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❊st❛ t❡s✐s s❡ ❧❛ ❞❡❞✐❝♦ ❛ ❉✐♦s q✉✐é♥ s✉♣♦ ❣✉✐❛r♠❡ ♣♦r ❡❧ ❜✉❡♥ ❝❛♠✐♥♦✱ ❞á♥❞♦♠❡ ❢✉❡r③❛s

♣❛r❛ ❝♦♥t✐♥✉❛r ② ♥♦ ❞❡s♠❛②❛r ❛♥t❡ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ s❡ ♠❡ ♣r❡s❡♥t❛❜❛♥✱ ❡♥s❡ñá♥❞♦♠❡ ❛

❡♥❝❛r❛r ❧❛s ❛❞✈❡rs✐❞❛❞❡s ② s❛❧✐r ❛❞❡❧❛♥t❡✳

❆ ♠✐s ♣❛❞r❡s ♣♦r s✉ ❛♣♦②♦✱ ❝♦♥s❡❥♦s✱ ❝♦♠♣r❡s✐ó♥✱ ♣❛❝✐❡♥❝✐❛ ② ❛♠♦r✳ ❊❧❧♦s s♦♥ ❧❛s ❥♦②❛s

♠ás ♣r❡❝✐♦s❛s q✉❡ t❡♥❣♦ ❡♥ ❧❛ ✈✐❞❛✱ ♠✐ ❢✉❡r③❛✱ ♠✐ ♠♦t✐✈♦ ❞❡ s✉♣❡r❛❝✐ó♥✱ ♠✐ ❝♦r❛❥❡ ♣❛r❛

❝♦♥s❡❣✉✐r ♠✐s ♦❜❥❡t✐✈♦s✳ ●r❛❝✐❛s ♣♦r ❝r❡❡r ❡♥ ♠í ② ❜r✐♥❞❛r♠❡ t♦❞♦ s✉ ❛♠♦r ❡st❛♥❞♦ s✐❡♠♣r❡

❛ ♠✐ ❧❛❞♦✱ ❧♦s ❆♠♦✳

❆ ♠✐s ❤❡r♠❛♥♦s ▲✐③ ② ❏♦sé✱ ♣♦rq✉❡ ❡st❡ tr❛❜❛❥♦ t❛♠❜✐é♥ ❡s s✉②♦ ②❛ q✉❡ ❤❛♥ ❝♦♠♣❛rt✐❞♦

❝♦♥♠✐❣♦ ❡❧ ✐♥✐❝✐♦ ❞❡ ❡st❛ ❤✐st♦r✐❛✱ ❣r❛❝✐❛s ♣♦r s✉ ❝❛r✐ñ♦✱ ❡❧ ❛♣♦②♦ ✐♥❝♦♥❞✐❝✐♦♥❛❧ ♣♦r ❡st❛r

s✐❡♠♣r❡ ♣r❡s❡♥t❡s✱ ❛❝♦♠♣❛ñá♥❞♦♠❡ ② ❞á♥❞♦♠❡ ❢✉❡r③❛s ❝✉❛♥❞♦ ♠❡ s❡♥tí❛ ❞❡s❢❛❧❧❡❝❡r✱ ❧♦s

❛♠♦ ❤❡r♠❛♥♦s ❡st♦② ♠✉② ♦r❣✉❧❧♦s❛ ❞❡ ✉st❡❞❡s✳

❆ t✉ ♣❛❝✐❡♥❝✐❛ ② ❝♦♠♣r❡♥s✐ó♥✱ ♣r❡❢❡r✐st❡ s❛❝r✐✜❝❛r t✉ t✐❡♠♣♦ ♣❛r❛ q✉❡ ②♦ ♣✉❞✐❡r❛ ❝✉♠♣❧✐r

❝♦♥ ❡❧ ♠í♦✳ P♦r t✉ ❜♦♥❞❛❞ ② s❛❝r✐✜❝✐♦ ♠❡ ✐♥s♣✐r❛st❡ ❛ s❡r ♠❡❥♦r ♣❛r❛ t✐✱ ❛❤♦r❛ ♣✉❡❞♦ ❞❡❝✐r

q✉❡ ❡st❛ t❡s✐s ❧❧❡✈❛ ♠✉❝❤♦ ❞❡ t✐✱ ❣r❛❝✐❛s ♣♦r ❡st❛r s✐❡♠♣r❡ ❛ ♠✐ ❧❛❞♦✳
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▲✐♥❞❛✉r❛ ❙❡❣✉r❛ ✭❆❜✉❡❧✐t❛✮✱ ❊♥r✐q✉❡ ◆úñ❡③ ✭❆❜✉❡❧✐t♦✮✱ P♦r✜r✐♦ ♣ér❡③ ✭❆❜✉❡❧✐t♦✮✱ ▲✉③ Pé✲

r❡③✱ ❆♥❞r❡❛ ❇❛rr❡t♦✱ ▼❛②r❛ ❚♦❝t♦✱ ▼❛r❣❛r✐t❛ ▼♦r❛❧❡s✱ ❏✉❞✐t❤ ❉❡❧❣❛❞♦✱ ❏♦s❡ ❆❧❝❛❧á✱ ▼✐❣✉❡❧

●✉❡rr❛✱ ❆❧❛❞✐♥♦ ❘❛❜❛♥❛❧✱ ▼♦✐sés ❣✉❡rr❛✱ ❈❛r❧♦s ▼❡♥❞♦③❛✳ ▼✉❝❤❛s ❣r❛❝✐❛s✳

❆ ♠✐ ♣r✐♥❝❡s❛ ❤❡r♠♦s❛ ▲✉❝✐❛♥❛ Pér❡③ ② ❛ ♠✐ ❞♦s ❆♥❣❡❧❡s q✉❡ ❞❡s❞❡ ❡❧ ❝✐❡❧♦ ♠❡ ❣✉í❛ ♠❛✲

♠✐t❛ ❖❧✐♥❞❛ ❈✉❜❛s ② ❏❡♥♥② Pér❡③✳

❆ ♠✐s ♣r♦❢❡s♦r❡s q✉❡ ❡♥ ❡st❡ ❛♥❞❛r ♣♦r ❧❛ ✈✐❞❛✱ ✐♥✢✉②❡r♦♥ ❝♦♥ s✉s ❧❡❝❝✐♦♥❡s ② ❡①♣❡r✐❡♥❝✐❛s

❡♥ ❢♦r♠❛r♠❡ ❝♦♠♦ ✉♥❛ ♣❡rs♦♥❛ ❞❡ ❜✐❡♥ ② ♣r❡♣❛r❛❞❛ ♣❛r❛ ❧♦s r❡t♦s q✉❡ ♣♦♥❡ ❧❛ ✈✐❞❛✱ ❛ t♦❞♦s

② ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s ❧❡s ❞❡❞✐❝♦ ❝❛❞❛ ✉♥❛ ❞❡ ❡stás ♣á❣✐♥❛s ❞❡ ♠✐ t❡s✐s✳

❈♦♥ t♦❞♦ ♠✐ ❝❛r✐ñ♦ ② ♠✐ ❛♠♦r ♣❛r❛ ❧❛s ♣❡rs♦♥❛s q✉❡ ❤✐❝✐❡r♦♥ t♦❞♦ ❡♥ ❧❛ ✈✐❞❛ ♣❛r❛ q✉❡ ②♦

♣✉❞✐❡r❛ ❧♦❣r❛r ♠✐s s✉❡ñ♦s✱ ♣♦r ♠♦t✐✈❛r♠❡ ② ❞❛r♠❡ ❧❛ ♠❛♥♦ ❝✉❛♥❞♦ s❡♥tí❛ q✉❡ ❡❧ ❝❛♠✐♥♦

s❡ t❡r♠✐♥❛❜❛✱ ❛ ✉st❡❞❡s ♣♦r s✐❡♠♣r❡ ♠✐ ❝♦r❛③ó♥ ② ♠✐ ❛❣r❛❞❡❝✐♠✐❡♥t♦✳
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❊♥ ❡st❛ t❡s✐s s❡ ❡st✉❞✐❛ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ♠❡❞✐❛♥t❡ ✉♥ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦
❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡ ❞❡ tr❡s ♥✐✈❡❧❡s tró✜❝♦s✳ ❊st❡ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❡st❛ ❜❛s❛❞♦
❡♥ ✉♥ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r ♣r❡s❛ ❝♦♥ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ ❍♦❧❧✐♥❣ t✐♣♦ ■■ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡✱
✐♥❝❧✉②❡♥❞♦ ✉♥ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r ♣❛r❛ ♦❜t❡♥❡r ✉♥ s✐st❡♠❛ ❞❡ tr❡s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s
♦r❞✐♥❛r✐❛s✳ P❛r❛ ❡❧ ❝✉❛❧ s❡ ❡st✉❞✐❛ ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞✱ ✐♥✈❛r✐❛♥③❛ ② ❛❝♦t❛❝✐ó♥ ❞❡ ❧❛s
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❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❞❡ ❧❛s tr❡s ❡s♣❡❝✐❡s ❛sí ❝♦♠♦ t❛♠❜✐é♥ ❧♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①✲
t✐♥❝✐ó♥ t♦t❛❧ ② ♣❛r❝✐❛❧ ❞❡❧ s✐st❡♠❛✱ ❞❡ ❞♦♥❞❡ ✈❡♠♦s ❝✉❛♥❞♦ t✐❡♥❡ ♦ ♥♦ t✐❡♥❡ é①✐t♦ ❡❧ ❝♦♥tr♦❧
❜✐♦❧ó❣✐❝♦✳
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❖❜t❛✐♥❡❞ ❚✐t❧❡ ✿ ❉❡❣r❡❡ ✐♥ ❙❝✐❡♥t✐✜❝ ❈♦♠♣✉t✐♥❣✳

■♥ t❤✐s ✇♦r❦✱ t❤❡ ❞②♥❛♠✐❝s ♦❢ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧ ✐s st✉❞✐❡❞ ✉s✐♥❣ ❛ ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ♦❢
s✐♠♣❧❡ ❢♦♦❞ ❝❤❛✐♥ ♦❢ t❤r❡❡ tr♦♣❤✐❝ ❧❡✈❡❧s✳ ❚❤✐s ♠❛t❤❡♠❛t✐❝❛❧ ♠♦❞❡❧ ✐s ❜❛s❡❞ ♦♥ ❛ ♣r❡❞❛t♦r
♣r❡② ♠♦❞❡❧ ✇✐t❤ ❍♦❧❧✐♥❣ t②♣❡ ■■ ❢✉♥❝t✐♦♥❛❧ r❡s♣♦♥s❡ r❛t❡ ❞❡♣❡♥❞❡♥t✱ ✐♥❝❧✉❞✐♥❣ ❛ t♦♣ ♣r❡❞❛✲
t♦r ❞❡s❝r✐❜❡❞ ❜② ❛ s②st❡♠ ♦❢ t❤r❡❡ ♦r❞✐♥❛r② ❞✐✛❡r❡♥t✐❛❧ ❡q✉❛t✐♦♥s✳ ❲❡ st✉❞② t❤❡ ❡①✐st❡♥❝❡
❛♥❞ ✉♥✐q✉❡♥❡ss✱ ✐♥✈❛r✐❛♥❝❡ ❛♥❞ ❜♦✉♥❞❡❞♥❡ss ♦❢ s♦❧✉t✐♦♥s✳

❲❡ st✉❞② t❤❡ ❧♦❝❛❧ ❛♥❞ ❛s②♠♣t♦t✐❝❛❧ ❜❡❤❛✈✐♦r ♦❢ t❤❡ s②st❡♠ ❛♥❞ ❛♥❛❧✐③❡ t❤❡ ❝♦♥❞✐t✐♦♥s
❢♦r t❤❡ ❝♦❡①✐st❡♥❝❡ ♦❢ t❤❡ t❤r❡❡ s♣❡❝✐❡s✳ ❲❡ ❛❧s♦ ❛♥❛❧✐③❡ t❤❡ ❞✐✛❡r❡♥t s❝❡♥❛r✐♦s ♦❢ t❤❡ t♦✲
t❛❧ ❛♥❞ ♣❛rt✐❛❧ ❡①t✐♥❝t✐♦♥ ✐♥ t❤❡ s②st❡♠✱ ❝❤❡❝❦✐♥❣ ✐❢ t❤❡ ❜✐♦❧♦❣✐❝❛❧ ❝♦♥tr♦❧ ❤❛s ♦r ♥♦t s✉❝❝❡ss✳

❚❤❡ r❡s✉❧ts ✇❡r❡ ❝♦♠♣❛r❡❞ ✇✐t❤ t❤❡✐r r❡s♣❡❝t✐✈❡ s✐♠✉❧❛t✐♦♥s ❞❡✈❡❧♦♣❡❞ ❢♦r t❤✐s ✇♦r❦✱ ✇❤✐❝❤
❛♣♣r♦①✐♠❛t❡s t❤❡ s♦❧✉t✐♦♥s ✉s✐♥❣ t❤❡ ❘✉♥❣❡ ✲ ❑✉tt❛ ❢♦✉rt❤ ♦r❞❡r✳
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✹✳✸✳ ❙❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✹✳✸✳✶✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ✭♣✉♥t♦s ❝rít✐❝♦s✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✾
✹✳✸✳✷✳ ▼❛tr✐③ ❏❛❝♦❜✐❛♥❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸
✹✳✸✳✸✳ ❊st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✈✐✐✐



✺✳ ❙✐♠✉❧❛❝✐♦♥❡s ✶✵✷
✺✳✶✳ ▼ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✸
✺✳✷✳ ❊s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✸✳ ❙❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶

✻✳ ❈♦♥❝❧✉s✐♦♥❡s ✶✶✾

❆✳ ❈ó❞✐❣♦s ❡♥ ▼❛t▲❛❜r ✶✷✵
❆✳✶✳ ■♥t❡r❢❛❝❡ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✵
❆✳✷✳ ❋✉♥❝✐ó♥ ❘❑✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷✾
❆✳✸✳ ❢✉♥❝✐ó♥ f ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸✵

❇✐❜❧✐♦❣r❛❢í❛ ✶✸✶

✐①



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶✳ ❋✉♥❝✐ó♥ ♦s❝✐❧❛♥t❡ ♣❡r✐ó❞✐❝❛ ❝♦♥ ❛❧❣✉♥♦s ♣✉♥t♦s ❞❡ ❧❛ s✉❝❡s✐ó♥ (tn). ✳ ✳ ✳ ✳ ✳ ✽

✹✳✶✳ ❊①✐st❡♥❝✐❛ ❞❡ c∗2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✹✳✷✳ ❘❡❣✐ó♥ ❡st❛❜❧❡ ♣❛r❛ Ec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽
✹✳✸✳ ❘❛♥❣♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣❛r❛ ❧♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸
✹✳✹✳ ▲❛❞♦ ✐③q✉✐❡r❞♦ x = y = 0, z ≥ 0✱ ❧❛❞♦ ❞❡r❡❝❤♦ y = z = 0, x ≥ 0✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✹✳✺✳ ❘❡❣✐ó♥ Λ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✹✳✻✳ ●rá✜❝❛ ❞❡❧ Dom(F ) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✺
✹✳✼✳ ❈❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ (x, y, z) ❛ (u, y, v)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼
✹✳✽✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (u, y, v)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷
✹✳✾✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (x, y, v)✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✺✳✶✳ ❉❡s❛rr♦❧❧♦ ❞❡ ❧❛ ✐♥t❡r❢❛❝❡ ❞❡ ✉s✉❛r✐♦ ●❯■❉❊ ✲ ▼❆❚▲❆❇ ❘✷✵✶✵❛ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✷✳ ❈♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❣rá✜❝❛ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺
✺✳✸✳ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✹✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻
✺✳✺✳ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✷ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✺✳✻✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✺ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✼
✺✳✼✳ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✸ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
✺✳✽✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✼ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽
✺✳✾✳ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ 1◦ ❝❛s♦ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹ ✳ ✶✵✾
✺✳✶✵✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✾ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾
✺✳✶✶✳ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ 3◦ ❝❛s♦ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹ ✳ ✶✶✵
✺✳✶✷✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✶ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵
✺✳✶✸✳ Pr✐♠❡r♦s ♣❛rá♠❡tr♦s ♣❛r❛ ♠♦str❛r ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✶✶✶
✺✳✶✹✳ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✱ ❡♥ ✭❛✮ ❝♦❡①✐st❡♥❝✐❛ ② ❡♥ ✭❜✮ ❡①t✐♥❝✐ó♥ t♦t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✶
✺✳✶✺✳ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ (0.34, 0.04, 0.07) ✳ ✳ ✳ ✳ ✳ ✶✶✶
✺✳✶✻✳ ❈✐❝❧♦s ❤❡t❡r♦❝❧✐♥♦s ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ✈✐st♦s ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t)) ✶✶✷
✺✳✶✼✳ ❊①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✷
✺✳✶✽✳ ❖tr♦s ♣❛rá♠❡tr♦s ♣❛r❛ ♠♦str❛r ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ✳ ✳ ✶✶✸
✺✳✶✾✳ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
✺✳✷✵✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec = (0.6692, 0.1326, 0.0146) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✸
✺✳✷✶✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✺✳✷✷✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), 0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✺✳✷✸✳ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✹
✺✳✷✹✳ ➱①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✷✺✳ ➱①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ✈✐st❛ (x(t), y(t), z(t)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✺
✺✳✷✻✳ P❛rá♠❡tr♦s ♣❛r❛ ❧❛ tr✐✲❡st❛❜✐❧✐❞❛❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✷✼✳ ❈♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❡♥ Ec = (0.4877, 0.0259, 0.0085) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✷✽✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✻
✺✳✷✾✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ (x(t), y(t), z(t)) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼
✺✳✸✵✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ (x(t), y(t), 0) ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼

①



✺✳✸✶✳ ❈♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✼
✺✳✸✷✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✺✳✸✸✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E0 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽
✺✳✸✹✳ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E1 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✽

①✐



▲✐st❛ ❞❡ ❆❧❣♦r✐t♠♦s

✺✳✶✳ ❘❑✹ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹
✺✳✷✳ ❋ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

①✐✐



■♥tr♦❞✉❝❝✐ó♥

❯♥ ❝♦♥tr♦❧❛❞♦r ❜✐♦❧ó❣✐❝♦ ❡s ✉♥ s❡r ✈✐✈♦ q✉❡ s✐r✈❡ ♣❛r❛ ❝♦♠❜❛t✐r ❞❡ ♠❛♥❡r❛ ♥❛t✉r❛❧ ♣❧❛❣❛s
❡s♣❡❝✐✜❝❛s❀ ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ s❡ ♣✉❡❞❡ ✉t✐❧✐③❛r ❝♦♠♦ té❝♥✐❝❛ ❛❣rí❝♦❧❛ ❛❧t❡r♥❛t✐✈❛ ❛❧ ✉s♦ ❞❡
✐♥s❡❝t✐❝✐❞❛s✱ ❢✉♥❣✐❝✐❞❛s✱ ♣❡st✐❝✐❞❛s✱ ❡t❝✳ ▲❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❧♦s
❝♦♥tr♦❧❛❞♦r❡s ❜✐♦❧ó❣✐❝♦s r❡❝❛❡ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ♣♦r ❧♦ ❣❡♥❡r❛❧ s♦♥ ❞❡ ❜❛❥♦s ❝♦st♦s ② ♥♦
s♦♥ ♥♦❝✐✈♦s ♥✐ ♣❛r❛ ❡❧ ♠❡❞✐♦ ❛♠❜✐❡♥t❡ ♥✐ ❧❛s ♣❡rs♦♥❛s ❞❡❧ ❡♥t♦r♥♦✳

❊❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❡s ✉♥❛ té❝♥✐❝❛ ♠✐❧❡♥❛r✐❛ q✉❡ ✉t✐❧✐③❛r♦♥ ❝✉❧t✉r❛s ❝♦♠♦ ❧❛ ❝❤✐♥❛ ❡♥ ❡❧
s✐❣❧♦ ■■■✳ ❋✉❡ s✐♥ ❡♠❜❛r❣♦✱ ❛ ✜♥❛❧❡s ❞❡❧ s✐❣❧♦ ❳■❳ ❝✉❛♥❞♦ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❞❡ ♣❧❛❣❛s ❞❡s✲
♣❡rtó ✉♥ ❣r❛♥ ✐♥t❡rés ❞❡❜✐❞♦ ❛❧ é①✐t♦ q✉❡ s❡ ❝♦♥s✐❣✉✐ó ❝♦♥ ❧❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ❧❛ ♠❛r✐q✉✐t❛
✭❘♦❞♦❧✐❛ ❝❛r❞✐♥❛❧❡s✮ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❞❡ ❧❛ ❝♦❝❤✐♥✐❧❧❛ ❛❝❛♥❛❧❛❞❛ ✭■❝❡r②❛ ♣✉r❝❤❛s✐✮ r❡❛❧✐③❛❞♦
❡♥ ❧♦s ❊st❛❞♦s ❯♥✐❞♦s ❡♥tr❡ ✶✽✽✽✲✶✽✽✾ ♣♦r ❈❤❛r❧❡s ❱❛❧❡♥t✐♥❡ ❘✐❧❡②✱ s❛❧✈❛♥❞♦ ❛sí ❛ ❧❛ ✢♦r❡✲
❝✐❡♥t❡ ✐♥❞✉str✐❛ ❞❡ ❧♦s ❝ítr✐❝♦s ❞❡ ❈❛❧✐❢♦r♥✐❛ ❬✶✹❪✳

❱❛♥ ❞❡♥ ❇♦s❝❤ ❬✶✻❪ ✉t✐❧✐③❛ ❧❛ ❡①♣r❡s✐ó♥ ✏❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✑ ❝♦♥ ❞♦s ❛❝❡♣❝✐♦♥❡s✿

✐✳ ▲❛ ✐♥tr♦❞✉❝❝✐ó♥ ❞❡ ❧♦s ❡♥❡♠✐❣♦s ♥❛t✉r❛❧❡s ♣♦r ❡❧ ❤♦♠❜r❡ ② ❡❧ ♠❛♥❡❥♦ q✉❡ ést❡ ❤❛❝❡
❞❡ ❡❧❧♦s ♣❛r❛ ❝♦♥tr♦❧❛r ❧❛s ♣❧❛❣❛s✱ ❛❧ q✉❡ ❧❧❛♠❛♥ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❛♣❧✐❝❛❞♦✳

✐✐✳ ❊❧ ❝♦♥tr♦❧ ❡s♣♦♥tá♥❡♦ ❡♥ ❧❛ ♥❛t✉r❛❧❡③❛ s✐♥ ❧❛ ✐♥t❡r✈❡♥❝✐ó♥ ❞❡❧ ❤♦♠❜r❡✱ q✉❡ ❞❡♥♦♠✐♥❛♥
❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ♥❛t✉r❛❧✳

❊♥ ❡st❡ ú❧t✐♠♦✱ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❝♦♥st✐t✉②❡ ✉♥ ❢❡♥ó♠❡♥♦ ❡❝♦❧ó❣✐❝♦ ❡♥ ❡❧ ❝✉❛❧ ❧❛s ♣❧❛♥t❛s
② ❧♦s ❛♥✐♠❛❧❡s ❧♦s r❡❣✉❧❛♥ s✉s ❡♥❡♠✐❣♦s ♥❛t✉r❛❧❡s ✭❛❣❡♥t❡s ❜✐ót✐❝♦s ❞❡ ♠♦rt❛❧✐❞❛❞✮ ② r❡✲
♣r❡s❡♥t❛ ✉♥♦ ❞❡ ❧♦s ♣r✐♥❝✐♣❛❧❡s ❝♦♠♣♦♥❡♥t❡s ❞❡❧ ❝♦♥tr♦❧ ♥❛t✉r❛❧ q✉❡ ♠❛♥t✐❡♥❡ ❛ t♦❞❛s ❧❛s
❡s♣❡❝✐❡s ✈✐✈✐❡♥t❡s ❡♥ ✉♥ ❡st❛❞♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❝♦♥ s✉s ❛♠❜✐❡♥t❡s✳

▲❛s ❡s♣❡❝✐❡s q✉❡ ❝♦❡①✐st❡♥✱ ❝❛❞❛ ✉♥❛ ❝♦♥ s✉ ♣r♦♣✐❛ ❤✐st♦r✐❛ ❞❡ s❡❧❡❝❝✐ó♥ ♥❛t✉r❛❧✱ ❝♦♥st✐t✉✲
②❡♥ ✉♥❛ ❝♦♠✉♥✐❞❛❞ ♥❛t✉r❛❧✳ ❊♥ ❡st❛ ❝♦♠✉♥✐❞❛❞✱ ❡❧ t✐♣♦ ❞❡ ❡s♣❡❝✐❡s ② s✉ ❛❜✉♥❞❛♥❝✐❛ ❛ ✈❡❝❡s
s❡ ♠❛♥t✐❡♥❡♥ ❝♦♥st❛♥t❡s ❞❡ ✉♥ ❛ñ♦ ❛❧ s✐❣✉✐❡♥t❡❀ ♣❡r♦ ❝✉❛♥❞♦ ❧❛ ❝♦♠✉♥✐❞❛❞ s❡ s✐♠♣❧✐✜❝❛ ❝♦♥
❧❛ ❛❣r✐❝✉❧t✉r❛✱ ❡❧ ❤á❜✐t❛t ❝❛♠❜✐❛ ❞rást✐❝❛♠❡♥t❡✳ P❛r❛ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦✱ ♥✉❡✈❛s ❝♦♥❞✐❝✐♦♥❡s
❢❛✈♦r❛❜❧❡s ♦ ❞❡s❢❛✈♦r❛❜❧❡s ❡♠❡r❣❡♥ ② ♠✉❝❤❛s ❡s♣❡❝✐❡s ❞❡ ♣❧❛♥t❛s ② ❛♥✐♠❛❧❡s ❞❡s❛♣❛r❡❝❡♥✱
♠✐❡♥tr❛s q✉❡ ♦tr❛s ♣r❡✈❛❧❡❝❡♥ ❝♦♥ ❛❜✉♥❞❛♥t❡s r❡❝✉rs♦s ② ❡s♣❛❝✐♦✳ ▲❛ ❛✉s❡♥❝✐❛ ❞❡ ❡♥❡♠✐❣♦s
♥❛t✉r❛❧❡s ② ❧❛ r❡❞✉❝❝✐ó♥ ❞❡ ❧❛ ❝♦♠♣❡t❡♥❝✐❛ ❝♦♥ ♦tr❛s ❡s♣❡❝✐❡s ❡①♣❧✐❝❛♥ ❝ó♠♦ ❝✐❡rt❛s ❡s♣❡❝✐❡s
❞❡ ✐♥s❡❝t♦s s❡ ✐♥❝r❡♠❡♥t❛r♦♥ ❡♥ ❣r❛♥❞❡s ♥ú♠❡r♦s ② s❡ ❝♦♥✈✐rt✐❡r♦♥ ❡♥ ♣❧❛❣❛s ❬✶✶❪✳

❊♥ ❡❧ ❝♦♥t❡①t♦ ❛❣rí❝♦❧❛ s❡ ❞❡♥♦♠✐♥❛ ♣❧❛❣❛ ❛ ❝✉❛❧q✉✐❡r ♦r❣❛♥✐s♠♦ q✉❡ ❛ ❞❡t❡r♠✐♥❛❞♦ ♥✐✈❡❧
❞❡ ♣♦❜❧❛❝✐ó♥ ♦ ✐♥ó❝✉❧♦ ❝♦♠♣✐t❡ ② ❝❛✉s❛ ❞❛ñ♦ ❡❝♦♥ó♠✐❝♦ s♦❜r❡ ✉♥❛ ❡s♣❡❝✐❡ ❛♥✐♠❛❧ ♦ ✈❡❣❡t❛❧
❡♥ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❡t❛♣❛s ❞❡ ❡st❛❜❧❡❝✐♠✐❡♥t♦✱ ❞❡s❛rr♦❧❧♦ ♦ ♣r♦❞✉❝❝✐ó♥✱ ♦ ❡♥ ❡❧ ♠❛♥❡❥♦
♣♦st❡r✐♦r q✉❡ ❡❧ ❤♦♠❜r❡ ❤❛❝❡ ❞❡ ❡❧❧❛ ♣❛r❛ s✉ ❜❡♥❡✜❝✐♦ ❬✶✶❪✳

❊❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❜✉s❝❛ ✐♥✈❡rt✐r ❡st❛ s✐t✉❛❝✐ó♥ ② ❢r❡♥❛r ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡s♠❡❞✐❞♦ ❞❡ ❧❛s
♣♦❜❧❛❝✐♦♥❡s ♣❧❛❣❛s ♠❡❞✐❛♥t❡ ✉♥ ❢❛❝t♦r ❝❧❛✈❡ ❞❡ ♠♦rt❛❧✐❞❛❞❀ ❡st♦ ❡s ✐♥tr♦❞✉❝✐❡♥❞♦ ❞❡♣r❡✲
❞❛❞♦r❡s ♥❛t✉r❛❧❡s ❞❡ ❧❛ ♣❧❛❣❛ ② ❞❡ ❡st❛ ♠❛♥❡r❛ s❡ ❡s♣❡r❛ ✐♥✢✉✐r ❞❡ ❢♦r♠❛ ❞rást✐❝❛ ❡♥ ❧❛

✶



♠♦rt❛❧✐❞❛❞ ❞❡ ❧❛s ❡s♣❡❝✐❡s ♣❧❛❣❛ ♣❛r❛ ❡✈✐t❛r ❞❛ñ♦s ❡❝♦♥ó♠✐❝♦s✳

P❛r❛ ❤❛❝❡r ❡❧ ❡st✉❞✐♦ ♠❛t❡♠át✐❝♦ ❞❡ ❧❛ ❞✐♥á♠✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ✉t✐❧✐③❛r❡♠♦s ❛❧❣✉♥♦s
❡st✉❞✐♦s ❝❧ás✐❝♦s ❞❡ ❧❛s ❞✐♥á♠✐❝❛s ♣♦❜❧❛❝✐♦♥❛❧❡s ❝♦♠♦ ❡❧ ♠♦❞❡❧♦ ❞❡ ▲♦t❦❛✲❱♦❧t❡rr❛ ✭✶✾✷✻✮
t❛♠❜✐é♥ ❝♦♥♦❝✐❞♦ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✱ q✉❡ ❞❡s❝r✐❜❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ❞♦s
❡s♣❡❝✐❡s✱ ❞♦♥❞❡ ✉♥❛ s❡ ❛❧✐♠❡♥t❛ ❞❡ ❧❛ ♦tr❛ ✿ ❛ ❧❛ ♣r✐♠❡r❛ ❧❧❛♠❛r❡♠♦s ❡s♣❡❝✐❡ ❞❡♣r❡❞❛❞♦r ②
❛ ❧❛ s❡❣✉♥❞❛ ♣r❡s❛✱ q✉❡❞❛♥❞♦ ❧❛ ❞✐♥á♠✐❝❛ ❞❡ ❡st❛s ❞♦s ❡①♣r❡s❛❞❛ ❝♦♥ ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛✳





x′(t) = x(a− by)

y′(t) = y(cx− d)

❞♦♥❞❡ x(t) ❡ y(t) r❡♣r❡s❡♥t❛ ❧❛ ❞❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧❛s ♣r❡s❛s ② ❞❡♣r❡❞❛❞♦r❡s ❡♥ ❡❧
✐♥st❛♥t❡ t r❡s♣❡❝t✐✈❛♠❡♥t❡❀ a, b, c ② d s♦♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡ ❞❡✜♥❡♥ ❧❛ ♥❛t✉r❛❧❡③❛ ❞❡
❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❧❛s ❞♦s ❡s♣❡❝✐❡s✳

❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❞✐❝❤❛s ♣♦❜❧❛❝✐♦♥❡s✱ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ♠ás ✐♠♣♦rt❛♥t❡s
❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ♣r❡s❛❀ ② s✉ ✈❛r✐❛❝✐ó♥ ❣❡♥❡r❛ ❞✐✈❡rs❛s r❡s♣✉❡st❛s ❡♥ ❡❧ ❞❡♣r❡❞❛❞♦r✱
s✐❡♥❞♦ ❧❛s ♠ás ✐♠♣♦rt❛♥t❡s ❧❛ r❡s♣✉❡st❛ ♥✉♠ér✐❝❛ ② ❧❛ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧✳ ▲❛ r❡s♣✉❡st❛
♥✉♠ér✐❝❛ s❡ r❡✜❡r❡ ❛ ❧♦s ❝❛♠❜✐♦s ❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❞❡❧ ❞❡♣r❡❞❛❞♦r ❞❡❜✐❞♦ ❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❡♥
❧❛s t❛s❛s ❞❡ r❡♣r♦❞✉❝❝✐ó♥ ②✴♦ s✉♣❡r✈✐✈❡♥❝✐❛✳ ▼✐❡♥tr❛s q✉❡ ❧❛ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ s❡ r❡✜❡r❡
❛ ❧♦s ❝❛♠❜✐♦s ❡♥ ❡❧ ♥ú♠❡r♦ ❞❡ ♣r❡s❛s ❝♦♥s✉♠✐❞❛s ♣♦r ❧♦s ❞❡♣r❡❞❛❞♦r❡s ❡♥ ❧❛ ✉♥✐❞❛❞ ❞❡
t✐❡♠♣♦✳

P❛r❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ❞❡♣r❡❞❛❞♦r❛ ❡s ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ♣r❡s❛✱
②❛ q✉❡ ♣♦r s❡♥t✐❞♦ ❝♦♠ú♥✱ ❛ ♠❛②♦r ❝❛♥t✐❞❛❞ ❞❡ ♣r❡s❛s ♠❛②♦r ❡s ❡❧ ❝♦♥s✉♠♦ ♣♦r ❡❧ ❞❡♣r❡✲
❞❛❞♦r✳ ▲❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ t❛s❛ ❞❡ ❝♦♥s✉♠♦ ❞❡❧ ❞❡♣r❡❞❛❞♦r ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡
❧❛ ♣r❡s❛ ✭r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧✮ ❡s ✈❛r✐❛❜❧❡ ② ❢✉❡ ❝❧❛s✐✜❝❛❞❛ ♣♦r ❍♦❧❧✐♥❣ ❜ás✐❝❛♠❡♥t❡ ❡♥ tr❡s
t✐♣♦s ❞❡ r❡s♣✉❡st❛s ❬✼❪✳

▲♦s s✐st❡♠❛s ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ ❝♦♥ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡ ❍♦❧❧✐♥❣ t✐♣♦ ■■✱
❝♦♠♦ s❡ ♠✉❡str❛ ❛ ❝♦♥t✐♥✉❛❝✐ó♥





x′(t) = rx
(
1−

x

k

)
− c

mxy

x+ ay
, x(0) > 0,

y′(t) =

(
mx

x+ ay
− d

)
y , y(0) > 0.

