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Understanding diffraction patterns of glassy, liquid and amorphous
materials via persistent homology analyses
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The structure of glassy, liquid, and amorphous materials is still not well understood, due to the insufficient struc-
tural information from diffraction data. In this article, attempts are made to understand the origin of diffraction
peaks, particularly of the first sharp diffraction peak (FSDP, 0)), the principal peak (PP, 0,), and the third peak
(Qs), observed in the measured diffraction patterns of disordered materials whose structure contains tetrahedral
motifs. It is confirmed that the FSDP (Q,) is not a signature of the formation of a network, because an FSDP is
observed in tetrahedral molecular liquids. It is found that the PP (Q,) reflects orientational correlations of
tetrahedra. O, that can be observed in all disordered materials, even in common liquid metals, stems from
simple pair correlations. Moreover, information on the topology of disordered materials was revealed by
utilizing persistent homology analyses. The persistence diagram of silica (SiO,) glass suggests that the shape of
rings in the glass is similar not only to those in the crystalline phase with comparable density (c¢-cristobalite), but
also to rings present in crystalline phases with higher density (a-quartz and coesite); this is thought to be the
signature of disorder. Furthermore, we have succeeded in revealing the differences, in terms of persistent
homology, between tetrahedral networks and tetrahedral molecular liquids, and the difference/similarity
between liquid and amorphous (glassy) states. Our series of analyses demonstrated that a combination of
diffraction data and persistent homology analyses is a useful tool for allowing us to uncover structural features
hidden in halo pattern of disordered materials.
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1. Introduction

The absence of translational symmetry, and the very
much present complexity in the structure of glassy, liquid,
and amorphous materials make glass science a challenging
field. Indeed, as noted by Egelstaff in his review article
in 1983," solving the structure of disordered materials
can be frustrating: although the underlying concepts have
been known for a while, appropriate measurement meth-
ods for high-quality diffraction data are often not available.
However, the advance of instrumentation and measure-
ment protocols makes it feasible to use X-ray diffraction
(XRD) and neutron diffraction (ND) techniques to inves-
tigate the structure of disordered materials at synchrotron
and neutron facilities.? Moreover, a combination of
diffraction experiments and advanced computer simulation
techniques enables understanding of the structure of
disordered materials at both the atomistic and electronic
levels.”

In ND and XRD measurements on disordered materials
containing »n chemical species, structural information is
contained in the total structure factor?->

S(Q)

1 n
|<W(Q))|2;;CCJW (Qw;(Q)[Si(Q)— 1]
(M

where ¢; is the atomic fraction of chemical species #; w;(Q)
is either a Q-independent coherent scattering length in
ND or a Q-dependent atomic form factor with dispersion
terms in XRD and is, in general, a complex number; S;;(Q)
is the vpartial structure factor. |[(W(Q))]* =
> Xz cicjwi(Q)w;(Q). The corresponding  real
space information is contained in the total correlation
function 7(r), which is obtained by the Fourier transform
relation

Omax

2
T(r) = 4mrp+ / 0[S(Q) — 1]sin(QNdQ (2)

Omin

where 7 is a distance in real space and p is the atomic
number density. By using real space function, it is pos-
sible to obtain inter-atomic distances and coordination
numbers.?-)

Typical glass-forming materials, e.g., glassy (g-) silica
(Si0,), GeSe,, and ZnCl,, have a network structure, in
which atoms are connected with (at least partially) cova-
lent bonds. For instance, the short-range structure in g-
SiO, is a SiOy4 tetrahedron, and the interconnection of
tetrahedra form a network with sharing oxygen atoms at
the corner. This polyhedral motif is manifested by a first
sharp diffraction peak (FSDP) and a principal peak (PP) in
structure factor S(Q).¥ The FSDP was first discussed in
1976, although it appears that the name “FSDP” was first
used by Phillips in 1981.% The interpretation of diffraction
peaks including the FSDP was attempted in the 1980s%7
and details are discussed in several papers.?'D It is known
that the FSDP of silica glass is related to the formation of
the random network model of Zachariasen'? and the model

