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Abstract 

In the first part of this paper, a flow model for numerical simulation of turbulent parameters 
in Atmospheric Boundary Layer (ABL), based on finite volume method and Large-Eddy 
Simulation is introduced. This model consists of balance equations for mass, momentum and 
energy (for potential temperature) equations. The Lagrangian dynamic model of Smagorinsky 
with restriction of size for the coefficient Cs was used for sub grid turbulent viscosity. The 
second part of this paper is devoted to the numerical aspects of flow model using Proper 
Orthogonal Decomposition (POD) method. In the final part of this paper, results from 
numerical studies on flow in ABL for the neutral and stable case and analysis of fractal 
dimensions are presented. These results constitute important tests for the assessment of the 
predictive capacity for the stratified flow model in hand. ImaCalc program was used to study 
the fractal parameter and structure functions. We calculated the maximum value of fractal 
dimension D selected among all of the velocity intensity and vorticity modules which was a 
good indicator of flow’s complexity. The data of evolution of D(t) in the middle section of the 
domain of the multifractal spectra along the main downstream axis were also calculated. The 
reduction in the maximum value of the Fractal Dimension for intermediate velocity and 
vorticity values is consistent with Laboratory experiments and with wind wane 
measurements.                                                                               
 

Keywords: Computational Fluids Dynamics, Numerical Simulation, Atmospheric Boundary Layer (ABL), Velocity, 
Vorticity, Stratified Turbulence and Fractal Dimension. 

 

1. Introduction 

The Study of dynamics of vortex structures in the 
Atmospheric Boundary Layer (ABL) using Large-Eddy 

Simulation has been performed taking into account the 
influence of stratification of the environment, the friction 
produced by the surface using a roughness parameter. The 
rotation of the Earth, the change of thermal fluxes and a 
gradient of pressure is important for modelling relevant 
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variations of the weather and climatic system [1-4]. There are 
also some other tasks as studying physical processes of 
pollution near the Earth's surface, designing of wind farms 
and assessment of their overall performance [5-7].  

 
It is known that the small vortex structures, for example, 

Hairpin Vortices can be created in the turbulent boundary 
layer [8-9]. A large number of publications are devoted to the 
description of similar structures. But not so many papers are 
devoted to the question of studying the dynamics of large 
vortex structures (Very-Large-Scale Motions) and the impact 
assessments of buoyancy forces on their stability [10,11].  

Some works are devoted to the analysis of coherent 
structures dynamic [10, 12, 13]. The purpose of this work is 
the development of a method for calculation of dynamics of 
large vortex structures using Large-Eddy Simulation and a 
method of calculation of various modes energy, assessment 
of their contribution to a total kinetic energy of turbulence.  

The results of calculation parameters in the ABL can be 
used further as initial data for calculation of parameters of 
the wind farm in realistic ambient. 

Many such processes in geophysical hydrodynamics are 
highly intermittent with spiky measures and no uniformities. 
For example, distribution of turbulent kinetic energy 
dissipation rate. These intermittent processes cannot be 
described totally by typical moment methods. Therefore, a 
multifractal method is required. 

2. Mathematical model 

In this work the approach based on Large-Eddy 
Simulation (LES) using finite volume method for the 
solution of the main equations reflecting conservation laws 
was used: the continuity equation (1), momentum equation 
(2), transport of scalar value - potential temperature equation 
(3).  

The sub grid-scale models are an important part of LES 
for ABL. The SGS stress tensor was raised from the filtering 
of the Navier-Stokes equations. The Boussinesq 
approximation for buoyancy force is included through the 
separate term in the momentum equation. The final 
mathematical model included the following equations (1-8). 
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where, 𝑢𝑢�𝑗𝑗 is the resolved Cartesian velocity field, 𝑝𝑝� is 
modified pressure variable, which is the density-normalized 
deviation in resolved-scale static pressure from its time 
averaged value (in the absence of finite time-averaged 
vertical gradients of temperature),  𝑅𝑅𝑖𝑖𝑗𝑗𝐷𝐷  = 𝑅𝑅𝑖𝑖𝑗𝑗 − 𝑅𝑅𝑘𝑘𝑘𝑘𝛿𝛿/3 is the 
deviatoric part of the sub-grid-scale (SGS) stress tensor and  
𝑅𝑅𝑖𝑖𝑗𝑗 is the SGS stress tensor, 𝑅𝑅𝑘𝑘𝑘𝑘 is the trace of the stress 

tensor. �𝜕𝜕𝑝𝑝�
𝜕𝜕𝑥𝑥𝑖𝑖
�
𝑑𝑑

 is as partially constant driving pressure 

gradient term used to achieve a specified mean geostrophic 
wind, �̅�𝜃 is the resolved virtual potential temperature, �̅�𝜃0 is 
the reference virtual potential temperature, 𝑔𝑔𝑖𝑖 is the gravity 
vector, 𝜖𝜖𝑖𝑖𝑗𝑗 - is the alternating symbol, 𝑓𝑓𝑐𝑐 is the Coriolis 
parameter, and the subscripts 1, 2, and 3 refer to the x-, y-, 
and z-directions, respectively. �̅�𝜃0 is set to the initial virtual 
potential temperature below the capping inversion of 300K. 