②❛ ❤❛♥ s✐❞♦ ❡st✉❞✐❛❞♦s ❡♥ ❞❡t❛❧❧❡✱ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❬✽❪✱ ❬✾❪✱ ❬✸❪✱ ❬✶✽❪✱ ❡♥tr❡ ♦tr♦s✳ ❖❜t❡✲
♥✐é♥❞♦s❡ ✈❛r✐♦s r❡s✉❧t❛❞♦s ✐♠♣♦rt❛♥t❡s✱ ✉♥♦ ❞❡ ❡❧❧♦s ❡s ❞❡❜✐❞♦ ❛ ❧❛ r❛③ó♥ ❞❡♣❡♥❞❡♥❝✐❛ ❬✷❪✱
❧❛ ❝✉❛❧ ❧❡ ❞❛ ❛❧ ♠♦❞❡❧♦ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❣❡♥❡r❛r ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ ❧❛ ♣r❡s❛ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡
❡❧ ❝♦❧❛♣s♦ ❞❡❧ s✐st❡♠❛ ✭❞✐♥á♠✐❝❛ ❞❡ ❡①t✐♥❝✐ó♥ t♦t❛❧✮ ❬✶✵❪❀ ♦tr❛ ❝❛r❛❝t❡ríst✐❝❛ ❡s q✉❡ ❧❛s ❞✐✲
♥á♠✐❝❛s r❡s✉❧t❛♥t❡s ♣✉❡❞❡♥ ❞❡♣❡♥❞❡r ❞❡ ❧♦s ♥✐✈❡❧❡s ❞❡ ❧❛s ♣♦❜❧❛❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❊❧ ♠♦❞❡❧♦ ♣❛r❛ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ q✉❡ ❡st✉❞✐❛r❡♠♦s ❡stá ❜❛s❛❞♦ ❡♥ ❡❧ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲
♣r❡s❛ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡ ❍♦❧❧✐♥❣ t✐♣♦ ■■✳ ❊st♦ ❧♦ ❥✉st✐✜❝❛♠♦s ❡♥ ❜❛s❡ ❛ q✉❡ ✉♥❛ ❝❛❞❡♥❛
❛❧✐♠❡♥t✐❝✐❛ ❞❡ ❞♦s ♥✐✈❡❧❡s tró✜❝♦s ❡s ❡♥ r❡❛❧✐❞❛❞ ✉♥ s✐st❡♠❛ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✱ ❞♦♥❞❡ ❧❛
♣r❡s❛ ❡s ❡❧ ♣r✐♠❡r ♥✐✈❡❧ tró✜❝♦ ② ❡❧ ❞❡♣r❡❞❛❞♦r ❡s ❡❧ s❡❣✉♥❞♦ ♥✐✈❡❧ tró✜❝♦✳ ❙✐ ❛ ❧❛ ❝❛❞❡♥❛
❛❧✐♠❡♥t✐❝✐❛ s❡ ❧❡ ❛❞✐❝✐♦♥❛ ✉♥ ♥✉❡✈♦ ♥✐✈❡❧ tró✜❝♦✱ ❡♥t♦♥❝❡s ❡❧ ♥✉❡✈♦ ♠♦❞❡❧♦ s❡rí❛ ❛tr❛❝t✐✈♦
♣❛r❛ ♠♦❞❡❧❛r ❝✐❡rt♦s ♣r♦❝❡s♦s ❞❡ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✱ ②❛ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r ❧❛ ♣r❡s❛ ❝♦✲
♠♦ ✉♥❛ ❡s♣❡❝✐❡ ♣❧❛♥t❛✱ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ❝♦♠♦ ✉♥❛ ♣❧❛❣❛ ② ❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r
❝♦♠♦ ❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r ❜✐♦❧ó❣✐❝♦❀ ② ❧❛ ❡①t✐♥❝✐ó♥ s✐♠✉❧tá♥❡❛ ❞❡ ❧❛ ♣❧❛❣❛ ② ❡❧ ❛❣❡♥t❡ ❝♦♥✲
tr♦❧❛❞♦r ❡s ❡❧ s❡❧❧♦ ❞❡❧ é①✐t♦ ❞❡❧ ♠♦❞❡❧♦✱ ❧♦ ❝✉❛❧ ❡s ✉s✉❛❧♠❡♥t❡ ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ❝❛♥t✐❞❛❞

✷



❞❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r ❜✐♦❧ó❣✐❝♦✳

▲❛ ❚❡s✐s ❞❡s❛rr♦❧❧❛ ❧♦s r❡s✉❧t❛❞♦s ♣❧❛♥t❡❛❞♦s ♣♦r ❙③❡✲❇✐ ❍s✉✱ ❚③②✲❲❡② ❍✇❛♥❣ ❡ ❨❛♥❣
❑✉❛♥❣ ❡♥ ❬✾❪✱ ❛❞❡♠ás ❞❡ ✐♥❝♦r♣♦r❛r ♦tr❛s ❝❛r❛❝t❡ríst✐❝❛s ② s✉s r❡s♣❡❝t✐✈❛s ♣r✉❡❜❛s✱ ❝♦♠♦
♣♦r ❡❥❡♠♣❧♦ ❡❧ ❡❢❡❝t♦ ❞♦♠✐♥ó✳ ❚❛♠❜✐é♥ s❡ ❞❡s❛rr♦❧❧ó ❡♥ ❡❧ ♣r♦❣r❛♠❛ ▼❛t▲❛❜✱ ✉♥ ❡♥t♦r♥♦
❞❡ s✐♠✉❧❛❝✐ó♥ ♣❛r❛ ❧❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❞❡ tr❡s ♥✐✈❡❧❡s tró✜❝♦s✱ ❝♦♥ ❡❧ ❝✉❛❧ s❡ s✐♠✉❧❛r♦♥
❧♦s r❡s✉❧t❛❞♦s ♦❜t❡♥✐❞♦s✳ ▲❛ ♦r❣❛♥✐③❛❝✐ó♥ ❞❡ ❡stá ❚❡s✐s ❡s ❧❛ s✐❣✉✐❡♥t❡✿

❈❛♣ít✉❧♦ ✶✿ Pr❡❧✐♠✐♥❛r❡s❀ ❡s ✉♥ r❡s✉♠❡♥ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❛♥á❧✐s✐s ♠❛t❡♠át✐❝♦✱ ❝♦♥✲
❝❡♣t♦s ② ❤❡rr❛♠✐❡♥t❛s ❜ás✐❝❛s ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ② ❡st❛❜✐❧✐❞❛❞ ❞❡
s♦❧✉❝✐♦♥❡s ❞❡ s✐st❡♠❛s ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s✳ ❊st❡ ❝❛♣ít✉❧♦ ❡s ♥❡❝❡✲
s❛r✐♦ ♣❛r❛ ❡❧ ó♣t✐♠♦ ❡♥t❡♥❞✐♠✐❡♥t♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ② ♣❛r❛ r❡❝♦♣✐❧❛r ❤❡rr❛♠✐❡♥t❛s
✉t✐❧✐③❛❞❛s ❡♥ ❧♦s ♠✐s♠♦s✳

❈❛♣ít✉❧♦ ✷✿ ▼♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❝♦♥ tr❡s ♥✐✈❡❧❡s tró✜❝♦s❀ ❝♦♠♦ ②❛ ♠❡♥❝✐♦♥❛✲
♠♦s ❛♥t❡s✱ ❡❧ ♠♦❞❡❧♦ q✉❡ ❡st✉❞✐❛r❡♠♦s ❡s ✉♥❛ ❛❞❛♣t❛❝✐ó♥ ❞❡ ✉♥ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲
♣r❡s❛ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡ ❍♦❧❧✐♥❣ t✐♣♦ ■■✱ ❛❧ ❝✉❛❧ s❡ ❧❡ ❛ñ❛❞❡ ✉♥ ♥✉❡✈♦ ♥✐✈❡❧ tró✜❝♦❀ ❞❡
❡st❛ ♠❛♥❡r❛ t❡♥❞r❡♠♦s ♣r❡s❛✱ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r✳

❈❛♣ít✉❧♦ ✸✿ ❆♥á❧✐s✐s ❝✉❛❧✐t❛t✐✈♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s❀ ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ✈❡r✐✜❝❛r❡♠♦s ❛❧✲
❣✉♥❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ ♠♦❞❡❧♦ ♣❧❛♥t❡❛❞♦ ❡♥ ❡❧ ❝❛♣ít✉❧♦ ✷✱ ❝♦♠♦
♣♦r ❡❥❡♠♣❧♦ ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✱ ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞✱ ♣♦s✐❜✐❧✐❞❛❞ ② ❧❛
❛❝♦t❛❝✐ó♥✳

❈❛♣ít✉❧♦ ✹✿ ❉✐♥á♠✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦❀ ❡♥ ❡st❡ ❝❛♣ít✉❧♦ s❡ ❡st✉❞✐❛rá ❧❛ ❡st❛❜✐❧✐❞❛❞
❡ ✐♥❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s✱ t❛♠❜✐é♥ ✈❡r❡♠♦s ❞✐✈❡rs♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥
✭❡①t✐♥❝✐ó♥ t♦t❛❧ ② ♣❛r❝✐❛❧✱ ♥♦t❡♠♦s q✉❡ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ s❡ ✐♥t❡r♣r❡t❛rí❛ ❝♦♠♦ ❧❛
♣ér❞✐❞❛ t♦t❛❧ ❞❡❧ ❝✉❧t✐✈♦ ♠✐❡♥tr❛s q✉❡ ❧❛ ❡①t✐♥❝✐ó♥ ♣❛r❝✐❛❧ ♣♦❞rí❛ ❞❛rs❡ ❝♦♠♦ ❧❛
❝♦❡①✐st❡♥❝✐❛ ❞❡❧ ❝✉❧t✐✈♦ ❝♦♥ ❧❛ ♣❧❛❣❛ ♦ ❡❧ ❝❛s♦ ó♣t✐♠♦ ❞❡ s♦❧♦ ♣❡rs✐st❡♥❝✐❛ ❞❡❧ ❝✉❧t✐✈♦✱ ❡❧
❝✉❛❧ s❡ ❡♥t✐❡♥❞❡ ❝♦♠♦ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✮✳ ❖tr♦ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s
❡s ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

❈❛♣ít✉❧♦ ✺✿ ❙✐♠✉❧❛❝✐♦♥❡s❀ ❡♥ ❡st❡ ❝❛♣ít✉❧♦ ♠♦str❛r❡♠♦s ❧♦s r❡s✉❧t❛❞♦s ❝♦♠♣✉t❛❝✐♦♥❛✲
❧❡s ♦❜t❡♥✐❞♦s ♠❡❞✐❛♥t❡ ❡❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥✱ ♣❛r❛ ❧♦s r❡s✉❧t❛❞♦s
♠❛s ✐♠♣♦rt❛♥t❡s ❞❡❧ ❝❛♣ít✉❧♦ ✹✳

✸



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡s ♣r♦♣♦r❝✐♦♥❛r ❞❡ ♠❛♥❡r❛ rá♣✐❞❛ ❧♦s ❢✉♥❞❛♠❡♥t♦s ❜ás✐❝♦s
s♦❜r❡ ❛♥á❧✐s✐s ♠❛t❡♠át✐❝♦✱ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ② ❡st❛❜✐❧✐❞❛❞ ❞❡ s✐st❡♠❛s ❞❡
❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s❀ ②❛ q✉❡ ✉t✐❧✐③❛r❡♠♦s ❜❛st❛♥t❡s ❞❡ ❡st❛s ❤❡rr❛♠✐❡♥t❛s ❡♥
❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡❧ ♣r❡s❡♥t❡ tr❛❜❛❥♦✳

✶✳✶✳ ◆♦❝✐♦♥❡s ❞❡ ❛♥á❧✐s✐s ♠❛t❡♠át✐❝♦

▼❡♥❝✐♦♥❛r❡♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❢✉♥❞❛♠❡♥t❛❧❡s ❞❡❧ ❛♥á❧✐s✐s r❡❛❧ ② ❢✉♥❝✐♦♥❛❧✱ ❛sí ❝♦♠♦
❛❧❣✉♥❛s ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡ ❞✐❝❤♦s r❡s✉❧t❛❞♦s q✉❡ s❡rá♥ ❞❡ ✉t✐❧✐❞❛❞ ❡♥ ❧♦s ❝❛♣ít✉❧♦s ♣♦st❡r✐♦✲
r❡s✳

✶✳✶✳✶✳ Pr♦♣✐❡❞❛❞ ❛rq✉✐♠❡❞✐❛♥❛ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s

❊s ❢á❝✐❧ ♥♦t❛r q✉❡ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♥ú♠❡r♦s ♥❛t✉r❛❧❡s ♥♦ ❡stá ❛❝♦t❛❞♦ ❡♥ R✳ ▲❛ ❞❡♠♦s✲
tr❛❝✐ó♥ r✐❣✉r♦s❛ ❞❡ ❡st❡ ❤❡❝❤♦ ❡s ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ✐♥♠❡❞✐❛t❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣✐❡❞❛❞
❢✉♥❞❛♠❡♥t❛❧ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s✳

❚❡♦r❡♠❛ ✶✳✶ ✭Pr♦♣✐❡❞❛❞ ❛rq✉✐♠❡❞✐❛♥❛✮ P❛r❛ t♦❞♦ ♣❛r ❞❡ ❡❧❡♠❡♥t♦s x, y ∈ R✱ ❝♦♥

x > 0✱ ❡①✐st❡ ✉♥ ♥ú♠❡r♦ n ∈ N t❛❧ q✉❡ nx > y✳

❈♦r♦❧❛r✐♦ ✶✳✶ ❙❡❛♥ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s 0 < a < b✱ ❡①✐st❡ ❛❧❣ú♥ n ∈ R t❛❧ q✉❡ nb < a✳

❉❡✜♥✐❝✐ó♥ ✶✳✶ ✭P❛rt❡ ❡♥t❡r❛✮ ❙❡❛ x ∈ R✱ ❡①✐st❡ ✉♥ ú♥✐❝♦ ♥ú♠❡r♦ ❡♥t❡r♦✱ q✉❡ ❞❡♥♦t❛✲

r❡♠♦s ♣♦r JxK ② q✉❡ ❞❡♥♦♠✐♥❛r❡♠♦s ♣❛rt❡ ❡♥t❡r❛ ❞❡ x✱ ✈❡r✐✜❝❛♥❞♦

JxK ≤ x < JxK + 1.

✶✳✶✳✷✳ ▲í♠✐t❡s ② ❝♦♥t✐♥✉✐❞❛❞

P❛r❛ ♣♦❞❡r ❝♦♥t✐♥✉❛r ❡s ♥❡❝❡s❛r✐♦ t❡♥❡r ❛❧❣✉♥♦s ❝♦♥❝❡♣t♦s s♦❜r❡ ❧í♠✐t❡ ② ❝♦♥t✐♥✉✐❞❛❞ ❞❡
❢✉♥❝✐♦♥❡s✱ ❧♦s ❝✉❛❧❡s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ ❬✶✷❪✳

❉❡✜♥✐❝✐ó♥ ✶✳✷ ✭❇♦❧❛ ❛❜✐❡rt❛✮ ❙❡❛ x0 ∈ Rn ② r > 0✳ ▲❛ ❜♦❧❛ ❛❜✐❡rt❛ ❞❡ ❝❡♥tr♦ x0 ② r❛❞✐♦

r✱ ❞❡♥♦t❛❞❛ ♣♦r B(x0, r)✱ ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♣✉♥t♦s ❞❡ Rn q✉❡ ❞✐st❛♥ ❞❡ x0 ♠❡♥♦s ❞❡ r✳
❊s ❞❡❝✐r

Br(x0) = {x ∈ Rn | ‖x− x0‖ < r} .

❞♦♥❞❡ ‖ · ‖ ❡s ❧❛ ♥♦r♠❛ ❡✉❝❧✐❞✐❛♥❛ ❡♥ Rn✳

✹



❉❡✜♥✐❝✐ó♥ ✶✳✸ ✭❈♦♥❥✉♥t♦ ❆❜✐❡rt♦✮ ❙❡ ❞✐❝❡ q✉❡ ❡❧ ❝♦♥❥✉♥t♦ U ⊆ Rn ❡s ❛❜✐❡rt♦ ❡♥ Rn✱

s✐ ♣❛r❛ ❝❛❞❛ x0 ∈ U ❡①✐st❡ ✉♥ r > 0 t❛❧ q✉❡ Br(x0) ⊂ U ✳

❉❡✜♥✐❝✐ó♥ ✶✳✹ ✭❋r♦♥t❡r❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦✮ ❙❡❛ U ⊆ Rn✱ s❡ ❞✐❝❡ q✉❡ ❡❧ ♣✉♥t♦ x0 ∈ Rn

❡s ♣✉♥t♦ ❢r♦♥t❡r❛ ❞❡ U ✱ s✐ t♦❞❛ ❜♦❧❛ ❛❜✐❡rt❛ ❞❡ ❝❡♥tr♦ x0 ② r❛❞✐♦ r > 0 ❝♦♥t✐❡♥❡ ♣✉♥t♦s

❞❡♥tr♦ ② ❢✉❡r❛ ❞❡ U ✳ ▲❛ ❢r♦♥t❡r❛ ❞❡ U ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♣✉♥t♦s ❢r♦♥t❡r❛ ❞❡ U ✳

❉❡✜♥✐❝✐ó♥ ✶✳✺ ✭▲í♠✐t❡✮ ❙❡❛ f : U ⊆ Rn → R ✉♥❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐❞❛ ❡♥ ❡❧ ❝♦♥❥✉♥t♦

❛❜✐❡rt♦ U ❞❡ Rn✳ ❙❡❛ x0 ✉♥ ♣✉♥t♦ ❞❡ U ♦ ❜✐❡♥ ✉♥ ♣✉♥t♦ ❢r♦♥t❡r❛ ❞❡ U ✳ ❙❡ ❞✐❝❡ q✉❡ ❡❧

❧í♠✐t❡ ❞❡ f ❝✉❛♥❞♦ x t✐❡♥❞❡ ❛ x0 ❡s L✱ ❧♦ ❝✉❛❧ s❡ ❡s❝r✐❜❡ ❝♦♠♦

ĺım
x→x0

f(x) = L

s✐ ❞❛❞♦ ❝✉❛❧q✉✐❡r ε > 0 ❡①✐st❡ δ > 0 t❛❧ q✉❡

x ∈ Bδ(x0) ∩ U\{x0} ⇒ f(x) ∈ Bε(L).

❉❡✜♥✐❝✐ó♥ ✶✳✻ ✭❈♦♥t✐♥✉✐❞❛❞ ❡♥ ✉♥ ♣✉♥t♦✮ ❙❡❛ f : U ⊆ Rn → R ✉♥❛ ❢✉♥❝✐ó♥ ❞❡✜♥✐✲

❞❛ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ U ❞❡ Rn ② s❡❛ x0 ∈ U ✳ ❙❡ ❞✐❝❡ q✉❡ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❡♥

x0 s✐

ĺım
x→x0

f(x) = f(x0).

❙✐ ❧❛ ❢✉♥❝✐ó♥ f ♥♦ ❡s ❝♦♥t✐♥✉❛ ❡♥ x0✱ s❡ ❞✐❝❡ q✉❡ ❡s ❞✐s❝♦♥t✐♥✉❛ ❡♥ ❡s❡ ♣✉♥t♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✼ ✭❈♦♥t✐♥✉✐❞❛❞ ❡♥ ✉♥ ❛❜✐❡rt♦✮ ❙❡❛ f : U ⊆ Rn → R ✉♥❛ ❢✉♥❝✐ó♥ ❞❡✜✲

♥✐❞❛ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ U ❞❡ Rn✳ ❙❡ ❞✐❝❡ q✉❡ f ❡s ❝♦♥t✐♥✉❛ ❡♥ U ✭ ♦ s✐♠♣❧❡♠❡♥t❡ q✉❡

f ❡s ❝♦♥t✐♥✉❛✮ s✐ ❧♦ ❡s ♣❛r❛ t♦❞♦s ② ❝❛❞❛ ✉♥♦ ❞❡ ❧♦s ♣✉♥t♦s x ∈ U ✳

❚❡♦r❡♠❛ ✶✳✷ ❙❡❛♥ f, g : U ⊆ Rn → R ❢✉♥❝✐♦♥❡s ❞❡✜♥✐❞❛s ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❛❜✐❡rt♦ U ❞❡

Rn✳ ❙✐ f ② g s♦♥ ❝♦♥t✐♥✉❛s✱ ❡♥t♦♥❝❡s

▲❛ ❢✉♥❝✐ó♥ f + g : U ⊆ Rn → R✱ (f + g)(x) = f(x) + g(x) ❡s ❝♦♥t✐♥✉❛✳

▲❛ ❢✉♥❝✐ó♥ fg : U ⊆ Rn → R✱ (fg)(x) = f(x)g(x) ❡s ❝♦♥t✐♥✉❛✳

▲❛ ❢✉♥❝✐ó♥
f

g
: U ⊆ Rn → R✱

(
f

g

)
(x) =

f(x)

g(x)
❡s ❝♦♥t✐♥✉❛ ❡♥ t♦❞♦ ♣✉♥t♦ x ∈ U t❛❧

q✉❡ g(x) 6= 0✳

❊s ❞❡❝✐r ❧❛ s✉♠❛ ② ❡❧ ♣r♦❞✉❝t♦ ❞❡ ❢✉♥❝✐♦♥❡s ❝♦♥t✐♥✉❛s ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛✳ ❊❧ ❝♦❝✐❡♥t❡

t❛♠❜✐é♥ ❧♦ ❡s ❡♥ ❛q✉❡❧❧♦s ♣✉♥t♦s ❡♥ ❧♦s q✉❡ ♥♦ s❡ ❛♥✉❧❛ ❡❧ ❞❡♥♦♠✐♥❛❞♦r✳

❚❡♦r❡♠❛ ✶✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❲❡✐❡rstr❛ss✮ ❙❡❛ ✉♥❛ ❢✉♥❝✐ó♥ f(x) ❝♦♥t✐♥✉❛✱ ❞❡✜♥✐❞❛ ❡♥

✉♥ ✐♥t❡r✈❛❧♦ [a, b]✳ ❊♥t♦♥❝❡s ❡①✐st❡♥ ❞♦s ♣✉♥t♦s xmax ② xmin ♣❡rt❡♥❡❝✐❡♥t❡s ❛❧ ✐♥t❡r✈❛❧♦

[a, b], ❞♦♥❞❡ ❧❛ ❢✉♥❝✐ó♥ f(x) ❛❧❝❛♥③❛ ✈❛❧♦r❡s ❡①tr❡♠♦s ❛❜s♦❧✉t♦s ✭✉♥ ♠á①✐♠♦ ② ✉♥ ♠í♥✐♠♦

❛❜s♦❧✉t♦✮✱ ♣♦r ❧♦ q✉❡ s❡ ❝✉♠♣❧❡✿

f(xmin) ≤ f(x) ≤ f(xmax) ∀x ∈ [a, b].

✶✳✶✳✸✳ ▲í♠✐t❡ s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r

❊♥ ♠❛t❡♠át✐❝❛ s❡ ❞❡✜♥❡ ❧í♠✐t❡ s✉♣❡r✐♦r ② ❧í♠✐t❡ ✐♥❢❡r✐♦r ❞❡ ✉♥❛ s✉❝❡s✐ó♥ (xn), ❝♦♠♦ ❡❧
♠❛②♦r ② ♠❡♥♦r ❧í♠✐t❡ ❝♦♥✈❡r❣❡♥t❡ ❞❡ ❧❛s s✉❜ s✉❝❡s✐♦♥❡s ❞❡ (xn)✳ ❊❧ ❧í♠✐t❡ s✉♣❡r✐♦r ② ❡❧
❧í♠✐t❡ ✐♥❢❡r✐♦r s♦♥ ✉♥ s✉st✐t✉t♦ ♣❛r❝✐❛❧ ♣❛r❛ ❡❧ ❧í♠✐t❡✱ s✐ ❡s q✉❡ ést❡ ♥♦ ❡①✐st❡✳

✺



❋♦r♠❛❧♠❡♥t❡ ❡❧ ❧í♠✐t❡ ✐♥❢❡r✐♦r ❞❡ ✉♥❛ s✉❝❡s✐ó♥ (xn) s❡ ❞❡✜♥❡ ❝♦♠♦✿

sup
n≥0

ı́nf
k≥n

xk = sup{́ınf{xk : k ≥ n} : n ≥ 0}

♦ t❛♠❜✐é♥✿

ĺım
n→∞

(
ı́nf
k≥n

xk

)

❉❡✜♥✐❝✐ó♥ ✶✳✽ ❉❛❞❛ ✉♥❛ s✉❝❡s✐ó♥ (xn) s❡ ❞❡✜♥❡♥ s✉s ❧í♠✐t❡s s✉♣❡r✐♦r ❡ ✐♥❢❡r✐♦r ❞❡ ❧❛

s✐❣✉✐❡♥t❡ ❢♦r♠❛✿

ĺım supxn = ĺım
m→∞

(
sup
n≥m

xn

)
② ĺım ı́nf xn = ĺım

m→∞

(
ı́nf
n≥m

xn

)
.

❙✐ ❡①✐st❡ ❡❧ ❧í♠✐t❡ ✐♥❢❡r✐♦r ② s✉♣❡r✐♦r ❞❡ ✉♥❛ s✉❝❡s✐ó♥ (xn)✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡✿

ĺım ı́nf xn ≤ ĺım supxn.

❆❞❡♠ás✱ s✐ ❧❛ s✉❝❡s✐ó♥ (xn) ❡s ❝♦♥✈❡r❣❡♥t❡✱ ❡s ❞❡❝✐r q✉❡ ❡①✐st❡ s✉ ❧í♠✐t❡✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡✿

ĺım
n→∞

xn = ĺım ı́nf xn = ĺım supxn.

❆♥á❧♦❣❛♠❡♥t❡✱ ❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ② ❧í♠✐t❡ ✐♥❢❡r✐♦r ♣❛r❛ ❢✉♥❝✐♦♥❡s r❡❛❧❡s s❡ ❞❡✜♥❡ ❞❡ ❧❛
♠✐s♠❛ ♠❛♥❡r❛ q✉❡ ♣❛r❛ s✉❝❡s✐♦♥❡s✱ ❡s ❞❡❝✐r✿

ĺım sup f(t) = ĺım
n→∞

(sup{f(t) : t > n}) ② ĺım ı́nf f(t) = ĺım
n→∞

(́ınf{f(t) : t > n}) .

❊st❛ ♥♦❝✐ó♥ ❞❡❧ ❧í♠✐t❡ s✉♣❡r✐♦r ❧❛ ✉t✐❧✐③❛r❡♠♦s ❡♥ ❝♦♥❥✉♥t♦ ❝♦♥ ❡❧ t❡♦r❡♠❛ ❞❡❧ ❝❛♣✐t✉❧♦ ✷
❞❡ ❬✶✼❪✱ ♣❛r❛ ♣r♦❜❛r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ ♥♦ ❛❝♦t❛❞❛ q✉❡ s❡ ✉t✐❧✐③❛rá ❡♥
❞❡♠♦str❛❝✐♦♥❡s ♣♦st❡r✐♦r❡s✳

❚❡♦r❡♠❛ ✶✳✹ ❙❡❛ U ✉♥ ❝♦♥❥✉♥t♦ ♥♦ ❛❝♦t❛❞♦ ❞❡ ♥ú♠❡r♦s r❡❛❧❡s✱ f : U → R ✉♥❛ ❢✉♥❝✐ó♥

② L ∈ R✳ ▲❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✿

ĺım
x→∞

f(x) = L.

P❛r❛ t♦❞❛ s✉❝❡s✐ó♥ (xn) ❞❡ ♣✉♥t♦s ❞❡ U ✱ ❝r❡❝✐❡♥t❡ ② ♥♦ ❛❝♦t❛❞❛✱ s❡ t✐❡♥❡ q✉❡

ĺım
n→∞

f(xn) = L.

∀ε > 0 ∃K ∈ R t❛❧ q✉❡ s✐ x ∈ U ② x > K ⇒ |f(x)− L| < ε.

❚❡♦r❡♠❛ ✶✳✺ ✭❚❡♦r❡♠❛ ❞❡ ▲❛❣r❛♥❣❡✮ ❙❡❛ f : [a, b] → R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❡♥ ❡❧

✐♥t❡r✈❛❧♦ [a, b] ② ❞❡r✐✈❛❜❧❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ ❛❜✐❡rt♦ 〈a, b〉✳ ❊♥t♦♥❝❡s ❡①✐st❡ ❛❧ ♠❡♥♦s ✉♥ ♣✉♥t♦

❝ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ 〈a, b〉 t❛❧ q✉❡✿

f(b)− f(a) = f ′(c)(b− a).

❊st❡ t❡♦r❡♠❛ t❛♠❜✐é♥ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✶ ❙❡❛ f : R→ R ✉♥❛ ❢✉♥❝✐ó♥ ♣♦s✐t✐✈❛✱ ❛❝♦t❛❞❛ ② ❞✐❢❡r❡♥❝✐❛❜❧❡ t❛❧ q✉❡ ♥♦

❡①✐st❡ ĺım
t→∞

f(t)✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ (tn) ⊆ R ❝r❡❝✐❡♥t❡ ② ♥♦ ❛❝♦t❛❞❛ t❛❧ q✉❡✿

f ′(tn) = 0 ② ĺım
n→∞

f(tn) = ĺım sup f(t) > 0.

✻



❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ f ❡s ❛❝♦t❛❞❛ ② ∄ ĺım
t→∞

f(t) ❡♥t♦♥❝❡s ♥❡❝❡s❛r✐❛♠❡♥t❡ f ❡s ✉♥❛ ❢✉♥❝✐ó♥

♣❡r✐ó❞✐❝❛ ♦s❝✐❧❛♥t❡ ✭❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ f(t) = sen(t)✮ ✐✳❡✳ ∃P ∈ R ♣♦s✐t✐✈♦ t❛❧ q✉❡✿

f(t+ P ) = f(t) ∀t ∈ R.

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ② ❛❝♦t❛❝✐ó♥ ❞❡ f t❡♥❡♠♦s✿

0 ≤ ĺım ı́nf f(t) ≤ ĺım sup f(t)

② ❝♦♠♦ ∄ ĺım
t→∞

f(t)✱ ❝♦♥❝❧✉✐♠♦s q✉❡✿

ĺım sup f(t) > 0.

❈♦♥s✐❞❡r❡♠♦s✿ a, b ∈ R✱ t❛❧ q✉❡ a < b✱ ❡♥t♦♥❝❡s ❢ ❡s ❝♦♥t✐♥✉❛ ❡♥ [a, b] ② ❞❡r✐✈❛❜❧❡ ❡♥ 〈a, b〉;
❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ ♣❛r❛ ❞❡r✐✈❛❞❛s✱ t❡♥❡♠♦s q✉❡✿

∃c ∈ 〈a, b〉 t❛❧ q✉❡ f ′(c) =
f(b)− f(a)

b− a
.

❙❡❛ a ∈ R ❛r❜✐tr❛r✐♦ ♣❡r♦ ✜❥♦✱ ♣❛r❛ ❡❧ ❝✉❛❧ t♦♠❛♠♦s ❧♦s ✈❛❧♦r❡s a1 = a ② b1 = a + P ❀
❡♥t♦♥❝❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦ t❡♥❡♠♦s✿

∃t1 ∈ 〈a1, b1〉 t❛❧ q✉❡ f ′(t1) =
f(a+ P )− f(a)

a+ P − a
=

f(a)− f(a)

P
= 0.

❆❤♦r❛ t♦♠❛♠♦s a2 = a + P ② b2 = a + 2P ✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦✱
t❡♥❡♠♦s

∃t2 ∈ 〈a2, b2〉 t❛❧ q✉❡ f ′(t2) =
f(a+ 2P )− f(a+ P )

a+ 2P − (a+ P )
=

f(a)− f(a)

P
= 0.

❆♥á❧♦❣❛♠❡♥t❡ ♣❛r❛ a3 = a+ 2P ② b3 = a+ 3P ✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦✱ t❡♥❡♠♦s✿

∃t3 ∈ 〈a3, b3〉 t❛❧ q✉❡ f ′(t3) =
f(a+ 3P )− f(a+ 2P )

a+ 3P − (a+ 2P )
=

f(a)− f(a)

P
= 0.

❆sí ❡♥ ❣❡♥❡r❛❧✱ ∀n ∈ N t❡♥❡♠♦s an = a + (n − 1)P ② bn = a + nP ✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s ♣♦r ❡❧
❚❡♦r❡♠❛ ❞❡❧ ✈❛❧♦r ♠❡❞✐♦✱ s❡ ❝✉♠♣❧❡✿

∃tn ∈ 〈an, bn〉 t❛❧ q✉❡ f ′(tn) =
f(a+ nP )− f(a+ (n− 1)P )

a+ nP − (a+ (n− 1)P )
=

f(a)− f(a)

P
= 0.

◆♦t❛♠♦s q✉❡✱ ∀n ∈ N✿
t1 < t2 < t3 < · · · < tn < · · ·

❡s ❞❡❝✐r✱ (tn) ❡s ✉♥❛ s✉❝❡s✐ó♥ ❝r❡❝✐❡♥t❡ ② ♥♦ ❛❝♦t❛❞❛ ❡♥ R t❛❧ q✉❡✿

f ′(tn) = 0 ∀n ∈ N.

P♦r ♦tr❛ ♣❛rt❡✱ ♥♦t❡♠♦s q✉❡✿

ĺım sup f(t) = ĺım
n→∞

(sup {f(t) : t > n}) .

❊♥t♦♥❡s✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹ t❡♥❡♠♦s q✉❡ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ (xn) ❝r❡❝✐❡♥t❡ ② ♥♦ ❛❝♦t❛❞❛
s❡ ❝✉♠♣❧❡✿

ĺım
n→∞

(sup {f(t) : t > n}) = ĺım
n→∞

(sup {f(xk) : xk > n}) = ĺım sup f(xn)

❊♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ (tn) s❡ ❝✉♠♣❧❡✿

f ′(tn) = 0 ∧ ĺım sup f(xn) = ĺım sup f(t).

❨ ❛sí q✉❡❞❛ ♣r♦❜❛❞❛ ❧❛ ♣r♦♣♦s✐❝✐ó♥✳

✼



❊❥❡♠♣❧♦ ✶✳✶ ❈♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ f : R → R ❞❡✜♥✐❞❛ ♣♦r f(t) = 2 + sen(t)❀ ❝♦♥♦✲
❝✐❡♥❞♦ q✉❡ ∄ ĺım

t→∞
f(t) ② ❝♦♠♦ f ❡s ✉♥ ❢✉♥❝✐ó♥ ♥♦ ♥❡❣❛t✐✈❛✱ ❡♥t♦♥❝❡s

0 ≤ ĺım ı́nf f(t) < ĺım sup f(t)

❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ f ✱ ♥♦t❛♠♦s q✉❡

ĺım sup f(t) = 3.

❈♦♥s✐❞❡r❛♥❞♦ ❧❛ s✉❝❡s✐ó♥ (xn) ❞♦♥❞❡

xn = sup {f(t) : t ≥ n} = 3

ĺım sup f(t) = ĺım
n→∞

xn = 3,

②❛ q✉❡ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✹ s❡ ❝✉♠♣❧❡ q✉❡ ♣❛r❛ t♦❞❛ s✉❝❡s✐ó♥ (tn) ⊂ R✱ ❝r❡❝✐❡♥t❡ ♥♦ ❛❝♦t❛❞❛✱

s❡ t✐❡♥❡✿

ĺım
x→∞

f(tn) = 3.

❊♥ ♣❛rt✐❝✉❧❛r ♣❛r❛ tn =
π

2
+ 2nπ✱ s❡ ❝✉♠♣❧❡ ĺım

n→∞
tn = ∞✱ ❡s ❞❡❝✐r (tn) ♥♦ ❡st❛ ❛❝♦t❛❞❛✱

❧✉❡❣♦ ✈❡r✐✜❝❛♠♦s q✉❡✿

ĺım
n→∞

f(tn) = 3 + ĺım
n→∞

sen
(π
2
+ 2nπ

)
= 3.

❈♦♠♦ f ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡r✐✈❛❜❧❡✱ s❛❜❡♠♦s

f ′(t) = cos(t),

❞❡ ❞♦♥❞❡ t❡♥❡♠♦s q✉❡

f ′(tn) = cos
(π
2
+ 2nπ

)
= 0.

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ✐❧✉str❛ ❧❛ ❢✉♥❝✐ó♥ f(t) = 2 + sen(t) ❝♦♥ ❛❧❣✉♥♦s ♣✉♥t♦s ❞❡ ❧❛ s✉❝❡s✐ó♥

(tn) q✉❡ s❛t✐s❢❛❝❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✶✳

❋✐❣✉r❛ ✶✳✶✿ ❋✉♥❝✐ó♥ ♦s❝✐❧❛♥t❡ ♣❡r✐ó❞✐❝❛ ❝♦♥ ❛❧❣✉♥♦s ♣✉♥t♦s ❞❡ ❧❛ s✉❝❡s✐ó♥ (tn).

✽



✶✳✷✳ ❊❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s✱ ❞✐❝❤♦s
r❡s✉❧t❛❞♦s ② s✉s ❞❡♠♦str❛❝✐♦♥❡s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ ❬✶❪✳

❯♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ q✉❡ ✐♥✈♦❧✉❝r❛ ❞❡r✐✈❛❞❛s ✭♦ ❞✐❢❡r❡♥❝✐❛❧❡s✮ ❞❡ ✉♥❛
❢✉♥❝✐ó♥ ❞❡s❝♦♥♦❝✐❞❛ ❞❡ ✉♥❛ ♦ ♠ás ✈❛r✐❛❜❧❡s✳ ❊st❡ t✐♣♦ ❞❡ ❡❝✉❛❝✐♦♥❡s ❛♣❛r❡❝❡ ❡♥ ❡❧ ❡st✉❞✐♦
❞❡ ♥✉♠❡r♦s♦s ❢❡♥ó♠❡♥♦s ❢ís✐❝♦s ② q✉í♠✐❝♦s❀ ❝♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ❡♥ ❞❡s✐♥t❡❣r❛❝✐ó♥ r❛❞✐♦❛❝t✐✲
✈❛✱ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ♣♦❜❧❛❝✐♦♥❡s✱ r❡❛❝❝✐♦♥❡s q✉í♠✐❝❛s✱ ♣r♦❜❧❡♠❛s ❣r❛✈✐t❛t♦r✐♦s✱ ❡t❝✳ ❉❡ ♠♦❞♦
q✉❡ r❡❝♦r❞❛r❡♠♦s ❛❧❣✉♥❛s ♥♦❝✐♦♥❡s ❜ás✐❝❛s s♦❜r❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✳

▲❛s ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s s❡ ♣✉❡❞❡♥ ❝❧❛s✐✜❝❛r✱ ❛t❡♥❞✐❡♥❞♦ ❛ ❞♦s ❝r✐t❡r✐♦s✿

✐✳ ❚✐♣♦✿ ❙✐ ❧❛ ❢✉♥❝✐ó♥ ✐♥❝ó❣♥✐t❛ ❝♦♥t✐❡♥❡ ✉♥❛ ú♥✐❝❛ ✈❛r✐❛❜❧❡ ✐♥❞❡♣❡♥❞✐❡♥t❡✱ ❡♥t♦♥❝❡s ❧❛
❡❝✉❛❝✐ó♥ s❡ ❞❡♥♦♠✐♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐❛ ✭❊❉❖✮✳ ❊♥ ♦tr♦ ❝❛s♦✱ ❝✉❛♥❞♦ ❧❛
❢✉♥❝✐ó♥ ✐♥❝ó❣♥✐t❛ ❝♦♥t✐❡♥❡ ❞♦s ♦ ♠ás ✈❛r✐❛❜❧❡s ✐♥❞❡♣❡♥❞✐❡♥t❡s✱ ❧❛ ❡❝✉❛❝✐ó♥ s❡ ❞✐❝❡
q✉❡ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ❡♥ ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s✳

✐✐✳ ❖r❞❡♥✿ ❊s ❧❛ ❞❡r✐✈❛❞❛ ❞❡ ♦r❞❡♥ ♠ás ❛❧t♦ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧✳

✶✳✷✳✶✳ Pr♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐❝✐❛❧

❉❡✜♥✐❝✐ó♥ ✶✳✾ ❙❡❛ U ⊆ Rn ❛❜✐❡rt♦ ② F : U → Rn ✉♥❛ ❢✉♥❝✐ó♥✳

✐✳ ❯♥❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐❛ ✭❊❉❖✮ ❛✉tó♥♦♠❛ ❞❡ ♣r✐♠❡r ♦r❞❡♥ ❛s♦❝✐❛❞❛

❛ F ✱ ❡s ✉♥❛ ❡①♣r❡s✐ó♥ ❞❡❧ t✐♣♦

w′ = F (w) ✭✶✳✶✮

✐✐✳ ❯♥❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❊❉❖ ✭✶✳✶✮ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❜❧❡ ϕ : J → Rn✱ ❞♦♥❞❡ J ⊆ R
❡s ✉♥ ✐♥t❡r✈❛❧♦✱ t❛❧ q✉❡

❛✮ ϕ(t) ∈ U ✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❜✮ ϕ′(t) = F (ϕ(t))✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶ ❙✐ F : U → Rn ❡s ❝♦♥t✐♥✉❛ ❡♥t♦♥❝❡s t♦❞❛ s♦❧✉❝✐ó♥ ϕ ❞❡ ❧❛ ❊❉❖ ✭✶✳✶✮

❡s ❞❡ ❝❧❛s❡ C1✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷ ❙✐ ❝♦♥s✐❞❡r❛♠♦s F = (F1, F2, F3) ② ϕ(t) = (x(t), y(t), z(t)) ❡♥t♦♥❝❡s

✐✳ ▲❛ ❊❉❖ ✭✶✳✶✮ t❡♥❞rí❛ ❧❛ ❢♦r♠❛ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ ✸ ❊❉❖ ❛✉tó♥♦♠❛s✱ ❝♦♠♦ s❡ ♠✉❡str❛

❛ ❝♦♥t✐♥✉❛❝✐ó♥ 



x′(t) = F1(x(t), y(t), z(t))

y′(t) = F2(x(t), y(t), z(t))

z′(t) = F3(x(t), y(t), z(t))

✭✶✳✷✮

✐✐✳ ϕ ❡s s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❊❉❖ ✭✶✳✷✮ s✐ ② s♦❧♦ s✐

❛✮ (x(t), y(t), z(t)) ∈ U ✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❜✮ ϕ′(t) = F (ϕ(t))✱ s❛t✐s❢❛❝❡ ✭✶✳✷✮✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✵ ❙❡❛ U ⊆ Rn ❛❜✐❡rt♦✱ F : U → Rn ✉♥❛ ❢✉♥❝✐ó♥✱ w0 ∈ U ② t0 ∈ R✳

✾



✐✳ ❊❧ Pr♦❜❧❡♠❛ ❞❡ ❱❛❧♦r ■♥✐❝✐❛❧ ✭P❱■✮ ♦ Pr♦❜❧❡♠❛ ❞❡ ❈❛✉❝❤② ❛s♦❝✐❛❞♦ ❛ f ✱ ❡s ❞❛❞♦
♣♦r 




w′ = F (w)

w(t0) = w0

✭✶✳✸✮

✐✐✳ ❯♥❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■ ✭✶✳✸✮ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ϕ : J → Rn ❞✐❢❡r❡♥❝✐❛❜❧❡✱ ❞♦♥❞❡ J ⊆ R
❡s ✉♥ ✐♥t❡r✈❛❧♦✱ t❛❧ q✉❡

❛✮ t0 ∈ J ✳

❜✮ ϕ(t) ∈ U ✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❝✮ ϕ′(t) = F (ϕ(t))✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❛✮ ϕ(t0) = w0✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸ ❙✐ ❝♦♥s✐❞❡r❛♠♦s F = (F1, F2, F3)✱ w ∈ R3 ② ϕ(t) = (x(t), y(t), z(t))
❡♥t♦♥❝❡s

✐✳ P❛r❛ ❡❧ ✈❛❧♦r ✐♥✐❝✐❛❧ w0 = (x0, y0, z0) ∈ R3 ❝✉❛♥❞♦ t0 = 0✱ t❡♥❡♠♦s ❡❧ P❱■ ❛s♦❝✐❛❞♦

❛ F 



x′(t) = F1(x(t), y(t), z(t)) , x(0) = x0

y′(t) = F2(x(t), y(t), z(t)) , y(0) = y0

z′(t) = F3(x(t), y(t), z(t)) , z(0) = z0

✭✶✳✹✮

✐✐✳ ❯♥❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■ ✭✶✳✹✮ ❡s ✉♥❛ ❢✉♥❝✐ó♥ ϕ : J → R3 ❞✐❢❡r❡♥❝✐❛❜❧❡ ❡♥ ❡❧ ✐♥t❡r✈❛❧♦

J ⊆ R✱ t❛❧ q✉❡

❛✮ 0 ∈ J ✳

❜✮ ϕ(t) ∈ U ✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❝✮ ϕ′(t) = F (ϕ(t))✱ s❛t✐s❢❛❝❡ ✭✶✳✹✮✱ ♣❛r❛ t♦❞♦ t ∈ J ✳

❛✮ ϕ(0) = (x(0), y(0), z(0)) = (x0, y0, z0)✳

✶✳✷✳✷✳ ❊①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞

Pr✐♠❡r♦ ✈❡❛♠♦s ❛❧❣✉♥❛s ♥♦t❛❝✐♦♥❡s ♣r❡✈✐❛s ❛ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♠❡♥❝✐♦♥❛r❡♠♦s ❞✉r❛♥t❡
❡st❛ s❡❝❝✐ó♥✱ r❡❝♦r❞❡♠♦s q✉❡ Br(w0) ∈ Rn ❞❡♥♦t❛ ❧❛ ❜♦❧❛ ❛❜✐❡rt❛ ❝❡♥tr❛❞❛ ❡♥ w0 ∈ Rn ②
❞❡ r❛❞✐♦ r > 0✱ ❞❡ ♠❛♥❡r❛ s✐♠✐❧❛r t❡♥❡♠♦s Br[w0] ∈ Rn ❡❧ ❝✉❛❧ ❞❡♥♦t❛ ❛ ❧❛ ❜♦❧❛ ❝❡rr❛❞❛
❝❡♥tr❛❞❛s ❡♥ w0 ∈ Rn ② ❞❡ r❛❞✐♦ r > 0✱ ❡s ❞❡❝✐r

Br(w0) = {w ∈ Rn : ‖w − w0‖ < r} ② Br[w0] = {w ∈ Rn : ‖w − w0‖ ≤ r} .