854

was extended to silicate glass as illustrated in Fig. 7 of
Ref. 11 by Mei et al. It was confirmed that intermediate-
range ordering arises from the periodicity of boundaries
between successive small cages in the network formed
by connected, regular SiO, tetrahedra with shared oxygen
atoms at the corners associated with the formation of a
ring structure and a cavity.'?) The second maximum, the
PP, reflects the size of the local-network-forming motif,
whereas the FSDP indicates the arrangement of these
motifs on an intermediate range according to Zeidler and
Salmon.'? Another interpretation of the FSDP was recently
proposed by Shi and Tanaka, who discussed local tetra-
hedral ordering in covalent liquids and glasses.'>

Recent progress in simulation techniques, coupled with
the development of atomic configuration analysis tools,
has allowed us to study structural order beyond the first
correlation sphere.?) In particular, topological analysis
tools to investigate the distribution of rings'® and
cavities'? are important for understanding atomic ordering
in disordered materials.

Another important structural descriptor in this article is
homology.'® Recently, topological data analysis has rap-
idly progressed and has provided several tools for analyz-
ing multiscale data in physical and biological fields.'®
Hiraoka et al. applied persistent homology to disordered
materials to understand the homology of rings, which
cannot be detected by conventional ring statistics analy-
sis,'® following the landmark study of Hirata et al.'” This
mathematical tool, based on the persistence diagram (PD),
was developed to capture shapes of multiscale data. The
input to the PDs is given by atomic configurations and the
output is expressed as 2D histograms. Then, specific distri-
butions such as curves and islands in the PDs identify
meaningful shape characteristics of the given atomic
configuration.

In this article, we try to unravel the structural origin of
diffraction patterns from several disordered materials with
tetrahedral motifs to understand the nature of order within
disorder.?? Although most of diffraction data are taken
from the literature, we performed additional diffraction
measurements on g-CusoZrsg and liquid (/)-Si, because the
former is a reference, whose atomic structure is very far
away from tetrahedral motif due to the lack of chemical
bond and the latter is important to understand the struc-
tural difference between a-Si and /-Si. We also performed
several reverse Monte Carlo (RMC)?" and/or molecular
dynamics (MD) simulations for liquid and glassy Si and
Si0;. To understand the origin of O3, RMC modeling on
I-Hg was conducted. Furthermore, persistent homology
analysis was applied to structural models to reveal the
relationship between diffraction patterns and topology/
homology.

2. Experimental and simulation procedures

Cus¢Zrsy glass ribbons (g-CusgZrsg) were prepared by
the melt-spun method. The master alloy was prepared by
arc melting in an argon atmosphere. Ribbon samples with
a cross section of 1 mm x 0.03 mm were fabricated from
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the master alloy in a single-roll melt spinner. High-energy
XRD experiments on the glass were conducted at the
BL04B2%? and BL15XU beamlines at the SPring-8 syn-
chrotron radiation facility. The energies of the incident
X-rays were 61.4keV (BL04B2) and 30.0 keV (BL15XU).

Containerless high-energy XRD measurements were
performed on liquid silicon (/-Si) using an aerodynamic
levitation technique at an incident energy of 113 keV at the
BL04B2 beamline. A sample was processed by conical
nozzle levitation using filter-purified Ar gas (impurity
<0.01 mass ppm). A 200 W CO,, laser was used to heat the
sample and the temperature was measured using a two-
color pyrometer. The measured diffraction data were cor-
rected for polarization, absorption, and the background,
and the contribution of Compton scattering was subtracted
using standard data analysis software.?®) Fully corrected
data were normalized to give the Faber—Ziman®* total
structure factor S(Q).

