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Abstract. We employ a symmetric gauge to describe the interaction of electrons in graphene
with a magnetic field which is orthogonal to the layer surface and to build the so-called partial
and bidimensional coherent states for this system in the Barut-Girardello sense. We also evaluate
the corresponding probability and current densities as well as the mean energy value.

1. Introduction

In 1925 Fock [1] solved the physical problem of a spinless particule moving in the zy-plane under
the action of a uniform magnetic field B directed along z-axis and an oscillator-like potential
V(z,y) employing the so-called symmetric gauge [2, 3],

B x7=="2(—y,z,0), B=V xA= Bk (1)

A=
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Since then, the motion of a charged particle in a magnetic field became one of the most studied
quantum systems. In particular, Man’ko and Malkin [4] were able to build the simplest coherent
states for this system as 2-dimensional generalizations of the Glauber ones [5], taking as starting
point the results obtained by Landau [6].

On the other hand, graphene is a material that consists in a sheet of carbon atoms arranged
on a honeycomb lattice [7—9], in which the dynamics of the electrons close to Dirac points
is described by the (2+1) dimensional massless Dirac-like equation with an effective velocity
vp = ¢/300, what results in many relativistic phenomena [7,9-13]. The interaction of electrons
in graphene and magnetic fields has attracted interest in many physics branches [14-23] with
the purpose of controlling or confining such particles for the design of electronic devices. Thus,
one can try to apply the coherent states formalism in this system considering e.g. homogeneous
perpendicular magnetic fields. In [24] coherent states with a translational symmetry along
y direction have been constructed assuming the Landau gauge A = Boxj, and the time-
independent Dirac-Weyl (DW) equation

Hpw¥(e,y) = vr & - (5+ SA) W(e,y) = B¥(z,y), 2)

where ¢ = (0, 0y, 0) are the Pauli matrices and ¥(x,y) are wave functions of two components.
Our purpose here is to look for generalizations of those quantum states that preserve the
rotational invariance through a symmetric gauge for describing the electron dynamics in
graphene.
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This work is organized as follows. In Sect. 2, Dirac-Weyl equation is solved for a symmetric
gauge and the associated algebraic structure is discussed. In Sect. 3, spinorial families of partial
coherent states are obtained as eigenstates of two independent generalized annihilation operators,
A~ and B™. Also, the corresponding probability and current densities and the mean energy are
evaluated. In Sect. 4, bidimensional coherent states for graphene are presented as common
eigenstates of both operators A~ and B~. Our conclusions are presented in Sect. 5.

2. Dirac-Weyl Hamiltonian
By substituting the symmetric gauge (1) in Eq. (2), we obtain

eBy

eB
HDW\II(x7y) =VF (Uas |:pz - Cy:| + oy |:py +

S LY R T G

2 2c

which can be expressed as

by defining the first order differential operators

ar =5 (g = 2y) 5i oy + L
Vwh [\"" 4 Y4 ’

where w = 2eBy/ch is the cyclotron frecuency. The eigenvalue equation (3) encodes two coupled
equations:

)
- Jwhup'
which give place to the following equations for each pseudo-spinor component:
Her?(x?y) = AJrAin(xa y) = 521?2(3773/)7
7'[71?1(3773/) = A7A+1/}1((IZ, y) = Ele(xay)'
Since the problem has a geometrical rotational symmetry around z-axis, it is convenient to

express the Hamiltonians H* in polar coordinates (p, #). Thus, by introducing the dimensionless
variable £ and the parameter £, defined as follows:

Ain(xﬁy) = Gwl(%y)a A+¢1(:C7y) = 61/}2(x7y)7 €

E2
= 5 P 5 = 2 = )
¢ P ¢ wh?v?,

the corresponding eiganvalue equations take the form

Ho(E,0) = i [— (03 + iaé + 51283) —2i0p + £ — 2] P2(€,0) = Ea1pa(&, 0),

1
§

This set of differential equations reminds the known Fock-Darwin system [1,3,25]. The above
relations imply that the eigenvalues of the Hamiltonians H*E are related as Ein—1 =En =n,
and therefore the spectrum of the DW equation (3) is

H 1 (€,0) = 1 [— <a§ +

: a§+€128§> —21'094—524-2] ¥1(€,0) = E11(E,0).