All physical quantities were defined in the centre of a 
numerical cell. The features of a land topography, the 
influence of stratification of the environment, rotation of 
Earth, change of thermal fluxes were considered for 
calculation of flow’s parameters. The large-scale vortex 
structures were defined by means of integration the filtered 
equations [14]. The box filter was used for receiving the 
filtered equations, the small eddies which size did not exceed 
a step of a numerical grid were modelled by means of a 
Lagrangian dynamic model of Smagorinsky for sub grid 
turbulent viscosity - LASI [15, 16]. For restriction of value 
for the dynamic constant of Smagorinsky Cs that values of 
size weren't negative in calculation processes, the additional 
model with restriction of size for Cs value was used. 

The approximation of terms in the equations (1-8) was 
executed with the second order of accuracy on time and 
space. The obtained equations for communication of 
velocity, pressure, potential temperature were solved by 
means of an iterative algorithm PIMPLE. The procedure a 
predictor-corrector is realized for values of velocity, 
pressure, potential temperature as it was made in the paper 
[17]. The obtained system of the algebraic equations were 
solved by the iterative method of conjugate gradients with a 
preconditioner for velocity, pressure, potential temperature, 
stress tensor and parameters for the turbulence model. The 
total quantity of the calculated physical values (scalar, vector 
and tensor) depending on the selected turbulence model for 
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sub grid viscosity can be from 25 to 33. In this regard 
resources of computing, cluster is required. 

The surface shear stress model was calculated using 
Schumann model [18]. At the surface, the stress tensor 
components are equal to zero, except values R_13, R_23. 

During calculation fields of average and fluctuation values 
have been obtained (velocity, pressure, potential temperature, 
sub grid viscosity, stress tensor, a thermal fluxes and others). 
ABL Solver solver as a part of open source library 
OpenFOAM 2.4 in the parallel mode was used for final 
modelling [19]. 

3. POD method and Apache Spark framework   

The Proper Orthogonal Decomposition (POD) method 
allows obtaining new data on turbulence and coherent 
structures. We have applied POD algorithm using Apache 
Spark framework and LAPACK mathematical library. The 
POD was first introduced by Lumley in the field of 
Computational Fluid Dynamics [20]. The present-day 
analysis uses the method of snapshots introduced by Sirovich 
[21].   

The computation of the POD modes using Equation (9) 
requires solving ÃU eigenvalue problem. The main idea of 
POD is to represent the solution u(x,t) of the system (1-8) as 
a sum of basic functions phii((x) (also called modes) 
multiplied by time coefficients ai(t). 

 
∫ 𝑅𝑅(𝑡𝑡1, 𝑡𝑡2)𝜙𝜙(𝑡𝑡2)𝑇𝑇
0 𝑑𝑑𝑡𝑡2 = 𝜆𝜆𝜙𝜙(𝑡𝑡1)                                                (9) 

The main problem is the calculation of auto-covariance 
matrix 𝑅𝑅(𝑡𝑡1, 𝑡𝑡2). The snapshot method proposes that auto-
covariance matrix 𝑅𝑅(𝑡𝑡1, 𝑡𝑡2), which can be approximated by a 
summation of snapshots with equation (10): 

 
𝑅𝑅𝑖𝑖𝑗𝑗 = 1

𝑀𝑀
∑ 𝑥𝑥𝑖𝑖𝑛𝑛𝑥𝑥𝑗𝑗𝑛𝑛𝑀𝑀
𝑛𝑛=1                                                             (10) 

The snapshots are assumed to be distanced by a time or a 
special distance greater than the correlation time or distance. 

Apache Spark framework allows processing large 
amounts of data in computer’s memory by distributing the 
load between the compute nodes, ensuring high fault 
tolerance (Figure 1). 

 

 
Figure 1. The architecture of Apache Spark framework. 

 
When calculating the flow process, a considerable amount 

of data in the form of separate time snapshots of the flow was 

obtained. The utility, written in C++, allowed transferring the 
data obtained during the hydrodynamic calculation from the 
OpenFOAM format into the library format, written in Scala. 
To highlight the characteristic structures, we proposed to use 
the POD method. 

