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Introduction

In many distribution problems of daily life, inequality is intuitively associated with
injustice. If the individuals involved in a distribution problem are equals in terms
of the personal characteristics relevant to the prolﬂelne:n there is no reason for
giving apatrticular individual more than anothgrarticular individual since any

valid reason has to refer to differences in the personal characteristics of the given
individuals. In other words, every inequality is in a sense ethically unjustifiable. It
seems evident, therefore, that equality of ethically relevant personal characteristics
should translate ideally into an equal division of the ‘thing’ to be distrib@ted.

In the economic literature on income distribuffeawith which this disser-
tation is concerned—it is assumed that individuals are identical with respect to
all ethically relevant personal characteristics, or, alternatively, that the ‘income’
concept has been defined such that it corrects for differences in these personal
characteristic. In accordance with the argument presented above, an appeal to
equality of incomes is clearly present in the literature. It should be stressed that
the argument does not imply, however, that any equal division should be con-
sidered better than any unequal one. Each theory of distributive justice specifies
additional concerns that may override the preference for equality. A popular such
overriding concern is that of Pareto efficiency, which says that moves towards
more inequality are allowed if everyone benefits. For another example, note that
it is conventional in the literature on income distribution to assume that welfare
depends only on two variables, i.e., mean income and the level of income in-
equality. The additional concern of mean income is hence adopted in terms of
a trade-off—only sufficiently significant increases of mean income can justify a
given increase in inequality.

The outlined perspective places the main topics of this dissertation—the mea-
surement of inequality and the measurement of inequality aversion—at the centre

INeeds, effort levels and rights are examples of such characteristics that could be deemed
relevant.

2See Kolm (1997) for an especially thorough exposition of this argument.

3See Cowell (2000) and Lambert (2001) for overviews.

“Besides the term ‘income,’ we will sometimes use the terms ‘utility’ or ‘well-being’ through-
out this dissertation.



2 Introduction

of the problem of distributive justice. For choices between income distributions
which are undistinguishable with respect to additional concerns (in the example of
the size-distribution representation of welfare, choices between income distribu-
tions with the same mean incomes) the problem of distributive justice reduces to
an exercise of inequality minimization, thus giving rise to the need for a theory of
inequality measurement. For choices between income distributions which differ
in terms of the additional concerns (in the example of the size-distribution rep-
resentation, choices between income distributions with different mean incomes)
it becomes important to assess how important these concerns are relative to the
inequality concern, i.e., to determine the degree of inequality aversion.

1

The social welfare functions conventionally used to evaluate income distributions
are natural analogues of models studied in the literature on decision under risk,
viz., the expected utility (EU) model, the Yaari (1987) model and, generalizing
the previous two, the rank-dependent expected utility (RDEU) nﬁdﬂlthout
a doubt, the EU social welfare function has received the most attention in the lit-
erature on income distribution. The key axiom underlying the EU social welfare
function is separability, which says, roughly speaking, that the income level of
any individual with the same income in two income distributions should not in-
fluence the evaluative ranking of the given income distributions. The Yaari and
RDEU social welfare functions do not in general satisfy separability. In Part | of
this dissertation, we critically examine how well these three social welfare func-
tions describe the opinions of questionnaire respondents, and to what extent the
inequality measures corresponding to them are sufficiently flexible to allow for all
plausible inequality judgements with respect to the specific question of how the
relative numbers of poor people and rich people should affect inequality.

In Chapter 1, we present the results of a questionnaire study that takes as
a starting point Harsanyi's (1953, 1955) impartial observer theory, which links
preferences under risk with social preferences. Harsanyi claims that income dis-
tributions ought to be ranked as they would be ranked by a rational individual
behind the so-called ‘veil of ignorance.” Behind this veil of ignorance, an individ-
ual is confronted with the income distributions reinterpreted as lotteries: for every
income distribution, the individual has an equal probability of ending up with the
income of each of the members of society. The supporters of this approach ar-
gue that an individual behind the veil of ignorance has the correct perspective to
make choices from a moral point of view since she will be both impartial and
sympathetic towards the members of society. The questionnaire used in Chapter 1

5See the overview by Gajdos (2001).
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confronts respondents with eight choices over pairs of income distributions. In the
first version, respondents are asked to state their direct ethical preference over each
of the pairs. In the second and third versions, the income distributions in the eight
pairs are reinterpreted as lotteries, and respondent are put behind a veil of igno-
rance (choices affect the incomes of everyone in society) or in a purely individual
risk situation (choices affect only the own income), respectively. The results re-
veal that, although there are important similarities between the three types of pref-
erences, the direct ethical preferences and the purely individual risk preferences
of the respondents form two extremes, while the veil of ignorance preferences lie
in between the other two. An important question is whether the responses are
consistent with the EU, Yaari and RDEU social welfare functions. For all three
guestionnaire versions, the results reveal many violations of the separability ax-
iom, and hence inconsistencies with the EU social welfare function. Moreover,
the direction in which separability is violated by the respondents does not corre-
spond to the direction prescribed by the Yaari and RDEU social welfare functions.
By contrast, respondents’ choices turn out to be well described by certain simple
concepts from the literature on decision under risk that have not been studied in
the context of the evaluation of income distributions. The most important example
in this respect is that the respondents reveal a positive attitude to mixing income
distributions—an income distribution is a mixture of two given income distribu-
tions if it is obtained by convexly combining the relative frequencies (at the same
income level) of those given income distributions, e.g., the income distribution
of a country is a mixture of the income distributions of its regions—whereas the
EU social welfare function implies neutrality to mixing, and the Yaari and RDEU
social welfare functions imply averseness to mixing.

Taking as an inspiration the importance of attitudes to mixing income distribu-
tions in describing respondent’s choices, we provide in Chapter 2 a formal exami-
nation of the behaviour of inequality measures with respect to mixing. Itis shown
that virtually all inequality measures commonly considered in the literature on in-
come distribution—i.e., the inequality measures corresponding to a social welfare
function of the EU, Yaari or RDEU form, as well as the class of decomposable
inequality measures—satisfy a quasi-concavity property, which implies, roughly
speaking, that mixing income distributions increases inequality. The relevancy of
this quasi-concavity property lies in the fact that it has direct consequences for
the question of how inequality judgements ought to depend on the relative group
sizes of the poor and rich. In order to understand this, note that an income distri-
bution, sayA, in which the number of poor and the number of rich are equal, is a
mixture of (i) an income distributioB in which there are many poor and few rich,
and (ii) an income distributio® in which there are few poor and many rich. By
consequence, all common inequality measures tend to indicate higher inequality
for A than forB or C since they all satisfy the quasi-concavity property. However,
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it has been argued by Fields (1987, 1993), among others, that it would be at least
as plausible to considéy less unequal thaB andC. It can be shown, moreover,

that such an alternative view is not inconsistent with basic inequality axioms as
those underlying the well known Lorenz inequality criterion. Again, a possible
conclusion is that the standard approach in the literature on income distribution is
too restrictive.

2

To make comparisons of social welfare orderings with respect to inequality aver-
sion, the literature on income distribution traditionally relies on the well known
Arrow-Pratt concept, which is borrowed from the literature on decision under risk.
In its most straightforward formulation, the Arrow-Pratt concept says the follow-
ing: if a given social welfare ordering prefers a perfectly equal income distribution
to an unequal income distribution in all cases in which another social welfare or-
dering does, then the given social welfare ordering is (weakly) more inequality
averse than the other one. The application of this concept of inequality aversion
has been mostly restricted to EU social welfare functions, i.e., to social welfare
orderings satisfying the separability axiom. In our analysis of inequality aversion
in Part Il, we move beyond the standard practice in two respects. First, in line
with the limitations of the separability axiom that were noted in the outline of Part

| above, we study inequality aversion without the imposition of separability. Sec-
ond, we consider alternatives to the Arrow-Pratt concept itself. Throughout Part
I, special attention is paid to the problem of reconciling the ideals of extreme
inequality aversion and monotonicity, i.e, the question of how to implement the
egalitarian ideal of always choosing for less inequality, except in cases in which
no individual would gain by doing so. We note that the qualification ‘extreme’
should not be interpreted as a label for this egalitarian ideal itself: the term simply
stresses the technical point that we are dealing with the most inequality averse
position one can take.

Hammond (1975), Meyer (1975) and Lambert (2001) have studied extreme
inequality aversion in accordance with the standard practice, i.e., using the Arrow-
Pratt concept and focusing on separable social welfare orderings. Their result says
that the leximin social welfare ordering can be obtained as the limit case, in terms
of inequality aversion, of the class of EU social welfare functions: each choice be-
tween a pair of income distributions implied by leximin coincides with the choices
implied by all of the most inequality averse EU social welfare functions. In Chap-
ter 3, we establish an analogous result using the Arrow-Pratt concept, but focusing
on the class of social welfare orderings not necessarily satisfying separability. Itis
established that, for this broader class of social welfare orderings, the limit case is
not a single social welfare ordering but a class, viz., the class of weakly maximin
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social welfare orderings, which give priority to the worst off individual in all cases
in which the worst off does not have the same income in the two alternatives under
comparison. While the weakly maximin class has leximin as one of its members,
it also includes social welfare orderings very different from leximin.

The Arrow-Pratt concept has the drawback of being based on a rather prim-
itive inequality criterion: since it compares social welfare orderings only with
respect to the choices they imply over pairs of income distributions of which one
is perfectly equal and one is not, the Arrow-Pratt concept implicitly supposes
that all there is to say about inequality comparisons is that unequal income dis-
tributions are more unequal than perfectly equal ones. Because there are broadly
accepted inequality criteria in the literature on income distribution that do allow
to make comparisons between unequal income distributions, the Arrow-Pratt ap-
proach seems unduly narrow. In Chapter 4, we consider, therefore, two alterna-
tive concepts of inequality aversion. The first alternative concept is based on the
Lorenz inequality criterion and says the following: if a given social welfare or-
dering prefers a Lorenz dominating income distribution to a Lorenz dominated
income distribution in all cases in which another social welfare ordering does,
then the given social welfare ordering is (weakly) more inequality averse than the
other one. The second alternative concept is defined similarly but using, instead of
the Lorenz criterion, the so-called relative differentials inequality criterion, which
is intermediate in strength between the Lorenz criterion and the primitive inequal-
ity criterion underlying the Arrow-Pratt concept. It is shown that although the
relative differentials based concept of inequality aversion is not equivalent to the
Arrow-Pratt concept in general, it is equivalent to it for separable social welfare
orderings and thus supports important results in the literature that were established
using the Arrow-Pratt concept. The Lorenz concept of inequality aversion is more
profoundly inconsistent with the Arrow-Pratt concept: the two concepts are not
equivalent for the class of separable social welfare orderings and not even for its
popular constant elasticity of substitution subclass. With respect to the problem
of reconciling monotonicity and extreme inequality aversion, the relative differ-
entials concept is once again consistent with the Arrow-Pratt concept, i.e., it iden-
tifies as extremely inequality averse the class of weakly maximin social welfare
orderings (and thus also confirms the result of Chapter 3). The Lorenz concept,
on the other hand, concludes that the ideals of extreme inequality aversion and
monotonicity are incompatible.

Not all approaches to implementing the idea of extreme inequality aversion
have taken as a starting point a concept of inequality aversion. An alternative
approach that has been explored is to impose the so-called Hammond equity ax-
iom. Hammond equity requires that reducing the inequality between any two
individuals—by increasing the income of the poorer one by some amount and de-
creasing that of the richer one by some (possibly different) amount—Ileads to an
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improvement in social welfare. Hammond (1976) has characterized leximin using
Hammond equity and the basic axioms anonymity and strong Pareto (if one indi-
vidual gets more without anyone getting less, then social welfare increases). In
Chapter 5, we provide an analogous characterization of the maximin social wel-
fare ordering using Hammond equity, anonymity, continuity and weak Pareto (if
all individuals get more, then social welfare increases). A shortcoming of Ham-
mond equity is also pointed out: the transformations it recommends do not always
decrease inequality according to the Lorenz criterion, and sometimes even only
decrease inequality according to rather exotic inequality criteria (and increase it
according to others). We introduce a modified Hammond equity axiom that does
not have this shortcoming, and show that an alternative characterization of max-
imin is obtained by simply replacing Hammond equity by this modified version
in the characterization mentioned above: that is, maximin is also characterized
by modified Hammond equity, anonymity, continuity and weak Pareto. Using the
modified Hammond equity axiom, we present, moreover, another characterization
of the weakly maximin class.

3

In contrast to Parts | and Il of this dissertation, Part 11l is concerned with distri-
bution problems in which the individuals involved differ with respect to ethically
relevant characteristics. We assume that the amount that each individuals should
ideally receive is known, and refer to it as the ‘claim’ of the individual. The eth-
ically relevant differences between individuals are, thus, captured completely by
differences in their claims: if the amount available for distributing between the in-
dividuals is equal to the sum of their claims, then the just division is that in which
each individual receives her claim. We focus on the problem of how to divide
an amount that falls short of the sum of the claims among the individuals. The
literature on the so-called claims problem deals with the axiomatic examination
of ‘rules, which are mappings that associate with each claims problem—given
by the claims vector and the amount available for distribution—a division among
the individuals involve@] The most prominent and also most straightforward di-
vision rules are the proportional rule, the constrained equal awards rule, and the
constrained equal losses rule. Several more complex rules have been studied as
well in the literature. In Part 1ll, we apply concepts from the theory of inequality
measurement to the literature on claims problems.

In Chapter 6, we examine how nine well known rules—the proportional rule,
the constrained equal awards rule, the constrained equal losses rule, the Talmud
rule, Piniles’ rule, the constrained egalitarian rule, the adjusted proportional rule,

6See Thomson (2003) for an overview.
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the random arrival rule, and the minimal overlap rule—compare in terms of in-
equality aversion. The relevance of inequality aversion comparisons of rules, bet-
ter referred to as progressivity comparisons in this framework, can be illustrated
using Aristotle’s well known adage: “Justice is equality among equals and in-
equality among unequals.” The degree to which individuals have to be seen as
‘unequals,” and hence the degree to which they ideally ought to be treated un-
equally, depends on the actual economic context of the claims problem because
this determines the ethical status of the claims—e.g., differences between claims
may possibly be considered more relevant ethically if they reflect differences in
needs, than if they reflect differences in talents. Rules, being functions only of
the claims vector and the amount to be distributed, are, however, invariant with
respect to the economic context. In order to determine which rule ought to be
used in which economic context, it is therefore important to be able to compare
the different rules with respect to how progressive they are, i.e., how unequally
they treat ‘unequals.’ In the analysis of Chapter 6, it is shown that the constrained
equal awards rule, the constrained equal losses rule, the Talmud rule, Piniles’ rule
and the constrained egalitarian rule can be characterized as most or least progres-
sive among a class of rules of which the members satisfy particular basic axioms.
We also provide several results involving the remaining rules in order to uncover
the complete set of Lorenz dominance relationships that hold between the nine
rules.

Chapter 7 describes the results of a questionnaire in which the respondents are
confronted with nine specific claims problems, which are presented in two differ-
ent economic contexts. In the first version of the questionnaire, respondents have
to divide revenue among the owners of a firm who contribute to the activities of
the firm in different degrees, and, in the second version, they have to divide tax
money among pensioners who have paid different contributions during their active
career. The results reveal that, for both questionnaire versions, the proportional
rule performs very well in describing the choices of the respondents. By contrast,
other prominent division rules—in particular the constrained equal awards rule
and the constrained equal losses rule—fail to capture the basic intuitions of the
respondents. We also find that responses in the pensions version of the question-
naire are significantly more egalitarian than those in the firm version. Finally, the
results show that the way in which respondents’ choices vary with respect to basic
changes in the characteristics of the claims problem appear to be well described
in terms of inequality. More precisely, a substantial part of the respondents tend
to become more progressive as the amount to be distributed decreases other things
equal, and tend to become more progressive as the inequality in the distribution of
claims becomes more unequal other things equal. The fact that inequality consid-
erations seem to be useful in organizing respondents’ choices is encouraging for
the inequality perspective on the theoretical study of claims problems.
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Chapter 1

Social Welfare, the Vell of
Ignorance, and Purely Individual
Risk: An Empirical Examination

This chapter is based on Bosmans and Schokkaert (2004).

1.1 Introduction

The central problem of distributive justice is that of finding an ethical ranking of
income distributions. It is generally accepted that such an ethical ranking should
reflect in a certain sense the preferences of an impartial and sympathetic observer
(henceforth referred to as ‘ISO preferences’)—". .. a person taking a positive sym-
pathetic interest in the welfare efachparticipant but having no partial bias in
favor of any participant” (Harsanyi, 1977, p. 49). ISO preferences have been
analysed in the literature in many different ways, but a particularly influential ap-
proach has been the exploration of the formal links between inequality and risk
(Cowell and Schokkaert, 2001). This link has been put forward in its most explicit
form in Harsanyi’'s (1953, 1955) approach of the veil of ignoreﬂ:}me.

Harsanyi rephrases the problem of distributive justice as a problem of individ-
ual decision making under risk: income distributions should be ranked according
to the preferences of a rational individual behind the veil of ignorance (henceforth,
‘VOI preferences’). VOI preferences are the preferences over income distributions
of a rational individual who does not know her own position in each income distri-
bution (nor the position of the other members of society) and has (like these other

1See also Vickrey (1945, 1960) and Rawls (1971). The latter coined the term ‘veil of ig-
norance.” Harsanyi used the approach to justify utilitarianism while Rawls used it to justify his

11



12 Part I: Social Weltare and Inequality

members), for each income distribution, an equal probability of ending up with
the income of any member of society. Harsanyi argues that rationality requires
that VOI preferences be consistent with expected utility (EU) theory. Hence, the
social welfare function, which represents ethical preferences, inherits the proper-
ties of the EU model and is of the mean utilitarian tﬁa@his approach is often
seen as providing a justification for the most frequently used social welfare func-
tion in the income distribution literature, which is of the mean utilitarian form
with utility a function exclusively of own income and an identical utility function

for each individualE] However, this approach raises two sets of questions.

First, it is not obvious that VOI preferences and ISO preferences indeed co-
incide. The idea of the veil of ignorance is only one among many approaches to
the problem of finding an ethical ranking of income distributions. Moreover, the
assumption that utility is a function exclusively of own income does not follow
directly from Harsanyi's conditions. Indeed, VOI preferences are defined over
lotteries that have complete income distributions as outcomes, not over lotteries
with individual incomes as outcomes. We refer to the latter type of preferences as
purely individual risk preferences (henceforth, ‘PIR preferences’). The assump-
tion that utility is a function exclusively of own income can be justified if VOI
preferences are identical to PIR preferences. Differences between VOI prefer-
ences and PIR preferences can result from the fact that the individuals do not
care only about their own incomes, but also for instance about overall equality or
about their own relative income position. A comparison of ISO and VOI prefer-
ences with PIR preferences therefore could give some insight into the importance
of externalities. What is the relationship between ISO, VOI and PIR preferences?

Second, the risk literature has provided ample empirical evidence of system-
atic violations of EU theory (the Allais paradox being the most famous exam-
ple). A theoretical literature on non-expected utility (non-EU) models has devel-
oped mainly to accommodate these empirical viola@msseems interesting to
check whether these violations of EU theory for PIR preferences are also relevant
for the ethical ranking of income distributions, that is, for ISO and VOI pref-
erences. In fact, one of the most popular concepts from the non-EU literature,
i.e., rank-dependent expected utility (RDEU), has in its simplified form (Yaari,
1987) received considerable attention in the income distribution literature because
it provides a normative basis for an important subclass of the class of generalized
Gini inequality indiceﬁ] Recent contributions have explored further links between
the RDEU model in its general form and the measurement of inequality (Gajdos,

2Harsanyi’s claim that mean utilitarianism follows from his assumptions has been criticized on
several accounts. See Mongin (2001) for a thorough overview of the literature.

3See Cowell (2000) and Lambert (2001) for recent overviews of this literature.

4For overviews, see Camerer (1995) and Starmer (2000).

SMore precisely, the subclass that satisfies Dalton’s (1920) Population Principle.
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2001). How attractive are these non-EU approaches from an ethical point of view?

The present chapter examines both issues through a questionnaire approach
with Belgian students. In order to benefit from the accumulated knowledge in the
risk literature, the setup of our questionnaire will be analogous to the conventional
approach used in that literature. We put respondents into three different choice
contexts allowing revelation of ISO, VOI and PIR preferences, respectively. In
each of these cases we test whether we discover any violations of the standard
properties of the EU model. Such violations can also raise doubts about some of
the standard assumptions in the literature on income distribution. Moreover, we
will also check the empirical relevancy of the Yaari and RDEU models as well as
that of some more basic non-EU concepts.

The questionnaire approach has recently become more popular in the eco-
nomic literature on distributive justice. It has been used extensively for testing
the acceptance of the crucial axioms from the literature on income distritflition.
Recent work has explicitly compared the acceptability of these axioms for the
income inequality and the risk setting (Amiel et al., 2001; Amiel and Cowell,
2002). Camacho-Cuena et al. (2003) and Traub et al. (2005) have run experi-
ments in which subjects get material incentives to rank either income distributions
or risky prospects. The close relationship between social welfare judgements and
choice under risk and the theoretical suppositions of the EU approach are far from
evident for large groups of respondents. Closest related to our work is a question-
naire study by Bernasconi (2002). He also checks the relevance of EU axioms
for 1ISO, VOI and PIR preferences. The formulation of our questions is very dif-
ferent, however, and we go further in testing explicitly some non-EU alternatives.
Despite these differences, some of our results turn out to be similar to those of
Bernasconi.

The chapter is organized as follows. Section 1.2 gives an overview of relevant
findings from EU theory and non-EU theory and links these to the evaluation of
income distributions. The actual questionnaire study is presented in Section 1.3.
In Section 1.4 we present the results. Section 1.5 concludes.

1.2 (Non-)Expected Utility Theory and the Evalua-
tion of Income Distributions
We first consider expected utility (EU) theory (Subsection 1.2.1) and some basic

concepts from non-EU theory (Subsection 1.2.2). In Subsection 1.2.3 we summa-
rize the basic characteristics of the RDEU model and of Yaari’s theory. Finally, in

5The most influential work is by Amiel and Cowell, who summarize their most important
findings in Amiel and Cowell (1999). See also Harrison and Seidl (1994a, 1994b).
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Figure 1.1. EU Indifference Curves in the Marschak-Machina Triangle

Subsection 1.2.4, we return to the evaluation of income distributions.

We use the following notation. The set of incomesXis= {x1,X2,...,Xn},
where the incomes are indexed such that --- < X,. An income distribution is
a vectorp = (py,..., pn) With p; € [0,1] for all i andy ' ; pi = 1, wherep; is the
proportion of the population with income. The set of all income distributions is
denoted byA. In the case of individual decision under risk, income distributions
have to be interpreted as lotteries, whprés the probability of outcoms;. Pref-
erences over alternatives, either income distributions or lotteries, are captured by
a binary relatior- (‘is at least as good as’). The relation has an asymmetric factor
> (‘is better than’), and a symmetric facter(‘is equally good as’). Under certain
conditions, a functionf, can be used to represent preferences. The funé&tion
has to be interpreted either as a social welfare function or as an individual utility
function, depending on the given choice situation.

A convenient representation device to compare the implications of EU the-
ory with the implications of various non-EU theories is the so-called Marschak-
Machina triangl@ (see Figure 1.1). Focusing on lotteries with only three possible
outcomes (or income distributions with only three income levelsy x, < X3,
each alternative can be written as a pgf, ps), with p, determined implicitly

"This graphical device was introduced into the literature by Marschak (1950) and popular-
ized by Machina (1982). It has since been used in many empirical studies concerning individual
decision under risk.
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Table 1.1.The Choice Pairs,f, p2, p3)

Question a b

1 0,1,0) (0.05, 0.75,0.2)
2 (0,1,0) (0.2,0,0.8)

3 (0.75,0.25, 0) (0.8,0,0.2)

4 (0,0.25,0.75) (0.05, 0, 0.95)

5 (0,0.8,0.2) (0.05,0.55,0.4)
6 (0.2,0.8,0) (0.25,0.55,0.2)
7 (0,0.8,0.2) (0.16, 0, 0.84)

8 (0.2,0.8,0) (0.36, 0, 0.64)

aspz = 1— p1— p3. Since, furthermore, for=1,2,3, we havep; € [0,1], all

these alternatives are points in the trian§l@, ps) € R2 |p1+ ps < 1}. In

the Marschak-Machina triangle of Figure 1.1 the different points represent thir-
teen possible alternatives. Our questionnaire study will focus on eight pairwise
choices: each choice problem=1,...,8, involves a choice among a pair of
alternative lotteries or income distributiofa;j,bj). Note that the dashed lines
connecting each of these pairs of alternatives have the same slope equal to four.
The probabilities corresponding to the specific options represented in Figure 1.1
are shown in Table 1.1.

1.2.1 Expected Utility Theory

Let us first summarize in a loose way the basic idea of EU theory. Suppose that
all the alternatives can be ordered (implying that the preference relation is reflex-
ive, transitive and complete) and that this ordering is continuous and monotonic.
Suppose moreover that the following condition is satisfied:

Independence For any alternativep,q,r € A and any scalag € (0,1), we have
p = qifandonly if ap+ (1—a)r = ag+ (1 —a)r ]

Under these assumptions, preferences over alternatives can be represented by
n
F(p) = leiu(xi) forall p € A, 1.1)
i=

whereuis a strictly increasing function. This condition aensures monotonicity,
which means that (first order) stochastically dominating alternatives are preferred.
Strong risk aversion, implying that mean preserving spreads are disapproved, re-
quires thau be strictly concave.

8This condition is very similar to the separability axiom considered in Chapters 3 and 4.
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Expression[(1]1) has very strong implications for alternatives in the triangle
diagram. In fact, the slope of the implied indifference curves is

dps|  _ u(xe) - u(x) w2

dpi|p_g  U(X3) —u(x2)

which is constant (since the incomesx, andxs are given for all points in the
triangle) and positive (since under monotoniaityz) > u(xz) > u(X1)).

Positivity of the slope of indifference curves is a general property of prefer-
ence theories that respect monotonicity. Note that monotonicity also implies that
indifference curves lying more to the northwest correspond to higher preference.
For any pointp in the triangle, the set of points strictly to the northwesp ¢that
is, all pointsqg such thaty; < p; andgs > ps, with at least one of the inequalities
strict) constitutes the set of points strictly stochastically domingiing

The most important implication of EU theory, however, is the fact that the
slope of these indifference curves is consfafthus, in EU theory, indifference
curves are parallel straight lines. The connected lines in Figure 1.1 represent such
a set of EU indifference curves. One number, the value of the constant slope,
determines the preferences over the entire triangle diagram. The figure shows that
this feature severely restricts the number of response patterns allowed. In fact, EU
theory implies that respondents choose consistently eatbeb or are indifferent
in each of the eight choice pairs, depending on the relative values of the slopes
of the indifference curves (i.e, the connected lines) and the dashed lines. With
the indifference curves drawn in the figure, this choice should. W¥ith a larger
value for the slope it could be indifferencearNote that in EU theory the slope
can be seen as a kind of measure for the degree of risk aversion—in a choice
between a riskless lottery and a risky one, such as in pairs 1 and 2 in the figure,
the riskless one is chosen only for sufficiently high values of the @pe.

1.2.2 Some Basic Concepts from Non-Expected Utility Theory

The well known problems discovered by Allais (1953) offer an important chal-
lenge to the restrictive implications of EU theory. The first three choice pairs in
Figure 1.1 illustrate these problems. Allais’ ‘common consequence effect’ (also
known as the Allais paradox) suggests a tendency for cho@singhoice pair

1 andb in choice pair 3, thus violating EU theory. Allais’ ‘common ratio effect’
concerns a tendency for choosiag@ndb, respectively, in choice pairs such as 2
and 3, again violating EU theory. There is by now overwhelming experimental

9The slope is not required to be equal across different triangles, i.e., for differeit.sets
1%ndeed, Machina (1982) has shown that the slope given in expren (1.2) is related to the
Arrow-Pratt measure of risk aversion. See Chapters 3 and 4 for more on the Arrow-Pratt concept.
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1 Nb4

Figure 1.2. Fanning-out

evidence for the empirical relevancy of both predictions (Camerer, 1995; Starmer,
2000).

One solution for ‘explaining’ the Allais problems is to drop the assumption of
parallel indifference curves. In fact, Machina (1982) introduced for that purpose
the notion offanning-out In its pure form, fanning-out represents a monotonic
increase in the slope of indifference curves as one moves northwest in the trian-
gle. This can be seen in Figure 1.2, which also reveals that fanning-out does not
require linearity of indifference curves. Concretely, fanning-out says that, given
any two pointg andq in the triangle, such tha lies to the northwest gb (that
is, q stochastically dominatgs), the slope in poing| has to be at least as high as
that inp. For the choice pairs in the figures, fanning-out has the following impli-
cations: given any two choice paksand/, if a, stochastically dominatez and
b, stochastically dominatds, then the choice of alternatiefrom pairk implies
that alternativea has to be chosen from pédiras well, and indifference in pak
implies that either alternative has to be chosen from pdiror that one has to be
indifferent between the alternatives 6f Fanning-out therefore accounts for the
dominant behaviour in situations such as those suggested by Allais.

Empirical research, however, sometimes reveals the opposite pattern: that of
fanning-in(see, e.g., Battalio et al., 1990). In that case, the slope of the indiffer-
ence curves becomes smaller as one moves to stochastically dominating alterna-
tives. For the choice pairs in the figures, fanning-in has the following implica-
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tions: given any two choice paiksand/, if a, stochastically dominates and

b, stochastically dominatdsy, then the choice of alternatidein k implies that
alternativeb has to be chosen ihas well, and indifference ikimplies that either
alternativeb has to be chosen ihor that one has to be indifferent between the
alternatives of.

Both fanning-out and fanning-in deal with a change in slope as one moves
to different indifference curves (at least when preferences satisfy monotonicity).
The research on extensions of EU theory has also focused on the relevancy of the
linearity of the indifference curves implied by expressidns|(1.1) (1.2). Three
different assumptions have been proposed:

Betweenness.For any alternativep,q € A and any scalao € (0,1), we have
p>qifandonlyifp>oap+(1—a)q > q.

Quasi-convexity.For any alternativep, q € A and any scalae € (0,1), we have
F(ap+(1-a)q) <max{F(p),F(q)}.

Quasi-concavity. For any alternativep, q € A and any scalas € (0,1), we have
F(ap+(1—a)q) >min{F(p),F(q)}.

Betweenness obviously is an implication of independence. It implies that, if
p ~ q, then for any scalaw € (0,1) we havep ~ ap+ (1— a)q ~ g, which means
that indifference curves are straight lines—but not necessarily parallel. Between-
ness implies neutrality to mixtures of alternatives on the same indifference curve.
Straightforward extensions are concave indifference curves (corresponding to the
assumption of quasi-convexity), describing mixture aversion, and convex indif-
ference curves (corresponding to the assumption of quasi-concavity), describing
mixture proneness. The latter case is illustrated in Figure 1.3. Betweenness, quasi-
convexity and quasi-concavity have implications for the combinations of choice
pairs (1, 2), (5, 7), and (6, 8) in the figures. In each of those combinations, the
only response patterns consistent with betweennesaaate and ~~. Quasi-
convexity allows, in addition to the betweenness pattabsa~ and~b. Quasi-
concavity, on the other hand, allows, in addition to the betweenness patiarns,
b~ and~a.

1.2.3 Rank-dependent Expected Utility and Yaari’'s Dual The-
ory
The most popular alternative to the EU model is Quiggin’s (1982) rank-dependent

expected utility (RDEU) model (see, e.g., Starmer, 2000). Most popular within
the income distribution literature is Yaari's (1987) dual theory, which is a special



Social Welfare, the Veil of Ignorance, and Purely Individual Risk 19

Figure 1.3. Quasi-concavity

case of the RDEU model. We will first summarize Yaari's model and then return
to the more general RDEU approach.
Preferences consistent with Yaari's theory can be represented using

n
F(p) = ZW(pi,p1+---+pi)xi forall p € A, (1.3)
i=

where, for any # n,

w(pi,p1+---+pi)=f(pi+--+pn)— F(Pir1+---+ Pn),

W(pn,p1+ -+ pn) = f(pn) and f : [0,1] — [0,1] is a strictly increasing and
continuous function for whicli(0) = 0 andf (1) = 1. Given the conditions of,
preferences are monotonic. Strong risk aversion required thatstrictly convex
(Yaari, 1987). Note that while in the EU approach a change in an income is
evaluated in function of the size of the income, in the Yaari approach it is evaluated
as a function of its rank position (defined s+ - - - + p; for an incomex;).

For the alternatives in the triangle diagram, Yaari’s theory implies that

Fp)=[1-f(1—py)xa+[f(1—p1)— f(ps)x2+ F(pa)xs,  (1.4)
which yields for the slope of the indifference curves

d_p3 _ f/(l—pl) Xo — X1
dprlp—g F(P3) Xs—X2

(1.5)
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Figure 1.4. RDEU (Yaari) Indifference Curves

Again, indifference curves are positively sloped (siri¢g) > 0 for all p). If f
is strictly convex, the slope decreasespasncreases, ceteris paribus, and also
as ps increases, ceteris paribus. gf decreases angg increases, the slope does
not necessarily go up or down. This means that indifference curves strictly fan
out horizontally—that is, the slope becomes strictly higher moving horizontally
west in the triangle diagram—and strictly fan in vertically—that is, the slope be-
comes strictly smaller moving vertically north in the triangle diagram. Moving
diagonally northwest, however, the slope can go up or down. This pattern is illus-
trated in Figure 1.4. By consequence, for the choices in the figures, fanning-out
is satisfied for combinations of the choice pairs 1, 3 and 6 (a horizontal move in
the triangle), while fanning-in is satisfied for combinations of the choice pairs 1,
4 and 5 (a vertical move). There are no implications concerning fanning-out or
fanning-in for combinations of choices 2, 3, 4, 7 and 8.
Another important property is that, wheneveis strictly convex, the slope of
an indifference curve decreases as one moves to the northeast. Therefore, under
the assumption of strong risk aversion, preferences are strictly quasi-@]vex.
The Yaari model is a special case of the RDEU model, which is given by

F(p) =_iW(pi,p1+---+pi>U(xi) forallp 4, (1.6)

For a formal statement and proof, see Lemma 2.2 in Chapter 2.
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where, for any # n,

w(pi,p1+---+pi) = F(pi+--+pn) — F(Pixr+---+ Pn),

W(Pn, P1+ -+ pPn) = f(pn), f:[0,1] — [0,1] is a strictly increasing and con-
tinuous function for whichf (0) = 0 and f(1) = 1 andu is a strictly increasing
function. Again the conditions required for monotonicity are satisfied. Strong
risk aversion requires that the functiéribe convex and that the functiarbe con-
cave and, furthermore, that eithkibe strictly convex ou be strictly concave or
both (Chew et al., 1987). Whanis the identity function, the RDEU modg¢l (].6)
reduces to the Yaari model. Whéns the identity function, it reduces to the EU
model.

