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Abstract. The purpose of this article is to study the contribution of a teaching unit that
introduces algebra through pictorial sequences and problem solving with an exploratory and
investigative approach towards the development of the algebraic thinking of grade 7 students.
The study focuses on the work of a student, Joana, in different algebraic tasks. Data were
collected by means of two interviews, audio recording and a research journal. Prior to the
teaching unit, working with a pictorial sequence, the student fails to recognize the algebraic
language except in a simple situation. During the teaching unit, the work in the classroom
promotes the analysis of different strategies and justifications and the use of the algebraic
language. After the teaching unit, the student decomposes the pictures in a sequence and
identifies the relation between the order of the picture and the number of its elements,
expressing it algebraically. Besides, she uses different strategies to solve equations, showing a
significant understanding. She also recognizes the meaning of unknowns and generalized
numbers in the symbols that appear in different contexts. Joana’s performance suggests that the
teaching unit promoted the development of essential aspects of algebraic thinking like the
ability to generalize in pictorial sequences, the understanding of symbols, expressions, and
equations, and the use of informal and formal strategies for solving equations.

1 Introduction

Since a long time, the teaching of algebra emphasizes algebraic manipulation.
Students solve problems that involve the transformation of expressions and the
application of rules and procedures. This linguistic-pragmatic approach (Fiorentini,
Miorim & Miguel, 1993), leads to a mechanistic and non meaningful learning for many
students. As a result, most of them have a very negative view of algebra, especially
expressions and equations.

Aiming to improve the development of students’ algebraic thinking, Usiskin
(1988, 1999) and Kaput (1999) advocate a broader idea of algebra. Blanton and Kaput
(2005) characterize algebraic thinking as “a process in which students generalize

mathematical ideas from a set of particular instances, establish those generalizations
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through the discourse of argumentation, and express them in increasingly formal and
age-appropriate way” (p. 413).

In recent years, this is a trend in many countries to emphasize explorations and
investigations in mathematics teaching (APM, 1988; NCTM, 2000). In this approach,
students build their knowledge from the tasks that they undertake and by discussing
their work with their colleagues and with the teacher. This contrasts with direct teaching
approaches in which the teacher presents the knowledge in a systematic way and the
students’ role is to memorize it through repetitive exercises (Ponte, 2005). However,
there is still much to be learnt about the ways how explorations and investigations may
contribute towards students’ learning of specific topics like algebra.

Therefore, the general purpose of this study is to ascertain if a teaching unit for
grade 7 students (12-13 years old) based in the study of pictorial sequences contributes
to the development of their algebraic thinking and, in particular, to the understanding of
variables and equations (Branco, 2008). In this article, we briefly review the literature
on issues that have an important relation to this study. Next, we present the aim of the
teaching unit, describing its organization, the approach chosen to the classroom and the
main goals of the tasks proposed. Then, we indicate the methodology and the results of
the work of a student before, during and after the teaching unit. Finally, we discuss the
evolution of this student and the contribution that this teaching unit has in the
development of algebraic thinking in the student’s ability to generalize and in her

understanding of the meaning of symbols.

2 Developing symbol sense and algebra learning

The understanding of symbols is of great importance in learning algebra. Arcavi
(2006) suggests that, similarly to the teaching of arithmetic, where the main goal is to
develop the “number sense”, in the teaching of algebra the goal should be the
development of “symbol sense”. This is a complex knowledge that requires multiple
and different experiences throughout several school years. Zorn (2002) addresses
students’ understanding of the meaning of symbols and stresses the importance that they
recognize the mathematical structure of expressions. To this author, symbol sense
means “the general ability to extract mathematical meaning from and recognize
structure in symbolic expressions, to encode meaning efficiently in symbols, and to

manipulate symbols effectively to discover new mathematical meaning and structure”

(p. 4).



In Portugal, working with algebraic expressions and solving equations are the
main foci of the study of algebra at grade 7. Solving equations requires the
understanding of the meaning of the equal sign and the symbol-letter as the unknown
and working with algebraic expressions requires the understanding of the symbol-letter
as a generalized number. According to Kieran (1992) students may have a procedural or
structural conception of algebra. The procedural conception refers to the ability to carry
out arithmetic operations, substituting values and obtaining numbers, whereas the
structural conception refers to of the ability to carry out operations using algebraic
expressions instead of numbers.

When solving linear equations, students may follow procedural or structural
strategies. Kieran (1992) states that when learning algebra, one must establish
connections between algebra and arithmetic in order to develop students’ ability to use
both perspectives, recognizing the advantages of using one or another, according to the
task at hand. In beginning algebra, Kieran (2006) mentions three approaches for solving
equations: (i) intuitive approaches, which include using number facts, counting
strategies, and cover-up strategies; (ii) trial-and-error substitution; and (iii) the formal
approach. Also very used is the balance model, based in the image of equal weights in
both sides of a scale (van Ameron, 2002).

In the beginning of the study of algebra, variables are also used as generalized
numbers and in functional relationships. According to Ursini and Trigueros (1997),
dealing with the different uses of variables requires the following abilities: (i) to
recognize their role in a given situation; (ii) to operate with variables; and (iii) to use
them in order to symbolize a problematic situation. The concept of variable that students
develop depends on the approaches to algebra that they experienced before. In the
teaching unit of this study, the tasks proposed include situations that promote students’
understanding of different uses of variables.

The development of the ability to generalize is one of the fundamental aspects of
algebraic thinking. The study of relations in pictorial sequences constitutes a privileged
path to develop that ability. For example, searching regularities and formulating
generalizations in a variety of situations should be part of the students’ experience since
elementary school (Ponte, 2005). Kaput (1999) presents an example of a task regarding
the analysis of relations that suggests the use of symbols. In his perspective, this type of
task (i) encourages students to work comfortably with symbols, without the reference to

numbers and (ii)) allows students to experiment mathematics emphasizing



understanding. He claims that students should develop from an early age the ability to
identify and describe relations, as well as to continue a certain sequence and to create
new ones according to some rule. MacGregor and Stacey (1993) also suggest that, on
the study of algebra, it is essential the ability to understand a relationship and,
afterwards, represent it using algebraic language.