E, =+hvpyv/nw, n=0,1,2,...,

where the negative energies correspond to holes in graphene.
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Figure 1: The space of states 1y, , is represented by coordinates (m,n). Straight lines conect
states with the same angular momentum /. The region is divided in two sectors according to
the sign of the z-component of the angular momentum: [ > 0 and [ < 0.

2.1. Algebraic treatment and eigenstates
Both Hamiltonians H* can be factorized in terms of two set of differential operators as [25-27]:

Ht=ATA"=B"™B  +L,, H =H"+1.

where, in dimensionless polar coordinates (&, 6),

AT = exp2(i0) (85 + _?9 +5> . A= eXp(z_w) (ag + _?9 +5> : (4a)
Bt = eXp(Q_w) (—85 - i?" +£> , B™= epr(z'a) <8g - i?" +£> : (4b)
L.=N—M = —i0y, N=A" A", M =B"B", (4c)

where L, denotes the component in z-direction of the angular momentum operator. These
operators satisfy the following commutation relations

[A=,AY]=[B~,B"] =1, [A%, BE] = [A%, BF] = 0, (5a)

(L., A%] = + A% (L., B*] = ¥B*. (5b)
Therefore, Egs. (5a) and (5b) imply that the operators AT and A~, acting on an eigenstate of
L., increases or decreases, respectively, the eigenvalue of L, in an unity; the operators B* have
the contrary effect.

The eigenstates of the Hamiltonians H* are labeled by two positive integer numbers m, n,
that are the eigenvalues of the number operators M and N, respectively (see Figure 1):

¢1(€, 0) = ¢m,n—1(€, 0)) ¢2(£a 0) = ¢m,n(£a 9))

while Eq. (4c) implies that the states ¢, ,, are also eigenstates of the operator L, with eigenvalue
I =n —m. Also, the action of the operators A* and B* on such states is

Aiwm,n = \/ﬁwm,n—la A+¢m,n =vn+1 wm,n—l—l?
B_Q;Z)m,n = m¢m—l,n7 B+¢m,n =vm+1 Q;Z)m—i-l,n-
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On the other hand, the normalized eigenfunctions of the Hamiltonian H™ turn out to be

. |n—m|
_ (—pymin(mm) [ @ min(m,n)! (v YR i noml (22
Ymn(p,0) = (—1) I max(m, n)! \ 2 p exp( 37 +i(n m)G) L i (m,n) (4/) )7
(6)

n,m = 0,1,2,..., while the normalized eigenfunctions of the Hamiltonian ™~ are obtained as
Ymn—1 = A" Ymn/v/n. These kind of solutions were obtained initially in [1].

Furthermore, we can label as \Ilﬁ%n(:n,y) the spinorial states whose two scalar components
have positive z-component of the angular momentum (I > 0), and as ¥, ,(7,y) those ones
whose two scalar components have negative z-component of the angular momentum (I < 0),
i.e.,

_ 1 wr—;,n— (l‘,y) - _ 1 (1 _50n)w171,n— (l‘,y)
\I]:%,n(wvy) - ﬁ ( ZwTJ;hnl(xjy) ) 9 \Pm,n(x7y) - 2(17(;0") < ’L'lp%’n(-%',yl) ) I

where 1 (2, y) = Uf 1 (0,0) (U0 (2,Y) = by, (0, 0)) identifies the states that belong to the
upper (lower) sector in Figure 1, and 0,,, denotes the Kronecker delta.
In addition, by defining the total angular momentum operator in z-direction as J, =

L, ®1+ 0,/2, we have that

l—1/2 —
Tl = ot (a8 ) o), ™)

i.e., the states Uy, ,(x,y) are also eigenstates of J, with eigenvalue j =1 —1/2.