The slope of an indifference curve in the diagram for the RDEU model is

dps _ P(1—p1) u(xz) —u(xa) (1.7)

dple_g F/(ps) u(xe) —u(x)’
Clearly, the indifference curves of the RDEU social welfare function have (more
or less) the same properties as those of the Yaari model. That is, indifference
curves are concave, fan out horizontally and fan in vertically.

1.2.4 Evaluating Income Distributions

There is a close formal relationship between the literature on income distribution
and the theory of decision making under risk. With the Gini index as a prominent
exception, the most common inequality measures (including the Atkinson-Kolm
and the generalized entropy measures) can all be interpreted in a social welfare
framework formally equivalent to the EU model as given in expres @.1).
This means that they can be interpreted as reflecting VOI-preferences, i.e., the
preferences of a rational individual behind the veil of ignoraht@f course one

can also defend EU-type assumptions without explicitly referring to the idea of
the veil of ignorance. One then has to justify the independence condition for ISO
preferences directly on ethical grounds rather than as a requirement of rationality
behind the veil of ignorance.

A strong competitor of the Atkinson-Kolm and the generalized entropy mea-
sures is the class of generalized Gini indices. These are based on a social welfare
function of the form of the Yaari model (1.3) (or, at least, an important subclass
is) and therefore do not satisfy the independence axiom. The most popular social
welfare function of the form[(1]3) is the S-Gini social welfare function, where

2pccordingly, all these inequality measures satisfy the decomposability axiom, which is
closely related to the independence axiom. See Chapter 2.
3pahlby (1987) explicitly works out this interpretation.
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f(p) = p? with p > 1 (Donaldson and Weymark, 1980; Yitzhaki, 1983). The pa-
rameterp can be seen as a measure of inequality aversion. Note that the popular
Gini index is based on the S-Gini social welfare function vgth- 2. A few stud-

ies such as Ebert (1988) and more recently Chateauneuf (1996) and Chateauneuf
et al. (2002), have considered the evident extension to the Yaari model which is to
base the evaluation of income distributions on the RDEU niftiel.

The idea of strong risk aversion is interpreted within the income distribution
literature as the Pigou-Dalton transfer principle, i.e., the notion that a rank pre-
serving transfer from a richer to a poorer person increases social welfare. As we
have seen, the transfer principle requires in the EU model that the funcben
strictly concave. As can be seen from expressior] (1.2) the restriction to linear par-
allel indifference curves does not depend on the concavityafd a test of this
restriction can be seen as a direct test of the independence assumption without any
need to make assumptions about risk aversion.

On the other hand, imposing the transfer principle has stronger consequences
for the Yaari and the RDEU models within the triangle. As we have seen, it re-
quires, for instance, in both cases that the indifference curves be strictly concave.
Since the transfer principle occupies such a dominant position in the income dis-
tribution literature, we will use in the empirical part the terms Yaari model and
RDEU model for expressions (1.3) and (1.6), respectively, with the assumption of
concave indifference curves imposed.

However, we know from previous empirical work that the transfer principle is
violated consistently by responde@Let us therefore define the weaker prin-
ciple of ‘weak inequality aversion:’ given a fixed population, a completely equal
income distribution is better than any unequal income distribution with the same
total income. This principle seems absolutely essential for an egalitarian social
welfare function. It gives additional support for the transfer principle with an EU
social welfare function, i.e., a social welfare function satisfying independence,
because such a welfare function will only satisfy weak inequality aversion if it
satisfies the transfer principle. However, in the Yaari (and RDEU) framework,
weak inequality aversion does not imply the transfer principle. It has been shown
(Chateauneuf, 1996 and Chateauneuf and Moyes, 2004) that the Yaari social wel-
fare function|(1.B) satisfies weak inequality aversion if and onfy({f) < p for all
p € (0,1). This condition is strictly weaker than strict convexity (sinfd®) = 0
andf(1) =1). The RDEU social welfare function satisfies weak inequality aver-
sionif f(p) < pforall pe (0,1) anduis concave, with at least one of the condi-

14All the inequality measures that are mentioned in this subsection are defined formally in
Chapter 2.

15This is found especially in the context of inequality comparisons (see for instance Amiel and
Cowell, 1992, 1998, Ballano and Ruiz-Castillo, 1993, and Harrison and Seidl, 1994a, 1994b), but
also in the context of social welfare comparisons (Amiel and Cowell, 1994a).
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tions holding strictl@ In our empirical work we will consider these extensions
as well and label them Yaaand RDEU.

In the risk literature, forms of the RDEU weighting functiérihat do not sat-
isfy the condition relating to weak inequality aversion have been considered and
sometimes offer a better explanation of observed choice patterns (see, e.g., Gon-
zalez and Wu, 1999). We do not consider these forms in our empirical analysis
because in our view it does not make sense to base the evaluation of income dis-
tributions on a welfare function which does not even satisfy the principle of weak
inequality aversion.

1.3 The Setup of the Questionnaire

The target group of the questionnaire consisted of first year business students of
the K.U.Leuven (Catholic University Leuven, Belgium). The students had not
yet been exposed to any lectures on the evaluation of income distributions or on
decision making under risk, which ensured that the respondents were not preju-
diced. The questionnaires were distributed and filled in in the classroom, after the
teacher had given a short and non-suggestive oral introduction. The survey was
organized twice (with different respondents in two subsequent academic years):
in April 2002 and in November 2002. The results were stable over time. In or-
der to test for the differences between ISO, VOI and PIR preferences, there were
three different versions of the questionnaire. Accordingly, the group of students
was divided into three subgroups. Each subgroup participated in only one version
of the questionnaire and respondents did not know that there were three different
versions. For the ISO version, the VOI version and the PIR version, there are 93,
92 and 94 respondents, respectively.

Each questionnaire version consists of the same eight questions, where in
each question, the respondent is asked to make a choice between two alterna-
tives, which are either income distributions or lotteries, depending on the given
choice situation. The eight choice pairs correspond to the alternatives shown in
Figure 1.1 (with the probabilities as given in Table 1.1). Throughout the question-
naire, the same set of three incomes- {x; = €500 x, = €150Q x3 = €2500}

18|n fact, Chateauneuf (1996) has shown that these conditions for the Yaari and RDEU models
imply consistency with the ‘absolute differentials ordering, which is a stronger requirement than
the one of weak inequality aversion (see also Chateauneuf and Moyes, 2004). This stronger prin-
ciple can be formulated as follows. Suppose that we have two income distributions with the same
population and total income, and in the first income distribution the absolute income difference
for each income pair is greater than, or equally great as, in the second distribution while for at
least one pair the absolute income difference is greater, then the first income distribution is more
unequal than the second. It seems natural to extend the principle to the social welfare context by
stating that the second income distribution should be evaluated as better than the first.
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is used. In line with the Allais problems described earlier, we refer to questions 1,
3, 4, 5 and 6 as the ‘common consequence questions,” and to questions 2, 3, 4, 7
and 8 as the ‘common ratio questions.’

Although the same choice pairs are used, the background stories are different
for the three versions of the questionndifiEach of the three versions deals with
recently graduated students that are going to be employed in one of two firms.
Each firm offers three types of jobs which are identical in every respect except
for the income that is earned: the first job pa&2500, the secon€1500 and
the third€500. For the ISO and VOI versions, a firm corresponds to an income
distribution, for the PIR version it corresponds to a lottery.

In the 1ISO version, the respondent is asked to consider the situation of 100
recently graduated students that will all be employed in either of two firms, which
are different only with respect to the number of positions that are available for
each of the jobs. The respondent is then asked to reveal, for the eight cases, which
of the two firms he or she thinks offers the largest social welfare.

The VOI version also asks the respondent to consider the situation of 100
recently graduated students, but this time the respondent has to picture himself or
herself as being one of them. Again, the firms are different only with respect to
the number of positions that are available for each of the jobs. The respondent and
the 99 other graduated students will all be employed in the same firm and each has
an equal chance of ending up in any of the 100 positions available in the firm. The
respondent is then asked to state, for the eight cases, which firm he or she prefers.

In the PIR version, the respondent is asked to picture himself or herself as
being a recently graduated student who will be employed in either of two firms.
The firms are identical except with respect to the probabilities of ending up with
each of the jobs. The respondentis then, again, asked to state, for each of the eight
cases, which firm he or she prefers.

As mentioned already in the introduction, the setup of our questionnaire is
similar to the one used by Bernasconi (2002). There are three main differences,
however. First, we use different and more income distributions (and therefore test
some axioms which could not be tested by him). Second, he represents the dif-
ferent income distributions in the questionnaires with pie charts, while we simply
give the relevant sets of numbers. Third, he formulates the 1SO, VOI and PIR
cases in a more abstract form, while we tried to formulate a question which was
closer to the everyday experience of our respondents. The comparison of his re-
sults with ours will therefore give some insight into the importance of framing
effects (for which, again, see Camerer, 1995).

1"The precise formulation of the background stories in each of the versions is given in Appendix
1.A. For each background story there were two variants of the questionnaire with the questions
ordered differently. Since the results show that there is only a slight indication of order effects, we
simply pooled the answers for these different variants.
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Figure 1.5. Overview of the Resultd) Responses (in %)

1.4 Results

Our discussion of the results focuses on the two general issues raised before: the
comparison of the ISO, VOI and PIR versions of the questionnaire, and the degree
of consistency with the preference theories presented in Section 1.2. In Subsec-
tion 1.4.1 we have a first look at the question of how the three versions of the
questionnaire compare through an analysis of the responses for separate ques-
tions. Combining the answers on different questions makes it possible to test also
the relevancy of the different basic axioms of choice theory (Subsection 1.4.2). In
Subsection 1.4.3 we conclude the discussion by focusing on the different theories
which have been proposed in the income distribution literature.

1.4.1 A First Look

Figure 1.5 and Table 1.2 give the results for the separate questions. The chi-square
test statistics reported in Table 1.3 test for each question separately the null hy-
pothesis that population proportions for categoaesdb, respectively, are equal

for the two versions under comparison (ISO-VOI, VOI-PIR or ISO-PIR) (there
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Table 1.2.Results for Separate Questions (in %)

ISO VOI PIR
Question a b ~ a b ~ a b ~
1 37 59 4 26 72 2 27 69 4
2 50 45 5 45 51 4 58 43 0
3 30 66 4 20 77 3 17 78 5
4 61 37 2 38 57 5 28 69 3
5 44 55 1 29 67 3 35 62 3
6 19 76 4 16 82 2 35 63 2
7 56 42 2 41 53 5 51 43 6
8 30 61 9 36 60 4 48 45 8

Table 1.3.Chi-square Tests for Homogeneity for Separate Questions

Question  1SO-VOI VOI-PIR ISO-PIR
2.72(0.099) 0.03(0.867) 2.20(0.138)
0.57 (0.451) 2.15(0.143) 0.49(0.483)
2.93(0.087) 0.15(0.703) 4.35(0.037)
8.94 (0.003) 2.68(0.101) 21.29 (0.000)
3.91(0.048) 0.71(0.399) 1.31(0.253)
0.38(0.539) 8.64(0.003) 5.47(0.019)
3.23(0.073) 2.07(0.151) 0.12(0.726)
0.39(0.530) 3.58(0.058) 6.21(0.013)
Note: p-values in brackets.

O~NO O WNPE

is one degree of freedo@. To some extent Table 1.3 suggests that the results

for the ISO and PIR versions are furthest removed from each other while the re-
sults for the VOI version lie in between. This is exactly what one would expect

a priori: 1SO preferences deal exclusively with uninvolved common interest, PIR

preferences deal exclusively with involved self interest and VOI preferences deal
with involved common interest (that is, the common interest is at stake). We will

see that this pattern is confirmed in more detailed analyses.

Table 1.2 shows that, overall, alternatlyés more popular than the other two
alternatives. In the risk literature alternatives are usually seen as more risky
than the corresponding alternatives. Analogously, we could say that they are
more unequal in the income distribution context. The popularity obthaswers
can be explained by the choice of the set of incomes in our questionnaire design.
Consider as a benchmark the case of a respondent who has preferences consistent
with the Atkinson social welfare function: for the given income amounts, such a
respondent only prefeesoverb if she has a relatively high value of approximately
1.75 or more for the parameter of inequality aversion.

8We ignore the category of indifferencein the tests because it usually has frequencies lower
than five, which would make the chi-square test less appropriate.
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Table 1.4.Results for Pairs of Common Consequence Questions (in %)

Questions  Version EU Fanning-out Fanning-in
(aa, bb, ~~) (ba, b~, ~a) (ab,a~, ~b)
31 ISO 61 23 (0.203) 16
VOI 63 22 (0.196) 15
PIR 63 23 (0.088) 14
1,4 ISO 53 35 (0.001) 12
VOI 60 26 (0.049) 14
PIR 55 22 (0.562) 22
3,6 ISO 61 14 25 (0.066)
VOI 73 12 15 (0.345)
PIR 62 27 (0.014) 12
6,1 ISO 55 31 (0.010) 14
VOI 67 22 (0.049) 11
PIR 63 14 23(0.088)
1,5 ISO 67 19 (0.237) 14
VOI 72 16 (0.279) 12
PIR 66 21 (0.108) 13
54 ISO 62 28 (0.003) 10
VOI 54 27 (0.140) 18
PIR 63 15 22 (0.155)

Note: p-values in brackets.

1.4.2 Testing Some Concrete Hypotheses of Choice Theory

More interesting insights can be gained by analysing the response patterns for
different choice pairs together. We will first look at combinations of two questions
and then analyse the overall response patterns for the eight questions. We focus,
again, on the two main issues. In the first place, we test the empirical relevancy
of the concrete hypotheses of choice theory. In the second place, we check for the
possible differences between ISO, VOI and PIR preferences.

Pairs of Questions

(a) Tables 1.4 and 1.5 show the results for combinations of several pairs of com-
mon consequence questions and common ratio questions, respectively. For each
combination of two choice pairs (described in the first column) we give separately
the results for the three versions of the questionnaire. As shown in Subsection
1.2.1, only three of the nine possible response patterns are consistent with EU the-
ory for each of the combinations of two questions included in Tables 1.4 and 1.5:
the respondent can prefain both choice pairs, she can prefem both pairs or

she can be indifferenty) in both choice situations. We call these patteras, (



28 Part I: Social Welfare and Inequality

Table 1.5.Results for Pairs of Common Ratio Questions (in %)

Questions  Version EU Fanning-out Fanning-in
(aa bb, ~~) (ba, b~, ~a) (ab,a~, ~b)
3,2 ISO 55 33(0.001) 12
VOI 57 36 (0.000) 8
PIR 51 45 (0.000) 4
2,4 ISO 56 27 (0.106) 17
VOI 62 15 23 (0.155)
PIR 57 6 36 (0.000)
3,8 ISO 62 20 (0.368) 17
VOI 60 29 (0.004) 11
PIR 53 41 (0.000) 5
8,2 ISO 61 29 (0.002) 10
VOI 52 29 (0.087) 18
PIR 64 21 (0.196) 15
2,7 ISO 68 17 (0.428) 15
VOI 62 17 21 (0.368)
PIR 67 16 17 (0.500)
7,4 ISO 60 23 (0.256) 17
VOI 62 17 21 (0.368)
PIR 56 9 35 (0.000)

Note: p-values in brackets.

bb, ~~), therefore ‘EU consistent’ and the percentage of respondents with one
of these three response patterns is given in the third column of Tables 1.4 and 1.5.
Analogously we can say that the response pattdsask{~, ~a) and @b, a~,

~Db) are consistent with indifference curves that fan out and fan in, respectively.
In both cases we exclude EU consistent patterns from the categories fanning-out
and fanning-in. The percentages of respondents with these patterns are given in
the last two columns of the tables.

Clearly, EU consistent responses dominate. One should be aware that this does
not necessarily imply that our respondents follow the axioms of EU theory, asitis
quite possible for an individual to be consistent with EU theory over two questions
but not over three or more. We will return to this issue in the next section. At this
stage itis more interesting to consider whether the violations of EU theory for each
of the question pairs are systematic, that is, whether the percentage of observed
patterns consistent with fanning-out (or fanning-in) is significantly higher than
the percentage that would be observed if the response patterns of the respondents
that violate EU theory were completely random. The null hypothesis is that the
population frequency of fanning-out (or fanning-in) violations relative to the total
population frequency of violations is equal to 50%. The tables rgpuaiues for
the one sided exact test based on the binomial distribution.
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Table 1.6.Chi-square Tests for Homogeneity for Pairs of Questions

Questions ISO-VOI VOI-PIR ISO-PIR
3,1 0.06 (0.969) 0.12(0.942) 0.20(0.907)
1,4 1.93(0.381) 2.15(0.342) 5.88(0.053)
3,6 3.16 (0.206) 6.43 (0.040) 8.03(0.018)
6,1 3.11(0.211) 6.04 (0.049) 8.99(0.011)
1,5 0.56 (0.756) 0.86 (0.650) 0.14(0.932)
54 3.07 (0.216) 4.25(0.120) 8.40(0.015)
3,2 0.96 (0.620) 2.04 (0.361) 5.01(0.082)
2,4 4.00 (0.135) 6.33(0.042) 18.16 (0.000)
3,8 2.85(0.241) 4.07 (0.131) 13.25(0.001)
8,2 3.23(0.199) 2.65(0.267) 2.20(0.333)
2,7 1.05(0.591) 0.57(0.753) 0.16 (0.923)
7,4 0.94 (0.626) 6.56 (0.038) 11.80 (0.003)

Note: p-values in brackets.

The first combinations of choice pairs in Tables 1.4 and 1.5, the combinations
(3,1) and (3, 2), are of particular interest, as they are similar to the original exam-
ples used by Allais for introducing the common consequence and common ratio
effects, respectively. In both cases the predicted fanning-out patterns are more
popular than the fanning-in patterns. The statistical significance of fanning-out is
much weaker for Allais’ common consequence effect (qQuestions 3 and 1) than for
Allais’ common ratio effect (questions 3 and 2).

The overall picture shows some interesting differences between the 1SO, VOI
and PIR versions of the questionnaire. A mixed pattern of fanning-out and fanning-
in is observed in the PIR version. This is in line with the experimental research
on decision making under risk. However, with only one exception, fanning-out
is always dominating in the 1ISO version. The VOI version is between the other
two, but with a relatively strong presence of fanning-out. Table 1.6 presents the
chi-square test statistics for the hypothesis of homogeneity of two versions with
respect to the categories EU, fanning-out and fanning-in between versions (there
are two degrees of freedo.The hypothesis formulated on the basis of Table
1.3 is corroborated by the results in Table 1.6: the results for the ISO and PIR
versions form the extremes while the results for the VOI version are situated in
between.

The question pairs in Table 1.4 also allow to test for some aspects of the Yaari
and RDEU models (with the Pigou-Dalton transfer principle imposed). As we
have seen (Subsection 1.2.3), these models imply that fanning-out is satisfied hor-

9Note the difference with Table 1.3, in which we tested for homogeneity of the three versions
with respect to the responses ¢r b) for the eight separate questions. Table 1.6 tests for ho-
mogeneity of the three versions with respect to response patterns (EU consistent, fanning-out or
fanning-in) for combinations of two questions.
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Table 1.7.Results for Pairs of Questions (in %)

Questions  Version EU Quasi-convexity Quasi-concavity

(aa, bb, ~~) (ab, a~, ~b) (ba, b~, ~a)

6,8 ISO 57 15 28 (0.040)
VOI 61 9 30 (0.001)

PIR 54 14 32 (0.007)

1,2 ISO 70 8 23 (0.006)
VOI 61 9 30 (0.001)

PIR 55 7 37 (0.000)

57 ISO 63 13 24 (0.061)
VoI 57 14 29 (0.019)

PIR 53 14 33 (0.005)

Note: p-values in brackets.

izontally, that is, for the question pairs (3, 1), (3, 6) and (6, 1), while fanning-in

is satisfied vertically, and thus for the question pairs (1, 4), (1, 5) and (5, 4) (of
course, the EU patterns for these pairs are also consistent with the models). This
pattern is not supported by the results for the ISO and VOI versions, especially
where the Yaari and RDEU models imply fanning-in.

(b) Table 1.7 presents the results for the question pairs (6,8), (1,2) and (5,7).
These combinations allow to test betweenness, i.e., the linearity of indifference
curves (which is EU consistent) against quasi-convexity (excluding EU consistent
patterns) and quasi-concavity (again, excluding EU consistent patterns). The cor-
responding response patterns have already been described in Section 1.2.2. The
results in Table 1.7 are striking. There is a clear and significant domination of
guasi-concavity, i.e., convex indifference curves. This mixture proneness is found
in all three versions of the questionngffeQuasi-concavity has also been found
in experimental work on decision making under risk (see, e.g., Camerer and Ho,
1994). We will return to the implications of these findings in Subsection 1.4.3.

The Total Pattern of Answers

In Table 1.8 we summarize the results for a more ambitious approach in which the
eight questions are considered jointly. Each column refers to a specific hypothe-
sis of choice theory. We first give, for each hypothesis, as a reference point the
proportion of the 256 28) possible patterns that is actually consistent with the
given hypothesi@ If individual response patterns were completely random, we

20Chi-square tests show that the null hypothesis of homogeneity over the versions cannot be
rejected.

2IFor convenience, we have neglected patterns with indifferences. There are only very few cases
of indifference in the answers of our respondents.
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Table 1.8.Results for the Combination of All Eight Questions (in %)

EU Fanning- Fanning- Between- Quasi- Quasi-
out in ness convexity —concavity
Reference 0.8 6.3 6.3 12,5 42.2 42.2

ISO 10 30 13 32 46 68

Test 1 (0.000) (0.000) (0.013) (0.000) (0.246) (0.000)

Test 2 (0.000) (0.889) (0.002) (0.854) (0.001)
VOI 13 29 18 26 40 70

Test 1 (0.000) (0.000) (0.000) (0.000) (0.686) (0.000)

Test 2 (0.000) (0.570) (0.393) (0.998) (0.003)
PIR 11 24 15 21 37 72

Test 1 (0.000) (0.000) (0.002) (0.012) (0.859) (0.000)

Test 2 (0.002) (0.762) (0.675) (0.999) (0.000)

Note: p-values in brackets.

would expect to find the ‘reference’ degree of support for the various hypotheses.
We then test whether the actual number of consistent response patterns in the data
is significantly larger than what would be expected for random resp%ﬂ's

test is labeled ‘Test 1’ in Table 1.8.

For all three versions, all hypotheses except quasi-convexity pass Test 1. Note
that about 10% to 13% of the observed patterns are consistent with EU theory—
which is significantly more than the 0.8% which would be found with a completely
random response pattern. An explanation of the success of EU theory could be that
respondents use the expected value rule. At the same time it should be mentioned
that 10% to 13% is far from overwhelming considering the focal role of EU theory
in the risk and in the income distribution literature.

Since all the other hypotheses generalize EU theory, they all benefit from the
relatively good performance of that theory. It is more revealing therefore to test
whether they ‘add’ something to EU theory. We do this by removing from the sam-
ple all EU consistent patterns. For the remaining (non-EU consistent) responses
we follow an analogous procedure as described before. For each hypothesis (each
column) we first compute, with respect to the set of all possible patterns excluding
the EU consistent patterns, the proportion of consistent responses to be expected
if individual response patterns were completely random. We then test whether the
proportion of consistent responses in the (reduced) sample is significantly larger
than what would be expected in the random case. The resyhuadues are sum-
marized in Table 1.8 under the label ‘TesE3.

22More specifically, we test the null hypothesis that the population proportion in support of the
given hypothesis of choice theory is equal to the population proportion in support of the same
hypothesis if choices were completely random against the alternative hypothesis that it is greater.

23More specifically, ‘Test 2’ considers the null hypothesis that the population proportion in
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Table 1.9.Results for the Combination of All Eight Questions (in %)
EU S-Gini Yaari RDEU Yaafi RDEU

Reference 0.8 2.7 15.2 16.4 65.6 79.3
1ISO 10 13 23 23 69 78
Test 1 (0.000) (0.000) (0.039) (0.075) (0.298) (0.633)
Test 2 (0.273) (0.708) (0.805) (0.895) (0.990)
VOI 13 16 25 25 78 88
Test 1 (0.000) (0.000) (0.010) (0.023) (0.006) (0.021)
Test 2 (0.268) (0.794) (0.869) (0.518) (0.829)
PIR 11 15 26 26 74 90
Test 1 (0.000) (0.000) (0.007) (0.016) (0.042) (0.003)
Test 2 (0.113) (0.496) (0.621) (0.627) (0.440)

Note: p-values in brackets.

For all three versions, fanning-out adds significantly to EU theory, while the
fanning-in hypothesis does not. Looking at the shape of the indifference curves,
betweenness adds explanatory power to EU theory for the ISO version, but not for
the other versions. An approach with linear but non-parallel indifference curves
in the Marschak-Machina triangle seems to have some relevance to describe the
preferences of an impartial and sympathetic observer. However, more striking
is the significance of quasi-concavity for all three versions. The global response
patterns therefore confirm what we found already by analysing the combinations
of choice pairs two by two.

1.4.3 The Fate of Different Theories of Income Distribution
Evaluation

The importance of quasi-concavity and fanning-out already suggests that the most
popular approaches in the income distribution literature will not get much support
in our data. Table 1.9, which is constructed in a similar way as Table 1.8, sum-
marizes the results in a more structured way. We repeat the results for the EU
model as a benchmark. Remember that the EU approach performs significantly
better than what would be predicted if the answers were random. As shown by the
results for ‘Test 1, the same is true for the S-Gini, the Yaari, the RDEU, the'Yaari
and the RDEUmodels (for the latter three only in the VOI and PIR versions).

support of a specific non-EU hypothesis, excluding the part of the population that is in support of
EU theory as well, is equal to what would be the population proportion in support of that non-EU
hypothesis, excluding the part of the population that is in support of EU theory as well, if choices
were random. The alternative hypothesis is that the former population proportion is greater than
the latter.
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However, in our setup all these alternative theories are less restrictive than
EU theory. In fact, each of them can also rationalize each pattern that is EU
consistenf) We therefore want to test whether any of these theories adds some
explanatory power to the EU model. Analogously to the previous section, we
therefore computed again the ‘Test 2’ results. For none of the versions, Yaari's
theory or the (more restricted) S-Gini model passes this stricter test. Nor does the
RDEU model. To repeat: this implies that the proportion of observed response
patterns in the subsample of non-EU consistent responses which is consistent with
these models is not significantly larger than what would be expected if the answers
of the respondents were completely random. It is important to remember that we
imposed the Pigou-Dalton transfer principle in the Yaari and the RDEU model,
I.e., convexity of the weighting functiof, and that our results can only be seen
as a test of this restricted model. Yet relaxation of this convexity condition does
not seem to help very much, given the fate of the Yaamid the RDEUmodels,
which only impose the property of weak inequality aversion. It is difficult to see
how one could construct an attractive egalitarian theory of social welfare which
does not satisfy this very weak property. Both models (Yaard RDEU) are
quite flexible and it is therefore not surprising that the proportion of response
patterns compatible with them is very high. Again, however, the models do not
add significantly to EU, in the sense that randomly chosen patterns would have
performed equally well.

These results seem to suggest that it is worthwhile to work out alternatives for
the EU-type social welfare functions, i.e., to try and elaborate an alternative which
does not embody the independence assumption. At the same time, however, the
Yaari- and RDEU-type extensions with weak inequality aversion imposed do not
seem to be very promising, at least when one wants to rationalize the preferences
of our respondents (and they appear to be even less successful for the ISO than for
the VOI or PIR version). Comparing Tables 1.8 and 1.9 it is striking how much
better is the performance of other alternatives to the EU model like fanning-out
and quasi-concavity. It remains to be seen whether these ideas can be integrated
in an attractive theory of income distribution.

1.5 Conclusion

With our questionnaire study we wanted to test whether the veil of ignorance
approach captures in an adequate way the preferences of an impartial and sym-
pathetic observer. Moreover, we wanted to check whether the answers of our

2This is not a general property—but it is true for our set of specific questions within the
Marschak-Machina triangle.
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respondents satisfy the independence axiom—underlying EU theory and most ap-
proaches to inequality measurement—and its most popular alternatives. These
two questions are related but different. One can accept the VOI approach and at
the same time argue in favour of a non-EU model behind the veil of ignorance.
And one can defend the independence assumption for inequality measurement
without the detour of the veil of ignorance.

As to the first question, the results for the three questionnaire versions (ISO,
VOI and PIR) are to a certain degree similar: both of Allais’ problems are present,
there is quite a lot of systematic fanning-out or fanning-in, and quasi-concavity is
an important systematic violation of EU (or betweenness). However, there are
differences and it appears that the ISO and PIR versions are at both extremes. The
identification of ISO preferences with VOI preferences is not evident. Note that
the results for the PIR version are reassuringly comparable to the results encoun-
tered in empirical studies from the literature on decision under risk: e.g., Allais’
problems, a complex fanning pattern, and systematic violations of betweenness.

The EU model yields a significant contribution to the explanation of the re-
sponse patterns. At the same time, however, there are clear indications of the
relevancy of fanning-out and quasi-concavity, also in the ISO version. Fanning-
out and quasi-concavity do not characterize the most popular alternatives to the
EU model—the RDEU model with as a special case the Yaari model, which pro-
vides the normative basis for an important subclass of the family of generalized
Ginis. It is therefore not surprising that they do not add much explanatory power.

These are the results of only one limited study. However, they are in the line
of much previous research on the empirical acceptance of the most popular in-
equality axioms. Moreover, despite the differences in the concrete formulation
of the questionnaires and in the general setup of the empirical study, some of
our results are strikingly similar to those of Bernasconi (2002): he also finds that
the equivalence of VOI and ISO preferences cannot be taken for granted and that
guasi-concavity, i.e., mixture proneness, is important to explain the empirical re-
sults.

The conclusion that the traditional inequality literature does not adequately
capture the intuitions of our respondents seems clear. Even if we take the Yaari
and the EU model together, only a quarter of the students has a response pattern
which is in line with one of them. Of course, one can reasonably argue that the
normative relevancy of this kind of questionnaire results is limited, as they can
never substitute for critical reflection and thorough assessment of the ethical argu-
mentation. We do not go into that debate here. However, a conditional conclusion
seems possible. If one wants to construct a theory of income distribution which is
more attuned to the intuitions of lay respondents, the RDEU model with imposi-
tion of weak inequality aversion does not seem to be the most promising starting
point.
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Appendix 1.A: The Questionnaire Versions

ISO Version

Consider the situation of two firms, A and B, that each plan to employ 100 recently
graduated students. Assume that in each firm there are three types of jobs that are
identical in all respects but yield a different monthly net income. The first job
yields €2500, the secon&1500 and the thir&E500. The firms differ however

with respect to the numbers of positions they have available for each of the three
jobs.

Evidently, due to the different distribution of incomes, the global welfare of
the 100 employees can be different in the firms A and B. We are interested in your
personal judgement of these welfare differences.

Indicate in each of the eight questions below which firm leads to the highest
welfare according to you by marking A or B. So, the marked letter corresponds
to the firm that you prefer from a welfare perspective. If you consider both firms
to be equally good, then mark both letters. Of course each question needs to be
treated separately and a different answer can be given in each case.

A: B:
Question1 100 ear§1500 each 20 ear82500 each
75 earn€1500 each
5 earn€500 each

Question 2 100 ear§1500 each 80 ear82500 each
20 earn€500 each

Question 3 25 ear&1500 each 20 ear82500 each
75 earn€500 each 80 ear8500 each

Question 4 75 ear&2500 each 95 ear82500 each
25 earn€1500 each 5 ear8500 each

Question5 20 ear&2500 each 40 ear82500 each
80 earn€1500 each 55 ear81500 each
5 earn€500 each

Question 6 80 ear&1500 each 20 ear82500 each
20 earne500 each 55 ear81500 each
25 earneb00 each

Question 7 20 ear&2500 each 84 ear82500 each
80 earn€1500 each 16 ear8500 each



36 Part I: Social Welfare and Inequality

Question 8 80 ear&1500 each 64 ear§2500 each
20 earn€500 each 36 ear§500 each

VOI Version

Try to put yourself in the position of a recently graduated student who has to
choose, just as 99 other recently graduated students, between accepting a job in
firm A or in firm B. Assume that in each firm there are three types of jobs that
are identical in all respects but yield a different monthly net income. The first job
yields €2500, the secon&1500 and the thir&E500. The firms differ however

with respect to the numbers of positions they have available for each of the three
jobs.

You and the 99 other recently graduated students either all end up in firm A or
all in firm B. Each of the 100 of you has an equal probability of ending up in each
of the 100 positions. So, it is unknown beforehand which job you will get.

Indicate in each of the eight questions below which firm you would prefer
by marking A or B. So, the marked letter corresponds to the firm that would be
preferred by you in this situation. If you consider both firms to be equally good,
then mark both letters. Of course each question needs to be treated separately and
a different answer can be given in each case.

Note: The formulation of the questions is identical to that of the ISO version.
The questions are therefore omitted.

PIR Version

Try to put yourself in the position of a recently graduated student who has to
choose between accepting a job in firm A or in firm B. Assume that in each firm
there are three types of jobs that are identical in all respects but yield a different
monthly net income. The first job yields2500, the secon&1500 and the third
€500. The firms differ however with respect to the numbers of positions they
have available for each of the three jobs. Beforehand it is not known with certainty
which of the three possible jobs you will eventually get. Your chances are different
in both firms.

Indicate in each of the eight questions below which firm you would prefer
by marking A or B. So, the marked letter corresponds to the firm that would be
preferred by you in this situation. If you consider both firms to be equally good,
then mark both letters. Of course each question needs to be treated separately and
a different answer can be given in each case.
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Question 1

Question 2

Question 3

Question 4

Question 5

Question 6

Question 7

Question 8

A:
100% chance to ea&i500

100% chance to ean500

25% chance to ea®&1500
75% chance to ear8500

75% chance to ea®2500
25% chance to ear81500

20% chance to ea®2500
80% chance to ear81500

80% chance to ea#1500
20% chance to ear8500

20% chance to ea&#2500
80% chance to ear81500

80% chance to ea#1500
20% chance to ear@8500

B:

20% chance to ea&P500
75% chance to ear81500
5% chance to ear§500

80% chance to ea&P500
20% chance to ear8500

20% chance to ea&P500
80% chance to eagb00

95% chance to ea&P500
5% chance to eag®b500

40% chance to ea&£R2500
55% chance to eaf&i 500
5% chance to ear8500

20% chance to ea&£P500
55% chance to ea&i1500
25% chance to ear8500

84% change to eaf&£2500
16% chance to ea&b00

64% chance to ea&P2500
36% chance to eagb00

37
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Connection between Chapters 1 and 2: One of the more striking results of Chapter
1 was that the questionnaire responses reveal a positive attitude to mixtures. This
finding is inconsistent with the conventional social welfare functions, which either
imply a neutral attitude to mixtures (in the EU case), or aversion to mixtures (in
the Yaari and RDEU cases). In Chapter 2 it is shown, moreover, that all common
inequality measures tend to indicate a higher level of inequality for mixtures—for
the relation between the mixture properties of the EU, Yaari and RDEU social
welfare functions and the mixture properties of the inequality measures based
on them, see the discussion of Lemma 2.2 and Proposition 2.2 in Section 2.4.
Section 2.5 mentions a study by Amiel and Cowell (1994b) which shows that the
opposite view, i.e., that mixtures tend to be less unequal, is quite popular among
guestionnaire respondents. This result is consistent with the findings concerning
mixture attitudes of Chapter 1: perhaps respondents prefer mixtures because they
consider them to be less unequal. It is advisable to remain cautious in drawing this
conclusion, though, since the alternative income distributions in the questionnaire
of Chapter 1 do not only differ in terms of inequality, but also in terms of mean
income.