MD simulation for g-SiO, was performed using the
large-scale atomic/molecular massively parallel simulator
(LAMMPS) package?> employing Born—Mayer-type pair
correlations. As the initial atomic configuration, 3000
atoms (Si, 1000; O, 2000) were randomly distributed in a
cubic cell with respect to the experimental density. The
simulation was performed with a time step of 1fs in the
NVT ensemble. The simulation temperature was main-
tained at 4000K for 20,000 time steps, then the temper-
ature was reduced to 300K over 200,000 time steps.
Finally, the system was equilibrated at 300K for 50,000
time steps. A Nosé—Hoover thermostat was employed to
control the temperature. After the MD simulation, the
obtained configuration was refined by RMC simulations
with constraints on the coordination number and the O-Si—
O bond angle distribution, to prevent the formation of an
unfavorable disordered structure. The RMC++ code was
used.?®

The RMC model for I-Hg (5000 particles) was obtained
using the RMC++ code, on the basis of the X-ray pair
distribution function gX(r)*¥ up to 4A 1A=0.1nm)
(first inter-atomic distance). The RMC models for /-Si
(1770K, 5000 particles), the low-pressure molecular /-P
(0.96 GPa/1328K, 5000 particles), and the high-pressure
network /-P (1.01 GPa/1323 K, 5000 particles) were ob-
tained using the RMC++ code with the X-ray S(Q) for
I-Si and I-P?” starting from random configurations. The
formation of P, tetrahedra and three-fold phosphorous
were constrained for low-pressure and high-pressure /-P,
respectively.

The model for a-Si was generated by a melt quench-
ing procedure using MD simulation, followed by RMC
refinement, using the experimental X-ray S(Q).2® The MD
simulation was implemented using the LAMMPS code.
The simulation box was a cube with a side length of
50 A. It had a number density of about 0.050 A3, which
is consistent with a bulk density of 2.33gcm™>. In the
simulation, 6256 Si atoms were generated within the NVT
ensemble. A time step of 1fs was used in the Verlet
algorithm. The interactions were described by a bond-

order-type interatomic potential®®) based on the three-body
Tersoff potential 3®3" The atomic configuration was
initialized at random and then the system was equilibrated
at 3000 K for 500,000 steps. Then it was cooled to 300 K
during for 5,000,000 steps and annealed at 300K for
500,000 steps. The atomic configuration generated by the
MD simulation was refined using the RMC++ code, so
that the model reproduces the experimental X-ray S(Q).

The homology of atomic configurations was investigat-
ed by the PD obtained using the HomCloud package.>¥
Given a set of points in the space, the persistent homology
captures its topological multiscale structures, and those
identified structures are compactly expressed in the PD.
The construction of the PD follows the process schemati-
cally depicted in Fig. 1(A). We first replace each point
with a sphere and increase the radius from zero to suffi-
ciently large value, which corresponds to the changing
resolution of input x, y, z coordinates of atoms. Then, we
record the pair of radii (b, d) at which a ring in a specific
location appears (birth) and disappears (death), respec-
tively. The PD is a histogram of the birth/death plane
counting of rings at the coordinate (b, d). From this con-
struction, it enables one not only to count the number of
rings, but also to characterize their shapes at multiscale.
Typical examples of birth/death pairs for typical regular
structures were shown in Figs. 1(B)-1(D). For regular
hexagonal points whose distance between points is a, the
ring appears at radius a/2 and disappears at radius a, as
shown in Fig. 1(B). For a regular triangular configuration,
the ring appears at a/2 and disappears at /1/3a ~ 0.577a,
as shown in Fig. 1(C), and the one-dimensional PD for
regular hexagonal/triangular points is shown in Fig. 1(D).
In this paper, PDs are being used for investigating rings
and polyhedral formations in atomic configurations. We
also note that the detected rings are recorded during the
computation of the diagrams, and hence we can explicitly
identify their geometric shapes.