4. Problem definition for GABLS1 case 

A series of calculations for turbulent flow for cases in a 
rectangular area is carried out: 400m x 400m x 400m in 
stable ABL on various grids are also carried out a 
comparison with results of these calculations with GABLS1 
project [22, 23]. The numerical domain and grid are shown in 
Figure 2. The logarithmic profile was set as an inlet 
boundary condition for the value of velocity, for velocity on 
surfaces the model of function according to the theory of 
similarity of Monin-Obukhov was used [23, 24]. 

 
Figure 2. Numerical domain and grid. 

 
The value of potential temperature at the inlet was set to 

constants up to the certain height and further increased under 
the linear law. On output borders, the cyclic boundary 
condition for all physical quantities was set. 

The initial parameters for calculation: velocity of wind 
Ug= (8.0, 0.0, 0.0) m/s; the direction of a velocity vector was 
of 270 degrees; the value of the rate of surface cooling was 
0.25K/h; change of potential temperature with height was 
from 265K to 269K. The random fluctuations with an 
amplitude of 0.1K were added on initial values for potential 
temperature field below 50 m; the surface aerodynamic 
roughness height was equal to z_0=0.1, the value of heat flux 
at surface q=7.0x10e-5Km/s, the latitude corresponded to 73 
degrees. The density of air was set equal 1.3223kg/m3, and 
gravity constant g=9.81m/s2. The initial values of a 
Lagrangian dynamic model of Smagorinsky for sub grid 
viscosity were equal to LLM=2.56x10e-6m4/s4, 
LMM=1x10e-4m4/s4. The calculations were performed on 
two grids: a) 64 x 64 x 64; b) 128 x 128 x 128 cells. 

5. Numerical results for GABLS1 case 

Driver 
RAM 

Imput Data 
 

 

Driver 
RAM 

Imput Data 
 

 

Driver 
RAM 
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The data for fields of values (snapshots) with a time step 
of dT=200 seconds have been obtained during the 
calculation. There were a total of 150 snapshots. Thus, the 
physical flow was computed for stable ABL for 30000 
seconds. The distribution of value for the instantaneous 
velocity magnitude at various time points is shown in Figures 
3-6. It was observed the changes of U_0 Magnitude values in 
the course of the calculation. 

The correlation matrix for the value of velocity with 
dimension 146×146 has been created by results of LES. As a 
result of calculation, it was obtained that 4 first modes 
contained 95% of the general turbulent energy. 

 
Figure 3. Modulus of the velocity field at t=500 s. 

 

 
 

Figure 4. Magnitude velocity field at t=1000 s. 
 

 
Figure 5. Magnitude velocity field at t=2000 s. 

 
Figure 6. The magnitude of the velocity field at t=3000 s. 

 
The two first modes (basic functions) are shown in Figure 

7. In Figure 8, the evolution of the coefficients of the first 4 
modes are shown. 
 

 
Figure 7. Zero to third modes of x-component for the 

velocity vector. 
 

 
Figure 8. Dependence of temporary coefficients at the 

first 4 modes from time. 
 
The results of the dependence of velocity and potential 

temperature from a height, shown in Figures 9 and 10, were 
in good correlation with results of other simulations in 
GABLS1 project [22, 23]. 
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Figure 9. Dependence of horizontal velocity in height. 

 

 
Figure 10. Dependence of potential temperature in height. 

For the same simulation. 

6. Problem definition for a rectangular parallelepiped 
domain 

The spatial area was represented as a rectangular 
parallelepiped. The boundary condition for the velocity of 
slipping was used on the upper boundary, and on side 
borders - a cyclic boundary condition. For the value of 
velocity on the inlet of numerical domain area the potential 
profile of velocity was set, for velocity on the surface, the 
model of wall function according to the theory of similarity 
of Monin-Obukhov was used. The value of potential 
temperature on the inlet was set to constants up to the certain 
height and further increased under the linear law. The surface 
shear stress model on surfaces was determined by the model 
of U. Schumann [18]. The initial conditions for a case with 
neutral ABL were set by the following: wind velocity 
U0=8m/s with the direction of 270 degrees to which height is 
set the average velocity of U = 100m, reference potential 
temperature below 300K and from above 305K, initial value 
of subnet turbulent kinetic energy of 0.1m2/s2, a gradient of 
potential temperature of 0.003K/m. Basic parameters for 

calculation were chosen: molecular number Pr=0.7, turbulent 
number Prt=0.33, molecular viscosity 1.0e-5 the m2/s, width 
is 41.3 degrees. 