Chapter 2

Income Inequality, Quasi-Concavity,
and Gradual Population Shifts

2.1 Introduction

In the analysis of income inequality, it is often useful to view the income distri-
bution of interest as being composed of several constituent income distributions,
e.g., the income distributions corresponding to different regions, sectors, or gen-
ders. The question of how inequality in the overall income distribution is affected
if the constituent income distributions change, has received considerable attention
in the form of decomposability analyﬁsBy contrast, the complementary ques-
tion of how overall inequality changes if the population shares corresponding to
the constituent income distributions change, has not been studied much. Never-
theless, the latter question is interesting both from the empirical and the theoretical
perspective.

There are several empirical phenomena that involve a shift of the population
from one constituent income distribution to another. Take as an example the phe-
nomenon of demographic ageing. In this case, the overall income distribution
changes over time because population gradually shifts from the income distribu-
tion of working consumers to the income distribution of retired consumers. An-
other, particularly straightforward, example is that of a country with two regions
that have different population growth rates: here also, population shifts from the
income distribution corresponding to the region with the lower growth rate to
that corresponding to the region with the higher growth rate. As a final example,
consider the development process studied by Kuznets (1955), which involves a
gradual population shift from the income distribution of the agricultural sector to
that of the industrial sector.

1See, e.g., the overview of the literature on inequality measurement by Cowell (2000).
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Besides being of empirical interest, the gradual population shift process is rel-
evant theoretically. In order to see this, assume that the overall income distribution
is constituted of two perfectly equal income distributions: one in which everyone
has income 10 and another in which everyone has income 50. Now, suppose that
we start off with the entire population in the former income distribution, and that
over time population gradually shifts to the latter. The income distribution will
take, among others, the following three forms at various stages of this simple pro-
cess:

A 90% has 10 B_ 50% has 10 C_ 10% has 10
| 10% has 50’ | 50% has 50’ ~ | 90% has 50°

Thinking about how inequality evolves as the income distribution changesArom

to B and fromB to C obviously means thinking about how inequality judgements
are influenced by the relative population sizes of the ‘rich’ and ‘poor.’ For this rea-
son, this simple case of the gradual population shift process has been considered
of importance for the theoretical question of how inequality comparisons ought to
be made in the first place. It has been studied in this way by Fields (1987, 1993),
among others.

The key to tackling the question of how inequality evolves during a gradual
population shift lies in the behaviour of inequality measures with respect to mix-
ing income distributions. Let us first explain what we mean with mixing income
distributions. Assuming that income distributions are defined in terms of relative
frequencies, any income distribution can be defined as a mixture, i.e., a convex
combination, of its constituent income distributions. As an illustration, consider
a country with two regions: ‘region P’ and ‘region Q,’ representing population
shares ofx and 1- «, respectively. Indeed, ipx andgx are the proportions of
the population with incomg in regions P and Q, respectively, then the proportion
of the population with incomg in the country is equal tacpy + (1 — a)gx. Now,
during a gradual population shift process, the income distribution at any stage is
a mixture of the income distribution at any earlier stage and the income distribu-
tion at any later stage—as an illustration, note that income distrib@jon the
example of the simple case of the process above, is indeed a fifty-fifty mixture of
income distributiong\ andC. In order to describe the evolution of inequality dur-
ing a gradual population shift process, the important question is whether income
inequality in a mixture is greater than, smaller than, or equal to, income inequal-
ity in each of its constituent income distributions. Moreover, can a general answer
even be given to this question, or does the answer depend on the specifics of the
constituent income distributions and on the particular inequality measure that is
used?

In this chapter, we show that a general answer can indeed be given to the
guestion of how inequality measures behave with respect to mixing income distri-
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butions. It is demonstrated that virtually all inequality measures that are studied
in the literature on inequality measurement—uviz., the class of decomposable in-
equality measures and the class of normative inequality measures based on the
general social welfare function of the rank-dependent expected utility form—
satisfy quasi-concavity properties, which entail a positive response to mixing in-
come distributions. To be concrete, assuming that inequality is equal in the two
constituent income distributions that are mixed, the following is shown to be true:
inequality in the mixture is at least as great as that in each of its constituent income
distributions, and if the mean incomes of the constituent income distributions are
not equal, then inequality in the mixture s¢rictly greater than that in each of

its constituent income distributions. We emphasize that while all well known in-
equality measures satisfy these quasi-concavity properties, the properties are not
implied by the fundamental Lorenz type axioms on their own. With respect to
the problem of how inequality evolves during a gradual population shift process,
the quasi-concavity properties are shown to reduce the possible patterns describ-
ing the evolution of inequality to only three: (i) an inverted-U pattern in which
inequality increases in the first stages of the process and decreases afterwards, (ii)
an increasing pattern in which inequality increases during the entire process, and
(i) a decreasing pattern in which inequality decreases during the entire process.
This result generalizes some results of Kakwani (1988) and Anand and Kanbur
(1993) in this context.

The chapter is structured as follows. Section 2.2 deals with notation and basic
concepts. In Section 2.3, we show axiomatically that the quasi-concavity proper-
ties are satisfied by all inequality quasi-orderings satisfying the transfer principle,

a weak invariance axiom and decomposability. Instead of focusing exclusively
on relative inequality concepts, as is common in the literature, we consider the
weak invariance axiom of Bossert and Pfingsten (1990) which allows for relative
and absolute inequality concepts as well as intermediate ones. While the result of
Section 2.3 applies to, among others, the inequality measures based on a social
welfare function of the expected utility form, it does not apply to its rank-based
alternatives, the generalized Gini indices, as these are not decomposable. There-
fore, we consider in Section 2.4 the class of inequality measures (absolute, rela-
tive as well as intermediate cases) based on a social welfare function of the rank-
dependent expected utility form, which generalizes both the class of expected util-
ity inequality measures and the class of generalized Gini indices. Benefiting from
functional representability of the given inequality orderings, it is shown that the
quasi-concavity properties are also satisfied by all members of this general class
of normative inequality measures. In Section 2.5 we spell out the implications
of the results of Sections 2.3 and 2.4 for the question of how inequality evolves
during a gradual population shift process. Section 2.6 concludes. All the proofs
are contained in Appendix 2.A.



42 Part I: Social Weltare and Inequality
2.2 Preliminaries

2.2.1 Basic Notation and Axioms

An income distribution is an ordered pdip,x) wherep = (p1, pP2,...,pPn) IS @
vector (of finite length) of relative frequencies wigh> 0 for alli =1,2,...,n
andpr+ p2+---+ pn = 1, and wherex = (X1,X2,...,%n) is the corresponding
vector of income levels that are elementsiof,. So, for alli=1,2,...,n, the
proportion of the population with income is equal top;, which we sometimes
write aspy,. We assume that the componentxaire ordered such thatdx; <

Xp < --- < Xn. The setZ collects all income distributions. For afp,x) € &, the
set{xq,X2,..., Xy} is referred to as the support of the income distributiprx),

and the mean incomg;x; + p2X2 + - - - + PnXn is denoted by (p, x). Any income
distribution(p,x) € & is said to be perfectly equal if there exists an income level
e such thatpe = 1 and is said to be unequal otherwise. Inequality comparisons of
income distributions are captured by a binary relatiofis at most as unequal
as’) onZ. The relation’s asymmetric and symmetric factors are denoted (g

less unequal than’) and (‘is equally unequal as’), respectively. We assume that
the relation= is a quasi-ordering, i.e., is reflexive and transitive. A quasi-ordering
that is complete is an ordering. An inequality measure is defined as a function
| . & — R that represents some inequality ordering.

Throughout this chapter, we are often required to view the overall income
distribution as a mixture, i.e., a convex combination, of its constituent income
distributions. Supposé,z) € & is the overall income distribution, constituted
of the income distributiongp,x) € & and (q,y) € & with population shares
a € (0,1) and(1— ) € (0,1), respectively. Then the support@fz) is the union
of the supports ofp,x) and(q,y) and, for all elementg in the support ofr,z),
we have

opy if z occurs inxand not iny;
=< (1—a)gy if z occurs iny and not inx;
opz +(1—a)q, if z occurs inx and iny.

This mixture(r,z) of (p,x) and(q,y) is denoted byx(p,x) + (1— )(q,y).
We now consider three basic axioms. To define the well known transfer princi-
ple, we require the concept of the mean preserving spread. Considép,any
Z and let 0< 71 < 2 < z3 < 4 be any four income levels withh andz; belong-
ing to the support ofp, x). The income distributioriq, y) is obtained from(p, x)
by a mean preserving spread if and only if there exists a séalaf such that

Oy =Pz +0>0, O, =Pz =020, Oy =Pz —0>0, Qg = pz+06 >0,

(if z1 (respectivelyzs) does not belong to the support(qf, x), we setp,, (respec-
tively, pz,) equal to 0),gx, = px for all other elements; in the support of p, x),
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andu(p,x) = u(q,y). Informally, whenever(q,y) is obtained from(p,x) by a

mean preserving spread, this means fay) is obtained from(p,x) by a series

of poorer-to-richer transfers. The transfer principle demands that such transfers
increase inequality.

Axiom 2.1 (TP). For any(p,x) € &, if (q,y) is obtained from(p,x) by a mean
preserving spread, then we ha\yex) < (q,y).

The second axiom we consider is an invariance condition, i.e., it defines a
transformation, by which all incomes are changed in the same direction, that
leaves inequality invariant. For any transformationR ;. — R and any(p,x) €
2, we denote the transformed vector of income levéls), f(x2),..., (X))
by f(x). So, for instance(p, tx) denotes the income distribution obtained from
(p,x) by multiplying each individual's income by. The B-invariance axiom
is a general, linear, invariance condition first proposed by Bossert and Pfingsten
(1990).

Axiom 2.2 (BINV). Forthe scalap < [0, 1], the following is true. For anyp, x) €
2 and any scalal such that(p,x+ A (Bx+1—B)) € &2, we have(p,X) ~

(p,X+A(Bx+1-P)).

The axiomBINV encompasses both the popular relatide< 1) case, which
says that multiplication of all incomes by the same scalar leaves inequality invari-
ant, and the absolutg (= 0) case, which says that addition to all incomes of the
same scalar leaves inequality invariant. Inequality relations satisfyiNy for
B € (0,1) are referred to as intermediate inequality relations. In line with the liter-
ature, we consider TP ariNV to be the two fundamental axioms. Accordingly,
both axioms are satisfied by all concepts of inequality comparisons considered in
this chapter.

Decomposability, finally, is a popular axiom, but is usually interpreted as being
less compelling than TP arft NV.H Roughly speaking, decomposability says that
any transformation of the overall income distribution that changes only one of its
constituent income distributions and leaves population shares and mean income
unaffected, should affect inequality in the overall income distribution in the same
direction as it affects inequality in the given constituent income distribution.

Axiom 2.3 (DEC). For any(p,x),(q,y),(r,2) € & with u(p,x) = u(q,y), we
have

(p,X) = (q7y> And (X(p,X) + (1_ OC)(I',Z) = (X(q,y) + (1_ (X)(T,Z)
foranyo € (0,1).

2For a critique of decomposability, see Sen and Foster (1997, pp. 149-163). The axiom they
refer to as subgroup consistency is similar to our definition of the concept.
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2.2.2 Properties Concerning Mixtures

The main focus of this chapter are properties that describe how inequality re-
lations behave with respect to mixing income distributions, i.e., how a mixture
compares in terms of inequality to its constituent income distributions. We em-
phasize that we are interested in examining which of these properties are satisfied
by the inequality relations proposed in the literature and in what the implications
of the properties are. By consequence, we do not want to impose them as a pri-
ori desirable properties on inequality relations—accordingly, we refer to them as
‘properties’ and not as ‘axioms’ because the latter term would suggest otherwise.

Quasi-concavity and strict quasi-concavity describe a positive inequality at-
titude to mixing income distributions. Loosely speaking, the properties say that
mixing tends to increase inequality. To give an example, (strict) quasi-concavity
implies that a mixture of two equally unequal income distributions is at least as
unequal as (is more unequal than) the given two income distributions.

Property 2.1 (QC). For any(p,x),(q,y) € &, we have

(p,x) 2 (q.y) = (p,x) 2 a(p, )+ (1-a)(qy) foranyae(0,1). (2.1)
Property 2.2 (SQC). For any(p,x), (g,y) € & with (p,x) # (q,y), we have

(p,X) 2 (a,y) = (p,X) < a(p,x) + (1 - @)(q,y) foranya € (0,1). (2.2)

More relevant than SQC, however, will turn out to be the following conditional
strict quasi-concavity property, which says that}2.2) has to be satisfied only if the
means of the two constituent income distributions are not equal.

Property 2.3 (CSQC). For any(p,x),(q,y) € & with u(p,x) # u(q,y), (2.2) is
true.

Note that SQC implies both QC and CSQC, while the latter two properties are
independent.

Quasi-convexity and strict quasi-convexity describe negative inequality atti-
tudes to mixing income distributions and, thus, are the natural counterparts of QC
and SQC. Loosely speaking, these properties say that mixing tends to decrease
inequality. For instance, (strict) quasi-convexity implies that a mixture of two
equally unequal income distributions is at most as unequal as (is less unequal
than) each of the given two income distributions.

Property 2.4 (QV). For any(p,x),(q,y) € & with neither(p,x) nor (q,y) per-
fectly equal, we have

(p,x) = (aq,y) = a(p,X)+(1-a)(q,y) 2 (q,y) foranya e (0,1). (2.3)
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Property 2.5 (SQV). For any(p,x),(q,y) € & with (p,x) # (g,y) and neither
(p,x) nor (q,y) perfectly equal, we have

(p,X) 2 (q,y) = a(p,X) +(1-a)(gy) < (q,y) foranya e (0,1). (2.4)

The reason why the perfectly equal income distributions are excluded from
the set of income distributions over whidh (2.3) ahd](2.4) are required to hold,
is that the properties QV and SQV would otherwise be incompatible with the
commonsense requirement that any unequal income distribution is strictly more
unequal than any perfectly equal cﬁe.

Using the minimal framework of inequality quasi-orderings, we demonstrate
in Section 2.3 that the three axioms TRNV and DEC are sufficient for the
properties QC and CSQC to be satisfied. In Section 2.4, similar results are shown
to be true for the members of an important class of inequality orderings consistent
with TP andBINV but not (necessarily) with DEC. We remark that although QC
and CSQC turn out to be satisfied very generally, this does not necessarily imply
that these ardesirableproperties for inequality relations—indeed, in Section 2.5
we discuss a critique of some of the implications of these properties that has been
put forward in the literature.

2.3 Inequality Quasi-Orderings

In this section, we examine the implications of the three basic axioms3 ITN¥/
and DEC, for the behaviour of inequality quasi-orderings with respect to mixing
income distributions.

First, the two fundamental axioms TP aftNV are sufficient to rule out the
two quasi-convexity properties, but are not sufficient to imply any of the three
guasi-concavity properties. To see this, consider the following lemma.

Lemma 2.1. Let < be any inequality quasi-ordering satisfying TP aftNV.
For any (p,x) € & and any scalail such that(p,x+A(Bx+1—-f)) € & and
(p,X) 7& (p,X—i—)L(ﬁX—l—l—ﬁ)), we have

(p,X) < a(p,X)+ (1— ) (p,x+A(Bx+1—B)) foranya € (0,1).

Note thatBINV requires, moreover, thatp,x) ~ (p,x+A(Bx+1—f)) in
Lemma 2.1. By lettingq,y) = (p,x+A(Bx+1— B)) in conditions [(2.B) and
(2.4), it thus follows from the lemma that TP afiéNV imply violations of these

3This can be seen by letting,x) and(q,y) in (2.3) or [2.4) both be perfectly equal income
distributions (with(p,X) # (q,y)). Note, furthermore, that the ‘commonsense requirement’ is
implied by TP angBINV jointly.
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conditions and, hence, of QV and SQV. In a similar way, it is established that TP
and BINV imply (2.1) and [2.2) in cases whefe,y) = (p,x+ A (Bx+1—B)).
Although the latter reveals that TP afdNV imply instances of QC, SQC and
CSQC, the two axioms are not sufficient for any of the three quasi-concavity prop-
erties to be satisfied in general. The following example provides an illustration of
this point.

Example 2.1.Consider the inequality measure? — R: (p,x) — k12 (p,X) +

Igg(p, X) wherex > 0 is a scalar and WhetéE is the generalized entropy inequal-
ity measure, given by

4e: 2~ R:(pX) = g7 3 p [(ﬁ)g—ll

with 6 a scalar. Since the generalized entropy inequality measure satisfies TP
and BINV (for B = 1), | obviously satisfies these axioms as well. By con-
trast, 1¢¢ satisfies DEC, whild does not. Now consider the following three
income distributions(p,x) = ((0.4,0.6),(10,50)), (q,y) = ((0.9,0.1),(10,50))

lge(PX)—I2(a)

and(r,z) = ((0.65,0.35),(10,50)). Let, moreoverx = g5 £~ ~ 0.719.
IGE(pN)*lGE(p:X)

We have

23370~ 1(r,z) = 1(0.5(p,x) +0.5(q,y)) < I(p,x) =1(q,y) ~ 270061,

which implies that violates QC, SQC and CSQC. Furthermore, it can be shown
that (2.4) is true for the chosép, x) and(q, y).

Second, on its own DEC implies a bias neither to quasi-concavity, nor to quasi-
convexity: DEC implies instances of the weak versions of both quasi-concavity
and quasi-convexity, and is (typically) incompatible with the strict versions of
both. In order to see this, consider any income distributigns), (q,y) € &
with u(p,x) = u(q,y) and(p,x) < (q,y). Then, DEC implies

(p.X) < a(p,X) +(1-a)(ay) <(qy) foranyae (0,1)f] (2.5

In other words, DEC implies instances of QC or QV in those cases in which the
income distributions in the mixture have equal mean$plk) ~ (q,y) (still with
u(p,x) = n(a,y)), then DEC implies that the inequality relations n {2.5) hold
with equivalence), thus giving rise to violations of both (2.2) and (2.4). Hence,
given the weak assumption—which would follow, e.g., from completeness and
continuity—that at least one pair of income distributidpsx), (q,y) € & such

4This is obtained by lettingr, z) in the definition of DEC equal in turfp,x) and(q,y).
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that u(p,x) = u(qg,y) and(p,x) ~ (q,y) exists, DEC is incompatible with both
SQC and SQV

To summarize, we have seen that TP iV are not sufficient for QC, SQC
or CSQC to be satisfied, and also that DEC typically rules out SQC. The following
result says that any inequality quasi-ordering satisfyingBTRV and DEC must
satisfy QC as well as CSQC.

Proposition 2.1. Any inequality quasi-ordering satisfying TBINV and DEC
satisfies QC and CSQC.

Proposition 2.1 has implications that are relevant in the context of the study of
the evolution of inequality during a process in which population gradually shifts
from one constituent income distribution to another. We postpone the discussion
of these implications until Section 2.5, but consider here relevant results con-
cerning this context by Kakwani (1988) and Anand and Kanbur (1993) that are
generalized in Proposition 2.1. Anand and Kanbur present results that imply that
the inequality orderings represented by the following relative inequality measures
satisfy CSQC: the first and second Theil inequality measures, the coefficient of
variation, the entire class of Atkinson inequality measures, and the Gini index in
the case of non-overlapping income distributinl,‘he same has been shown by
Kakwani for the entire class of generalized entropy inequality measures, thus gen-
eralizing the results pertaining to all measures considered by Anand and Kanbur
except the Gini inde.Proposition 2.1 demonstrates that neither the demand that
inequality be a relative concept, nor even completeness or continuity are essen-
tial in obtaining the result. Examples of absolute inequality measures covered by
Proposition 2.1 are the variance and the entire class of Kolm inequality measures.
Notable inequality measures that Proposition 2.1 does not deal with—because
they do not satisfy DEC—are the Gini index in the general, possibly overlapping,
case, as well as its rank-based generalizations. In the next section, we show that
a similar result as Proposition 2.1 holds for a class of normative inequality mea-
sures that encompasses both the well known classes of decomposable normative

5In asense, CSQC is as far as one can go in the direction of SQC while still satisfying DEC. To
see this, consider any income distributiqsx), (g,y) € &2 with u(p,x) = p(q,y) and(p,x) <
(a,y), i.e., any income distributions for which SQC impli¢s {2.2), while CSQC does not. Now, if
(p.X) ~ (g,y), then DEC is inconsistent with (2.2) which means that SQC goes too far, whereas if
(p,x) < (a,y), then DEC already implie§ (2.2) on its own.

6Moreover, the logarithmic variance, also considered by Anand and Kanbur, can be added to
the list. Anand and Kanbur borrow the result concerning this inequality measure from Robinson
(1976). We do not consider the logarithmic variance as it does not satisfy TP.

"Kakwani (1988, pp. 210-213) mistakenly believes to have proven the result only for the gen-
eralized entropy inequality measures for whi¢h> 1 and® = 0. However, he proves the result
also for the entire Atkinson class, which is ordinally equivalent to the generalized entropy class in
the case wheré@ < 1. Therefore, the ordinal nature of the property CSQC implies that the result
applies to the entire generalized entropy class.
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inequality measures (the Atkinson and Kolm inequality measures) and the gener-
alized Gini indices.

2.4 Normative Inequality Orderings

Normative inequality measures are based on some conception of social ethics,
captured by a social welfare functivv: &7 — RE] Define the equally distributed
equivalent income for any income distributidr, p) € &2, denoted by (p,x),

as the per capita income which, if distributed equally, yields the same level of
social welfare agp,x). That is,&(p,x) for any income distributiorip,x) € &

is defined a< (p,x) = e, wheree € R, is such that there is &,y) € & for

which ge = 1 andW(p,x) = W(q,y). It is common to define relative normative
inequality measures using

&(p.%)
l: Y —>R:(p,X)—1— , 2.6
(P:x) 1(p,X) 9

and absolute normative inequality measures using
127 = R:(p,X) — p1(p,x) — (P, X). (2.7)

The literature on inequality measurement has focused mainly on two partic-
ular social welfare functions: the social welfare function of the expected utility
(EV) form on which among others the Atkinson and Kolm inequality measures
are based, and the social welfare function of the Yaari (1987) form on which the
generalized Gini indices are based. Both are special cases of the social welfare
function of the rank-dependent expected utility (RDEU) form,

W2 =R (p) = 3 m(UK). 29)

with, foralli =1,2,....n—1,m(p) = ¢(Pi+ Pir1+ -+ Pn) — ¢(Pi+1+ Pis2+
-+ =4 pn), and my(p) = ¢(pn). Furthermoreg : [0,1] — [0,1] is a continuous
and strictly increasing function with(0) = 0 and¢(1) =1, andu: R — Ris a
continuous and strictly increasing function. In the case wigeceincides with
the identity function, we have;(p) = p; foralli=1,2,...,n, and ) reduces
to the EU social welfare function. In the case whemincides with the identity
function, [2.8) reduces to the Yaari social welfare function.

Relative RDEU inequality measures, which we denoteé@gu, are given by

(2.8) withW as in [2.8), with

1
U:RHR:tHEtlié‘, >0, (29)

8For an overview of the normative approach to inequality measurement, see Gajdos (2001).
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and with¢ a convex function. In order for TP to be satisfied, we assume, more-
over, that eitheu is strictly concave (i.e. > 0), ¢ is strictly convex, or botﬁl
Following Bossert and Pfingsten (1990), we obtain the relative, intermediate and

part of the absolute RDEU inequality measure$@&¢u(p, X) = %'Fle’é’gu(anJr
%) for all (p,x) € &. Hence, we have

1
IQS’E“)U P — R:(p,X) — =

. (2.10)

where O< B <1life>0and 0< B <1 if e =0, & is defined as above, and
¢ is strictly convex wheneves = 0 and convex otherwise. The absolute RDEU

inequality measures not given m&g@u are those for whichu does not coincide
with the identity function. These are obtained[as|(2.7) Withs in [2.8), and with

U:R—R:t— —exp(—1t), 7>0, (2.11)

and are denoted U)Z’[’;’é’u. Hence, we have

n

3 mplew-m)), (212

1
'ggigu P — Ri(p,X)— H(pax)‘l‘;,'n(

wherey > 0, x is defined as above, adis convex.

Several well known inequality measures belong to the class of RDEU inequal-
ity measures. Fop coinciding with the identity function, we obtain the class of
EU inequality measures, with as special cases the Atkinson class (by letting, fur-
thermore8 = 1in I§§é¢u) and the Kolm class (given uﬂgg’u). Foru coinciding
with the identity function (i.e.g = 0), we obtain the Yaari, or generalized Gini,
indices™ A well known subclass of the generalized Gini indices is that of the
S-Gini indices, for whichp :t — tP, with p > 1, which has as a notable special
case the Gini indexa(= 2). RDEU inequality measures for which neitlgenoru
coincide with the identity function, and which, consequently, belong to neither the
EU class nor the Yaari class, have been studied by Ebert (1988) and Chateauneuf
et al. (2002), among others.

All RDEU inequality measures are consistent with TP @iNV. However,
while all RDEU inequality measures also incorporate a weak decomposability

9See Chew et al. (1987).

10The absolute subclass of the generalized Gini indices is obtained by, furthermore, taking the
imi in | BE9
limit B — 0inlgpgy,.
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idea as shown by Ebert (1988), only the inequality orderings corresponding to
members of the EU subclass satisfy DEC. By consequence, the EU inequality
measures are the only members of the RDEU class that are covered by Proposi-
tion 2.1. To prove that the inequality orderings representable by any of the remain-
ing RDEU inequality measures also all satisfy the quasi-concavity properties of
Proposition 2.1, we require a result which relates the convexity of the weighting
function¢ to the convexity of the RDEU social welfare function. A social welfare
functionW is said to be convex if and only if, for arfp, x), (q,y) € £, we have

W(a(p,x)+(1—a)(a,y)) < aW(p,x)+(1-a)W(q,y) foranya € (0,1).
(2.13)
The following lemma summarizes the required relationship.

Lemma 2.2. Let W be any social welfare function of the RDEU form, given by

28

(i) If ¢ is linear, then W is linear, i.e(2.13)holds with equality for anyp, x),
(@.y) e Z.
(i) If ¢ is convex, then W is convex, i.€2,13)holds for any(p,x), (g,y) € 2.

(i) If ¢ is strictly convex, then W is strictly convex, i,13)holds with strict
inequality for any(p,x), (g,y) € & with (p,x) # (q,Y).

Note that we havexW(p,x) + (1 — a)W(q,y) < min{W(p,x),W(q,y)} for
any (p,x),(q,y) € & and anya € (0,1). Using this observation together with
(2.13), we see that Lemma 2.2 has implications for the behaviour of RDEU social
welfare functions with respect to mixing income distributions: a linear weighting
function¢, as that of the EU social welfare function, corresponds to a neutral so-
cial welfare attitude to mixing, whereas a (strictly) convex weighting funatipn
as that of the RDEU or Yaari social welfare functions, corresponds to a (strictly)
negative attitude to mixing. Now, note that Proposition 2.1 can be interpreted as
revealing that inequality orderings based on social welfare function with a neu-
tral attitude to mixing (the EU social welfare function) have a positive attitude to
mixing as expressed by the properties QC and CSQC. Since social welfare and
inequality are negatively related concepts (see expressions (2.6) ahd (2.7)), we
would expect that if a neutral social welfare attitude to mixing translates into a
positive inequality attitude to mixing, then a negative social welfare attitude to
mixing should definitely translate into a positive inequality attitude to mixing. In
other words, if inequality orderings based on a EU social welfare function satisfy
the properties QC and CSQC, then this should be true a fortiori for inequality or-
derings based on an RDEU social welfare function. Proposition 2.2 confirms this
intuition.
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Proposition 2.2. Any RDEU inequality orderings, i.e., any inequality ordering
representable b{2.10)or (2.12) satisfies QC and CSQC. If the weighting func-
tion ¢ corresponding te< is in addition strictly convex, ther also satisfies SQC.

Note that, since all generalized Gini indices have strictly convex weighting
functions¢, the inequality orderings represented by these inequality measures all
satisfy the strongest quasi-concavity property SQC.

2.5 Inequality and Gradual Population Shifts

We now examine the implications of the properties QC and CSQC for the question
of how inequality evolves during an adjustment process in which the population
gradually shifts from one constituent income distribution to another over time.
As discussed in Section 2.1, several empirical phenomena involve such an adjust-
ment process. Suppose that the constituent income distributiorip,aec &2
and(q,y) € &, and that population shifts frorfg,y) to (p,X). Then, the overall
income distribution isx(p,Xx) + (1— a)(q,y) anda gradually rises over some in-
terval (o, @) C (0,1). The question we are interested in is how inequality in the
overall income distribution evolves asrises over(a, @).

In the previous sections, we saw that all well known inequality concepts satisfy
the properties QC and CSQC. As the following proposition shows, these proper-
ties reduce the number of allowed patterns, describing inequality evolution dur-
ing the considered adjustment process, to only three: (i) an inverted-U pattern in
which inequality increases in the early stages of the process and decreases after-
wards, (i) an increasing pattern in which inequality increases during the entire
process, and (iii) a decreasing pattern in which inequality decreases during the
entire process. The proposition focuses on CSQC, which has the stronger impli-
cations of the two properties (given thatp,x) # 1(q,y)), and, for convenience,
restricts attention to inequality orderings.

Proposition 2.3. Let < be any inequality ordering satisfying CSQC. Consider,
moreover, any(q,y), (p,x) € & with u(p,x) # 1(q,y). Only the following three
patterns, describing the evolution of inequalityoiip, x) + (1— «)(q,y) during a
process in whichx rises over the intervale, @) C (0,1), are possible.

(i) An inverted-U pattern, i.e., there exists ar € (o, @) such that, for any
a,o € (a,at],if a > athen

a/<p,X) + (1_ a/)(q7y) = (X(p,X) + (1_ a)<qay)1
and, for anyo, o’ € [o*, @), if a > o then

o(p,X)+(1-a)(qy) < o' (p,x)+ (1—a')(q,y).
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(i) A strictly increasing pattern, i.e., for any, o’ € (o, @), if @ > o then
o'(p,x)+ (1-a')(ay) < a(p,X)+ (1-a)(a.y).

(iii) A strictly decreasing pattern, i.e., for amy, o’ € (0, @), if & > o’ then
a(p,x)+(1-a)(ay) < o'(p,x) + (1-a)(q,y).

A case of the gradual population shift process of theoretical interest is the
simple one in which the two constituent income distributigpsx) and (q,y)
are both perfectly equal. If iip,X) everyone has the incomeahd in(q,y)
everyone has the inconyethen the overall income distribution can be written as
((a,1— ), (X,Y)). We assume, furthermore, that-y and thatx rises over0,1).
During this simple process, the relative group sizes of the ‘rich’ and ‘poor'—those
with incomesx™andy, respectively—change continuously. For this reason, this
case has been regarded by Fields (1987, 1993), among others, as interesting for
the theoretical question of how to define the concept of inequality comparisons.
Fields criticizes the popular inequality measures—by which he means those stud-
ied by Anand and Kanbur (1993) (see Section 2.3 of this chapter)—because they
all imply an inverted-U pattern of inequality in the simple gradual population
shift process, while there are other patterns that would be at least as plausible in
his opinion. The inverted-U pattern implies, loosely speaking, that income dis-
tributions with equally sized poor and rich groups are more unequal than income
distributions with a small number of poor and a large nhumber of rich or with a
large number of poor and a small number of rich. In his own work, Fields defends
the opposite view, the U pattern (inequality rises in the early stages of the process
and decreases afterwards), which implies that situations with few poor and many
rich or few rich and many poor are considered particularly une@JaL

It follows from the results of this chapter that Fields’ critique applies not only
to the inequality measures dealt with by Anand and Kanbur, but to all inequality
measures commonly considered in the literature. Propositions 2.1 and 2.2 imply

HFields (1993) provides a justification for the U pattern on the basis of the notions ‘elitism of
the rich’ and ‘isolation of the poor.” Loosely speaking, elitism of the rich says that, for relatively
low values ofa, decreases i lead to greater inequality because the ‘rich’ then attain a more
elite position. Similarly, isolation of the poor says that, for relatively high values, @icreases in
o cause inequality to increase because the ‘poor’ then become more isolated. The simple case of
the gradual population shift process has also been considered by Temkin (1986) and by Amiel and
Cowell (1994b). Using his own framework for inequality measurement, the philosopher Temkin
gives justifications for the three patterns dealt with in Proposition 2.3 as well as for a pattern of
constant inequality during the entire process. Amiel and Cowell provide questionnaire results
showing that respondents support several patterns among which the U pattern proposed by Fields
is quite popular. See also the discussion by Kolm (1998, pp. 36-38).
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that the inequality orderings corresponding to all these inequality measures satisfy
CSQC, and Proposition 2.3 implies that all continuous inequality orderings satis-
fying CSQC imply an inverted-U pattern in the simple gradual population shift
process. The latter follows from the fact that if the two constituent income distri-
butions are equally unequal, as is the case in the simple gradual population shift
proces then the patterns (ii) and (iii) in Proposition 2.3 are only possible for
noncontinuous inequality orderings since these patterns involve a discontinuity at
a =0 or ata = 1. Note, finally, that, as Example 2.1 shows, the fundamental
axioms TP ang@3INV do not exclude the occurrence of a U pattern over part of
the gradual shift process for some constituent income distributions.

2.6 Conclusion

The literature on inequality measurement has focused exclusively on the specific
strategy of supplementing the fundamental axioms, TRANY, with decompos-
ability ideas, i.e., ideas concerning how changes in the inequality of constituent
income distributions have to relate to changes in overall inequality—directly, in
the form of the DEC axiom, or, indirectly, by basing inequality measures on a(n)
(RDEU) social welfare function that incorporates a weak decomposability condi-
tion. It was demonstrated in this chapter that all inequality measures considered
in the literature satisfy the quasi-concavity properties QC and CSQC. Moreover,
it was shown that the latter property allows only three patterns describing how
inequality evolves during a process in which population gradually shifts from one
constituent income distribution to another.

On the one hand, the latter result reveals an attractive feature of CSQC: the
property facilitates the study of empirical phenomena in which gradual population
shifts occur. On the other hand, it may be argued that the three patterns allowed
by CSQC are not the only plausible ones. If it is concluded that the other—non
CSQC consistent—inequality views should also be expressible within a theory of
inequality measurement, then our results show that one should focus on supple-
menting the fundamental axioms, TP gBtNV, in alternative ways, rather than
with decomposability ideas.

12At least, this would follow fronBINV or from the commonsense assumption that all perfectly
equal income distributions are equally equal.
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Appendix 2.A: Proofs

In the proofs, we usually abbreviate, for af1y x), (q,y) € & and any scalae,
the expressiom(p,Xx) + (1— o)(q,y) with (a; p,x;q,Y).