3. Results and discussion

Figure 2 shows total structure factors, S(Q), for amor-
phous (a)-Si,?® glassy (2)-ZnCl,,>* g-GeSe,,>> g-GeS,,>?
2-Ge0,,>7 g-Si0,,3® [-CCl,,>” and I-P?”) obtained by ND
and XRD. The short-range structural unit of these mate-
rials is a tetrahedron, although all amorphous and glassy
materials form a network whereas the two liquids are
molecular liquids in which CCly and P, tetrahedra are
isolated. In the figure, a three-peak structure,'® Q; (FSDP),
0, (PP), and (s, can be observed in the S(Q) when the
scattering vector Q is scaled by multiplying by the distance
between the center and corner of a tetrahedron in all glassy
materials except a-Si, although a four-peak structure is
found in molecular liquids due to the split of O0,. Both g-
ZnCl,*» and g-GeSe,*>) make a small contribution to the
edge sharing of tetrahedra in addition to corner sharing,
but it is presumable that the three-peak structure arises
from mainly corner-sharing tetrahedral motifs, because the
contribution of edge sharing is very small in comparison
with corner-sharing.>¥-*> The FSDP of g-GeO, has a
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©
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Fig. 1.

(D)
la | I:stagonal

Death

Persistent homology and PD. (A) The increasing sequence of spheres for input data (left). The PD

(right) is obtained as a histogram counting the number of rings on the birth-death plane. (B), (C) The appearance
and disappearance of a ring for a regular hexagon/triangle. (D) The pairs of birth and death radii for hexagon and

triangle in the one-dimensional PD.

Q Q@
(FSDP) (PP)
a-Si (XRD)
\/\_/'\_g-/znoi(l\l_z)-
g-GeSe, (ND)

LCCl, (ND)

W P (XRD)
M R
10 15 20 25
Qrax
Fig. 2. Total structure factors, S(Q), for a-Si,?® g-ZnCl,,*¥ g-
GeSe,,>” g-GeS,,*9 g-Ge0,,’” ¢-8i0,,3® [-CCl,,3? and [-P.2D
The scattering vector Q is scaled by multiplying by ra.x (dis-
tance between center and corner of tetrahedra. In the case of /-P,
ra.x 18 estimated from the side length of P, tetrahedron.
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larger Ora_x value, implying that this behavior is related to
the higher oxygen packing fraction in g-GeO,*?*D than
that in g-SiO,. The FSDP is, however, also observed in
the S(Q) of I-CCl4,®» [-KPb,*?*¥ [P (see Fig. 2) and other
molecular liquids,* confirming that the FSDP is not a sig-
nature of the formation of a polyhedral network. Indeed,
an FSDP has been observed in many other network form-
ers, such as g-B,05* and g-As,03,*” but not in a-Si, a-
Se, g-Pd4sNi; sCusgPs,'¥ or -Hg,?® although Shi and
Tanaka recently pointed out that a-Si shows an FSDP.!>
Therefore, we show that the FSDP is the signature of the
successive polyhedra with the periodicity given by 27/
Orspp as illustrated in Fig. 3. It is possible to recognize a
periodicity of ~4 A (indicated by blue arrows) with a cor-
relation length of ~10A (indicated by magenta arrows),
which is in line with Gaskell and Wallis’s estimation.*®
That is, the FSDP appears as the result of a sparse distri-
bution of planes in polyhedra, because the FSDPs of g-
Si0,3P4) and [-P?” diminish with increasing pressure
associated with the reduction of cavities.

Since the origin of the FSDP has been discussed for a
long time, as mentioned above, we calculated the perio-
dicity and correlation length given by 277/Qrspp and 277/
AQrspp, respectively, by a Lorentzian peak fit to the
FSDPs, as summarized in Table 1. Although several dis-
crepancies with a previous report'”® are observed, the
overall trends remain almost the same. It is found that
chalcogenide glasses exhibit very long correlation lengths,
and the correlation lengths of /-CCly and /-P are longer
than those of AX, oxide glasses. This behavior implies
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Fig. 3. RMC-MD-generated atomic configuration for g-SiO,.
The thickness of the cell is approximately 9 A and only the atoms
belonging to the network are shown.

Table 1. FSDP parameters obtained from the neutron S(Q) data
for a series of disordered materials. Typical errors in Qpspp are
+0.02A7!