7. Results of simulation for a rectangular 
parallelepiped case 

The calculations were carried out in a spatial area of 3km 
x 3km x1.02km in size on numerical grids 150 x150x51 and 
300x300x102 during 20000 seconds. The numerical domain 
and grid are shown in Figure 11. Two characteristic options - 
"neutral" for modelling of a neutral condition of the 
atmospheric boundary layer (ABL) and "steady" for 
modelling of a steady condition of ABL are chosen. These 
options differ in a task of boundary conditions for potential 
temperature on the Earth's surface. For a case "neutral" the 
absence of a thermal flux was set. For a "steady" ABL case 
the thermal flux was calculated taking into account the fixed 
velocity of cooling of the Earth's surface. Thus, the "steady" 
case is at the same time a realistic stratified atmospheric 
wind simulation as shown in figure 10. The considerable 
stratification of potential temperature in comparison with the 
"neutral" or un-stratified model. The realistic case shows the 
maximum vertical density gradient at about 200m, with a 
maximum Richardson number (Gradient-based) defined as 
(11): 

 

𝑅𝑅𝑖𝑖 =
−𝑔𝑔𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕

𝜌𝜌�𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕�
2                                                                 (11) 

 
The initial conditions for stable case: wind speed Ug=(8.0, 

0.0, 0.0) m/s with direction 2700, the height at which to drive 
mean wind to U0 was 100 m, initial potential temperature at 
bottom 300 K, at top 305 K, height of middle of initial 
inversion 750 m, initial turbulent kinetic energy 0.1 m2 /s2 , 
potential temperature gradient above inversion 0.003 K/m. 
The general parameters: molecular Prandtl number 0.7, 
turbulent Prandtl number, Prt, 0.33, molecular viscosity 
1.0E-5 m2/s, the latitude of the Earth 41.3 degree.  

 

 
Figure 11. Numerical domain and grid. 
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Figure 12. Distribution of an absolute value of velocity.  

Top – "neutral" non-stratified case, bottom – "stable" 
stratified realistic case. 

 
The calculated distribution of an absolute value of 

velocity is given in the central section of the numerical 
domain in Figure 12. The essential distinction of the 
behaviour of velocity is visible. For a neutral state, the area 
of noticeable perturbations is in a limited zone near the 
Earth's surface while fluctuations for the "steady" case are 
distributed rather evenly on all area. 

 The stream wise velocity fluctuations at 90 m above the 
surface, in the case using numerical mesh 150 x 150 x 51, is 
shown in Figure 13. These fluctuation values can reach about 
25% of the mean velocity value. It is necessary to take these 
fluctuations of velocity and pressure into account in case of 
simulations of physical parameters in large wind turbines in 
wind farms. The mean potential temperature field is shown in 
Figure 14. So cooling the ground and heating the upper layer 
produces internal waves dominated by the Brunt-Vaisala 
frequency (12): 

 

𝑁𝑁 = �− 𝑔𝑔
𝜌𝜌
𝜕𝜕𝜌𝜌
𝜕𝜕𝜕𝜕
�
1/2

                            (12) 

 

  
Figure 13. Streamwise velocity fluctuations at 90 m  
above surface, mesh 150 x 150 x 51 

 
The Q-criterion, lambda2 criterions are often applied for 

the definition of vorticity in ABL. For the executed 
calculations the qualitative difference wasn't so big. The 

distributions of Q-criterion for "neutral" and stratified 
"steady" options respectively are given in Figure 15. It is 
seen that absolute values of Q-criterion for a "neutral"  case 
in ABL  are more or less of the same size than for a "steady" 
stratified case in ABL. This difference becomes even more 
considerable with an increase in height that will quite be 
coordinated with the evolution and structure of the turbulent 
flow as Ri(z) from Figures, 9, 10 and 12. As shown by 
Redondo [25], the fractal and multifractal dimensions are a 
strong logarithmic function of the local Richardson number. 
 

 
Figure 14. Temperature field 

 

 
  Figure 15. Distributions of Q-criterion. 