Proof of Lemma 2.1Consider any inequality quasi-orderingthat satisfies TP
and BINV. Consider, moreover, anfp,x) € &, any scalail such that(p,y) =
(p,x+A(Bx+1—PB)) € & and(p,X) # (p,y), and anyo € (0,1). Note that

we havel, = LRY_K(pX) by definition. What has to be shown is that x) <

Bu(p.x)+1-p
(P, % p.Y)- o
Consider(p,2) = (p,x+A'(Bx+1—f)), whereA’ = “(%'E’g‘é‘:gg’i’lﬁ%p’x). The
choice ofA’ ensures that (p,z) = u(eo; p,x; p,y). Since either & x; < z < y; for
ali=12...,n,orx >z >y, >0foralli=12,...,n, we have, furthermore,

(p,2) € &. We now prove the claim that TP impli¢p,z) < (a; p,x; p,y). Note
that the supports ofp,x), (p,y) and(p,z) have the same number of elements.
Now, clearly, to any element in the support (gf,x), say income levet, there
corresponds one element in the supportmfy) equal tot + A (Bt+1— ). The
frequency with which appears i p, x), say frequency, is equal to the frequency
with whicht+ A (Bt +1— B) appears if(p,y). By consequence, itw; p,x; p,Y),
there is, for any element in the support(qf x), a pair of incomes such that the
sum of frequencies isand the mean income for the group of individuals with any
of these two incomes ist + (1— a)(t+A (Bt +1—B)). Similarly, to any element
in the support of p,x), sayt occurring with frequency, there corresponds one
income in the support ofp,z) equal tot + A’'(ft + 1 — B) and occurring with
frequencys. Now, we havet +A'(ft+1—-B) =t + (1 —a)(t+A(Bt+1—
B)). Therefore(a; p,x; p,y) can be obtained frorp,z) by a sequence of mean
preserving spreads and, hence, TP implgg) < (a; p,X; p,Y)-

Since (p,2) < (a;p,x;p,y) by TP and(p,x) ~ (p,z) by BINV, we obtain
(p,X) < (a; p,X; p,y) using transitivity. [

Proof of Proposition 2.1 Consider any inequality quasi-orderirgthat satisfies
TP, BINV and DEC. Consider, moreover, afg,Xx), (q,y) € & such that p,x) <
(g,y) and anyx € (0,1). In the case wherg(p,x) = u(q,y), DEC already implies
(p,X) = (a;p,x;q,y). Therefore, we assume(p,x) # w1(q,y) in what follows.
What has to be shown is thgp, x) < (a; p,X;q,Y).

i _ _ (@y)—u(p.x) i
Considern(p,z) = (p,Xx+A(Bx+1—B)), whereA = BilpT1-B" The choice

of A ensures that(p,z) = u(q,y). Two cases are possible: either (p)z) € &2,
or (b) (p,2) ¢ 2.

In case (a), we havép,x) ~ (p,z) by BINV. Using transitivity, we have
(p,2) = (g,y) and, hence(a; p,x; p,z) =< (a; p,x;q,y) by DEC. Lemma 2.1 im-
plies(p,x) < (¢; p,X; p,z), and we obtairip,X) < (a; p,x;q,y) using transitivity.
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Case (b) occurs if and only i is such that in going frongp,x) to (p,2),
nonpositive incomes get nonzero frequency (which is only possihl¢pfx) >
1(q,y)). Consider(p,x) = (p,x+4'(fx+1—p)) and(q,y) = (q,y+A"(By+
1—B)) whered’is any scalar such thaty +A'(fxg+1— )]+ A(B[xa+ A" (Bx1+
1-B)]+1—B) > 0. We can then return to the beginning of this proof and prove
the result for(p,x’) and(q,y’) without getting case (b). If the result is true for
(p,X) and(q,y), then it must be true fofp,x) and(q,y) as well by 3INV and
transitivity. |

Proof of Lemma 2.2First note that{(2]8) can be rewritten as
L P =R (pX) ) + ;cp(z pj ) (u(x) — u(-1)).

Consider anyp,x),(q,y) € & and any scalas € (0,1). Define, furthermore, the
ordered pair$p’,z) and(q',z) with z= (z1,2, ..., Zy) the vector that contains the
components of botk andy ordered such that@ z; < z < --- < zn. Moreover,
P = (pL, P5, - .., Pm) is a vector where, for all=1,2,...,m, p{ = p; if z occurs
in x and p{ = 0 otherwise, and, similarlyy’ = (d},d,,...,0n) is a vector where,
foralli=1,2,...,m, ¢ = gy if z occurs iny andg = 0 otherwise. We then have

W(a(p,x)+(1-a)(q.y))
; (3 00+ (e (i2) - tz-0)

w303 o) - vtz
u<zl>+i;¢(§) —uam]

W(p,X) + (1—a)W(q,y),

where the inequality follows from the convexity @f The inequality holds with
equality if ¢ is linear, and holds strictly i§ is strictly convex andp,x) # (q,Y)
since the latter implieg’ # (.

<a

+(1-

Proof of Proposition 2.2Consider anyp,x), (g,y) € & such thai p,x) < (q,y),
and any scalax € (0,1). Since the case whe(@, x) = (q,y) is trivial, we assume
(p,x) # (q,y) in what follows.

We first consider the case whereis representable by (2./10). Defining the

functionWP asWP (p,x) = W(p,x+ %) for all (p,x) € & with W as in )
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andu as in [2.9), we have

1
I-¢

((1—8)Wﬁ(a; p.X; q,y))

u(epxay) + 352

1
'§§é¢u(a; P.X;Q,y) = B 1-

(2.14)

We have to show the following: (a) expressipn (2.14) is at least as great as (strictly

greater than b S’E‘Pu(p, X) whenevew is (strictly) convex, and (b) expression (2.14)
£

is strictly greater thalrﬁb’Eq’U(p, X) whenevem (p,x) # u(q,y).
First, consider

((1-) [oWh (p.) +(1- ) WP ()] )"

B u(esp,xay) + 52

o™

(2.15)

where
1
{0+ ) 1 (a5 (e ) |
) B ) B lfﬁlgé’;‘f’u(px)
A= _
u(a;pxay)+=5-
= BxC,
where
' - 18 [ 1-BlRdEy(
B:a(u(p,x)+ B )+(1 a)(u(q,y)+ - (1—B'£.'§£U< ))
ap(p.x) +(1- @) u(gy) + 35
and
1
(0 18) (1 (i ) (0B ) |
. a(u PX)+ 5 ) +(1-a (u ay)+5 ) L pBED o
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It is readily checked that & B < 1. Furthermore, it = 0, thenC = 1, while if
€ >0, then

- _ _gBEd
o= 1—Ié’.§’éu((a,1—a), {u(p,xw%, (r(ay) + ) (—1 B'Eii““’”)])

1-Blrpeu(PX)
wheret is the identity function. By consequence, we havwe O < 1.
Second, notice thag [1— (1—BI£§’E¢U(p,X))BC} > 1B£9 (%) since 0<
B <1 and 0< C < 1. Because, moreover, it follows from Lemma 2.2 that when-
everg is (strictly) convex, expressiop (2]14) is at least as great as (is strictly greater
than) expressiorj (2.15), (a) follows. The case in whicis strictly convex has

been dealt with, and hence we assume O in what follows. Notice that when-
everu(p,x) # u(qg,y) andlg’[f’Eq)U(p, X) = |§§g’u(q,y), we haveB = 1 butC < 1
sincee > 0, SO that% [1— (1—ﬁ|g§é¢u(p, x))BC} > 18£8 (p,x), and whenever

w(p,x) # u(a,y) andlgbg’E‘pU(p,x) < Iég’Eq)U(q,y), we haveB < 1, so that, again,

3 [1— (1—BI£§’E¢U(p,x))BC} > 1859 (p,x). Combining this with the fact that
convexity of ¢ implies that expressior (2.[14) is at least as great as expression
(2.18), we find that (b) follows.

We now consider the second case wheres representable by (2.12). Using
W as in [2.8) andi as in [2.11), we have

1
IR0 p.xay) = w(e; p,xa,y) + ;In(—W(a; P.X;0,Y)). (2.16)

The following has to be shown: (c) expressipn (2.16) is at least as great as (strictly
O_"}/’qj . . .
greater thanl; )=, (p, X) whenevew is (strictly) convex, and (d) expreSS|.16)

is strictly greater thall]g’g’gu(p, X) whenevem (p,x) # u(q,y).
Consider

u(a;p,x;q,y>+$m<—[aW(p,x>+<1—a>w<q,y>]>, (2.17)
and
om(p,x)+(l—oc),u(q,y)+;—L/aln(—W(p,x))—|—(1—oc)|n(—W(q,y)) (2.18)

— 3T, (p,X) + (1— ) 13L8,(a,y). (2.19)

It follows from Lemma 2.2 that wheneveéris (strictly) convex, expressiop (2]16)
is at least as great as (is strictly greater than) expregsion (2.17). Since, moreover,
expression[(2.17) is at least as great as expression (2.18) by concavity of the In
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function, we have (c). In the case wheuép,x) # u(q,y) and |3=gg’u(p,x) =

Iggﬁu(q,y), we havew(p,x) # W(q,y) and, hence, expressi.l?) is strictly

greater than expressi 18) by strict concavity of the In functiop.( tf, x) #

u(a,y) andlg’g’E"’U(p,x) + I’g’é’u(q,y), then expressiog) is strictly greater

thanl 322, (p,x). Hence, (d) follows. ]

Proof of Proposition 2.3Consider any inequality ordering that satisfies CSQC.
Consider, moreover, arip,X), (q,y) € & with u(p,x) # u(q,y).

Consider the following two subpatterns, both of which describe how inequality
evolves asx rises over some subinterviak, @) C (a, @) in (o; p,X;q,Y):

(@) A constant pattern ovéix, &), i.e., for anya, o’ € (&, @), (a; p,X;q,y) ~
(os p, X0, Y).

(b) A U pattern over(a, &), i.e., there exists an* € (&, &) such that, for any
a,a’ € (a,a*], if o« > o, then(a; p,xq,y) < (a; p,xq,y), and, for any
a,o € la*,a),if o> o, then(a/; p,x;q,y) < (o; p,X;q,Y).

We first show by contradiction that neither subpattern can be the case for any
subinterval( &, @). Suppose, therefore, that (a) or (b) holds over some subinterval
(&,a) C (a, ). Both subpatterns imply that there exist somex’, «” € (&, &)
wherea > o > o’ such that(a’; p,x;q,y) < (o; p,x;g,y) and (¢; p,x;q,y) =
(a”;p,x;q,y). This is obvious in the case of (a), while in the case of (b) this can

be seen by lettingt’ equal theo* in the definition of (b). Note now that, for
m__ o' —ao”

o = G=gr, we have(a”; (a; p,x;a,y); (a”; p,x,0,y)) = (¢'; p,x; 0, y). By con-
sequence, we obtain botl”’; (a; p,x;q,y); (¢”; p,x;0,y)) =< (a; p,X;q,y) and
(a"”; (o p, %0, Y); (@’ p,%q,Y)) = (a”; p,%q,y). Since, moreoverr” € (0,1)
andu(o; p,x;0,y) # u(a”; p,x;q,y), we have a violation of CSQC.

Now, any pattern for which subpattern (a) is not the case for(anw), is
either pattern (i), (ii), (iii), or a pattern for which pattern (b) is the case for some
(&, ). However, as we have seen, the latter is impossible. [
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Chapter 3

Extreme Inequality Aversion
without Separability

3.1 Introduction

For social preferences that can be represented by social welfare functions of the
expected utility form, it is broadly accepted that leximin constitutes the case of
extreme inequality aversion. As far as we know, the only formal justification for
this connection between leximin and the concept of extreme inequality aversion
is a result that can be attributed to Hammond (1975), Meyer (1975) and Lambert
(2001). Loosely speaking, their result says that any pairwise choice implied by
leximin is unanimouslyapproved bythe most inequality aversaembers (in the
Arrow-Pratt sense) of the class of expected utility type social preferences.

Our contribution in this chapter is to study the concept of inequality aversion
for more general social preferences, viz., for social preferences that do not nec-
essarily satisfy the separability axiom that underlies expected utility theory. This
more general outlook is very common in the social choice literature: see for in-
stance the standard overviews of Bossert and Weymark (2004) and d’Aspremont
and Gevers (200@. We show that, for these more general social preferences,
the case of extreme inequality aversion is covered by the clagseakly max-
imin social preferences—these are all social preferences that have in common the
property that a given alternative is strictly preferred over another if the worst off
is strictly better off in the given alternati@ln order to establish this result, we
prove an analogue of the Hammond-Meyer-Lambert result mentioned above.

1As we saw in Chapter 1, the literature on individual decision under risk has likewise studied
several non-separable alternatives to expected utility.

2In their analysis of extreme inequality aversion, Tungodden and Vallentyne (2005) also arrive
at the class of weakly maximin social preferences. The same holds for our analysis of Chapter 4.
However, in both cases approaches are used that deviate from the standard Arrow-Pratt approach.
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3.2 Preliminaries

A social alternative is a vector= (x1,X,...,%») € R, wheren is the number

of individuals in society and; measures the well-being of individualThe set of
individuals isN and the set of social alternativesXs We use the symbolylto
denote am-dimensional vector of which all components are equal to 1. For any
X € X, X= (X1,%,...,%) denotes a permutation gfsuch that; <X, <.+ < Xy.

For anyx,y € X, we writex >y if and only if x; > y; for all i € N with at least

one inequality holding strictly. Social preferences are represented by a relation
>~ (‘is at least as good as’) oX. It is assumed throughout that social preference
relations are orderin@We denote the asymmetric and symmetric parts didy

>~ and~, respectively.

The Hammond-Meyer-Lambert result applies to social preferences that are
formally similar to the preferences of expected utility maximizers. We shall say
that> is a member of this class, which we denote/gy, if and only if it satisfies
the following four well known propertie@:

(i) Anonymity:Vx € X, [X is any permutation of] = x ~ X..

(i) Continuity:¥x e X, {y|y e X,y = x} and{y|y € X,x > y} are closed irX.
(iii) Strong Paretovx,ye X, x>y =X>Y.
(iv) Separability:¥N c N, ¥x,y,X,y € X,

VieN, x =y, X=y,and,Yi e N\N, xi =X, yi =Y/
= xzyexX =y

The result we shall present deals with more general social preferences that satisfy
the basic properties (i) to (iii), but not necessarily separability. We use the symbol
W to indicate this general class of social preferences.

The Arrow-Pratt concept was designed originally to compare memb&gof
with respect to inequality aversion. However, one of the several equivalent for-
mulations of the concept—that based on the ‘equally distributed equivalent well-
being'—can be applied to the general clegsas well. The equally distributed
equivalent well-beingé (=;x), for anyx € X and any=€ 7/, is the per capita
level of well-being that, when equally distributed, yields the same level of welfare
according to- asx. Formally, for all=€ % and for allx € X, £ (=;x) = eif and
only if €1, ~ Xx. For each-€ #/, the functioré (=;-) on X is defined and is, more-
over, a representation &f on X. The Arrow-Pratt concept says the following: for

3An ordering is a reflexive, transitive and complete relation.
4See Chapter 4 or for instance Bossert and Weymark (2004) for a discussion of these properties.
In Chapter 4, strong Pareto is referred to as monotonicity.
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any=,='e ¥, = is at least as inequality aversex’s written as= Rap =/, if and
only if, forall x e X, £(=;X) < E(>';x).

The Hammond-Meyer-Lambert result shows that leximin—which gives pri-
ority to the worst off in a lexicographical fashion—can be interpreted as being
extremely inequality averse with respect to the cl4gsg,. Leximin, which we
denote by~ |, is defined as followsyx,y € X,

X~lexY < [Xis a permutation of, or,
JFke N, Vi <k, & =i andx > V]

Leximin is a member of the class of weakly maximin social preferences. The
members of this class give priority to the worst off in all cases in which the worst
off is not indifferent. Formally, a social preference relatioris weakly maximin

if and only if, for allx,y € X,

X1 >Y1=X>YV.

It can be shown that leximin is the only social preference relation that is both
weakly maximin and separalﬁbWe denote the class of anonymous and strongly
Paretian weakly maximin social preferences.i#. Since.# does not contain
any continuous members, the classgsand? are disjoinﬁ Clearly, leximin

is a member of#Z. We wish to emphasize, however, tha contains as well
social preferences that are very different from leximin. To see this, note that for
any anonymous and strongly Paretian social preference relatitimere exists a

= belonging ta.# such that, for alk,y € X,

Xi=%1 = x=yex="y.

Loosely speaking, this means that in all cases in which the worst off are equally
well off, any social preferences are allowed as long as they satisfy anonymity and
strong Pareto.

In the next section we provide a result, analogous to the Hammond-Meyer-
Lambert result, which shows that if we broaden our attention from only the sep-
arable members o (i.e., the members o#gy) to all members of#’, then the
corresponding class of extremely inequality averse social preferences broadens
from only the separable members.&f (i.e., the single member df-jex}) to all
members of 7.

5See Chapter 5.

6Each member of# is a positional dictatorship and positional dictatorships cannot satisfy
both continuity and strong Pareto (see Bossert and Weymark, 2004, p. 1114). In relation to this,
note that maximin—which implies social indifference for all pairs for which the worst off individ-
uals are equally well off—is the only continuous member of the class of weakly maximin social
preferences (see Chapter 5), but that it is not strongly Paretian and hence does not hefong to
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3.3 Result

Relying heavily on Hammond (1975) and Meyer (1975), Lambert (2001, Theo-
rem 4.4) presents a result that justifies the interpretation of leximin as extremely
inequality averse, provided that separability is demaﬂbed.

Theorem 3.1. For all x,y € X such thak #y,
X-lexy € [32€ #eu, V='€ #eu, = Rap == x>yl

Theorem 3.1 says that (i) whenever leximin implies a strict preference over a
pair of social alternatives, then the most inequality averse social preferences in the
class”ey unanimously agree weakly with that preference, and, conversely, (ii)
whenever all most inequality averse members/gly weakly prefer one social
alternative over another, then leximin strictly agrees with this preference.

Our contribution is to provide the following corresponding result for the case
where separability is not demanded.

Theorem 3.2. For all x,y € X such thak #y,
Ve, x>~y & BreW V-'eW, = Rp=x-"y|§
Proof. (=) Take anyx,y € X such tha> ¥, for which
V=€, XY,

which is equivalent tx;” > y1. We have to show that there exists-& # such
that
Ve, = Rapz=x'y. (3.1)

Consider any-"€ # such that (>";x) < £(>=";y). If such a>" does not
exist, then any member &# serves as & for which (3.1) holds. If, on the other
hand, such & exists, then we define such that, for allv,z€ X,

W=z oW+ (1-a)é(="w) > az+ (1-a)é(=";2),

"Hammond (1975) proves the result only for a proper subclag&of, viz., for social prefer-
ences of the CES type. Lambert (2001) uses the analysis of Meyer (1975) to extend Hammond's
result to the entire clasggy.

8An alternative to Theorem 3.2 which is closer to Hammond’s (1975) original formulation
can as well be obtained. This requires a somewhat stronger concept of inequality averson:
strongly more inequality averse thatri, which is written as- Pap >/, if and only if, for allx € X
with at least two distinct components;-; x) < & (*';x) (note that this version of the Arrow-Pratt
concept is more demanding than the asymmetric paRapf. The alternative to Theorem 3.2 is:
YXYEX, V=€ .4, x>~y & B=c#,V='e W, = Pap== x>'y]. We omit the proof
because it is very similar to that of Theorem 3.2.
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wherea € [0,1) is such that
a1+ (1-a)E(="1y) =%

By strong Pareto and reflexivitg,(=";x) > X3, and, hence, we havg(>=";y) >
X1. The latter, combined with the fact that > ¥, ensures that can be defined
in the above way. It can be readily checked that 7. Since (=";%11n) = X1,
we havexil, ~y and, consequently, (>;y) = X;.

What remains to be shown is that (3.1) holds for the construeteBor any
>’ such that-" Rap >, we have

%=E(=y) 2 E(=hy),
and, by strong Pareto and reflexivi§y(=';x) > X;. By consequence, we have
§(="ix) > &(="y) and sox ="y.
(<) Seeking a contradiction, we assume there exists axpai X such that
X #y, for which

A-cw , V='eW, = Rap==x>"y, (3.2)

while there exists a” € .# such thay =" x. Note that fromy =" x it follows that
x >y does not hold by strong Pareto, and also #iat ¥;.
Define=""c # such that, for allv,z€ X,

SiL W 3L, 02
n 2 n !

Yi—10i 2i—1 0
where ¢y, ¢2,...,¢n > 0. The weights are determined in two steps. First, we
choose anyy, ¢»,...,¢, > 0 such thay ="’ x. A choice of the weights such that
y =" x is possible sinc& >y does not hold. Second, we increase the weijght
while holding all other weights fixed until, for all € X, &(="";w) < &(=;w).
This is possible, since by choosigg sufficiently high,

WEW 7 o

§(>_III.W) — M
di—1 0
can be chosen as closewq 4s necessary for alt € X. Note that increasing
¢1 while holding all the other weights fixed preserves the ranking” x since
X1 < V1.

Now, since=""€ # is such that, for alw € X, &(="";w) < £(=;w), and,
moreovery ="' x, we have tha{ (3]2) is contradicted. [ |

Theorem 3.2 is completely analogous to Theorem 3.1: (i) if all members of the
class.# imply a strict preference over a pair of social alternatives, then the most
inequality averse social preferences in the general cdassnanimously agree
weakly with that preference, and, conversely, (ii) if all most inequality averse
members of#” weakly prefer one social alternative over another, then the mem-
bers of.# unanimously strictly agree with this preference.
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Connection between Chapters 3 and 4: Chapter 3 provided a justification on the
basis of the Arrow-Pratt concept of viewing the class of weakly maximin social
welfare orderings as extremely inequality averse. The discussion of the weakly
maximin class in Section 3.2 revealed that the class is very broad: for choices over
alternatives in which the worst off is equally well off, the property of being weakly
maximin does not impose anything at all. In Chapter 4, this observation is used
to criticize the Arrow-Pratt concept. It is argued that the weakly maximin class
includes members that we would not usually refer to as particularly egalitarian,
and that, by consequence, the Arrow-Pratt concept is not demanding enough as
a concept of inequality aversion—see the discussion following Proposition 4.4 in
Section 4.5. Accordingly, Chapter 4 studies two such more demanding concepts
of inequality aversion. In Section 4.5, it is revealed that the weaker of the two, the
RD-concept, also characterizes the weakly maximin class as extremely inequality
averse. By contrast, according to the stronger of the two alternative concepts,
the L-concept, the class of monotonic extremely inequality averse social welfare
orderings is empty.



Chapter 4

Comparing Degrees of Inequality
Aversion

4.1 Introduction

How should we compare different social preference relations over income distri-
butions with respect to the degree of inequality aversion, i.e., the degree of dislike
towards inequality, they express? We propose a procedure for comparing degrees
of inequality aversion that can be loosely formulated as follows:

Procedure (x): A social welfare ordering (SWQ@R s at least as inequality averse
asan SWOR if and only if, for all income distributiong andy such thak is less
unequal than yaccording to a pre-specified inequality quasi-orderindgk )rictly
prefersx to y (xPy) wheneverR' strictly prefersx to y (xP'y), and (ii) R weakly
prefersxtoy (xly or xPy) wheneverR is indifferent betweemx andy (xI'y).

Note that in order to make this procedure operational, an inequality quasi-ordering
must first be chosen. This feature of Procedw)eniakes explicit the fact that,
underlying any concept for comparing degrees of inequality aversion, there nec-
essarily has to be a criterion for making comparisons according to inequality—
obviously, to be able to check whether an SWO expresses more alitéks to-
wards inequalitythan another SWO, it must be clear what is meant by inequality
in the first place. Once an inequality quasi-ordering is chosen, Proceduuer(s

into a fully operational concept of inequality aversion which entails a straightfor-
ward check for dominance: an SWO is referred to as at least as inequality averse
as another if itimplies, in all relevant choice situations (i.e., those pairs of income
distributions that are strictly ranked using the chosen inequality quasi-ordering),
an at least as inequality averse choice as the other (as defined in (i) and (ii) of
ProcedureX)). Procedurex) can furthermore be shown to be consistent with the

67
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common approach of measuring the degree of inequality aversion by the amount
of mean income an SWO is prepared to forego in exchange for a given decrease
in inequality (see Section 4.3).

Interestingly, the traditional Arrow-Pratt concept for comparing degrees of
inequality aversidﬁ is a special case of Procedurd.( Roughly speaking, the
Arrow-Pratt concept of inequality aversion is obtained in the case where the cho-
sen inequality quasi-ordering is the extremely simplistic one which allows only
(strict) inequality comparisons between, on the one hand, unequal income distri-
butions and, on the other hand, perfectly equal ones (see Section 4.4). In this
chapter, we take the point of view that while Procedw)dq the appropriate way
to approach the problem of comparing degrees of inequality aversion, the Arrow-
Pratt version of the procedure is unattractive because it is based on an unduly
restrictive inequality quasi-ordering. Taking into consideration its central place
in the literature on inequality measurement, the Lorenz inequality quasi-ordering
seems a much more suitable candidate for this role. This critique of the Arrow-
Pratt concept echoes that of Ross (1981) in the context of decision under risk.
Ross argues that for a comparison of risk aversion between two expected utility
maximizers, it is not sufficient to compare the premia they are maximally prepared
to pay for an insurance against all risks, as the Arrow-Pratt concept prescribes, but
it is also necessary to consider premia for insurances that decrease risk to a lower,
but still risky, level. Our proposal to consider the concept of inequality aversion
based on Procedure)(using the Lorenz inequality quasi-ordering is similar to
that proposed by Ross since his criterion of decreasing risk is close to the Lorenz
criterion.

Throughout the chapter, we will often be concerned with comparing results
yielded by, on the one hand, the version of Procedyyéh@at is equivalent to the
Arrow-Pratt concept and, on the other hand, the favoured version of Procedure
(*) which uses the Lorenz inequality quasi-ordering. It is interesting, however, to
consider also a third concept that is intermediate between the Arrow-Pratt concept
and the Lorenz-based concept. This third concept is based on the relative differen-
tials quasi-ordering, an inequality criterion that is stronger than the minimalist in-
equality criterion underlying the Arrow-Pratt concept and weaker than the Lorenz
guasi-ordering (see Moyes, 1994). Henceforth, we refer to the inequality aversion
concept obtained from Procedusg (sing the Lorenz quasi-ordering as the *
concept, and to that obtained from the procedure using the relative differentials
quasi-ordering as th&kD-concept.

We first compare the three concepts of inequality aversion for the class of con-
tinuous and monotonic SWOSs, the broadest class of SWOs to which the conven-
tional Arrow-Pratt concept is commonly applied. We show thatRIizeconcept

1The Arrow-Pratt approach is discussed thoroughly in Lambert (2001).
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yields the same results as the Arrow-Pratt concept if SWOs are in addition sepa-
rable, but not necessarily otherwise. Unfortunately, such consistency turns out not
to hold between the-concept and the Arrow-Pratt concept, not even with respect
to the important class of constant elasticity of substitution (CES) SWOs (a sub-
class of the class of continuous, monotonic and separable SWOSs). Usually, a CES
SWO with a higher value of the single parametgris considered more inequal-

ity averse than one with a lower value ©f This role ofe as a measure for the
degree of inequality aversion is justified in the framework of the Arrow-Pratt con-
cept of inequality aversion. However, as straightforward examples show, this role
of € is not justified if the L-concept is adopted: given two income distributions
such that one is less unequal than the other according to the Lorenz inequality
qguasi-ordering, it is quite possible that a CES SWO wisftrictly prefers the less
unequal income distribution, while a CES SWO with> ¢ strictly prefers the

more unequal one. Moreover, using a result by Ross (1981) we show that such
examples can be found for any two CES SWOs. In other words, if tbencept

is adopted, then no two CES SWOs can be compared with respect to degree of
inequality aversion.

Second, we study the idea of ‘extreme inequality aversion’ for the three differ-
ent concepts of inequality aversion. We call an SWO extremely inequality averse
in a class of SWOSif and only if it is at least as inequality averse as all SWOs in
S(and, moreover, is itself a member 9t In the literature, leximin is often seen
as a typical example of an SWO that combines extreme inequality aversion with
monotonicity. We show that, in the class of monotonic SWOs, both the Arrow-
Pratt concept and thBRD-concept identify the entire class of weakly maximin
SWOs as extremely inequality averse—an SWO is said tavdmkly maximinf
and only if it implies a strict preference for a given income distribution over an-
other whenever the worst off is strictly better off in the given income distribution.
The class includes leximin and, by consequence, the Arrow-Pratt concept and the
RD-concept can be said to support the conventional view (see also Tungodden and
Vallentyne, 2005). However, if thie-concept is adopted, this view has to be aban-
doned: we show that in this case the set of extremely inequality averse monotonic
SWOs is empty. Finally, we demonstrate that the incompatibility between extreme
inequality aversion and monotonicity is robust with respect to certain reasonable
changes in the definition of the idea of extreme inequality aversion.

The chapter is structured as follows. Section 4.2 deals with preliminaries. In
Section 4.3 we formally introduce and discuss the three concepts for comparing
degrees of inequality aversion that constitute the topic of the chapter. The ques-
tions of how the three concepts compare with respect to the class of continuous
and monotonic SWOs, and with respect to the idea of extreme inequality aversion,
are dealt with in Sections 4.4 and 4.5, respectively. Some concluding remarks are
given in Section 4.6. All proofs are contained in Appendix 4.A.
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4.2 Preliminaries

An income distributioris a vectorx = (X1,Xo,...,%n) € Rl wheren > 3 is the
(fixed) number of individuals in society anglis the income of individual. The
set of individuals iSN and the set of income distributions{s We assume that, for
any income distributiom € X, individuals are indexed such that< x, <--- <X,.
In accordance with this assumption, we suppose that all considered concepts for
welfare and inequality comparisons satiafyonymity—that is, any given income
distribution is treated equivalently as each of its permutations. The arithmetic
mean of any income distributione X is written asu (x). We use the symbolyl
to denote am-dimensional vector of which all components are equal to 1. For
any pair of income distributionsqy € X, we writex >y if x; > y; foralli € N
with at least one strict inequality, and we wrke> yif x; > y; for all i € N.

Social preferences are represented lspaal welfare orderindSWO)R (‘is
at least as good as’) onE] The asymmetric and symmetric partshoére denoted
by P (‘is better than’) and (‘is equally good as’), respectively. gocial welfare
functionis a functionw : X — R which represents some SWO.

We shall require certain axioms in our analysis. Roughly speaking, continuity
ensures that small changes in an income distribution cause only small changes in
its social welfare ranking against other income distributions.

Continuity. Forallxe X, {y|y € X,yRx and{y|y € X,xRy} are closed irX.

Monotonicity says that it is an improvement if some individuals get better off
without any individuals getting worse off.

Monotonicity. For allx,y € X, if x >y, thenxPy.

Separability requires that the social welfare ranking of any pair of income
distributions is not influenced by the incomes that are the same in both income
distributions.

Separability. For all N c N and for allx,y, X,y € X, if x; = y; andx; = y; for all
i €N, andx =x andy; =y, for alli € N\ N, thenxRy< X'RY.

Any SWO that satisfies continuity, monotonicity and separability can be rep-
resented by a social welfare function of the following form:

n

W(x) = ;u(xi) for all x € X, (4.1)

whereu: R, — R is a continuous and strictly increasing function, referred to
as autility function (see Bossert and Weymark, 2004, Theorem 20). We shall pay

2An ordering is a reflexive, transitive and complete binary relation.
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special attention in our analysis to the constant elasticity of substitution (CES)
class of SWOs, an important subclass of the class of continuous, monotonic and
separable SWOs. An SWR. is a member of the CES class if and only if there
exists a nonnegative scalasuch thaR. can be represented dy (4.1) with utility
functionu(t) = Lt ¢ forallt e R, ;.

Since comparisons of income distributiongh respect to inequalitare con-
ceptually prior to comparisons of SW@sth respect to degree of inequality aver-
sion, we require the concept of anequality quasi-orderinglQO) < (‘is at most
as unequal as’) oD(E| The asymmetric and symmetric parts ¢fare denoted
by < (‘is less unequal than’) and (‘is equally unequal as’), respectively. An
inequality measures a functionJ : X — R which represents some complete 1QO.
The strongest 1QO to receive broad acceptance amongst economists is the Lorenz
IQO. TheLorenz 1QQ written as=_, is defined as follows: for ait,y € X,

k

k
X Yi
X2Lye Y —>y —— forallk=1,2,...,n.

VS 2 0 = Q)

An 1QO =< will be referred to as.orenz consistenit it agrees with all compar-
isons made by the Lorenz 1QO, i.e.,4f C< and~ C~. We shall refer to an
SWO as Lorenz consistent if it follows the asymmetric part of the Lorenz 1QO for
comparisons between income distributions with the same mean infpmes.

Lorenz Consistency.For allx,y € X, if u(x) = u(y) andx <y, thenxPy.

In the literature, social welfare functions are often assumed to depend on mean
income and inequality only, i.e., it is assumed that there exists an inequality mea-
sureJ and a functionf : (R, x R) — R, increasing in the first argument and
decreasing in the second, such tWatx) = f(u(x),J(x)) for all x € X. In this
framework, Lorenz consistency is a weak requirement for SWOs—it is sufficient
that the underlying inequality measure is Lorenz consiﬁeWe note that all
CES SWOs are Lorenz consistent and can be written as a function of mean in-
come and inequality. Specifically, it can be shown that any CES RACan be
represented by a social welfare function of the fal(x) = 1 (X)[1 — Je(X)] for
all x e X, whereJ; is a Lorenz consistent inequality measlﬂr‘ele emphasize that

3A quasi-ordering is a reflexive and transitive binary relation.

4So we use the same term for two different concepts of Lorenz consistency. However, confu-
sion is avoided because it will always be clear from the context whether the Lorenz consistency
concept for IQOs or that for SWOs is meant.

SNote that, for any continuous, monotonic and separable RM®renz consistency is satis-
fied if the following weaker criterion is satisfiegl:(x) 1,Pxfor all x € X such thak is not perfectly
equal. See Chateauneuf and Moyes (2004, Proposition 4.1).

6See Atkinson (1970).
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our results—with the sole exception of Proposition 4.8—do not assume that social
welfare is a function of mean income and inequality only. To the contrary, we do
not make any assumptions at all about the determinants of social welfare (see the
discussion at the end of Section 4.3). Because the mean income-inequality repre-
sentation of inequality is popular, we will however occasionally interpret results
in that light.