3. Partially displaced states
Defining generalized annihilation operators A~ and B~ in terms of the scalar ones A~ and B~,
we can build bidimensional coherent states (2D-CS) U, s(x,y) = (z, y|e, §) such that [4,25,28]:

A_\I’aﬁ(l', y) = a\lja,ﬁ(mv y)a B_\I’aﬁ(l', y) = ﬁ\lja,ﬁ(l‘a y)v «, B e C.

Moreover, if one takes specific sums over one of the quantum numbers, n or m, the so-called
partial coherent states (PCS) can be obtained [4,28]. In this section, we discuss the construction
of all these coherent states for graphene.

3.1. Annihilation operator B~
Let us consider the operator B~ defined as

B~ 0

IB%:B®]I:[ 0 B-

], Bt=B") = [B,BY|=1, (8)

such that
B_\I’i,n(ma y) = \/E\Prinflm(xa y)
A first family of PCS Wj(z,y) = (z,y|n, B) is obtained from the eigenvalue equation

B™Ug(z,y) = B¥5(2,y), B€C, n=0,1,2,....

The PCS with a well-defined energy F, = \/nw hvg turn out to be

n _ 1 (1 —5On)¢n_1($7y) .
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where we have identified two scalar eigenstates ¢g of B~ for each energy level n.
Now, each scalar coherent state in Eq. (9) satisfies one of these equation systems:

B™p(x,y) = BYg(z, y), ATATYR(x,y) = npj(x,y), (10a)
B~y (x,y) = By (x,y), AT AT a,y) = ned Nz,y).  (10D)

Therefore, in order to find the solutions wg, one should define the complex parameter z as

z:“%wmwzﬁ(””ﬂ, (1)

2 2

and the operators A* and BT should be also expressed in terms of z. Thus, after solving the
expressions in Eq. (10), the normalized spinorial PCS ‘Ilg(:n, y),n=0,1,2,..., take the form

= e (b5 ) ()

As a final comment, let us mention that the coherent states \Ilg(ac, y) can be also obtained by
operating an unitary displacement operator D(3, 8*) on the spinorial states W¢ ,(z,y), i.e.,

(2, y) = D(B, )V, (2,y), D(B,5") =exp (BB" —5"B"). (13)

3.1.1. Probability and current densities. From Eq. (13), we can establish that the coherent
states Wjj(z,y) are displaced from the origin, similarly to the standard coherent states (SCS) in
phase space, being centered at the point

Mc Msin
Vw Vw

Such a translation is generated through the magnetic translational operators that represent, in
a classical interpretation, the coordinates of the centre of a circle on xy-plane in which a charged
particle moves [29-32]. In complex number notation, the coordinates (x,y) with respect to the

origin of such a particle moving in a circular trajectory of radius p’ = /22 + 32, will be

(mww=< o5(9). WQ, 8 = 18] expli).

2= VG (5 ) = (Blcos(e) + € cos(t) + (1 sin(y) + € sin(®) = 5+ 7

where £ = /wp'/2 and 2’ = ¢ exp(if’). Hence, the probability density p,, g(x,y) and the current
densities j,, w5(2’,y’) along the directions of the vectors p' and ¢’ in the displaced frame are,
respectively (see Figure 2):

1
_gnt _ 2 2n—2 2
ons(@9) = V5 (2, y) VB y) = grmgy 5y o (Sle = A1) |z = 8177 [l = B 4]
. . 2evp\/n |22

I nte 1IN = Al I F 12 k
]n,ﬁ’/)’(w 7y) - e'UF\IIQ (l‘ Y ) (U "n )k \Ijg(x ay) - 2(1—50n)7rn! Xp (_|Z| ) é—/ %[Z(—Z) ]

For k = 0 (k = 1), last equation gives the flux of probability in the radial (angular) direction.
As is expected, the function j, y5(2’,3’) is null for any value of n.
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(a) pn,p(z,y) for n =0 and (b) pnp(@’,y') and j, 54(2",y") (c) pnp(@’y') and j, 445(2",y")
B = exp (im/2) with f=1and n=1 with f=1and n=3

Figure 2: For PCS Wjj(z,y), the probability density p,g(z,y) (3D) as well the angular current
density j, 4 4(2",y’) (2D) are shown for different values of n, for By =1/2 and w = 1.