In the present study, students work with repeating and growing sequences
(mainly with pictorial sequences) and, later, with equations. Several studies indicate the
importance of working with this type of sequence. For example, Mason (2008) suggests
that pictorial sequences are rich contexts for generalization. In addition, English and
Warren (1999) suggest that the work with these sequences constitute an opportunity to
work with symbols, namely through algebraic simplification and analysis of equivalent
expressions.

Given some terms of a pictorial sequence, many students can describe how to
draw other terms. Some of them can even indicate and justify how will be a further term
of a sequence (Mason, 2008). For example, Bishop (1995) identifies, students at grade 7
and 8 using the “model and count” strategy in which they represent the asked order of
the picture and count the number of objects that constitute it, determining, in that way,
the correspondent term of the numeric sequence. English and Warren (1999) report that
students between 12 and 15 years old use an “additive strategy” in which they observe
that from a picture to the next one there is a constant increment. However, as Moss,
Beatty, Barkin and Shillolo (2008) indicate, the use of this strategy does not lead
necessarily to an understanding of the relationship between the order and the number of
objects that constitute the picture. Such identification of the general term is a
fundamental feature of the development of algebraic thinking (Kieran, 1992) that must
be fostered in middle school students (Matos & Ponte, 2008). Kaput (2008) indicates
that the work with sequences prepares to other forms of mathematical generalization
and promotes the use of syntactic aspects of algebra.

Students can also use different strategies to represent relationship (Mason, 2008;
Moss, Beatty, Barkin & Shillolo, 2008). Doing so, contributes to develop their capacity
of interpreting symbolic expressions (Mason, 2008) and to identify equivalent
expressions. Carraher, Martinez and Schliemann (2008) stress that “different ways of
‘visualizing’ a pattern are tantamount to different conceptualizations that may lend

themselves to different algebraic expressions” (p. 13).



3 The teaching unit

This teaching unit aims to contribute towards the development of the algebraic
thinking of grade 7 students, promoting their ability to generalize and to understand the
algebraic language. The class has 15 students, some very good, some regular and some
very weak. For example, only 9 students never failed any previous year and. 2 students,
who failed the previous year, are repeating grade 7. Except for these two students, this is
the first time that students work with the algebraic language. In particular, we seek that
students develop the ability to represent relationships symbolically and to work with
algebraic expressions with understanding. Most of the proposed tasks have an
exploratory and investigative nature.

In this unit, the exploration of pictorial sequences (repeating and growing)
constitutes the starting point for the study of algebra, as indicated in NCTM (2000) and
also in recent Portuguese curriculum documents (ME, 2007). This approach tries to take
full advantage of the potential of tasks involving pictorial sequences (Moss, Beatty,
Barkin & Shillolo, 2008) and aims to develop students’ ability to generalize and to
understand the meaning of symbols in different contexts (Arcavi, 2006; Zorn, 2002).
The students solved exploratory tasks, discussed different views regarding the terms of
the sequences, shared different strategies to analyze the relations and compared results
and justifications in the classroom. This kind of work contributes to the understanding
of symbolism and promotes the recognition of how it is used in different contexts
(Matos & Ponte, 2008).

Before the unit the students studied geometry, measurement and rational
numbers, topics such as similar triangles, area, volume, and angle measurement,
operations with integers, fractions and decimals. The unit begun in February with a set
of tasks involving the study of sequences and then moves on to working with equations
(Table 1). Besides the ten main tasks (that are represented ahead by “task Bi”, with
1<i<10), some exercises and problems from the textbook used in the school were also
solved by students.

The weekly mathematics schedule of the school has 2 double periods (90
minutes) and a single period (45 minutes). The teaching unit went for 7 weeks, during

as carried out in a total of 35 periods, as indicated on Table 1.



Table 1 Topic distribution and assessment moments

Topics Tasks Number of classes (45 minutes)
Sequences 1,2,3and 4 13
Sequences and algebraic expressions Sand 6 7
Equations 7 and 8 3
Equations and problem solving 9 and 10 8
Assessment moments 4

Each task was the starting point for different learning opportunities, in individual
and small group work and in whole class discussions. The work with sequences is a rich
context for the emergence of different strategies from the students. However, it is
necessary that the questions proposed are diversified and stimulate the emergence of
different views, leading the students to find an underling rule and to represent it using
algebraic language. This happens when the tasks have an exploratory nature, including
open questions and diversified contexts. In the first part of this unit, most tasks involved
pictorial and numerical sequences. In a second part, the students worked with equations.
This work was based in word problems that challenged students to interpret the
situations and to define the unknown and the condition, promoting the use of informal
strategies to help them to understand the formal methods.

The tasks were developed generally in groups of two students and the teacher
played the role of an advisor, trying to get students involved in the mathematical
activity and following their own strategies. When guiding the work of the students, the
teacher asked questions in order to help them to clarify their thinking. The exploratory
and investigative character of the proposed tasks had a strong influence on the dynamics
of the class, since its open nature allowed the students’ use of different strategies,
favored the discussion of ideas and the mobilization of abilities and previous
knowledge, and involved all students in mathematical activity.

The tasks designed to promote the development of students’ ability to generalize
and use of algebraic language in different contexts, offering progressively more
complex situations whose solution benefits from the mobilization of knowledge
promoted by the work carried out in previous tasks.