❊♥ ❡❧ ❝❛s♦ ❞❡ ❧❛ r❡❝t❛✱ ❞❡♥♦t❛♠♦s r❡s♣❡❝t✐✈❛♠❡♥t❡ ❝♦♠♦ ❡❧ ✐♥t❡r✈❛❧♦ ❛❜✐❡rt♦ ♦ ✐♥t❡r✈❛❧♦
❝❡rr❛❞♦ ❛

Ir(x0) = 〈x0 − r, x0 + r〉 ② Ir[x0] = [x0 − r, x0 + r].

❉❡✜♥✐❝✐ó♥ ✶✳✶✶ ❙❡❛ U ⊆ Rn ✉♥ ❛❜✐❡rt♦ ② F : U → Rn ✉♥❛ ❢✉♥❝✐ó♥

✐✳ ❉❡❝✐♠♦s q✉❡ F ❡s ▲✐♣s❝❤✐t③ ❡♥ U s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥❛ ❝♦♥st❛♥t❡ C > 0 t❛❧ q✉❡

‖F (w1)− F (w2)‖ ≤ C‖w1 − w2‖ ∀w1, w2 ∈ U

✶✵



✐✐✳ ❉❡❝✐♠♦s q✉❡ F ❡s ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ U s✐ ② s♦❧♦ s✐ ♣❛r❛ ❝✉❛❧q✉✐❡r w0 ∈ U ✱

❡①✐st❡♥ b > 0 t❛❧❡s q✉❡ Bb(w0) ⊆ U ② ❧❛ r❡str✐❝❝✐ó♥

F |Bb(w0)
: Bb(w0)→ Rn

❡s ▲✐♣s❝❤✐t③ ❡♥ Bb(w0)✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✷ ❙❡❛ U ⊆ Rn ✉♥ ❛❜✐❡rt♦ ② F = (F1, F2, · · · , Fn) : U → Rn ✉♥❛ ❢✉♥❝✐ó♥✳

❉❡❝✐♠♦s q✉❡ F ❡s ❞❡ ❝❧❛s❡ C1 ❡♥ U s✐ ② só❧♦ s✐✱ s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s

✐✳ P❛r❛ t♦❞♦ w ∈ U ✱ ❡①✐st❡♥ ❧❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s
∂Fi

∂wj
(w), ∀1 ≤ i, j ≤ n✳

✐✐✳ P❛r❛ t♦❞♦ 1 ≤ i, j ≤ n ❧❛s ❢✉♥❝✐♦♥❡s
∂Fi

∂wj
: U → R s♦♥ ❝♦♥t✐♥✉❛s ❡♥ U ✳

❊♥ ❝❛s♦ ❛✜r♠❛t✐✈♦✱ ❞❡♥♦t❛♠♦s

J(w) =
∂(F1, F2, · · · , Fn)

∂(w1, w2, · · · , wn)
(w) =




∂F1

∂w1
(w)

∂F1

∂w2
(w) · · ·

∂F1

∂wn
(w)

∂F2

∂w1
(w)

∂F2

∂w2
(w) · · ·

∂F2

∂wn
(w)

✳✳✳
✳✳✳

✳ ✳ ✳
✳✳✳

∂Fn

∂w1
(w)

∂Fn

∂w2
(w) · · ·

∂Fn

∂wn
(w)




❊st♦ t❛♠❜✐é♥ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ♦ ❏❛❝♦❜✐❛♥♦ ❞❡ ❋✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷ ✭❈✉❛❧q✉✐❡r ❢✉♥❝✐ó♥ ❝♦♥ ❞❡r✐✈❛❞❛ ❛❝♦t❛❞❛ ❡s ▲✐♣s❝❤✐t③✮ ❙❡❛ X ✉♥

✐♥t❡r✈❛❧♦ ② s❡❛ f : X → R ✉♥❛ ❢✉♥❝✐ó♥ ❝♦♥t✐♥✉❛ ❡♥ X✱ ❞❡r✐✈❛❜❧❡ ❡♥ int(X) ② t❛❧ q✉❡ s✉

❞❡r✐✈❛❞❛ ❡s ❛❝♦t❛❞❛✳ ❊♥t♦♥❝❡s f ❡s ▲✐♣s❝❤✐t③ ❡♥ X✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✸ ❙❡❛ U ⊆ Rn ✉♥ ❛❜✐❡rt♦ ② F ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❝❧❛s❡ C1 ❡♥ U ✳ ❊♥t♦♥❝❡s F
❡s ❧♦❝❛❧♠❡♥t❡ ▲✐♣s❝❤✐t③ ❡♥ U ✳

P❛r❛ ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♥ r❡s✉❧t❛❞♦ ❞❡❧ ❆♣é♥❞✐❝❡ ❆ ❞❡ ❬✶✺❪✳

❚❡♦r❡♠❛ ✶✳✻ ✭❊①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞✮ ❙❡❛ F : Rn
+ → Rn ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③ ② ♣❛r❛

❝❛❞❛ j = 1, 2, · · · , n s❡ s❛t✐s❢❛❝❡

Fj(w) ≥ 0 ♣❛r❛ ❝✉❛❧q✉✐❡r w ∈ Rn
+ ❝♦♥ wj = 0.

❊♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r w0 ∈ Rn
+✱ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■





w′ = F (w)

w(0) = w0

❝♦♥ ✈❛❧♦r❡s ❡♥ Rn
+✱ ❧❛ ❝✉❛❧ ❡st❛ ❞❡✜♥✐❞❛ ❡♥ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦ [0, T 〉 ❝♦♥ T ∈ 〈0,∞〉✳ ❙✐ T <∞✱

❡♥t♦♥❝❡s

sup
0≤t≤T

n∑

j=1

wj(t) =∞.

✶✶



✶✳✷✳✸✳ ❙✐st❡♠❛ ❞❡ ❊❉❖✬s ❧✐♥❡❛❧❡s ② ♥♦ ❧✐♥❡❛❧❡s

❈♦♥s✐❞❡r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛ ❞❡ n ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❛✉tó♥♦♠❛s





w′
1 = F1(w1, w2, · · · , wn)

w′
2 = F2(w1, w2, · · · , wn)

✳✳✳

w′
n = F1(w1, w2, · · · , wn)

✭✶✳✺✮

❉♦♥❞❡ Fi : U ⊆ Rn → R ♣❛r❛ i = 1, 2, · · · , n✳

❙✐ ❝❛❞❛ ✉♥❛ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♣❛r❛ i = 1, 2, · · · , n s♦♥ ❧✐♥❡❛❧❡s ❡♥t♦♥❝❡s ✭✶✳✺✮ ❡s ❧❧❛♠❛❞♦
s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❧✐♥❡❛❧❡s✱ ❝❛s♦ ❝♦♥tr❛r✐♦ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ♥♦ ❧✐♥❡❛❧❡s✳

❙✐ ✉t✐❧✐③❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ ♠❛tr✐❝✐❛❧✱ r❡s✉❧t❛ s✐♠♣❧❡ r❡❧❛❝✐♦♥❛r ❧♦s s✐st❡♠❛s ❞❡ n ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ♦r❞✐♥❛r✐❛s ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s✱ ♣❛r❛ ❡st♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛s ❢✉♥❝✐♦♥❡s
✈❡❝t♦r✐❛❧❡s

w(t) =




w1(t)
w2(t)

✳✳✳
wn(t)


 ② F (w) =




F1(w)
F2(w)

✳✳✳
Fn(w)


 ,

❡♥t♦♥❝❡s ♥✉❡str♦ s✐st❡♠❛ ✭✶✳✺✮ t❡♥❞rí❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

w′ = F (w)

♣❛r❛ ❡❧ ❝✉❛❧ ♣♦❞❡♠♦s ✉t✐❧✐③❛r t♦❞♦s ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s✳

▲❛ ❢♦r♠❛ ❣❡♥❡r❛❧ ❞❡ ✉♥ s✐st❡♠❛ ❞❡ n ❊❉❖ ❛✉tó♥♦♠❛s ❧✐♥❡❛❧❡s ❡s ❡❧ s✐❣✉✐❡♥t❡





w′
1 = a1,1w1 + a1,2w2 + · · ·+ a1,nwn + b1

w′
2 = a2,1w1 + a2,2w2 + · · ·+ a2,nwn + b2

✳✳✳

w′
n = an,1w1 + an,2w2 + · · ·+ an,nwn + bn

◆♦t❡♠♦s t❛♠❜✐é♥ q✉❡ ❡❧ s✐st❡♠❛ ✭✶✳✺✮ ❡s ❧✐♥❡❛❧✱ ❡♥t♦♥❝❡s ♣✉❡❞❡ t♦♠❛r ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

w′ = F (w) = Aw + b

❞♦♥❞❡

A(t) =




a1,1 a1,2 · · · a1,n

a2,1 a2,2 · · · a2,n

✳✳✳

an,1 an,2 · · · an,n




② b =




b1

b2

✳✳✳

bn




.

✶✷



❙✐ bi = 0 ♣❛r❛ i = 1, 2, · · · , n ❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ ❡s ❧❧❛♠❛❞♦ ❤♦♠♦❣é♥❡♦✱ ❝❛s♦ ❝♦♥tr❛r✐♦
♥♦ ❤♦♠♦❣é♥❡♦✳

❚❡♦r❡♠❛ ✶✳✼ ✭❊①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞✮ ❙❡❛ A ∈ Rn×n✱ x0 ∈ Rn ② t0 ∈ R✱ ❡♥t♦♥❝❡s ❧❛

ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■





w′ = Aw

w(t0) = w0

❡st❛ ❞❛❞❛ ♣♦r

ϕ : R → Rn

t 7→ ϕ(t) = e(t−t0)Ax0.

❉❡✜♥✐❝✐ó♥ ✶✳✶✸ ❙❡❛ U ⊆ Rn ❛❜✐❡rt♦ ② F : U → Rn ✉♥❛ ❢✉♥❝✐ó♥✱ ♣❛r❛ ❧♦s ❝✉❛❧❡s t❡♥❡♠♦s

❧❛ ❡❝✉❛❝✐ó♥ ❞✐❢❡r❡♥❝✐❛❧ ♦r❞✐♥❛r✐❛

w′ = F (w)

❊♥t♦♥❝❡s w∗ ∈ R ❡s ❧❧❛♠❛❞♦ ♣✉♥t♦ ❝rít✐❝♦ ♦ s✐♥❣✉❧❛r✐❞❛❞ s✐ ② só❧♦ s✐ F (w∗) = 0✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❞❡ s✐st❡♠❛s ❞❡ ❡❝✉❛❝✐♦♥❡s
❞✐❢❡r❡♥❝✐❛❧❡s ♥♦ ❧✐♥❡❛❧❡s✳ P❛r❛ ❡❧❧♦✱ s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞✱ ❝♦♥s✐❞❡r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡
s✐st❡♠❛ ❛✉tó♥♦♠♦





x′ = F1(x, y, z)

y′ = F2(x, y, z)

z′ = F3(x, y, z)

✭✶✳✻✮

❝♦♥ ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❛✐s❧❛❞♦ (x∗, y∗, z∗)✱ ❡s ❞❡❝✐r
∣∣∣∣∣∣∣∣∣∣

F1(x
∗, y∗, z∗) = 0

F2(x
∗, y∗, z∗) = 0

F3(x
∗, y∗, z∗) = 0

❙✐ F1(x, y, z)✱ F2(x, y, z) ② F3(x, y, z) ❛❞♠✐t❡♥ s✉ ❞❡s❛rr♦❧❧♦ ❡♥ s❡r✐❡s ❚❛②❧♦r ❞❡ ♦r❞❡♥ ✉♥♦
❛❧r❡❞❡❞♦r ❞❡ w∗ = (u∗, v∗, s∗)✱ t❡♥❡♠♦s

F1(x, y, z) = F1(w
∗) + ∂F1

∂x
(w∗)(x− x∗) + ∂F1

∂y
(w∗)(y − y∗) + ∂F1

∂z
(w∗)(z − z∗) +R1(x, y, z)

F2(x, y, z) = F2(w
∗) + ∂F2

∂x
(w∗)(x− x∗) + ∂F2

∂y
(w∗)(y − y∗) + ∂F2

∂z
(w∗)(z − z∗) +R2(x, y, z)

F3(x, y, z) = F3(w
∗) + ∂F3

∂x
(w∗)(x− x∗) + ∂F3

∂y
(w∗)(y − y∗) + ∂F3

∂z
(w∗)(z − z∗) +R3(x, y, z)

❧✉❡❣♦

F1(x, y, z) = ∂F1
∂x

(w∗)(x− x∗) + ∂F1
∂y

(w∗)(y − y∗) + ∂F1
∂z

(w∗)(z − z∗) +R1(x, y, z)

F2(x, y, z) = ∂F2
∂x

(w∗)(x− x∗) + ∂F2
∂y

(w∗)(y − y∗) + ∂F2
∂z

(w∗)(z − z∗) +R2(x, y, z)

F3(x, y, z) = ∂F3
∂x

(w∗)(x− x∗) + ∂F3
∂y

(w∗)(y − y∗) + ∂F3
∂z

(w∗)(z − z∗) +R3(x, y, z)

✶✸



❝♦♥s✐❞❡r❡♠♦s u = x− x∗✱ v = y − y∗ ② s = z − z∗✱ ❡♥t♦♥❝❡s

u′ = x′ = F1(x, y, z)

v′ = y′ = F2(x, y, z)

s′ = z′ = F3(x, y, z)

❡s ❞❡❝✐r 



u′ = u∂F1
∂x

(w∗) + v ∂F1
∂y

(w∗) + s∂F1
∂z

(w∗) +R1(x, y, z)

v′ = u∂F2
∂x

(w∗) + v ∂F2
∂y

(w∗) + s∂F2
∂z

(w∗) +R2(x, y, z)

s′ = u∂F3
∂x

(w∗) + v ∂F3
∂y

(w∗) + s∂F3
∂z

(w∗) +R3(x, y, z)

✭✶✳✼✮

❞♦♥❞❡ ❧❛s ❞❡r✐✈❛❞❛ ♣❛r❝✐❛❧❡s ❡stá♥ ❡✈❛❧✉❛❞❛s ❡♥ w∗ = (x∗, y∗, z∗) ós❡❛ s♦♥ ♥ú♠❡r♦s ②
Ri(x, y, z) ♣❛r❛ i = 1, 2, 3 ❞❡♥♦t❛ ❡❧ r❡st♦ ❞❡ tér♠✐♥♦s ❡♥ ❢✉♥❝✐ó♥ ❞❡ x, y, z✳ ❊s❝r✐❜✐❡♥❞♦ ❧♦
❛♥t❡r✐♦r ❡♥ ❢♦r♠❛ ♠❛tr✐❝✐❛❧✱ t❡♥❡♠♦s




u′

v′

s′



=




∂F1

∂x
(w∗)

∂F1

∂y
(w∗)

∂F1

∂z
(w∗)

∂F2

∂x
(w∗)

∂F2

∂y
(w∗)

∂F2

∂z
(w∗)

∂F3

∂x
(w∗)

∂F3

∂y
(w∗)

∂F3

∂z
(w∗)







u

v

s



+




R1(x, y, z)

R2(x, y, z)

R3(x, y, z)




✭✶✳✽✮

❈✉❛♥❞♦ |u|, |v| ② |s| s♦♥ ♣❡q✉❡ñ♦s✱ ❡s ❞❡❝✐r✱ ❝✉❛♥❞♦ (u, v, s)→ (0, 0, 0) ♣♦❞❡♠♦s ❞❡s♣r❡❝✐❛r
❧♦s tér♠✐♥♦s Ri(x, y, z)✱ ♣❛r❛ i = 1, 2, 3✱ ❞❡❧ s✐st❡♠❛ ✭✶✳✽✮✱ ❛sí ❝♦♥❥❡t✉r❛♠♦s q✉❡ ❡❧ ❝♦♠✲
♣♦rt❛♠✐❡♥t♦ ❝✉❛❧✐t❛t✐✈♦ ❞❡❧ s✐st❡♠❛ ✭✶✳✽✮ ❝❡r❝❛ ❛❧ ♣✉♥t♦ ❝rít✐❝♦ (x∗, y∗, z∗) ❡s s✐♠✐❧❛r ❛❧ ❞❡❧
s✐st❡♠❛ ❧✐♥❡❛❧ ❛s♦❝✐❛❞♦




u′

v′

s′



=




∂F1

∂x
(w∗)

∂F1

∂y
(w∗)

∂F1

∂z
(w∗)

∂F2

∂x
(w∗)

∂F2

∂y
(w∗)

∂F2

∂z
(w∗)

∂F3

∂x
(w∗)

∂F3

∂y
(w∗)

∂F3

∂z
(w∗)







u

v

s



, ✭✶✳✾✮

❞♦♥❞❡

det
(
J

w∗

)
=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∂F1

∂x
(w∗)

∂F1

∂y
(w∗)

∂F1

∂z
(w∗)

∂F2

∂x
(w∗)

∂F2

∂y
(w∗)

∂F2

∂z
(w∗)

∂F3

∂x
(w∗)

∂F3

∂y
(w∗)

∂F3

∂z
(w∗)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

6= 0

❡s ❡❧ ❞❡t❡r♠✐♥❛♥t❡ ❞❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❞❡ ❧❛ ♣❛rt❡ ❧✐♥❡❛❧✱ ❞❡❧ s✐st❡♠❛ ✭✶✳✽✮✳ ❡✈❛❧✉❛❞❛
❡♥ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ w∗✳

❊❧ ♣r♦❝❡s♦ ❛♥t❡r✐♦r ❞❡ s✉st✐t✉✐r ❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧ ✭✶✳✽✮ ♣♦r ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ✭✶✳✾✮ s❡ ❞❡✲
♥♦♠✐♥❛ ❧❛ ❧✐♥❡❛❧✐③❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✶✳✻✮ ❡♥ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ w∗ = (x∗, y∗, z∗).

✶✹



❊st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ❡♥ ❢♦r♠❛ s✐♠✐❧❛r ❛ s✐st❡♠❛s ❞❡ n ❊❉❖ ❧✐♥❡❛❧❡s
❛✉tó♥♦♠❛s ❡♥ ❝❛❞❛ ✉♥♦ ❞❡ s✉s ♣✉♥t♦s ❝rít✐❝♦s✳

✶✳✸✳ ❆♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞

❊♥ ❡st❛ s❡❝❝✐ó♥ r❡❝♦r❞❛r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s
s♦❧✉❝✐♦♥❡s ❝♦♥st❛♥t❡s ❞❡ ❧♦s s✐st❡♠❛s ❞❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✹ P❛r❛ F : Rn → Rn✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❊❉❖

w′ = F (w)

P❛r❛ ❧❛ ❝✉❛❧ w∗ ∈ Rn ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ✐✳❡✳ F (w∗) = 0✳ ❙❡ ❞❡✜♥❡

✐✳ ❉✐r❡♠♦s q✉❡ w∗ ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❡st❛❜❧❡ s✐ ② s♦❧♦ s✐ ❞❛❞♦ ✉♥ ε > 0 ❡①✐st❡ δ > 0
t❛❧ q✉❡ s✐ ‖x(t0)− w∗‖ < δ ⇒ ‖x(t)− w∗‖ < ε ♣❛r❛ t♦❞♦ t ≥ t0✳

✐✐✳ ❉✐r❡♠♦s q✉❡ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ w∗ ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡ s✐

② s♦❧♦ s✐ w∗ ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ❡st❛❜❧❡ ② ❛❞❡♠ás

ĺım
t→∞

x(t) = w∗.

✐✐✐✳ ❉✐r❡♠♦s q✉❡ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ w∗ ❡s ✉♥ ♣✉♥t♦ ❝rít✐❝♦ ✐♥❡st❛❜❧❡ s✐ ♥♦ ❡s ❡st❛❜❧❡✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✹ ❉❛❞♦ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ w′ = Aw ❞♦♥❞❡ A ∈ Mn×n ② w ∈ Rn✳ ❊❧ ♣✉♥t♦

❝rít✐❝♦ w∗ ❡s ❡st❛❜❧❡ s✐ t♦❞♦s ❧♦s ❛✉t♦✈❛❧♦r❡s ❛s♦❝✐❛❞♦s ❛ s✉ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ s♦♥ ♥❡❣❛t✐✈❛s

♦ t✐❡♥❡♥ ❧❛ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✳

✶✳✸✳✶✳ ❈r✐t❡r✐♦ ❞❡ ❘♦✉t❤✲❍✉r✇✐t③

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤✲❍✉r✇✐t③✱ ❡❧ ❝✉❛❧ ❡s ✉♥❛ ♣r✉❡❜❛ ♠❛t❡♠át✐✲
❝❛ q✉❡ s❡ ✉t✐❧✐③❛ ❝♦♠♦ ❝♦♥❞✐❝✐ó♥ ♥❡❝❡s❛r✐❛ ② s✉✜❝✐❡♥t❡ ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ s✐st❡♠❛s ❞❡
❊❉❖s✳ ❊❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤ ❡s ✉♥ ❛❧❣♦r✐t♠♦ r❡❝✉rs✐✈♦ ❡✜❝✐❡♥t❡ q✉❡ ❡❧ ♠❛t❡♠át✐❝♦ ✐♥❣❧és
❊❞✇❛r❞ ❏♦❤♥ ❘♦✉t❤ ♣r♦♣✉s♦ ❡♥ ✶✽✼✻ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❝✉❛♥❞♦ t♦❞❛s ❧❛s r❛í❝❡s ❞❡ ✉♥ ♣♦❧✐✲
♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦✱ ❞❡ ✉♥ s✐st❡♠❛ ❧✐♥❡❛❧✱ t✐❡♥❡♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✳ ■♥❞❡♣❡♥❞✐❡♥t❡♠❡♥t❡
❡❧ ♠❛t❡♠át✐❝♦ ❛❧❡♠á♥ ❆❞♦❧❢ ❍✉r✇✐t③ ♣r♦♣✉s♦ ❡♥ ✶✽✾✺✱ q✉❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ❞❡❧ ♣♦❧✐♥♦♠✐♦
❝❛r❛❝t❡ríst✐❝♦ ♣♦❞í❛♥ ❞✐s♣♦♥❡rs❡ ❡♥ ✉♥❛ ♠❛tr✐③ ❝✉❛❞r❛❞❛✱ ❧❧❛♠❛❞❛ ♠❛tr✐③ ❞❡ ❍✉r✇✐t③✱ ②
♠♦stró q✉❡ s✉ s♦❧✉❝✐ó♥ ❛s♦❝✐❛❞❛ ❡s ❡st❛❜❧❡ s✐ ② só❧♦ s✐ ❧❛ s❡❝✉❡♥❝✐❛ ❞❡ ❞❡t❡r♠✐♥❛♥t❡s ❞❡ s✉s
♣r✐♥❝✐♣❛❧❡s s✉❜♠❛tr✐❝❡s s♦♥ ♣♦s✐t✐✈❛s✳ ❊st♦s ❞♦s ♣r♦❝❡s♦s s♦♥ ❡q✉✐✈❛❧❡♥t❡s✳

❆❤♦r❛ ✈❡r❡♠♦s ✉♥♦s r❡s✉❧t❛❞♦s ❛s♦❝✐❛❞♦s ❛❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✺ ❙❡❛ ❡❧ ♣♦❧✐♥♦♠✐♦ ❞❡ ✈❛r✐❛❜❧❡ r❡❛❧

P (t) = a0t
n + a1t

n−1 + a2t
n−2 + a3t

n−3 + · · ·+ an−1t++an, an 6= 0

✶✺



❞❡✜♥✐♠♦s ❝♦♠♦ ❡❧ ❡sq✉❡♠❛ ❞❡ ❘♦✉t❤ ❞❡❧ ♣♦❧✐♥♦♠✐♦ P (t)✱ ❛❧ s✐❣✉✐❡♥t❡ ❛rr❡❣❧♦

tn a0 a2 a4 a6 · · ·

tn−1 a1 a3 a5 a7 · · ·

tn−2 b1 b2 b3 b4 · · ·

tn−3 c1 c2 c3 c4 · · ·

✳✳✳
✳✳✳

t2 d1 d2

t1 e1

t0 f1

❞♦♥❞❡

b1 =
a1a2 − a0a3

a1
, b2 =

a1a4 − a0a5
a1

, · · ·

c1 =
b1a3 − a1b2

b1
, c2 =

b1a4 − a1b3
b1

, · · ·

② ❛sí s✉❝❡s✐✈❛♠❡♥t❡✳

❚❡♦r❡♠❛ ✶✳✽ ❊❧ ♥ú♠❡r♦ ❞❡ r❛í❝❡s ❞❡ ✉♥ ♣♦❧✐♥♦♠✐♦ P (t) ❞❡ ✈❛r✐❛❜❧❡ r❡❛❧✱ ❧❛s ❝✉❛❧❡s ❡stá♥

❡♥ ❡❧ s❡♠✐♣❧❛♥♦ ❞❡r❡❝❤♦ Re(t) > 0 ❡s ✐❣✉❛❧ ❛❧ ♥ú♠❡r♦ ❞❡ ❝❛♠❜✐♦s ❞❡ s✐❣♥♦ ❡♥ ❧❛ ♣r✐♠❡r❛

❝♦❧✉♠♥❛ ❞❡❧ ❡sq✉❡♠❛ ❞❡ ❘♦✉t❤✳

❊♥ ✈✐st❛ ❞❡ ❡st❡ t❡♦r❡♠❛ ② ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✶✳✹ ♣♦❞❡♠♦s ❞❡❞✉❝✐r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

❈♦r♦❧❛r✐♦ ✶✳✷ ✭❈r✐t❡r✐♦ ❞❡ ❘♦✉t❤✮ P❛r❛ q✉❡ t♦❞❛s ❧❛s r❛í❝❡s ❞❡ ✉♥ ♣♦❧✐♥♦♠✐♦ P (t) t❡♥✲
❣❛♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ ❡s ♥❡❝❡s❛r✐♦ ② s✉✜❝✐❡♥t❡ q✉❡ t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❡♥ ❧❛ ♣r✐♠❡r❛

❝♦❧✉♠♥❛ ❞❡❧ ❡sq✉❡♠❛ ❞❡ ❘♦✉t❤ t❡♥❣❛♥ ❡❧ ♠✐s♠♦ s✐❣♥♦✳

❊❥❡♠♣❧♦ ✶✳✷ ❙❡❛ ❡❧ ♣♦❧✐♥♦♠✐♦

P (t) = t4 + 2t3 + 3t2 + 4t+ 5

♣❛r❛ ❡❧ ❝✉❛❧ t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❡sq✉❡♠❛ ❞❡ ❘♦✉t❤

t4 1 3 5
t3 2 4
t2 b1 b2
t1 c1
t0 d1

❞♦♥❞❡

b1 =
a1a2 − a0a3

a1
=

2× 3− 1× 4

2
= 1

b2 =
a1a4 − a0a5

a1
=

2× 5− 1× 0

2
= 5

c1 =
b1a3 − a1b2

b1
=

1× 4− 2× 5

1
= −6

d1 =
c1b2 − b1c2

c1
=
−6× 5− 5× 0

−5
= 5

✶✻



❡s ❞❡❝✐r

t4 1 3 5
t3 2 4
t2 1 5
t1 −6
t0 5

♥♦t❛♠♦s q✉❡ ❡♥ ❡❧ ❛rr❡❣❧♦ ❞❡ ❘♦✉t❤ ❛♣❛r❡❝❡ ❞♦s ❝❛♠❜✐♦s ❞❡ s✐❣♥♦✱ ♣♦r ❧♦ t❛♥t♦ ❡❧ ♣♦❧✐♥♦♠✐♦
❝❛r❛❝t❡ríst✐❝♦ P (t) t✐❡♥❡ ❞♦s r❛í❝❡s ♣♦s✐t✐✈❛s✱ ♣♦r ❡♥❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ P (t) ♥♦ ❡s
❡st❛❜❧❡✳

❆❤♦r❛ ✈❡r❡♠♦s ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♣r❡✈✐♦s ❛❧ ❝r✐t❡r✐♦ ❞❡ ❍✉r✇✐t③✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✻ ❙❡❛ ❡❧ ♣♦❧✐♥♦♠✐♦

P (t) = a0t
n + b0t

n−1 + a1t
n−2 + b1t

n−3 + · · · , ❝♦♥ an 6= 0.

❊♥t♦♥❝❡s ❧❛ ♠❛tr✐③ ❝✉❛❞r❛❞❛ ❞❡ ♦r❞❡♥ n

H =




b0 b1 b2 · · · bn−1

a0 a1 a2 · · · an−1

0 b0 b1 · · · bn−2

0 a0 a1 · · · an−2

0 0 b0 · · · bn−0

✳✳✳
✳✳✳

✳✳✳ · · ·
✳✳✳




, ❞♦♥❞❡





ak = 0 si k >
rn
2

z

bk = 0 si k >

s
n− 1

2

{

❡s ❧❧❛♠❛❞❛ ♠❛tr✐③ ❞❡ ❍✉r✇✐t③✳

▲♦s ❞❡t❡r♠✐♥❛♥t❡s ❞❡ ❧❛s s✉❜♠❛tr✐❝❡s ♣r✐♥❝✐♣❛❧❡s ❞❡ H✱ s♦♥ ❧❧❛♠❛❞♦s ❧♦s ❞❡t❡r♠✐♥❛♥t❡s ❞❡
❍✉r✇✐t③ ② s❡ ❞❡♥♦t❛♥

∆1 = b0, ∆2 =

∣∣∣∣∣∣

b0 b1

a0 a1

∣∣∣∣∣∣
, ∆3 =

∣∣∣∣∣∣∣∣∣∣

[

b0 b1 b2

a0 a1 a2

0 b0 b1

∣∣∣∣∣∣∣∣∣∣

, · · ·

∆n =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

b0 b1 b2 · · · bn−1

a0 a1 a2 · · · an−1

0 b0 b1 · · · bn−2

0 a0 a1 · · · an−2

0 0 b0 · · · bn−0

✳✳✳
✳✳✳

✳✳✳ · · ·
✳✳✳

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

✶✼



❈♦r♦❧❛r✐♦ ✶✳✸ ✭❈r✐t❡r✐♦ ❞❡ ❘♦✉t❤ ✲ ❍✉r✇✐t③✮ P❛r❛ q✉❡ t♦❞❛s ❧❛s r❛í❝❡s ❞❡❧ ♣♦❧✐♥♦♠✐♦

P (t) = a0t
n + b0t

n−1 + a1t
n−2 + b1t

n−3 + · · · , ❝♦♥ an 6= 0,

t❡♥❣❛♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ ❡s ♥❡❝❡s❛r✐♦ ② s✉✜❝✐❡♥t❡ q✉❡ s❡ ❝✉♠♣❧❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s

a0∆1 > 0, ∆2 > 0 a0∆3 > 0, ∆4 > 0, · · · ,
a0∆n > 0 ✭ n ♣❛r ✮

∆n > 0 ✭ n ✐♠♣❛r ✮

◆♦t❡♠♦s q✉❡ s✐ a0 > 0 ❡♥t♦♥❝❡s ❧❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤✲❍✉r✇✐t③ s❡ r❡❞✉❝❡ ❛

∆1 > 0, ∆2 > 0 ∆3 > 0, ∆4 > 0, · · · ,∆n > 0.

❖❜s❡r✈❛❝✐ó♥ ✶✳✹ ❙✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛ ♥♦t❛❝✐ó♥ tr❛❞✐❝✐♦♥❛❧

P (λ) = λn + a1λ
n−1 + a2λ

n−2 + · · ·+ an

❞♦♥❞❡ ❧♦s ❝♦❡✜❝✐❡♥t❡s ai s♦♥ ❝♦♥st❛♥t❡s r❡❛❧❡s ♣❛r❛ i = 1, · · · , n✳ ❊♥t♦♥❝❡s ♣❛r❛ n = 2, 3 ② 4
t❡♥❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s

n = 2 : a1 > 0, a2 > 0
n = 3 : a1 > 0, a3 > 0, a1a2 > a3
n = 4 : a1 > 0, a3 > 0, a4 > 0, a1a2a3 > a23 + a21a4

❜❛❥♦ ❧❛s ❝✉❛❧❡s ♣♦❞❡♠♦s ❛s❡❣✉r❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ♣♦r ❡❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤✲❍✉r✇✐t③✳

P❛r❛ ♠❛②♦r ✐♥❢♦r♠❛❝✐ó♥ ❛sí ❝♦♠♦ ❧❛s ❞❡♠♦str❛❝✐♦♥❡s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♠❡♥❝✐♦♥❛❞♦s s❡
♣✉❡❞❡ r❡✈✐s❛r ❡❧ ❝❛♣ít✉❧♦ ✻ ❞❡ ❬✺❪✳

✶✳✸✳✷✳ ❊st❛❜✐❧✐❞❛❞ ❞❡ s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s

❆❤♦r❛ ✈❡r❡♠♦s ❛❧❣✉♥♦s r❡s✉❧t❛❞♦s ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ♣✉♥t♦s ❝rít✐❝♦s ❞❡ s✐st❡♠❛s ♥♦
❧✐♥❡❛❧❡s✱ ❛❧ ✐❣✉❛❧ q✉❡ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r s✐♥ ♣ér❞✐❞❛ ❞❡ ❣❡♥❡r❛❧✐❞❛❞ ❛s✉♠✐r❡♠♦s q✉❡
F : U ⊆ R3 → R3✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✼ ❉❛❞♦ (x∗, y∗, z∗) ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ❛✐s❧❛❞♦ ❞❡❧ s✐st❡♠❛ ♥♦ ❧✐♥❡❛❧

x′ = F1(x, y, z)

y′ = F2(x, y, z)

z′ = F3(x, y, z)

✭✶✳✶✵✮

❉✐r❡♠♦s q✉❡ ❡❧ s✐st❡♠❛ ❛✉tó♥♦♠♦ ❞❛❞♦ ♣♦r ✭✶✳✶✵✮ ❡s ❝❛s✐ ❧✐♥❡❛❧ ❡♥ ❡❧ ♣✉♥t♦ (x∗, y∗, z∗)✱ s✐
s❡ ❝✉♠♣❧❡

✐✳ ▲❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ A = J
(x∗,y∗,z∗)

❞❡❧ s✐st❡♠❛ ✭✶✳✶✵✮ ❡s r❡❣✉❧❛r ✱ ❡s ❞❡❝✐r t✐❡♥❡

❞❡t❡r♠✐♥❛♥t❡ ♥♦ ♥✉❧♦✳

✐✐✳ ❙✐ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♣❛r❛ i = 1, 2, 3✱ ❛❞♠✐t❡♥ ✉♥ ❞❡s❛rr♦❧❧♦ ❞❡ ❚❛②❧♦r ❞❡ ♦r❞❡♥ ✉♥♦ ❡♥

✉♥ ❡♥t♦r♥♦ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦ (x∗, y∗, z∗), ❡s ❞❡❝✐r

F1(x, y, z) = F1(x∗, y∗, z∗) + ∂F1

∂x
(x∗, y∗, z∗)(x− x∗) + ∂F1

∂y
(x∗, y∗, z∗)(y − y∗) + ∂F1

∂z
(x∗, y∗, z∗)(z − z∗) +R1(x, y, z)

F2(x, y, z) = F2(x∗, y∗, z∗) + ∂F2

∂x
(x∗, y∗, z∗)(x− x∗) + ∂F2

∂y
(x∗, y∗, z∗)(y − y∗) + ∂F2

∂z
(x∗, y∗, z∗)(z − z∗) +R2(x, y, z)

F3(x, y, z) = F3(x∗, y∗, z∗) + ∂F3

∂x
(x∗, y∗, z∗)(x− x∗) + ∂F3

∂y
(x∗, y∗, z∗)(y − y∗) + ∂F3

∂z
(x∗, y∗, z∗)(z − z∗) +R3(x, y, z)

✶✽



❉♦♥❞❡ Ri(x, y, z) ✈❡r✐✜❝❛ ❧❛ ❝♦♥❞✐❝✐ó♥ ✿

ĺım
(x,y,z)→(x∗,y∗,z∗)

Ri(x, y, z)√
(x− x∗)2 + (y − y∗)2 + (z − z∗)2

= 0

❚❡♦r❡♠❛ ✶✳✾ ✭❊st❛❜✐❧✐❞❛❞ ♣❛r❛ s✐st❡♠❛s ♥♦ ❧✐♥❡❛❧❡s✮ ❙❡❛ (x∗, y∗, z∗) ✉♥ ♣✉♥t♦ ❝rí✲

t✐❝♦ ❞❡ ✉♥ s✐st❡♠❛ ❝❛s✐ ❧✐♥❡❛❧
x′ = F1(x, y, z)

y′ = F2(x, y, z)

z′ = F3(x, y, z)

❙✐ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ J
(x∗,y∗,z∗)

❞❡❧ s✐st❡♠❛ ❡♥ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ (x∗, y∗, z∗)✱ t✐❡♥❡

❆✉t♦✈❛❧♦r❡s r❡❛❧❡s ♥❡❣❛t✐✈♦s ♦ ❝♦♠♣❧❡❥♦s ❝♦♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛✱ ❡♥t♦♥❝❡s ❡❧ ♦r✐❣❡♥

❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡ ♣❛r❛ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❛♣r♦①✐♠❛❞♦ ② ❝♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❡❧

♣✉♥t♦ (x∗, y∗, z∗) ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡ ♣❛r❛ ❡❧ s✐st❡♠❛ ❝❛s✐ ❧✐♥❡❛❧✳

❆✉t♦✈❛❧♦r❡s r❡❛❧❡s ② ❛❧❣✉♥♦ ❞❡ ❡❧❧♦s ❡s ♣♦s✐t✐✈♦ ♦ ❝♦♠♣❧❡❥♦s ❝♦♥ ♣❛rt❡ r❡❛❧ ♣♦s✐t✐✈❛✱

❡♥t♦♥❝❡s ❡❧ ♦r✐❣❡♥ ❡s ✐♥❡st❛❜❧❡ ♣❛r❛ ❡❧ s✐st❡♠❛ ❧✐♥❡❛❧ ❛♣r♦①✐♠❛❞♦ ② ❡❧ ♣✉♥t♦ (x∗, y∗, z∗)
❡s ✐♥❡st❛❜❧❡ ♣❛r❛ ❡❧ s✐st❡♠❛ ❝❛s✐ ❧✐♥❡❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✺ ❙✐ ❧❛ ♠❛tr✐③ A t✐❡♥❡ ❛✉t♦✈❛❧♦r❡s ✐♠❛❣✐♥❛r✐♦s ♣✉r♦s✱ ❡♥t♦♥❝❡s ❡❧ ♦r✐❣❡♥

❡s ✉♥ ❝❡♥tr♦ ❞❡❧ s✐st❡♠❛ ❧✐♥❡❛❧✐③❛❞♦✳ ❊♥ ❡st❡ ❝❛s♦ ♥♦ s❛❜❡♠♦s ♥❛❞❛ s♦❜r❡ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧

♣✉♥t♦ ❝rít✐❝♦ (x∗, y∗, z∗)✳ ❊♥ ❡st❛ s✐t✉❛❝✐ó♥ ❡❧ ❡st✉❞✐♦ ❞❡❧ s✐st❡♠❛ ❧✐♥❡❛❧✐③❛❞♦ ♥♦ ♥♦s ❞❡t❡r✲

♠✐♥❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦ (x∗, y∗, z∗)✱ ② ♣❛r❛ ❝♦♥s❡❣✉✐r❧♦ ♥❡❝❡s✐t❛♠♦s r❡❝✉rr✐r ❛

❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✉♥ ❢✉♥❝✐♦♥❛❧ ❞❡ ▲②❛♣✉♥♦✈✳

✶✾



❈❛♣ít✉❧♦ ✷

▼♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❝♦♥

tr❡s ♥✐✈❡❧❡s tró✜❝♦s

❊♥ ❡❧ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦ ♣❧❛♥t❡❛r❡♠♦s ② ❛♥❛❧✐③❛r❡♠♦s ✉♥ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❞❡
tr❡s ♥✐✈❡❧❡s tró✜❝♦s ❝♦♥ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡ ❍♦❧❧✐♥❣ t✐♣♦ ■■ ② s✉s ❛♣❧✐✲
❝❛❝✐♦♥❡s ❛❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✳ ❆♥t❡s ❞❡ ✐♥tr♦❞✉❝✐r ♥✉❡str♦ ♠♦❞❡❧♦ ❛ ❡st✉❞✐❛r✱ r❡❝♦r❞❡♠♦s
✉♥ ♣♦❝♦ s♦❜r❡ ❧♦s ♠♦❞❡❧♦s ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✱ ❜ás✐❝❛♠❡♥t❡ ❡❧ ♠♦❞❡❧♦ ❝❧ás✐❝♦ ❝♦♥ r❡s♣✉❡st❛
❢✉♥❝✐♦♥❛❧ ❞❡♣❡♥❞✐❡♥t❡ ❞❡ ❧❛ ♣r❡s❛✱ ② ❡❧ ♠♦❞❡❧♦ ❝♦♥ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡✳

✷✳✶✳ ▼♦❞❡❧♦s ❞❡♣r❡❞❛❞♦r✲♣r❡s❛

❊❧ ♠♦❞❡❧♦ ❣❡♥❡r❛❧ ♣❛r❛ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❡s♣❡❝✐❡s ❡s ❡❧ s✐❣✉✐❡♥t❡





x′(t) = xf(x, y) , x(0) > 0

y′(t) = yg(x, y) , y(0) > 0
✭✷✳✶✮

❞♦♥❞❡ x(t) ❡s ❧❛ ❞❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧❛s ♣r❡s❛s✱ y(t) ❡s ❧❛ ❞❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧♦s
❞❡♣r❡❞❛❞♦r❡s ❡♥ ❡❧ ✐♥st❛♥t❡ t❀ ② ❛❞❡♠❛s f(x, y) ② g(x, y) s❛t✐s❢❛❝❡♥

∂f

∂y
< 0 ∧

∂g

∂x
> 0

❊♥ ✶✾✷✻✱ ❱✐t♦ ❱♦❧t❡rr❛ ♣r♦♣♦♥❡ ✉♥ ♠♦❞❡❧♦ s✐♠♣❧❡ ♣❛r❛ ❧❛ ❞❡♣r❡❞❛❝✐ó♥ ❞❡ ✉♥❛ ❡s♣❡❝✐❡ ♣♦r
♦tr❛✱ ♣❛r❛ ❡①♣❧✐❝❛r ❧♦s ♥✐✈❡❧❡s ♦s❝✐❧❛t♦r✐♦s ❞❡ ❝✐❡rt♦s ♣❡❝❡s ❝❛♣t✉r❛❞♦s ❡♥ ❡❧ ♠❛r ❆❞r✐át✐❝♦✳
❊❧ ♠♦❞❡❧♦ ❢✉❡ ❡❧ s✐❣✉✐❡♥t❡





x′(t) = x(a− by) , x(0) > 0

y′(t) = y(cx− d) , y(0) > 0
✭✷✳✷✮

❞♦♥❞❡ a ❡s ❧❛ t❛s❛ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ✐♥trí♥s❡❝♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ♣r❡s❛s✱ b ❡s ❧❛ t❛s❛ ❞❡
❝❛♣t✉r❛ ❞❡ ❧♦s ❞❡♣r❡❞❛❞♦r❡s ♦ ♠♦rt❛❧✐❞❛❞ ❞❡ ❧❛s ♣r❡s❛s ♣♦r ❞❡♣r❡❞❛❝✐ó♥✱ c ❡s ❧❛ t❛s❛ ❞❡
❜❡♥❡✜❝✐♦ ♣♦r ❞❡♣r❡❞❛❝✐ó♥ ✭t❛s❛ ❞❡ ❡✜❝✐❡♥❝✐❛✮✱ ② d ❡s ❧❛ t❛s❛ ❞❡ ♠♦rt❛❧✐❞❛❞ ♥❛t✉r❛❧ ❞❡ ❧♦s
❞❡♣r❡❞❛❞♦r❡s ❡♥ ❛✉s❡♥❝✐❛ ❞❡ ♣r❡s❛s✳

◆♦t❡♠♦s q✉❡ ❡❧ ♠♦❞❡❧♦ ✭✷✳✷✮ ❡s ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡❧ ♠♦❞❡❧♦ ✭✷✳✶✮ ②❛ q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s

f(x, y) = (a− by) ② g(x, y) = (cx− d),

❝✉♠♣❧❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
∂f

∂y
= −b < 0 ∧

∂g

∂x
= c > 0.