Position FWHM Periodicity Colnsliﬂon
Sample QBFSI'])P AQFS]DP 277/ Qrspe o /eAgQFSDP
A7) (A7) (A) A)

g-ZnCl, 1.06 0.65 5.91 9.74
g-GeSe, 1.01 0.33 6.21 18.93
g-GeS, 1.04 0.31 6.06 20.59
g-GeO, 1.58 0.65 3.99 9.71
g-Si0; 1.51 0.64 4.15 9.90
I-CCly 1.28 0.34 4.91 18.48
I-P 1.37 0.45 4.59 13.89

that the tetrahedra in these materials have much more free-
dom in their orientational arrangements for ordering than
those in oxide glasses with relatively stronger covalent
bonds. To shed light on the long correlation length, we
compare the partial structure factors of CI-Cl, Sci_c|(Q),
for [-CCly obtained by RMC-molecular mechanics (MM)
modeling®® with the Sp_p(Q) (experimental XRD data) for
I-P (solid green curve, molecular liquid; dotted green
curve, network liquid),”” as shown in Fig. 4, where the
scattering vector Q is scaled by the side length of the
tetrahedra. In the case of /-CCly, we calculated Sc_ci(Q)
for both the final RMC model and the hard sphere Monte
Carlo (HS) model (RMC modeling without experimental
data) as a reference [solid purple curve in Fig. 4(A)]. In the
case of oxide glass, the origin of the PP is clearly visible
in the neutron S(Q) of g-Si0, under high pressures,*” in
which the PP reflects the packing of oxygen atoms (at
corners of tetrahedra).>” The PP observed in the Sci_ci(Q)
of the HS model for [-CCl, (random distribution of CCly
molecules) shown as a purple curve, is a singlet. However,
the experimental data for /-CCly shown in Fig. 2 exhibits
a doublet peak, which is a signature of the formation of
orientational correlations of CCly tetrahedra as suggested
by Misawa’" and Pothoczki et al.,**? and it is repro-
duced in the RMC-MM model shown as a solid cyan curve

I-CCl,
(CI-CI)
— RMC-MM model
— HS model
PRI N T OO N T N T T A A B B A A
(B) 2""'I":"I""I""I""
! P
g
& T
S 1
O...I.I..I..I....I....I....

0 5 10 15 20 25
Qryx

Fig. 4. (A) RMC-MM generated Faber—Ziman partial structure
factor, Sci_ci(Q), for I-CCly,*® together with that of the reference
HS model. (B) X-ray S(Q) for /-P?) measured at 0.96 GPa/
1328 K (low-density molecular liquid, solid green curve) and
1.01 GPa/1323 K (high-density network liquid, dotted green
curve). The scattering vector Q in all data sets was scaled by ryx.x
(distance between the corners of tetrahedra).

in Fig. 4(A). The details of the orientational correlation in
the liquid are discussed in Ref. 45. This behavior implies
that distinct orientational correlations are formed in /-P
[see Fig. 4(B)] and probably in g-As,0;*” because they
have a doublet PP in the S(Q). Thus, the PP seems to
reflect inter-polyhedral correlations in disordered materi-
als, yielding a shorter-length scale in comparison with
FSDP. It should be stressed that the transform from a
molecular liquid [low-density form, solid green curve in
Fig. 4(B)] to a network liquid [high-density form, dotted
green curve in Fig. 4(B)] in /-P under high pressures and
high temperatures results in a diminished FSDP, even
though the high-pressure liquid forms a network. The
prominent FSDP appearing in the experimental X-ray S(Q)
of the low-density molecular /-P [shown as a solid green
curve in Fig. 4(B)] as well as the Sci_c|(Q) of the RMC-
MM model for /-CCly [shown as a solid cyan curve in
Fig. 4(A)] suggests that the FSDP appears without the
center atom of tetrahedron, because the FSDP of [-P is
prominent even though a P, tetrahedron does not have a
central atom of tetrahedron.