3.2. Annihilation operator A~
Now, let us consider the operator A~ defined as

1 ‘/N+2A_ 1 (A_)2

A =—| VNI VN , At=A7) = [ATAT] =1, 14
| e (a7) 47, A7) (14)
such that
Vn

ATV, (x,y) = T exp(it /) ¥y pn—1, n=0,1,2,....
A second family of PCS ¥ (z,y) = (x,y|a, m) is obtained from the eigenvalue equation
AUz, y) =¥ (2,y), acC, m=0,1,2,.... (15)

By applying Eq. (15) and taking & = aexp(—imn/4), the corresponding PCS take the form

™ y) = [Rexp(la?) = 1] 72 |0 (z - m@_ x 3 \/564"+ x
U (2, y) = [2exp(|a)?) — 1] U, o(@y) + (1 <50m)7;1 N ,y)+n§+1 v Y (@0)
(16)

3.2.1. Probability and current densities and mean energy. Using again the complex parameter
z in Eq. (11), the densities pm o(z,y) and jm, 502, y), and the mean energy (Hpw)q are

P (T,Y) = pmalp,0) = V2T (2, y) VI (2,y)

> @ Lo (242) £ule)

n=m-+1

= [2exp(la?) — 1] [gfn(p) +

_|_

> O et (4 1o

nl  z

n=m-+1
m & n w
_ m—n (_ 2) m
n:1< Z) n "\ 3P ) 9m(p)

4 (1 — dom) (
) e (8 o + (f (-2) o (50) gm<p>) .

m
< z
n’=1

n=1

2

B

+2R

*
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(S ) no) - (£ (5) e () )

n=m+1 n’=1
X(i()fL"mle )D (172)
n=m+1 :
Jmaa (@ Y) = jmaa(p, ) = eopVi(z,y) ,Y)
- oA [i(i)’“e” {_2:; % \fw,:m*l (£6%) Fm(p)am(o)
(5 e ) ) (5 e (26) 1)
n’/=m+1 n=m+1
— (1~ 8om) (i (—“) NI (56%) g2.(0)
+ (;n_:l (j)n Ly (%pZ) gm(p)> <7§:1 (i)n }LL” i (4,0 )gm(p)>
- (7127”:1 (-j)n Ly (%pZ) gm(p)> (ni;lW?L"m‘m‘l (%pz) fm(p)>
S G ) (S C8) G (o)) om
(Hpw)a 2ex2p‘{g|ff — > ‘djn v, (17¢)

where

fm(p) = @ <—\2@p1)mexp (—%pz), gm(p) = 4me! <\/25p>mexp (—%pQ)-

For k =0 (k = 1), Eq. (17b) gives the flux of probability in the radial (angular) direction.
Both functions are not null for any value of m (see Figure 3). Meanwhile, the mean energy
function (17¢) is shown in Figure 4.

4. Bidimensional coherent states
Finally, 2D-CS built in [4] can be also obtained for graphene as [28]:

Uop(@,y) =N enWh(z,y) =N > dn W0 (z,y) = N (,y)V(z,y),
m=0

n=0

where A is a normalization constant. Hence, employing the coherent states shown in Egs. (12)
and (16), we obtain the following expressions for 2D-CS, as well their corresponding probability
and current densities (see Figure 5):

e (18-51= ) & iz - gt
v, ,g(ZE y) 7T(2€Xp(|d|2) — 1) nzzoﬁ ( ’L(Z _B)’” ) ’ (18&)
exp (—|z - B? = a(z — B)" > [a(z — B)]" /n < Ta(z — B
st = Sy |+ | P [ B e H




Group32 IOP Publishing
IOP Conf. Series: Journal of Physics: Conf. Series 1194 (2019) 012025  doi:10.1088/1742-6596/1194/1/012025

(d) o = 5exp(in/2), m = 0. (e) o =5exp(in/2), m = 2. (f) @ =b5exp(in/2), m = 2.