4.3 Three Concepts of Inequality Aversion

In this section, we define three concepts for comparing degrees of inequality aver-
sion based on Procedure) ( We give a formal outline of this procedure. First, a
set is determined that contains exactly all pairs of income distributions such that
one income distribution is strictly more unequal than the other according to some
‘reference’ 1QO (clearly, this set is simply the asymmetric part of the reference
IQO on X). These are exactly all pairs for which each SWO either implies an
inequality averse choice (the less unequal income distribution is chosen), a neu-
tral choice (indifference), or an inequality prone choice (the more unequal one is
chosen)—three choices which can of course be unambiguously ranked from most
inequality averse to least inequality averse. Second, two SWOs are compared with
respect to the choices implied for each of the pairs of income distributions in the
asymmetric part of the reference 1Q0O: one SWO is referred to as at least as in-
equality averse as the other if and only if it implies an at least as inequality averse
choice for all pairs belonging to the reference set. The procedure can be defined
formally as follows, with=<a taking the role of the reference 1QO.

Definition 4.1. Let <a be some 1QO. LeRandR be any two SWOs. Thelis
at least as A-inequality averse asiRand only if, for allx,y € X such thak <A,
we have (i) ifxP'y, thenxPy, and, (ii) if xI'y, thenxRy:.

As is conventional, we say th&is more A-inequality averse tharl R Ris
at least ag\-inequality averse aR while R is not at least aé-inequality averse
asR, and we say thaR is equally A-inequality averse as' R R is at least as
A-inequality averse aR andR is at least ag-inequality averse aR.

In principle, any 1QO can be chosen to determine the referenceset the
outlined procedure. However, since different people may have different reason-
able views with respect to inequality comparisons, it seems preferable to consider
the common part of all these views. Now, this is exactly the role that is often
attributed to the Lorenz criterion in the literature. We argue, therefore, that it is
most appropriate to use as the set of pairs of income distributions for which two
SWOs are compared, the set. We refer to the concept of inequality aversion
based on Definition 4.1 witka equal to=<| as thelL-concept.
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ThelL-concept s closely related to the concept of ‘strong risk aversion’ studied
by Ross (1981). Ross’ concept is obtained if theoncept is restricted to SWOs
of the expected utility form, i.e., SWOs satisfying continuity, monotonicity and
separability, and if the absolute version of the Lorenz 1QO is used instead of the
regular (relative) versiofi.

Given the broad acceptance of the Lorenz IQO, we considdr-ttancept to
be the ideal concept for comparing degrees of inequality aversion, but to allow
for a stronger link with the existing literature on the topic, we shall consider also
two alternative concepts based on Definition 4.1 that will appear to be closer to
the conventional Arrow-Pratt framework (as will be shown in Section 4.4). For
these concepts, two 1QOs are used that are (weaker) alternatives for the Lorenz
IQO—that is, in both cases, in comparing two SWOs a set is considered which
Is a proper subset c¥_. The first alternative IQO we consider is thenimalist
IQO, written as<\y: for all x,y € X,

X <M Y < x = €el, for some scalae.

The minimalist IQO only allows inequality comparisons between pairs of income
distributions of which at least one is perfectly equal. The second alternative is the
relative differentialdQO, written as<gp: for all X,y € X,

X=<rDY < al > LR foralli=1,2...,(n—1).

Yi VYit1

The relative differentials IQO, which was introduced into the literature on income
distribution by Moyes (1994), says that any progressive redistribution decreases
inequality. Setting=<a in Definition 4.1 equal to<y or <rp, we obtain theVi-
concept and th&D-concept, respectively.

The M-concept is sometimes considered in the literature on risk aversion, but
in a restricted version that makes the concept applicable only to SWOs of the ex-
pected utility form. It is an established result in this context that, for SWOs of the
expected utility form, thé-concept and the Arrow-Pratt concept are equiv@ent.

A more general result will be shown to hold in Section 4.4.

Since the three concepts of inequality aversion rely on comparisons of choices
over pairs of income distributions that are members of some set which repre-
sents a view on inequality v, <rp and =<, respectively, and given the fact that
<MC~=<RDC=L, the following remark is straightforwardly established.

"Definition 4.1 has, moreover, a different phrasing than the concept of Ross (1981). Statement
(i) of Proposition 4.1 below and conditiop (4.3) in the proof of Lemma 4.2 below, are closer to
the formulation used by Ross.

8See, e.g., Mas-Colell et al. (1995, Proposition 6.C.2)—the restricted versionMdftiomcept
is close to their statement (v).
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Remark 4.1. Let RandR' be any two SWOs. Then, of the following three state-
ments, (i) implies (ii), but (ii) does not imply (i), and (ii) implies (iii), but (iii) does
not imply (ii):

() Ris at least as-inequality averse aR’;
(i) Ris at least aRkD-inequality averse aR’;
(iii) Ris atleast ad/-inequality averse aR'.

The relationships described in Remark 4.1 also hold for the relation ‘is equally
inequality averse as, but not for the relation ‘is more inequality averse than.’

Remark 4.1 shows that tiD-concept is more demanding than tMeconcept
and, in turn, the_-concept is more demanding than tR&-concept. A conse-
guence is that if, for instance, ti@-concept and thé-concept yield a different
conclusion, then this disagreement will typically be of the type whereMhe
concept ranks two SWOs whereas theoncept does not. The converse case, as
well as cases in which thigl-concept and thé&-concept rank two SWOSs in op-
posite ways, are excluded by Remark 4.1. In this respect, it is important to note
that if two SWOs, sayr andR/, are incomparable according to one of the three
concepts of inequality aversion, this does not simply mean that there is not suf-
ficient evidence to refer to one SWO as at least as inequality averse as the other,
but, more strongly, it means that the evidence is pointing in different directions:
for some pair(s) of income distributionR,is locally more inequality averse than
R, while, for (an)other pair(dy, is locally more inequality averse thét

Comparisons of inequality aversion are often interpreted as comparisons of
the willingness of SWOs to sacrifice mean income in return for a given decrease
in inequality. Since this view of inequality aversion as essentially describing a
trade-off between mean income and equality is popular, we wish to demonstrate
that thel.-concept, théVI-concept and th&D-concept are consistent with it—i.e.,
that these three concepts can be rephrased in terms of the mean income-equality
trade-off. The following proposition shows that according to each of the three
concepts, for any continuous and monotonic SWRand R, R is at least as
inequality averse aR if and only if, starting from any income distributio®
accepts a move to a given lower level of inequality at a loss of at least as much
income asR does.

Proposition 4.1. Let <5 be equal to either<_, <u or <gp. Let R and Rbe
any two continuous and monotonic SWOs. Then, the following two statements are
equivalent:

() Ris atleast as A-inequality averse d@s R
(i) forall x,X',y € X such that xva X, x<ay, xly and 4’y, we haveu(x) <
u(x).



Comparing Degrees of Inequality Aversion 75

To conclude the section, we mention two reasons for preferring the simple for-
mulation used in Definition 4.1—i.e., the formulation in terms only of preferences
over pairs of income distributions—to the more traditional formulation in terms
of the mean income-equality trade-off. First, the formulation in Definition 4.1 has
the advantage that it allows application of the inequality aversion concepltk to
SWOs—also for instance to non-continuous SWOs, which will be useful in the
discussion of extreme inequality aversion in Section 4.5. Second, a deeper con-
cern is that an explicit reference to a mean income-equality trade-off may in cer-
tain cases misrepresent what comparisons of inequality aversion are really about.
In general, there is no reason why equality should be tradedndffwith mean
income. SWOs may express interest for other concerns, such as poverty allevi-
ation for instance—then, the trade-off with mean income is just one of several
trade-offs that are relevant for the idea of inequality aversion. As the neutral for-
mulation used in Definition 4.1 does not refer to any particular trade-off, it seems
to better capture the general essence of the idea of inequality aversion.

4.4 The Three Concepts and the Arrow-Pratt Ap-
proach

The objective of this section is to compare the conventional Arrow-Pratt concept
with the three concepts of inequality aversion that were presented in the previous
section.

We first define the Arrow-Pratt concept. The analysis of Pratt (1964) concern-
ing risk aversion has provided several equivalent concepts that can be applied to
the problem of comparing degrees of inequality aversion (see also Lambert, 2001,
pp. 94-97). Some of these concepts can only be used to compare SWOs that can
be written in the expected utility form, i.e., SWOs that satisfy continuity, mono-
tonicity and separability. This class is important and we shall pay attention to it
in this section. However, because we wish to initially consider the entire class of
continuous and monotonic SWOs, we focus on the strongest of Pratt’s concepts
that is applicable also to non-separable SWOs, viz., the criterion based on the
equally distributed equivalent incomghe equally distributed equivalent income,
&(R;x), for any income distributiox and any SWGR, is the income that, when
equally distributed, yields the same level of welfare accordirg & the income
distributionxﬂ Formally, for any SWCR and anyx € X, we havet (R;x) = e if
and only ifel,lx. The Arrow-Pratt concept of inequality aversion is defined as
follows.

9See Atkinson (1970) and Kolm (1969).
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Definition 4.2. Let RandR’ be any two continuous and monotonic SWOs. Then,
Ris at least as Arrow-Pratt inequality averse asiRand only if, for all x € X,

E(RxX) < ER;x) M

The ‘more inequality averse than’ and ‘equally inequality averse as’ relations
corresponding to the Arrow-Pratt concept are defined in the same way as for the
inequality aversion concept of Definition 4.1.

Although we are most interested in theconcept for the reason specified in
Section 4.3, itis convenient for expositional purposes to start with the comparison
of the Arrow-Pratt concept with thkl-concept andRD-concept. These criteria
will turn out to be closer to the Arrow-Pratt concept than theoncept is. Con-
sider first the following lemma.

Lemma4.1.Let R and Rbe any two continuous, monotonic and separable SWOs.
Consider any ¥y € X such that

there is an integer k such thatx y; for all i <k, and x<y; foralli > k. (4.2)

Then, of the following two statemen,implies(ii):

() Ris atleast as Arrow-Pratt inequality averse ds R
(i) if xP'y, then xPy, and, if Xy, then xRYy.

The following proposition summarizes the relationships between the Arrow-
Pratt concept, th&1-concept and th&D-concept.

Proposition 4.2. Let R and Rbe any two continuous and monotonic SWOs. Con-
sider the following three statements:

() Ris at least as Arrow-Pratt inequality averse ds R
(i) Ris atleast as M-inequality averse as R
(i) Ris atleast as RD-inequality averse ds R

Then, we have:

(a) statementsgi) and (ii) are equivalent;

(b) statemen(iii) implies statemen(), but statemen(i) does not imply state-
ment(iii) ;

(c) if, in addition, R and Rare separable, then statemeiifs (i) and (iii) are
equivalent.

10Note that the Arrow-Pratt concept compares, for all income distributions, how much sacrifice
of mean income SWQOs maximally allow in order to move from a given income distribution to a
perfectly equal one—for an SWR and an income distributior, this sacrifice equaliu(x) —

E(RX)].
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We mentioned in the previous section that leconcept and the Arrow-Pratt
concept are equivalent for continuous, monotonic and separable SWOs. As state-
ment (a) of Proposition 4.2 shows, this equivalence also holds if separability is
not demanded. This result is not very surprising, given the fact that the defini-
tions of both theM-concept and the Arrow-Pratt concept refer to preferences over
pairs of income distributions of which one is perfectly equal. Statement (b) shows
that, if we take the step from the minimalist 1QO to the relative differentials 1QO
as the underlying inequality criterion for the concept of inequality aversion, then
we move away from convention. The inconsistency of Rig&concept and the
Arrow-Pratt concept consists of there being SWOs such that the Arrow-Pratt con-
cept ranks them while theD-concept does not. Finally, statement (c) shows that
the RD-concept and the Arrow-Pratt concept agree on how to rank any pair of
SWOs of the expected utility form.

With respect to théM-concept and th&D-concept we may conclude that the
former, and to a lesser extent the latter, support the claims made traditionally in
the literature on the basis of the Arrow-Pratt concept. An important question we
now turn to is whether the favourddconcept is consistent with these claims.
We already know, by Remark 4.1 and Proposition 4.2, that thencept and the
Arrow-Pratt concept cannot be equivalent for the entire class of monotonic and
continuous SWOs, so the question becomes whether this equivalence holds for
the expected utility class of SWOs (as for tR®-concept), or at least for the
popular CES subclass. This appeaosto be the case. According to the Arrow-
Pratt concept, an SWO in the CES class is more inequality averse as the value of its
corresponding is greateE For this reasorg is traditionally interpreted as being
a parameter of inequality aversion. Now, there are several pairs of CES 8Os
andR. such thate > €, and several pairs of income distributiony € X such
thatx <y, for which we haveyP;x while xP.ry. This is illustrated in the following
example.

Example 4.1. The example is for the case= 3. Take the income distributions
X = (19,57,76) andy = (20,20,130). We havex < y. However, for all CES
SWOs withe such that 3403 < € < 14513, we havexR.y, while for all CES
SWOs withe > 14.514, we have/P.x["

Note that the example exploits the fact that the paramefgays a double
role in the CES class: it is a parameter of inequality aversion in the Arrow-Pratt
sense, but it is also a parameter that measures the sensitivity of the SWO to in-
equality in the bottom of the income distribution relative to inequality in the top

Un fact, ¢ is the value of the relative Arrow-Pratt measure of risk/inequality aversion.

12Note that we havei(x) < u(y) in the example. This is no coincidence since if we would
havep (x) > p(y) andx <.y, then all CES SWOs would strictly prefeovery, as can be easily
established using the fact that all these SWOs satisfy Lorenz consistency.
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(see Cowell, 1985). Indeed, whiye= (20,20,130) is overall more unequal than
x = (19,57,76) according to the Lorenz 1QO, which is all that is required for our
purposes, it is true thathas less inequality in the bottom of the income distribu-
tion (i.e., between individuals 1 and 2) thanAccordingly, the CES SWOs with
higher bottom sensitivity, those with higher valuespprefery to x.

Using a result by Ross (1981) it is possible to draw even stronger conclu-
sions with respect to the CES class. Ross’ critique of the Arrow-Pratt framework
can be interpreted as a confrontation of theoncept and th&1-concept in the
framework of expected utility theory. The following lemma is based on one of his
results.

Lemma 4.2. Let R, and R, be any two continuous, monotonic and separable
SWOs such that the respective corresponding utility functions u and v, are twice
differentiable. Then, the following two statements are equivalent:

() Ryis atleast as L-inequality averse ag;R

(i) there exist a decreasing and concave functionRf, . — R and a scalar
A > Osuch that, for all te Ry, u(t) = Av(t) + f(t).

It can be shown now that in the entire class of CES SWOs there are no two
SWOs that can be compared using theoncept of inequality aversion.

Proposition 4.3. Let R. and R, be any CES SWOs such thatt €. Then, R
and R are incomparable according to the L-concept, i.e:, iRnot at least as
L-inequality averse as R and R is not at least as L-inequality averse ag.R

The CES class of SWOs is often considered to be very useful in practice be-
cause, according to the conventional Arrow-Pratt approach, it encompasses a con-
tinuum of positions with respect to inequality aversion from the completely non-
egalitarian mean income rule & 0) to leximin (€ — o) which is often viewed
as extremely inequality averse (see Section 4.5, but also Chapter 3). The class
owes its popularity furthermore to the fact that it has attractive properties from the
theoretical perspective: all CES SWOs satisfy the basic axioms continuity, mono-
tonicity and separability, and allow a natural decomposition into mean income and
a Lorenz consistent inequality measure as explained in Section 4.2. However, the
deep inconsistency between, on the one hand, the conventional interpretation of
the parameteg and, on the other hand, tlheconcept may be seen as somewhat
damaging for the CES class to operate as a canonical class of SWOs. The problem
is aggravated by the fact that all members of the CES class ascribe importance to
the Lorenz IQO—and thus theconcept—because they are all Lorenz consistent.

Is it possible to find another class of SWOs which both has attractive properties
and encompasses a continuum of degrees of inequality aversion according to the
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L-concept? Although we shall not attempt to answer this question here, we wish
to note that a sacrifice will have to be made irrespective of the direction in which
an answer is sought. For instance, the analysis of Ross (1981) can be used to
construct a class of SWOs to play a role similar to that of the CES class, in which
case continuity, monotonicity and separability will still be satisfied. However, it
may possibly be seen as a drawback that in that case the natural link between
welfare and an underlying criterion of (Lorenz consistent) inequality will be lost.
Alternatively, such a natural link can be taken as a starting point to construct an
alternative to the CES class, but at the cost of separghlity.

4.5 Extreme Inequality Aversion

In this section, we characterize the classes of SWOs that reconcile monotonicity
with an extreme form of inequality aversion for each of the three concepts pro-
posed in Section 48]

Conventionally, maximin and leximin, both of which give absolute priority to
the worst off, are seen as typical examples of extremely inequality averse SWOs.
Maximin implies indifference in all cases in which the worst off is equally well
off, i.e., an SWOR is maximinif and only if, for all x,y € X, XRy< X1 > 1.
Leximin, on the other hand, gives priority to the second worst off in the cases
where the worst off is equally well off in both alternatives, and so on, i.e., an
SWORis leximinif and only if, for allx,y € X, we have

xRy« x =Yy, or, there is an integdrsuch that
X =Yy, foralli < kandxy > yk.

Maximin and leximin are both members of the class of weakly maximin SWOs,
which is the class of SWOs that all have in common the asymmetric part of max-
imin, i.e., an SWCR is weakly maximinf and only if, for allx,y € X, if X1 > y1,
thenxPy. It can be shown that maximin is the only continuous member of the
class of weakly maximin SWOs and that leximin is the only separable member
of the clas@ It will be of interest to see what role leximin plays in our analy-
sis, since this is the only popular SWO that is commonly viewed as combining
extreme inequality aversion with monotonicity—maximin, by contrast, does not
satisfy monotonicity.

135ee Champernowne and Cowell (1998, pp. 107-108) on a similar point.

4How the ideals of extreme inequality aversion and monotonicity can be combined is an im-
portant question in egalitarian social ethics. See Tungodden (2003, pp. 10-23) for an overview of
the economic and philosophical literature concerning this topic.

15See Chapter 5.
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The starting point of our analysis is the following definition of the idea of
extreme inequality aversion.

Definition 4.3. Let Sbe a class of SWOs. An SWR is extremely inequality
aversdn the classSif and only if Ris a member o§andRis at least as inequality
averse as any member &f

This definition assures that an extremely inequality averse SW®niever
implies a choice over a pair of income distributions that is less inequality averse
than that implied by any other member®fNote also that all extremely inequality
averse SWOs are equally inequality averse.

In what follows, we identify the members of the class of monotonic SWOs
that are extremely inequality averse according toNheoncept, thdRD-concept
and theL-concept. Since we do not require continuity, the standard Arrow-Pratt
concept cannot be applied in this context—however, it is natural to interpret the
M-concept as being the evident extension of the Arrow-Pratt concept capable of
such comparisons. Again, it is convenient to begin the analysis by considering the
M-concept and th&D-concept.

Proposition 4.4. Let R be any monotonic SWO. Then, the following five state-
ments are equivalent:

() R is extremely M-inequality averse in the class of monotonic SWOs;
(i) R is extremely RD-inequality averse in the class of monotonic SWOs;
(i) for all x,y € X such that not x y, we have, if xxu y, then xPy;
(iv) forall x,y € X such that not x y, we have, if xrp Y, then xPy;

(v) Risweakly maximin.

The equivalence of (i) and (v) in Proposition 4.4 says that, the case of ex-
tremeM-inequality aversion in the class of monotonic SWOs is covered by the
monotonic weakly maximin SWOs. To a certain extent, this result supports the
conventional view that leximin constitutes the case of extreme inequality aversion.
The reason is that the literature focuses virtually exclusively on separable SWOs
when studying extreme inequality aversion, combined with the fact that leximin is
the only separable weakly maximin SV@The finding that (i) and (v) are equiv-
alent is important for two reasons. Firstly, given Remark 4.1, it follows from this

16The interpretation of leximin as being extremely inequality averse can be defended on the
basis of the Arrow-Pratt concept. As we saw in Chapter 3, Hammond (1975) has demonstrated
that leximin can be interpreted as the limit case;> », of the CES class of SWOs, a point
which Lambert (2001, Theorem 4.4) has generalized with respect to the entire class of continuous,
monotonic and separable SWOs. In Chapter 3, we have shown that using an approach analogous
to that of Hammond (1975) and Lambert (2001) the weakly maximin class can be identified as
extremely inequality averse on the basis of the Arrow-Pratt concept if separability is dropped.
Proposition 4.4 confirms the latter result.
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result that the classes of extremely inequality averse SWOs that are implied by the
RD-concept and theé-concept must be subsets of the class of monotonic weakly
maximin SWOs. Secondly, it presents another way of seeing whilthencept

IS unattractive. As an illustration of this point, consider the following SR/Gor

all x,y € X, we have,

if X1 > y1, thenxPy, and
if x1 = y1, then[xRy< u(x) > u(y)].

Clearly, this SWO is both monotonic and weakly maximin. Now note that when-
ever two income distributions have the same lowest incomes, this SWO ranks
them according to the completely non-egalitarian mean incomﬂtﬂ%ﬁobably,
many would hesitate to refer to such an SWO as extremely inequality averse, thus
implicitly accepting that thM-concept is too undemanding as a criterion for com-
paring degrees of inequality aversion. However, as the equivalence of (ii) and (v)
shows, moving on to thRD-concept does not solve anything: the class of mono-
tonic weakly maximin SWOs is still identified as the extremely inequality averse
subclass of the class of monotonic SWOs. Before we consider which monotonic
weakly maximin SWOs survive the test of Definition 4.3 when we move to the
L-concept, we consider the other statements of Proposition 4.4.

The conditions expressed in statements (iii) and (iv) of Proposition 4.4 con-
stitute a natural way of giving meaning to extreme inequality aversion for SWOs
that satisfy monotonicity—the conditions say that one should prefer, for any pair
of income distributions, the one which is less unequal (according to the minimal-
ist IQO and the relative differentials IQO in statements (iii) and (iv), respectively)
unless the income distribution is worse for some and better for none. In a recent
study on the possibility of combining extreme inequality aversion and monotonic-
ity, Tungodden and Vallentyne (2005) have taken natural conditions as those ex-
pressed in statements (iii) and (iv) as a starting point (so, relying only implicitly
on the concepts defined in our Definitions 4.1 and 4.3). They have considered a
condition similar to that of statement (iii) and also show that statements (iii) and
(v) are equivalent. Later, we draw a more interesting parallel between the present
work and theirs.

Now, we come to the important question of which SWOs are extremely in-
equality averse according to theconcept. Note first that while thigl-concept
and theRD-concept identify all weakly maximin SWOs as extremely inequality
averse, according to theconcept no member of this class is extremely inequality
averse.

"Note that the comparison of such income distributions is probably even quite common in
practice—think of a change in the tax system that leaves the existing minimally guaranteed income
unaffected.
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Proposition 4.5. Let R be any continuous and monotonic SWO satisfying Lorenz
consistency. Then, there are several paig« X for which x< y, such that we
have xPy, while all weakly maximin SWOs strictly prefer y to x.

Proposition 4.5 demonstrates that, given itheoncept, the weakly maximin
SWOs do not only fail the test of extreme inequality aversion described in Def-
inition 4.3, they do so in a particularly bad way. The proposition says that, for
instance, it is possible to find pairs of income distributions such that a CES SWO
with € arbitrarily close to, but greater than, zero, and hence arbitrarily close to the
completely non-egalitarian mean income rule, is locally more inequality averse
than all weakly maximin SWOs for these pairs. As anillustration, note that, for the
income distributionx andy in Example 4.1, all weakly maximin SWOs strictly
prefery to x. Because any extremely-inequality averse SWO in the class of
monotonic SWOs must be weakly maximin by Remark 4.1 and Proposition 4.4,
the following result follows immediately from Proposition 4.5.

Proposition 4.6. There is no SWO that is extremely L-inequality averse in the
class of monotonic SWOs.

So, we conclude that if we accept theeoncept, then extreme inequality aver-
sion is incompatible with monotonicity. In their work, Tungodden and Vallentyne
(2005) reach a similar conclusion. However, they implicitly use a criterion that
lies in between th&1-concept and th&D-concept, and find an incompatibil@.

This is possible because they use a slightly (but significantly) different framework
than the one used here: their result is driven by the fact that they reject anonymity
as a property of SWOs, but accept it for IQOs. The present study shows that with-
out this assumption, there is no incompatibility between their version of extreme
inequality aversion and monotonicity (this is implied by the equivalence of (ii)
and (v) in Proposition 4.4), but that the incompatibility crops up again when the
L-concept is accepted (Proposition @).

What should egalitarians who agree with theoncept and want both mono-
tonicity and extreme inequality aversion choose as an SWO? It might at first
glance seem natural to regard leximin or other monotonic weakly maximin SWOs
as being ‘close enough’'—these SWOs satisfy a necessary condition for being ex-
tremely inequality averse (they are extremely inequality averse if one looks only
at the pairs in<y or <grp), and a sufficient condition cannot be satisfied (being
extremely inequality averse for those-+ is impossible), hence why not content

BMore precisely, they use a condition similar to that stated in statements (iii) and (iv) of Propo-
sition 4.4, but with, instead of the minimalist or relative differentials IQO, an IQO that is a proper
subrelation of the relative differentials IQO and a proper superrelation of the minimalist IQO.

191n Tungodden (2000) it is also shown that, without rejecting anonymity, their extreme inequal-
ity aversion condition and monotonicity are compatible.
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ourselves with these? Proposition 4.5 illustrates already how unattractive it is to
settle for a conclusion based on the less demanding critécancept andRD-
concept if theL-concept is the one which is deemed ideal. There is also a deeper
reason for extreme egalitarians not to (necessarily) focus on the class of weakly
maximin SWOs. It is perfectly acceptable to consider the pairs ordered by the
minimalist IQO (i.e., the seky) as not being more important than some alterna-
tive set of pairs ordered by the Lorenz IQO (i.e., a subset oivhich differs from

<m). If one accepts the Lorenz IQO, these former pairs of income distributions
are not special in any way. If such an alternative set of pairs is used in a criterion
for comparing degrees of inequality aversion, in accordance with the explanation
at the beginning of Section 4.3, then the set of extremely inequality averse mono-
tonic SWOs need not be empty, nor contain any weakly maximin SWOs. For
instance, if the income distributions from Example 4.1 are members of this al-
ternative set, then none of the weakly maximin SWOs pass the test of extreme
inequality aversion of Definition 4.3, while (depending on the other elements of
the set) other SWOs may pass the test.

To conclude the section, we consider two alternative ways of giving meaning
to the view that inequality reduction should always be preferred unless no one
gains by it. However, as we shall see, neither alternative produces a convincing
way out of the incompatibility.

The first alternative is to consider the SWOs for which no monotonic SWO
is more inequality averse according to theoncept, instead of the ones that are
at least as inequality averse as all the other monotonic ones accordinglte the
concept (as in Definition 4.3). Consider the following definition of this alternative
concept of ‘maximal inequality aversion.’

Definition 4.4. Let Sbe a class of SWOs. An SWR is maximally inequality
aversen the classSif and only if Ris a member o§and no member dbis more
inequality averse thaR/

The subset of maximally-inequality averse SWOs in the set of monotonic
SWOs is not empty: as the following proposition shows, at least leximin is a
member.

Proposition 4.7. Leximin is maximally L-inequality averse in the set of monotonic
SWOs.

2ONote that the ideas of extreme inequality aversion and maximal inequality aversion do not, in
general, coincide if the concept of inequality aversion does not provide a complete ranking (as is
the case for all inequality aversion concepts discussed in this chapter). The distinction between
extreme inequality aversion and maximal inequality aversion is analogues to the distinction made
by Sen (1997) between optimization and maximization, respectively, in individual choice theory.
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However, the concept of maximal inequality aversion seems too undemand-
ing, because it is not excluded that there are SWOs, which are themselves un-
likely candidates for being considered extremely inequality averse, that are more
inequality averse for at least some pairs of income distributions—in the case of
leximin, Proposition 4.5 should suffice to make this point.

A second alternative is to start from the view that SWOs are functions of an

underlying inequality measure or 1QO, a view not uncommon in the literature as
we saw in Section 4.2. In that perspective, the following approach to combining
monotonicity and an absolute preference for inequality reduction seems reason-
able: choose an SWO that, for all pairs of income distributions to which mono-
tonicity applies, follows monotonicity, and, for all pairs to which monotonicity
does not apply, prefers the income distribution which minimizes inequality ac-
cording to some 1QO (or some inequality measure). Note that this approach does
not require a complete IQO since the 1QO need not order pairs of income distri-
butions to which monotonicity applies—it does have to order all pairs to which
monotonicity does not apply, however. The question is whether it is possible to
find an SWO and a corresponding 1QO that satisfy the required condition. First
we need to consider some minimal criteria that a sensible IQO ought to satisfy.
The first is that it should have the minimalist IQO as a subrelation. The second
is that it satisfies some invariance criterion. An invariance criterion defines the
transformation which when applied to all incomes leaves inequality invariant. For
instance, the invariance criterion underlying the Lorenz IQO and the relative dif-
ferentials 1QO is scale invariance, which says: forxatl X and all scalard > 0,
X ~ AX. However, we will demand only that a much weaker invariance criterion
is satisfied. Minimal invariance says that for any given income distribution there
must exist an income distribution in which everyone is better off and which is at
least as unequal as the given income distribution.

Minimal Invariance. For allx € X, there is a’ € X such that’ > x andx < x'.

The following proposition shows that no SWO and IQO with the described
properties exist.

Proposition 4.8. Let R be any monotonic SWO and+ebe any 1QO that satisfies
minimal invariance and for whickD<y. Then, the following condition is not
satisfied: for all xy € X such that not x y, X<y < xRy.

The proposition implies that whatever the concept of inequality used (requir-
ing only that it satisfies minimal conditions—far weaker than Lorenz consistency
for instance), say, leximin at least for some pairs of income distributions will not
choose the least unequal one according to this concept of inequality, even though
this income distribution is not worse by monotonicity. Moreover, this is not only
true for leximin, but for all monotonic SWOs.



Comparing Degrees of Inequality Aversion 85

4.6 Concluding Remarks

In this chapter, we studied a straightforward dominance procedure for comparing
SWOs with respect to degree of inequality aversion. We considered three ver-
sions of the procedure based on three inequality criteriat #b@ncept which we
argued to be the ideal version, tNeconcept which is roughly equivalent to the
traditional Arrow-Pratt approach, and tiRD-concept which is intermediate in
strength between the other two concepts.

It was shown that the-concept is in general incompatible with tleconcept.
In the case of the CES class of SWOs, the difference between the conclusions pro-
duced by the two concepts was especially pronounced: whereds-tumcept
ranks all members of this class, theconcept ranks none. As we have said al-
ready, it would be interesting to think about theoretically agreeable alternatives to
the CES class of which the members can be ranked usirigtio@cept and which
covers a wide spectrum of positions with respect to inequality aversion. Proba-
bly the most attractive solution is to give up separability and to consider classes
of SWOs such as those given By(x) = u(x)[1—J(x)]* for all x € X, where
J is a Lorenz consistent inequality measure and a parameter that measures
inequality aversion in accordance with theconcept. It may be interesting to
see whether classes of SWOs in the spirit of this example can be constructed in a
theoretically and philosophically sound way starting directly from the idea of the
natural decomposition of welfare in mean income and inequality.

We showed, furthermore, that if we accept theoncept, then monotonicity
and extreme inequality aversion are incompatible. Hence, egalitarians commit-
ted to monotonicity have to content themselves with being less than extremely
inequality averse: it is always possible to find pairs of income distributions for
which a less inequality averse choice than possible must be made. Those who
are attracted to both the ideals of monotonicity and extreme inequality aversion
have to determine which of the two to weaken. We have discussed that if extreme
inequality aversion is weakened, nothing forces one to opt for a weakly maximin
SWO such as leximin. It is perfectly possible to choose a different set over which
one wants to make inequality averse choices than the set that forces one to give
full priority to the worst off. The other possibility, not yet discussed, is to weaken
monotonicity. For instance, a possibility is to demand aaly-monotonicity for
all xe X and allA > 1, AxPx It can easily be shown that there exist extremely
inequality averse SWOs according to theoncept in the class of ray-monotonic
SWOS@ Interestingly, not only does the weakening to ray-monotonicity make it
possible to have extremely inequality averse SWOs, but none of them is weakly

2lConsider the example of an SWR for all x,y € X, we have, ifx <y, thenxPy, and ifx ~ y,
then[xRy< u(x) > u(y)], where=< is a Lorenz consistent and complete 1QO.
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maximin (and this is true even if we use theconcept instead of thie-concept).

In other words, whichever of the two ideals egalitarians choose to weaken in or-
der to deal with the incompatibility, they should not feel required to restrict their
consideration to leximin or other weakly maximin SWOs.



Comparing Degrees of Inequality Aversion 87

Appendix 4.A: Proofs

Proof of Proposition 4.1.We provide a proof for the case wher& is equal to
=<L. The proofs for the cases wher& is equal to<y or <grp are very similar
and are, therefore, omitted.

First, we show that statement (i) implies statement (ii). Assume that (i) is true.
Take anyx, X,y € X such thak ~ X, x <Ly, xly andx'l'y. We have to show that
1(x) < u(x'). Note that, for alz,w € X, z~ wif and only if there exists a scalar
A > 0 such thathz= w. Hence, there exists & > 0 such thatAx' = x. Now,
we havex'Ry by (i). Since alsaly, it follows thatA < 1 by monotonicity. By
consequence, we obtainx) < u(x).

Second, we show that statement (ii) implies statement (i). Assume that (ii) is
true. Take any,y € X such thatx < y. By continuity and monotonicity, there
existA,A’ > 0 such thafAxly andA/x!'y. To check statement (i), suppose, first,
thatxP'y. We have to show that in this cazPy. Note thatxP'y impliesA’ < 1
by monotonicity. Since, furthermoré, < A’ by (ii), we haveAd < 1. Hence,
monotonicity impliexPy. By a similar reasoningl’y is seen to implwRy R

Proof of Lemma 4.1Let R, andR, be any two continuous, monotonic and sepa-
rable SWOs wittu andv as utility functions in[(4.]L), respectively. Suppose that
statement (i) is true foR, andR,, i.e., £ (Ry;X) < &(Ry;x) for all x € X. We de-
note the sets of individuals who gain and individuals who lose in going from any
y € Xtoanyxe X by G(y,x) = {i|x >Vyi} andL(y,x) = {i | <Vi}, respectively.
Throughout the proof we consider the pajy € X, which is any pair for which
condition [4.2) of Lemma 4.1 is satisfied. What has to be shown is that statement
(i) is true for this pair, i.e., ixlyy, thenxR,y, and, ifxRy, thenxR,y. Therefore,
it is assumed that we have eithdyy or xR)y. Since statement (ii) is trivially true
for the pairx,y in the cases wher&(y,x) = @ or L(y,x) = &, we only consider
cases in which both sets are nonempty.