The third peak Q5 of the three-peak structure has not yet
been discussed in depth to the best of our knowledge,
because it presumably reflects the succession of single-
pairwise correlations, while O; and O, reflect the succes-
sion of multi-pairwise correlations, and hence might be
observed in all amorphous materials. The X-ray structure
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factor, SX(Q), for [-Hg?® is shown in Fig. 5, together with
the result of RMC modeling. The S(Q) calculated from the
RMC model, generated by fitting only the experimental
2(r) up to 4 A, reproduces Qs very well, implying that Qs
reflects the formation of pairwise correlations (note that
this confirmation is valid only in a dense random packing

SXQ)

QA
Fig. 5. X-ray structure factor, SX(Q), for I-Hg?® together with
the result of RMC modeling using X-ray pair distribution

function gX(r) up to 4.0 A. Black circles, experimental data; red
curve, RMC model.

(A) Q Q&
(FSDP) (PP)
8- — 9-CusoZrso (XRD)
- -~ g-CUsoZrsy (ND)
— 2-Si (XRD)
— ¢-SiO, (ND)
- CCl, (ND)
S
»n
0IIlIIlIllIIllIIIIlIIIIII
0 5 10 15 20 25
Qd
Fig. 6.

structure™ such as that in the single-element liquids in our
study).

The X-ray and neutron® total structure factors, S(Q), of
g-CuspZrsg are shown in Fig. 6(A) together with the X-ray
S(Q) for a-Si,>® and neutron S(Q) for g-Si0,*® and I-
CCl,.>? The scattering vector Q in the figure is scaled by
multiplying by d [first inter-atomic distance appearing in
the real-space function obtained by Fourier transform of
S(Q)], because the short-range structural unit is not a tetra-
hedron in g-CusoZrso.>® It is worth mentioning that the g-
Cus¢Zrsy metallic glass does not have a distinct FSDP
or PP, which is consistent with the neutron S(Q) for g-
Cus¢Zrsy obtained with the isotopic substitution tech-
nique.>® Figures 6(B) and 6(C) show the S(Q) for a-Si*®
and g-Si0,*® with different length scaling of Q. The scal-
ing with r5.x shown in Fig. 6(B) suggested by Elliott,®
Wright,” Benmore et al.,’® and Zeidler and Salmon,'¥
demonstrates that a-Si does not exhibit an FSDP. On the
other hand, the scaling by ra.n (scaled by Si-Si inter-
atomic distance) recently proposed by Shi and Tanaka'>
shown in Fig. 6(C) gives rise to an FSDP for both g-SiO,
and a-Si.

The pairwise correlation function is an adequate de-
scriptor of disordered materials since we can apply it for
cases with or without a Bragg peak in reciprocal-space
data; hence, the pair distribution function g(r) has been
widely applied to glassy, liquid, and amorphous materials.
However, atomistic ordering beyond the first correlation

(B)
3
— a-Si (XRD)
21 — g-Si0, (ND)
~ 1F
&}
W O—"
' NS NN NS NN R N

10 15 20 25 30 35 40
Qra.x
— &Si (XRD)
— ¢SiO, (ND)
\/\WW
) LA WS TR B PR TR I N N
0 5 10 15 20 25 30 35 40
Qraa

(A) Total structure factors, S(Q), for g-CusoZrsy (XRD), g-CusoZrsy (ND),>® a-Si,?®) g-Si0,,3® I-CCl4,>
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sphere has recently been determined by advanced simula-
tion and topological analyses.?»® In particular, since per-
sistent homology analysis was first applied to the topo-
logical analysis of a bulk metallic glass in 2013,'”) two
landmark studies have been reported.'®3? We therefore
now turn to detailed persistent homology analyses of
structural models of materials mentioned in this article.
Figures 7(A)-7(D) show the Si-centric PDs calculated
from the crystal structures for «-cristobalite (d = 2.327
gem )7 a-quartz (d =2.655gem™>),*® and coesite
(d =2.905gcm™3),%? together with that of g-SiO, (d =
2.2 gem™3) obtained from RMC-MD modeling. The primi-
tive ring statistics of silica crystals and the glass are shown
in Figs. 7(E)-7(H). «-cristobalite shows only sixfold rings
consisting of six SiOy tetrahedra, while «v-quartz has a large
fraction of eightfold rings in addition to sixfold rings. On
the other hand, both coesite and g-SiO, exhibit a distri-
bution of different size rings, which is a sign of topological
disorder according to Gupta and Cooper.®” A systematic
change in the Si-centric PDs with density is observed for
the crystalline phases in Figs. 7(A)-7(C). In contrast to the
crystalline phases, the PD for g-SiO, has a vertical profile
along the death axis at b, ~2.2 A2, which is thought to be
a signature of the formation of a —Si—-O-Si-O- glass
network.'® The comparison between Si-centric PDs and
primitive ring size distributions shown in Fig. 7 provides
us with comprehensive topological information, because
ring size distribution analysis is sensitive to the ring size,
whereas PDs make it possible to reveal the shape of rings.
Since all forms of silica have corner-sharing SiO,4 tetra-
hedral motifs, a comparison of «-cristobalite, a-quartz,