The first four tasks refer essentially to the study of sequences. Task 1 involves
repeating sequences. The aim is to analyze and to describe the sequences and to

formulate generalizations, namely using knowledge about numbers and multiples. Task



2 presents pictorial growing sequences, in which, in some cases, the general term can be
represented by a linear algebraic expression. Students may analyze the transformation
that occurs from a term to the following or explore the relationship between the number
of elements of a term and its order. Hence, students are asked to identify a rule that they
may describe in natural language or they may represent by an algebraic expression.
Task 3 assumes a more investigative nature, requiring students to interpret and explore
regularities in a problem to answer the situation. On task 4 students are called to
analyze, describe, and generalize several numerical sequences from a numerical
scheme, which is constituted by numbers from 1 to 20 with an intriguing disposition and
that may continue indefinitely. On tasks 5 and 6 there are again linear pictorial
sequences which a functional rule can be expressed by an expression of the type an + b
In those tasks the possibility that several algebraic expressions could represent the same
relationship is explored, leading students to analyze equivalent algebraic expressions.

Tasks 7 and 8 mark the beginning of the study of equations. The first intends to
help students to associate to the equal sign a meaning of “equivalence”. Task 8 allows
the reinforcement of that meaning through exploration of a scale, in which an unknown
weight can be determined by an intuitive method or by solving an equation. The
students may establish relationships between the description in their natural language
and the algebraic language that represents the balance situation and between the
intuitive determination of the weight and the final resolution of the equation. This
contributes to a meaningful understanding of the equal sign as representing equivalence
and of the equivalence principles and practical rules. Solving equations involved
working with symbols, thus mobilizing the knowledge developed by working on the
tasks on sequences, namely determining equivalent algebraic expressions. Tasks 9 and
10 present several problems which solution can be obtained by solving an equation.
Students, initially, tried to solve the problems using their own strategies, without using
algebraic language. This situation was explored in order to compare their informal
strategies and the solution of the equation that they indicated in each problem.

When most students had done significant work in the task, there was a whole
class discussion. This constitutes an important moment for the students’ learning
process (Stein, Engle, Smith & Hughes, 2008), generated moments of intensive
participation from students since they all pretended to share their strategies and to
present their conclusions. Questions are posed to the whole class, and every student can

participate in answering them. The major conclusions are achieved during the
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discussion and with the contribution of all students. In working with sequences, it was
during whole class discussions that equivalent algebraic expressions first appeared,
suggested by different students. That created an opportunity for students to work with
symbols doing algebraic simplification. When manipulating expressions, there was a
concern to not forget the meaning of the expression in the context. The comparison of
equivalent algebraic expressions allowed the students to identify the properties to use,
such as the distributive law, and the algebraic operations to be performed. The
discussions promoted by the equation tasks constituted an important moment of analysis
of the representation in algebraic language and of the students’ informal and formal
strategies of solving equations. Contrasting strategies enabled an understanding of
symbol-letters as unknowns and of the interpretation of conditions and of the algebraic
language that could be verified in students when, in other situations, they mobilized that
knowledge and were able to use it in their own strategies. In the end of the lesson it was

made a summary of the concepts and notions discussed.

4 Research methodology

Given its goal, this study follows a interpretative paradigm (Erikson, 1986). We
use a case study methodology to analyze in detail the strategies students follow, their
understanding of the algebraic language, and the evolution that they show at the end of
the unit. Several students were studied but, in this article, given space constraints, we
only consider the case of Joana, a student from the grade 7 class where the unit is
taught. The first author is the teacher of the class how had at the time 4 years of
experiment. This study provides her an opportunity to investigate her own professional
practice in a deep and structured way (Ponte, 2008). This situation also allows her to
observe in depth the unfolding of the teaching unit and its contribution to students’
learning.

Joana starts the school year as a 12 years old girl. She likes to help her
classmates, but, when she does not agree with them, she defends her position with vigor.
However, she shows a lack of self-confidence and she is easily distracted. She sees
herself as an average student and she considers her performance irregular — sometimes
she studies a lot and sometimes she barely studies. During the teaching unit she displays
a mixed performance and some difficulty in concentrating in the tasks proposed. In
exploratory tasks she has an active participation and shows a strong ability to elaborate

strategies and propose solutions for problems.



The data collected is essentially descriptive. One of the tools for collecting data
is a research journal elaborated by the first author where she recorded her participation
and observation of classes. In addition, documents made by the students during the
teaching unit were also collected. These two types of document provide means to know
the difficulties of the student, her generalization and problem solving strategies, the
discussion generated by them, and her understanding of the algebraic language. The
major data sources for the case study of Joana are the interviews made individually two
weeks before and two weeks after the teaching unit. The two interviews were based on
the resolution of a mathematics task consisting of several issues related to the analysis
of a pictorial sequence, solving problems with unknown quantities and solving
equations. All these topics were developed in the teaching unit through the presented
tasks. These interviews give very rich material to analyze the difficulties and strategies
as well as the evolution stimulated by the teaching unit. In this article we only take in
consideration some of the tasks that Joana answered in those two interviews, trying to
identify her generalization ability and her understanding of the meaning of symbols
before and after the unit. We also present some classroom episodes from whole class
discussions where Joana intervened, showing important moments of her work with
algebraic ideas. The tasks identified with A were proposed in the first interview, the
tasks identified with B were carried out in the classroom during the teaching unit, and
the tasks identified with C were part of the interview made after the teaching unit. The
dimensions of analysis are the ability to generalize and the understanding of the

meaning of symbols before, during and after the teaching unit.
5 Joana’s algebraic thinking before the teaching unit

5.1 Ability to generalize

Task Al presents a sequence of pictures:

Task Al. Observe the following sequence of pictures made with squares:

] | ||

This task includes several questions concerning finding near and distant terms

and the general term. To determine near terms (for example, the next term) and not so



near terms (for example, the 8™ term), Joana explores the relationship between the

number of squares of consecutive pictures. Given a known picture, she adds two

squares, one at each end of both “arms”:*

| o des AS Picture 8
£y fra® quodcados . | will have
fa% A ! 15 squares.