We require a tool to bring any income distributing X closer tox by replac-
ing at least one of the componentszby a component ok, and this in such a
way that for the resulting income distributi@dnwe havezl,Z. Consider a function
Ti; which transforms ang € X into Z by replacing two and only two incomes,
andz;. The functionTjj haszin its domain if and only ifz < x < Xj < zj, in
other words, if and only if € G(z,x) andj € L(z x), and, furthermord,< j. The
values ofz andz; are determined as follows: ()Vfx) +v(xj) = v(z) +V(z),
then (Z:’Z/J) = (%, Xj), (b) if V(X)) +V(Xj) > Vv(z) +V(z)), then(zil’zlj) = (S,Xj),
wheres is such thatz < s < x andv(z) + v(zj) = v(s) + v(x;), (c) if v(x) +
V(Xj) < W(z) +V(zj), then(z,z;) = (x,t), wheret is such thak; <t < z; and
V(z)+Vv(zj) = v(x) +Vv(t). Thesandt considered in cases (b) and (c), respec-
tively, always exist by continuity and monotonicity. Note that indekd.
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Now, usingTij, we transformy step by step inta. First, transforny intoy’ by
applyingT;; for somel € G(y,x) and somg € L(y,x). If G(y,x) and/orL(y’,x) is
empty, stop. Otherwise, perform the transformatiorydsy again applying;; for
somei € G(Y,x) and somg € L(y',x) such thai < j. Repeat this until the set of
those who gain and/or the set of those who lose is empty after the transformation,
then stop. Note that the transformation can always be performed if the sets are
both nonempty due to the fact thaty € X satisfy condition[(4]2) of Lemma 4.1,
since the condition implies that, for ak& G(y,x) and allj € L(y,x), we have < j,
and this continues to hold after every step. So, the income distribution that results
from the final step, say’, has the property tha(y”,x) and/orL(y”,x) is empty
andy”lyy. Furthermore, it is impossible th&(y”,x) is empty whileL(y”,x) is
not, since otherwis& < y”’ and soy”’R,x by monotonicity, so that the fact that
y’lyy would imply thatyRx, contrary to what we assumed. So, given that’, x)
must be empty, we have eithgf < x ory’ = x and, by consequencejs weakly
preferred to/” by any monotonic SWO.

We shall now show thag’lyy impliesy’Ryy. It is known from Pratt (1964)
that & (Ry;x) < &(Ry;x) for all x € X implies thatu = f ov where the function
f : R — R is strictly increasing and concave. Now for ang X, z\Z is equiva-
lent tov(z) +Vv(Z)) = v(z) +V(zj) orv(z) —v(z) = v(zj) — V(7). Since, further-
more,v(zj) > V(zj) > V(Z) > V(z), we haveu(z) —u(z) > u(zj) — u(z) by strict
increasingness and concavity bf So, we havegR,z. Hence, by transitivity, it
follows thaty’Ryy

We can now conclude the following. In the case whedig, we have indeed
xRyy, sincey”’R,y and sincex is weakly preferred tg”’ by any monotonic SWO.

In the case whergRy, we have indeedR,y sincexRy andy”l,y imply xRy’ and
hencex > y’, so that, byxR)y’ andy”’R,y, we obtainxR)y. |

Proof of Proposition 4.2.(a) Statement (i) of Proposition 4.2 is equivalent to
statement (ii) of Proposition 4.1 foka==pm. Hence, the result follows from
Proposition 4.1.

(b) That (iif) implies (i) follows from statement (a) and Remark 4.1. We give
an example to show that (i) does not imply (iii). Consider an SR/&uch that,
forall x,y € X,

xRy F(x) > F(y),

where
F(x) = { P+l if x> Exy
13(dx1+%2) + SiaX if xg < £2.

Consider also an SW& such that, for alk,y € X,

xRy & G(x) > G(y),
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where

G = { ya Fre Tz pe
30(1+X2) + 3iLaX if X1 < 5%
Both SWOs are clearly continuous and monotonic.

First, we show thaR is at least as Arrow-Pratt inequality averseRis We
consider, in turn, the three possible cases. (I) Case wherA = {x € X|x; >
3%} Note thaté (Rx) = =27 (5x1+ $x2+ SP %) and E(R;x) = -1 (3x1 +
2%+ 3 3x) for all x € A. By consequencé; (R;x) < &(R;x) for all x e A. (Il)
Case whera e B= {x€ X | 2x, <x1 < 3%}: Note thatt (R x) = =15 (5% + 2%+
S 5% ) for all x € B. To calculaté (R'; x) for any givenx € B, we first find ary €
X such thak!’y and(y1,y>) = (3t,t) and then use thd@(R’;x) = & (R’;y). Now,y
is such that & + xo = 4%t +1, so that = 4X1—3+X2, andy; =x; foralli=3/4,...,n.
Sincey € A, we can calculaté (R';y) as in the previous case, so taR;x) =
E(RGY) = -21(83x1 + a5%o + T ax). Forallx= (x1,%2) € X, &(Rix) < £(R;x)
if and only if the condition is met thag > "—gxz, a condition that holds for ak € B.
(Ill) Case wherex e C = {x € X|x1 < %xz}: To calculate (R;x) andé (R’;x) for
any givenx € C, we use the same method as in the previous case. So, first we
findy,y € X such thakly, xI'y, (y1,y2) = (%t,t) andy; = x; foralli =3,4,...,n,
(V1. Y5) = (2t',t') andy, = x for all i = 3,4,...,n, and then calculaté(R;y) and
E(R;Y), which are equal t& (R;x) and & (R’;x), respectively. Note, however,
thatt =t/, so that, since,y € B, we have that (R)y) < £(R;Yy), and hence
E(Rx) < &(R;x) for all x e C. We conclude from (1), (II) and (Ill) thaR is at
least as Arrow-Pratt inequality averseRis

We now show thaR is not at least aRD-inequality averse aR. Considerx
andy such that(xy, x,) = (120,785), (y1,Y¥n) = (100,800 andx; =y; = 240 for
alli=23,...,(n—1). Clearly,x <rp Y, butyPxwhile xP'y.

(c) That (iii) implies (i) follows from (b). That (i) implies (iii) follows from
Lemma 4.1 and the fact that, for any paiy € X, if x <rp Y, then condition[(4]2)
of Lemma 4.1 is met. ]

Proof of Lemma 4.2Ross (1981) shows (ii) to be equivalent to the condition: for
all x,y € X such thatx < vy, if x— mylylyy andx — m1nlyy, thenmy, > m,. We
consider the following condition:

for all x,y € X such that < vy, if yxlyy andyxly, theny, < %. 4.3)
If this latter condition is fitted into the proof of Ross instead of the former, it is

easily seen that they play the same role and are equivalent.
What remains to be shown is that the condition[in](4.3) is equivalent to (i).
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First we show tha{ (4]3) is equivalent to

for all x,X,y € X such tha ~| X, x <y, xlyy andx/l,y,

we haveu (x) < u(x'). (4.4)

It is immediate that] (4]4) implie$ (4.3). That (4.3) implies [4.4) follows from the
fact that if there exisk, X,y € X such thatx ~ X, x <y, xlyy andXl,y, then
there exists & € X and scalargy, %, such thaix = y,zandx = %,z Now, since
(4.4) is equivalent to (i) by Proposition 4.1, the required result follows. H

Proof of Proposition 4.3.Seeking a contradiction, suppose that, without loss of
generality,e > €’ and thatR;, is at least a4.-inequality averse aR.,. Then, by
Lemma 4.2, there exist a decreasing and concave funétidR, . — R and a
scalarA > 0 such that, foralt e R,

/

tlfé‘ tl*&‘
=A
1-¢ 1-¢

+ (1),

Decreasingness and concavityfoimply

df(t)

T:t—*f—m—ﬁ’go forallt e R, ., (4.5)
and

i) _ t (18 4 26t~ () <0 forallt e R 4.6
F——g +AE < oralt € Ixq . ( . )

From [4.5) and[(4]6) it follows that
A>tE€) forallte Ry, (4.7)

and e /
A< Et—@—ﬂ forallt e R, (4.8)

respectively. Since the functions— t~(¢—¢) andt — §t*(8*8’) mapR_ . onto
R, there exiss,t € R, such thas (=€) > £t~(¢-¢) By consequencel,
cannot satisfy bott (4.7) and (#.8) and we have a contradiction. |

Proof of Proposition 4.4.Equivalence of (iii) and (v): That (v) implies (iii) is
immediate. We prove using contraposition that (iii) implies (v). Suppgdsea
monotonic SWO for which (v) is not true, that Rjs not weakly maximin. Then,
there is a paik,y € X, wherex; > Y1, such thayRx SincexRx 1, by reflexivity
and monotonicity, we have by transitivity thgRx 1, while notx;1, <y and
x11n <m Y. Hence, (iii) is not true foR.
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Equivalence of (i) and (iii): That (iii) implies (i) is immediate. We prove using
contraposition that (i) implies (iii). Suppose thiis a monotonic SWO for which
(iii) is not true, that is, there is a patry € X such that nok < y andx <y y, while
yRx Now, take any monotonic SW& such thaxP'y. Clearly,Ris not at least
as inequality averse d&&¥ according to théM-concept. Hence, (i) is not true f&

Equivalence of (iv) and (v): We first show that (v) implies (iv). bey € X
be any pair such that net< y andx <rpy. Suppose, first, that (x) > u(y).
Then, there must be anc N such that% > 1. Since alsax <rp Yy, we have
% > 1. HencexPyfor any weakly maximin SWQ@R. Suppose alternatively that
1(X) < u(y). Then, becausg <rp Yy, X1 <Yy would imply that)’% < 1 for all
leN and% < 1 for at least oneé € N and, hence, that < y which contradicts
our premise. By consequencg,> y; andxPyfor any weakly maximin SWQ@QR.
Since (iv) implies (iii), becauseiy C<rp, and (iii) implies (v), as shown above,
it follows furthermore that (iv) implies (v).

Equivalence of (ii) and (iv): The proof is very similar to that of the equivalence
of (i) and (iii) and is therefore omitted. [ |

Proof of Proposition 4.5. Take anyx,y € X such thatx; < xo < X3 andy =

(Axl,l%,l%, ... ,A%) where) is a positive scalar. For any allowed
value ofA, we havey <| x. Wheneveil = 1, thenyPxby Lorenz consistency. By
continuity and monotonicity, there is an infinite numbeAsfsuch that & A < 1
andyPx Now, for any sucht we have thax s strictly preferred ty by all weakly

maximin SWOs. [ |

Proof of Proposition 4.7SupposeR is a monotonic SWO that is more inequality
averse than leximin. Then, there is some payrc X such thatx < y, xRyand
leximin strictly prefersyto x. By the latter condition, we have that, either xax
y1, or (b) there is & > 1 such that, forali=1,2,..., (k— 1) we have =y; while
Xk < Yk- Now, consider @ € X such that, in case (a; <z <y; andz= z1, and,

incase (b)z=x=yiforalli=212... (k—1), % <z < min{nz_‘n:k‘j:ql,yk} and
z =z foralli=(k+1),(k+2),...,n. Then, by monotonicityyPz and hence by
transitivity xPz Now, z < x and leximin strictly preferz to x. By consequence,

Ris not more inequality averse than leximin and we have a contradiction.ll

Proof of Proposition 4.8.Proposition 4.4 implies that a monotonic SWRcan
only satisfy the condition stated in the proposition if it is weakly maximin. Next,
take an income distributione X wherex; < X < X3. By minimal invariance there
must be som#& < X such thak’' > xandx < x'. Now consider ai such thak; <

y1 < X, Y2 < X2 < X5, andxz < x5 < ys. Clearly, for any weakly maximin SWO
R, we haveyPxandx'Py. Now, supposex is an inequality quasi-ordering that
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satisfies the condition specified in the proposition. Theny/, y < x since noty >
x, andx’ < ysince not’ >y. The IQO is intransitive, which is a contradictionll
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Connection between Chapters 4 and 5: In Chapter 4 (as well as in Chapter 3),
concepts of inequality aversion were used to determine the class of extremely in-
equality averse social welfare orderings. An alternative egalitarian approach is
to focus on a particular basic inequality decreasing transformation and demand
that the social welfare ordering always considers the transformation as welfare
increasing. In Chapter 5, we study Hammond equity, which is a famous exam-
ple of an axiom in this spirit. We argue that Hammond equity is too demanding
as a general egalitarian principle because it sometimes forces social welfare or-
derings to make choices over pairs of income distributions that cannot be ranked
using the Lorenz inequality criterion. This critique is in a sense the counterpart
of the critique of the Arrow-Pratt criterion in Chapter 4: there we argued that
the Arrow-Pratt concept is not demanding enough because in comparing social
welfare orderings it does not use all pairs of income distributions that can be
ranked using the Lorenz inequality criterion. We introduce in Chapter 5 a modi-
fied version of Hammond equity which does not share the mentioned shortcoming
of Hammond equity. This new axiom is then used to characterize once again the
weakly maximin class (Proposition 5.1), and, moreover, to characterize maximin
(Theorem 5.1), which is a prominent member of this class.
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Chapter 5

A Characterization of Maximin

This chapter is based on joint work with Erwin Ooghe.

5.1 Introduction

Maximin and leximin are two well known social rankings which give priority to
the worst off. Leximin receives considerable attention in the axiomatic social
choice literature—see, e.g., Sen (1986), and more recently Bossert and Weymark
(2004) and d’Aspremont and Gevers (2002), for excellent overviews. Among the
many available characterizations, we mention Hammond’s (1976) seminal one,
in which an equity axiom—Hammond equity—is reconciled with the standard
axioms anonymity and strong Pareto.

Contrary to leximin, maximin traditionally receives very little attention—e.g.,
none of the above overviews provides a characterization of maximin. In the con-
text of Hammond'’s characterization of leximin, maximin is often just quoted as
an example of a different rule that also satisfies Hammond equity. In addition,
maximin satisfies anonymity and—contrary to leximin—continuity, but only weak
Pareto instead of the more demanding strong Pareto. As far as we know, no at-
tempts have been made to characterize maximin along this line. Roemer (1996, p.
35) characterizes maximin on the basis of a strong information invariance require-
ment (allowing only ordinal measurability and full comparability of utilities). In
a recent contribution, Segal and Sobel (2002) provide a joint characterization of
maximin, maximax and the sum of utilities rule using a partial separability ax-
iom[]

Our main contribution is to provide the characterization of maximin alluded

ILauwers (1997) characterizes the related infimum rule in the context of social choice with in-
finite populations. For choice under uncertainty, a characterization of maximin has been provided
by Barbea and Jackson (1988).

95
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to above, i.e., on the basis of anonymity, continuity, weak Pareto and Hammond
equity. In addition, we (i) show that this characterization result remains valid
under a weaker and possibly more interesting set of axioms, and (ii) present an
alternative characterization of leximin along this way.

5.2 Preliminaries

The problem of social choice concerns the determination of a ranking of all possi-
ble alternatives open to society. A society consists ©Ny individuals, gathered
inasetN={1,...,i,...,n}. In line with the so called welfarist doctrine, the dif-
ferent alternatives for society are represented by individual utility vectors, denoted
by u= (ug,...,un) € R". Let (ux),U),...,Un) be a permutation of the utility
vectoru such thatu(l) <Up) < < Uy The idea of a social ranking is cap-
tured by a binary relatioR (‘is at least as good as’) dR". The asymmetric and
symmetric parts oR are denotedP (‘is better than’) and (‘is equally good as’),
respectively. We assunieto be a quasi-ordering, i.e., a reflexive and transitive
(but not necessarily complete) relation.

We can now define maximin. A quasi-orderiRgnRR" is maximinif and only
if, for all u,v € R",

uRvif and only if u gy > v(q).

Maximin is obviously a complete quasi-ordering: it fully corresponds with the
ranking of the worst off. We note that maximin is a member of the class of weakly
maximin quasi-orderings. A quasi-orderiR@nR" is weakly maximirf and only
if, for all u,v € R",

if U1y > v(q), thenuPv.

To characterize maximin, we need to define some axioms. The first four ax-
ioms are well known. Anonymity requires that the identities of the individuals do
not matter.

Anonymity. For allu e R", ulJ/, with U’ any permutation of1.

Continuity ensures, loosely speaking, that small changes in a utility vector can
only cause small changes in its social ranking with respect to other utility vectors.

Continuity. For allu € R", if a sequence of vecto(srk)keNo converges to and
we haveuR\ (respectivelyyRu) for all k € No, thenuRv(respectivelyyRy P

2Contrary to the version of the continuity axiom used in Chapters 3 and 4, the version in this
chapter is suitable also for incomplete relations. For complete relations, the two versions are
equivalent.
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Weak Pareto demands that an increase in the utilities of all individuals is con-
sidered as an improvement.

Weak Pareto. For allu,ve R", if u; > v; for all i € N, thenuPv.

According to Hammond equity, social welfare should (weakly) increase when-
ever the utilities of two individuals become more equal while keeping the other
utilities constant.

Hammond Equity. For allu,ve R", if vi < u; < uj < v; for somei, j € N, and
ug = vk forall k #1, j, thenuRv

We wish to introduce an alternative equity axiom. It is convenient to first point
out what some may consider to be a shortcoming of Hammond equity. Hammond
equity is not an egalitarian principle in the following sense: if Hammond equity
implies uRvfor some utility vectoras andv, then it is not necessarily the case
thatu is less unequal tham according to the Lorenz criterion, the strongest in-
equality concept to enjoy wide acceptance. For example, for the utility vectors
u=(10,21,2240) andv = (10,20, 30,40), Hammond equity impliesRy, butu
does not Lorenz dominate Furthermore, sinca does not Lorenz dominate
there exist Lorenz consistent inequality measures which indicaigheer level
of inequality foru than forv. In other words, Hammond equity would force an
egalitarian who defines inequality using such an inequality measure to prefer the,
in her opinion, more unequal alternativeoverv. Therefore, it may be interest-
ing to consider a new axiom, modified Hammond equity, which, in contrast to
Hammond equity, qualifies as an egalitarian principle in the above sense. Modi-
fied Hammond equity says that if there is exactly one worst off individual and all
those better off have equal utility levels, then society must weakly approve of any
change that increases the utility level of the worst off (such that this individual
remains the worst off) and decreases the utility levels of all the best off (such that
they all remain the best off).

Modified Hammond Equity. Forallu,ve R", if v(;) <ug) <Up) =Ug ==
Umn) <Vi2) =V@) == V) thenuRv.

It can straightforwardly be established that if modified Hammond equity im-
pliesuRvfor any utility vectorsu andv, thenu strictly Lorenz dominates. Also,
it is important to note that if transitivity is given, Hammond equity implies modi-
fied Hammond equity. By consequence, in the present context of quasi-orderings
modified Hammond equity can be treated as a weakening of Hammond equity.
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5.3 Result and Discussion

Our main result says that maximin is characterized by anonymity, continuity, weak
Pareto and Hammond equity, and that an alternative characterization is obtained
if Hammond equity is replaced by modified Hammond equity.

Theorem 5.1. Let R be a quasi-ordering oR". Then, the following three state-
ments are equivalent:

() Ris maximin;
(i) R satisfies anonymity, continuity, weak Pareto and Hammond equity;

(i) R satisfies anonymity, continuity, weak Pareto and modified Hammond eq-
uity.

Before we prove Theorem 5.1, we consider two intermediate results that are
interesting in their own right, and are therefore presented as propositions. The
first proposition says that, if anonymity is given, then weak Pareto and modi-
fled Hammond equity characterize the class of weakly maximin quasi-orderings.
Anonymity has to be given because not all weakly maximin quasi-orderings sat-
isfy this axiom.

Proposition 5.1. Let R be a quasi-ordering oR" that satisfies anonymity. Then,
R satisfies weak Pareto and modified Hammond equity if and only if R is weakly
maximin.

Proof. It is easy to verify that any weakly maximin quasi-ordering satisfies weak
Pareto and modified Hammond equity. Therefore, we concern ourselves only with
the reverse implication. Suppogis any quasi-ordering oRR" which satisfies
anonymity, weak Pareto and modified Hammond equity. Consider, moreover, any
two vectorsu,v € R".

We have to show that ifi;) > v(1), thenuPv. Note that it is possible to con-
struct vectorsy, z € R" such that

Vi) <Wy <Z1) <Zz) =+ = Zn) < Uy < Max{Um), Vi } <Wg) = =Wp).

Using anonymity, weak Pareto and transitivity, we havgz and wPv. Using
modified Hammond equity, we also hax®w Hence, we obtainPvby transitiv-
ity. |

We note that Tungodden (2000) presents a weaker version of Proposition
5.1. He shows that anonymity, strong Pareto and a stronger axiom than mod-
ified Hammond equity (but also weaker than Hammond equity) imply that the
guasi-ordering must be weakly maximin.

Our second proposition identifies maximin as the only weakly maximin quasi-
ordering that satisfies continuity.
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Proposition 5.2. Let R be a quasi-ordering oR". Then, R is weakly maximin
and satisfies continuity if and only if R is maximin.

Proof. It is easily verified that maximin satisfies continuity and is weakly max-
imin. Therefore, we consider only the reverse implication. Suppbseany
quasi-ordering ofR" which is weakly maximin and satisfies continuity. Consider,
moreover, any two vectorsv € R".

Since maximin is weakly maximin, what remains to be shown is that jf=
Vi), thenulv. Note that it is possible to construct two sequences of vectors

(Xk)kGNo and(yk) keNg with

1 1

E,...,un——).

x":(u1+},uz+},...,un+%) andyk:(ul—%,uz— .

k k

By construction, both sequences converge.td:urthermorex'(‘l) = Uy +% >
U1y = V(1) andy‘gl) =U(y) — £ < Ugz) = V(g for all k € No. Thus, using the fact that

Ris weakly maximin, we also hawéRvandvRyF for all k € Ng. Using continuity,
we getuRvandvRu and thusulv. [ |

We now prove Theorem 5.1 using Propositions 5.1 and 5.2.

Proof of Theorem 5.1It is immediate both that (i) implies (ii) and that (ii) implies
(ii). What remains to be shown is that (iii) implies (i). Suppd®é any quasi-
ordering onR" which satisfies anonymity, continuity, weak Pareto and modified
Hammond equity.

From Proposition 5.1 it follows that R satisfies anonymity, weak Pareto and
modified Hammond equity, then it is weakly maximin. Proposition 5.2 implies
that if R satisfies in addition continuity, then it is maximin. [ |

To conclude, we note that a characterization of leximin is obtained using the
axioms mentioned in statement (ii) of Theorem 5.1 but with continuity replaced by
separability—the latter axiom demands that the social ranking is independent of
the utilities of indifferent individual So, leximin is characterized by anonymity,
weak Pareto, modified Hammond equity and separability. We omit the formal
statement and proof of this result because a similar result has already been pre-
sented by Tungodden (2000)—to prove the result, he builds on his alternative
version of Proposition 5.1 that was mentioned above. This characterization of
leximin testifies of the fact that Hammond equity is not a purely egalitarian con-
cept but, rather, carries with it also instances of the idea of separability.

3For formal definitions of leximin and separability, see Chapters 3 and 4.
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Part Il

Inequality and the Claims Problem
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Chapter 6

Lorenz Rankings of Nine Division
Rules for Claims Problems

6.1 Introduction

Claims problems are distribution problems concerned with the allocation of an
amount of money (referred to as tketat¢ among a group of individuals who
typically have different entitlements (referred to@aimg and where the estate

falls short of the sum of the claims. Several distribution problems can be framed
as claims problems. In the taxation problem, the estate equals the sum of the pre-
tax incomes minus the desired tax revenue and the claims are the pre-tax incomes.
In the bankruptcy problem, the estate is the liquidation value of the firm and the
claims are the entitlements of the creditors. The literature on claims problems
focuses on the axiomatic study mflesthat associate with each claims problem a
division between the individuals of the estate (referred to asnsards vecto)E]

In this chapter, we analyze the Lorenz dominance relationships that exist be-
tween several well known division rules for claims problems. A glance at the
literature on the measurement of income inequality shows that the Lorenz domi-
nance relation is the most prominent criterion for making inequality comparisons
between distributior@. Our analysis will therefore enable us to compare rules
with respect to progressivity—a rule is more progressive than another rule if, for
any claims problem, the awards vector it selects is less unequal than that of the
other ruléd]

1For an extensive overview of the literature, see Thomson (2003).

2See Cowell (2000) and Lambert (2001) for overviews of this literature.

3See also Moreno-Ternero and Villar (2006), who compare the members of the so-called TAL
family of rules—a one-parameter family which encompasses the constrained equal awards rule,
the constrained equal losses rule and the Talmud rule—with respect to progressivity using the
concept of Lorenz dominance.
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Concretely, we analyze the Lorenz dominance relationships that exist between
the following nine well known division rules: the proportional rule, the con-
strained equal awards rule, the constrained equal losses rule, the Talmud rule,
Piniles’ rule, the constrained egalitarian rule, the adjusted proportional rule, the
random arrival rule and the minimal overlap rule. It is shown that several of these
rules can be characterized as most or least progressive among a class of rules of
which the members satisfy certain axioms. Thus, we provide a generalization of a
characterization in the same spirit of the constrained equal awards rule by Schum-
mer and Thomson (1997). The other characterizations along this line concern the
constrained equal losses rule, the Talmud rule, the constrained egalitarifin rule,
and Piniles’ rule. We also provide several results involving the other rules in order
to uncover the complete set of Lorenz dominance relationships that hold between
the nine rules.

The chapter is structured as follows. Section 6.2 introduces notation, defines
rules and axioms and defines and discusses the Lorenz dominance relation. In
Section 6.3, we provide the characterization results. In Section 6.4, we provide
several additional results in order to be able to give a detailed description of the
Lorenz relationships holding between the division rules. Section 6.5 concludes.
All proofs are relegated to Appendix 6.A.

6.2 Preliminaries

The set of individuals iN = {1,2,...,n} with n an integer greater than 1. Each
individual i € N has an associatadaim g € R. We letC = Jj-nyCi. A claims
problemis an ordered paifc, E) wherec = (Gi)ien € R is theclaims vector

E € R, is the estatewhich has to be divided among the members\pfand
whereC > E. The symbol% denotes the set of all claims problems. réle

is a functionR which associates with eadlt,E) € ¥ an element o'} such
that 5;cyRi(C,E) = E and 0< R(c,E) < CE| We refer toR(c,E) as theawards
vectorof rule Rfor (c,E). For any vectox € R}, we let(X1),X2), -, Xn)) be a
rearrangement of such thatx(l) <X < < Xy

In this chapter, we focus on nine division rules for claims problﬂibe rule

that is without a doubt the most often used in practice is the proportional rule,
which makes awards proportional to claims.

Proportional rule (P). For all (c,E) € €, we haveP(c,E) = Ac wherel solves
SienAC =E.

4A result also considered by Chun, Schummer and Thomson (2001).
SFor anyx,y € R, the vector inequalitx < y signifies that; <y, foralli=1,...,n.
8For a thorough discussion of the rules and axioms defined in this section, see Thomson (2003).
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The next two rules both implement the idea of equality, but in very different
ways. In the case of the constrained equal awards rule, all individuals receive
equal awards as long as their claim is not exceeded.

Constrained equal awards rule CEA). For all(c,E) € ¥ and alli € N, we have
CEA(c,E) =min{cj, A} wherel solvesy.ymin{ci,A} =E.

The constrained equal losses rule equalizes losseslegbaf an individual is
equal to her claim minus her award—instead of awards, under the condition that
no individual receive less than zero.

Constrained equal losses ruleQEL). For all (c,E) € ¥ and alli € N, we have
CELi(c,E) = max{0,ci — A} whereA solvesy .y max{0,ci—A} =E.

The Talmud rule specifies two different regimes depending on whether the
estate is smaller or greater than the sum of the half-claims. In the former case,
the formula of the constrained equal awards rule is used in the definition of the
Talmud rule and, in the latter case, that of the constrained equal losses rule is used,
in both cases applied to the vector of half-claims instead of to the claims vector
itself.

Talmud rule (T). For all(c,E) € ¢, we have

(i) if E < 3C, thenT(c,E) = CEA(3c,E); and
(i) if E> 3C, thenT(c,E) = 3c+CEL(3¢,E — 3C).

The four rules defined above constitute the classical rules for solving claims
problemsE] All rules subsequently defined are, as we shall see, in some way re-
lated to the Talmud rule.

The next two rules are equal to the Talmud rule whenever the estate is smaller
than the sum of the half-claims, but different whenever it is greater. Piniles’ rule
utilizes the formula of the constrained equal awards rule instead of that of the
constrained equal losses rule whenever the estate is greater than the sum of the
half-claims.

Piniles’ rule (Pin). For all(c,E) € ¥, we have

(i) if E < 3C, thenPin(c,E) = CEA(3c,E); and
(i) if E > 3C, thenPin(c,E) = 3c+CEA(3c,E — 3C).

The constrained egalitarian rule uses a different egalitarian procedure in the
case where the estate exceeds the sum of the half-claims.

"For a comparative study of these four rules, see Herrero and Villar (2001).
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Constrained egalitarian rule (CE). For all (c,E) € %, we have

(i) if E < 3C, thenCE(c,E) = CEA(3c,E); and
(i) if E> %C, then, for alli € N, CE(c,E) = max{%,min{c;,A}} whereA
solvesycymax{§,min{c;,A}} =E.

The last three rules we define in this section are equal to the Talmud rule
for claims problems with only two individuals, but may deviate othenﬁis‘ﬁo
define the adjusted proportional rule, we require the concept of a minimal right.
The minimal right of an individual is the part of the estate that is left for her if
the others are all compensated fully. Formally, for(alE) € ¥ and alli € N,
mi(C,E) = max{E — 3 jen\ (i1 Cj, 0} is the minimal right of individual. We let
m(c,E) = (m(c,E))ien. The adjusted proportional rule gives every individual
her minimal right and applies the proportional rule for allocating the remainder.

Adjusted proportional rule (A). For all(c,E) € ¢, we have

A(c,E) =m(c,E)

+P((min{ci —m(c,E),E— i mi(C.E)})icn E— S m,-(c,E)).
=1 =

For defining the random arrival rule, suppose the individuals arrive one at
a time and are completely compensated until the estate runs out. The division
selected by the random arrival rule is the average over all orders of arrival of the
awards vectors obtained in this way. Wellét denote the class of all bijections
that mapN onto itself.

Random arrival rule (RA). For all(c,E) € ¥ and alli € N, we have

RA(C,E) :% z min{c;, max{E — Z cj,0}}.
N 2&Rn JeN .7 (7)< (i)

To explain and formally define the minimal overlap rule, we assume that the
members olN are indexed such thai < c, < --- < c¢,. This can be done with-
out loss of generality since the rule—as all other rules defined in this section—is
symmetric. To understand the minimal overlap rule, regard individuals as claim-
ing specific parts of the intervél), E]. Each part is equally distributed among all
individuals claiming it. For instance, the intenj@l c;| is claimed by everyone,
and so everyone ge§$. The interval(cy, cy] is claimed by everyone except indi-

vidual 1, and so each memberfi {1} receives in additio’2=3*. This process

8See Thomson (2003). The two-individual version of the Talmud rule and these three rules is
conventionally referred to as tleentested garment ruler asconcede-and-divide
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continues until the entire intervéd, E| is covered. If there are individuals who
have claims higher than the estate, then their claims are simply truncated by the
estate. If, on the other hand, there are no individuals who have claims higher than
the estate, then a scatas sought such that all individuals with claims higher than

t exclusively claim a specific part of the intervaJ E].

Minimal overlap rule (MO). For all (c,E) € ¢, we have

(i) if ¢ > E for somei € N, then, foralli € {j e N | ¢j < E},

Ci C—C Ci—Ci—1
Gi(CE)=—+——7 + +n_(|_1)
and, forallie {jeN|c; > E},
Cp C—C Ck1—Ck2 E—-C
MO;(c,E) = — ’
(B =0ttt Jrn—(k—2) n—(k—1)

wherek =min{j € N | c; > E}; and
(i) if ¢ <EforallieN,then,forallie{jeN|cj<t},

Ch C—C CG—C-
Oi(c,E) e i +n_(|_1)
and, forallie {j e N|c; >},
Ci C—C Ck-1—Ck—2 t—0Ck1
(CB) =T+ F +n—(k—2)+n—(k—1)+ '

wheret solvesy i rjenie;>t) (6 —t) = E—tandk=min{j € N|cj > t}.

In our analysis we make use also of several axioms. Order preservation re-
quires that if an individual has a higher claim than another, then she should get a
higher award and should carry a greater absolute loss.

Order preservation. Forall(c,E) € ¢ and alli, j € N, if ¢ > ¢j, thenRi(c,E) >
Rj(c,E) andci — Ri(c,E) > ¢; — Rj(c,E).

Resource monotonicity demands that if the estate increases, then all individu-
als should receive at least as much as they did initially.

Resource monotonicity.For all (c,E) € ¢ and for allE’ € Ry, if C>E’ > E,
thenR(c,E’) > R(c,E).

Super-modularity requires that if the estate increases, then individuals with
higher claims should receive a greater part of the increment than those with lower
claims.
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Table 6.1.Satisfaction of Axioms

Axiom P CEA CEL T Pin CE A RA MO
Order preservation yes yes yes yes yes yes yes yes yes
Resource monotonicity yes yes yes yes yes yes yes yes Yyes
Super-modularity yes yes yes yes yes NO yes yes yes
Midpoint property yes NO NO yes yes yes yes yes NO

Super-modularity. Forall(c,E) e ¢,allE' e R, andalli,jeN,ifC>E >E
andc > cj, thenR (c,E’) — R (c,E) > Rj(c,E’) — Rj(c,E).

The midpoint property, finally, says that if the estate is equal to the sum of the
half-claims, then every individual should get its half-claim.

Midpoint property. For all(c,E) € ¢ such thaE = 3C, we haveR(c,E) = 3c.

Table 6.1 indicates which axioms are satisfied by each of the nine rules defined
in this section. The only results that are not well established in the literature, are
those saying that the midpoint property is satisfied by the adjusted proportional
rule and the random arrival rule. However, these results easily follow from the
fact that the adjusted proportional rule and the random arrival rule are self-dual—
self-duality requires that, for allc,E) € ¢, we haveR(c,E) = c— R(c,C — E)ﬂ
If 2E = C, then we have R(c,E) = c for all self-dual rules, and hence all these
rules satisfy the midpoint property.

The objective of this chapter is to provide a description of the Lorenz domi-
nance relationships that hold between the nine rules defined above. In the litera-
ture on income inequality measurement, it is broadly accepted that if a wector
Lorenz dominates a vectgr thenx is less unequally distributed than—if the
means and dimensions rfandy are equal, thex can be obtained fromg by a
finite number of richer to poorer transfers (and permutatis).

For a formal definition of Lorenz dominance, take agy € R such that
X =3 ,Vi. We say thak Lorenz dominatesiyand only if

k k
Xin >y Yy forallk=1,2....n—1.
PRUEDRE

We say thak strictly Lorenz dominatey if and only if, moreover, at least one of
these inequalities holds strictly. Obviously, for any € R" such thaty! ;X =

9This is well known for the random arrival rule. For the adjusted proportional rule, self-duality
can be easily checked using the rule’s relation to the proportional rule and Theorem 9 in Thomson
(2003).

10see, for instance, Cowell (2000) or Lambert (2001).
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SiL1Yi, if x Lorenz dominatey and (X1, X2), X)) 7 (Y(1)>Y(2)>" " »Yn)):
thenx strictly Lorenz dominatey.

In what follows, we frequently call a rulR more progressive thaa rule R
if and only if R(c,E) Lorenz dominate®R (c,E) for all (c,E) € ¥. We callR
strictly more progressive thaR' if and only if, moreoverR(c,E) strictly Lorenz
dominatesR(c, E) for some(c,E) € ¢. Similar statements will be used whenever
these Lorenz relationships hold only for all claims problems in a sub-do#iain
.

