φ, φ is the electrical
potential, Gc is the critical energy release rate or the surface energy density in Griffith’s
theory and κ is a positive regularization constant to regulate the size of the fracture
zone. The scalar field v provides a diffuse representation of the fracture zone, v = 1 and
v = 0 indicating unbroken and broken material, respectively. The parameter ηκ is a small
residual stiffness to avoid the singularity of the elastic energy in fully fractured regions
of the domain. The domain wall energy density U , the electroelastic energy density W
and the phase-separation potential χ in Eq. (1) are given in Ref. [7]. Note that here the
energy functional W does not include the elastic energy and it is only associated with
coupling terms between the strain and the total polarization p. The elastic energy density
We is written in [9] as

We(ε, v) = κ0
tr−(ε)2

2
+ (v2 + ηκ)

(
κ0

tr+(ε)2

2
+ µ εD · εD

)
, (2)

where κ0 and µ are the bulk and shear modulus of the material, respectively. The
decomposition of the trace of the strain tensor ε in positive and negative parts are
tr+ = max(tr(ε), 0) and tr− = max(−tr(ε), 0) and εD are the deviatoric components
of the strain tensor. This decomposition is introduced to prevent crack nucleation, propa-
gation and interpenetration in compressed regions by accounting for asymmetric behavior
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in traction and compression. Note that here only the expansion and shear terms are
multiplied by the jump set function (v2 + ηκ).

The stresses and electric displacements are derived from the electrical enthalpy as
σ = ∂h/∂ε and D = −∂h/∂E. This particular formulation of the phase-field model
encodes the traction-free, electrically permeable and free-polarization boundary conditions
of a sharp-crack model [6].

The time evolution of the system results from the gradient flows of the total electro-
mechanical enthalpy with respect to the primary variables v and p, assuming that the
displacement and the electric field adjust immediately to mechanical and electrostatic
equilibrium (with infinite mobility), i.e.

α

∫

Ω

ṗiδpidΩ = −
∫

Ω

∂h

∂pi

δpi dΩ, (3)

β

∫

Ω

v̇δvdΩ = −
∫

Ω

∂h

∂v
δv dΩ, (4)

0 =

∫

Ω

σijδεij dΩ, (5)

0 =

∫

Ω

DiδEi dΩ, (6)

where 1/α > 0 and 1/β > 0 are the mobilities of the processes. The weak form of the
evolution and equilibrium equations is discretized in space with standard finite elements.
Equations (3) and (4) are discretized in time with a semi-implicit scheme. A simple
algorithm to solve the coupled system in a straightforward staggered approach is presented
in Ref. [6].

3 NUMERICAL SIMULATIONS

We consider a rectangular domain with boundary conditions as shown in Fig. 1. The
indentation is included in the model by considering a square inner boundary. The inden-
tation faces are pulled by a monotonically increasing mechanical load w and electrical
potential φ = 0 is considered for these faces. The outer four edges of the simulated region
are assumed to satify the following conditions: (1) σ · n = 0, (2) ∇φ · n = 0 and (3)
∇p · n = 0, where n is the unit normal to the outer edges. The vertical initial polariza-
tion p0 = (0, 1) is assigned to the sample in Fig. 1. The normalized dimensions of the
domain are 200×200 (L = 40). The constants are chosen to fit the behavior of single
crystals of barium titanate (BaTiO3). The normalized constants are presented in Ref.
[6]. The nomalized critical surface energy density is chosen as G′

c = 15.6. Fifty load
steps are computed with load increments of ∆w = 5 × 10−2. The normalized time step
∆t′ = 10−2 leads to convergent and accurate solutions for the time integration of gradient
flow equations in Equations (3) and (4). The simulations are carried out using the finite
element library of the Kratos multi-physics package [10].
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Figure 1: A schematic of the computational model.

Fig. 2 presents two snapshots of the crack propagation. The fracture zone grows along
the four radial directions by increasing the load step as shown in two sample load steps
w = 1.5 and w = 2.5.

The value of surface energy (integral over the domain of the last term in Eq. (1)) is
obtained and presented in Fig. 3 for each of the four equal zones marked in Fig. 2(b). The
surface energies of zones 1 and 3 follow nearly the same path. This also holds for zones 2
and 4. Interestingly, the surface energies of zones 2 and 4 are smaller than zones 1 and 3,
i.e. the cracks propagating parallel to the polarization are shorter than those propagating
perpendicularly. This is a clear evidence of the anisotropic crack propagation in agreement
with experimental observations [1–5].

Fig. 4 presents the contours of polarization components in the load step w = 1.8. The x
components of the polarization vectors indicate wing-shaped domains or twins around the
tip of the parallel cracks in Fig. 4(a). This kind of ferroelastic domain switching is induced
by the high tensile stresses near the crack tip which tend to elongate the material in the
x direction in front of the parallel cracks. Since the polarization vectors are initialized
in the direction of the tensile stresses near the perpendicular cracks, Fig. 4(b) does not
show any twin formation around these cracks. Due to the absence of ferroelastic domain
switching, the perpendicular cracks propagate longer than parallel ones and the fracture
toughness is lower in the perpendicular direction to the initial polarization. The domain
switching-induced toughening is also reported in other experiments of crack propagation
in BaTiO3 [11, 12].
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Figure 2: Contour plots of the field v for two snapshots of the fracture evolution at load steps (a) w =
1.5 (b) w = 2.5. Four equally large areas around the corners of the indentation are considered to obtain
the surface energy evolution of the four radial cracks (zones 1 − 4) shown in Fig. 3.
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Figure 3: Evolution of the normalized surface energy of four zones as a function of the load step.
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Figure 4: Distribution of polarization components in an area near the indentation in the load step w =
1.8 (a) x and (b) y components. Black lines in (a) indicate the position of the cracks (v = 0). Domain
orientations are indicated with arrows.

4 CONCLUSIONS

We present a general formulation of coupled phase-field model based on variational
formulations of brittle crack propagation and domain evolution in ferroelectric materials.
Using this model, the simulation of Vickers indentation crack growth in ferroelectric single
crystals is performed. The simulation results show that radial cracks parallel to the poling
direction of the material propagate slower than perpendicular ones, which is in agreement
with experimental observations. Ferroelastic switching induced by the intense crack-tip
stress field is observed near the parallel cracks, which is believed as the main fracture
toughening mechanism in ferroelectric materials.
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