In these two questions, Joana follows an additive strategy. She also follows an
additive strategy in generalizing the relationship between the number of squares of a

picture and the order of this picture on the sequence:

O AuEAEro A& Quadrads &G €Y The number of squares
acde ot rrolsHL from the previous

picture plus (+) 2.

Joana always adds two squares to a picture to obtain the next one. That is, her
generalization has a descriptive nature and is based on the knowledge of the previous
term.

In this way, in the first interview, Joana generalizes a linear pictorial sequence
using an additive strategy. She compares the form of consecutive pictures and
recognizes that from one picture to the next, it is necessary to add two elements. This
strategy allows her to indicate the number of elements of a picture knowing the number
of elements of the previous one. Nevertheless, if only the first terms of the sequence are
known, this strategy is not adequate to know the number of elements a picture on a very

distant position.

5.2 Understanding the meaning of symbols

At the time of the first interview, the student had not started the formal study of
algebra. At this moment, we wanted to know the intuitive meanings that she gave to
letters and expressions. By knowing these meanings, we may then understand the
meanings that she gives to symbols, how she uses them, and how she works with
expressions and equations. Task A2 presents a problem where some data is represented

by a symbol:

2 Side boxes contain the translation of what students wrote in their work.
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Task A2. Ana and Miguel are brother and sister and they decided to count the

amount of money that each one has in their piggy bank. Miguel has 5€ more than

Ana. If Ana has x€, what can you say about the amount of money Miguel has?

Joana does not give meaning to the data related to Ana’s amount of money,
represented by x. She does not interpret the letter as a generalized number and she does
not perceive this data as information that she can use to represent Miguel’s amount of
money. She tries to obtain a numeric value or to give instructions related to that amount

of money using the only number that was given on the problem:
Joana - I think that he has 25 euro.
Teacher — Why 257
Joana - That I don’t know.
Teacher - So... Why do you think he has 25?

Joana - Because 5 times 5 is 25.

(...)
Joana - He has 5 euro more than her.

Teacher - Yes, he has 5 euro more than his sister. So what? Can you tell anything
regarding his money? Besides that?

Joana - I don’t think so.

Joana only refers to what is explicitly mentioned in the problem. She wants to
give a numerical answer but she considers that impossible because there is not enough
information in the problem.

The next task presents two equations. It asked the students to solve them,

explaining the strategy that they followed:

Task A3. Determine the value of x in each one of the expressions:

S5+x=18
2x+3=15

In the first equation, Joana interprets x as the symbol that is in the place of a
number. To determine it, she uses the inverse operation and then writes the solution
besides the unknown (what may be seen as an informal representation):

1)
5+4x=18 =
il

o

In the second equation Joana does not give a correct meaning to x nor to the

expression 2x, which is related to powers, a topic recently taught in the mathematics
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class. She cannot explain what she pretends and finishes saying that she does not know
what to do:

Joana - We have to place here a power of a number.

Teacher - How?

Joana - A power. I don’t know.

Teacher - How do you understand that expression? What do you think it is?
Joana - There are two missing.

Teacher - Missing two what?

Joana - I don’t know if it is a power here, but if it were, it was easier.
Teacher - So?

Joana - I don’t know how to do.

In task A2, Joana cannot interpret the letter in the expression as data given of the
problem that can be used to find the answer. The student interprets the symbol-letter as
an unknown in the first equation of task A3 but shows difficulty in the second equation
of the same task. That difficulty is related to the understanding of the expression ax. In
this way, the student is able to give a meaning to the letter x when it is isolated, but she

cannot do the same when the letter x is included in an expression.

6 Algebraic thinking inside the classroom

6.1 Development of the ability to generalize

Task B6 was done in the classroom. Prior to this task, as described above,
students worked with pictorial sequences and sought regularities in problems. So, they
had already expressed generalizations in algebraic language and analyzed equivalent
algebraic expressions. This task was intended to help students to enhance their ability to
generalize based on the analysis of pictorial sequences and understanding of algebraic
language. It presents several algebraic expressions related to the number of grey squares
of pictures included in a sequence.

It is possible to use different strategies to solve this task. The students may
simplify each expression, based on previous knowledge about expressions learnt on
previous tasks involving sequences, figuring out which expressions are equivalent, and
then relating them to the sequence. They also may analyze the structure of the terms and
write a new expression. Afterwards, they may simplify the expressions given and
indicate which are equivalent to their expression. Joana does this, but she also discusses

the conclusions reached by her colleagues. Thus, she has the opportunity to address the
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sequence in several ways, showing understanding of the different expressions that arise

following diverse methods.

Task B6”, Question 4. Consider the following pictures:

Picture number 1 Picture number 4
Identify the formulas that can be used to calculate the number
of grey squares in any picture (the letter C represents the
number of grey squares and N represents the number of the
picture). Explain your choices.

C=2N+3(N+1
C=5(N-1D+8
C=8+5N
C=32N+1)-N

Going to the blackboard, Joana presents to the class her interpretation of the
sequence. She explores the properties of the pictures, decomposing them, and verifies
that there is a set of five grey squares with the form L, that is repeated as many times as
the order of the picture. Finally, she describes a relationship that she cannot relate to the
given expressions. The teacher asks some questions to Joana, to help her to clarify to
other students the meaning of the algebraic expression C =5N + 3 that she writes to
represent the relationship. During the discussion she indicates to the other students her

interpretation of the meaning of N:

Teacher - How many little squares are there in each C?
Joana - 5.

Teacher - How do I write that in a formula?

Joana - 5 times N. 5 times the position number of the picture.
Teacher - 5 times N.

Joana - Plus 3.

The students keep exploring the sequence and try to decompose the pictures in
order to establish a relationship between the number of grey squares in each picture and
the given expressions. After analyzing the expression proposed by Joana, they
concluded that the expression C= 8 + 5N could not represent the number of grey

squares of any picture in the sequence.