8 Analysis of Fractal Dimension 

In the process of the turbulent eddy three dimensional 
Kolmogorov type cascade we assume that the basic 
hypothesis of Kolmogorov [26, 27] apply, namely a) the 
properties of the eddy hierarchy at a certain scale only 
depend on the local dissipation at that size ε(L), at scale L 
and  b) that there also exists an intermediate “inertial range” 
of eddies Lo>> L >>Lk the viscosity does not play any role. 
In this range, all the properties should be determined by the 

“Neutral” non-stratified ABL 

“Steady” stratified ABL 
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stratification acting on the topology of the ABL, 𝐿𝐿0 is 
described as Ozmidov scale and Lk is the smallest turbulent 
Kolmogorov scale. At least over a range of scales, but 
keeping a less restrictive homogeneous and locality 
hypothesis with respect to intermittency), we can relate how 
the characteristic speed v(L) for eddies of size L depends on 
L. Since the dimensions of 𝜀𝜀(𝐿𝐿) are velocity2/time, the only 
dimensional combination of 𝜀𝜀(𝐿𝐿) and L yielding a 
dimensional estimation of (13): 

 
𝑣𝑣(𝐿𝐿) ≈ (ε𝐿𝐿)1/3                                                                  (13) 

And thus the fractional distribution of the energy per unit 
mass and length will be (14): 

 
𝐸𝐸(𝐿𝐿)(𝑑𝑑𝐿𝐿 𝐿𝐿⁄ ) ≈ 𝑣𝑣(𝐿𝐿)2 (𝑑𝑑𝐿𝐿 𝐿𝐿⁄ )  ≈  (𝜀𝜀𝐿𝐿)

2
3(𝑑𝑑𝐿𝐿 𝐿𝐿⁄ )  ≈  𝜖𝜖2/3𝐿𝐿−1/3𝑑𝑑𝐿𝐿        (14) 

That leads to the traditional Kolmogorov spectral 5/3 law 
(15): 
 
𝐸𝐸(𝑘𝑘)𝑑𝑑𝑘𝑘 ≈  𝜀𝜀2/3𝑘𝑘−5/3𝑑𝑑𝑘𝑘         (15) 
 

It is also interesting to study the topology of the flow 
influence of turbulence structure of diffusion, so if we 
assume that 𝑣𝑣(𝐿𝐿) ≈ 𝐿𝐿1/3, with  a scaling exponent, the 
moments of the relative distance R, close to L, between a 
pair of particles, scale with time as (16): 

 
〈𝑅𝑅2𝑞𝑞〉 ≈ 𝑡𝑡2𝑞𝑞/(1−    1)         (16) 
 

In the limit of long times. As a consequence, the r.m.s. of 
the displacement R as a function of time in the long-time 
limit is given in terms of the first order moment as (17): 
 
〈𝑅𝑅2〉  ≈  𝑡𝑡2/(1−ζ1)                       (17) 

 
Which is larger than the classical Brownian type of 

diffusion, and also as suggested by Richardson as early as 
1925, with the scaling exponent 1/3 associated with Hurst 
scaling exponent (18): 

 
〈𝑅𝑅2〉  ≈  𝑡𝑡3                       (18) 

 
The fact that dissipation is not constant as assumed in the 

Kolmogorov K41 theory [31] and that it also scales spatially 
leads to a more general K62 definition of the scaling 
exponents of the structure functions so that now ζ𝑝𝑝 = 𝑓𝑓(ℎ, 𝑝𝑝) 
, is a general function, and not just ζ𝑝𝑝 = ℎ𝑝𝑝 = 𝑝𝑝/3 (19). 

 
〈𝑣𝑣(𝐿𝐿)𝑝𝑝〉 ≈ 𝐿𝐿𝑝𝑝/3〈𝜀𝜀(𝐿𝐿)𝑝𝑝/3〉 ≈ 𝐿𝐿ζ𝑝𝑝                     (19) 

 
One of the first theories seeking to predict the structure 

function exponents was in fact given by Kolmogorov in K62 
[32], as well as Obukhov, the new intermittency parameter, 
this parameter has been measured for homogeneous, 
stationary and isotropic turbulence giving values in the range 
of 0.2 to 0.6, but for real turbulence, such as in the ABL, the 

situation seems much more complicated as discussed by 
Mahjoub [28] (20): 

 
〈∂ε(𝑟𝑟)∂ε(𝑟𝑟 + 𝐿𝐿)〉 ≈ 〈𝜀𝜀2〉(𝐿𝐿 𝐿𝐿0⁄ )−𝜇𝜇             (20) 

 
Thus, the scaling exponents depend both on p, the order, 

and the intermittency parameter, so the expression for the pth 

order velocity structure function will be (21): 
 

〈𝑣𝑣(𝐿𝐿)𝑝𝑝〉 ≈ 𝐿𝐿𝑝𝑝/3𝐿𝐿𝜇𝜇𝑝𝑝 (3−𝑝𝑝)/18        (21) 
 
And the expression for the energy spectra as a function of 

the wave-number modifies the non-intermittent K41 3D 
cascade given by the 5/3 law as (22): 