✷✵



❆❞❡♠ás ❡❧ ♠♦❞❡❧♦ ❝✉♠♣❧❡ ❧❛s s✐❣✉✐❡♥t❡ s✉♣♦s✐❝✐♦♥❡s✿

✐✳ ❊♥ ❛✉s❡♥❝✐❛ ❞❡❧ ❞❡♣r❡❞❛❞♦r✱ ❧❛s ♣r❡s❛s ❝r❡❝❡♥ ✐❧✐♠✐t❛❞❛♠❡♥t❡✱ ❡s ❞❡❝✐r

x′(t)

x(t)
= a > 0, s✐ y(t) = 0.

✐✐✳ ❊♥ ❛✉s❡♥❝✐❛ ❞❡ ❧❛ ♣r❡s❛✱ ❧♦s ❞❡♣r❡❞❛❞♦r❡s s❡ ❡①t✐♥❣✉❡♥✱ ❡s ❞❡❝✐r

y′(t)

y(t)
= −c < 0, s✐ x(t) = 0.

✐✐✐✳ ▲♦s ❞❡♣r❡❞❛❞♦r❡s ❛✉♠❡♥t❛♥ ② ❧❛s ♣r❡s❛s ❞✐s♠✐♥✉②❡♥ ❝♦♥ ✉♥❛ r❛♣✐❞❡③ ♣r♦♣♦r❝✐♦♥❛❧ ❛❧
♥ú♠❡r♦ ❞❡ ❡♥❝✉❡♥tr♦s ❡♥tr❡ ❞❡♣r❡❞❛❞♦r❡s ② ♣r❡s❛s✳

❊❧ ♠♦❞❡❧♦ ✭✷✳✷✮ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ❡❧ ♠♦❞❡❧♦ ▲♦t❦❛✲❱♦❧t❡rr❛✱ ②❛ q✉❡ ❧❛s ♠✐s♠❛s ❡❝✉❛❝✐♦✲
♥❡s ❢✉❡r♦♥ ❞❡r✐✈❛❞❛s ♣♦r ❆❧❢r❡❞ ❏✳ ▲♦t❦❛✱ ❞❡ s✉s ❡st✉❞✐♦s s♦❜r❡ ♣r♦❝❡s♦s q✉í♠✐❝♦s ♦s❝✐❧❛♥t❡s✳

❆❤♦r❛ ❝♦♥s✐❞❡r❡♠♦s ✉♥ ♠♦❞❡❧♦ ♠ás ❛❝♦r❞❡✱ ✉♥ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ t✐♣♦ ●❛✉s❡✱ ❡s
❞❡❝✐r





x′(t) = xg(x)− cyp(x)

y′(t) = (p(x)− d)y
✭✷✳✸✮

❞♦♥❞❡ x(t), y(t) r❡♣r❡s❡♥t❛♥ ❧❛ ❞❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧❛s ♣r❡s❛s ② ❞❡♣r❡❞❛❞♦r❡s r❡s♣❡❝✲
t✐✈❛♠❡♥t❡ ❡♥ ✐♥st❛♥t❡ t❀ p(x) ❡s ❧❛ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ ❞❡ ❧❛ ♣r❡s❛ ② c, d > 0 s♦♥ ❧❛ r❛③ó♥
❞❡ ❝♦♥✈❡rs✐ó♥ ② t❛s❛ ❞❡ ♠♦rt❛❧✐❞❛❞ ❞❡❧ ❞❡♣r❡❞❛❞♦r r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❨ ❧❛s ❢✉♥❝✐♦♥❡s g ② p s❛t✐s❢❛❝❡♥ r❡s♣❡❝t✐✈❛♠❡♥t❡✿

g(0) > 0✱ g(K) = 0 ♣❛r❛ ❛❧❣ú♥ K > 0 ② (x−K)g(x) < 0 ∀x 6= K✳

p(0) = 0 ② p′(x) > 0 ∀x ≥ 0✳

❊♥ ❡❧ ❡st✉❞✐♦ ❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❞✐❝❤❛s ♣♦❜❧❛❝✐♦♥❡s✱ ✉♥❛ ❞❡ ❧❛s ✈❛r✐❛❜❧❡s ♠ás ✐♠♣♦rt❛♥t❡s
❡s ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ♣r❡s❛❀ ② s✉ ✈❛r✐❛❝✐ó♥ ❣❡♥❡r❛ ❞✐✈❡rs❛s r❡s♣✉❡st❛s ❡♥ ❡❧ ❞❡♣r❡❞❛❞♦r✱
s✐❡♥❞♦ ❧❛s ♠ás ✐♠♣♦rt❛♥t❡s ❧❛ r❡s♣✉❡st❛ ♥✉♠ér✐❝❛ ② ❧❛ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧✳ ▲❛ r❡s♣✉❡st❛
❢✉♥❝✐♦♥❛❧ s❡ r❡✜❡r❡ ❛ ❧❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ♣r❡s❛s ❝♦♥s✉♠✐❞❛s ♣♦r ❧♦s ❞❡♣r❡❞❛❞♦r❡s
♣♦r ✉♥✐❞❛❞ ❞❡ t✐❡♠♣♦✳ ▼✐❡♥tr❛s q✉❡ ❧❛ r❡s♣✉❡st❛ ♥✉♠ér✐❝❛ s❡ r❡✜❡r❡ ❛❧ ❛✉♠❡♥t♦ ❡♥ ❡❧ t❛✲
♠❛ñ♦ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧♦s ❞❡♣r❡❞❛❞♦r❡s ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ♣r❡s❛s ❞✐s♣♦♥✐❜❧❡s ♦ ❞❡
❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛s ♣r❡s❛s✳ ❊s ❞❡❝✐r✱ ❡s ❡❧ ❝♦♠♣♦♥❡♥t❡ q✉❡ ❡①♣❧✐❝❛ ❡❧ ❛✉♠❡♥t♦ ❞❡ ❧❛ ❞❡♥s✐❞❛❞
❞❡ ❞❡♣r❡❞❛❞♦r❡s ❛ ❝❛✉s❛ ❞❡❧ ❛✉♠❡♥t♦ ❞❡ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ♣r❡s❛s✳ ❊st❡ ❝❛♠❜✐♦ ❡♥ ❛ ❞❡♥s✐✲
❞❛❞ ❞❡ ❧❛s ♣r❡s❛s s❡r❛ ❞❡❜✐❞♦ ❛ ❧❛s ✈❛r✐❛❝✐♦♥❡s ❡♥ s✉ t❛s❛ ❞❡ r❡♣r♦❞✉❝❝✐ó♥ ②✴♦ s✉♣❡r✈✐✈❡♥❝✐❛✳

❙✐ ❝♦♥s✐❞❡r❛♠♦s

p(x) =
mx

a+ x
∧ g(x) = r

(
1−

x

K

)

❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ ✭✷✳✸✮ s❡ ❝♦♥✈✐❡rt❡ ❡♥





x′(t) = rx
(
1−

x

K

)
− c

mxy

a+ x
, x(0) > 0

y′(t) =

(
mx

a+ x
− d

)
y , y(0) > 0

✭✷✳✹✮

✷✶



❞♦♥❞❡ r,K, a, c, d✱ ② m s♦♥ ❝♦♥st❛♥t❡s ♣♦s✐t✐✈❛s q✉❡ r❡♣r❡s❡♥t❛♥ ❧❛ r❛③ó♥ ❞❡ ❝r❡❝✐♠✐❡♥t♦
✐♥trí♥s❡❝♦ ❞❡ ❧❛ ♣r❡s❛✱ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝❛r❣❛✱ ❝♦♥st❛♥t❡ ❞❡ s❡♠✐ s❛t✉r❛❝✐ó♥✱t❛s❛ ❞❡ ❝❛♣t✉r❛✱
♠✉❡rt❡ ❞❡❧ ❞❡♣r❡❞❛❞♦r ② r❛③ó♥ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❞❡♣r❡❞❛❞♦r r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊❧ ♠♦❞❡❧♦ ✭✷✳✹✮ t❛♠❜✐é♥ ❡s ❝♦♥♦❝✐❞♦ ❝♦♠♦ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ ❝♦♥ r❡s♣✉❡st❛ ❢✉♥✲
❝✐♦♥❛❧ ❍♦❧❧✐♥❣ t✐♣♦ ■■✳ ❊st❛ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ ❡①♣r❡s❛ ✉♥ ✐♥❝r❡♠❡♥t♦ ❞❡s❛❝❡❧❡r❛❞♦ ❞❡❧
❝♦♥s✉♠♦✱ ❛ ♠❡❞✐❞❛ q✉❡ ❛✉♠❡♥t❛♥ ❧❛s ♣r❡s❛s ❝♦♥s✉♠✐❞❛s✱ ❤❛st❛ ❛❝❡r❝❛rs❡ ❛s✐♥tót✐❝❛♠❡♥t❡
❛ ❧❛ t❛s❛ ♠á①✐♠❛ ❞❡ ❝♦♥s✉♠♦ ❞❡ ❧♦s ❞❡♣r❡❞❛❞♦r❡s✳ ❊❧ ❛♥á❧✐s✐s ❝✉❛❧✐t❛t✐✈♦ ❞❡ ❞✐❝❤♦ ♠♦❞❡❧♦
s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ ❬✼❪✳

❊❧ ♠♦❞❡❧♦ ✭✷✳✹✮ ❡①❤✐❜❡ ❧❛ ❜✐❡♥ ❝♦♥♦❝✐❞❛ ✏♣❛r❛❞♦❥❛ ❞❡ ❡♥r✐q✉❡❝✐♠✐❡♥t♦✑ ❢♦r♠✉❧❛❞❛ ♣♦r
❍❛✐rst♦♥ ② ❘♦s❡♥③✇❡✐❣ ❡♥ ❬✶✸❪ ② ❬✻❪✳ ❆ ❣r❛♥❞❡s r❛s❣♦s ❞✐rí❛♠♦s q✉❡ ❞❛❞❛ ✉♥❛ ♣♦❜❧❛❝✐ó♥
❞❡ ❞❡♣r❡❞❛❞♦r❡s q✉❡ s❡ ❛❧✐♠❡♥t❛ ② ❛♣r♦✈❡❝❤❛ ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛ ❛❧✐♠❡♥t✐❝✐♦✱ ❞❡ ✉♥❛
♣♦❜❧❛❝✐ó♥ ❞❡ ♣r❡s❛s ♣✉❡❞❡ ❧❧❡❣❛r ❛ s✉ ❡①t✐♥❝✐ó♥ s✐ s✉ ♣r✐♥❝✐♣❛❧ r❡❝✉rs♦ ❛❧✐♠❡♥t✐❝✐♦ ❛✉♠❡♥✲
t❛ ❝♦♥s✐❞❡r❛❜❧❡♠❡♥t❡✱ ❡s ❞❡❝✐r ❧❛ ❛❜✉♥❞❛♥❝✐❛ ❞❡ ❜❡♥❡✜❝✐♦s ❝♦♥❞✉❝❡ ✐♥❞❡❢❡❝t✐❜❧❡♠❡♥t❡ ❛ ❧❛
❡①t✐♥❝✐ó♥✳

❉❡s❛❢♦rt✉♥❛❞❛♠❡♥t❡✱ ♥✉♠❡r♦s❛s ♦❜s❡r✈❛❝✐♦♥❡s ❞❡ ❝❛♠♣♦ ♣r♦✈❡❡♥ ❝♦♥tr❛❞✐❝❝✐♦♥❡s ❛ ❧❛ ✏♣❛✲
r❛❞♦❥❛ ❞❡ ❡♥r✐q✉❡❝✐♠✐❡♥t♦✑✳ ▲♦ q✉❡ ✉s✉❛❧♠❡♥t❡ ♦❜s❡r✈❛♠♦s ❡♥ ❧❛ ♥❛t✉r❛❧❡③❛ ❡s q✉❡ ❡❧
✐♥❝r❡♠❡♥t♦ ❡♥ ❧❛ ❞❡♥s✐❞❛❞ ❞❡ ❧❛ ♣r❡s❛✱ ♥♦ ❞❡s❡st❛❜✐❧✐③❛ ❡❧ ❡st❛❞♦ ❡st❛❜❧❡ ② t❛♠♣♦❝♦ ✐♥❝r❡✲
♠❡♥t❛ ❧❛ ❛♠♣❧✐t✉❞ ❞❡ ❧❛s ♦s❝✐❧❛❝✐♦♥❡s ❡♥ ✉♥ s✐st❡♠❛ ❝í❝❧✐❝♦✳

❯♥❛ ✈❛r✐❛❝✐ó♥ ❞❡ ❧❛ ✏♣❛r❛❞♦❥❛ ❞❡ ❡♥r✐q✉❡❝✐♠✐❡♥t♦✑ ❡s ❧❛ ❧❧❛♠❛❞❛ ✏♣❛r❛❞♦❥❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦✲
❧ó❣✐❝♦✑✱ ❧❛ ❝✉❛❧ r❡❝✐❡♥t❡♠❡♥t❡ ❡stá s✐❡♥❞♦ ❡st✉❞✐❛❞❛✳ ❉❡ ❛❝✉❡r❞♦ ❛❧ s✐st❡♠❛ ✭✷✳✹✮ ♥♦ s❡ ♣✉❡❞❡
t❡♥❡r ✉♥❛ ❞❡♥s✐❞❛❞ ❞❡ ♣r❡s❛s ❜❛❥❛ ② ❡st❛❜❧❡✳ ▼ás ❛✉♥ ❡♥ ❧❛ r❡❛❧✐❞❛❞✱ ❤❛② ♠✉❝❤♦s ❡❥❡♠♣❧♦s
❞❡ ❝♦♥tr♦❧❡s ❜✐♦❧ó❣✐❝♦s ❡①✐t♦s♦s ❞♦♥❞❡ ❞❡♥s✐❞❛❞ ❞❡ ♣r❡s❛ s❡ ♠❛♥t✐❡♥❡ ♣♦r ❞❡❜❛❥♦ ❞❡❧ 2% ❞❡
s✉ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝❛r❣❛✳ ❊st♦ ♠✉❡str❛ q✉❡ ❧❛ ✏♣❛r❛❞♦❥❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✑ ♥♦ ❡s ✐♥trí♥s❡❝❛
❛ ❧❛s ✐♥t❡r❛❝❝✐♦♥❡s ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✳ ❖tr❛ ♣r❡❞✐❝❝✐ó♥ ♥♦t❛❜❧❡ ❞❡❧ s✐st❡♠❛ ✭✷✳✹✮ ❡s q✉❡ ❧❛s
❡s♣❡❝✐❡s ❞❡♣r❡❞❛❞♦r ② ♣r❡s❛ ♥♦ s❡ ♣✉❡❞❡♥ ❡①t✐♥❣✉✐r s✐♠✉❧tá♥❡❛♠❡♥t❡ ✭❡①t✐♥❝✐ó♥ ♠✉t✉❛✮✳
❊st♦ ❝❧❛r❛♠❡♥t❡ ❝♦♥tr❛❞✐❝❡ ❧❛s ♦❜s❡r✈❛❝✐♦♥❡s ❝❧ás✐❝❛s ❞❡ ❡①t✐♥❝✐ó♥ ♠✉t✉❛ ❞❡ ♣r♦t♦③♦❛r✐♦s
❤❡❝❤❛s ♣♦r ●❡♦r❣✐✐ ❋✳ ●❛✉s❡✱ ❞♦♥❞❡ P❛r❛♠❡❝✐✉♠ ② s✉ ❞❡♣r❡❞❛❞♦r ❉✐❞✐♥✐✉♠ s❡ ❡①t✐♥❣✉❡♥✳

❘❡❝✐❡♥t❡♠❡♥t❡ s❡ ❡stá♥ ✐♥❝r❡♠❡♥t❛♥❞♦ ❧❛s ❡✈✐❞❡♥❝✐❛s ❞❡ q✉❡ ❡♥ ❛❧❣✉♥❛s s✐t✉❛❝✐♦♥❡s✱ ❡s♣❡✲
❝✐❛❧♠❡♥t❡ ❝✉❛♥❞♦ ❡❧ ❞❡♣r❡❞❛❞♦r t✐❡♥❡ q✉❡ ❜✉s❝❛r ❝♦♠✐❞❛ ✭♦ ♠ás ❛✉♥ t✐❡♥❡ q✉❡ ❝♦♠♣❛rt✐r
♦ ❝♦♠♣❡t✐r ♣♦r ❝♦♠✐❞❛✮✱ ❡s ♠❡❥♦r ✉♥❛ t❡♦rí❛ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ ❜❛s❛❞❛ ❡♥ ❧❛ r❡s♣✉❡st❛ ❢✉♥✲
❝✐♦♥❛❧ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡✳ ●❡♥❡r❛❧♠❡♥t❡ ✉♥ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡
t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛





x′(t) = xf(x)− cyp (x/y) , x(0) > 0

y′(t) = (p (x/y)− d) y , y(0) > 0
✭✷✳✺✮

❙✐ ❝♦♥s✐❞❡r❛♠♦s

p(u) =
mu

a+ u
∧ g(u) = r

(
1−

u

K

)

❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ ✭✷✳✺✮ s❡ ❝♦♥✈✐❡rt❡ ❡♥





x′(t) = rx
(
1−

x

K

)
− c

mxy

x+ ay
, x(0) > 0

y′(t) =

(
mx

x+ ay
− d

)
y , y(0) > 0

✭✷✳✻✮

✷✷



❞♦♥❞❡ x(t) ❡ y(t) s♦♥ ❧❛ ❞❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ♣r❡s❛s ② ❞❡♣r❡❞❛❞♦r❡s ❡♥ ❡❧ ✐♥st❛♥t❡ t
r❡s♣❡❝t✐✈❛♠❡♥t❡✱ r ❡s ❧❛ t❛s❛ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ✐♥trí♥s❡❝♦ ❞❡ ❧❛ ♣r❡s❛✱ K ❝❛♣❛❝✐❞❛❞ ❞❡ ❝❛r❣❛✱
c ❧❛ r❛③ó♥ ❞❡ ❝❛♣t✉r❛ ♦ t❛s❛ ❞❡ ❝♦♥✈❡rs✐ó♥✱ m t❛s❛ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❞❡♣r❡❞❛❞♦r✱
a ❝♦♥st❛♥t❡ ❞❡ s❡♠✐✲s❛t✉r❛❝✐ó♥ ② d ❧❛ t❛s❛ ❞❡ ♠✉❡rt❡ ❞❡❧ ❞❡♣r❡❞❛❞♦r✳

❊❧ s✐st❡♠❛ ✭✷✳✻✮ ❡s ❧❧❛♠❛❞♦ ♠♦❞❡❧♦ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛ ❝♦♥ r❡s♣✉❡st❛ ❢✉♥❝✐♦♥❛❧ r❛③ó♥ ❞❡♣❡♥✲
❞✐❡♥t❡ ❍♦❧❧✐♥❣ t✐♣♦ ■■✳ ❊❧ ❝✉❛❧ ❡s ❡st✉❞✐❛❞♦ ❡♥ ❞❡t❛❧❧❡ ❡♥ ❬✸❪✱ ❬✷❪✱ ❬✽❪✱ ❬✶✵❪✱ ❬✼❪ ② ❬✶✽❪ ② ♦tr♦s✳

●❡♦♠étr✐❝❛♠❡♥t❡✱ ✉♥❛ ❞❡ ❧❛s ❞✐❢❡r❡♥❝✐❛s ❡♥tr❡ ❧♦s ♠♦❞❡❧♦s ✭✷✳✹✮ ② ✭✷✳✻✮ ❡s ❧❛ ❢♦r♠❛ q✉❡
t♦♠❛♥ ❧❛s ✐só❝❧✐♥❛s ❞❡❧ ❞❡♣r❡❞❛❞♦r ② ❧❛ ♣r❡s❛✳ ❊❧ ❛♥á❧✐s✐s ❞❡❧ s✐st❡♠❛ ✭✷✳✻✮ ❤❡❝❤♦ ♣♦r ❍s✉✱
❍✇❛♥❣ ② ❑✉❛♥❣ ❬✽❪ ♠✉❡str❛ q✉❡ ❞✐❝❤♦ s✐st❡♠❛ ❡s ❝❛♣❛③ ❞❡ ♣r♦❞✉❝✐r ❞✐♥á♠✐❝❛s ♠✉❝❤♦ ♠ás
r✐❝❛s ② r❡❛❧✐st❛s✳ ❊s♣❡❝í✜❝❛♠❡♥t❡✱ ♥♦ s❡ ♣r♦❞✉❝✐rá ❧❛ ♣❛r❛❞♦❥❛ ❞❡ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ② ❧❛ ♣❛✲
r❛❞♦❥❛ ❞❡ ❡♥r✐q✉❡❝✐♠✐❡♥t♦✳ ❆❞❡♠ás ♣❡r♠✐t❡ ❧❛ ❡①t✐♥❝✐ó♥ ♠✉t✉❛ ❝♦♠♦ ✉♥ ♣♦s✐❜❧❡ r❡s✉❧t❛❞♦
❞❡ ❧❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✳

✷✳✷✳ P❧❛♥t❡❛♠✐❡♥t♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❝♦♥ tr❡s

♥✐✈❡❧❡s tró✜❝♦s

◆♦t❡♠♦s q✉❡ ❧♦s ♠♦❞❡❧♦s ❞❡♣r❡❞❛❞♦r✲♣r❡s❛✱ ❞❡ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ ♣✉❡❞❡♥ s❡r ✈✐st♦s ❝♦♠♦
❝❛❞❡♥❛s ❛❧✐♠❡♥t✐❝✐❛s ❞❡ ❞♦s ♥✐✈❡❧❡s tró✜❝♦s✱ ❞♦♥❞❡ ❧❛ ♣r❡s❛ ❡s ❡❧ ♣r✐♠❡r ♥✐✈❡❧ tró✜❝♦ ② ❡❧
❞❡♣r❡❞❛❞♦r ❡s ❡❧ s❡❣✉♥❞♦ ♥✐✈❡❧ tró✜❝♦✳

▼♦❞❡❧♦s ♠❛t❡♠át✐❝♦s ❞❡ ♠✉❝❤♦s ♣r♦❝❡s♦s ❞❡ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ s❡ r❡❧❛❝✐♦♥❛♥ ♥❛t✉r❛❧♠❡♥t❡
❝♦♥ s✐st❡♠❛s ❞✐❢❡r❡♥❝✐❛❧❡s ❞❡ tr❡s ❡❝✉❛❝✐♦♥❡s q✉❡ ❞❡s❝r✐❜❡♥ ❡❧ ❝r❡❝✐♠✐❡♥t♦ ❞❡ ❧❛s ♣❧❛♥t❛s
✭♣r❡s❛✮✱ ♣❧❛❣❛ ✭❞❡♣r❡❞❛❞♦r ♠❡❞✐♦✮ ② ❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r ✭❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r✮ r❡s♣❡❝t✐✲
✈❛♠❡♥t❡✳ ▲❛ ✐♥t❡r❛❝❝✐ó♥ ❞❡ ❡st❛s tr❡s ❡s♣❡❝✐❡s ❝♦♠ú♥♠❡♥t❡ ❢♦r♠❛ ✉♥❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛
s✐♠♣❧❡✳ ❆❞❡♠ás s✐ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡s❝r✐t❛s ❛♥t❡r✐♦r♠❡♥t❡ ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✷✳✻✮ s❡ ♠❛♥✲
t✉✈✐❡r❛♥ ❡♥ ❡st❡ ♥✉❡✈♦ s✐st❡♠❛ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❝♦♥ tr❡s ♥✐✈❡❧❡s tró✜❝♦s✱ ❡♥t♦♥❝❡s
♥✉❡str♦ s✐st❡♠❛ r❡s✉❧t❛♥t❡ s❡rí❛ ❛tr❛❝t✐✈♦ ♣❛r❛ ♠♦❞❡❧❛r ❝✐❡rt♦s ♣r♦❝❡s♦s ❞❡ ❝♦♥tr♦❧ ❜✐♦✲
❧ó❣✐❝♦ ❞♦♥❞❡ ❧❛ ♣r❡s❛ ❡s ✉♥❛ ❡s♣❡❝✐❡ ♣❧❛♥t❛✱ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ❡s ✉♥❛ ♣❧❛❣❛ ② ❡❧
❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r ❡s ❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r ❜✐♦❧ó❣✐❝♦❀ ② ❧❛ ❡①t✐♥❝✐ó♥ s✐♠✉❧t❛♥❡❛ ❞❡ ❧❛ ♣❧❛✲
❣❛ ② ❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r ❡s ❡❧ s❡❧❧♦ ❞❡❧ é①✐t♦ ❞❡❧ ♠♦❞❡❧♦ ❞❡ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✳ ❊st♦ ♥♦s
♠♦t✐✈❛ ❛ ❡st✉❞✐❛r ❡❧ s✐❣✉✐❡♥t❡ ♠♦❞❡❧♦ s✐♠♣❧❡ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛✱ r❛③ó♥ ❞❡♣❡♥❞✐❡♥t❡✱ ❝♦♥
tr❡s ♥✐✈❡❧❡s tró✜❝♦s





x′1(τ) = rx1

(
1−

x1
K

)
−

1

η1

b1x1y1
a1y1 + x1

, x1(0) > 0

y′1(τ) =
b1x1y1

a1y1 + x1
− e1y1 −

1

η2

b2y1z1
a2z1 + y1

, y1(0) > 0

z′1(τ) =
b2y1z1

a2z1 + y1
− e2z1 , z1(0) > 0

✭✷✳✼✮

❞♦♥❞❡ ✈❛r✐❛❜❧❡s ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ t✐❡♠♣♦ τ ✱ s♦♥ ❧❛s s✐❣✉✐❡♥t❡s

✷✸



❱❛r✐❛❜❧❡ ❙✐❣♥✐✜❝❛❞♦ ❉✐♠❡♥s✐ó♥

x1(τ) ❉❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡ ❧❛s ♣r❡s❛s presa
área

y1(τ) ❉❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ depredador❴i

área

z1(τ) ❉❡♥s✐❞❛❞ ♣♦❜❧❛❝✐♦♥❛❧ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r depredador❴s

área

❉❡✜♥✐❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s

❱❛r✐❛❜❧❡ ❙✐❣♥✐✜❝❛❞♦ ❉✐♠❡♥s✐ó♥

r ❚❛s❛ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ✐♥trí♥s❡❝♦ ❞❡ ❧❛ ♣r❡s❛ 1
t

K ❈❛♣❛❝✐❞❛❞ ❞❡ ❝❛r❣❛ ❞❡ ❧❛ ♣r❡s❛ presa
área

η1 ❚❛s❛ ❞❡ ❝❛♣t✉r❛ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ depredador❴i

presa

η2 ❚❛s❛ ❞❡ ❝❛♣t✉r❛ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r depredador❴s

depredador❴i

a1 ❈♦♥st❛♥t❡ ❞❡ s❡♠✐ s❛t✉r❛❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ presa
depredador❴i

a2 ❈♦♥st❛♥t❡ ❞❡ s❡♠✐ s❛t✉r❛❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r depredador❴i

depredador❴s

b1 ❘❛③ó♥ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ 1
t

b2 ❘❛③ó♥ ❞❡ ❝r❡❝✐♠✐❡♥t♦ ♠á①✐♠♦ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r 1
t

e1 ❚❛s❛ ❞❡ ♠✉❡rt❡ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ 1
t

e2 ❚❛s❛ ❞❡ ♠✉❡rt❡ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r 1
t

❖❜sér✈❡s❡ q✉❡ ❧❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ❡st❛s tr❡s ❡s♣❡❝✐❡s ❡s s✐♠♣❧❡✱ z1 s❡ ❛❧✐♠❡♥t❛ ú♥✐❝❛♠❡♥t❡
❞❡ y1✱ ♠✐❡♥tr❛s q✉❡ y1 s❡ ❛❧✐♠❡♥t❛ ú♥✐❝❛♠❡♥t❡ ❞❡ x1✱ ② ♥♦ s❡ ❝♦♥s✐❞❡r❛ ❡❧ r❡❝✐❝❧❛❥❡ ❞❡
♥✉tr✐❡♥t❡s✳ ❊st❛s r❡❧❛❝✐♦♥❡s s✐♠♣❧❡s ♣r♦❞✉❝❡♥ ♥✉❡str❛ ❧❧❛♠❛❞❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡✳
❯♥❛ ❝❛r❛❝t❡ríst✐❝❛ ❞✐❢❡r❡♥t❡ ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡ ❡s ❡❧ ❧❧❛♠❛❞♦ ✏❡❢❡❝t♦ ❞♦♠✐✲
♥ó✑✱ ❡❧ ❝✉❛❧ ❞✐❝❡✿ s✐ ✉♥❛ ❡s♣❡❝✐❡ s❡ ❡①t✐♥❣✉❡✱ ❡♥t♦♥❝❡s t♦❞❛s ❧❛s ❡s♣❡❝✐❡s ❞❡ ♥✐✈❡❧❡s tró✜❝♦s
s✉♣❡r✐♦r❡s t❛♠❜✐é♥ ❧♦ ❤❛rá♥✳

P♦r s✐♠♣❧✐❝✐❞❛❞✱ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛r❡♠♦s ❡❧ s✐st❡♠❛ ✭✷✳✼✮ ♠❡❞✐❛♥t❡ ❧❛s s✐❣✉✐❡♥t❡s tr❛♥s❢♦r♠❛✲
❝✐♦♥❡s

t = rτ → dt = rdτ

x =
x1
K

→ dx =
1

K
dx1

y =
a1y1
K

→ dy =
a1
K

dy1

z =
a1a2z1
K

→ dz =
a1a2
K

dz1

✷✹



❊♥t♦♥❝❡s ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✼✮ t❡♥❡♠♦s

dx1
dτ

=
Kdx

dt

r

= Krx

(
1−

Kx

K

)
−

1

η1




b1xKyK

a1
a1yK

a1
+ xK




s✐♠♣❧✐✜❝❛♥❞♦ ♦❜t❡♥❡♠♦s

dx

dt
= x(1− x)−

b1
η1a1r

(
xy

x+ y

)

s✐ ❛ñ❛❞✐♠♦s

c1 =
b1

η1a1r

dx

dt
= x(1− x)−

c1xy

x+ y
. ✭✷✳✽✮

❉❡ ❢♦r♠❛ s✐♠✐❧❛r✱ ❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✼✮ t❡♥❡♠♦s

dy1
dτ

=

Kdy

a1
dt

r

=

b1xKyK

a1
a1yK

a1
+ xK

− e1
yK

a1
−

1

η1




b2yKzK

a1a2a1
a2zK

a2a1
+

yK

a1




❛❧ s✐♠♣❧✐✜❝❛r ♦❜t❡♥❞r❡♠♦s

dy

dt
=

b1
r

xy

x+ y
−

e1
r
y −

b2
η2a2r

yz

z + y

② s✐

c2 =
b2

η2a2r
, d1 =

e1
r

② m1 =
b1
r

s❡ t❡♥❞rá

dy

dt
=

m1xy

x+ y
− d1y −

c2yz

z + y
. ✭✷✳✾✮

❋✐♥❛❧♠❡♥t❡✱ ❞❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✼✮ t❡♥❡♠♦s

dz1
dτ

=

Kdz

a2a1
dt

r

=

b2yKzK

a1a1a2
a2zK

a1a2
+

yK

a1

−
c2zK

a2a1

❧♦ ❝✉❛❧ ✐♠♣❧✐❝❛
dz

dt
=

b2
r

yz

z + y
−

e2
r
z

❈♦♥s✐❞❡r❡♠♦s

m2 =
b2
r

② d2 =
e2
r

❧✉❡❣♦ t❡♥❡♠♦s

dz

dt
=

m2yz

z + y
− d2z. ✭✷✳✶✵✮

✷✺



❊♥t♦♥❝❡s ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✷✳✽✮✱ ✭✷✳✾✮ ② ✭✷✳✶✵✮ t❡♥❡♠♦s ♥✉❡str♦ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥✲
t✐❝✐❛ ❝♦♥ tr❡s ♥✐✈❡❧❡s tró✜❝♦s ❛❞✐♠❡♥s✐♦♥❛❧✐③❛❞♦





x′(t) = x(1− x)−
c1xy

x+ y
, x(0) > 0

y′(t) =
m1xy

x+ y
− d1y −

c2yz

z + y
, y(0) > 0

z′(t) =
m2yz

z + y
− d2z , z(0) > 0

✭✷✳✶✶✮

✷✻



❈❛♣ít✉❧♦ ✸

❆♥á❧✐s✐s ❝✉❛❧✐t❛t✐✈♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s

❊♥ ❡st❡ ❝❛♣ít✉❧♦ ❡st✉❞✐❛r❡♠♦s ❛❧❣✉♥❛s ❝❛r❛❝t❡ríst✐❝❛s ❝✉❛❧✐t❛t✐✈❛s ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧
s✐st❡♠❛ ✭✷✳✶✶✮✱ ❡❧ ❝✉❛❧ ❝♦rr❡s♣♦♥❞❡ ❛ ❧❛ ❛❞✐♠❡♥s✐♦♥❛❧✐③❛❝✐ó♥ ❞❡ ♥✉❡str♦ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛
❛❧✐♠❡♥t✐❝✐❛ ❝♦♥ tr❡s ♥✐✈❡❧❡s tró✜❝♦s✳

✸✳✶✳ ❉♦♠✐♥✐♦ ② ❡①t❡♥s✐ó♥ ❞❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛s Fi

❉❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s

F1(x, y, z) = x(1− x)−
c1xy

x+ y
✭✸✳✶✮

F2(x, y, z) =
m1xy

x+ y
− d1y −

c2yz

z + y
✭✸✳✷✮

F3(x, y, z) =
m2yz

z + y
− d2z ✭✸✳✸✮

◆♦t❛♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♣❛r❛ i = 1, 2, 3 ❡stá♥ ❜✐❡♥ ❞❡✜♥✐❞❛s ♣❛r❛ x > 0, y > 0 ② z > 0✳

❊s ❞❡❝✐r✱ ♣❛r❛ i = 1, 2, 3 t❡♥❡♠♦s

Fi : Ω◦ −→ R
(x, y, z) 7−→ Fi(x, y, z)

❞♦♥❞❡
Ω◦ =

{
(x, y, z) ∈ R3 : x > 0, y > 0, z > 0

}
.