? Adapted from Wijers, Roodhardt, van Reeuwijk, Burrill, Cole & Pligge (2006).
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Other students present a decomposition of the pictures of the sequence that allow

them to conclude that the expressions C =3(2N +1)— N and C =5N + 3 represent the

relationship between the number of squares of a picture and its order in the sequence
and that the expression C =8+5N does not represent that relationship. Given the
difficulties that most students show during the exploration, the interpretation of the
other expressions is done with all the class. Finally, the students reflect about the
possibility of doing operations in their algebraic expressions in order to verify
analytically if all the expressions represent the same relationship. One of them indicates
that it is not possible to perform operations on the expression C =5N + 3, proposed by
Joana, in order to simplify it. Therefore, it is decided to simplify the other expressions to
obtain the same simplified expression for all of them. As a whole class, the students
interpret the meaning of parenthesis and proceed, individually, to simplify the
expressions C=2N +3(N+1), C=5(N-1)+8 and C=3(2N +1)— N . For each
expression, a different student goes to the blackboard to present all the operations he/she
did and the class concludes that they are all equivalent, as verified before by the
decomposition of the pictures of the sequence. Several students, including Joana,
participate in the discussion, for example, regarding the expression C =5(N —1) +8:

Andreia - [N - 1] Is the position number of the picture less 1.

Joana - The 5 becomes from the [J [referring to the number of squares of the picture
with the form [].

Thus, the exploration of the pictures in different ways contributes to a better
understanding of generalizing and fluency in manipulating algebraic symbolism.

The unfolding of this activity reinforces the notion that the study of pictorial
sequences and its generalization allows the development of the understanding of
equivalence between expressions (English & Warren, 1999). Joana’s generalization
strategy is primarily based on the analysis of the properties of the pictures of the
sequence. The student decomposes a picture and identifies the invariant parts and the
parts that are related to the order of the picture. The expression obtained by Joana, and
that deserved the consensus of the other students, was then compared to the given
expressions, allowing to verify those that were or were not equivalent. The equivalence
between two expressions is related to the fact that both of them represent the same
relationship, which gives sense to the formal analysis of expressions based on the

properties of operations.
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6.2 Development of the understanding the meaning of symbols

Task B2 provides a first opportunity for these students to use a symbol-letter to

represent a number, formulating an algebraic expression to describe a generalization.

Task B2, Question 1. Observe the sequence of pictures:

@)

@) @)

@) @) @)
(ON@ (ON@ o0

a) Draw the next picture of the sequence.

b) Draw the 7" picture of the sequence. How many balls has the picture?

(...)

f) Describe how to construct any picture of this sequence.

g) Write an expression that represents the number of balls of a picture in
any position.

The students determine the number of balls of the 4™ term, adding a ball to the
previous term. To determine the number of balls of other near terms, such as the 7t
term, some students still use an additive strategy but others, such as Mariana and Diana,

analyze the structure of each term and relate to its constitution to its order:

Se A 1°F8. fem @ Solas £ Bk g yrro €M i ,o Fgr Q COMO
% O VEa B R BoAs X BA&E € a2 7AMa cSm £ o j;gs
Tt D Bdos @R £ 3 pA Civa AplSCo - o focitiore PATB » G

Mariana e Diana, Q1.b)-T2

If the 1* figure has 2 balls at the base and one upwards, the figure 2, as can be seen, has 2 balls
at the base and 2 upwards and the 3" figure has 2 balls at the base and 3 upwards. One applies
the reasoning to the figure.

This strategy appears most effective in determining a more distant point and this
issue is discussed with the whole class when the students present their answers to the
question “Describe how it is constructed any figure of this sequence”. Susana still
follows an additive strategy but she recognizes it does not work when she is asked about

a distant order term:

Susana - Teacher, I put this: There are always two balls at the base and an increase
one upwards according to the sequence.

Teacher - Yes, but this is based on the previous.

Susana - Yes.

Teacher - So, if I ask you to fifty you have to draw all up to forty-nine and then add
one more ball?

Susana - Oh, teacher! I have two down and then I increase on top.

Teacher - Why do you increase one on top?
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Susana - Based on the previous.

Teacher - If I ask fifty you will draw...

Susana - No.

Teacher - How do you draw, for example, the figure twenty-five?

Rafaela - I make two balls at the base and then twenty-five in the top.

Rafaela relates the total number of balls with the order of the term but does not
addresses the disposition of balls. Joana and Catarina establish this relationship in a

general way:

A ‘:(f‘:\; ) - The pict:
RDCxes {0 '|l|(J ko e S a0~ dau ” One adds 2 to the number of the
. ict .
Joana e Catarina | D¢

The next question asks for an expression of the general term, but the students do
not understand the meaning of the word “expression”. So, the question is discussed with
the whole class and this enables the establishment of a general the relationship between
the term of the numerical sequence of the number of balls and its order. For example,

Susana who previously used an additive strategy, now suggests this relationship:

Teacher - I have a figure in any position, how do I calculate the number of balls that
this figure will have?

Susana - It is the number of balls in vertical, the number of the figure, and then one
adds to two balls to make up the base.

From this exploration, a range of examples emerge:
s 4 & e
e, Ay —3 o
i“ér""“' wpoom — > I+ Fon ose
Xico e Ricardo
For the general term, Susana proposes, then, that, as we do not know the order of

the figure, we represent it by a symbol, a question mark:

Susana — Teacher, Oh, I know. It is two and a question mark.

Teacher — It may be. Two and a question mark. What does this question mark
represent?

Diana — The number of balls that we have to add.

Susana — The number of the figure because we do not have the number.

The symbol that Susana indicates represents an unknown number that can take
several values. The students come thus to a general expression for determining the
number of balls which constitute any figure. Then, the teacher suggests that other

symbols may be used, according to the situation, with the same meaning. Belmiro, a
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student who attends grade 7 for the second time, immediately suggests the use of the
letter x. Some students suggest other letters, such as b, c, h, or n:

%.-ENE 1 ﬂ"r?