and coesite with g-SiO, in the Si-centric PDs suggests
that the glass has not only the homology of a crystalline
phase with comparable density («-cristobalite), but also the
homology of higher-density crystalline phases (¢¢-quartz
and coesite). It is known that g-SiO, has a distribution of
ring size [topological disorder,*” see Fig. 7(H)],°"%? but
Figs. 7(E)-7(G) indicate that crystalline phases exhibit
topological disorder with increasing density, because ring
size distributions become broad with increasing density.
It is concluded from a combination of PD analysis and
conventional ring statistical analysis that the vertical profile
along the death axis observed in the Si-centric PD for g-
Si0, is the result of disorder, because the small death value
in the glass implies that the arrangement of SiO, tetrahedra
is locally more densely packed in the glass than in «-
cristobalite, whose density is comparable to g-SiO,.

The Si-centric/O-centric PDs for g-SiO, and the C-
centric/Cl-centric PDs for [-CCly are compared in
Figs. 8(A) and 8(B) (left and center panels), respectively.
As mentioned above, a vertical profile along the death axis
at b ~2.2 A? is observed in the Si-centric PD for g-SiO,,
whereas no such profile is observed in the C-centric PD for
I-CCly. A vertical profile is observed in the O-centric PD,
too. In addition, the FSDP in /-CCly is much narrower than
that in g-SiO,, as shown in Figs. 8(A) and 8(B) (right
panels). This behavior demonstrates that the correlation
length in the former is longer than that in the latter (see
Table 1). However, the C-centric PD for [-CCl; does not
have a well-defined profile, whereas a vertical profile
along the death axis is observed in the Si-centric PD for
2-Si0,, indicating the formation of a tetrahedral network
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1323 K (high-density network liquid). (C) X-ray S(Q) for /-P at 0.96 GPa/1328K (blue curve, low-density
molecular liquid) and 1.01 GPa/1323 K (red curve, high-density network liquid).?”

in the glass. Moreover, the Cl-centric PD for /-CCl, does
not exhibit a vertical profile, suggesting the absence of a
network in the liquid, although the FSDP is sharp. Similar
behavior is observed in /-P under high pressures and high
temperatures. Figures 9(A) and 9(B) show the PDs for
[-P.?7) The profile of molecular liquid shown in Fig. 9(A) is
very similar to that of /-CCly shown in Fig. 8(B), because
[-CCly is a molecular liquid, in which there is no network
formation. On the other hand, the network liquid exhibits a
vertical profile [Fig. 9(B)], indicating the formation of a
—P-P—P- network. This difference can be clearly observed
in the X-ray S(Q) shown in Fig. 9(C), where it is possible
to observe an FSDP for the molecular liquid (blue curve),
which diminishes in the network liquid (red curve). Thus,
on the basis of both PD analysis and diffraction data, we
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can reasonably conclude that the FSDP is not a signature
of the formation of a network.