✐✳❡✳ Ω◦ ❡s ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛s Fi✱ ♣❛r❛ ❝❛❞❛ i = 1, 2, 3✳

◆♦t❛♠♦s q✉❡ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♥♦ ❡stá♥ ❞❡✜♥✐❞❛s ❡♥ (x, y, z) = (0, 0, 0)✱ ♣❛r❛ i = 1, 2, 3✳
P❡r♦ q✉❡r❡♠♦s s❛❜❡r ❝♦♠♦ ❡s s✉ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❝✉❛♥❞♦ (x, y, z)→ (0, 0, 0)✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✶ P❛r❛ ❧❛s ❢✉♥❝✐♦♥❡s Fi ❝♦♥ i = 1, 2, 3 ❞❡✜♥✐❞❛s ♣♦r ✭✸✳✶✮✱ ✭✸✳✷✮ ② ✭✸✳✸✮

s❡ ❝✉♠♣❧❡

ĺım
(x,y,z)→(0,0,0)

Fi(x, y, z) = 0, ♣❛r❛ i = 1, 2, 3. ✭✸✳✹✮

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ❡❢❡❝t♦✱ ♣❛r❛ F1 t❡♥❡♠♦s

ĺım
(x,y,z)→(0,0,0)

F1(x, y, z) = ĺım
(x,y)→(0,0)

(
x(1− x)−

c1xy

x+ y

)

✷✼



ĺım
(x,y,z)→(0,0,0)

F1(x, y, z) = ĺım
(x,y)→(0,0)

x(1− x)− ĺım
(x,y)→(0,0)

c1xy

x+ y

= 0− c1

(
ĺım

(x,y)→(0,0)

xy

x+ y

)

◆♦t❡♠♦s q✉❡ x, y, z ∈ Ω◦✱ ♣♦r ❧♦ t❛♥t♦ s❡ ❝✉♠♣❧❡

0 <
xy

x+ y
< x

❧✉❡❣♦✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤ ❝♦♥❝❧✉✐♠♦s q✉❡

ĺım
(x,y)→(0,0)

xy

x+ y
= 0 ✭✸✳✺✮

♣♦r ❧♦ t❛♥t♦ t❡♥❡♠♦s q✉❡
ĺım

(x,y,z)→(0,0,0)
F1(x, y, z) = 0.

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❞❡♠♦str❛r❡♠♦s ❧♦s ♦tr♦s ❧í♠✐t❡s✱ ❛sí t❡♥❡♠♦s

ĺım
(x,y,z)→(0,0,0)

F2(x, y, z) = ĺım
(x,y,z)→(0,0,0)

(
m1xy

x+ y
− d1y −

c2yz

z + y

)

= ĺım
(x,y)→(0,0)

m1xy

x+ y
− ĺım

y→0
d1y − ĺım

(y,z)→(0,0)

c2yz

z + y

❊♥t♦♥❝❡s ❡♥ ✈✐st❛ ❞❡ ✭✸✳✺✮ t❡♥❡♠♦s

ĺım
(x,y,z)→(0,0,0)

F2(x, y, z) = 0.

ĺım
(x,y,z)→(0,0,0)

F3(x, y, z) = ĺım
(x,y,z)→(0,0,0)

(
m2yz

z + y
− d2z

)

= ĺım
(y,z)→(0,0)

m2yz

z + y
− ĺım

z→0
d2z

❆♥á❧♦❣❛♠❡♥t❡ ❛ ✭✸✳✺✮ t❡♥❡♠♦s

ĺım
(x,y,z)→(0,0,0)

F3(x, y, z) = 0.

❆sí t❡♥❡♠♦s ❞❡♠♦str❛❞❛ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥✳

❈♦♠♦ ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶✱ ♣♦❞❡♠♦s ❡①t❡♥❞❡r ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s
Fi ♣❛r❛ i = 1, 2, 3 ❛

Ω =
{
(x, y, z) ∈ R3 : x ≥ 0, y ≥ 0, z ≥ 0

}
. ✭✸✳✻✮

❉❡ ❡st❛ ♠❛♥❡r❛✱ ❡♥ Ω✱ ♣♦❞❡♠♦s ❡st✉❞✐❛r ❞✐✈❡rs♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥✱ ❧♦ ❝✉❛❧ ❡st✉❞✐❛✲
r❡♠♦s ❡♥ ✉♥ ❝❛♣✐t✉❧♦ ♣♦st❡r✐♦r✳

✷✽



✸✳✷✳ ❊①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s

P❛r❛ ♠♦str❛r ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ tr❛❜❛❥❛r❡♠♦s
❝♦♥ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♣❛r❛ i = 1, 2, 3 ❞❡✜♥✐❞❛s ♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✸✳✶✮✱ ✭✸✳✷✮ ② ✭✸✳✸✮ ❧❛s
❝✉❛❧❡s ❡stá♥ ❞❡✜♥✐❞❛s ♣❛r❛ ❡♥

Ω◦ =
{
(x, y, z) ∈ R3 : x > 0, y > 0, z > 0

}

❈♦♥s✐❞❡r❡♠♦s U = Ω◦✱ ② ❧❛ ❢✉♥❝✐ó♥

F : U ⊆ R3 −→ R3

(x, y, z) 7−→ F (x, y, z)

❞♦♥❞❡

F (x, y, z) = (F1(x(t), y(t), z(t)), F2(x(t), y(t), z(t)), F3(x(t), y(t), z(t)))

② w(t) = (x(t), y(t), z(t))✱ ❛sí t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ P❱■ ❛s♦❝✐❛❞♦ ❛ w ② F





w′ = F (w)

w(0) = (x(0), y(0), z(0))
✭✸✳✼✮

❈♦♥ x(0) > 0, y(0) > 0 ② z(0) > 0✳ ◆♦t❛♠♦s q✉❡ ❡❧ P❱■ ✭✸✳✼✮ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ♥✉❡str♦
♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ❝♦♥ tr❡s ♥✐✈❡❧❡s tró✜❝♦s ❞❡✜♥✐❞♦ ♣♦r ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳

P❛r❛ ❧❛ ❢✉♥❝✐ó♥ F ♥♦t❛♠♦s q✉❡

∂

∂x
F1(x, y, z) = 1− 2x−

c1y

x+ y
+

c1xy

(x+ y)2

∂

∂y
F1(x, y, z) = −

c1x
2

(x+ y)2

∂

∂z
F1(x, y, z) = 0

∂

∂x
F2(x, y, z) =

m1y
2

(x+ y)2

∂

∂y
F2(x, y, z) = −d1 +

m1x

x+ y
−

c2z

y + z
−

m1xy

(x+ y)2
+

c2yz

(y + z)2

∂

∂z
F2(x, y, z) = −

c2y
2

(y + z)2

∂

∂x
F3(x, y, z) = 0

∂

∂y
F3(x, y, z) =

m2z
2

(y + z)2

∂

∂z
F3(x, y, z) = −d2 +

m2y
2

(y + z)2

❊s ❞❡❝✐r ♣❛r❛ t♦❞♦ w = (x, y, z) ∈ U ❡①✐st❡♥ ❧❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s
∂Fi

∂wj
(w) ❝♦♥ 1 ≤ i, j ≤ 3

❧❛s ❝✉❛❧❡s s♦♥ ❝♦♥t✐♥✉❛s ❡♥ U ♣♦r ❧♦ t❛♥t♦ F ❡s ❞❡ ❝❧❛s❡ C1 ❡♥ ❧❛s ✈❛r✐❛❜❧❡s ❡s♣❛❝✐❛❧❡s (x, y, z)

✷✾



② ♣♦r ❡♥❞❡ ❧♦❝❛❧♠❡♥t❡ ❧✐♣s❝❤✐t③✳

❚❛♠❜✐é♥ ♥♦t❛♠♦s

F1(0, y0, z0) = 0 ♣❛r❛ y0 > 0 ② z0 > 0✳

F2(x0, 0, z0) = 0 ♣❛r❛ x0 > 0 ② z0 > 0✳

F3(x0, y0, 0) = 0 ♣❛r❛ x0 > 0 ② y0 > 0✳

▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✻ ✭❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞✮ ❡①✐st❡ ✉♥❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■ ✭✸✳✼✮
❡♥ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦ [0, T 〉✳ ❆❞✐❝✐♦♥❛❧♠❡♥t❡ s✐ T <∞✱ ❡♥t♦♥❝❡s

sup
0≤t≤T

(x(t) + y(t) + z(t)) =∞. ✭✸✳✽✮

❙❡❛ N(t) = x(t) + y(t) + z(t)✱ ❡♥t♦♥❝❡s

N ′(t) = x′(t) + y′(t) + z′(t)

N ′(t) = x(1− x)−
c1xy

x+ y
+

m1xy

x+ y
− d1y −

c2yz

z + y
+

m2yz

z + y
− d2z

N ′(t) ≤ x(1− x) +
m1xy

x+ y
+

m2yz

z + y
≤ x+m1y +m2z

s✐ ❝♦♥s✐❞❡r❛♠♦s γ = máx{1,m1,m2}✱ t❡♥❡♠♦s

N ′(t) ≤ γ(x(t) + y(t) + z(t)) = γN(t)

♣♦r ❧♦ t❛♥t♦
N(t) ≤ N(0)eγt ❝♦♥ t ∈ [0, T 〉,

❧♦ q✉❡ ✐♠♣❧✐❝❛
x(t) + y(t) + z(t) ≤ (x(0) + y(0) + z(0))eγT .

▲♦ ❝✉❛❧ s❡ ❝♦♥tr❛❞✐❝❡ ❝♦♥ ✭✸✳✽✮✱ ♣♦r ❧♦ t❛♥t♦ ❧❛ ú♥✐❝❛ s♦❧✉❝✐ó♥ ❞❡❧ P❱■ ✭✸✳✼✮ ❡st❛ ❞❡✜♥✐❞❛
♣❛r❛ t♦❞♦ t ∈ [0,∞〉✳

✸✳✸✳ P♦s✐t✐✈✐❞❛❞ ② ❛❝♦t❛❝✐ó♥ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s

◆♦t❡♠♦s q✉❡ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❡s ✉♥ ♠♦❞❡❧♦ ❡❝♦❧ó❣✐❝♦✲❜✐♦❧ó❣✐❝♦✱ ♣♦r ❡♥❞❡ ❞❡❜❡ ❝✉♠♣❧✐r ❝♦♥
❝✐❡rt❛s ❝✉❡st✐♦♥❡s ❜✐♦❧ó❣✐❝❛s ❝♦♠♦ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ② t❛♠❜✐é♥ ❧❛ ❛❝♦t❛❝✐ó♥
❞❡ ❧❛s ♠✐s♠❛s✱ ②❛ q✉❡ ♥♦ s❡ ❝♦♥s✐❞❡r❛ q✉❡ ❛❧❣✉♥❛ ♣♦❜❧❛❝✐ó♥ ❝r❡③❝❛ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✳

▲❡♠❛ ✸✳✶ ▲❛ r❡❣✐ó♥ Ω◦ ❡s ✐♥✈❛r✐❛♥t❡ ♣♦r ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳ ❊st♦ ❡s

❙✐ (x(0), y(0), z(0)) ∈ Ω◦, ❡♥t♦♥❝❡s (x(t), y(t), z(t)) ∈ Ω◦ ♣❛r❛ t♦❞♦ t ≥ 0.

❉❡♠♦str❛❝✐ó♥✳
◆♦t❡♠♦s q✉❡ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ♣✉❡❞❡ t♦♠❛r ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛





x′(t) = x

(
1− x−

c1y

x+ y

)
, x(0) > 0

y′(t) = y

(
m1x

x+ y
− d1 −

c2z

z + y

)
, y(0) > 0

z′(t) = z

(
m2y

z + y
− d2

)
, z(0) > 0

✸✵



② ❛sí t❛♠❜✐é♥✱ t❡♥❡♠♦s q✉❡

(x(0), y(0), z(0)) ∈ Ω◦.

❙✐ (x, y, z) 6= (0, 0, 0)✱ t❡♥❡♠♦s

x(t) = x(0)exp

{∫ t

0

(
1− x(s)−

c1y(s)

x(s) + y(s)

)
ds

}
> 0

y(t) = y(0)exp

{∫ t

0

(
m1x(s)

x(s) + y(s)
− d1 −

c2z(s)

z(s) + y(s)

)
ds

}
> 0

z(t) = z(0)exp

{∫ t

0

(
m2y(s)

z(s) + y(s)
− d2

)
ds

}
> 0

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ❧❛ ✐♥✈❛r✐❛♥③❛ ❞❡ Ω◦ ♣♦r ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳

▲❡♠❛ ✸✳✷ ▲❛ s♦❧✉❝✐♦♥❡s x(t), y(t) ② z(t) ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ s♦♥ ❛❝♦t❛❞❛s ♣❛r❛ t♦❞♦ t ≥ 0✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ t❡♥❡♠♦s

x′(t) = x(1− x)−
c1xy

x+ y︸ ︷︷ ︸
f(x)

≤ x(1− x)︸ ︷︷ ︸
g(x)

❝♦♥s✐❞❡r❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s s✐st❡♠❛s
{

x′(t) = f(x)
x(0) = x0

{
x′(t) = g(x)
x(0) = x0

❧✉❡❣♦ ♣♦r ❡❧ t❡♦r❡♠❛ ❞❡ ❝♦♠♣❛r❛❝✐ó♥✱ s❡ ❝✉♠♣❧❡ q✉❡

x(t) ≤ x(t), t ≥ 0.

❨ ♣♦r ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❧♦❣íst✐❝❛✱ s❡ ❝✉♠♣❧❡

ĺım
t→∞

x(t) = 1,

❛sí ♣❛r❛ ❝✉❛❧q✉✐❡r ε > 0 ❡①✐st❡ t∗ > 0 t❛❧ q✉❡

x(t) ≤ 1 + ε, t > t∗. ✭✸✳✾✮

❝♦♠♦ x ❡s ❝♦♥t✐♥✉❛ ❡♥ [0, t∗] ♣♦r ❡❧ ❚❡♦r❡♠❛ ✶✳✸ ✭❚❡♦r❡♠❛ ❞❡ ❲❡✐❡rstr❛ss✮ ❡①✐st❡ t∆ ∈ [0, t∗]
t❛❧ q✉❡

x(t) ≤ x(t∆) = xmax ∀t ∈ [0, t∗]

❞❡ ❧♦ ❛♥t❡r✐♦r ② ✭✸✳✾✮ t❡♥❡♠♦s

x(t) ≤ xmax + 1 + ε, t ≥ 0. ✭✸✳✶✵✮

P♦r ♦tr♦ ❧❛❞♦✱ ♣❛r❛ s ≥ 0 ❝♦♥s✐❞❡r❡♠♦s

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

=
m1

c1
x′(s) + y′(s) +

c2
m2

z′(s)

✸✶



❡♥t♦♥❝❡s r❡❡♠♣❧❛③❛♥❞♦ x′, y′ ② z′ ❞❡✜♥✐❞♦s ♣♦r ✭✷✳✶✶✮✱ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r t❡♥❡♠♦s

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

=
m1

c1
x(s)(1− x(s))− d1y(s)−

d2c2
m2

z(s)

❧✉❡❣♦ t❡♥❡♠♦s
(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

≤
m1

c1
x(s)− d1y(s)−

d2c2
m2

z(s). ✭✸✳✶✶✮

❈♦♠♦ t❛♠❜✐é♥ s❡ ❝✉♠♣❧❡ q✉❡

d1 ≥ mı́n{d1, d2} ∧ d2 ≥ mı́n{d1, d2}

❡♥t♦♥❝❡s

d1y(s) +
d2c2
m2

z(s) ≥ mı́n{d1, d2}

(
y(s) +

c2
m2

z(s)

)

♣♦r ❧♦ t❛♥t♦

−d1y(s)−
d2c2
m2

z(s) ≤ −mı́n{d1, d2}

(
y(s) +

c2
m2

z(s)

)

② ♣♦r ✭✸✳✶✶✮ t❡♥❡♠♦s

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

≤
m1

c1
x(s)−mı́n{d1, d2}

(
y(s) +

c2
m2

z(s)

)

︸ ︷︷ ︸
I

. ✭✸✳✶✷✮

❆❞❡♠ás ♥♦t❡♠♦s q✉❡

I =
m1

c1
x(s)−mı́n{d1, d2}

(
y(s) +

c2
m2

z(s)

)

=
m1

c1
x(s) + mı́n{d1, d2}

m1

c1
x(s)−mı́n{d1, d2}

m1

c1
x(s)−mı́n{d1, d2}

(
y(s) +

c2
m2

z(s)

)

=
m1

c1
x(s) (1 + mı́n{d1, d2})−mı́n{d1, d2}

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)

② ❞❡ ✭✸✳✶✵✮✱ ♣❛r❛ s ≥ 0 t❡♥❡♠♦s

I ≤
m1

c1
(xmax + 1 + ε) (1 + mı́n{d1, d2})−mı́n{d1, d2}

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)

❞❡♥♦t❡♠♦s
ξ =

m1

c1
(xmax + 1 + ε) (1 + mı́n{d1, d2})

❧✉❡❣♦ ❞❡ ✭✸✳✶✷✮ t❡♥❡♠♦s

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

≤ ξ −mı́n{d1, d2}

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)

♣♦r ❝♦♠♦❞✐❞❛❞ ❞❡♥♦t❡♠♦s d = mı́n{d1, d2}✱ ❡s ❞❡❝✐r

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

≤ ξ − d

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

+ d

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)
≤ ξ

✸✷



♠✉❧t✐♣❧✐❝❛♠♦s ♣♦r ✉♥ ❢❛❝t♦r ✐♥t❡❣r❛♥t❡ ❛❞❡❝✉❛❞♦

exp
{
ds
} [(m1

c1
x(s) + y(s) +

c2
m2

z(s)

)′

+ d

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)]
≤ exp

{
ds
}
ξ

d

ds

[(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)
exp

{
ds
}]
≤ exp

{
ds
}
ξ

✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t

∫ t

0
d

[(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)
exp

{
ds
}]
≤

∫ t

0
exp

{
ds
}
ξds

(
m1

c1
x(s) + y(s) +

c2
m2

z(s)

)
exp

{
ds
}∣∣∣∣

t

0

≤
ξ

d
exp

{
ds
}∣∣∣∣

t

0

(
m1

c1
x(t) + y(t) +

c2
m2

z(t)

)
exp

{
dt
}
−

(
m1

c1
x(0) + y(0) +

c2
m2

z(0)

)

︸ ︷︷ ︸
K

≤
ξ

d
exp

{
dt
}
−

ξ

d

(
m1

c1
x(t) + y(t) +

c2
m2

z(t)

)
exp

{
dt
}
−K

ξ

d
exp

{
dt
}

(
m1

c1
x(t) + y(t) +

c2
m2

z(t)

)
exp

{
dt
}
< K +

ξ

d
exp

{
dt
}

(
m1

c1
x(t) + y(t) +

c2
m2

z(t)

)
< Kexp

{
−dt

}
+

ξ

d

② ❝♦♠♦ t ≥ 0 ❡♥t♦♥❝❡s exp
{
−dt

}
≤ 1✱ ❡♥t♦♥❝❡s

(
m1

c1
x(t) + y(t) +

c2
m2

z(t)

)
≤ Kexp

{
−dt

}
+

ξ

d
≤ K +

ξ

d

❡s ❞❡❝✐r
m1

c1
x(t) + y(t) +

c2
m2

z(t) < K +
ξ

d
∀t ≥ 0.

❞❡ ❞♦♥❞❡✱ ♣❛t❛ t ≥ 0 t❡♥❡♠♦s

x(t) <
c1
m1

(
K +

ξ

d

)

y(t) < K +
ξ

d

z(t) <
m2

c2

(
K +

ξ

d

)

❞❡♥♦t❡♠♦s ❝♦♠♦

Mε = ▼á①

{
c1
m1

(
K +

ξ

d

)
, K +

ξ

d
,

m2

c2

(
K +

ξ

d

)}
> 0

♣♦r ❧♦ t❛♥t♦ x, y ② z ❡stá♥ ❛❝♦t❛❞♦s ♣♦r Mε✳

▲❛ ❛❝♦t❛❝✐ó♥ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ út✐❧ ② ♥❡❝❡s❛r✐❛ ❡♥ ❧❛ ♣r✉❡❜❛ ❞❡ ❛❧❣✉✲
♥♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛❜✐❧✐❞❛❞✳ ❆❞❡♠ás t❛♠❜✐é♥ t✐❡♥❡ s✐❣♥✐✜❝❛❞♦ ❜✐♦❧ó❣✐❝♦ ②❛ q✉❡ t❛♠❜✐é♥
♠✉❡str❛ q✉❡ ❧❛s ❡s♣❡❝✐❡s ♥♦ ❛✉♠❡♥t❛♥ ✐♥❞❡✜♥✐❞❛♠❡♥t❡✳

✸✸



❈❛♣ít✉❧♦ ✹

❉✐♥á♠✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦

❙✐ ❛s✉♠✐♠♦s q✉❡ x ❡s ✉♥❛ ❡s♣❡❝✐❡ ♣❧❛♥t❛✱ y ❡s ✉♥❛ ❡s♣❡❝✐❡ ♣❧❛❣❛ ② z ❡s ✉♥❛ ❡s♣❡❝✐❡ ✉s❛❞❛
♣❛r❛ ❝♦♥tr♦❧❛r ❛ ❧❛ ♣❧❛❣❛✱ ♣♦❞❡♠♦s ❡st✉❞✐❛r ❞✐✈❡rs♦s ❡s❝❡♥❛r✐♦s ② ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ ❞✐♥á✲
♠✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✳ ❈♦♠♦ ♣♦r ❡❥❡♠♣❧♦ ✈❡r❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s ❧❛s
tr❡s ❡s♣❡❝✐❡s ♣❡rs✐st❡♥✱ ♦ s✐♥♦ t❛♠❜✐é♥ ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❧❧❡✈❛♥ ❛ ❧❛ ❡①t✐♥❝✐ó♥ ♣❛r❝✐❛❧ ♦ t♦t❛❧
❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳

❈♦♠♦ ❤❡rr❛♠✐❡♥t❛ ❞❡ ❝♦♥tr♦❧ ❛❣rí❝♦❧❛✱ ♦❜✈✐❛♠❡♥t❡ ❧♦s ❡s❝❡♥❛r✐♦s q✉❡ ❜✉s❝❛♠♦s s♦♥ ❧♦s
❡s❝❡♥❛r✐♦s ❧✐❜r❡s ❞❡ ❧♦s ❞❡♣r❡❞❛❞♦r❡s✱ ❡s ❞❡❝✐r ❡①t✐♥❝✐ó♥ ♣❛r❝✐❛❧ ❡♥ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ②❛ q✉❡
❜✉s❝❛♠♦s ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ ❧❛ ♣❧❛❣❛ ② ♣♦r ❡❧ ❡❢❡❝t♦ ❞♦♠✐♥ó ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❛❣❡♥t❡ ❝♦♥tr♦❧❛❞♦r✳

❊♥tr❡ ❧❛s ❞✐✈❡rs❛s ❝♦♥❞✐❝✐♦♥❡s ② r❡s✉❧t❛❞♦s q✉❡ ♣r♦✈❡❡♥ ❡s❝❡♥❛r✐♦s ❞♦♥❞❡ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦
s❡rá ♦ ♥♦ s❡rá ❡①✐t♦s♦✳ ◆♦t❡♠♦s q✉❡ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❡st❛ ❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ❧❛
❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② s✉♣❡r✐♦r ✐✳❡✳

ĺım
t→∞

(x(t), y(t), z(t)) = (1, 0, 0).

✹✳✶✳ ❆♥á❧✐s✐s ❞❡ ❧❛ ❡st❛❜✐❧✐❞❛❞

❊♥ ❡st❛ s❡❝❝✐ó♥ s♦❧♦ ❝♦♥s✐❞❡r❛r❡♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦s Ec✱ ❡❧ ❝✉❛❧ ❞❡✜♥✐r❡♠♦s
♠ás ❛❞❡❧❛♥t❡✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❞✐❝❤❛ s♦❧✉❝✐ó♥✳

✹✳✶✳✶✳ ❊①✐st❡♥❝✐❛ ❞❡ Ec ♣✉♥t♦ ❝rít✐❝♦ ✐♥t❡r✐♦r ❛ Ω

P♦r ♦tr♦ ❧❛❞♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ② ✉♥✐❝✐❞❛❞ ❞❡ ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✐♥t❡r✐♦r ❛
Ω ❞❡✜♥✐❞♦ ♣♦r ✭✸✳✻✮✱ ❛❧ ❝✉❛❧ ❧❧❛♠❛r❡♠♦s Ec❀ ♣❡r♦ ❡st♦ ❧♦ ❤❛r❡♠♦s ♠❡❞✐❛♥t❡ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✳

▲❡♠❛ ✹✳✶ ❊❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ Ec = (xc, yc, zc) ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ✐♥t❡r✐♦r ❛ Ω✱ ❡①✐st❡

② ❡s ú♥✐❝♦ s✐ ② s♦❧❛♠❡♥t❡ s✐ s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s

✐✳ m2 > d2

✐✐✳ A > 1

✐✐✐✳ 0 < c1 <
A

A− 1

❉♦♥❞❡

A =
m1

c2(m2 − d2)

m2
+ d1

✭✹✳✶✮

✸✹



② Ec ❡st❛ ❞❡✜♥✐❞♦ ♣♦r

xc =
1

A
(c1 +A(1− c1)) , yc = (A− 1)xc ② zc =

m2 − d2
d2

yc.

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ Ec = (xc, yc, zc) ❡s ✉♥ ♣✉♥t♦ ✐♥t❡r✐♦r ❞❡ Ω✱ ♣♦r ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ Ω
t❡♥❡♠♦s q✉❡

xc, yc, zc > 0

❆❞❡♠ás✱ ❝♦♠♦ Ec ❡s ✉♥ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ s❡ ❝✉♠♣❧❡ q✉❡

Fi(xc, yc, zc) = 0, ♣❛r❛ i = 1, 2, 3.

❞♦♥❞❡ ❧❛s ❢✉♥❝✐♦♥❡s Fi ♣❛r❛ i = 1, 2, 3 ❡stá♥ ❞❡✜♥✐❞❛s ♣♦r ✭✸✳✶✮✱ ✭✸✳✷✮ ② ✭✸✳✸✮✳ ▲✉❡❣♦

F3(xc, yc, zc) = zc

(
m2yc
yc + z3

− d2

)
= 0

② ❝♦♠♦ zc > 0✱ t❡♥❡♠♦s
m2yc
yc + zc

− d2 = 0 ✭✹✳✷✮

❧✉❡❣♦ s❡ ❝✉♠♣❧❡

zc =
m2 − d2

d2
yc ✭✹✳✸✮

❝♦♠♦ t❛♠❜✐é♥ yc > 0✱ ❡♥t♦♥❝❡s

m2 − d2
d2

> 0⇒ m2 > d2.

❊♥ ❢♦r♠❛ s✐♠✐❧❛r✱ ❞❡

F1(xc, yc, zc) = xc

(
1− xc −

c1ycxc
xc + yc

)
= 0

❝♦♠♦ xc > 0✱ t❡♥❡♠♦s q✉❡

1− xc −
c1ycxc
xc + yc

= 0 ✭✹✳✹✮

❞❡s♣❡❥❛♠♦s yc ❞❡ ❢♦r♠❛ ❝♦♥✈❡♥✐❡♥t❡ ♣❛r❛ ♦❜t❡♥❡r

yc =
(1− xc)xc

c1 − (1− xc)
. ✭✹✳✺✮

❆❞❡♠ás t❡♥❡♠♦s q✉❡

F2(xc, yc, zc) = yc

(
m1xc
xc + yc

− d1 −
c2zc

yc + zc

)
= 0

❝♦♠♦ yc > 0✱ s❡ ❝✉♠♣❧❡
m1xc
xc + yc

− d1 −
c2zc

yc + zc
= 0 ✭✹✳✻✮

❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ s❡ ❝✉♠♣❧❡
m1xc
xc + yc

− d1 =
c2

1 +
yc
zc

= 0

r❡❡♠♣❧❛③❛♠♦s ✭✹✳✸✮ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❛♥t❡r✐♦r

m1xc
xc + yc

− d1 =
c2

1 +
yc

m2 − d2
d2

yc

= 0

✸✺



m1xc
xc + yc

= d1 +
c2

1 +
d2

m2 − d2

m1

1 +
yc
xc

= d1 +
c2(m2 − d2)

m2

❞❡s♣❡❥❛♥❞♦ yc ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ ♦❜t❡♥❡♠♦s

yc =




m1

(m2 − d2)c2
m2

+ d1

− 1


xc

❧✉❡❣♦ t❡♥❡♠♦s
yc = (A− 1)xc ✭✹✳✼✮

❝♦♠♦ yc > 0 ② xc > 0 ❡♥t♦♥❝❡s t❡♥❡♠♦s q✉❡

A− 1 > 0⇒ A > 1.

P♦r ♦tr♦ ❧❛❞♦✱ s✐ r❡❡♠♣❧❛③❛♠♦s ✭✹✳✼✮ ❡♥ ✭✹✳✺✮ t❡♥❡♠♦s

(A− 1)xc =
(1− xc)xc

c1 − (1− xc)

A− 1 =
1− xc

c1 − (1− xc)

A− 1 =
1

c1
1− xc

− 1

c1
1− xc

=
1

A− 1
+ 1

❞❡s♣❡❥❛♥❞♦ xc ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡✱ t❡♥❡♠♦s

xc =
1

A
(c1 +A(1− c1)) ✭✹✳✽✮

❝♦♠♦ xc > 0 ② A > 1 t❡♥❡♠♦s

c1 +A(1− c1) > 0⇒ A > c1(A− 1) > 0⇒ 0 < c1 <
A

A− 1

❍❛st❛ ❡❧ ♠♦♠❡♥t♦ ❤❡♠♦s ✈❡r✐✜❝❛❞♦ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♥❡❝❡s❛r✐❛s ♣❛r❛ q✉❡ ❡①✐st❛ ❡❧ ♣✉♥t♦ Ec✱
♣❛r❛ ✈❡r ❧❛ ✉♥✐❝✐❞❛❞✱ ♥♦ ❡s ❝♦♠♣❧✐❝❛❞♦ ②❛ q✉❡ ❞❡ ✭✹✳✽✮ t❡♥❡♠♦s q✉❡ xc ❡s ✉♥ ✈❛❧♦r ✜❥♦✱ ❞❡
✭✹✳✼✮ ② ✭✹✳✸✮ t❡♥❡♠♦s ❧❛ ❞❡♣❡♥❞❡♥❝✐❛ ❞❡ yc ② zc ❞❡ xc✱ ♣♦r ❧♦ t❛♥t♦ Ec ❡s ú♥✐❝♦✳

✸✻



✹✳✶✳✷✳ ❊st❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ec

◆♦t❡♠♦s q✉❡ E0 ✐♥❞✐❝❛ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛✱ ♣♦r ❧♦ q✉❡ ❛♥❛❧✐③❛r❡♠♦s s✉ ❡st❛❜✐❧✐✲
❞❛❞ ❡♥ ✉♥❛ s❡❝❝✐ó♥ ♣♦st❡r✐♦r ❥✉♥t♦ ❝♦♥ ♦tr♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ s♦❧♦
❡st✉❞✐❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ♣❛r❛ Ec✱ ✈❡r❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s ❡❧ ♣✉♥t♦ ❝rít✐❝♦
Ec ❡s ❡st❛❜❧❡✳ P❛r❛ ❧♦s r❡s✉❧t❛❞♦s s✐❣✉✐❡♥t❡s ❛s✉♠✐r❡♠♦s q✉❡ Ec ❡①✐st❡✱ ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ s❡
s❛t✐s❢❛❝❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ▲❡♠❛ ✹✳✶✱ ② ❡st✉❞✐❛r❡♠♦s s✉ ❡st❛❜✐❧✐❞❛❞ ❧♦❝❛❧✳

❊♠♣❡③❛r❡♠♦s ❝❛❧❝✉❧❛♥❞♦ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ❡s ❞❡❝✐r ❝❛❧❝✉❧❛r❡♠♦s ❧❛s
❞❡r✐✈❛❞❛s ♣❛r❝✐❛❧❡s r❡s♣❡❝t♦ ❛ x✱ y ② z ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s F1✱ F2 ② F3✳ ❆sí t❡♥❡♠♦s

J(x, y, z)|(xc,yc,zc) =




∂

∂x
F1(x, y, z)

∂

∂y
F1(x, y, z)

∂

∂z
F1(x, y, z)

∂

∂x
F2(x, y, z)

∂

∂y
F2(x, y, z)

∂

∂z
F2(x, y, z)

∂

∂x
F3(x, y, z)

∂

∂y
F3(x, y, z)

∂

∂z
F3(x, y, z)




∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(xc,yc,zc)

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✶✮ t❡♥❡♠♦s

F1(x, y, z) = x

(
1− x−

c1y

x+ y

)

❞❡r✐✈❛♥❞♦ ❛ F1 ❝♦♥ r❡s♣❡❝t♦ ❛ x

∂

∂x
F1(x, y, z) = 1− x−

c1y

x+ y
+ x

(
−1 +

c1y

(x+ y)2

)

❡✈❛❧✉❛♥❞♦ ❡♥ Ec

∂

∂x
F1(xc, yc, zc) = 1− xc −

c1yc
xc + yc

+ xc

(
−1 +

c1yc
(xc + yc)2

)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✮✱ t❡♥❡♠♦s

∂

∂x
F1(xc, yc, zc) =

c1yc
xc + yc

−
c1yc

xc + yc
+ xc

(
−1 +

c1yc
(xc + yc)2

)

∂

∂x
F1(xc, yc, zc) = xc

(
−1 +

c1yc
(xc + yc)2

)

❞❡♥♦t❡♠♦s m1,1 =
∂

∂x
F1(xc, yc, zc)✱ ❡s ❞❡❝✐r

m1,1 = xc

(
−1 +

c1yc
(xc + yc)2

)
. ✭✹✳✾✮

❆❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F1 ❝♦♥ r❡s♣❡❝t♦ ❛ y✱ ❛sí t❡♥❡♠♦s

∂

∂y
F1(x, y, z) =

−c1x(x+ y) + c1xy

(x+ y)2
= −

c1x
2

(x+ y)2

❡✈❛❧✉❛♥❞♦ ❡♥ Ec

∂

∂y
F1(xc, yc, zc) = −

c1x
2
c

(xc + yc)2

✸✼



❞❡♥♦t❡♠♦s m1,2 =
∂

∂y
F1(xc, yc, zc)✱ ❡s ❞❡❝✐r

m1,2 = −
c1x

2
c

(xc + yc)2
. ✭✹✳✶✵✮

❆❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F1 ❝♦♥ r❡s♣❡❝t♦ ❛ z✱ ❛sí t❡♥❡♠♦s

∂

∂z
F1(x, y, z) = 0

❊✈❛❧✉❛♠♦s ❡♥ Ec✱ ② ❞❡♥♦t❡♠♦s m1,3 =
∂

∂z
F1(xc, yc, zc)✱ ❡s ❞❡❝✐r

m1,3 = 0. ✭✹✳✶✶✮

❆❤♦r❛ tr❛❜❛❥❛r❡♠♦s ❝♦♥ F2✱ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❧♦ ❛♥t❡r✐♦r✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✷✮ t❡♥❡♠♦s

F2(x, y, z) = y

(
m1x

x+ y
− d1 −

c2z

z + y

)

❞❡r✐✈❛♥❞♦ ❛ F2 ❝♦♥ r❡s♣❡❝t♦ ❛ x ♦❜t❡♥❡♠♦s

∂

∂x
F2(x, y, z) =

m1y(x+ y)−m1xy

(x+ y)2
=

m1y
2

(x+ y)2

❊✈❛❧✉❛♠♦s ❡♥ Ec✱ ② ❞❡♥♦t❡♠♦s m2,1 =
∂

∂x
F2(xc, yc, zc)✱ ❡s ❞❡❝✐r

m2,1 =
m1y

2
c

(xc + yc)2
. ✭✹✳✶✷✮

❛❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F2 ❝♦♥ r❡s♣❡❝t♦ ❛ y✱ ❛sí ♦❜t❡♥❡♠♦s

∂

∂y
F2(x, y, z) =

m1x

x+ y
− d1 −

c2z

z + y
+ y

(
−

m1x

(x+ y)2
+

c2z

(y + z)2

)

r❡❡♠♣❧❛③❛♥❞♦ Ec✱ t❡♥❡♠♦s

∂

∂y
F2(xc, yc, zc) =

m1xc
xc + yc

− d1 −
c2zc

zc + yc
+ yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✮✱ t❡♥❡♠♦s

∂

∂y
F2(xc, yc, zc) =

c2zc
zc + yc

−
c2zc

zc + yc
+ yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)

∂

∂y
F2(xc, yc, zc) = yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)

❞❡♥♦t❡♠♦s m2,2 =
∂

∂y
F2(xc, yc, zc)✱ ❡s ❞❡❝✐r

m2,2 = yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)
. ✭✹✳✶✸✮

❛❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F2 ❝♦♥ r❡s♣❡❝t♦ ❛ z✱ ♦❜t❡♥✐❡♥❞♦

∂

∂z
F2(x, y, z) =

−c2y(y + z) + c2yz

(y + z)2
= −

c2y
2

(y + z)2

✸✽



❊✈❛❧✉❛♠♦s ❡♥ Ec✱ ② ❞❡♥♦t❡♠♦s m2,3 =
∂

∂z
F2(xc, yc, zc)✱ ❡s ❞❡❝✐r

m2,3 = −
c2y

2
c

(yc + zc)2
. ✭✹✳✶✹✮

❆♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦ ❛♥t❡r✐♦r✱ tr❛❜❛❥❛♠♦s ❝♦♥ F3✱ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✸✳✸✮ t❡♥❡♠♦s

F3(x, y, z) = z

(
m2y

z + y
− d2

)

❞❡r✐✈❛♠♦s ❛ F3 ❝♦♥ r❡s♣❡❝t♦ ❛ x✱ ❛sí t❡♥❡♠♦s

∂

∂x
F3(x, y, z) = 0

❊✈❛❧✉❛♠♦s ❡♥ Ec✱ ② ❞❡♥♦t❡♠♦s m3,1 =
∂

∂x
F3(xc, yc, zc)✱ ❡s ❞❡❝✐r

m3,1 = 0. ✭✹✳✶✺✮

❛❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F3 ❝♦♥ r❡s♣❡❝t♦ ❛ y✱ ♦❜t❡♥✐❡♥❞♦

∂

∂y
F3(x, y, z) =

m2y(y + z)−m2yz

(y + z)2
=

m2z
2

(y + z)2

❊✈❛❧✉❛♠♦s ❡♥ Ec✱ ② ❞❡♥♦t❡♠♦s m3,2 =
∂

∂y
F3(xc, yc, zc)✱ ❡s ❞❡❝✐r

m3,2 =
m2z

2
c

(yc + zc)2
. ✭✹✳✶✻✮

❛❤♦r❛ ❞❡r✐✈❛♠♦s ❛ F3 ❝♦♥ r❡s♣❡❝t♦ ❛ z✱ ♦❜t❡♥✐❡♥❞♦

∂

∂z
F3(x, y, z) =

m2y(y + z)−m2yz

(y + z)2
=

m2y
2

(y + z)2
− d2

❊✈❛❧✉❛♥❞♦ ❡♥ Ec t❡♥❡♠♦s

∂

∂z
F3(xc, yc, zc) =

m2y
2
c

(yc + zc)2
− d2

r❡❡♠♣❧❛③❛♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✷✮✱ t❡♥❡♠♦s

∂

∂z
F3(xc, yc, zc) =

m2y
2
c

(yc + zc)2
−

m2yc
yc + zc

∂

∂z
F3(xc, yc, zc) =

m2yc
yc + zc

(
yc

yc + zc
− 1

)
= −

m2yczc
(yc + zc)2

❞❡♥♦t❡♠♦s m3,3 =
∂

∂z
F3(xc, yc, zc)✱ ❡s ❞❡❝✐r

m3,3 = −
m2yczc

(yc + zc)2
. ✭✹✳✶✼✮

❙✐ ❞❡♥♦t❛♠♦s
M = J(x, y, z)|(xc,yc,zc)

♣♦r ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ✭✹✳✾✮ ❛❧ ✭✹✳✶✼✮ t❡♥❡♠♦s

✸✾



M =




m1,1 m1,2 m1,3

m2,1 m2,2 m2,3

m3,1 m3,2 m3,3



=




m1,1 m1,2 0

m2,1 m2,2 m2,3

0 m3,2 m3,3



.