A = B e

Xico e Ricardo

The discussion involves several students promotes understanding of the
generalization and gives rise to the use of algebraic language to express it.

Another example of students developing the meaning of symbols concerns word
problems. Solving such problems, in an initial phase, students mostly use informal
strategies. In the discussion, some connections between the students’ intuitive
representations expressed in natural language and the algebraic representation of the
situations are established. This motivates the students to use algebraic language, as, for

example, in the following problem:

Task B9, Question 4. During the weekend José goes for bicycle rides. On
Sundays he does 6 more kilometers than on Saturdays. He does a total of

38 kilometers. How many kilometers does he do on each day?

The students think a little bit about the question. Then, the equation that
represents the problem is written on the board, with contributions from several students,
including Joana. One student suggests to use x to represent the number of kilometers

and the following discussion takes place:

Teacher - x is the number of kilometers that he rode... When?
Diana - On Saturday.

Teacher - Very good. And how do you represent the number of kilometers that he rode
on Sunday?

Belmiro - x plus 6...

Teacher — That’s the number of kilometers he rode on Sunday. Let’s write an
expression to determine the total. How do we do that?

Joana - x plus x plus 6.

Francisco - That’s equal to 38.
Teacher - What he rode on Saturday plus...

Joana - what he rode on Sunday, x...

Francisco - Plus x plus 6 it’s equal to 38.

Joana gives significant contributions concerning the elaboration of the

expression and to the establishment of its meaning. In the subsequent discussion she

adds that on Saturday José rides 16 kilometers and on Sunday he rides lo+ 6, which is
22 kilometers.
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During classes, as it also occurred in other studies (e.g., Bednarz & Janvier,
1996; van Ameron, 2002), Joana and other students show some initial difficulty in using
equations to solve problems. However, the whole class discussions create many
opportunities for different students to make contributions that help interpret ting the
algebraic language and using it with understanding. In this problem, for example, Joana
correctly understands the unknown and gives meaning to the algebraic representation of
the problem, showing progress in understanding the meaning of the symbol-letter and in

using the algebraic language.
7 Joana’s algebraic thinking after the teaching unit

7.1 Ability to generalize

Task C1 from the second interview presents a linear pictorial sequence. We
wanted to identify the strategies followed by Joana in order to determine the number of
elements of a near term (the next) and of a not so near term (the 10™) and to determine

the relationship between the order of a picture and the number of dots that constitute it.

Task C1. Consider the following sequence of pictures:

-
. -
L] L] &
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-
&

This task has three questions concerning to find near and distant terms and the
general term. In the first question, Joana analyzes the number of dots of consecutives
pictures and identifies a regularity in the formation of a picture of the sequence based on
the previous picture. She adds four dots to the 3% picture, one on each end, and obtains

the 4™ picture:

~ac *’\r\ Ay Ao (_' QU anten ar Starting from the previous
O’.:i\ dorands oma  do  em Cala picture adding one ball in
TR A gy .

each end of the picture.

To determine the number of dots of a picture in a distant position, the 10™ term,
Joana does not follow an additive strategy, as previously. She observes the different
pictures of the sequence and looks for a regularity in their geometric properties.
Through the description of the drawing she identifies a central dot in all pictures and

four parts with a number of dots equal to the order of the picture:
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Teacher - How many dots does the 10" picture have?
Joana - It has 40.

Teacher - Why?

Joana - No.

Teacher - So?

Joana - I don’t know.

Teacher - So, if you wanted to draw. How would you do it? Maybe it will help you to
know how many dots it has.

Joana - I would draw the first dot and would add... 10.
Teacher - How do you do it then?

Joana - I would draw a dot...

Teacher - Yes.

Joana - And I would add 10... 10 dots on each arm.

Joana clarifies her reasoning and finds out her mistake when she describes the
method to draw the 10™ picture. She relies on the analysis of the properties of each
picture on the sequence and establishes a relationship between the number of dots of a
picture and its order on the sequence.

She presents the generalization of this situation in algebraic language. She
represents by n the order of the picture on the sequence and by ¢ the total number of

dots:

Joana - It is the position number of the picture times 4, plus something.
Teacher - Plus what?

Joana - I think it is plus 1, which is the central one.
N x4+ =24

In the second interview, Joana clearly shows an evolution on her ability to
explore and identify relations in sequences (not only between consecutive pictures),
which allows her to indicate a relationship between the order of the picture and the
number of its elements using algebraic symbolism. Joana identifies this relationship
based on the analysis of the properties of the pictures in the sequence, like she does in
task B6, previously reported. In the classroom, from tasks B2 to B6, students were
encouraged to express in algebraic language the relations that they found and that they
explained in natural language. Whereas in the first interview the student exclusively
uses natural language to express the relationship, she now expresses herself in an

algebraic language, using symbols-letters as generalized numbers.

19



7.2 Understanding the meaning of symbols

Task C2 requires a representation for the perimeter of the triangle that satisfies
certain conditions and is used to verify if Joana uses algebraic language and what

meaning she gives to symbols.

Task C2. The three sides of a triangle have different lengths. The second side
has three centimeters more than the first side and the third side has twice the

length as the first side.

Joana is asked how to represent the perimeter of the triangle. She reads the

problem, draws a triangle and analyzes the conditions given:

Joana - The perimeter is equal to the sum of al 1 sides.

Teacher - Exactly. Very good.

Joana - How do I know how much is the first one? There’s no way to find out.
Teacher - Do you have any idea about what you can do?

Joana - It can be several.

Teacher - Several what?

Joana - Several centimeters.

Joana verifies that the length of the first side (the smallest side of the triangle)
can take several values (being a triangle, the length of the first side has to be bigger than
1.5 units of length). She represents by n the value of the length of that side and
expresses the length of the other two sides as a function of it, by the expressions n + 3
and nx2. Afterwards, she elaborates an algebraic expression for the perimeter of the
triangle:

Joana — n. Plus 3. No. n plus n plus 3. Plus n times 2.