 
𝐸𝐸(𝑘𝑘) ≈ 𝜀𝜀2/3𝑘𝑘−5/3−𝜇𝜇/9         (22) 

The general expression for the structure function scaling 
exponents is then (23): 

 
ζ𝑝𝑝 = 𝑝𝑝

3
+ 𝜇𝜇

18
𝑝𝑝(3 − 𝑝𝑝)         (23) 

 
If we use the relationship between the fractal dimension 

(or more exactly the maximum of the multifractal measures 
that described the contours of dissipation (24): 

 
𝐿𝐿(𝑛𝑛) = 𝐿𝐿02−𝑛𝑛              (24) 

 
And from the fractal dimension definition (25): 
 

𝑁𝑁(𝑛𝑛) = 𝑁𝑁02𝐷𝐷𝑛𝑛               (25) 
 
The volume at the nth generation of an intermittent 

vortex cascade is (26): 
 

𝑉𝑉(𝑛𝑛) = 𝑁𝑁(𝑛𝑛)𝐿𝐿(𝑛𝑛)3 ≈ 𝑁𝑁0𝐿𝐿032−(3−𝐷𝐷)𝑛𝑛       (26) 
 
With a volume ratio of (27): 
 

𝛽𝛽(𝑛𝑛) = 𝑉𝑉(𝑛𝑛) 𝑉𝑉0⁄ = 2−(3−𝐷𝐷)𝑛𝑛 = [𝐿𝐿(𝑛𝑛)/𝐿𝐿0]3−𝐷𝐷      (27) 
 

The lack of dissipation space modifies the traditional 
definitions of homogenous parameters and further analysis 
described in Mahjoub et. al. [29] for non-homogeneous 
turbulence leads to (28-32): 

 
𝜀𝜀 ≈ 𝛽𝛽(𝑛𝑛)𝑣𝑣3(𝑛𝑛)τ−1(𝑛𝑛)         (28) 

 
𝑣𝑣(𝑛𝑛) ≈ [𝜀𝜀𝐿𝐿(𝑛𝑛)𝛽𝛽−1(𝑛𝑛)]1/3              (29) 

 
𝐸𝐸(𝑛𝑛) ≈ 𝛽𝛽(𝑛𝑛)𝜀𝜀2/3[𝐿𝐿(𝑛𝑛)/𝛽𝛽(𝑛𝑛)]2/3             (30)
  
𝐸𝐸(𝑘𝑘)𝑑𝑑𝑘𝑘 ≈ 𝜀𝜀2/3𝑘𝑘−5/3[𝑘𝑘𝐿𝐿0]−(3−𝐷𝐷)/3𝑑𝑑𝑘𝑘       (31) 

 
〈𝑣𝑣(𝐿𝐿)𝑝𝑝〉 ≈ 𝜀𝜀𝑝𝑝/3𝐿𝐿ζ𝑝𝑝         (32) 
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And thus we obtain what is often called the multifractal 
method by Frish [30] (33): 

 
ζ𝑝𝑝 = 𝐷𝐷

3
+ (3 − 𝐷𝐷) (3−𝐷𝐷) 

3
         (33) 

 
If we want to estimate diffusion in a fractal environment, 

we may substitute the first order structure function scaling 
exponent (𝐷𝐷 =1) as (34): 

 
ζ1 = 1

3
+ (3 − 1) (3−𝐷𝐷)

3
= 1

3
(7 − 2𝐷𝐷)        (34) 

 
In the models used above, the multifractal dimension 

should be modified by the changing role of intermittency, 
which as observed in experiments is affected by buoyancy. 

It is worth mentioning that multifractal characteristics do 
not have a strong effect on diffusion, because it only depends 
on the scaling law for the first moment of the velocity, which 
is virtually unchanged by multifractality. More sophisticated 
data analysis such as the evaluation of integral length scales 
or local fractal dimensions of the sea surface appearance, 
together with the detailed information of the position and 
sizes of the mesoscale dominant eddies or structures of size L 
or R,  provides useful information on the mesoscale 
turbulence in the ocean and in the atmosphere, after many 
observations the dominant patterns and the causes of 
different topological characterizations by Mandelbrot [31], 
might be understood. It is important to characterize the types 
and structure of the main vortices detected as well as the 
spectral cascade processes that take place, these may be 
investigated by using fractal methods on images of the area 
[32]. Moreover, previous fractal dimension analysis of the 
components of the wind velocity was done by Tijerat et al. 
[38]. 