M =




xc

(
−1 +

c1yc
(xc + yc)2

)
−

c1x
2
c

(xc + yc)2
0

m1y
2
c

(xc + yc)2
yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)
−

c2y
2
c

(yc + zc)2

0
m2z

2
c

(yc + zc)2
−

m2yczc
(yc + zc)2




❊❧ ♣♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡ M ❡st❛ ❞❛❞♦ ♣♦r PM (λ) = det(M − λI)✱ ❡s ❞❡❝✐r

PM (λ) =

∣∣∣∣∣∣∣∣∣∣

m1,1 − λ m1,2 0

m2,1 m2,2 − λ m2,3

0 m3,2 m3,3 − λ

∣∣∣∣∣∣∣∣∣∣

❝♦♠♦ PM (λ) ❡s ✉♥❛ ♠❛tr✐③ ❞❡ 3× 3 ♣♦❞❡♠♦s ✉t✐❧✐③❛r ❧❛ r❡❣❧❛ ❞❡ ❙❛rr✉s✱ ♦❜t❡♥✐❡♥❞♦

PM (λ) = (m1,1 − λ)(m2,2 − λ)(m3,3 − λ)−m1,2m2,1(m3,3 − λ)−m2,3m3,2(m1,1 − λ).

❡①♣❛♥❞✐❡♥❞♦ ② ❛❣r✉♣❛♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ ♦❜t❡♥❡♠♦s

PM (λ) = λ3 +A1λ
2 +A2λ+A3

❞♦♥❞❡
A1 = −m1,1 −m2,2 −m3,3,
A2 = m2,2m3,3 +m1,1m2,2 +m1,1m3,3 −m1,2m2,1 −m2,3m3,2,
A3 = m1,2m2,1m3,3 +m1,1m2,3m3,2 −m1,1m2,2m3,3.

P❛r❛ ❛♥❛❧✐③❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ Ec ✉t✐❧✐③❛r❡♠♦s ❡❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤ ✭❚❡♦r❡♠❛ ✶✳✷✮ ❡♥t♦♥❝❡s
❞❡ PM (λ) t❡♥❡♠♦s

λ3 1 A2

λ2 A1 A3

λ1 A1A2 −A3

A1

λ0 A3

♣❛r❛ q✉❡ Ec s❡❛ ❡st❛❜❧❡ s❡ ♥❡❝❡s✐t❛ q✉❡ t♦❞♦s ❧♦s s✐❣♥♦s ❞❡ ❧❛ ♣r✐♠❡r❛ ❝♦❧✉♠♥❛ ❞❡❧ ❛rr❡❣❧♦

❛♥t❡r✐♦r s❡❛♥ ✐❣✉❛❧❡s ❡s ❞❡❝✐r q✉❡ A1,
A1A2 −A3

A1
② A3 s❡❛♥ ♣♦s✐t✐✈♦s✳

❆❞❡♠ás ♥♦t❡♠♦s q✉❡ s✐ A1 > 0, A3 > 0 ②

A1A2 −A3

A1
> 0 ⇒ A1A2 > A3 ⇒ A2 > 0

❊♥ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥ ❞❛r❡♠♦s ❝♦♥❞✐❝✐♦♥❡s s✉✜❝✐❡♥t❡s ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Ec✳

✹✵



Pr♦♣♦s✐❝✐ó♥ ✹✳✶ ❙✐ m1,1 < 0 ② m2,2 < 0 ❡♥t♦♥❝❡s Ec ❡s ❧♦❝❛❧ ② ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❉❡♠♦str❛❝✐ó♥✳ P♦r ❡❧ ❛♥á❧✐s✐s ♣r❡✈✐♦✱ s❡rá s✉✜❝✐❡♥t❡ ♣r♦❜❛r q✉❡ A1 > 0✱ A3 > 0 ②
A1A2 −A3

A1
> 0✳

❊♥ ❡❢❡❝t♦ ❝♦♠♦ A1 = −m1,1 −m2,2 −m3,3✱ r❡❡♠♣❧❛③❛♠♦s ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✼✮ ♦❜t❡♥✐❡♥❞♦

A1 = −m1,1 −m2,2 +
m2yczc

(yc + zc)2

② ❝♦♠♦ m1,1 < 0 ② m2,2 < 0 ❡♥t♦♥❝❡s

A1 = −m1,1 −m2,2 +
m2yczc

(yc + zc)2
> 0.

P♦r ♦tr♦ ❧❛❞♦ ♥♦t❛♠♦s q✉❡ A3 = −det(M)✱ ❡s ❞❡❝✐r

A3 = − (m1,1m2,2m3,3 −m1,2m2,1m3,3 −m1,1m2,3m3,2)

A3 = − (m1,1 [m2,2m3,3 −m2,3m3,2]−m1,2m2,1m3,3)

♣♦r ❝♦♠♦❞✐❞❛❞ ❞❡♥♦t❡♠♦s

A3 = −(A3,I −A3,II) = A3,II −A3,I ✭✹✳✶✽✮

❞♦♥❞❡
A3,I = m1,1 [m2,2m3,3 −m2,3m3,2] ∧ A3,II = m1,2m2,1m3,3

② ❛♥❛❧✐③❛r❡♠♦s ❝❛❞❛ s✉♠❛♥❞♦ ♣♦r s❡♣❛r❛❞♦✳

❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✷✮✱ ✭✹✳✶✵✮ ② ✭✹✳✶✼✮ ❡♥ A3,II ♦❜t❡♥❡♠♦s

A3,II =

(
m1y

2
c

(xc + yc)2

)(
−

c1x
2
c

(xc + yc)2

)(
−

m2yczc
(yc + zc)2

)

❡s ❞❡❝✐r✱ t❡♥❡♠♦s

A3,II =

(
m1y

2
c

(xc + yc)2

)(
c1x

2
c

(xc + yc)2

)(
m2yczc

(yc + zc)2

)
. ✭✹✳✶✾✮

P♦r ♦tr♦ ❧❛❞♦ r❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✾✮✱ ✭✹✳✶✸✮✱ ✭✹✳✶✼✮✱ ✭✹✳✶✻✮ ② ✭✹✳✶✹✮ ❡♥ A3,I

♦❜t❡♥❡♠♦s

A3,I = xc

(
−1 +

c1yc
(xc + yc)2

)[
−yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)
m2yczc

(yc + zc)2
+

m2z
2
c

(yc + zc)2

(
c2y

2
c

(yc + zc)2

)]

A3,I = xc

(
−1 +

c1yc
(xc + yc)2

)(
m2yczc

(yc + zc)2

)[
−yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)
+

c2zcyc
(yc + zc)2

]

❛sí t❡♥❡♠♦s

A3,I = xc

(
−1 +

c1yc
(xc + yc)2

)(
m2yczc

(yc + zc)2

)(
m1xcyc

(xc + yc)2

)
. ✭✹✳✷✵✮

❘❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✾✮ ② ✭✹✳✷✵✮ ❡♥ ✭✹✳✶✽✮

A3 =

(
m1y

2
c

(xc + yc)2

)(
c1x

2
c

(xc + yc)2

)(
m2yczc

(yc + zc)2

)
−xc

(
−1 +

c1yc
(xc + yc)2

)(
m2yczc

(yc + zc)2

)(
m1xcyc

(xc + yc)2

)

✹✶



❢❛❝t♦r✐③❛♥❞♦ ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡ t❡♥❡♠♦s

A3 =
m1m2x

2
cy

2
czc

(xc + yc)2(yc + zc)2

[
c1yc

(xc + yc)2
−

(
−1 +

c1yc
(xc + yc)2

)]

❛sí t❡♥❡♠♦s

A3 =
m1m2x

2
cy

2
czc

(xc + yc)2(yc + zc)2
> 0.

❆❤♦r❛ s♦❧♦ ♥♦s r❡st❛ ♣r♦❜❛r A1A2 > A3✱ ❧♦ ❝✉❛❧ ❡s ❡q✉✐✈❛❧❡♥t❡ ❛ ♣r♦❜❛r A1A2 −A3 > 0✳

❊♥ ❡❢❡❝t♦✱ t❡♥❡♠♦s

A1A2 = − (m1,1 +m2,2 +m3,3) (m2,2m3,3 +m1,1m2,2 +m1,1m3,3 −m1,2m2,1 −m2,3m3,2)

❡❢❡❝t✉❛♥❞♦ ❧❛ ♠✉❧t✐♣❧✐❝❛❝✐ó♥ t❡♥❡♠♦s

A1A2 = −m1,1m2,2m3,3 −m2
1,1m2,2 −m2

1,1m3,3 +m1,1m1,2m2,1 +m1,1m2,3m3,2 −m2
2,2m3,3

−m1,1m
2
2,2 −m1,1m2,2m3,3 +m1,2m2,1m2,2 +m2,2m2,3m3,2 −m2,2m

2
3,3 −m1,1m2,2m3,3

−m1,1m
2
3,3 +m1,2m2,1m3,3 +m3,3m2,3m3,2

❙✐♠♣❧✐✜❝❛♥❞♦ ② ❛❣r✉♣❛♥❞♦ tér♠✐♥♦s t❡♥❡♠♦s

A1A2 = −m2
1,1m2,2 −m2

1,1m3,3 −m2
3,3m2,2 −m2

3,3m1,1 −m2
2,2m3,3 −m2

2,2m1,1

−3m1,1m2,2m3,3 +m1,1m1,2m2,1 +m1,1m2,3m3,2 +m1,2m2,1m2,2

+m2,2m2,3m3,2 +m1,2m2,1m3,3 +m2,3m3,2m3,3

❝♦♠♦ A3 = m1,2m2,1m3,3 +m1,1m2,3m3,2 −m1,1m2,2m3,3✱ ❡♥t♦♥❝❡s

A1A2 −A3 = −m2
1,1m2,2 −m2

1,1m3,3 −m2
3,3m2,2 −m2

3,3m1,1 −m2
2,2m3,3 −m2

2,2m1,1

−2m1,1m2,2m3,3 +m1,1m1,2m2,1 +m1,2m2,1m2,2 +m2,2m2,3m3,2 +m2,3m3,2m3,3

② ❞❡ ❧❛ ❡❝✉❛❝✐♦♥❡s ✭✹✳✶✵✮✱ ✭✹✳✶✷✮✱ ✭✹✳✶✹✮✱ ✭✹✳✶✻✮ ② ✭✹✳✶✼✮ t❡♥❡♠♦s

m1,2 < 0, m2,1 > 0, m2,3 < 0, m3,2 > 0 ② m3,3 < 0

❡♥t♦♥❝❡s
A1A2 −A3 > 0.

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡ Ec✳

❆❤♦r❛ ✈❡❛♠♦s q✉❡ ♣♦❞❡♠♦s ❡①♣r❡s❛r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ ♣r♦♣♦s✐❝✐ó♥ ❛♥t❡r✐♦r ✭m1,1 < 0
② m2,2 < 0✮ ❡♥ tér♠✐♥♦s ❞❡ c1 ② c2✳

❊♠♣❡❝❡♠♦s ♠♦str❛♥❞♦ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ m1,1 < 0✳ ❉❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✾✮ ② ✭✹✳✺✮
t❡♥❡♠♦s

m1,1 = xc

(
−1 +

c1yc
(xc + yc)2

)

m1,1 = xc

(
−1 +

c1(A− 1)xc
(xc + (A− 1)xc)2

)

m1,1 = xc

(
−1 +

c1(A− 1)xc
A2x2c

)

❈♦♠♦ xc > 0 ② q✉❡r❡♠♦s q✉❡ m1,1 < 0✱ ❡♥t♦♥❝❡s s❡ ❞❡❜❡ ❝✉♠♣❧✐r

−1 +
c1(A− 1)xc

A2x2c
< 0

✹✷



c1(A− 1)xc < A2x2c

c1(A− 1) < A2xc

r❡❡♠♣❧❛③❛♠♦s ✭✹✳✽✮ t❡♥❡♠♦s

c1(A− 1) < A2

[
1

A
(c1 +A(1− c1))

]

< A (c1 +A(1− c1))
< A (A− c1(A− 1))
< A (A− 1 + 1− c1(A− 1))
< A ((A− 1)(1− c1) + 1)

❡s ❞❡❝✐r✱ s❡ ❝✉♠♣❧❡
c1(A− 1) < A ((A− 1)(1− c1) + 1) ✭✹✳✷✶✮

◆♦t❡♠♦s q✉❡ s✐ s❡ ❝✉♠♣❧❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✷✶✮ ❡♥t♦♥❝❡s m1,1 < 0✱ ❛❞❡♠ás ❡❧ r❡❝í♣r♦❝♦ t❛♠❜✐é♥
❡s ❝✐❡rt♦✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✷ ❙✐ c1 > 1 ❡♥t♦♥❝❡s m1,1 < 0 s✐ ② só❧♦ s✐ 1 < A <

√
c1

c1 − 1

❉❡♠♦str❛❝✐ó♥✳ ❙✉♣♦♥❡♠♦s ✈❛❧✐❞♦ q✉❡ c1 > 1 ② m1,1 < 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ ✭✹✳✷✶✮✱ ❡s
❞❡❝✐r

c1(A− 1) < A ((A− 1)(1− c1) + 1)

c1A− c1 < A2 − c1A
2 + c1A

A2(c1 − 1) < c1

A <

√
c1

c1 − 1

② ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✱ t❡♥❡♠♦s

1 < A <

√
c1

c1 − 1

❆❤♦r❛ s✉♣♦♥❡♠♦s ✈❛❧✐❞♦ c1 > 1 ② 1 < A <

√
c1

c1 − 1
✱ ❧✉❡❣♦

A2 <
c1

c1 − 1

A2(c1 − 1) < c1

−c1 < −A
2(c1 − 1)

c1A− c1 < −A
2(c1 − 1) + c1A

c1A− c1 < A2 − c1A
2 + c1A

c1(A− 1) < A ((A− 1)(1− c1) + 1)

c1(A− 1) < A2

[
1

A
((A− 1)(1− c1) + 1)

]

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✮✱ t❡♥❡♠♦s

c1(A− 1) < A2xc

c1(A− 1)xc < A2x2c

✹✸



−1 +
c1(A− 1)xc

A2x2c
< 0

② ❝♦♠♦ xc > 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡

m1,1 = xc

(
−1 +

c1(A− 1)xc
A2x2c

)
< 0

❨ ❛sí q✉❡❞❛ ❞❡♠♦str❛❞❛ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥✳

✹✹



Pr♦♣♦s✐❝✐ó♥ ✹✳✸ ❙✐ 0 < c1 ≤ 1 ❡♥t♦♥❝❡s m1,1 < 0

❉❡♠♦str❛❝✐ó♥✳ ◆♦t❡♠♦s q✉❡

A2 − 1 < A2 ⇒ 1 <
A2

A2 − 1

❝♦♠♦ 0 < c1 ≤ 1 ❡♥t♦♥❝❡s

0 < c1 ≤ 1 <
A2

A2 − 1

c1 <
A2

A2 − 1

c1(A
2 − 1) < A2

−c1 < A2 − c1A
2

c1A− c1 < A2 − c1A
2 + c1A

c1(A− c1) < A(A− c1A+ c1)

c1(A− c1) < A2

[
1

A
(A− c1A+ c1)

]

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✮ t❡♥❡♠♦s

c1(A− c1) < A2xc

c1(A− c1)xc < A2x2c

c1(A− c1)xc
A2x2c

< 1

−1 +
c1(A− c1)xc

A2x2c
< 0

② ❝♦♠♦ xc > 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡

m1,1 = xc

(
−1 +

c1(A− 1)xc
A2x2c

)
< 0

❨ ❛sí q✉❡❞❛ ❞❡♠♦str❛❞❛ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥✳

❆❤♦r❛ ✈❡r❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ m2,2 < 0✳ ❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✸✮ t❡♥❡♠♦s

m2,2 = yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)

② ❝♦♠♦ yc > 0 ② q✉❡r❡♠♦s q✉❡ m2,2 < 0✱ ❡♥t♦♥❝❡s s❡ ❞❡❜❡ ❝✉♠♣❧✐r

−
m1xc

(xc + yc)2
+

c2zc
(yc + zc)2

< 0

c2zc
(yc + zc)2

<
m1xc

(xc + yc)2

r❡❡♠♣❧❛③❛❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ t❡♥❡♠♦s

c2

(
m2 − d2

d2
yc

)

(
yc +

(
m2 − d2

d2
yc

))2 <
m1xc

(xc + yc)2

✹✺



c2(m2 − d2)

d2

yc

(
1 +

m2 − d2
d2

)2 <
m1xc

(xc + yc)2

r❡❡♠♣❧❛③❛❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✺✮ t❡♥❡♠♦s

c2(m2 − d2)

d2

(A− 1)xc

(
1 +

m2 − d2
d2

)2 <
m1xc

(xc + (A− 1)xc)2

c2(m2 − d2)

d2

(A− 1)xc

(
1 +

m2 − d2
d2

)2 <
m1

xc(1 + (A− 1))2

c2(m2 − d2)

d2

(A− 1)

(
1 +

m2 − d2
d2

)2 <
m1

(1 + (A− 1))2

c2

(
m2

d2
− 1

)

(A− 1)

(
m2

d2

)2 <
m1

A2

❡s ❞❡❝✐r✱ s❡ ❝✉♠♣❧❡

c2

(
m2

d2
− 1

)

(
m2

d2

)2 <
m1(A− 1)

A2
✭✹✳✷✷✮

❆❞❡♠ás✱ ♥♦t❡♠♦s q✉❡
m1(A− 1)

A2
= m1

(
1

A
−

1

A2

)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✮ t❡♥❡♠♦s

m1(A− 1)

A2
= m1




c2(m2 − d2)

m2
+ d1

m1
−




c2(m2 − d2)

m2
+ d1

m1




2


m1(A− 1)

A2
=

c2(m2 − d2)

m2
+ d1 −

1

m1

(
c2(m2 − d2)

m2
+ d1

)2

❡♥t♦♥❝❡s ♣♦r ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✷✷✮ t❡♥❡♠♦s

c2

(
m2

d2
− 1

)

(
m2

d2

)2 <
c2(m2 − d2)

m2
+ d1 −

1

m1

(
c2(m2 − d2)

m2
+ d1

)2

✹✻



❡s ❞❡❝✐r

0 < −
1

m1

(
c2(m2 − d2)

m2
+ d1

)2

+
c2(m2 − d2)

m2
+ d1 −

c2

(
m2

d2
− 1

)

(
m2

d2

)2

❈♦♥s✐❞❡r❡♠♦s ❧❛ ❢✉♥❝✐ó♥ g : R→ R ❞❡✜♥✐❞❛ ♣♦r

g(t) = −
1

m1

(
t(m2 − d2)

m2
+ d1

)2

+
t(m2 − d2)

m2
+ d1 −

t

(
m2

d2
− 1

)

(
m2

d2

)2 ✭✹✳✷✸✮

t❡♥❡♠♦s q✉❡

g(c2) = −
1

m1

(
c2(m2 − d2)

m2
+ d1

)2

+
c2(m2 − d2)

m2
+ d1 −

c2

(
m2

d2
− 1

)

(
m2

d2

)2 > 0.

❘❡s✉♠✐❡♥❞♦ ❧♦ ❛♥t❡r✐♦r t❡♥❡♠♦s ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✹ P❛r❛ g : R→ R ❞❡✜♥✐❞❛ ♣♦r ✭✹✳✷✸✮ s❡ ❝✉♠♣❧❡

m2,2 < 0 s✐ ② só❧♦ s✐ 0 < g(c2).

P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s

g(0) = −
d21
m1

+ d1 =
d1(m1 − d1)

m1

P♦r ❡❧ ▲❡♠❛ ✹✳✶ t❡♥❡♠♦s q✉❡ A > 1 ② m2 > d2✱ ❡s ❞❡❝✐r

m1

c2(m2 − d2)

m2
+ d1

> 1 ⇒ m1 − d1 >
c2(m2 − d2)

m1
> 0 ⇒ g(0) > 0

❆❞❡♠ás

g

(
m2(m1 − d1)

m2 − d2

)
= −

1

m1

[(
m2(m1 − d1)

m2 − d2

)(
m2 − d2

m2

)
+ d1

]2
+

(
m2(m1 − d1)

m2 − d2

)(
m2 − d2

m2

)

+d1 −

(
m2(m1 − d1)

m2 − d2

)(
d2(m2 − d2)

m2
2

)

g

(
m2(m1 − d1)

m2 − d2

)
= −

m2
1

m1
+m1 −

d2(m1 − d1)

m2

❡s ❞❡❝✐r

g

(
m2(m1 − d1)

m2 − d2

)
=

d2(d1 −m1)

m2

❝♦♠♦ m1 − d1 > 0 ❡♥t♦♥❝❡s

g

(
m2(m1 − d1)

m2 − d2

)
=

d2(d1 −m1)

m2
< 0.

P♦r ♦tr♦ ❧❛❞♦✱ ❛❧ s❡r g(0) > 0 ② g

(
m2(m1 − d1)

m2 − d2

)
< 0✱ ❡♥t♦♥❝❡s

∃ c∗2 > 0 t❛❧ q✉❡ g(c∗2) = 0.

✹✼



❚❛❧ ② ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✶✳

0 c*c
2

❋✐❣✉r❛ ✹✳✶✿ ❊①✐st❡♥❝✐❛ ❞❡ c∗2

❈♦♠♦ s❡ ❝✉♠♣❧❡ q✉❡
m2,2 < 0 ⇔ 0 < g(c2)

❘❡s✉♠✐❡♥❞♦ ❧♦ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s q✉❡

∃ c∗2 ∈

〈
0,

m2(m1 − d1)

m2 − d2

〉
t❛❧ q✉❡ m2,2 < 0 ⇔ 0 < c2 < c∗2.

C

C

0

1

2

R

❋✐❣✉r❛ ✹✳✷✿ ❘❡❣✐ó♥ ❡st❛❜❧❡ ♣❛r❛ Ec

❊♥ ❧❛ ❋✐❣✉r❛ ✹✳✷✱ R ❡s ❧❛ r❡❣✐ó♥ ❡♥ ❧❛ ❝✉❛❧ Ec ❡s ❛s✐♥t♦t✐❝❛♠❡♥t❡ ❡st❛❜❧❡✱ ❛❞❡♠ás ❡st❛

❞❡❧✐♠✐t❛❞❛ ♣♦r ❧❛s ❝✉r✈❛s c2 = c∗2 ② A =

√
c1

c1 − 1
✳

✹✽



✹✳✶✳✸✳ ■♥❡st❛❜✐❧✐❞❛❞ ❧♦❝❛❧ ❞❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ec

❊♥ ❡❧ ❛♣❛rt❛❞♦ ❛♥t❡r✐♦r ❛s✉♠✐♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ ♣✉♥t♦ Ec✱ ❡s ❞❡❝✐r q✉❡ s❡ s❛t✐s❢❛❝❡♥
❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ▲❡♠❛ ✹✳✶✱ ② ❡st✉❞✐❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s Ec ❡s ❡st❛❜❧❡✳
❊st♦ ❧♦ ❤✐❝✐♠♦s ♠❡❞✐❛♥t❡ ❡❧ ❝r✐t❡r✐♦ ❞❡ ❘♦✉t❤✱ ♣❛r❛ ❧♦ ❝✉❛❧ ❝❛❧❝✉❧❛♠♦s ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛
❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❡✈❛❧✉❛♠♦s ❡♥ Ec = (xc, yc, zc)✱ ❝❛❧❝✉❧❛♠♦s ❡❧ ♣♦❧✐♥♦♠✐♦ ❝❛r❛❝t❡ríst✐❝♦ ❞❡
❞✐❝❤❛ ♠❛tr✐③

PM (λ) = λ3 +A1λ
2 +A2λ+A3

② ♣❛r❛ q✉❡ Ec s❡❛ ❡st❛❜❧❡✱ s❡ ❞❡❜í❛ ✈❡r✐✜❝❛r q✉❡ A1 > 0✱ A3 > 0 ② A1A2 > A3 ❡st♦ s❡ ❞❡❜í❛
❛ q✉❡ ❡♥ ❡❧ ❛rr❡❣❧♦

λ3 1 A2

λ2 A1 A3

λ1 A1A2 −A3

A1

λ0 A3

❧♦s ❝♦♠♣♦♥❡♥t❡s ❞❡ ❧❛ ♣r✐♠❡r❛ ❝♦❧✉♠♥❛ ❞❡❜❡♥ t❡♥❡r ❡❧ ♠✐s♠♦ s✐❣♥♦✳ ❊♥t♦♥❝❡s ♣❛r❛ q✉❡ Ec

s❡❛ ✐♥❡st❛❜❧❡ ❜❛st❛ q✉❡ ❛♣❛r❡③❝❛ ✉♥ ❝♦♠♣♦♥❡♥t❡ ♥❡❣❛t✐✈♦ ❡♥ ❧❛ ♣r✐♠❡r❛ ❝♦❧✉♠♥❛ ❞❡❧ ❛rr❡✲
❣❧♦ ❛♥t❡r✐♦r✳ ❊♥t♦♥❝❡s ♣❛r❛ ❞✐s❝✉t✐r ❧❛ ✐♥❡st❛❜✐❧✐❞❛❞ ❞❡ Ec❀ ❝♦♥s✐❞❡r❛r❡♠♦s ❧❛ ♣♦s✐❜✐❧✐❞❛❞
❞❡ ❡s❝♦❣❡r c1 ② c2 ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ A1 < 0✳

❊st♦ ❧♦ ❤❛r❡♠♦s ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ♣r♦♣♦s✐❝✐ó♥

Pr♦♣♦s✐❝✐ó♥ ✹✳✺ ❙✐ s❡ ❝✉♠♣❧❡♥

✐✳ 0 < m2 − d2 < m1 − d1

✐✐✳
m2

d2
< (m1 − d1)− (m2 − d2)

❊♥t♦♥❝❡s Ec ❡s ✐♥❡st❛❜❧❡ ❝✉❛♥❞♦

m2 < c2 <
m2(m1 − d1)

m2 − d2
.

❨ c2 ❡st❛ ♣r♦①✐♠♦ ❛❧ ✈❛❧♦r ❞❡
m2(m1 − d1)

(m2 − d2)
✳

❉❡♠♦str❛❝✐ó♥✳ ❘❡❝♦r❞❡♠♦s q✉❡

A1 = −m1,1 −m2,2 −m3,3

r❡❡♠♣❧❛③❛♥❞♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✾✮✱ ✭✹✳✶✸✮ ② ✭✹✳✶✼✮ t❡♥❡♠♦s

A1 = −xc

(
−1 +

c1yc
(xc + yc)2

)
− yc

(
−

m1xc
(xc + yc)2

+
c2zc

(yc + zc)2

)
+

m2yczc
(yc + zc)2

= xc −
c1xcyc

(xc + yc)2
+

m1xcyc
(xc + yc)2

−
c2yczc

(yc + zc)2
+

m2yczc
(yc + zc)2

❡s ❞❡❝✐r

A1 = xc −
xcyc(c1 −m1)

(xc + yc)2
−

yczc(c2 −m2)

(yc + zc)2

✹✾



r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✸✮ t❡♥❡♠♦s

A1 = xc −
xcyc(c1 −m1)

(xc + yc)2
−

yc

(
m2 − d2

d2
yc

)
(c2 −m2)

(
yc +

m2 − d2
d2

yc

)2

= xc −
xcyc(c1 −m1)

(xc + yc)2
−

(m2 − d2)(c2 −m2)

d2(
m2

d2

)2

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✮ t❡♥❡♠♦s

A1 = xc −
xc(A− 1)xc(c1 −m1)

(xc + (A− 1)xc)2
−

(m2 − d2)(c2 −m2)

d2(
m2

d2

)2

= xc −
(A− 1)(c1 −m1)

A2
−

(m2 − d2)(c2 −m2)

d2(
m2

d2

)2

❛sí t❡♥❡♠♦s

A1 = xc −
(A− 1)(c1 −m1)

A2
+

d2(m2 − c2)(m2 − d2)

m2
2

♣♦r ❝♦♠♦❞✐❞❛❞ ❞❡♥♦t❡♠♦s

I1 = xc −
(A− 1)(c1 −m1)

A2
∧ I2 =

d2(m2 − c2)(m2 − d2)

m2
2

❡s ❞❡❝✐r
A1 = I1 + I2.

P❛r❛ ♣r♦❜❛r q✉❡ A1 < 0✱ ❛♥❛❧✐③❛r❡♠♦s s✉s ❝♦♠♣♦♥❡♥t❡s I1 ❡ I2✱ ♣❡r♦ ♣❛r❛ ❡st♦ ♥❡❝❡s✐t❛r❡✲
♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❛✜r♠❛❝✐♦♥❡s

A > 1 ⇔ c2 <
m2(m1 − d1)

m2 − d2
. ✭✹✳✷✹✮

❊♥ ❡❢❡❝t♦✱ s✐ A > 1 ❡♥t♦♥❝❡s
m1

c2(m2 − d2)

m2
+ d1

> 1

m1 − d1 >
c2(m2 − d2)

m2

m2(m1 − d1)

m2 − d2
> c2

P♦r ♦tr♦ ❧❛❞♦✱ s✐ c2 <
m2(m1 − d1)

m2 − d2
✱ ❡♥t♦♥❝❡s

c2(m2 − d2)

m2
< m1 − d1

✺✵



1 <
m1

c2(m2 − d2)

m2
+ d1

1 < A

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ♥✉❡str❛ ♣r✐♠❡r❛ ❛✜r♠❛❝✐ó♥✳ ❚❛♠❜✐é♥ ♥♦t❡♠♦s q✉❡ s❡ ❝✉♠♣❧❡

A = 1 ⇔ c2 =
m2(m1 − d1)

m2 − d2
. ✭✹✳✷✺✮

❊♥ ❡❢❡❝t♦ s✐ A = 1 ❡♥t♦♥❝❡s
m1

c2(m2 − d2)

m2
+ d1

= 1

m1 − d1 =
c2(m2 − d2)

m2

m2(m1 − d1)

(m2 − d2)
= c2

P♦r ♦tr♦ ❧❛❞♦✱ s✐ c2 =
m2(m1 − d1)

(m2 − d2)
❡♥t♦♥❝❡s

c2(m2 − d2) = m2(m1 − d1)

c2(m2 − d2)

m2
+ d1 = m1

1 =
m1

c2(m2 − d2)

m2
+ d1

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ♥✉❡str❛ s❡❣✉♥❞❛ ❛✜r♠❛❝✐ó♥✳

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ I2✳ ❉❡ ❧❛ ❤✐♣ót❡s✐s ✭✐✮ ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥
t❡♥❡♠♦s

0 < m2 − d2 ∧ 0 < m1 − d1

② s✐ t♦♠❛♠♦s ❡❧ ❝❛s♦
m2 < c2 ⇒ m2 − c2 < 0

❛sí t❡♥❡♠♦s q✉❡

I2 =
d2(m2 − c2)(m2 − d2)

m2
2

< 0

♣❡r♦ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ Ec✱ s❡ ❝✉♠♣❧❡ ✭✹✳✷✹✮✱ ❡♥t♦♥❝❡s s✐

m2 < c2 <
m2(m1 − d1)

m2 − d2
⇒ I2 < 0. ✭✹✳✷✻✮

✈❡❛♠♦s s✐ ❡❧ r❡❝í♣r♦❝♦ ❞❡ ✭✹✳✷✻✮ ❡s ❝✐❡rt♦✱ ♣❛r❛ ❡s♦ ❝♦♥s✐❞❡r❡♠♦s

I2 =
d2(m2 − c2)(m2 − d2)

m2
2

< 0

❞❡ ❧❛ ❤✐♣ót❡s✐s ✭✐✮ ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥ t❡♥❡♠♦s q✉❡ m2 − d2 > 0✱ ♣♦r ❧♦ t❛♥t♦ s✐

I2 < 0 ⇒ m2 − c2 < 0 ⇒ m2 < c2

♣❛r❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ Ec s❡ ❝✉♠♣❧❡ ✭✹✳✷✹✮✱ ❡♥t♦♥❝❡s

m2 < c2 <
m2(m1 − d1)

m2 − d2

✺✶



❆sí ❤❡♠♦s ♣r♦❜❛❞♦ q✉❡

m2 < c2 <
m2(m1 − d1)

m2 − d2
⇔ I2 < 0. ✭✹✳✷✼✮

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ I1✱ ♣❛r❛ ❡s♦ ♥♦t❡♠♦s q✉❡

I1 = xc −
(A− 1)(c1 −m1)

A2
= xc − (c1 −m1)

(
A− 1

A2

)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✮ t❡♥❡♠♦s

I1 =
1

A
(c1 +A(1− c1))− (c1 −m1)

(
A− 1

A2

)
. ✭✹✳✷✽✮

P❛r❛ q✉❡ Ec ❡①✐st❛ ❡s ♥❡❝❡s❛r✐♦ q✉❡ A > 1✱ ♣❡r♦ s✐ ❝♦♥s✐❞❡r❡♠♦s q✉❡ A ≈ 1 ❡♥t♦♥❝❡s

m1

c2(m2 − d2)

m2
+ d1

≈ 1

m1 − d1 ≈
c2(m2 − d2)

m2

c2 ≈
m2(m1 − d1)

(m2 − d2)

❛❞❡♠ás✱ ❞❡ ✭✹✳✷✽✮ t❡♥❡♠♦s

I1 ≈
1

1
(c1 + 1(1− c1))− (c1 −m1)

(
1− 1

12

)
≈ 1.

P♦r ♦tr♦ ❧❛❞♦

I2 =
d2(m2 − c2)(m2 − d2)

m2
2

= (m2 − c2)

(
d2(m2 − d2)

m2
2

)

I2 ≈

(
m2 −

m2(m1 − d1)

(m2 − d2)

)(
d2(m2 − d2)

m2
2

)

I2 ≈

(
m2(m2 − d2)−m2(m1 − d1)

(m2 − d2)

)(
d2(m2 − d2)

m2
2

)

I2 ≈
d2
m2

((m2 − d2)− (m1 − d1))

❞❡ ❧❛ ❤✐♣ót❡s✐s ✭✐✮ ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥ t❡♥❡♠♦s

0 < m2 − d2 < m1 − d1 ⇒ (m2 − d2)− (m1 − d1) < 0

❡s ❞❡❝✐r

I2 ≈
d2
m2

((m2 − d2)− (m1 − d1)) < 0

② ♣♦r ❝♦♥s❡❝✉❡♥❝✐❛ ❞❡ ❧❛ ❛✜r♠❛❝✐ó♥ ✭✹✳✷✼✮✱ t❡♥❡♠♦s q✉❡

m2 < c2 <
m2(m1 − d1)

m2 − d2

❈♦♠♦ A1 = I1 + I2 s❡ ❝✉♠♣❧❡

A1 ≈ 1 +
d2
m2

((m2 − d2)− (m1 − d1))

✺✷



❉❡ ❧❛ ❤✐♣ót❡s✐s ✭✐✐✮ ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥ t❡♥❡♠♦s

m2

d2
< (m1 − d1)− (m2 − d2)

1 <
d2
m2

((m1 − d1)− (m2 − d2))

1−
d2
m2

((m1 − d1)− (m2 − d2)) < 0

1 +
d2
m2

((m2 − d2)− (m1 − d1)) < 0

❛sí t❡♥❡♠♦s q✉❡

A1 ≈ 1 +
d2
m2

((m2 − d2)− (m1 − d1)) < 0.

❊s ❞❡❝✐r A1 < 0 ♣❛r❛ c2 ❝❡r❝❛♥♦ ❛
m2(m1 − d1)

(m2 − d2)
✳

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥✳

✹✳✷✳ ❊s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥

❊♥ ❡st❛ s❡❝❝✐ó♥ ❡st✉❞✐❛r❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛s✐♥tót✐❝♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮
❛❧r❡❞❡❞♦r ❞❡ E0 = (0, 0, 0) ② E1 = (1, 0, 0) ✳ ❊①❛♠✐♥❛r❡♠♦s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❧❧❡✈❛♥ ❛ ❧❛ ❡①✲
t✐♥❝✐ó♥ ❞❡ ❝✐❡rt❛s ❡s♣❡❝✐❡s✱ ❝♦♠♦ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ x ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ y ② z
✭❡①t❡♥s✐♦♥ t♦t❛❧ E0✮❀ ♦ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ y ② ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ z ♣❡r♦ ♥♦ ❞❡ x
✭❡st❛❞♦ ❧✐❜r❡ ❞❡ ❞❡♣r❡❞❛❞♦r❡s E1✮❀ ♦ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ z ♠❛s ♥♦ ❧❛ ❞❡ x ❡ y✳ ❚♦❞♦ ❡st♦ ♦❝✉rr❡
❝✉❛♥❞♦ ❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ Ec✱ ✐♥t❡r✐♦r ❛ Ω✱ ♥♦ ❡①✐st❡✳

❯♥❛ ❞❡ ❧❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❧❛s ❝❛❞❡♥❛s ❛❧✐♠❡♥t✐❝✐❛s s✐♠♣❧❡s ❡s ❡❧ ❡❢❡❝t♦ ❞♦♠✐♥ó✱ ❡❧ ❝✉❛❧
♥♦s ❞✐❝❡ q✉❡ s✐ s❡ ❡①t✐♥❣✉❡ ❛❧❣ú♥ ♥✐✈❡❧ tró✜❝♦ ❡♥ ♥✉❡str❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛✱ ❡♥t♦♥❝❡s
t❛♠❜✐é♥ ❧♦ ❤❛rá♥ ❧♦s ♥✐✈❡❧❡s tró✜❝♦s s✉♣❡r✐♦r❡s ✭❧♦s q✉❡ q✉❡ s❡ ❛❧✐♠❡♥t❛❧ ❞❡ é❧✮✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✻ ✭❊❢❡❝t♦ ❞♦♠✐♥ó✮ ❙❡❛♥ x, y ② z ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳ ❊♥✲

t♦♥❝❡s

❙✐ ĺım
t→∞

x(t) = 0✱ ❡♥t♦♥❝❡s ĺım
t→∞

y(t) = 0✳

❙✐ ĺım
t→∞

y(t) = 0✱ ❡♥t♦♥❝❡s ĺım
t→∞

z(t) = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❊♥ ❡❢❡❝t♦✱ r❡❝♦r❞❡♠♦s q✉❡

y(t) = y(0)exp

{∫ t

0

(
m1x(s)

x(s) + y(s)
− d1 −

c2z(s)

z(s) + y(s)

)
ds

}

❡♥t♦♥❝❡s

y(t) < y(0)exp

{∫ t

0

(
m1x(s)

x(s) + y(s)
− d1

)
ds

}
✭✹✳✷✾✮

◆♦t❡♠♦s q✉❡ ❡①✐st❡ ĺım
t→∞

y(t), ②❛ q✉❡ ❞❡ ♥♦ s❡r ❛sí ❡♥t♦♥❝❡s

ĺım sup y(t) = y > 0

▲✉❡❣♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✶ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ (tn) t❛❧ q✉❡ ĺım
n→∞

tn =∞ ② ❛❞❡♠ás

y′(tn) = 0 ∧ ĺım
n→∞

y(tn) = y.

✺✸



❉❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

y′(tn) =
m1x(tn)y(tn)

x(tn) + y(tn)
− d1y(tn)−

c2y(tn)z(tn)

z(tn) + y(tn)
<

m1x(tn)y(tn)

x(tn) + y(tn)
− d1y(tn)

0 <
m1x(tn)y(tn)

x(tn) + y(tn)
− d1y(tn)

d1y(tn) <
m1x(tn)y(tn)

x(tn) + y(tn)

ĺım
n→∞

d1y(tn) < ĺım
n→∞

m1x(tn)y(tn)

x(tn) + y(tn)

d1y ≤
m10y

0 + y

d1 ≤ 0

❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣♦r ❧♦ t❛♥t♦ s✐ ❡①✐st❡ ❡❧
❧í♠✐t❡✳

❆✜r♠❛♠♦s q✉❡ ĺım
t→∞

y(t) = 0.