Teacher — Write.

Joana — I think that is.

Teacher — Write.

Joana — n. That is the first side.

Teacher — Very well.

Joana — Plus... n plus 3. That is the second side.

Teacher — Hum, hum.

Joana — Plus n... Or n plus n, or n times 2. Do I put times 2 or just 2?
Teacher — What you want.

Joana — So I put times 2.
M NS
Joana translates the relationships of the problem given on natural language into

algebraic language, showing an understanding of symbols in this context and the
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usefulness of using them. In the first interview Joana could not express a problem in
algebraic language. In the teaching unit from task B8 to task B10, the students
represented different situations in algebraic language. For example in task B9 —
Question 4 of the teaching unit, Joana gives some contributions to the use the algebraic
language in solving word problems and to the clarification of the meaning of the
unknown. By the end of the teaching unit, it is possible to verify her evolution in using
algebraic language to represent problems by herself.

In the classroom, the equations to solve always originated in word problems. In
the beginning, students used informal strategies to find the value of the unknown and
progressively started to use formal strategies that they compared with their informal
strategies. In more complexes equations they needed to used the algebraic properties
and operations. In the second interview, we checked if Joana can also solve equations
without a real-life context and if she recognizes the adequate meaning of algebraic
language that she did not recognize in task A2 of the first interview. Task C3 presents
six equations that had the purpose of identifying the meaning the Joana give to algebraic
notation and her strategies in solving equations and of finding out her understanding of

algebraic language.

Task C3. Solve the following equations:

a) 12=x+9 b) 8x=4
¢c) 10+x=4 d -3-x=0
e) 8+3x=20 f) 3x-7)+10=2x-3

Up until equation d), Joana follows a procedural strategy to mentally determine
the solution. She retrieves her knowledge of properties of numbers in order to have an
intuitive idea of the unknown number that satisfies the condition. Afterwards, she uses
formal strategies to solve each equation and determine its solution. Her answer to
question b) is an example of this kind of thought. The student indicates, based on her
knowledge of properties of numbers, the solution of the equation, and then, solves it
through the procedures usually followed in class, dividing both sides of the equation by

the coefficient of the x term:
Joana - Each x will be 0.5. I think.
Teacher - How did you do?
Joana - I don’t know.
Teacher - So!?

Joana - Each two x has to be one. I only need to see how much one x is.
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b) 8r=4_
8. 79

X=0,5

Joana shows some insecurity in solving equation f), as it happened throughout
the whole interview. At the beginning she refers that she does not know how to solve
these equations. Nevertheless, she gives meaning the algebraic expressions:

Joana - I have 3x and I have — 7. Ah! It is 3 times what is inside of this.

Joana correctly interprets the expression 3(x —7) and tries to solve the equation.

She tries to find alike terms in both sides of the equation and follows the balance model,

but the terms that she refers to are not alike, making impossible to use that strategy:

Teacher - So, what is the first thing you think you have to do?

Joana - If I join the 3 is zero. Yes, the 3, I don’t know if it is correct because one is
positive and the other is negative.

Teacher - Do you think they have exactly the same role in both sides of the equation?
Joana - No.
Teacher - So?

Joana - Here 3 is... 3 times all this. And here isn’t... So I can’t take out a 3. I can take
out an x on each side. Can I?

Teacher - What will happen?

Joana - I will be without x here [on the first side of the equation] and I will have only
one x here [on the second side of the equation].

Teacher - Is it?

Joana - I think it is.

Teacher - Are you taking out one on each side?

Joana - Ah, I can’t take this one [from the first side of the equation].
Teacher - So?

Joana - Because there is a 3 on it.

Joana shows an understanding of the meaning of each side of the equation and
she realizes that the procedures that she wants to follow are not adequate. After that, she

brings back the initial interpretation of the expression 3(x—7) and applies the

distributive property. After doing this she compares the expression in each side of the
equation and identifies the terms with x — on the first side of the equation, the 3x term,
and, on the second side, the 2x term. She uses the balance strategy and, without writing
the procedure, she takes away 2x on each side of the equation. Finally, she passes all the
independent terms to the second side of the equation and proceeds with solving the
equation, correctly determining its solution.

Using the terms of Kieran (2006), we may say that when solving these equations

Joana follows intuitive strategies, based on her knowledge of numbers and their
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properties and when solving the last equation she follows formal strategies. She uses the
transposition procedure, that is, changes a term from one side of the equation to the
other changing the sign, and the procedure involving doing of the same operations on
both sides of the equation. She also cancels equal terms on both sides of the equation.
The fact that she combines different strategies to solve an equation shows a significant
understanding of equations and of different strategies, formal and informal.

In the second interview, we also see that Joana developed a deeper
understanding of the algebraic language. On task C1 she uses, by her own initiative,

symbolism and recognizes n as a generalized number:

Joana - I wrote a letter because I couldn’t use a number.
Teacher - Why couldn’t you use a number?
Joana - Because if I did it, it will be very confusing and you will think, if I put 1 it will

be 1X4 and the position number of the picture can’t be 1. Because n is any
number. An undefined number, I don’t know which one.

On task C3 she interprets x as an unknown, which means that it represents a
value that she does not know but that may be represented. Joana distinguishes between
the meanings of the variable on both situations — in one she recognizes the symbol-letter
as a generalized number and on the other as an unknown. The following excerpt

illustrates this situation:

Joana - It will be known how much each x is.[on task C3].

Teacher - It will allow you to know the values of each x. So, what about in C2, for
example, doesn’t that allow you to know how much is n?

Joana - It will be 3n... No... Imean, I don’t know. Maybe it will be possible.
Teacher - So?

Joana - But there is no equal sign here.

Teacher - There is no equal sign.

Joana - No.

Teacher - If there was an equal sign, was it possible then?

Joana - Yes.