The structural difference between liquid and glass
(amorphous) is an important topic for understanding the
nature of glass and glass formation. We tackle this issue by
focusing on Si and SiO,, which was also highlighted in a
recent article by Shi and Tanaka.' First of all, it is neces-
sary to ensure differences in the short-range structure and
density, because the former is a very important parameter
for discussing the structure, and the latter is necessary for
performing MD and/or RMC simulations. The Si—O coor-
dination numbers Ns;_g is approximately 4.0 in g-SiO; and
3.9 in [-Si0,. These values are consistent with the results of
the MD simulation reported by Takada et al.®* The den-
sity of g-Si0, is 2.2 gcm ™ and that of /-SiO, is 2.1 gecm™
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(red curve, 1770K).

(2373K),% resulting in a small difference between the
glassy and liquid phases. In the case of silicon, the coordi-
nation number is 4.0 in the amorphous phase and 5.7 in the
liquid phase, and the density of the former is 2.3 gcm™3,28)
whereas that of the latter is 2.57 gcm™ (1770 K).%> There
are significant differences in the coordination number and
density between two phases in Si owing to the fact that the
amorphous phase is a semiconductor and the liquid phase
is metallic.

Figures 10(A) and 10(B) show the Si-centric and O-
centric PDs for g-SiO, and /-SiO; (2373 K). Both the
glassy and liquid data exhibit a vertical profile along the
death axis. The experimental SX(Q) (upper) and RMC-
MD-generated Faber—Ziman partial structure factors,

Birth b, (A2)
Si-centric PDs for (A) a-Si and (B) I-Si (1770 K). (C) X-ray S(Q) for a-Si (blue curve)?” and (B) I-Si

QA

S;/(Q) (lower), for g-SiO, (blue curves) and /-SiO, (red
curves) are shown in Fig. 10(C). Although the peaks are
broader in the liquid, it appears that the FSDP is still
dominant in the liquid. Both the Si-centric PDs shown in
Figs. 10(A) and 10(B), and the X-ray S(Q) (top) and the
partial structure factors, S;;(Q) (bottom), in Fig. 10(C)
show only little differences between the glassy and liquid
phases, suggesting that the Si—O network is very massive
even in the liquid phase. This feature can be reasonably
understood from the very high viscosity of /-Si0,,5®) and
hence it is consistent with the concept of a “strong liquid”
proposed by Angell.®”

The Si-centric PDs for a-Si and /-Si (1770 K) are depict-
ed in Figs. 11(A) and 11(B), respectively. The profiles are
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not identical and this behavior shows sharp contrast with
the SiO, case shown in Figs. 10(A) and 10(B), because the
coordination number in @-Si is approximately 4 whereas
that in /-Si is 5.7. Note that the value for /-Si is smaller
than that (6.3) reported by Kim et al.®® It is worth
mentioning that the profile with very small death values
observed along the diagonal in the Si-centric PD of /-Si
[Fig. 11(B)], which is rather similar to that of g-
CuysZrgs,'® suggesting that the structure of /-Si is much
more densely packed than that of a-Si, stems from the
increased density and coordination number. It is presum-
able from the discussion above that a-Si does not exhibit
an FSDP as scaled in Fig. 6(B), because the structure of a-
Si is very different from that of /-Si, while there are many
similarities in SiO, between glassy and liquid phases, as
manifested also by a well-defined FSDP.

4. Conclusions

A combination of experimental and computational
approaches, with the aid of advanced mathematics, has
been realized to reveal the relationship between the dif-
fraction pattern and topology. A systematic analysis of
disordered materials with tetrahedral motifs led to the con-
firmation that the FSDP is not a signature of the formation
of a network because an FSDP can be observed in tetra-
hedral molecular liquids, which do not form a network.
Moreover, on the basis of persistent homology analyses,
we discussed structural differences in several tetrahedral
glassy/amorphous materials and liquids, with a particular
focus on silicon and silica. We also addressed the structure
modification of liquid phosphorus under high pressures
and high temperatures in terms of the diffraction pattern
and homology. It is demonstrated that a combination of
diffraction data and homology is useful tool for uncovering
intermediate-range ordering in disordered materials. This
dedicated approach therefore offers a way to gaining cru-
cial knowledge for understanding the nature of disordered
materials.
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