According to this theory, the PDFs of the velocity 
increments present a deviation with regard to the Gaussian, 
the linear form has been observed [4, 5]; this deviation is the 
so-called intermittency. Moreover, when there is 
intermittency, the tails of the PDFs of the velocity 
increments depart from the Gaussian form and can be 
approached by stretched exponentials [6-10]. Therefore, the 
scaling exponents can be used to characterize the turbulence 
intermittency. 

There are many turbulence models that try to explain the 
phenomenon of the intermittency, for instance, the models 
corresponding to [11-13]. In [14, 15] several of these 
methods are explained. 

The aim of this article is a new application to atmospheric 
boundary layer data. In such kind of data, this model is very 
useful, because can be used in not only conditions of 
homogeneity and isotropy, as the most of the models. 

The physical interpretation of the rate of change of 
energy scale up to a certain length is equal to the energy 
injected at a scale by a force minus the energy dissipated at 
such scales and less the flow of energy at smaller scales. This 
last term is due to non-linear interactions between the scales 
derived from the nonlinear term in the Navier-Stokes 
equation. This non-linear term is responsible for the 

unpredictable behaviour of turbulent flows. J would express 
the baroclinic vorticity production with a variation of density 
with “potential height” i.e. (35) 

 
𝐽𝐽 = 1

𝜌𝜌2
∇𝜌𝜌 × ∇𝜌𝜌                                                           (35) 

 
The evolution of vorticity in time is then (36): 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= 𝐽𝐽 − (𝑢𝑢 ∙ ∇)𝜔𝜔 + [(𝜔𝜔 + 2Ω) ∙ ∇]𝑢𝑢 − 𝜈𝜈∇2𝜔𝜔         (36) 
 

 
Figure 16. Multifractal analysis for the vorticity structure in 
the case of a neutral ABL slab. The PDF of vorticity values 
is almost Gaussian, while the multifractal spectra c) shows 
the high vorticity peaks due to the propagation of vorticity 

waves. Vorticity_neutral_horbw 
 

This equation may be used to interpret the different terms 
that modify the intermittency of the flow. For selected times 
and ABL flows, we have used multifractal analysis. 

The ImaCalc program was used to study the fractal 
parameter, structure function for different geophysical 
objects [33-35]. We calculated the maximum value of fractal 
dimension D selected among all of the velocity intensity and 

b) Histogram of the image 

 

c) Fractal Dimension 

  

a) Image of the vorticity field 

Pixel 

Pixel 

D 

N 
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vorticity modules which is a good indicator of flow’s 
complexity. The data of evolution of D(t) in the middle 
section of the domain along the main axis were also 
calculated. 

The same approach was used in the single wind turbine 
wake study [36]. The structure functions, scaling exponents 
and intermittency in the wake of two wind turbines were 
studied in the paper [37]. 

In this section, the analysis of different maps of velocity 
or vorticity to estimate and compare the fractal dimension, 
for image between Figure 16 to Figure 18, using the ImaCalc 
software the latter a) represent the image study in 2 
directions, b) represent the histogram of the image between 0 
to 256 gray scale, and c) is the fractal dimension graphic of 
each case. 

 

  
Figure 17.  Analysis of the Stably stratified velocity 

structure (Umag_stable_horbw0). 

The results of data processing by means of the ImaCalc 
program for velocity and vorticity fields, calculation of the 
fractal dimension, multifractal spectra result for the neutral 
case are shown in Figures 16 to Figure 18. 

In Figures 16 and 17, the maps of velocity and vorticity 
show a histogram between values of 30 to 168 pixels in gray 
scale and values of fractal dimension between 0.5 to 1.5.  and 
the analysis of the maps of vorticity in the same area of study 
(Figure 17), with similar shapes of the histogram but the 
graphic fractal dimension presents a little difference (more 
parabolic), but the values of a fractal dimension are in the 
same range presented in Figure 16 and 17. 

 

 
Figure 18.  Vorticity_stable_horbw0. c) shows, in this case, 

the absence of peaks due to the lack of vorticity waves.   
 

The shape of an equilibrium turbulence multifractal spectra 
is parabolic. The skewness is also related to the velocity or 
vorticity histograms as seen in all figures of ImaCalc. The 
spectra D(x, t) at different times and in different positions 
along the main axis are also calculated. As a general rule 
multifractal values of vorticity are smaller, indicating a 
smoothing of the fields.  The intermittency exponent changes 
for higher values of vorticity up to the maximum of 1.8. The 
corresponding values of D for the velocity in neutral case 
vary from 0.1 to 1.9 in Figure 18, where the shape of the 
spectra of fractal dimension is also parabolic.  

b) Histogram of the image 

c) Fractal Dimension  

a) Image of vorticity field 

N 

Pixel 

Pixel 

D 

b) Histogram of the image 

c) Fractal Dimension  

a) Image of the velocity field 

N 

Pixel 

Pixel 

D 
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The shape of an equilibrium turbulence spectra for the 
stable case has some changes (Figures 18a), where the 
vorticity structure in a (z, t) plane for the simulation of the 
horizontal vorticity in a neutral Atmosphere. The 
corresponding values of D for the velocity in stable case vary 
from 0.4 to 1.9. Some reflections of waves at high velocity 
and vorticity values may be detected due to small peaks 
within the multifractal spectrum, as seen in figure 17c. 