Joana clearly understands the difference between an expression that represents a
generalization and an equation. She also shows an understanding of the meaning of the
equal sign in algebraic language, since the equality of two algebraic expressions (up
until now linear) establishes a condition that is true for one given value. On the second
interview she interprets the symbol-letter, both as a generalized number and as an
unknown. She clearly shows to be conscious about the fact that symbols can have

different roles in different contexts, a key element of symbol sense (Arcavi, 2006).
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8 Conclusion

This article presents the work developed by Joana, a grade 7 student, in order to
understand if a teaching unit based on an exploratory approach enhances the
development and the mobilization of students’ algebraic thinking. The student was
interviewed before and after the teaching unit, solving mathematical tasks that allow the
analysis of her performance in two main aspects of algebraic thinking — the ability to
generalize and the understanding of the meaning of symbols.

Ability to generalize. In both interviews, Joana identifies relationships in
pictorial sequences. In the first interview, she uses additive strategies in order to find a
near term and a not so near term and to make generalizations about the sequence that
she expresses in natural language. In the second interview, she keeps using additive
strategies (to analyze consecutive pictures) but uses also decomposition strategies (to
analyze the properties of pictures and establish relationships between the number of
elements of a picture and its order in a sequence). She only uses additive strategies to
determine a near term. To answer other questions, Joana analyses the geometric
properties of the pictures and identifies the relationship between the order and the
number of elements of the picture, as the students in the studies of Bishop (1995) and
English and Warren (1999) did. She expresses these relationships in algebraic language,
with the symbol-letter as a generalized number. In addition, whereas in the first
interview she only formulates generalizations in natural language, in the second
interview she is able to express such generalizations using the algebraic language.
Therefore, Joana shows a significant evolution.

The work in the classroom was based in exploratory tasks, many of them
involving pictorial sequences, requiring different sorts of generalizations (to find a near
term, a distant term, a general term...). Connections between numerical, visual and
symbolic thinking was promoted. Also important was the discussion of students’
solutions that led them to contrast their generalization strategies and understandings.
Together, these two elements of the teaching unit (the kind of tasks and the classroom
way of work) seem to have contributed to the development of Joana’s ability to
generalize in sequences and her use of the algebraic language to represent such
generalizations.

Understanding the meaning of symbols. During the first interview, Joana only

recognizes the meaning of the symbol-letter as an unknown in equations such as
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x+a=>b, where a and b are natural numbers. She determines the solution doing the
inverse operations, i.e., subtracting b —a . She does not recognize that same meaning in
an equation that contains the expression 2x — an expression that she does not know. In
contrast, during the second interview, the symbol-letter appears in problems posed in
different contexts and Joana gives it correct meanings in relation to those contexts. She
recognizes the symbol-letter as an unknown in the equations that she faced and as a
generalized number in expressions that she made herself. When solving the first
equations she follows informal strategies to find the solutions in an intuitive way. In the
equations of task C3, of the type ax = b and x + a = b, she correctly determines the
solution and justifies her answer by recalling her knowledge of numbers and of
properties of operations. When the characteristics of the equations do not favor the use
of intuitive strategies, she uses formal strategies. She follows formal strategies
depending on her interpretation of the equation, namely, doing transpositions and using
the same operation in both sides of the equation. In these situations she recognizes the
mathematical structure of expressions, an important aspect of symbol sense (Zorn,
2002). This understanding of equations and the knowledge of various strategies for
solving equations was developed in the classroom, with tasks B8, B9 and B10. The
problems that could be solved in several ways, and stimulated translation processes and
writing of algebraic expressions, were always supported by work in small groups and
whole class discussions.

Regarding the algebraic language, at the end of the teaching unit, Joana shows a
very significant understanding of the interpretation of variable as unknown and as
generalized number. She clearly describes its meaning depending on the expression or
equation, which contrasts with her performance in the first interview.

The power of an exploratory approach. The work developed during the teaching
unit introducing the study of algebra is based on the study of sequences and on problem
solving that naturally promote the generalization and the use of algebraic language. The
evolution shown by Joana strongly suggests that this approach supported her learning.
The development of her ability to generalize was enhanced by the exploration of
pictorial sequences, as these tasks favor the identification of relationships based on the
analysis of properties of pictures. The fact that these generalizations can be formulated
in natural language and can be represented by different algebraic expressions, gives

meaning to the symbolism used and to the notion of equivalent algebraic expressions
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(English & Warren, 1999; Mason, 2008), enhancing the students’ understanding of the
algebraic language.

Joana shows symbol sense that contributes to a progressive and significant
development of her algebraic thinking. She uses algebraic language to represent
generalizations and manipulates symbolically the expressions and equations using
adequate procedures, showing understanding of symbols (Arcavi, 2006). Most students
in this class had an active participation in the classroom discussions and showed an
equally significant evolution in their ability to generalize, using algebraic language to
represent relationships as well as in working with symbols (Branco, 2008).

Other studies (e.g., Carraher, Martinez & Schliemann, 2008; English & Warren,
1999) have suggested the value of working with pictorial sequences to promote
students’ ability to generalize and to develop a feeling for the use of the algebraic
language. This study is limited to a trial of a teaching unit to a single classroom and
presents data of only one student. However, there was nothing special about this class
and several other students showed a similar evolution. Therefore, it is reasonable to
claim that this study suggests that the beginning of the formal study of algebra, oriented
to the understanding of expressions and equations, may benefit from being taught via a
teaching unit based in exploratory and investigation tasks, involving sequences and
solving word problems, an arrangement that supports a movement from informal
strategies to more formal methods. Teaching such unit with positive results has proved
to be feasible in the setting of a regular class. In addition, working on these tasks,
contrasting strategies and justifying solutions in classroom discussions, seems to favor
students’ establishing connections between concepts, stimulate their understanding of
different types of representations and allow them to change from natural language to the

use of algebraic language, supporting the development of their algebraic thinking.
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