To conclude this section, we consider a remark that describes two useful prop-
erties of the Lorenz dominance relation. The remark says that if a rule is more
progressive than another, then, for each claims problem, its awards vector has (i)
a greater minimal component and a smaller maximal component, and (ii) a lower
variance than the awards vector of the other rule. We do not provide a proof of the
remark as it is easily established.

Remark 6.1. Let R and R be two rules such thaR(c,E) Lorenz dominates
R(c,E) forall (c,E) € ¥ C . Forall(c,E) € ¢, we have

() Ru(c,E) > R(c,E) andRy(c,E) <R;(c,E) ; and
(i) the variance is at least as low f&c,E) as forR/(c, E)E]

Of course, statement (i) in Remark 6.1 ensures that the range—defined as the
absolute difference between the minimal and maximal components of the vector
in question—is also always lower for the awards vectors of the more progressive
rule. Remark 6.1 will enable us to link two of our characterization results in the
next section to results of Schummer and Thomson (1997) and Chun, Schummer
and Thomson (2001).

6.3 Characterizations

The constrained equal awards rule, the constrained equal losses rule, the con-
strained egalitarian rule, Piniles’ rule and the Talmud rule can be completely char-
acterized as the rules that are most or least progressive among all rules satisfying
particular axioms.

Not surprisingly, the constrained equal awards rule and the constrained equal
losses rule form the two extreme positions with respect to progressivity. The
former is most progressive among all rules.

Proposition 6.1. Let R be any rule. For alic,E) € ¥, CEA(c,E) Lorenz domi-
nates Rc,E).

Hstatement (i) holds for all inequality measures that are symmetric functions and satisfy the
transfer principle. See Chapter 2 for several examples besides the variance.
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Proposition 6.1 is related to two characterizations of the constrained equal
awards rule by Schummer and Thomson (1997, Propositions 3 and 4). Their two
results state that, for all claims problems, respectively the range and the variance
of the awards vector of the constrained equal awards rule are smaller than for all
other rules. Using Remark 6.1, it is easily seen that Proposition 6.1 generalizes
these results.

The constrained equal losses rule is the least progressive rule among all rules
satisfying order preservation. Remember that all rules that we have defined in the
previous section satisfy this axiom.

Proposition 6.2. Let R be any rule that satisfies order preservation. For all
(c,E) € €, R(c,E) Lorenz dominates CEL,E).

The following characterization of the constrained egalitarian rule is equivalent
to a result proven by Chun, Schummer and Thomson (2001, Theorem 3). It says
that the constrained egalitarian rule is most progressive among all rules satisfying
resource monotonicity and the midpoint property. We state the result for the sake
of completeness and provide a significantly different proof.

Proposition 6.3. Let R be any rule that satisfies resource monotonicity and the
midpoint property. For allc,E) € ¥, CE(c,E) Lorenz dominates [, E).

Chun, Schummer and Thomson (2001, Theorems 1 and 2) also provide char-
acterization results for the constrained egalitarian rule in terms of the range and
the variance, analogous to those of Schummer and Thomson (1997) for the con-
strained equal awards rule mentioned above. Again, using Remark 6.1, itis easily
seen that Proposition 6.3 implies these alternative results.

From Proposition 6.3, it follows that the constrained egalitarian rule is more
progressive than Piniles’ rule. As mentioned in the previous section, the former
rule does not satisfy super-modularity whereas the latter does. The following
result shows that, if super-modularity is demanded in addition to resource mono-
tonicity and the midpoint property, then Piniles’ rule is the most progressive rule
available.

Proposition 6.4. Let R be any rule that satisfies the midpoint property.

(i) If R satisfies in addition resource monotonicity, then, fofalE) € ¥ such
that E < %C, Pin(c,E) Lorenz dominates [, E); and

(i) if R satisfies in addition super-modularity, then, for @lE) € ¥ such that
E> %C, Pin(c,E) Lorenz dominates R, E).

Note that statement (i) in Proposition 6.4 immediately follows from Proposi-
tion 6.3.
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Since the Talmud rule is equivalent to the constrained egalitarian rule and
Piniles’ rule in the case where the estate is smaller than the sum of the half-claims,
it follows from Proposition 6.3 and 6.4 that the Talmud rule can be interpreted as
being rather egalitarian in that case. However, as the following result shows, the
Talmud rule goes to the other extreme whenever the estate exceeds the sum of
the half-claims. Among all rules satisfying order preservation, resource mono-
tonicity and the midpoint property, the Talmud rule is the most progressive rule in
the case where the estate is smaller than the sum of the half-claims, but the least
progressive rule in the other case.

Proposition 6.5. Let R be any rule that satisfies resource monotonicity and the
midpoint property.

(i) Forall (c,E) € ¢ suchthat E< %C, T(c,E) Lorenz dominates(®, E); and

(i) if R satisfies in addition order preservation, then, for @lE) € € such
that E> 1C, R(c,E) Lorenz dominates [, E).

Again, statement (i) in Proposition 6.5 is an immediate corollary of Proposi-
tion 6.3.

Proposition 6.5 is the last of our characterization results. In the next section,
we consider several results that help to complete the picture with respect to the
Lorenz dominance relationships holding between the nine defined rules.

6.4 Rankings

Although the characterization results of the previous section allow us to rank quite

a few rules on the basis of Lorenz dominance, they do not allow us to rank all of

them. In this section, we first provide the additional results that are required to

complete the ranking, and then summarize all results in a number of diagrams.
First consider two lemmas.

Lemma 6.1. For all (c,E) € ¢, ifci1+Co+---+Ch_1 < E <y, then A(C,E) =
sciforalli € N\ {n}.

Lemma 6.2. For all (c,E) € ¥,

(i) if ci > E for some ie N, then MQ(c,E) < § foralli € {j e N |c; <E};
and

(i) ifci <EforallieN, then MQ(c,E) < % foralli € {j € N|cj <t}, where
t solvesy icfjenie;>t) (G —t) =E—t.
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The following proposition shows that the adjusted proportional rule is more
progressive than the proportional rule if the estate is smaller than the sum of the
half-claims, and less progressive otherwise.

Proposition 6.6. For all (c,E) € ¢,

(i) if E < 3C, then Ac, E) Lorenz dominates [, E); and
(i) ifE > %C, then Rc,E) Lorenz dominates (&, E).

The final three propositions deal with rankings of the minimal overlap rule
against other rules. The following result casts the minimal overlap rule as a rather
non-egalitarian rule whenever the estate is greater than the sum of the half-claims.
In that case, the minimal overlap rule is less progressive than each member of
the class of rules satisfying order preservation, resource monotonicity and the
midpoint property. Note that the minimal overlap rule does not itself satisfy the
midpoint property.

Proposition 6.7. Let R be any rule that satisfies order preservation, resource
monotonicity and the midpoint property. For dlt,E) € ¢ such that E> %C,
R(c,E) Lorenz dominates M@, E).

It follows immediately from Proposition 6.7 that the adjusted proportional rule
and the random arrival rule are more progressive than the minimal overlap rule
whenever the estate is greater than the sum of the half-claims. The following
result says that, for the adjusted proportional rule, this is also true whenever the
estate is smaller than the sum of the half-claims.

Proposition 6.8. For all (c,E) € ¢ such that E< %C, A(c,E) Lorenz dominates
MO(c,E).

Whenever the number of individuals is four or less, a similar result holds for
the random arrival rule.

Proposition 6.9. Let n< 4. For all (c,E) € % such that E< %C, RACc,E) Lorenz
dominates MQxc,E).

It is an open question whether it is possible to generalize this result to all sizes
of N.

To conclude, we present several diagrams which make use of Propositions 6.1
to 6.9. These diagrams summarize in detail the Lorenz relationships that hold
between the nine division rules considered in this chapter. As Figure 6.1 shows,
the Lorenz ranking is incomplete: there are several mlasdR such that neither
is R more progressive thaR, nor isR more progressive thaR. Appendix 6.A
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An arrow fromR to R’ indicates that, for al(c,E) € 4, R(c,E) Lorenz dominates

R (c,E). The absence of an arrow indicates either that there is no Lorenz relationship,
or that a Lorenz relationship can be established using transitivity. The arrowxwith
indicates a relationship that has only been establisheul o4.

Figure 6.1. Lorenz Rankings of Nine Division Rules

presents examples for the incomparabilities that cannot be established using the
propositions.

The Lorenz ranking is much less incomplete if attention is restricted to claims
problems where (a) the estate equals the sum of the half-claims, (b) the estate is
strictly smaller than the sum of the half-claims, or (c) the estate is strictly greater
than the half-claims. Figure 6.2 deals with these three sub-domaias dh
case (a), several rules select the same awards vector due to the midpoint property.
Moreover, note that in this case all rules can be ranked on the basis of the Lorenz
dominance relation. With respect to case (b), note that there are only three cases
of incomparability. In case (c), there are only two cases of incomparability, both
involving the random arrival rule.

Finally, we note that, by Remark 6.1, the ranking results presented in Figures
6.1 and 6.2 can straightforwardly be used to compare rules with respect to the
sizes of the minimal and maximal components of their awards vectors, or with
respect to the variance of their awards vectors. For instance, it can be directly
seen from Figure 6.1 that, for each claims problem, say, the minimal component
of the awards vector of Piniles’ rule is greater than that of the Talmud rule, which
in turn is greater than that of the minimal overlap rule.

6.5 Conclusion

In this chapter, we have studied the Lorenz dominance relationships that hold be-
tween nine well known division rules for claims problems. It was shown that the
constrained equal awards rule, the constrained equal losses rule, the constrained
egalitarian rule, Piniles’ rule and the Talmud rule can be characterized as most
or least progressive among a class of rules satisfying certain axioms. We also
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CEA—> P=T=Pin=CE=A4=RA MO CEL

(@ E=30

A — P
CEA —> T=CE = Pin / \MO>¢ CEL
N

(b) (E < 5C)

P —>4 \
CEA —> CE —> Pin / T —> MO —> CEL

N

() E>30)

An arrow fromR to R’ indicates that, for al(c,E) € ¥ with either (a)E = %C, (b)

E < 1C, or (¢)E > 1C, R(c,E) Lorenz dominate® (c,E). An equality sign between

R andR indicates equality of the awards vectorsRandR’ for the given restricted
domain. The absence of an arrow indicates either that there is no Lorenz relationship,
or that a Lorenz relationship can be established using transitivity. The arrowswith
indicates a relationship that has only been establisheal f04.

Figure 6.2. Lorenz Rankings of Nine Division Rules over Restricted Domains

provided results on Lorenz dominance rankings involving the other rules: the
proportional rule, the adjusted proportional rule, the random arrival rule and the
minimal overlap rule. The analysis revealed that, in describing the Lorenz dom-
inance relationships holding between the nine rules, it is interesting to consider
separately the sets of claims problems for which the estate is smaller than, equal
to, and greater than, the sum of the half-claims, respectively. Over each of these
three sub-domains, we obtained an almost complete Lorenz dominance ranking
of the considered rules.
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Appendix 6.A: Proofs

In all proofs except those of Propositions 6.1 to 6.5, we assume for convenience
that individuals are indexed such tltat< ¢, < --- < ¢, for all consideredc,E) €

¢ . We can assume this without loss of generality because the proofs in question
only deal with symmetric rules.

Proof of Proposition 6.1Seeking a contradiction, I&be a rule and lefc, E) € ¢
be such thaCEA(c,E) does not Lorenz dominat(c, E). From the definition of
the constrained equal awards rule, we have that there eXxi€h andu > 0 such
that tor all _

_ ) cp oralli=1,...,];

CEAi)(cB) = { u<cgforalli=j+1,...n

SinceCEA(c,E) does not Lorenz dominat(c, E), it must be the case that there
exists & > 1 such that

R(]_) (C, E) + R(Z) (C, E) + R(k) (C7 E)
> CEA)(C,E) +CEA, (C,E) +--- +CEAy,(c,E).

By consequence, for sonte< k, we haveR,(c,E) > CEAy(c,E). Obviously,
CEA (c,E) = 1 because otherwisB ) (c,E) > c,). Now, there must also be
anm > k such thatR ) (c,E) < CEA, (¢, E) since we requirg iy Ri(C,E) =
YieNCEA(C,E). However, becaus€EA, (C,E) = u, Ry)(C,E) > Ry (c,E)
while £ < m, and we have a contradiction. |

Proof of Proposition 6.2Seeking a contradiction, I&be a rule that satisfies order
preservation and lefc,E) € ¢ be such thaR(c,E) does not Lorenz dominate
CEL(c,E). From the definition of the constrained equal losses rule, we know that
there existj > 0 andu > 0 such that

{0 foralli=1,...,]j;
CEL<i)(C,E)—{C(i)_‘u>0foralli:j—|-1,...,n.

BecauseR(c,E) does not Lorenz dominateEL(c,E), there must exist & > 1
such that

R(l) (c,E)+ R(z) (C,E)+---+ R(k)(C, E)
< CEL(J_)(C, E) +CEL(2)(C, E) + - +CEL(k)(C, E)

So,R)(c,E) < CEL(c,E) for somel < k. Note that it must be the case that
CEL)(c,E) = ¢y — 1 because otherwisg(c,E) < 0. Now, there is also an
m> ksuch thaRy (C,E) > CELm)(c,E) sinceycnRi(C,E) = ¥ienCEL(C, E).
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We also haveCELy (c,E) = ¢y — u. Sincec) — Ry (¢,E) > p > ¢y —
Rm)(C,E) while ¢m) > ¢y, R violates order preservation and we have a con-
tradiction. [

Proof of Proposition 6.3.Seeking a contradiction, I® be a rule that satisfies
resource monotonicity and the midpoint property anddeE) € ¢ be such that
CE(c,E) does not Lorenz dominat(c,E).

Suppose first thaE > %C. From the definition of the constrained egalitarian
rule, we have that there exigt> 0,k > j andu > 0 such that

C(i) foralli=1,...,];
CE(i)(C,E): [(.:L.< Cii) foralli=j+1,....k
2 >p foralli=k+1,....n

SinceCE(c,E) does not Lorenz dominaf&(c,E), it must be the case that there
exists ary > 1 such that

R(l) (c,E)+ R(Z) (C,E)+---+ R(g) (c,E)
> CE(l)(C, E) —|—CE<2)(C, E)+--- +CE(Z)(C, E).

By consequence, there exists an< ¢ such thatRy (¢,E) > CEy(C,E). It

must be the case th&@Ey (c,E) is equal either tqu or to C(—g‘) because other-
wise Ry (C, E) > ¢(m). Now, there must also exist@> ¢ such thaR ;) (C,E) <
CEp)(c,E) sinceJicnRi(C,E) = ¥ienCE(C,E). If CEp)(c,E) = 1, then also
CEm)(c,E) = u, so thatR ) (¢, E) > R (¢, E) while m < p and we have a con-
tradiction. IfCE(c,E) = C(—Zp) thenR ) (C,E) < C(—2p> which is excluded by the
joint use of resource monotonicity and the midpoint property, and again we have
a contradiction.

The proof for the case wheke < %C uses lines of reasoning very similar to
those used in the proof for the case whErg %C and those used in the proof of
Proposition 6.1, and is therefore omitted. |

Proof of Proposition 6.4.We first consider part (ii). Seeking a contradiction,
let R be a rule that satisfies the midpoint property and super-modularity and let
(c,E) € € be such thak > %C and such thaRin(c, E) does not Lorenz dominate
R(c,E).

From the definition of the Piniles’ rule, we know that there exist 0, and
u > 0 such that

. C(i) foralli=1,...,];
- tu<cg forali=j+1,....m
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SincePin(c,E) does not Lorenz dominaf(c,E), it must be the case that there
exists ak > 1 such that

R(l) (c,E)+ R(Z) (C,E)+---+ R(k)(C, E)
> Pin(l) (C, E) + Pin(z) (C, E) +-+ Pin(k) (C, E)

So, there is arf < k such thaR(c,E) > Pin(,(c,E). Note thatPin)(c,E) =

C(—Zf’) + u since otherwisdRy(c,E) > ¢,). There must also be an > k such that
Rim)(C,E) < Piny (c,E) becausgicnRi(C,E) = Yien Pini(c,E). Of course, we
also havePiniy (C,E) = C<—£") + u. The midpoint property implies th&{(c, %C) =

%9. Hence, we havB((c,E) — Ry (c, 5C) > p andR (c,E)—Rm(c. 3C) < e
Sincecy) > ¢, we have a violation of super-modularity and thus a contradiction.

Part (i) deals wit{c,E) € % such that < %C. Since, for all suclic,E) € ¥,
Pin(, (c,E) = CEy)(c,E), we refer to the proof of Proposition 6.3. [ |

Proof of Proposition 6.5The proof uses ideas which are very similar to the ones
used in the proofs of Propositions 6.1 to 6.4 and is therefore omitted. @H

Proof of Lemma 6.1Take any(c,E) € ¥ such that; +Cx+---+ch—1 < E < Cp.
We consider only the case where there is somé \ {n} such that; > 0 since
the result is trivially true for other cases.
Note that, since; +c, < Cforalli € N\ {n}, we have that <E— (E—C+
cy) foralli € N\ {n}. The latter is equivalent to
n

¢—m(c,E)<E Z (c,E) forallieN\{n}, (6.1)
=1

sincec, > E implies thatmi(c,E) = 0 for alli € N\ {n} and sincem,(c,E) =
E — C+c, > 0. Moreover, we have
n
Ch—Mn(C,E) = E— % mj(c,E), (6.2)
sincec, > E. Given [6.]) and[(6]2), the definition of the adjusted proportional
rule yields, for alli € N\ {n},

Ai(c,E) =R ((c1,C2,...,Cn-1,E —Mn(C,E)); E —mn(c, E))

B E—(E-C+cn) c
"~ Sien(n}G+E—(E-C+cy) "
“2(C—cpy)

Gi
=, n
2
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Proof of Lemma 6.2The proofs of parts (i) and (ii) are very similar. Therefore,
we only prove part (i).

Take any(c,E) € ¢ for which there is at least onie= N for whichc¢; > E. For
allie{jeN|cj<E},

_ _ G -G C—-C G 1-GC-2 C—C-1
MOICE) =1+ —7 + 72 n—(i—-2) n—(i—1)
. Ci—V
S n—(i-1)
where
—(i-1 —(i-1 —(i-1 —(i-1 —(i-1
v= - e - [F - s ae - M - e

We havev > 0. Note, moreover, that< n—1 for alli € {j € N| ¢; < E}. Hence,
we have that, forall€ {j e N|c; < E},
CG—V < n—(i—l).
c 2

From this it follows that, for all € {j € N | c; < E},

Ci—V Ci

MOi(C,E) = m < E

Proo{ of Proposition 6.6 We first prove part (i). Take anfc,E) € ¢ such that
E <5C.

V\?e first consider the case wherg(c,E) = 0. In that casem(c,E) = 0 for all
i € N. We then haveA(c,E) = P((min{c;,E})ien,E), which Lorenz dominates
P(c,E).

Second, we consider the case whegéc, E) > 0. Sincem,(c,E) > 0, we have
Yien\(n G < E. Because€C > 2E, we have furthermore, > E. So, by Lemma
6.1, we have?(c,E) = § for alli € N\ {n}. Since ifE < C, thenR(c,E) < &
for alli € N\ {n}, the result follows.

Now we consider part (ii). Take ang,E) € ¥ such thaE > %C.

Suppose first that,(c,E) = 0. In this case we havgieN\{n} ¢ > E, and so
cnh < E because alsoR> C. Sincem(c,E) =0 andc; < E for all i € N, we have
thatA(c,E) = P(c,E).

Suppose now thaty(c,E) > 0. Define the se= {i € N | mi(c,E) > 0} and
letr = minS Since, for all € S m(c,E) =E—-C+g;,

¢i—m(c,E)=C—E forallieS (6.3)
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Moreover, we show that if, < E, then

C—E<E—Y mi(c,E). 6.4
< jzlmj(c ) (6.4)

In the case where, > E, Lemma 6.1 can be used (since afsg(c,E) > 0) to
see thaP(c,E) Lorenz dominate#\(c,E). Therefore, we only consider the case
ch < E in what follows. Note thaf (6]4) holds if and only if

C-E<E—-(E-C+¢)—(E-C+cy1)—-—(E—C+cn),
which can be rewritten as
o< ((h—-r+1)-1)C—((n—r+1)—2)E—c, —Cry1—---—Cn,
which, in turn, can be rewritten as
0<((h—r+1)—2)(C—E)+C—¢c —Cry1—---—Cn.

The latter expression indeed holds sidte E > c,. Note also that

n
cigE—ij(c,E) forallie N\'S (6.5)
=1

sincem(c,E) = 0 impliesE —C+c¢; < 0 and by|[(6.4).
So, using[(6.3)](6]4) and (6.5), the definition of the adjusted proportional rule
yields

A(c,E) =(0,0,...,0,m(c,E),mr11(C,E),...,m(c,E))

+P«qun4k%C—Ep—Ewa—EﬁE—znﬂqa)
=1

Hence, we have

E—5" .mi(cE .

%ﬁ%ci forallie N\'S
Ai (C7 E) = . Esz::L m] (C,E) .

(E-C+ai) W(C—E) forallie S

So, it follows that

Ai(c,E) < =ci=PR(c,E) forallie N\S

>

)

m
I

c—u forallie§
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for someu > 0. The rest of the proof is similar to the proof of Proposition 6.2 and
is therefore omitted. |

Proof of Proposition 6.7.Given Proposition 6.5 (ii), it is sufficient to show that
T(c,E) Lorenz dominateO(c, E) for all (c,E) € ¢ such thatE > 3C. Take
any (c,E) € ¢ such tha€E > 3C.

Note that, there exigt> 0 andu > 0 such that

] foralli=1,...,j;
: . > ) ) )

Suppose first that there existsian N such that; > E. Because B > C, we
havec,_1 <E. If c,_1 = E, thency, = E and¢; =0 for alli € N\ {n—1,n} since
2E > C. By consequenc®O(c,E) =T (c,E) = %c in this case. It,_1 < E, then
MOi(c,E) < § foralli € N\ {n} by Lemma 6.2. It follows thaT (c,E) Lorenz
dominatesMO(c, E) in this case.

Suppose now that there exists he N such thatc; > E. Seeking a contra-
diction, let(c,E) € ¥ be such thal (c,E) does not Lorenz dominatd O(c,E).
Using Lemma 2, there exi&t> 0 andv > 0 such that

MOi(c,E)§% foralli=1,... k;
MOi(c,E)=ci—v foralli=k+1,...,n,

SinceT(c,E) does not Lorenz dominatdO(c, E), it must be the case that there
exists ary > 1 such that

MO (c,E) +MOy(c,E) +---+MOy(c,E)
> T1(C,E) 4+ To(C,E) +-- -+ Ty(c,E).

By consequence, there must existrar< ¢ such thatMOn(c,E) > Ti(c,E). We
obviously have thaMOp(c,E) = cm— v. There must also exist p > ¢ such
that MOp(c,E) < Tp(c,E) sinceSicnMOi(C,E) = JienTi(C,E). We also have
MOp(c,E) =cp—v. Now, sincecym — Tm(C, E) > v > ¢p — Tp(C, E) while ¢y < cp,
the Talmud rule violates order preservation and we have a contradiction. Bl

Proof of Proposition 6.8Take any(c,E) € ¢ such thak < %C.

Suppose first that; + ¢ + - - - + ¢y—1 < E < ¢p. We then have\ (c,E) = § for
alli € N\ {n} by Lemma 6.1, and1O;(c,E) < § for all i € N\ {n} by Lemma
6.2. By consequencéy(c,E) Lorenz dominateMO(c, E) in this case.

Suppose now that either (&) > E, c1+c2+---+¢h > E, andg < E for
alli e N\ {n}, (b) ci > E for at least twa € N, or (c)¢; < E for all i € N. Let
¢ = (min{ci,E})ien andC =S, &. We haveMO(c,E) = MO(¢,E). In case (a),
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we havem, = 0, so thatA(c,E) = P(E,E) (see the proof of Proposition 6.6 (i)).
Since in both case (b) and case (c) we hBve 1C Proposition 6.6 (i) implies
thatA(c,E) Lorenz dominate® (€, E). Hence, it sufflces to show that in cases (a),
(b) and (c),P(€,E) Lorenz dominateMO(E,E).

We first consider cases (a) and (b). ForialN,

R Gt -G G—C_1
MO (E.E) = = e A7 ]
Oi(€,E) Tt +n—U—D’ (6.6)
and £ £ £
P éE :—Aé —AC —C _é'_ . 6.7
\(C,E) c +C(2 C1) + - +C( i—1) (6.7)

SinceE > % we have thaP;(€,E) > MO4(¢,E). Now suppose that, for some
i € N, we haveMO;(¢,E) > R(¢,E). Using [6.6) and[(6]7) it then follows that,
for somej <i,
('fj —6j_1 - E
(-1 ¢

A

_c
n—(j-1

But, the latter implies that, for ak > |,

(€j —€j—1),
or
> E.

G — 61 E
- = > —
—(k-1)" C

Hence, using (6]6) anf (6.7), it follows thaMfO; (¢, E) > R(¢,E) for somei € N,
thenMO; (€, E) > P;(€,E) for all j >i. Consequently, it is clear th&(¢,E)
Lorenz dominateMO(¢, E).

The proof for case (b) is similar to that for case (a) and is therefore omitted.
|

(6 —Ck_1).

Proof of Proposition 6.9Take any(c,E) € ¢ such thak < %C.

Suppose there is anc N such thatc; > E. We first show that, for all =
1,2 such that; < E, RA(c,E) > MOj(c,E). Fori = 1, this is immediate since
RA((C,E) > & = MOx(c,E) wheneverc; < E. If ¢; < E, thenRAy(c,E) is at
least as great as

n

¢ (n—=2)
+ ——min{cz, E —c1}

€1 C—C C—c min{c,E—cy}
= — . 6.8
n+ n Jrn(n—l)+ n(n—1) (6.8)
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Furthermore, it, < E, then

C Co—C
MOZ(C,E):quL f]_ll. (6.9)

We have thaf (6]8) is at least as greafas| (6.9), and, hBrgé;, E) > MOy(c, E)
if c, <E.

Suppose now there exists ne N such that; > E. Lett be such that it solves
2ic{jeN|ci>t} (¢ —t) = E—t. Using the same reasoning as above, we get that, for
alli =1,2 such that; <t, RA(c,E) > MG;(c,E).

In the case where = 2, RA(c,E) = MO(c,E) for all (c,E) € . In what
follows, we only consider the case where- 4 since the proof for the case where
n= 3 is very similar.

If there is some € N such that; > E, then there are four possible cases: (a)
c1>E,(b)cg<Eandc, >E, (c)gi<Eforalli=12andcs > E, (d)c <E
foralli=1,2,3andcs > E. In case (a), we clearly ha®A(c,E) = MO(c,E). In
case (b), we haveA (c,E) > MO4(c, E) and, moreoveRAx(C,E) = RAg(C,E) =
RA4(c,E) andMO;3(c,E) = MOg3(c,E) = MOqy(c,E). By consequenc&rA(C,E)
Lorenz dominateO(c,E). In case (c), we havRA(c,E) > MGOj(c,E) for all
i = 1,2 and, furthermoreRAg(c,E) = RA4(c,E) andMOg3(c,E) = MOqy(c,E).
Again, it is clear thaRA(c,E) Lorenz dominate®O(c,E). In case (d), we have
againRA(c,E) > MOj(c,E) for alli = 1,2. Seeking a contradiction, suppose that
RA(c,E) does not Lorenz dominatdO(c,E). We then have

MO;(c,E) +MOy(c,E) + MO3(c,E) > RA(C,E) + RA(C,E) + RAg(C,E).

By consequence, it must be the case tha&s(c,E) > RAg(c,E). It also fol-
lows thatMO4(c,E) < RA(C,E) sincey iy RA(C,E) = Tien MOi(C, E). Hence,
we haveMOy4(c,E) — MO3(c,E) < RA(c,E) — RAg(c,E). However, we have
MOg4(c,E) —MOg3(c,E) = E — c3, while RA4(c,E) — RAg(c,E) < E —c3 by order
preservation, and we have a contradiction.

If there is noi € N such thatc; > E, then there are three possible cases: (e)
ct>t, (ep<tandc, >t, (g)c <tforalli=12andcs >t. In case (e),
MO(c,E) = CEL(c,E), and the desired result follows from Proposition 6.2. In
case (f)RA(c,E) > MO4(c,E) and there is & > 0 such thaMO;(c,E) =c¢i—u
for i = 2,3,4. Seeking a contradiction, suppose tR#(c,E) does not Lorenz
dominateMO(c,E). Then we haveMOj(c,E) > RA(c,E) for somej = 2,3.
Note thatMOj(c,E) = ¢; — u. We also haveMOy(c,E) < RA(c,E) for some
k> j becaus&inRA(CE) = SienMOi(c,E). Also MO(c,E) =cc—p. So
we havecj — RA(C,E) > u > ¢ — RA(c,E), while cj < ck. We have a violation
of order preservation and hence a contradiction. The proof for case (g) is similar
as that for case (f) and therefore omitted. |
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Finally, we consider several examples to illustrate the Lorenz incomparabili-
ties between rules given in Figures 6.1 and 6.2. Examples for higher numbers of
individuals are obtained by simply adding individuals with claims equal to O.

— The adjusted proportional rule and the random arrival rule are incompara-
ble if E < %C: Consider the claims problents,E) = (10,10, 10,20;20
and(c,E’) = (10,20,30;20. Now, RA(C,E) =~ (4.2,4.2,4.2,7.5) strictly
Lorenz dominated\(c,E) = (4,4,4,8), while A(c',E’) = (4,8,8) strictly
Lorenz dominateRA(c',E’) ~ (3.3,8.3,8.3).

— The adjusted proportional rule and the random arrival rule are incomparable
if E > 2C: Consider the claims problents, E) = (10,10,10,20;30 and
(c,E’) = (10,20,30;40. Now, A(c,E) = (6,6,6,12) strictly Lorenz dom-
inatesRA(c,E) ~ (5.8,5.8,5.8,12.5), while RA(C',E’) ~ (6.7,117,21.7)
strictly Lorenz dominateé\(c,E’) = (6,12,22).

— The proportional rule and the random arrival rule are incomparable when-
everE < 3C: Consider(c,E) = (20,30;10 and(c/,E’) = (10,30,30;30.

We have thaRA(c,E) = (5,5) strictly Lorenz dominate®(c,E) = (4,6),
while P(c',E’) ~ (4.3,12.9,12.9) strictly Lorenz dominateRA(C,E’) ~
(3.3,13.3,133).

— The proportional rule and the random arrival rule are incomparable when-
everE > 3C: Consider the claims problenis, E) = (20,30;40 and(c,E’)
= (10,30,30;40. We have thaP(c,E) = (16,24) strictly Lorenz dom-
inatesRA(c,E) = (15,25), whereasRA(C',E’) ~ (6.7,16.7,16.7) strictly
Lorenz dominate®(c’,E’) ~ (5.7,17.1,17.1).

— The proportional rule and the minimal overlap rule are incomparable if
E < 3C: Consider the claims problents, E) = (20,30;10 and(c/,E) =
(10,10,10,40;20. We have thaMO(c,E) = (5,5) strictly Lorenz domi-
natesP(c,E) = (4,6), while P(c,E’) ~ (2.9,2.9,2.9,11.4) strictly Lorenz
dominatesMO(c/,E’) = (2.5,2.5,2.5,12.5).
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Connection between Chapters 6 and 7: Chapter 6 studied Lorenz dominance com-
parisons between awards vectors of different rules for the same claims problem. A
possibly interesting path for further research is to broaden progressivity compar-
isons to intra-rule comparisons, i.e., Lorenz dominance comparisons of awards
vectors of the same rule for different claims problems. It could be examined, for
example, how the degree of progressivity of a rule varies as the estate changes
while the claims vector remains the same, or as the inequality level of the claims
vector changes while the estate remains the same. It is not obvious, however, how
to define the concept of progressivity for intra-rule comparisons. For instance,
while it seems natural to view the constrained equal awards rule as having a
constant degree of progressivity over all claims problems, the Lorenz dominance
relation would say that it has a varying degree of progressivity since the rule
does not always select perfectly equal awards vectors. It seems inappropriate,
therefore, to use Lorenz dominance directly for this purpose. In Chapter 7, which
presents the results of a questionnaire study on the claims problem, variations
of progressivity under changes of the characteristics of the claims problem are
defined using the proportional rule, the constrained equal awards rule and the
constrained equal losses rule as benchmark cases—see especially the discussion
in Subsection 7.4.3. The results of the questionnaire study reveal that a substantial
number of respondents vary their position with respect to progressivity in simple
ways under changes of the claims problem.



Chapter 7

Equality Preference in the Claims
Problem: A Questionnaire Study

This chapter is based on joint work with Erik Schokkaert.

7.1 Introduction

How ought an amount of money to be distributed among a group of individu-
als if these individuals have differing claims with respect to the money and the
amount available falls short of the sum of these claims? The study of this type of
distribution problem—referred to as the ‘claims problem’—is relevant in several
economic contexts such as taxation, bankruptcy and inheritance. The literature on
claims problems focuses to a large extent on the axiomatic examination of rules,
which associate with every claims problem a division of the amount of money
among the individualS.

Many of the axioms used in the literature on claims problems have ethical
content, which implies that the rules they characterize are open to interpersonal
disagreement. The question thus arises to which degree the various proposed rules
are found attractive by empirical subjects in solving concrete claims proems.
In the theoretical literature, any claims problem is completely given by two char-
acteristics, viz., the vector of claims and the amount to be distributed. However,
if rules are to be applied in practice, then the particular economic context is likely
to be important as well, as it influences the ethical status of the characteristics
of the claims problem. Therefore, from an empirical perspective, the following
two question appear to be of importance. \{jthin-context consistencyfor a

1For overviews of this literature see Moulin (2002) and Thomson (2003).
There is an increasing interest in economics in the empirical study of the acceptance of theo-
ries of distributive justice. See Konow (2003) and Schokkaert (1999) for recent overviews.
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given economic context, to which degree do people use the same rule for differ-
ent claims problems, i.e., claims problems with different claims vectors and/or
available money amounts? (iBetween-context uniformityfor a given claims
problem, to which degree do people propose the same division for different eco-
nomic contexts?

In the existing questionnaire studies on claims problems—Schokkaert and
Overlaet (1989), Bhue (2003) and &hter and Riedl (2006)—the focus is largely
on the question of between-context uniformity, while within-context consistency
receives only modest attention. These studies consider only a small number of
claims problems and, moreover, only provide an analysis on the basis of aggre-
gate data. By ignoring the complete choice patterns of respondents over several
claims problems, the studies neglect the individual level analysis which is partic-
ularly important to asses within-context consistency.