❈♦♠♦ y ❡s ♣♦s✐t✐✈♦ ② ❛❝♦t❛❞♦ ❡♥t♦♥❝❡s s✉♣♦♥❞r❡♠♦s q✉❡ ĺım
t→∞

y(t) > 0.

❊s ❞❡❝✐r
ĺım
t→∞

y(t) = L > 0.

❆sí t❡♥❡♠♦s ♣❛r❛ 0 < ε < L ❡①✐st❡ t∗1 > 0 t❛❧ q✉❡

L− ε < y(t) < L+ ε ∀t > t∗1.

P❛r❛ ❡❧ ♠✐s♠♦ ε✱ ❞❡❧ ĺım
t→∞

x(t) = 0✱ ❡①✐st❡ t∗2 > 0 t❛❧ q✉❡

0 < x(t) < ε ∀t > t∗2.

❚♦♠❛♥❞♦ t∗ = ♠á① {t∗1, t
∗
2} t❡♥❡♠♦s

L− ε < x(t) + y(t) < L+ 2ε ∀t > t∗

1

L+ 2ε
<

1

x(t) + y(t)
<

1

L− ε
∀t > t∗

❧✉❡❣♦
m1x(t)

x(t) + y(t)
<

m1x(t)

L− ε
<

m1ε

L− ε
∀t > t∗

❡s ❞❡❝✐r❀ ∀t > t∗✱ s❡ ❝✉♠♣❧❡

m1x(t)

x(t) + y(t)
− d1 <

m1ε

L− ε
− d1 ✭✹✳✸✵✮

❆❤♦r❛ t♦♠❛♥❞♦

0 < ε <
d1L

m1 + d1
< L

♥♦t❛♠♦s q✉❡

m1ε+ d1ε < d1L

✺✹



m1ε < d1L− d1ε

m1ε

L− ε
< d1

❡♥t♦♥❝❡s
m1ε

L− ε
− d1 < 0. ✭✹✳✸✶✮

❉❡ ✭✹✳✷✾✮ ② ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ y t❡♥❡♠♦s

0 < y(t) < y(0)exp

{∫ t∗

0

(
m1x(s)

x(s) + y(s)
− d1

)
ds+

∫ t

t∗

(
m1x(s)

x(s) + y(s)
− d1

)
ds

}

♣♦r ✭✹✳✸✵✮ t❡♥❡♠♦s

0 < y(t) < y(0)exp

{∫ t∗

0

(
m1x(s)

x(s) + y(s)
− d1

)
ds+

∫ t

t∗

(
m1ε

L− ε
− d1

)
ds

}

❡♥t♦♥❝❡s

0 ≤ ĺım
t→∞

y(t) ≤ y(0)exp

{∫ t∗

0

(
m1x(s)

x(s) + y(s)
− d1

)
ds+ ĺım

t→∞

∫ t

t∗

(
m1ε

L− ε
− d1

)
ds

}

② ♣♦r ✭✹✳✸✶✮ ❝♦♥❝❧✉✐♠♦s q✉❡ ĺım
t→∞

y(t) = 0✱ ❧♦ ❝✉❛❧ ❝♦♥tr❛❞✐❝❡ ♥✉❡str❛ s✉♣♦s✐❝✐ó♥✳

❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ❧❛ ✐♠♣❧✐❝❛❝✐ó♥

ĺım
t→∞

x(t) = 0→ ĺım
t→∞

y(t) = 0.

P❛r❛ t❡r♠✐♥❛r ❝♦♥ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ❡st❛ ♣r♦♣♦s✐❝✐ó♥✱ ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦
❞❡ z ❧♦ ❝✉❛❧ ❤❛r❡♠♦s ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ ❧♦ ❛♥t❡r✐♦r✱ ♣r✐♠❡r♦ r❡❝♦r❞❡♠♦s q✉❡

z(t) = z(0)exp

{∫ t

0

(
m2y(s)

y(s) + z(s)
− d2

)
ds

}
, ✭✹✳✸✷✮

② ♣r♦❜❛r❡♠♦s✱ ♣♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ q✉❡ s❡ ❝✉♠♣❧❡

ĺım
t→∞

y(t) = 0→ ĺım
t→∞

z(t) = 0.

◆♦t❡♠♦s q✉❡ ❡①✐st❡ ĺım
t→∞

z(t), ②❛ q✉❡ q✉❡ ❞❡ ♥♦ s❡r ❛sí

ĺım sup z(t) = z > 0.

▲✉❡❣♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✶ ❡①✐st❡ ✉♥❛ s✉❝❡s✐ó♥ (tn) t❛❧ q✉❡ ĺım
n→∞

tn =∞ ② ❛❞❡♠ás

z′(tn) = 0 ∧ ĺım
n→∞

z(tn) = z.

❉❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

z′(tn) =
m2y(tn)z(tn)

z(tn) + y(tn)
− d2z(tn)

d2z(tn) =
m2y(tn)z(tn)

z(tn) + y(tn)

ĺım
n→∞

d2z(tn) = ĺım
n→∞

m2y(tn)z(tn)

z(tn) + y(tn)

✺✺



d2z =
m20z

z + 0

d2 = 0.

❨ ❡st♦ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ❝♦♥ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ ❧♦s ♣❛rá♠❡tr♦s✱ ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ ❡❧
❧í♠✐t❡✳

❆✜r♠❛♠♦s q✉❡ ĺım
t→∞

z(t) = 0.

P♦r ❧❛ ♣♦s✐t✐✈✐❞❛❞ ② ❛❝♦t❛❝✐ó♥ ❞❡ z ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡

ĺım
t→∞

z(t) = L > 0

❆sí t❡♥❡♠♦s ♣❛r❛ 0 < ε < L ❡①✐st❡ t∗1 > 0 t❛❧ q✉❡

L− ε < z(t) < L+ ε ∀t > t∗1.

P❛r❛ ❡❧ ♠✐s♠♦ ε✱ ❞❡ ĺım
t→∞

y(t) = 0 ❡①✐st❡ t∗2 > 0 t❛❧ q✉❡

0 < y(t) < ε ∀t > t∗2.

❚♦♠❛♥❞♦ t∗ = ♠á① {t∗1, t
∗
2} t❡♥❡♠♦s

L− ε < y(t) + z(t) < L+ 2ε ∀t > t∗

1

L+ 2ε
<

1

y(t) + z(t)
<

1

L− ε
∀t > t∗

❧✉❡❣♦
m2y(t)

y(t) + z(t)
<

m2y(t)

L− ε
<

m2ε

L− ε
∀t > t∗

❡s ❞❡❝✐r❀ ∀t > t∗✱ s❡ ❝✉♠♣❧❡

m2y(t)

y(t) + z(t)
− d2 <

m2ε

L− ε
− d2 ✭✹✳✸✸✮

❆❤♦r❛ t♦♠❛♥❞♦

0 < ε <
d2L

m2 + d2
< L

♥♦t❛♠♦s q✉❡
m2ε+ d2ε < d2L

m2ε < d2L− d2ε

m2ε

L− ε
< d2

❡♥t♦♥❝❡s
m2ε

L− ε
− d2 < 0. ✭✹✳✸✹✮

❉❡ ✭✹✳✸✷✮ ② ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ z t❡♥❡♠♦s

0 < z(t) < z(0)exp

{∫ t∗

0

(
m2y(s)

y(s) + z(s)
− d2

)
ds+

∫ t

t∗

(
m2y(s)

y(s) + z(s)
− d2

)
ds

}

✺✻



♣♦r ✭✹✳✸✸✮ t❡♥❡♠♦s

0 < z(t) < z(0)exp

{∫ t∗

0

(
m2y(s)

y(s) + z(s)
− d2

)
ds+

∫ t

t∗

(
m2ε

L− ε
− d2

)
ds

}

❡♥t♦♥❝❡s

0 ≤ ĺım
t→∞

z(t) ≤ z(0)exp

{∫ t∗

0

(
m2y(s)

y(s) + z(s)
− d2

)
ds+ ĺım

t→∞

∫ t

t∗

(
m2ε

L− ε
− d2

)
ds

}

② ♣♦r ✭✹✳✸✹✮ ❝♦♥❝❧✉✐♠♦s q✉❡ ĺım
t→∞

z(t) = 0✱ ❧♦ ❝✉❛❧ ❝♦♥tr❛❞✐❝❡ ♥✉❡str❛ s✉♣♦s✐❝✐ó♥✱ ♣♦r ❧♦

t❛♥t♦ s❡ ❝✉♠♣❧❡
ĺım
t→∞

y(t) = 0→ ĺım
t→∞

z(t) = 0.

❆sí t❡♥❡♠♦s q✉❡ s✐ s❡ ❡①t✐♥❣✉❡ x t❛♠❜✐é♥ ❧♦ ❤❛rá y✱ ② s✐ s❡ ❡①t✐♥❣✉❡ y t❛♠❜✐é♥ ❧♦ ❤❛rá z✳

❊♥ ❧♦s s✐❣✉✐❡♥t❡s r❡s✉❧t❛❞♦s ✈❡r❡♠♦s ♦tr♦s ❝❛s♦s ❞❡ ❡①t✐♥❝✐ó♥ ② ❛❧ ❞❡ ✜♥❛❧ ❞❡ ❧❛ s❡❝❝✐ó♥
❞❛r❡♠♦s ✉♥ t❡♦r❡♠❛ q✉❡ r❡s✉♠❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s s❡ ❡①t✐♥❣✉❡ ❡❧ ❞❡♣r❡❞❛❞♦r
s✉♣❡r✐♦r✳

❊♠♣❡③❛r❡♠♦s ✈✐❡♥❞♦ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❤❛❝❡♥ q✉❡ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② s✉♣❡r✐♦r
s❡ ❡①t✐♥❣❛♥✳

▲❡♠❛ ✹✳✷ ❙✐ m2 > d2 ② 0 < A ≤ 1 ❞♦♥❞❡ A ❡st❛ ❞❡✜♥✐❞♦ ♣♦r ✭✹✳✶✮✳ ❊♥t♦♥❝❡s

ĺım
t→∞

y(t) = 0 ∧ ĺım
t→∞

z(t) = 0.

❉❡♠♦str❛❝✐ó♥✳
❚❡♥❡♠♦s ❝♦♠♦ ❤✐♣ót❡s✐s m2 > d2 ② 0 < A ≤ 1✱ ❡♥t♦♥❝❡s ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✶✮ t❡♥❡♠♦s

0 <
m1

c2(m2 − d2)

m2
+ d1

≤ 1 ⇒ m1 ≤
c2(m2 − d2)

m2
+ d1

❧✉❡❣♦ ∃η ≥ 0 t❛❧ q✉❡

m1 + η =
c2(m2 − d2)

m2
+ d1

❡♥t♦♥❝❡s
c2
m2

(m2 − d2) = m1 + η − d1 ✭✹✳✸✺✮

❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ♣❛r❛ s ≥ 0 t❡♥❡♠♦s

y′(s) = y(s)

(
m1x(s)

x(s) + y(s)
− d1 −

c2z(s)

z(s) + y(s)

)

y′(s)

y(s)
=

m1x(s)

x(s) + y(s)
− d1 −

c2z(s)

z(s) + y(s)
−

c2y(s)

y(s) + z(s)
+

c2y(s)

y(s) + z(s)
−

d2c2
m2

+
d2c2
m2

y′(s)

y(s)
−

c2y(s)

y(s) + z(s)
+

d2c2
m2

=
m1x(s)

x(s) + y(s)
− d1 −

c2z(s)

z(s) + y(s)
−

c2y(s)

y(s) + z(s)
+

d2c2
m2

y′(s)

y(s)
−

c2
m2

(
m2y(s)

y(s) + z(s)
− d2

)
=

m1x(s)

x(s) + y(s)
− d1 +

−c2z(s)− c2y(s)

z(s) + y(s)
+

d2c2
m2

✺✼



❞❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ② ❧♦ ❛♥t❡r✐♦r✱ t❡♥❡♠♦s

y′(s)

y(s)
−

c2
m2

z′(s)

z(s)
=

m1x(s)

x(s) + y(s)
− d1 − c2 +

d2c2
m2

y′(s)

y(s)
−

c2
m2

z′(s)

z(s)
=

(
m1 −

m1y(s)

x(s) + y(s)
− d1

)
−

c2
m2

(m2 − d2)

② ♣♦r ✭✹✳✸✺✮✱ t❡♥❡♠♦s

y′(s)

y(s)
−

c2
m2

z′(s)

z(s)
= m1 −

m1y(s)

x(s) + y(s)
− d1 − (m1 + η − d1)

y′(s)

y(s)
−

c2
m2

z′(s)

z(s)
= −

m1y(s)

x(s) + y(s)
− η ≤ −

m1y(s)

x(s) + y(s)

❞❡ ❞♦♥❞❡ t❡♥❡♠♦s
d

ds
ln y(s)−

c2
m2

d

ds
ln z(s) ≤ −

m1y(s)

x(s) + y(s)

d

(
ln y(s)−

c2
m2

ln z(s)

)
≤ −

m1y(s)

x(s) + y(s)
ds

∫ t

0
d

(
ln y(s)−

c2
m2

ln z(s)

)
≤ −

∫ t

0

m1y(s)

x(s) + y(s)
ds

ln

(
y(t)

y(0)

)
−

c2
m2

ln

(
z(t)

z(0)

)
≤ −

∫ t

0

m1y(s)

x(s) + y(s)
ds

ln




y(t)

y(0)
(
z(t)

z(0)

) c2
m2


 ≤ −

∫ t

0

m1y(s)

x(s) + y(s)
ds

y(t) ≤ y(0)

(
z(t)

z(0)

) c2
m2

exp

{
−

∫ t

0

m1y(s)

x(s) + y(s)
ds

}

❡s ❞❡❝✐r

y(t) ≤
y(0)

(z(0))
c2
m2

(z(t))
c2
m2 exp

{
−

∫ t

0

m1y(s)

x(s) + y(s)
ds

}
✭✹✳✸✻✮

❉❡❧ ▲❡♠❛ ✸✳✷✱ t❡♥❡♠♦s q✉❡ ❡①✐st❡ Mε > 0 t❛❧ q✉❡ x(s) + y(s) < Mε ♣❛r❛ s ≥ 0✱ ❞❡ ❞♦♥❞❡

1

Mε
<

1

x(s) + y(s)

m1y(s)

Mε
<

m1y(s)

x(s) + y(s)

−
m1

Mε

∫ t

0
y(s)ds > −

∫ t

0

m1y(s)

x(s) + y(s)
ds

❧✉❡❣♦ t❡♥❡♠♦s

exp

{
−

∫ t

0

m1y(s)

x(s) + y(s)
ds

}
< exp

{
−
m1

Mε

∫ t

0
y(s)ds

}

✺✽



♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✻✮ ② ♣♦s✐t✐✈✐❞❛❞ ❞❡ y✱ ♣❛r❛ t ≥ 0✱ t❡♥❡♠♦s

0 < y(t) <
y(0)

(z(0))
c2
m2

(z(t))
c2
m2 exp

{
−
m1

Mε

∫ t

0
y(s)ds

}
✭✹✳✸✼✮

❆❞✐❝✐♦♥❛❧♠❡♥t❡✱ ❞❡❧ ▲❡♠❛ ✸✳✷✱ t❡♥❡♠♦s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ N > 0 t❛❧ q✉❡ z(t) < N ♣❛r❛ t♦❞♦
t ≥ 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡

(z(t))
c2
m2 < N

c2
m2

y(0)

(z(0))
c2
m2

(z(t))
c2
m2 <

y(0)

(z(0))
c2
m2

N
c2
m2 = M

❡s ❞❡❝✐r ❡①✐st❡ ❛❧❣ú♥ M > 0 t❛❧ q✉❡

y(0)

(z(0))
c2
m2

(z(t))
c2
m2 < M

❧✉❡❣♦ ♣♦r ❧❛ ❞❡s✐❣✉❛❧❞❛❞ ✭✹✳✸✼✮ t❡♥❡♠♦s

0 < y(t) < Mexp

{
−
m1

Mε

∫ t

0
y(s)ds

}
✭✹✳✸✽✮

❆✜r♠❛♠♦s q✉❡ ĺım
t→∞

y(t) = 0.

❊♥ ❡❢❡❝t♦ ♣♦r ❧❛ ♣♦s✐t✐✈✐❞❛❞ ② ❛❝♦t❛❝✐ó♥ ❞❡ y t❡♥❡♠♦s

∃C > 0 t❛❧ q✉❡ |y′(t)| < C, ∀t ≥ 0.

❨❛ q✉❡ ❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡ s✐st❡♠❛ ✭✷✳✶✶✮

y′(t) =
m1xy

x+ y
− d1y −

c2yz

z + y

t❡♥❡♠♦s
y′(t) ≤

m1xy

x+ y
≤ m1x

y′(t) < m1Mε.

❆sí t❛♠❜✐é♥
−d1y −

c2yz

z + y
≤ y′(t).

P❡r♦ ❝♦♠♦
0 < y < Mε ⇒ −y > −Mε

c2yz

z + y
≤ yc2 ⇒ −

c2yz

z + y
≥ −yc2

❡♥t♦♥❝❡s
−d1Mε − c2Mε < y′(t).

P♦r ❧♦ t❛♥t♦
|y′(t)| < C, ❝♦♥ C = máx {m1Mε, (d1 + c2)Mε} > 0.

❊♥t♦♥❝❡s y ❡s ❧✐♣s❝❤✐t③✐❛♥❛ ② ♣♦r ❡♥❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉❛✳

✺✾



▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦ ∃c ∈< a, b > t❛❧ q✉❡
∫ b

a

y(t)dt = y(c)(b − a)✱

t♦♠❛♥❞♦ a = 0 ② b = t✱ t❡♥❡♠♦s

ĺım
t→∞

∫ t

0
y(s)ds = ĺım

t→∞
y(c)(t− 0) = +∞.

▲✉❡❣♦ t♦♠❛♥❞♦ ❧í♠✐t❡ ❛ ✭✹✳✸✽✮

0 ≤ ĺım
t→∞

y(t) ≤ ĺım
t→∞

Mexp

{
−
m1

Mε

∫ t

0
y(s)ds

}
= 0

P♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤ t❡♥❡♠♦s

ĺım
t→∞

y(t) = 0.

❨ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✻ ✭❡❢❡❝t♦ ❞♦♠✐♥ó✮✱ s❡ ❝✉♠♣❧❡

ĺım
t→∞

y(t) = 0 → ĺım
t→∞

z(t) = 0.

❆sí t❡♥❡♠♦s ♣r♦❜❛❞♦ ❡❧ ❧❡♠❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ✉♥ t❡♦r❡♠❛ q✉❡ ♥♦s ❞❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡ ❡❧
❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② s✉♣❡r✐♦r✱ ♣❡r♦ ♥♦ ❞❡ ❧❛ ❡s♣❡❝✐❡ ♣r❡s❛ x✳

❊❧ t❡♦r❡♠❛ s✉❣✐❡r❡ q✉❡ s✐ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ t✐❡♥❡ ✉♥❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❝♦♥s✉♠♦ ❜❛❥❛
✭❝❛r❛❝t❡r✐③❛❞♦ ♣♦r c1 < 1✮ ❡♥t♦♥❝❡s ❧❛s ♣r❡s❛s ♣❡rs✐st✐rá♥✳

❚❡♦r❡♠❛ ✹✳✶ ❙❡❛ m2 > d2 ② 0 < A ≤ 1✳ ❚❛❧ q✉❡ s✐ c1 < 1✱ ❡♥t♦♥❝❡s

ĺım
t→∞

(x(t), y(t), z(t)) = (1, 0, 0).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ▲❡♠❛ ✹✳✷ t❡♥❡♠♦s q✉❡

ĺım
t→∞

y(t) = 0 ② ĺım
t→∞

z(t) = 0.

❉❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′ = x− x2 −
c1xy

x+ y

❛❞❡♠ás
y < x+ y →

xy

x+ y
< x

♣♦r ❝♦♥s✐❣✉✐❡♥t❡

−
c1xy

x+ y
> −c1x

❡♥t♦♥❝❡s
x′ = x− x2 −

c1xy

x+ y
> x− x2 − c1x

❡s ❞❡❝✐r
x′ > x(1− c1 − x)

✻✵



❝♦♠♦ c1 < 1✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛❝✐ó♥ ② ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❧♦❣íst✐❝❛ t❡♥❡♠♦s

ĺım ı́nf x(t) ≥ ĺım ı́nf
(1− c1)x(0)exp {(1− c1)t}

1− c1 + x(0) [exp {(1− c1)t} − 1]

≥ ĺım
t→∞

(1− c1)x(0)exp {(1− c1)t}

1− c1 + x(0) [exp {(1− c1)t} − 1]

≥ 1− c1

❡s ❞❡❝✐r
ĺım ı́nf x(t) ≥ 1− c1 > 0

❝♦♠♦ ĺım
t→∞

y(t) = 0✱ ♣❛r❛ 0 < ε < c1 ❡①✐st❡ t∗1 > 0 t❛❧ q✉❡

y(t) <

(
1− c1

2

)(
ε

c1 − ε

)
∀t > t∗1

② ❝♦♠♦ ĺım ı́nf x(t) ≥ 1− c1✱ ❡①✐st❡ t∗2 > 0 t❛❧ q✉❡

x(t) ≥ 1− c1 >
1− c1

2
∀t > t∗2

❡s ❞❡❝✐r
1

x(t)
<

2

1− c1

❙❡❛ t∗ = máx{t∗1, t
∗
2} ♣❛r❛ ❡❧ ❝✉❛❧ s❡ ❝✉♠♣❧❡

y(t)

x(t)
<

(
1− c1

2

)(
ε

c1 − ε

)(
2

1− c1

)
=

ε

c1 − ε

❆sí ♣❛r❛ t > t∗ s❡ ❝✉♠♣❧❡
y(t)(c1 − ε) < εx(t)

c1y(t) < ε(x(t) + y(t))

c1y(t)

x(t) + y(t)
< ε.

❊s ❞❡❝✐r

−
c1y(t)

x(t) + y(t)
> −ε ∀t > t∗

❡♥t♦♥❝❡s ♣❛r❛ t > t∗✱ ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′ = x− x2 −
c1xy

x+ y
> x− xε− x2

❡♥t♦♥❝❡s ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛❝✐ó♥ ② ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ❧♦❣íst✐❝❛ t❡♥❡♠♦s

ĺım ı́nf x(t) ≥ ĺım ı́nf
(1− ε)x(0)exp {(1− ε)t}

1− ε+ x(0) [exp {(1− ε)t} − 1]

≥ ĺım
t→∞

(1− ε)x(0)exp {(1− ε)t}

1− ε+ x(0) [exp {(1− ε)t} − 1]

≥ 1− ε

❡s ❞❡❝✐r
ĺım ı́nf x(t) ≥ 1− ε

✻✶



❤❛❝✐❡♥❞♦ ε→ 0✱ t❡♥❡♠♦s
ĺım ı́nf x(t) ≥ 1. ✭✹✳✸✾✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′ = x− x2 −
c1xy

x+ y
< x− x2

❡s ❞❡❝✐r
x′ < x(1− x)

❛♥á❧♦❣❛♠❡♥t❡ ❛ ❧♦ ❛♥t❡r✐♦r✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡ ❈♦♠♣❛r❛❝✐ó♥ ② ♣r♦♣✐❡❞❛❞ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❧♦❣íst✐❝❛ t❡♥❡♠♦s

ĺım supx(t) ≤ ĺım sup
x(0)exp {t}

1 + x(0) [exp {t} − 1]

≤ ĺım
t→∞

x(0)exp {t}

1 + x(0) [exp {t} − 1]

≤ 1

❡s ❞❡❝✐r
ĺım supx(t) ≤ 1. ✭✹✳✹✵✮

❡♥t♦♥❝❡s ❞❡ ❧❛s ✐♥❡❝✉❛❝✐♦♥❡s ✭✹✳✸✾✮ ② ✭✹✳✹✵✮ t❡♥❡♠♦s

1 ≤ ĺım ı́nf x(t) ≤ ĺım supx(t) ≤ 1

❡st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡
ĺım ı́nf x(t) = ĺım supx(t) = 1

♣♦r ❝♦♥s✐❣✉✐❡♥t❡
ĺım
t→∞

x(t) = 1.

❆sí t❡r♠✐♥❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ t❡♦r❡♠❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ✉♥ t❡♦r❡♠❛ q✉❡ ♥♦s ❞❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡
❧❛s tr❡s ❡s♣❡❝✐❡s✳ ❊❧ t❡♦r❡♠❛ ✐♥❞✐❝❛ q✉❡ s✐ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ t✐❡♥❡ ✉♥❛ ❝❛♣❛❝✐❞❛❞ ❞❡
❝♦♥s✉♠♦ ❛❧t❛ ② ❛❣r❡s✐✈❛ ✭❝❛r❛❝t❡r✐③❛❞♦ ♣♦r ✈❛❧♦r❡s ❣r❛♥❞❡s ❞❡ c1✮ ② ❤❛② ♣♦❝❛ r❡♣♦s✐❝✐ó♥
❞❡ ❧❛s ♣r❡s❛s ♣❛r❛ s❛❝✐❛r ❞✐❝❤❛s ♥❡❝❡s✐❞❛❞❡s✱ ❡♥t♦♥❝❡s ❧❛s tr❡s ❡s♣❡❝✐❡s s❡ ❡①t✐♥❣✉✐rá♥✳

❚❡♦r❡♠❛ ✹✳✷ ❙❡❛ m2 > d2 ② 0 < A ≤ 1✳ ❚❛❧ q✉❡ s✐

c1 > 1 + d1 + c2 ② δ :=
c1 − (1 + d1 + c2)

1 + d1 + c2
>

x(0)

y(0)
,

❡♥t♦♥❝❡s

ĺım
t→∞

(x(t), y(t), z(t)) = (0, 0, 0).

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ m2 > d2 ② 0 < A ≤ 1✱ ❡♥t♦♥❝❡s ♣♦r ❡❧ ▲❡♠❛ ✹✳✷✱ t❡♥❡♠♦s

ĺım
t→∞

y(t) = 0 ∧ ĺım
t→∞

z(t) = 0.

❙✐ c1 > 1 + d1 + c2 ② δ :=
c1 − (1 + d1 + c2)

1 + d1 + c2
>

x(0)

y(0)
✱ ❡♥t♦♥❝❡s ♣♦❞❡♠♦s ❛✜r♠❛r

x(t)

y(t)
< δ, ∀t > 0.

✻✷



❊♥ ❡❢❡❝t♦✱ ♣r♦❜❛r❡♠♦s ❡st♦ ♣♦r ❝♦♥tr❛❞✐❝❝✐ó♥✱ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ t1 > 0 t❛❧ q✉❡ ❡s ❡❧ ♣r✐♠❡r
♣✉♥t♦ ❞♦♥❞❡

x(t1)

y(t1)
= δ ②

x(t)

y(t)
< δ ♣❛r❛ t ∈ [0, t1〉 . ✭✹✳✹✶✮

P❛r❛ t ∈ [0, t1〉✱ t❡♥❡♠♦s
x(t)

y(t)
< δ

1 +
x

y
< 1 + δ

−
1

1 + x
y

< −
1

1 + δ
,

② ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′ = x− x2 −
c1xy

x+ y
< x−

c1xy

x+ y

❧✉❡❣♦

x′ < x

(
1−

c1y

x+ y

)
= x


1−

c1

1 +
x

y




❛sí ♣❛r❛ t ∈ [0, t1〉✱ t❡♥❡♠♦s

x′ < x

(
1−

1

1 + δ

)
. ✭✹✳✹✷✮

❆❞❡♠ás✱ ❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

y′ =
m1xy

x+ y
− y

(
d1 +

c2z

y + z

)

y′ > −y

(
d1 +

c2z

y + z

)
,

❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ y ② z t❡♥❡♠♦s

z < z + y ⇒
z

y + z
< 1 ⇒ −c2 < −

c2z

y + z

♣♦r ❧♦ t❛♥t♦✱ s❡ ❝✉♠♣❧❡

y′ > y (−d1 − c2) ∀t > 0. ✭✹✳✹✸✮

P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s

δ =
c1 − (1 + d1 + c2)

1 + d1 + c2

δ + 1 =
c1 − (1 + d1 + c2)

1 + d1 + c2
+ 1 =

c1
1 + d1 + c2

1 + d1 + c2
c1

=
1

δ + 1

1 + d1 + c2 =
c1

δ + 1

❆sí t❡♥❡♠♦s
1−

c1
δ + 1

= −d1 − c2. ✭✹✳✹✹✮

✻✸



❉❡ ✭✹✳✹✷✮✱ t❡♥❡♠♦s ♣❛r❛ t ∈ [0, t1〉

x′

x
< 1−

1

1 + δ

d

dt
(lnx(t)) < 1−

1

1 + δ

∫ t1

0
d (lnx(t)) ≤

∫ t1

0

(
1−

1

1 + δ

)
dt

lnx(t1)− lnx(0) ≤

(
1−

1

1 + δ

)
t1

ln

(
x(t1)

x(0)

)
≤

(
1−

1

1 + δ

)
t1

x(t1) ≤ x(0)exp

{(
1−

1

1 + δ

)
t1

}

♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✹✮✱ ♣❛r❛ t ∈ [0, t1〉 t❡♥❡♠♦s

x(t1) ≤ x(0)exp {−(d1 + c2)t1} . ✭✹✳✹✺✮

❉❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✹✸✮✱ t❡♥❡♠♦s
y′

y
> −d1 − c2

d

dt
(ln y(t)) > −(d1 + c2)

∫ t1

0
d(ln y(t)) ≥ −

∫ t1

0
(d1 + c2)dt

ln y(t1)− ln y(0) ≥ −(d1 + c2)t1

ln

(
y(t1)

y(0)

)
≥ −(d1 + c2)t1

y(t1) ≥ y(0)exp {−(d1 + c2)t1}

❧✉❡❣♦ t❡♥❡♠♦s
y(0) ≤ y(t1)exp {(d1 + c2)t1} . ✭✹✳✹✻✮

❉❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✹✺✮ t❡♥❡♠♦s

x(t1)y(0) ≤ x(0)y(0)exp {−(d1 + c2)t1}

② ♣♦r ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✹✻✮ t❡♥❡♠♦s

x(t1)y(0) < x(0)y(0)exp {−(d1 + c2)t1} ≤ x(0)y(t1)exp {(d1 + c2)t1} exp {−(d1 + c2)t1}

♣♦r ❝♦♥s✐❣✉✐❡♥t❡

x(t1)y(0) ≤ x(0)y(t1)exp {((d1 + c2)− (d1 + c2))t1} = x(0)y(t1)

❡s ❞❡❝✐r
x(t1)

y(t1)
≤

x(0)

y(0)

✻✹



② ❞❡ ♥✉❡str❛s ❤✐♣ót❡s✐s ✐♥✐❝✐❛❧❡s t❡♥❡♠♦s

δ =
x(t1)

y(t1)
≤

x(0)

y(0)
< δ

❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✳ ❆sí t❡♥❡♠♦s ♣r♦❜❛❞❛ ♥✉❡str❛ ❛✜r♠❛❝✐ó♥✳

❉❡ ❢♦r♠❛ s✐♠✐❧❛r ❛ ❧❛ ❝♦♥str✉❝❝✐ó♥ ❞❡ ✭✹✳✹✺✮ ② ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ x✱ t❡♥❡♠♦s

0 < x(t) < x(0)exp {−(d1 + c2)t} ∀t > 0 ✭✹✳✹✼✮

② ❞❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤✱ t❡♥❡♠♦s

ĺım
t→∞

x(t) = 0.

❆sí t❡r♠✐♥❛ ❧❛ ❛♣r✉❡❜❛ ❞❡❧ t❡♦r❡♠❛✳

◆♦t❡♠♦s q✉❡ s✐ E0 = (0, 0, 0) ❢✉❡s❡ ✉♥ ❛tr❛❝t♦r ❣❧♦❜❛❧✱ ❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❡st❛rí❛
❡①♣❡r✐♠❡♥t❛♥❞♦ ✉♥❛ ❡①t✐♥❝✐ó♥ t♦t❛❧✳ ❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s
❡❧ ♣✉♥t♦ ❝rít✐❝♦ E0 ❡s ✉♥ ❛tr❛❝t♦r ❣❧♦❜❛❧✳

❚❡♦r❡♠❛ ✹✳✸ ❙✐ c1 > 1 ② m1 ≥
c1

c1 − 1
(d1+ c2)✱ ❡♥t♦♥❝❡s E0 = (0, 0, 0) ❡s ❛tr❛❝t♦r ❣❧♦❜❛❧✳

❊st♦ ❡s

ĺım
t→∞

(x(t), y(t), z(t)) = (0, 0, 0).

❉❡♠♦str❛❝✐ó♥✳ ❊♠♣❡③❛r❡♠♦s ♠♦str❛♥❞♦ q✉❡ ĺım
t→∞

x(t) = 0✱ ♣❛r❛ ❡❧❧♦ ❝♦♥s✐❞❡r❡♠♦s

0 < U(t) =
x(t)

(y(t))α
, ❞♦♥❞❡ α s❡r❛ ❞❡t❡r♠✐♥❛❞♦ ❞❡s♣✉❡s✳

❆sí t❡♥❡♠♦s

U ′ =
x′yα − αxyα−1y′

y2α

U ′ =
1

yα

(
x′ −

αxy′

y

)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ♣r✐♠❡r❛ ② s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

U ′ =
1

yα

[
x(1− x)−

c1xy

x+ y
−

αx

y

(
m1xy

x+ y
− d1y −

c2yz

y + z

)]

❡s ❞❡❝✐r

U ′ =
x

yα

[
1− x−

c1y

x+ y
−

α

y

(
m1xy

x+ y
− d1y −

c2yz

y + z

)]

=
x

yα

(
1− x−

c1y

x+ y
−

αm1x

x+ y
+ αd1 +

αc2z

y + z

)

=
x

yα

(
1− x+ αd1 −

c1y + αm1x

x+ y
+

αc2z

y + z
+ αc2 − αc2

)

=
x

yα

[
1 + α(d1 + c2)− x−

c1y + αm1x

x+ y
+ αc2

(
z

y + z
− 1

)]

✻✺



U ′ =
x

yα

[
1 + α(d1 + c2)−

c1y + αm1x

x+ y
− x−

αc2y

y + z

]

=
x

yα

[
x+ y + α(d1 + c2)(x+ y)− (c1y + αm1x)

x+ y
− x−

αc2y

y + z

]

=
x

yα

[
x+ y + α(d1 + c2)x+ α(d1 + c2)y − c1y − αm1x

x+ y
− x−

αc2y

y + z

]

=
x

yα

[
[1 + α(d1 + c2 −m1)]x+ [1− c1 + α(d1 + c2)]y

x+ y
− x−

αc2y

y + z

]

❙✐ ❞❡♥♦t❛♠♦s ❝♦♠♦

β1 = 1 + α(d1 + c2 −m1) ∧ β2 = 1− c1 + α(d1 + c2)

❡♥t♦♥❝❡s t❡♥❡♠♦s

U ′ =
x

yα

[
β1x+ β2y

x+ y
− x−

αc2y

y + z

]

❡s ❞❡❝✐r

U ′ = U

(
β1x+ β2y

x+ y
− x−

αc2y

y + z

)
. ✭✹✳✹✽✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ t❡♥❡♠♦s

m1 ≥
c1(d1 + c2)

c1 − 1
⇒ m1(c1 − 1) ≥ c1(d1 + c2)

❡s ❞❡❝✐r
c1
m1
≤

c1 − 1

d1 + c2

❆❞❡♠ás✱ ❞❡ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ t❡♦r❡♠❛ c1 > 1✱ ♣♦r ❧♦ t❛♥t♦ ❡①✐st❡ α > 0 t❛❧ q✉❡

c1
m1
≤ α ≤

c1 − 1

d1 + c2
.

❚❛♠❜✐é♥ ♥♦t❛♠♦s

m1 ≥
c1(d1 + c2)

c1 − 1
⇒ m1c1 −m1 ≥ c1d1 + c1c2 ⇒ c1(m1 − d1 − c2) ≥ m1

❡s ❞❡❝✐r
1

m1 − d1 − c2
≤

c1
m1

❆sí t❡♥❡♠♦s
1

m1 − d1 − c2
≤

c1
m1
≤ α ≤

c1 − 1

d1 + c2
. ✭✹✳✹✾✮

❊♥ ❝♦♥s❡❝✉❡♥❝✐❛ β1 ② β2 s♦♥ ♥♦ ♣♦s✐t✐✈♦s✳ ❊♥ ❡❢❡❝t♦

β1 = 1− α(m1 − d1 − c2)

α(m1 − d1 − c2) = 1− β1

α

1− β1
=

1

m1 − d1 − c2

✻✻



② ❞❡ ✭✹✳✹✾✮ t❡♥❡♠♦s
α

1− β1
=

1

m1 − d1 − c2
≤ α

1

1− β1
≤ 1 ⇒ β1 ≤ 0.

P♦r ♦tr♦ ❧❛❞♦✱ t❡♥❡♠♦s
β2 = 1− c1 + α(d1 + c2)

β2 + c1 − 1 = α(d1 + c2)

(c1 − 1)

(
β2

c1 − 1
+ 1

)
= α(d1 + c2)

(c1 − 1)

(
β2 + c1 − 1

c1 − 1

)
= α(d1 + c2)

c1 − 1

d1 + c2
= α

(
c1 − 1

β2 + c1 − 1

)

② ❞❡ ✭✹✳✹✾✮ t❡♥❡♠♦s

α ≤
c1 − 1

d1 + c2
= α

(
c1 − 1

β2 + c1 − 1

)

1 ≤
c1 − 1

β2 + c1 − 1
⇒ β2 ≤ 0.

▲✉❡❣♦ ❡♥ ✭✹✳✹✽✮ t❡♥❡♠♦s

U ′ = U

(
β1x+ β2y

x+ y
− x−

αc2y

y + z

)
< −xU

❡♥t♦♥❝❡s
U ′

U
< −x

❞❡ ❞♦♥❞❡ t❡♥❡♠♦s

0 < U(t) ≤ U(0)exp

{
−

∫ t

0
x(s)ds

}
.

0 <
x(t)

(y(t))α
≤ U(0)exp

{
−

∫ t

0
x(s)ds

}

0 < x(t) ≤ (y(t))αU(0)exp

{
−

∫ t

0
x(s)ds

}

❝♦♠♦ y ❡s ❛❝♦t❛❞❛ ❡♥t♦♥❝❡s ❡①✐st❡ ✉♥ Nε > 0 t❛❧ q✉❡ y(t) < Nε ♣❛r❛ t♦❞♦ t ≥ 0 ❡♥t♦♥❝❡s
s❡ ❝✉♠♣❧❡ (y(t))α < (Nε)

α. ❆sí t❡♥❡♠♦s

0 < x(t) < (Nε)
αU(0)exp

{
−

∫ t

0
x(s)ds

}
. ✭✹✳✺✵✮

❆✜r♠❛♠♦s q✉❡ ĺım
t→∞

x(t) = 0✳

✻✼



❊♥ ❡❢❡❝t♦✱ ❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ② ❛❝♦t❛❝✐ó♥ ❞❡ x t❡♥❡♠♦s q✉❡

∃C > 0 t❛❧ q✉❡ |x′(t)| < C, ∀t ≥ 0.

❨❛ q✉❡ ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡ s✐st❡♠❛ ✭✷✳✶✶✮

x′(t) = x(1− x)−
c1xy

x+ y

t❡♥❡♠♦s
x′(t) ≤ x(1− x) < x

x′(t) < Mε.