The Fractal dimension of the vorticity maps presented in 
Figure 18, it graphic present a shape similar to the spectrum 
of Kolmogorov, it indicates that decay energy of the vortices 
structure in the ABL has a relation with the fractal dimension. 
In this case the fractal dimension decay between 1.9 to 0.9. 

Additional analysis of the fractal dimension with a ABL 
with a stratification area, in this case, was more difficult to 
study, because is possible to visualize that in the histogram of 
the ABL, is possible to see a non-uniform histogram, and for 
instant the fractal dimension present in Figure 20, the shape is 
thick with values between 1 to 1.8. 

9. Conclusions 

We analyse the Atmospheric Boundary Layer (ABL) 
structure, using a Large-Eddy Simulation (LES) in order to 
improve pollution topology and diffusion [1].  

Many processes are highly intermittent with spiky 
measures and non-uniformities in Weibull PDF’s. For 
example, distribution of turbulent kinetic energy dissipation 
rates are intermittent and cannot be described by typical 
moment methods. Therefore, a multifractal analysis is 
required. Multifractal dimension was applied to the results of 
LES and One Eddy Equation turbulence model for neutral 
and stable ABL in OpenFOAM. The filtered incompressible 
Navier-Stokes equations within a rotating frame of reference 
were used to perform additional simulations. Boussinesq 
approximation for buoyancy was included with an explicit 
additional term [2].  

The size of the numerical domain was 3000x1020x3000 m, 
meshes with 150х51х150, 300х102х300 cells were used. The 
initial conditions for the stable case were: wind speed U0=8 
m/s with direction 2700, the height at which mean wind (U0) 
was maximum is 100 m; initial potential temperature at 
bottom 300 K, at top 305 K; the height of the middle of the 
inversion was 750 m; the initial turbulent kinetic energy 0.1 
m2 /s2; the potential temperature gradient above the inversion 
was 0.003 K/m. The Prandtl number is 0.7, the turbulent 
Prandtl (or Schmidt) number 0.33, molecular viscosity 1.0E-5 
m2/s, and latitude of the Earth 41.30 degree.  

Fractal objects are irregular in shape but their irregularity 
is similar across many scales, and we applied for these 
advances in fluid visualization as SFIV to investigate 
different scale to scale properties of flow through iterative 
box-counting algorithms for different values of velocity and 
vorticity  

The number of different simulations to be compared is 
huge but the Multifractal techniques we used to evaluate 
intermittency and structure functions in the few clear cases of 
discrimination ability. One such case is only comparing the 
global Richardson number with the maximum Fractal 
dimension, the general law is parabolic. Low Richardson 
numbers indicate high fractal dimensions and vice versa. 

Maximum fractal dimension D(RI) as a function of 
Richardson’s number, selected among velocity and vorticity 
modules which is a good indicator of the flow’s complexity.  

     A methodology has been established for simulation of 
neutral and stable atmospheric boundary layers and POD 
analysis. As a result of calculation, it was obtained that 4 first 
mode contained 95% of the general energy. Q-criterion, 
lambda2 criterions can be applied for the definition of 
vorticity and vortex structure dynamics in ABL. The 
calculations for ABL cases were run on a high-performance 
cluster as a part of UniHUB web-laboratory on 12-128 cores.  

Further, it is planned to provide researches of dynamics for 
vortex structures taking into account use of standard 
Smagorinsky model, the model for one differential equation 
for sub grid kinetic energy and influence of change for the 
value of heat flux at the Earth's surface. 

The analysis of fractal dimension was done using the 
ImaCalc program. The corresponding values of D for the 
velocity in neutral case vary from 0.9 to 1.9. Normally the 
shape of the fractal dimension is parabolic.  

The shape of an equilibrium turbulence spectra for the 
stable case has some changes (Figures 16, 18). The 
corresponding values of D for the velocity in stable case vary 
from 0.9 to 1.9. 

The fractal dimension of the vorticity maps, considering 
the effect of the turbulence, intermittency and vortices 
structure of the ABL, vortex scale are similar to the 
Kolmogorov spectrum. 
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