In this chapter, we deal with both the question of between-context uniformity
and that of within-context consistency. The former question is tackled by con-
sideration of a wide variety of claims problems which are all presented to each
respondent and by giving special attention to individual level data. The question
of between-context uniformity is dealt with by using two versions of the ques-
tionnaire with the same claims problems—in the Firm version, three firm owners
have to distribute a loss, and in the Pensions version, a shortage in funds has
to be distributed over three pensioners. The consideration of a greater variety of
claims problems in our questionnaire also benefits the analysis of between-context
uniformity in terms of robustness. In the discussion of the results of the question-
naire, we focus especially on the question of how respondents vary tolerance for
inequality under variations of the characteristics of the claims problem and of the
economic context.

The chapter is structured as follows. In Section 7.2 we present several rules
and define the concept necessary for comparing divisions with respect to how
much tolerance for inequality they imply. Section 7.3 discusses the setup of our
guestionnaire. In Section 7.4, the results of the questionnaire are presented and
discussed. Section 7.5 concludes.

7.2 Theory

A claims problem involves the allocation of an amotnk R, referred to as the
estatgamong the members of a $¢t= {1,2,...,n} who have claims adding up to
more tharE. Theclaims vectois a vector(cy,Cz...,Cq) € Rl where, forali € N,

¢ denotes individuail's claim. We letC = Y-\ ¢i. Formally, aclaims problems
apair(c,E) e R} xR, whereC > E. The symbol¢” denotes the set of all claims
problems. The literature on claims problems focuses on rules which select for
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each claims problem a division of the estate between the individuals. Formally,
arule is a functionR which associates with eadl,E) € ¥ an element oRR"},
referred to as aawards vectorsuch thatyjcy Ri(c,E) = E and O< Ri(c,E) <¢
foralli e N.

One of the objectives in the discussion of our questionnaire results will be to
compare various well known rules for solving claims problems with respect to
how well they explain the choices of the respondEthhe three most promi-
nent rules that we consider are the proportional rule, the constrained equal awards
rule and the constrained equal losses rule. The proportional rule makes awards
proportional to claims.

Proportional rule (P). For all (c,E) € %, we haveP(c,E) = Ac whereA solves
YienAG =E.

The constrained equal awards rule proposes equal awards for all individuals,
conditionally on not exceeding anyone’s claim.

Constrained equal awards rule CEA). For all(c,E) € ¥ and alli € N, we have
CEA(c,E) =min{cj, A} wherel solvesy.ymin{ci,A} =E.

The constrained equal losses rule divides the estate in such a way that all
individuals endure an equal loss (defined as the difference between claim and
award), under the restriction that no individual receive less than zero.

Constrained equal losses ruleQEL). For all (c,E) € ¥ and alli € N, we have
CELi(c,E) = max{0,ci — A} whereA solvesy .y max{0,¢ci—A} =E.

We shall consider also five other rules. The Talmud rule defines two regimes
depending on whether the estate is smaller or greater than the sum of the half-
claims. If the estate is smaller, then the formula of the constrained equal awards
rule is used, applied to the vector of half-claims instead of to the claims vector
itself. If the estate is greater, then the constrained equal losses rule formula is
used, again applied to the half-claims.

Talmud rule (T). For all(c,E) € €, we have
(i) if E < 3C, thenT(c,E) = CEA(3c,E); and
(i) if E > 3C, thenT(c,E) = 3c+CEL(3c,E - 1C).
The next two rules are equal to the Talmud rule in the case where the es-
tate is smaller than the sum of the half-claims, but different in the other case.
Piniles’ rule utilizes the constrained equal awards rule formula instead of that of

the constrained equal losses rule whenever the estate is greater than the sum of the
half-claims.

3For a thorough discussion of all the rules considered in this section, see Thomson (2003).
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Piniles’ rule (Pin). For all (c,E) € €, we have

(i) if E < 3C, thenPin(c,E) = CEA(3c,E); and
(i) if E > 3C, thenPin(c,E) = 3c+CEA(3c,E — 3C).

Like Pinile’s rule, the constrained egalitarian rule uses an egalitarian procedure
if the estate exceeds the sum of the half-claims.

Constrained egalitarian rule (CE). For all (c,E) € €, we have

(i) if E < 3C, thenCE(c,E) = CEA(3c,E); and

(i) if E> %C, then, for alli € N, CE(c,E) = max{%,min{c;,A}} whereA
solvesyicymax{ 3, min{c,A}} =E.

To define the random arrival rule, assume the individuals arrive one at a time
and receive full compensations until the estate runs out. The random arrival rule
proposes as a division the average over all orders of arrival of the awards vectors
obtained in this way. LeFIN denote the class of all bijections that mipnto
itself.

Random arrival rule (RA). For all(c,E) € ¥ and alli € N, we have

" melN

RA-.(C,E):i| z min{c;, max{E — z} cj,0}}.
n JeEN,m())<x(i)

For defining the minimal overlap rule, we assume, without loss of generality,
that the members M are indexed such that < c, <--- < c¢,. To understand the
minimal overlap rule, individuals have to be seen as claiming specific parts of the
interval [0, E]. Each part of the interval is distributed equally among all individ-
uals claiming it. For instance, the interj@l c| is claimed by everyone, and so
everyone get&. The interval(cy, cy] is claimed by everyone except individual 1,
and so each member b\ {1} receives in additiorf2==. This process goes on
until the entire intervalO, E| is covered. In the case where there are individuals
who have claims higher than the estate, the claims of these individuals are trun-
cated by the estate. In the case where there are no individuals who have claims
higher than the estate, a scalas sought such that all individuals with claims
higher thart exclusively claim a specific part of the intera E].

Minimal overlap rule (MO). For all (c,E) € ¢, we have
(i) if ¢ > E for somei € N, then, foralli€ {j e N|c; < E},

C—C CG—C-1
n_1 = '+n—(i—1)’

MOi(c,E) = C—nl+
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and, forallie {j eN|cj>E},

C2—C1 Ck1—Ck—2 E—C
n—1 o k=2 Tn-k-1)

qua:%+

wherek=min{j € N|c; > E}; and
(i) if ¢ <Eforalli e N, then,forallie {jeN]|cj<t},

Ch C—C CG—C-
(CB) =T+ F +n—(|—1)
and, foralli € {j e N|cj >t},
Ci C—C Ck-1—Ck—2 t—Ck1
MGOi(c,E) = —+ ——F+--- G —t,
(B =T+ + +n—(k—2)+n—(k—1)+'

wheret solvesyicjenie;>t) (G —t) = E—tandk=min{j € N|cj > t}.

The various rules imply different attitudes to inequality, an aspect we shall pay
special attention to in discussing the results of the questionnaire. In order to make
inequality comparisons, we define the concept standardly used in the literature on
inequality measurement, viz., the Lorenz dominance relﬁlﬁd{e anyx,y € R}
and let(X(1), X2, , Xn)) @and(Y(1),Y(2),*** »¥(n)) denote permutations efandy,
respectively, such th;xgl) <X < <X andy(l) <Y2) < <Y We say
thatx Lorenz dominatesiyand only if

k;®_>k_ﬁL-mmM:1 n
i;%Zinzlxi B i;%Zinzlyi o

We say thatx strictly Lorenz dominatey if and only if, moreover, at least one

of these inequalities holds strictly. Of two awards vectors proposed for the same
claims problem, one is referred to as less unequal than the other if it Lorenz dom-
inates the other. The rule (or respondent) that proposed the less unequal awards
vector, will be referred to asiore progressivéor the given claims problem than

the one that proposed the more unequal awards vector. The general Lorenz domi-
nance relationships that hold between the rules are described in Chapter 6.

The three prominent rules constitute benchmark cases with respect to progres-
sivity: they imply a uniform attitude in terms of progressivity irrespective of the
specific characteristics of the claims problem at hand. The proportional rule is
neutral with respect to progressivity in the sense that it chooses from the available
awards vectors the (only) one which is Lorenz equivalent to the claims vector. The

4See Cowell (2000) and Lambert (2001) for recent overviews of this literature.
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constrained equal awards rule and the constrained equal losses rule are extreme
cases. The former always selects the least unequal awards vector available, while
the latter always selects the most unequal one. In contrast to these three promi-
nent rules, the behaviour of the other five with respect to progressivity is not so
clear-cut—as the solutions of the various rules for the claims problems used in
our questionnaire show (see Subsection 7.4.1), it is not the case that these rules
behave in the same way with regard to progressivity for all claims problems.

7.3 The Setup of the Questionnaire

In the questionnaire, respondents were asked to state their preferred awards vec-
tor for nine different claims problems which are presented in Table 7.1. Each of
the nine claims problems is a combination of one of three possible claims vec-
tors and one of three possible estates. The three possible claims vectors have the
same sum of claims, but differ in terms of inequality (in the Lorenz sense). We
mention the claims vectors in order of increasing inequalitys0Q 200Q 2500,
(1000 200Q 3000 and(500,2000 3500. The three possible estates, 4500, 3000
and 1500, are greater than, equal to, and smaller than the sum of the half-claims,
respectively. By using all nine combinations of these claims vectors and estates
in our questionnaire, we obtain data for a wide variety of claims problems. The
guestionnaire design allows us to analyze the effect on responses of a change in
estate for a given claims vector (questions 1, 2 and 3; questions 4, 5 and 6; ques-
tions 7, 8, and 9), as well as the effect of a change in claims inequality for a
given estate (questions 1, 4 and 7; questions 2, 5 and 8; questions 3, 6, and 9).
For each of the nine questions, respondents were presented with a list of alter-
native awards vectors to choose from—these lists of alternatives will be given in
the next section where we discuss the results of the questionnaire. To be able to
examinewithin-context consistencye., the degree to which respondents use the
same rule for different claims problems, the awards vectors selected by each of
the rules defined in the previous section are included in the lists of alternatives for
every question.

In order to allow us to tackle the questiontz#tween-context uniformitye.,
the question of how the economic context in which the claims problems are pre-
sented affects responses, we consider two versions of the questionnaire with the
same nine claims problems, but with different background stories. The questions
in the ‘Firm’ version are formulated as follows (here we consider question 1):

Persons A, B and C own a firm together. A, B and C contribute to
the activities of the firm in different degrees, and for this reason they
have agreed that their salaries differ. They receive morilyp00,
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Table 7.1.The Questions, All Amounts in Euros

Question 1 ¢ = (1500, 2000, 2500) E = 4500
Question 2 ¢ = (1500, 2000, 2500) E = 3000
Question 3 ¢ = (1500, 2000, 2500) E = 1500
Question 4 ¢ = (1000, 2000, 3000) E = 4500
Question 5 ¢ = (1000, 2000, 3000) E = 3000
Question 6 ¢ = (1000, 2000, 3000) E = 1500
Question 7 ¢ = (500, 2000, 3500) E = 4500
Question 8 ¢ = (500, 2000, 3500) E = 3000
Question 9 ¢ = (500, 2000, 3500) E = 1500

€2,000 andE2,500, respectively. Each of the three persons have still
other sources of income. Due to an unexpected deterioration of the
economic circumstances, the part of the revenue of the firm that can
be used for salaries in a certain month amounts to &#y500, not
enough to compensate the three firm directors. What is in your view
the most just distribution of the sum €#,500 between persons A, B
and C?

In the ‘Pensions’ version, the questions were formulated as follows (here we again
consider question 1):

Persons A, B and C go on retirement. On the basis of the contribu-
tions they have paid during their active career, they are entitled to a
monthly pension 0£1,500,€2,000 and€2,500, respectively. Due

to the demographic ageing, these pension amounts can no longer be
paid. The government only h&#%,500 monthly to spend on the pen-
sions of A, B and C. What is in your view the most just distribution

of the sum 0f€4,500 between persons A, B and C?

The two versions of the questionnaire differ, explicitly or implicitly, in several
respects. First, the status of the differences between the claims of the three indi-
viduals is different. In the Firm version, these differences are agreed upon by the
three firm owners, while in the Pensions version they are explained by contribu-
tions in the past of the three pensioners and hence by wage differences during the
active career. Therefore, in the Firm version respondents are likely to interpret the
differences between claims to be caused more by desert and less by talent than
in the Pensions version. Second, the two versions of the questionnaire differ with
respect to the relation between the claims or awards and the ultimate outcomes rel-
evant to the three individuals. In the Firm version it is specified that the individuals
have also other sources of income. In the Pensions version on the other hand, it
is likely that respondents view the pension amounts as very important, perhaps
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even the only, sources of income of the three individuals. Finally, the scope of the

decision is different in the two versions of the questionnaire. Whereas in the Firm

version awards pertain only to one monthly pay, in the Pensions version payments
are implied to be determined by the decision for much longer.

Questions were presented in series of three: with the long introductions given
above for the first of the three questions and shorter introductions for the second
and third. After each series of three questions, respondents were encouraged to
provide written comments on their choices. The questionnaire was anonymous. In
order to test for order effects, we used several variants of the questionnaire with
different orders of the questions and different orders of the alternatives. There
were no significant differences between these alternative variants, and we there-
fore pooled all the data.

The questionnaire was conducted among the first year undergraduate eco-
nomics students and business students of the Catholic University of Leuven in
May 2005. At that time, the students had not been exposed to the theory of claims
problems in their study programs. In the course of one week, the questionnaires
were filled in by the students at the start of several exercise sessions on ‘Bank-
ing and Finance.’ In each session, roughly half of the students participated in the
Firm version of the questionnaire, and the other half in the Pensions version. The
sample sizes are 123 respondents and 118 respondents for the Firm version and
the Pensions version, respectively.

7.4 Results

7.4.1 A First Look

Tables 7.2 to 7.10 report the percentages of the respondents who chose each of
the alternative awards vectors in questions 1 to 9, respectively. The awards vec-
tors presented to the respondents appear in sequence of increasing inequality (in
the sense of the Lorenz criterion). For convenience of exposition, we have dis-
tinguished three sets of alternatives in the tables. Firsthéogralawards vector
is the one consistent with the proportional rule—it is referred to as neutral be-
cause it is Lorenz equivalent to the claims vector. Second, the awards vectors
that Lorenz dominate the neutral solution are referred tegaditarian Third,
theanti-egalitarianawards vectors are the ones that are Lorenz dominated by the
neutral solution. The tables also report which rules are consistent with each of the
alternative awards vectors.

We first focus on the question of between-context uniformity, i.e., on the dif-
ferences between the results obtained with the two versions of the questionnaire.
Overall, the evidence suggests that responses are less egalitarian in the Firm ver-
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Table 7.2.Question 1¢ = (1500 200Q 2500 andE = 4500

Rule Awards vector Firm Pensions

Egalitarian: CEA, CE (1500, 1500, 1500) 4 4
Pin (1250, 1500, 1750) 12 21

Total 16 25
Neutral: P (1125, 1500, 1875) 55 46
Anti-egalitarian: (1050, 1500, 1950) 2 7
CEL, T, RA, MO (1000, 1500, 2000) 27 22

Total 29 29

Table 7.3.Question 2¢ = (1500 200Q 2500 andE = 3000

Rule Awards vector Firm Pensions
Egalitarian: CEA (1000, 1000, 1000) 2 5
(850, 1000, 1150) 14 22
Total 16 27
Neutral: P, T, CE, Pin, RA (750, 1000, 1250) 58 47
Anti-egalitarian: (650, 1000, 1350) 7 12
CEL, MO (500, 1000, 1500) 20 14
Total 27 26

Table 7.4.Question 3¢ = (1500 200Q 2500 andE = 1500

Rule Awards vector Firm Pensions
Egalitarian: CEA, T, CE, Pin, RA, MO (500, 500, 500) 9 11
(450, 500, 550) 9 24
Total 18 36
Neutral: P (375, 500, 625) 59 44
Anti-egalitarian: (250, 500, 750) 20 16
CEL (0, 500, 1000) 2 3

Total 22 19
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Table 7.5.Question 4¢ = (1000 2000 3000 andE = 4500

Rule Awards vector Firm Pensions

Egalitarian: CEA, CE (1000, 1750, 1750) 1 0
Pin (2000, 1500, 2000) 11 17

Total 12 17
Neutral: P (750, 1500, 2250) 73 64
Anti-egalitarian: RA (666, 1416, 2416) 4 5
CEL, T, MO (500, 1500, 2500) 11 14

Total 15 19

Table 7.6.Question 5¢ = (1000 2000 3000 andE = 3000

Rule Awards vector Firm Pensions

Egalitarian: CEA (2000, 1000, 1000) 2 3
(700, 1000, 1300) 14 24

Total 16 27

Neutral:
P, T, CE, Pin, RA (500, 1000, 1500) 73 61

Anti-egalitarian: MO (333, 833, 1833) 9 9
CEL (0, 1000, 2000) 2 3

Total 11 12

Table 7.7.Question 6¢ = (10002000 3000 andE = 1500

Rule Awards vector Firm Pensions
Egalitarian: CEA, T, CE, Pin (500, 500, 500) 11 14
MO, RA (333, 583, 583) 4 17
Total 15 31
Neutral:

P (250, 500, 750) 70 58

Anti-egalitarian: (150, 500, 850) 12 8
CEL (0, 250, 1250) 3 2

Total 15 10
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Table 7.8.Question 7¢ = (500 200Q 3500 andE = 4500

Rule Awards vector Firm Pensions
Egalitarian: CEA, CE (500, 2000, 2000) 3 5
Pin (500, 1625, 2375) 10 18
(450, 1600, 2450) 2 12
(400, 1500, 2600) 12 13
Total 27 48
Neutral: P (375, 1500, 2625) 48 34
Anti-egalitarian: RA (333, 1333, 2833) 3 7
T (250, 1375, 2875) 12 6
MO (166, 1416, 2916) 7 2
CEL (0, 1500, 3000) 4 2
Total 26 17

Table 7.9.Question 8¢ = (500,2000 3500 andE = 3000

Rule Awards vector Firm Pensions
Egalitarian: CEA (500, 1250, 1250) 6 17
(350, 1100, 1550) 13 30
Total 19 47
Neutral: P, T, CE, Pin, RA (250, 1000, 1750) 67 44
Anti-egalitarian: MO (166, 916, 1916) 9 4
CEL (0, 750, 2250) 3 2
Total 12 6

Table 7.10.Question 9¢ = (500, 200Q 3500 andE = 1500

Rule Awards vector Firm Pensions
Egalitarian: CEA (500, 500, 500) 4 17
T, CE, Pin (250, 625, 625) 6 16
MO, RA (166, 666, 666) 5 3
Total 15 36
Neutral: P (125, 500, 875) 62 46
Anti-egalitarian: (100, 450, 950) 9 6
(50, 450, 1000) 8 3
CEL (0, 0, 1500) 4 3
Total 21 12
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Table 7.11.Chi-Square Tests for Homogeneity of Firm and Pensions Versions
Question Test Statistic p-Value

1 2.778 0.249
2 3.980 0.137
3 8.404 0.015
4 1.924 0.382
5 3.932 0.140
6 7.685 0.021
7 10.135 0.006
8 18.640 0.000
9 13.394 0.001
All Questions 70.873 0.000

sion than in the Pensions versiom all nine questions, the percentage of the re-
spondents that chose egalitarian awards vectors is lower in the Firm version than
in the Pensions version, and in six out of nine questions the percentage that chose
anti-egalitarian awards vectors is higher in the Firm version than in the Pensions
version. The chi-square test statistics given in the first nine lines of Table 7.11 test
for each question separately the null hypothesis that the population proportions
for the categories egalitarian, neutral and anti-egalitarian, respectively, are equal
for the two questionnaire versions. The test statistic given in the last row does the
same for the complete set of questions, i.e., for 2¥ @3 categories. Table 7.11
confirms that responses are significantly different for the two different versions.
The evidence that respondents chose less egalitarian alternatives in the Firm ver-
sion than in the Pensions version is particularly strong in the case of questions 3,
6, 7, 8 and 9. Note that in each of these questions the majority of the alternative
award vectors feature incomes lower tE2600, an amount close to the minimally
guaranteed income in Belgium. The fact that respondents in the Pensions version
are especially egalitarian in these cases, suggests that they may have some con-
cern for a minimum level of income being respected—in fact, this concern was
expressed explicitly by several respondents in the comments box of the question-
naire. Put differently, for especially low awards, considerations with respect to
needs appear to override considerations with respect to claims. It is interesting
to note that the evidence suggests that the reason why respondents choose more
egalitarian alternatives in the Pensions version is not because they favour equal-
ity in itself but rather because they want to make sure individuals get a sufficient
amount of income.

The aggregate data given in Tables 7.2 to 7.10 is not completely suitable for
examining within-context consistency, i.e., for evaluating rules with respect to
how well they describe the choices of the respondents. It is inherent in the defini-
tion of a rule that it proposes an awards vectordeeryclaims problem. Hence,
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to evaluate them we need to look at the entire response pattern of respondents,
not just at aggregates. However, one first impression on the basis of the aggregate
data is worth mentioningThe awards vectors consistent with the proportional
rule perform very well in explaining responses: they are convincingly most popu-
lar in every questionAlthough this is true for both versions of the questionnaire,
the awards vectors of the proportional rule are clearly more popular in the Firm
version than in the Pensions version. Note that, both for the Firm version and for
the Pensions version, the proportional rule is especially popular in questions 4,
5 and 6 where the claims af@00Q 2000 3000. It is hard to find an economic
explanation for this observation—perhaps it is simply due to the fact that, for the
given claims vector, the awards vectors of the proportional rule are particularly
easy to calculate.

In the next subsection, we will provide a more robust analysis based on in-
dividual level data to compare the empirical performance of the various rules.
Before moving on, however, we discuss two basic intuitions of the respondents
that are revealed in the aggregate data for both versions of the questionnaire: con-
cerns forstrict order preservatiorand nonzero awards Both of these concerns
were also stated explicitly in comments by several respondents.

Respondents in both questionnaire versions seem to want the order in claims
to be preserved strictly in awardalternatives in which individuals with different
claims get the same award only appear in the sets of egalitarian awards vectors of
the questions. For all questions in which alternatives are available in the set of
egalitarian awards vectors that respect strict order preservation (this is the case in
all questions except 6 and 9), the awards vector that violates strict order preserva-
tion is almost always least popular among the egalitarian awards vectors for both
questionnaire versions (the only exception being question 7 in the Firm version).
Since the constrained equal awards rule never respects strict order preservation,
its awards vectors perform rather badly in describing respondents’ choices.

There seems to be a reluctance among respondents in both questionnaire ver-
sions to give an individual a zero awarddwards vectors in which an individ-
ual gets a zero award only appear as the least egalitarian alternative in the set of
anti-egalitarian awards vectors of the questions. In almost all questions in which
such an alternative is present (all questions except 1, 2 and 4), it is least popular
among the anti-egalitarian awards vectors for both versions of the questionnaire
(the only exception being question 7 in the Firm version). Since the constrained
equal losses rule always selects awards vectors with zero awards if they are con-
sistent with the definition of a rule, it does badly in the cases in which such awards
vectors are among the alternatives. At the same time, it should be mentioned that
in the questions in which the constrained equal losses rule gives everyone strictly
more than zero (questions 1, 2 and 4), its awards vectors are most popular in the
set of anti-egalitarian solutions.
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Table 7.12.Distances to Award Vectors of Rules

Rule Firm Pensions
Average Ranked 1st Average Ranked 1st
Egalitarian: CEA 7149 2 6344 4
CE 4859 1 4685 0
Pin 3209 6 3062 23
Neutral or unclear: P 1391 75 1919 58
T 3055 2 3285 2
RA 2727 6 2989 5
MO 3999 6 4384 6
Anti-egalitarian: ~ CEL 6974 2 7824 3

7.4.2 A Comparison of Rules

Strictly speaking, a respondent is consistent with a rule only if she chooses the
awards vectors implied by the rule in all questions. Due to the relatively high
number of questions in the questionnaire, this test is, however, rather stringent.
Nevertheless, 38% of the respondents were consistent with the proportional rule in
all nine questions in the Firm version and 20% in the Pensions ver§oren this

good performance, it is not surprising that it was often mentioned by respondents
in their comments that they were applying a proportional procedure throughout the
guestionnaire. The only other rule that respondents have chosen consistently with
in all nine questions is the constrained equal losses rule: however, this is the case
only for 2% of the respondents in each of the two versions of the questionnaire.

A less stringent way for comparing the performance of the various rules in de-
scribing respondents’ choices can be obtained by making use of the following con-
cept of ‘distance.’ Lefc’, E*) be the claims problem used in questiba 1,...,9
and denote the awards vector chosen by responderguestion/ by AX(c/, EY).

We define the ‘distance’ between the set of awards vectors chodearta/the set

of awards vectors implied by ruRasy?_; 332 | |AK(c!,EY) —R(c!,EY)), i.e., as

the total money amount that respondkdeviates from what is prescribed by rule

R. The calculated distances can be used to compare the empirical performance of
the different rules: the lower the distance, the better the performance of the rule
in describing the choices of the given respondent.

Table 7.12 presents the average over all respondents of the distance of the re-
sponse pattern implied by each of the rules to the response pattern chosen by each
respondent. Also reported, for each rule, are the percentages of the respondents
for whom the rule is ranked first, i.e., for whom the distance to the given rule is
lower than that to each other rule. The categoegaitarian, anti-egalitarianand
neutralare defined similarly as in Tables 7.2 to 7.10. A rule is categorizeshas
clearif it does not belong to any of the three other categories for all questins.
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the Firm version, the proportional rule clearly performs best, while all other rules
pale in comparison. For the Pensions version, the proportional rule also comes
out first, but less overwhelmingly so: Piniles’ rule apparently picks up on the more
egalitarian responses for this version and comes out as a convincing sdtcend.
remarkable that Piniles’ rule outperforms the prominent constrained equal awards
and constrained equal losses rules. Table 7.12 also confirms the conclusion with
respect to the differences between the two questionnaire versions that was stated
in the previous subsection: egalitarian rules do better in the Pensions version.

7.4.3 Variations in Degree of Egalitarianism

In the previous subsection, we studied the question of within-context consistency,
i.e., whether responses use the same rule for each claims problem. Here, we con-
sider a similar question but in terms of progressivity. We examine whether respon-
dents take, for each claims problem, the same position with respect to progressiv-
ity, or whether they vary their position in a straightforward manner depending on
the characteristics of the claims problem at hand. Specifically, we analyze how
responses vary under two basic variations of the claims problem: (a) a decrease of
the estate while the claims remain the same, and (b) an increase in the inequality
of the claims vector while the estate remains the same.

In Table 7.13, the response patterns over the combinations of questions rele-
vant for question (a) are summarized (in percentages). The categmgcovers
the response patterns consistent with the proportional rule, the constrained equal
awards rule or the constrained equal losses rule, i.e., the patterns in which the
degree of progressivity remains unchanged. The other four categatexsease
increase decrease-increasandincrease-decreasedescribe simple variations in
progressivity, and are also defined using the three prominent rules as benchmark
cases. To give an example: a response pattern over questions 1, 2 and 3 which
is consistent with the constrained equal awards rule in question 1, consistent with
the proportional rule in question 2 and consistent with the constrained equal losses
rule in question 3, would be categorized undecreas@ A complete description

5The reason why the Lorenz dominance relation was not used to define the categories, is that
this relation is not appropriate for making progressivity comparisons between awards vectors pro-
posed fordifferentclaims problems. To illustrate this point, suppose a respondent chooses the
awards vectors consistent with the constrained equal awards rule in both questions 4 and 5. The
Lorenz dominance relation would in that case say that the respondent is less progressive in ques-
tion 4 than in question 5, while it seems more natural to conclude instead that the respondent takes
the same position with respect to progressivity in the two question, viz., the extremely egalitarian
one. The problem with the Lorenz dominance relation is that it does not take into account the re-
strictions standardly imposed in the literature on claims problems—in the case of the illustration,
it fails to recognize that an individual should never receive an award greater than her claim.
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Table 7.13.Evolution of Progressivity as Estate Decreases

Quest. Context Same Decrease Increase Decrease- Increase-
P CEA CEL Increase Decrease
1,2,3 Firm 45 2 2 3(0.998) 22(0.000) 9(0.923) 4 (1.000)
Pensions 29 9(0.872) 26(0.000) 6(1.000) 3(1.000)

2 2
4,5,6 Firm 55 0 2 8(0.471) 16(0.000) 2(1.000) 7 (0.962)
Pensions 39 0 2 6(0.978) 21(0.000) 2(1.000) 5 (1.000)
1 2
3 2

7,8,9 Firm 43 11(0.106) 10(0.179) 2(1.000) 10 (0.952)
Pensions 25 7(0.881) 15(0.025) 4 (1.000) 11 (0.990)

of the response patterns belonging to each of the categories is given in Appendix
7.A.

The categorysameperforms best empirically, a result that can be ascribed to
to the popularity of the proportional rule response patterns. It is interesting to
examine how the various other categories perform in describing the choices of
those respondents not consistent with shenecategory. Therefore, Table 7.13
providesp-values for the null hypothesis that the population proportions for each
of the given categories is equal to what it would be if choices of respondents not
consistent with thesamecategory were completely rand@nobviously, only
if the evidence allows this hypothesis to be rejected, the category is useful in
explaining nonsameconsistent response¥Ve find that, for both versions of the
guestionnaire, the categolincrease describing an increase in progressivity as
the estate decreases, performs well empirically, whereas all other categories fail.
The popularity of thencreasecategory is consistent with the observation made in
Subsection 7.4.1 that respondents seem to attribute importance to minimal income
needs. What is interesting is that this pattern appears to be present not only for
the Pensions version of the questionnaire, but also for the Firm version, albeit in
a somewhat weaker form.

Table 7.14 presents similar results as Table 7.13 but for question (b). Again,
thesameconsistent patterns perform very well. The question again arises how the
other categories perform in describing the choices of the respondents who are not
consistent with this categoryhe table shows that, for both the Firm version and
the Pensions version, tiecreasecategory, describing an increase in progressivity
as claims inequality increases, performs very well empirically, whereas all other
categories fail It is not immediately clear how this pattern can be given economic
meaning. However, it is interesting to note that the same pattern was also found
by Gachter and Riedl (2006) in a study on the basis of aggregate results for two
guestions.

5Thep-values are for the one sided exact test based on the binomial distribution.
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Table 7.14.Evolution of Progressivity as Claims Inequality Increases

Quest. Context Same Decrease Increase Decrease- Increase-
P CEA CEL Increase Decrease
1,4,7 Firm 42 0 2 11 (0.242) 22 (0.000) 8(0.988) 7 (0.998)
Pensions 21 8(0.908) 34 (0.000) 13(0.983) 3(1.000)

0 2
2,5,8 Firm 49 2 2 3(0.996) 17(0.001) 2(1.000) 7 (0.966)
Pensions 30 1 2 3(1.000) 26(0.000) 9(0.994) 2 (1.000)
4 2
8 2

3,6,9 Firm 48 11(0.106) 8(0.414) 2(1.000) 7 (0.957)
Pensions 34 5(0.972) 18(0.002) 5(1.000) 3 (1.000)

7.5 Conclusion

We discussed in this chapter the results of a questionnaire concerning claims prob-
lems that was held among Belgian students. Two versions of the questionnaire
were considered—the Firm version and the Pensions version—in which the same
claims problems were presented in different economic contexts. The question-
naire setup allowed us to consider (i) the question of within-context consistency,
i.e., the degree to which respondents apply the same rule for different claims prob-
lems in the same economic context, and (ii) the question of between-context uni-
formity, i.e., the degree to which respondents propose the same awards vector for
the same claims problem in different economic contexts.

With regard to the question of within-context consistency, we found that the
proportional rule performed very well in describing the choices of the respondents
in both versions of the questionnaire, this in stark contrast to the other two rules
that play a prominent role in the literature, viz., the constrained equal awards rule
and the constrained equal losses rule. These latter two rules fail to capture basic in-
tuitions of the respondents. The constrained equal awards rule in many cases gives
equal awards to individuals with different claims, whereas respondents seemed to
prefer to respect these differences in the choice of the awards vector. Respondents
also appeared to be reluctant to give a zero award to an individual with a nonzero
claim, an intuition typically violated by the constrained equal losses rule.

As for the question of between-context uniformity: responses were clearly
more egalitarian in the Pensions version of the questionnaire than in the Firm ver-
sion, a phenomenon we suggested could be due to the fact that the given context
induced respondents to give more weight to respect for basic needs in the choice
of awards vectors. As a consequence, in a comparison of the empirical perfor-
mance of all rules, the egalitarian Piniles’ rule came in as a relatively convincing
second to the proportional rule. In the Firm version, on the other hand, no rule
distinguished itself as a serious competitor for the proportional rule.

We also considered the question of within-context consistency from the in-
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equality perspective. The questionnaire design allowed us to examine variations
in the tolerance of inequality of the respondents under simple changes of the char-
acteristics of the claims problem. We found that, for those respondents who were
not consistent with a uniform attitude towards inequality in all claims problems,
response patterns describing an increase in progressivity as the estate decreases
other things equal and as inequality of the claims vector increases other things
equal performed well empirically. It is interesting to note as a suggestion for new
lines of research that although, as we have shown, simple ideas stated in terms of
inequality are useful in organizing empirical intuitions concerning claims prob-
lems, such ideas have remained largely unexamined in the theoretical literature.
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Appendix 7.A: Description of Categories

Over two questions, the response patterns belonging to the categanmesde-
creaseandincreasecan be defined using the proportional rule, the constrained
equal awards rule and the constrained equal losses rule as benchmarks.

1. Sameprogressivity in questior and questioty:
(a) Consistent with the constrained equal awards rule in questaod in
guestiony.
(b) Consistent with the proportional rule in questioand in questiory.
(c) Consistent with the constrained equal losses rule in questoal in
questiony.
2. Decreaseof progressivity from questiorto questiory:
(a) Consistent with the constrained equal awards rule in questsard
less progressive than the constrained equal awards rule in quegstion

(b) More progressive than the proportional rule in quesk@amd at most
as progressive as the proportional rule in quesgion

(c) Consistent with the proportional rule in questioand less progressive
than the proportional rule in questign

(d) Less progressive than the proportional rule but not consistent with the
constrained equal losses rule in questi@md consistent with the con-
strained equal losses rule in question

3. Increaseof progressivity from questiorto questiory:
(a) Consistent with the constrained equal losses rule in questeand

more progressive than the constrained equal losses rule in question

(b) Less progressive than the proportional rule in questiand at least
as progressive as the proportional rule in quesgion

(c) Consistent with the proportional rule in questioand more progres-
sive than the proportional rule in questign

(d) More progressive than the proportional rule but not consistent with
the constrained equal awards rule in questi@nd consistent with the
constrained equal awards rule in queston

Over three questions, the five categosasne decreasgeincrease decrease-
increaseandincrease-decreasare defined as follows.
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. Sameprogressivity over questionsy,z Samen x andy andsamein y and

Z

. Decreaseof progressivity over questionsy, z

(a) Decreasdrom x to y anddecreasdromy to z.
(b) Decreasdrom x to y andsamefromy to z
(c) Samdrom x toy anddecreasdromy to z

. Increaseof progressivity over questionsy, z

(a) Increasefrom x to y andincreasefromy to z.
(b) Increasefrom x to y andsamefromy to z.
(c) Samdrom x toy andincreasefromy to z.

. Decrease-increasef progressivity over questionsy,z Decreaserom X

to y andincreasefromy to z

. Increase-decreasaf progressivity over questionsy, z. Increasefrom x to

y anddecreasdromyto z
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