Figure 3: For PCS U}'(z,y), the probability density pm.o(z,y) (3D), the radial current density
Jm,pa(T,y) (2D, a, ¢, e) and the angular current density j, 5 (z,y) (2D, b, d, f) are shown for
some values of a and m. In all the cases By = 1/2 and w = 1.

Figure 4: (H),, as a continous function of « for the PCS ¥7'(x,y), with By = 1/2 and w = 1.

o _ 2evp exp (—|z — B|2) (Vi > [a(z — ﬂ)]n/ = [@"(z" — B)]" V/n c
Jopn @) = = aE — 1) {( ) (Z il ) (Z iz — 8% )] - (189

n’/=0

The expression for the mean energy (Hpw ), for these states is the same than those ones in
Eq. (16) due to the coherent states \Ilg(m, y) are actually stationay states (see Figure 4).
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15
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(c) @ =2exp(in/2), B = 2.

AT
sl
e

(d) a =2exp(in/2), B = 2. (e) a = 3exp(in/2), B = 3. (f) a = 3exp(inw/2), 8 = 3.

Figure 5: For 2D-CS ¥, g(x, y), the probability density p, s(x,y) (3D) and radial current density
Ja,3,5(x,y) (2D, a, c, e), as well the angular current density jaﬁ’é(x, y) (2D, b, d, f) are shown for
some values of o and (. In all the cases By = 1/2 and w = 1. Red lines on zy-plane correspond
to the classical trajectory of a charged particle in a magnetic field: the coordinates of the center
of the circle are determined by 8 while « gives the coordinates in which the maximum probability
amplitude can be found respect to that point.

5. Conclusions

In this work, we have followed the ideas of Malkin and Man’ko [4] to obtain the simplest coherent
states for electrons in graphene interacting with a magnetic field through a symmetric gauge, in
order to describe the dynamics of such particles close to Dirac points.

For the gauge considered, DW solutions have axial symmetry (Eq. (6)) and infinite degeneracy
due to the existance of rotational symmetry, [’Hi, L,] = 0. Two sets of scalar ladder operators
are identified and whith them, we can define two generalized annihilation operators A~ and
B~ (Egs. (8) and (14)) with which we can build their associated coherent states. Hence, three
different kinds of coherent states Wj(z,y), Y5'(z,y) and o g(x,y) with non-definite angular
momentum are obtained. For the coherent states in Eqgs. (16) and (18a), there is a flux of
probability in both radial and angular directions that, we assume, it is due to the contribution of
the wave functions of both sublattices in the unit cell of graphene (Figures 3, 5). Meanwhile, for
the states in Eq. (12), there is only flux of probability in angular direction with axial symmetry
because these ones are actually stationary states that have been displaced on zy-plane (Figure
2).

On the other hand, both families of PCS Vj(z,y) and ¥g' (2, y) posses a Gaussian probability
distribution only for n = 0 and m = 0, respectively (Figures 2, 3), while 2D-CS ¥, g(z, y) have
a stable Gaussian-like probability distribution regardless the value of o« and 3, as happens
with SCS in phase space. Similar to what is observed for the bidimensional coherent states
obtained by Malkin and Man’ko, in a semi-classical interpretation, the eigenvalue 8 determines
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the coordinates of the center of the circle while « is related with the coordinates of the charged
particle rotating around such center (see Figure 5). This allows us to conclude that these last
coherent states are the simplest ones that can be obtained for electrons in graphene interacting
with an external constant magnetic field for a symmetric gauge [4]. In addition, the behavior of
the mean energy function suggests the possibility of using both states Wp'(x,y) and ¥, g(x,y)
in semi-classical treatments (Figure 4).

Finally, it is important to remark that, as has been discussed in [33-35], it is possible to
construct coherent states that are also eigenstates of the total angular momentum operator in
z-direction (Eq. (7)) through ladder operators K~ = A"B~, K+ = (K~)' that, together with
the operator 2Ky = [K~, KT], are generators of su(1,1) algebra. This work is in progress.
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