❆sí t❛♠❜✐é♥
−

c1xy

x+ y
≤ x′(t).

P❡r♦ ❝♦♠♦
0 < x < Mε ⇒ −x > −Mε

c1xy

x+ y
≤ xc1 ⇒ −

c1xy

x+ y
≥ −xc1

❡♥t♦♥❝❡s
−c1Mε < x′(t).

P♦r ❧♦ t❛♥t♦
|x′(t)| < C, ❝♦♥ C = máx {Mε, c1Mε} > 0.

❊♥t♦♥❝❡s x ❡s ❧✐♣s❝❤✐t③✐❛♥❛ ② ♣♦r ❡♥❞❡ ✉♥✐❢♦r♠❡♠❡♥t❡ ❝♦♥t✐♥✉❛✳

▲✉❡❣♦ ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❱❛❧♦r ▼❡❞✐♦ ∃c ∈< a, b > t❛❧ q✉❡
∫ b

a

x(t)dt = x(c)(b − a)✱

t♦♠❛♥❞♦ a = 0 ② b = t✱ t❡♥❡♠♦s

ĺım
t→∞

∫ t

0
x(s)ds = ĺım

t→∞
x(c)(t− 0) = +∞. ✭✹✳✺✶✮

❆sí ❞❡ ✭✹✳✺✵✮ t❡♥❡♠♦s

0 ≤ ĺım
t→∞

x(t) ≤ (Nε)
αU(0)exp

{
− ĺım

t→∞

∫ t

0
x(s)ds

}
= 0

♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤ t❡♥❡♠♦s

ĺım
t→∞

x(t) = 0.

❨ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✻ ✭❡❢❡❝t♦ ❞♦♠✐♥ó✮ t❡♥❡♠♦s q✉❡

ĺım
t→∞

y(t) = 0 ∧ ĺım
t→∞

z(t) = 0.

♣♦r ❧♦ t❛♥t♦
ĺım
t→∞

(x(t), y(t), z(t)) = (0, 0, 0).

❆sí t❡r♠✐♥❛ ❧❛ ♣r✉❡❜❛ ❞❡ ♥✉❡str♦ t❡♦r❡♠❛✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ✉♥♦s r❡s✉❧t❛❞♦s q✉❡ s♦❧♦ ❛s❡❣✉r❛♥ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉✲
♣❡r✐♦r✳

❊♥ ❡❧ s✐❣✉✐❡♥t❡ ❧❡♠❛✱ ♣r♦❜❛r❡♠♦s ✉♥ r❡s✉❧t❛❞♦ ✉♥ t❛♥t♦ ♦❜✈✐♦ ❡♥ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛✲
❞♦r s✉♣❡r✐♦r✳ ❉✐❣❛♠♦s✱ s✐ ❧❛ t❛s❛ ❞❡ ♠✉❡rt❡ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r ♥♦ ❡s ♠❡♥♦r s✉ t❛s❛
♠á①✐♠❛ ❞❡ ♥❛❝✐♠✐❡♥t♦s✱ ❡♥t♦♥❝❡s s❡ ❡①t✐♥❣✉✐rá✳

✻✽



▲❡♠❛ ✹✳✸ ❙✐ m2 ≤ d2 ❡♥t♦♥❝❡s ĺım
t→∞

z(t) = 0✳

❉❡♠♦str❛❝✐ó♥✳ ❉❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

z′(t) = z

(
m2y

z + y
− d2

)

❝♦♠♦ m2 ≤ d2, s❡ ❝✉♠♣❧❡

z′(t) ≤ z

(
d2y

z + y
− d2

)

z′(t) ≤ d2z

(
y

z + y
− 1

)
< 0

♣♦r ❧♦ t❛♥t♦
z′(t) < 0, ∀t ≥ 0

❡s ❞❡❝✐r z ❡s ❡str✐❝t❛♠❡♥t❡ ❞❡❝r❡❝✐❡♥t❡ ② ❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ z t❡♥❡♠♦s q✉❡ ĺım
t→∞

z(t) ❡①✐st❡

② ❡s ♥♦ ♥❡❣❛t✐✈♦✳

❆✜r♠❛♠♦s q✉❡ ĺım
t→∞

z(t) = 0.

❉❡ ♥♦ s❡r ❛sí✱ ❡♥t♦♥❝❡s ❡❧
ĺım
t→∞

z(t) = L > 0

P❛r❛ 0 < ε < L ❡①✐st❡ ✉♥ t0 > 0, t❛❧ q✉❡

L− ε < z(t) < L+ ε, ∀t ≥ t0.

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡❧ ▲❡♠❛ ✸✳✷ t❡♥❡♠♦s q✉❡ ❡①✐st❡ M > 0 t❛❧ q✉❡ y(t) < M ♣❛r❛ t♦❞♦ t ≥ t0

❉❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

z(t) = z(t0)exp

{∫ t

t0

(
m2y(s)

y(s) + z(s)
− d2

)
ds

}

❝♦♠♦
L− ε < z(s)

y(s) + L− ε < z(s) + y(s)

m2y(s)

z(s) + y(s)
<

m2y(s)

y(s) + L− ε

❡♥t♦♥❝❡s

z(t) < z(t0)exp

{∫ t

t0

(
m2y(s)

y(s) + L− ε
− d2

)
ds

}

❝♦♠♦ m2 ≤ d2

z(t) < z(t0)exp

{∫ t

t0

(
d2y(s)

y(s) + L− ε
− d2

)
ds

}

z(t) < z(t0)exp

{∫ t

t0

(
−d2(L− ε)

y(s) + L− ε

)
ds

}
. ✭✹✳✺✷✮

❆❞❡♠ás ❝♦♠♦ y(s) < M ✱ ❡♥t♦♥❝❡s

y(s) + L− ε < M + L− ε

✻✾



1

M + L− ε
<

1

y(s) + L− ε

−d2(L− ε)

y(s) + L− ε
<
−d2(L− ε)

M + L− ε
.

▲✉❡❣♦ ❞❡ ✭✹✳✺✷✮ ② ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ z t❡♥❡♠♦s

0 < z(t) < z(t0)exp

{∫ t

t0

(
−d2(L− ε)

M + L− ε

)
ds

}

0 < z(t) < z(t0)exp

{(
−d2(L− ε)

M + L− ε

)
(t− t0)

}

❆♣❧✐❝❛♥❞♦ ❧í♠✐t❡ ② ❞❡❧ ❚❡♦r❡♠❛ ❞❡ ❙❛♥❞✇✐❝❤ s❡ ❝✉♠♣❧❡

ĺım
t→∞

z(t) = 0.

❧♦ ❝✉❛❧ ❡s ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥✱ ♣♦r ❧♦ t❛♥t♦ s❡ ❝✉♠♣❧❡ ❧❛ ❛✜r♠❛❝✐ó♥ ② ❛sí t❡r♠✐♥❛ ❧❛ ♣r✉❡❜❛
❞❡❧ ❧❡♠❛✳

▲❡♠❛ ✹✳✹ ❙✐ m2 > d2✱ A > 1 ② c1 ≥
A

A− 1
✱ ❡♥t♦♥❝❡s

ĺım
t→∞

z(t) = 0.

❉❡♠♦str❛❝✐ó♥✳ ❉❡ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❧❡♠❛ t❡♥❡♠♦s

c1 ≥
A

A− 1
⇒

1

c1
≤

A− 1

A

❡s ❞❡❝✐r
1

A
+

1

c1
− 1 ≤ 0. ✭✹✳✺✸✮

❆❞❡♠ás ♥♦t❡♠♦s q✉❡

A =
m1

c2(m2 − d2)

m2
+ d1

⇒
m1

A
=

c2(m2 − d2)

m2
+ d1

❡s ❞❡❝✐r
m1

A
= d1 + c2 −

c2d2
m2

. ✭✹✳✺✹✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′(t) = x

(
1− x−

c1y

x+ y

)

y′(t) = y

(
m1x

x+ y
− d1 −

c2z

z + y

)

z′(t) = z

(
m2y

z + y
− d2

)

✼✵



❞❡ ❞♦♥❞❡ t❡♥❡♠♦s
m1x

′

c1x
=

m1(1− x)

c1
−

m1y

x+ y

y′

y
=

m1x

x+ y
− d1 −

c2z

z + y

c2z
′

m2z
=

c2y

z + y
−

d2c2
m2

❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡

m1x
′

c1x
−

y′

y
+

c2z
′

m2z
=

m1(1− x)

c1
−

m1y

x+ y
−

m1x

x+ y
+ d1 +

c2z

z + y
+

c2y

z + y
−

d2c2
m2

=
m1(1− x)

c1
−m1 + d1 + c2 −

d2c2
m2

r❡❡♠♣❧❛③❛♥❞♦ ✭✹✳✺✹✮ t❡♥❡♠♦s

m1x
′

c1x
−

y′

y
+

c2z
′

m2z
=

m1(1− x)

c1
−m1 +

m1

A

= −
m1x

c1
+

m1

c1
−m1 +

m1

A

= −
m1x

c1
+m1

(
1

c1
− 1 +

1

A

)

② ♣♦r ✭✹✳✺✸✮ t❡♥❡♠♦s

m1x
′

c1x
−

y′

y
+

c2z
′

m2z
= −

m1x

c1
+m1

(
1

c1
− 1 +

1

A

)
≤ −

m1x

c1
< 0

❧✉❡❣♦ ✐♥t❡❣r❛♥❞♦ ❞❡ 0 ❛ t

∫ t

0

(
m1x

′(s)

c1x(s)
−

y′(s)

y(s)
+

c2z
′(s)

m2z(s)

)
ds ≤ −

∫ t

0

m1x(s)

c1
ds

m1

c1
lnx(s)

∣∣∣∣
t

0

− ln y(s)|t0 +
c2
m2

ln z(s)

∣∣∣∣
t

0

≤ −

∫ t

0

m1x(s)

c1
ds

ln

(
x(t)

x(0)

)m1
c1

− ln

(
y(t)

y(0)

)
+ ln

(
z(t)

z(0)

) c2
m2

≤ −

∫ t

0

m1x(s)

c1
ds

ln




(
x(t)

x(0)

)m1
c1

(
z(t)

z(0)

) c2
m2

(
y(t)

y(0)

)


 ≤ −

∫ t

0

m1x(s)

c1
ds

ln

[
(x(t))

m1
c1 (z(t))

c2
m2

y(t)

]
+ ln

[
y(0)

(x(0))
m1
c1 (z(0))

c2
m2

]
≤ −

∫ t

0

m1x(s)

c1
ds

❞❡♥♦t❡♠♦s ❝♦♠♦

K1 = ln

[
y(0)

(x(0))
m1
c1 (z(0))

c2
m2

]

✼✶



ln

[
(x(t))

m1
c1 (z(t))

c2
m2

y(t)

]
≤ −K1 −

∫ t

0

m1x(s)

c1
ds

t♦♠❛♥❞♦ ❧❛ ❡①♣♦♥❡♥❝✐❛❧ t❡♥❡♠♦s

(x(t))
m1
c1 (z(t))

c2
m2

y(t)
≤ exp {−K1} exp

{
−

∫ t

0

m1x(s)

c1
ds

}

❞❡♥♦t❛♥❞♦ K = exp {−K1} > 0✱ ❡♥t♦♥❝❡s

(x(t))
m1
c1 (z(t))

c2
m2

y(t)
≤ Kexp

{
−

∫ t

0

m1x(s)

c1
ds

}

❡s ❞❡❝✐r

(x(t))
m1
c1 (z(t))

c2
m2 ≤ Ky(t)exp

{
−

∫ t

0

m1x(s)

c1
ds

}
. ✭✹✳✺✺✮

P♦r ❡❧ ▲❡♠❛ ✸✳✷✱ ❡①✐st❡ M > 0 t❛❧ q✉❡ y(t) < M ✱ ② ❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ x ② z t❡♥❡♠♦s

0 < (x(t))
m1
c1 (z(t))

c2
m2 ≤ KMexp

{
−

∫ t

0

m1x(s)

c1
ds

}
. ✭✹✳✺✻✮

❆✜r♠❛♠♦s ĺım
t→∞

x(t)z(t) = 0.

❊♥ ❡❢❡❝t♦✱ ❞❡ ✭✹✳✺✶✮ t❡♥❡♠♦s

ĺım
t→∞

∫ t

0
x(s)ds = 0.

▲✉❡❣♦✱ t♦♠❛♥❞♦ ❧í♠✐t❡ ❡♥ ✭✹✳✺✻✮ t❡♥❡♠♦s

0 ≤ ĺım
t→∞

(x(t))
m1
c1 (z(t))

c2
m2 ≤ KMexp

{
ĺım
t→∞

(
−
m1

c1

∫ t

0
x(s)ds

)}
= 0

② ♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤✱ ❝♦♥❝❧✉✐♠♦s

ĺım
t→∞

(x(t))
m1
c1 (z(t))

c2
m2 = 0.

❉❡♥♦t❡♠♦s ❝♦♠♦
G1(t) = (x(t))

m1
c1 (z(t))

c2
m2 ,

② s❡❛

G2(t) = (x(t)z(t))
α
β , ❝♦♥ α = mı́n{m1, c2} > 0 ∧ β = máx{c1,m2} > 0

◆♦t❛♠♦s q✉❡
α

β
≤

m1

c1
∧

α

β
≤

c2
m2

② ❞❡ ❧❛ ♣♦s✐t✐✈✐❞❛❞ ❞❡ x ② z t❡♥❡♠♦s

0 < G2(t) ≤ G1(t)

♣♦r ❡❧ ❚❡♦r❡♠❛ ❞❡❧ ❙❛♥❞✇✐❝❤ ❝♦♥❝❧✉✐♠♦s q✉❡

ĺım
t→∞

(x(t)z(t))
α
β = 0

❡♥t♦♥❝❡s
ĺım
t→∞

x(t)z(t) = 0.

✼✷



P♦r ❧♦ t❛♥t♦ s❡ ❝✉♠♣❧❡

ĺım
t→∞

x(t) = 0 ∨ ĺım
t→∞

z(t) = 0.

❙✐ ĺım
t→∞

z(t) = 0✱ ❧❛ ♣r✉❡❜❛ ❡st❛ ❝♦♠♣❧❡t❛✳

P♦r ♦tr♦ ❧❛❞♦✱ s✐ ĺım
t→∞

x(t) = 0✱ ❡♥t♦♥❝❡s ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✻ ✭❡❢❡❝t♦ ❞♦♠✐♥ó✮ s❡ ❝✉♠♣❧❡

ĺım
t→∞

y(t) = 0 ∧ ĺım
t→∞

z(t) = 0.

❆sí ❝♦♥❝❧✉✐♠♦s ♥✉❡str❛ ❞❡♠♦str❛❝✐ó♥✳

❊♥ ✈✐st❛ ❞❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❡st❛ s❡❝❝✐ó♥✱ ♣♦❞❡♠♦s r❡s✉♠✐r ❡♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ ❧❛s
❝♦♥❞✐❝✐♦♥❡s q✉❡ ❝❛✉s❛♥ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r✳

❚❡♦r❡♠❛ ✹✳✹ ❙✐ ❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✐♥t❡r✐♦r Ec ♥♦ ❡①✐st❡✱ ❡♥t♦♥❝❡s ❡❧ ❞❡♣r❡❞❛❞♦r s✉✲

♣❡r✐♦r ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ s❡ ❡①t✐♥❣✉✐rá✳ ❊s♣❡❝í✜❝❛♠❡♥t❡ s✐ s❡ ❝✉♠♣❧❡ ✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s

❝♦♥❞✐❝✐♦♥❡s

✐✳ m2 ≤ d2

✐✐✳ m2 > d2 ② 0 < A ≤ 1

✐✐✐✳ m2 > d2✱ A > 1 ② c1 ≥
A

A− 1

❡♥t♦♥❝❡s

ĺım
t→∞

z(t) = 0.

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡r❡♠♦s ✉♥❛ ❣rá✜❝❛ ❞❡ m1 ✈s c1 ❡♥ ❧❛ ❝✉❛❧ ✈❡r❡♠♦s ❞✐❢❡r❡♥t❡s r❡❣✐♦♥❡s ❡♥
❧❛s ❝✉❛❧❡s ♦❝✉rr❡♥ ❧♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥ ✭❝✉❛♥❞♦ ♥♦ ❡①✐st❡ Ec✮ ❛sí ❝♦♠♦ ❧❛ ❝♦❡①✐st❡♥❝✐❛
❞❡ ❧❛s tr❡s ❡s♣❡❝✐❡s ✭❝✉❛♥❞♦ ❡①✐st❡ Ec✮✳

m

c

0

1

1

3

2

1

R

R

R

❋✐❣✉r❛ ✹✳✸✿ ❘❛♥❣♦ ❞❡ ❧♦s ♣❛rá♠❡tr♦s ♣❛r❛ ❧♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥

❊♥ ❧❛ ❋✐❣✉r❛ ✹✳✸ ❞✐st✐♥❣✉✐♠♦s ♣r✐♥❝✐♣❛❧♠❡♥t❡ tr❡s r❡❣✐♦♥❡s
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R1 =

{
(c1,m1) | c1 ∈ 〈0, 1〉 , m1 ≤ d1 +

c2(m2 − d2)

m2

}

R2 =

{
(c1,m1) | d1 +

c2(m2 − d2)

m2
< m1 <

(
c1

c1 − 1

)(
d1 +

c2(m2 − d2)

m2

)}

R3 =

{
(c1,m1) | c1 > 1, m1 ≥

c1(d1 + c2)

c1 − 1

}

❉♦♥❞❡ R1 ❡s ❧❛ r❡❣✐ó♥ ❡♥ ❧❛ ❝✉❛❧ ❡❧ (1, 0, 0) ❛tr❛❡ t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s ❞❡❧ s✐st❡♠❛
✭✷✳✶✶✮✱ R2 ❡s ❧❛ r❡❣✐ó♥ ❡♥ ❧❛ ❝✉❛❧ Ec ❡①✐st❡ ② R1 ❡s ❧❛ r❡❣✐ó♥ ❡♥ ❧❛ ❝✉❛❧ (0, 0, 0) ❛tr❛❡ ❛
t♦❞❛s ❧❛s s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳

✹✳✸✳ ❙❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

❙❡ ❝♦♥♦❝❡ q✉❡ ❧♦s ♠♦❞❡❧♦s s✐♠♣❧❡s ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ ♣✉❡❞❡♥ ❣❡♥❡r❛r ❞✐♥á♠✐❝❛s ❝❛ót✐✲
❝❛s✱ ❧♦ q✉❡ ✐♥❞✐❝❛ q✉❡ ♣❛r❛ ❛❧❣✉♥♦s ♣❛rá♠❡tr♦s✱ ❧❛s s♦❧✉❝✐♦♥❡s ♣✉❡❞❡♥ s❡r ♠✉② s❡♥s✐t✐✈❛s
❛ ❧❛s ♣♦❜❧❛❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳ ❱❡r❡♠♦s q✉❡ ♥✉❡str♦ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛✱ ❝♦♥ tr❡s
♥✐✈❡❧❡s tró✜❝♦s ✭✷✳✶✶✮✱ t❛♠❜✐é♥ ❡s ❝❛♣❛③ ❞❡ ❣❡♥❡r❛r ❡st❛s ❞✐♥á♠✐❝❛s s❡♥s✐❜❧❡s✳

P❛r❛ ❡s♦ r❡❝♦r❞❡♠♦s q✉❡ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ♣♦❞✐❛ s❡r ✈✐st♦ ❞❡ ❧❛ ❢♦r♠❛





x′ = F1(x, y, z) , x(0) > 0

y′ = F2(x, y, z) , y(0) > 0

z′ = F3(x, y, z) , z(0) > 0

❞♦♥❞❡ F1✱ F2 ② F3 ❡stá♥ ❞❡✜♥✐❞❛s ♣♦r ✭✸✳✶✮✱ ✭✸✳✷✮ ② ✭✸✳✸✮ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❨ ❝♦♥s✐❞❡r❛♥❞♦
w = (x, y, z) ② F = (F1, F2, F3)✱ t❡♥í❛♠♦s ❡❧ P❱■





w′ = F (w)

w(0) = (x(0), y(0), z(0))

❆❤♦r❛ q✉❡r❡♠♦s ✈❡r ❡s♣❡❝í✜❝❛♠❡♥t❡ ❝✉❛❧ ❡s ❡❧ ❞♦♠✐♥✐♦ ❞❡ F ✱ ♣❛r❛ ❧♦ ❝✉❛❧ ♥♦t❛♠♦s q✉❡
w ∈ Ω✱ ❞❡✜♥✐❞♦ ♣♦r ✭✸✳✻✮❝♦♥ ❧❛ ❝♦♥❞✐❝✐ó♥

x+ y 6= 0 ∧ y + z 6= 0. ✭✹✳✺✼✮

❡s ❞❡❝✐r

Dom(F ) = {w ∈ Ω : x+ y 6= 0 ∧ y + z 6= 0}

❙✐ ♥❡❣❛♠♦s ❧❛ ❝♦♥❞✐❝✐ó♥ ✭✹✳✺✼✮✱ t❡♥❡♠♦s

x+ y = 0 ∧ y + z = 0,

♣❡r♦ ❝♦♠♦ w ∈ Ω✱ ❡♥t♦♥❝❡s

x = y = 0, z ≥ 0 ∧ y = z = 0, x ≥ 0.
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❊♥ ❧❛ ❋✐❣✉r❛ ✭✹✳✹✮ s❡ ✐❧✉str❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳

y

z

x
x

y

z

❋✐❣✉r❛ ✹✳✹✿ ▲❛❞♦ ✐③q✉✐❡r❞♦ x = y = 0, z ≥ 0✱ ❧❛❞♦ ❞❡r❡❝❤♦ y = z = 0, x ≥ 0✳

❈♦♥ ❞✐❝❤❛s ❝♦♥❞✐❝✐♦♥❡s ♦❜t❡♥❡♠♦s ❡❧ ❝♦♥❥✉♥t♦

Λ = {(x, 0, 0) : x > 0} ∪ {(0, 0, z) : z > 0} .

❊❧ ❝✉❛❧ s❡ ✐❧✉str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✺✳

x

y

z

❋✐❣✉r❛ ✹✳✺✿ ❘❡❣✐ó♥ Λ✳

❉❡ ❡st❛ ❢♦r♠❛ t❡♥❡♠♦s q✉❡ ❡❧ ❞♦♠✐♥✐♦ ❞❡ F s❡r✐❛ ❡q✉✐✈❛❧❡♥t❡ ❛

Dom(F ) = Ω− Λ.

◆♦t❡♠♦s q✉❡ ❡❧ Dom(F ) ❡s ❡❧ ❝♦♠♣❧❡♠❡♥t♦ ❞❡ ❧❛ r❡❣✐♦♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✺✱ ❧♦ ❝✉❛❧
s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✹✳✻✳

x

y

z

❋✐❣✉r❛ ✹✳✻✿ ●rá✜❝❛ ❞❡❧ Dom(F )

❨ ❝♦♠♦ ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✸✳✶✱ t❡♥❡♠♦s ♣❛r❛ i = 1, 2, 3

ĺım
(x,y,z)→(0,0,0)

Fi(x, y, z) = 0,

s❡ ♣✉❡❞❡ ❡①t❡♥❞❡r ❡❧ Dom(F ) ✐♥❝❧✉②❡♥❞♦ ❛❧ (0, 0, 0)✳

❆❞❡♠ás ♥♦t❡♠♦s q✉❡

ĺım
(x,y,z)→(x0,0,0)

F1(x, y, z) = x0(1− x0), ♣❛r❛ ❛❧❣✉♥ x0 > 0,
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♠✐❡♥tr❛s q✉❡
ĺım

(x,y,z)→(x0,0,0)
Fi(x, y, z) = 0, ♣❛r❛ i = 2, 3.

❨ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r

ĺım
(x,y,z)→(0,y0,0)

F2(x, y, z) = −d1y0, ♣❛r❛ ❛❧❣✉♥ y0 > 0

♠✐❡♥tr❛s q✉❡
ĺım

(x,y,z)→(0,y0,0)
Fi(x, y, z) = 0, ♣❛r❛ i = 1, 3.

❆sí t❛♠❜✐é♥
ĺım

(x,y,z)→(0,0,z0)
F3(x, y, z) = −d2z0, ♣❛r❛ ❛❧❣✉♥ z0 > 0

♠✐❡♥tr❛s q✉❡
ĺım

(x,y,z)→(0,0,z0)
Fi(x, y, z) = 0, ♣❛r❛ i = 1, 2.

❉❡ ❞♦♥❞❡ ❞❡❞✉❝✐♠♦s q✉❡
Dom(F ) = Ω.

♣❡r♦ ❧❛ ❢✉♥❝✐ó♥ F t❛♠❜✐é♥ s❡r❛ r❡❞❡✜♥✐❞❛ ♠❡❞✐❛♥t❡

F (w) =





F (w) , w ∈ Ω◦

(0, 0, 0) , w = (0, 0, 0)

(x0(1− x0), 0, 0) , w = (x0, 0, 0) ♣❛r❛ x0 > 0

(0,−d1y0, 0) , w = (0, y0, 0) ♣❛r❛ y0 > 0

(0, 0,−d2z0) , w = (0, 0, z0) ♣❛r❛ z0 > 0

(x0(1− x0),−d1y0, 0) , w = (x0, y0, 0) ♣❛r❛ x0, y0 > 0

(x0(1− x0), 0,−d2z0) , w = (x0, 0, z0) ♣❛r❛ x0, z0 > 0

(0,−d1y0,−d2z0) , w = (0, y0, z0) ♣❛r❛ y0, z0 > 0

❉❡ ❞♦♥❞❡ ♣♦❞❡♠♦s ♥♦t❛r q✉❡ E0 = (0, 0, 0) ❡s ✉♥❛ s✐♥❣✉❧❛r✐❞❛❞✱ ② ♣❛r❛ x0 = 1 t❡♥❡♠♦s
q✉❡ E1 = (1, 0, 0) t❛♠❜✐é♥ ❡s ✉♥❛ s✐♥❣✉❧❛r✐❞❛❞✱ ❛♣❛rt❡ ❞❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ Ec = (xc, yc, zc)
❧❛ ❝✉❛❧ ❡①✐st❡ ♣♦r ❡❧ ▲❡♠❛ ✹✳✶✳

❊♥ ❡st❛ s❡❝❝✐ó♥ ♠♦str❛r❡♠♦s q✉❡ ❜❛❥♦ ✉♥❛ ♠✐s♠❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s ❡❧ s✐st❡♠❛
✭✷✳✶✶✮ ♣✉❡❞❡ t❡♥❡r s♦❧✉❝✐♦♥❡s q✉❡ t✐❡♥❞❡♥ ❛s✐♥tót✐❝❛♠❡♥t❡ ❛ Ec✱ E0 ♦ E1✱ ♣❛r❛ ✈❛❧♦r❡s ❛❞❡✲
❝✉❛❞♦s ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s (x(0), y(0), z(0)) r❡s♣❡❝t✐✈❛♠❡♥t❡✳

▲❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ Ec ②❛ ❢✉❡ ❡st✉❞✐❛❞❛ ❡♥ ❧❛s s❡❝❝✐♦♥❡s ♣r❡✈✐❛s✱ ❛sí ❝♦♠♦ t❛♠❜✐é♥ ❧❛ ❡st❛✲
❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❞❡ E0 ② E1 ❝✉❛♥❞♦ Ec ♥♦ ❡①✐st❡✳ ❊♥t♦♥❝❡s só❧♦ ♥❡❝❡s✐t❛♠♦s ❞✐s❝✉t✐r ❧❛s
♣♦s✐❜❧❡s tr❛②❡❝t♦r✐❛s q✉❡ t✐❡♥❞❡♥ ❛ E0 ♦ E1✱ ❛s✉♠✐❡♥❞♦ q✉❡ ❡❧ ♣✉♥t♦ ❞❡ ❡q✉✐❧✐❜r✐♦ ✐♥t❡r✐♦r
Ec ♣✉❡❞❡ ♦ ♥♦ ❡①✐st✐r✳

P❛r❛ ❛♥❛❧✐③❛r ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ E0 ② E1 ✉t✐❧✐③❛r❡♠♦s ❡♥ ❡s❡♥❝✐❛ ❧❛ té❝♥✐❝❛ ❞❡ ❜❧♦✇✲✉♣ ❡♥
❛❧❣✉♥❛ ✈❡❝✐♥❞❛❞ ❞❡ E0 ② E1 r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ▲❛ té❝♥✐❝❛ ❞❡ ❜❧♦✇✲✉♣ ❝♦♥s✐st❡ ❡♥ r❡♣❛r❛✲
♠❡tr✐③❛r ❡❧ s✐st❡♠❛ ❞❡ t❛❧ ♠❛♥❡r❛ q✉❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ ♣✉❡❞❛ s❡r ❛♥❛❧✐③❛❞❛ ❡♥ ❡❧ s✐st❡♠❛
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r❡♣❛r❛♠❡tr✐③❛❞♦ s✐♥ ♠❛②♦r ✐♥❝♦♥✈❡♥✐❡♥t❡✳

Pr✐♠❡r♦ ❡♠♣❡③❛r❡♠♦s ❝♦♥ ❧❛s ♣♦s✐❜❧❡s tr❛②❡❝t♦r✐❛s q✉❡ t✐❡♥❞❡♥ ❛ E0✳ P❛r❛ ❡st❡ ✜♥✱ ✐♥tr♦✲
❞✉❝✐r❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ ❝❛♠❜✐♦ ❞❡ ✈❛r✐❛❜❧❡s

u =
x

y
∧ v =

y

z
✭✹✳✺✽✮

❡s ❞❡❝✐r (x, y, z) −→ (u, y, v)✳

❈♦♥s✐❞❡r❡♠♦s

E(x, y, z) =

(
x

y
, y,

y

z

)
= (u, y, v).

◆♦t❛♠♦s q✉❡

Dom(E) = {(x, y, z) ∈ Ω : y, z 6= 0} = {(x, y, z) ∈ Ω : y, z > 0}

② ❞❡ ✭✹✳✺✽✮ t❡♥❡♠♦s q✉❡

x = uy ∧ z =
y

v
.

❊♥t♦♥❝❡s ❡①✐st❡ E−1 ❞❡✜♥✐❞❛ ♣♦r

E−1(u, y, v) =
(
uy, y,

y

v

)
.

▼❡❞✐❛♥t❡ E ② E−1 ♣♦❞❡♠♦s ❡st✉❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ E0 ❡♥ ❧❛s ❝♦♦r✲
❞❡♥❛❞❛s (u, y, v) ②❛ q✉❡ ❡st❡ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (x, y, z)✳

x u
y y

z vE

E-1

❋✐❣✉r❛ ✹✳✼✿ ❈❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❞❡ (x, y, z) ❛ (u, y, v)✳

❆❤♦r❛ ✈❡r❡♠♦s ❝♦♠♦ ❡st❛ r❡♣❛r❛♠❡tr✐③❛❝✐ó♥ E✱ ❛❢❡❝t❛ ❛❧ s✐st❡♠❛ ✭✷✳✶✶✮✳ P❛r❛ ❡st♦✱ ❞❡ ❧❛s
❡❝✉❛❝✐♦♥❡s ✭✹✳✺✽✮ t❡♥❡♠♦s

u′ =
x′y − xy′

y2

=
x′

y
−

xy′

y2

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ♣r✐♠❡r❛ ② s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮

u′ =

x(1− x)−
c1xy

x+ y

y
−

x

y

(
m1xy

x+ y
− d1y −

c2yz

y + z

)

y

❉❡ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡s ✭✹✳✺✽✮ t❡♥❡♠♦s q✉❡ x = uy ② z =
y

v
✱ ❡♥t♦♥❝❡s

u′ =

uy(1− uy)−
c1uyy

uy + y

y
−

uy

y


m1uyy

uy + y
− d1y −

c2yy

v

y +
y

v




y

✼✼



s✐♠♣❧✐✜❝❛♥❞♦ t❡♥❡♠♦s

u′ = u(1− uy)−
c1u

u+ 1
− u

(
m1u

u+ 1
− d1 −

c2
v + 1

)

= u(1− uy)−
c1u

u+ 1
−

(
u2m1

u+ 1
− d1u−

c2u

v + 1

)

=
u

u+ 1
[(1− uy)(u+ 1)− c1 − um1 + d1(u+ 1)] +

c2u

v + 1

=
u

u+ 1

[
u+ 1− u2y − uy − c1 − um1 + d1u+ d1

]
+

c2u

v + 1

=
u

u+ 1


u [1− (m1 − d1)]︸ ︷︷ ︸

A

+(1− c1 + d1)︸ ︷︷ ︸
B


− u2y(u+ 1)

u+ 1
+

c2u

v + 1

❡s ❞❡❝✐r
u′ =

u

u+ 1
(Au+B)− u2y +

c2u

v + 1
. ✭✹✳✺✾✮

❆❞❡♠ás✱ ❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

y′ =
m1uy

2

uy + y
− d1y −

c2yy

v

y +
y

v

=
m1uy

u+ 1
− d1y −

c2y

v + 1

❡s ❞❡❝✐r

y′ = y

[
m1u

u+ 1
− d1

]
−

c2y

v + 1
. ✭✹✳✻✵✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛ s❡❣✉♥❞❛ ② t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

v′ =
y′z − z′y

z2

=
y′

z
−

z′y

z2

=

m1xy

x+ y
− d1y −

c2xy

y + z

z
−

y

z




m2yz

y + z
− d2z

z




❞❡ ❧♦s ❝❛♠❜✐♦s ❞❡ ✈❛r✐❛❜❧❡s ✭✹✳✺✽✮ t❡♥❡♠♦s x = uy ② z =
y

v
❡♥t♦♥❝❡s

v′ =

m1uyy

uy + y
− d1y −

c2yy

v

y +
y

v
y

v

− v

(
m2y

y + z
− d2

)

=

(
m1uv

u+ 1
− d1v −

c2v

v + 1

)
− v


 m2y

y +
y

v

− d2




✼✽



❡s ❞❡❝✐r

v′ = v

[
m1u

u+ 1
− d1 −

c2
v + 1

−

(
m2v

v + 1
− d2

)]
. ✭✹✳✻✶✮

❆sí ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✺✾✮ ✱✭✹✳✻✵✮ ② ✭✹✳✻✶✮ t❡♥❡♠♦s ♥✉❡str♦ ♥✉❡✈♦ s✐st❡♠❛




u′ = u

(
Au+B

u+ 1
− uy +

c2
v + 1

)
, u(0) > 0

y′ = y

(
m1u

u+ 1
− d1 −

c2
v + 1

)
, y(0) > 0

v′ = v

(
m1u

u+ 1
− d1 + d2 −

c2 +m2v

v + 1

)
, v(0) > 0

✭✹✳✻✷✮

❞♦♥❞❡ A = 1− (m1 − d1) ② B = 1− c1 + d1✳

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❤❛r❡♠♦s ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❡♥ ❡❧ s✐st❡♠❛ ✭✹✳✻✷✮✳

✹✳✸✳✶✳ ❙✐♥❣✉❧❛r✐❞❛❞❡s ✭♣✉♥t♦s ❝rít✐❝♦s✮

P❛r❛ ❤❛❧❧❛r ❧♦s ♣✉♥t♦s ❝rít✐❝♦s✱ ❧♦ q✉❡ ❤❛❝❡♠♦s ❡s ✐❣✉❛❧❛r ❛ ❝❡r♦ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛
✭✹✳✻✷✮✳ ❆sí ❞❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ t❡♥❡♠♦s

y

(
m1u

1 + u
− d1 −

c2
1 + v

)
= 0

♣♦r ❧♦ t❛♥t♦

y = 0 ∨
m1u

1 + u
− d1 −

c2
1 + v

= 0

❡s ❞❡❝✐r

y = 0 ∨ v =
(1 + u)(c2 + d1)−m1u

m1u− (1 + u)d1
.

❙✐ ❝♦♥s✐❞❡r❛♠♦s y = 0✱ ❡♥ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛s ✭✹✳✻✷✮ t❡♥❡♠♦s

u

(
Au+B

1 + u
+

c2
1 + v

)
= 0

❡s ❞❡❝✐r

u = 0 ∨ u = −
c2 +B(1 + v)

A(1 + v) + c2
.

❆❤♦r❛ ❝♦♥s✐❞❡r❛♥❞♦ y = 0 ② u = 0✱ ❞❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ t❡♥❡♠♦s

v

(
−d1 −

c2
v + 1

−
m2v

v + 1
+ d2

)
= 0

❡♥t♦♥❝❡s

v = 0 ∨ v =
c2 + d1 − d2
d2 − d1 −m2

♣♦r ❧♦ t❛♥t♦ t❡♥❡♠♦s ❧♦s ♣✉♥t♦s ❝rít✐❝♦s

Ẽ0 = (0, 0, 0) ② Ẽ1 = (0, 0, ṽ1) ✭✹✳✻✸✮

❞♦♥❞❡

ṽ1 =
c2 + d1 − d2
d2 − d1 −m2

.

✼✾



P♦r ♦tr♦ ❧❛❞♦ s✐ y = 0 ② u = −
c2 +B(1 + v)

A(1 + v) + c2
✱ ❞❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮

t❡♥❡♠♦s

v = 0 ∨ u =
c2 +m2v + (d1 − d2)(1 + v)

(d2 − d1 +m1)(1 + v)− (c2 +m2v)
.

❈♦♥s✐❞❡r❛♥❞♦ u = −
c2 +B(1 + v)

A(1 + v) + c2
✱ y = 0 ② v = 0✱ t❡♥❡♠♦s ❡❧ ♣✉♥t♦ ❝rít✐❝♦

Ẽ2 = (ũ1, 0, 0) ✭✹✳✻✹✮

❞♦♥❞❡

ũ1 = −
B + c2)

A+ c2
.

P♦r ♦tr♦ ❧❛❞♦✱ s✐ ❝♦♥s✐❞❡r❛♠♦s u = −
c2 +B(1 + v)

A(1 + v) + c2
✱ y = 0 ② ❛❞❡♠ás

u =
c2 +m2v + (d1 − d2)(1 + v)

(d2 − d1 +m1)(1 + v)− (c2 +m2v)

❡♥t♦♥❝❡s ❞❡ ❧❛ ✐❣✉❛❧❞❛❞ ♣❛r❛ u t❡♥❡♠♦s

c2 +m2v + (d1 − d2)(1 + v)

(d2 − d1 +m1)(1 + v)− (c2 +m2v)
= −

c2 +B(1 + v)

A(1 + v) + c2

❞❡❧ ♣r♦❞✉❝t♦ ❝r✉③❛❞♦ t❡♥❡♠♦s J1 = J2✱ ❞♦♥❞❡

J1 = (c2 +m2v + (d1 − d2)(1 + v)) (A(1 + v) + c2)
= A(d1 − d2)(1 + v)2 + c2(d1 − d2)(1 + v) + c2(c2 +m2v) +A(c2 +m2v)(1 + v)

J2 = [−c2 −B(1 + v)] [(d2 − d1 +m1)(1 + v)− (c2 +m2v)]
= −c2(d2 − d1 +m1)(1 + v)−B(d2 − d1 +m1)(1 + v)2 + c2(c2 +m2v) +B(c2 +m2v)(1 + v)

❆❤♦r❛ s✐♠♣❧✐✜❝❛r❡♠♦s J1 − J2 = 0✱ ❡s ❞❡❝✐r

(1 + v)2 [A(d1 − d2) +B(d2 − d1 +m1)] + (1 + v) [c2(d1 − d2) +A(c2 +m2v)
+c2(d2 − d1 +m1)−B(c2 +m2v)] = 0

(1 + v)2 [A(d1 − d2) +B(d2 − d1 +m1)] + (1 + v) [(c2 +m2v)(A−B) + c2m1] = 0

(1 + v)2 [(d1 − d2)(A−B) +Bm1)] + (1 + v) [(c2 +m2v)(A−B) + c2m1] = 0

(1 + v)2 [(d1 − d2)(A−B) +Bm1)] + (1 + v) [c2(A−B) +m2(A−B)v + c2m1] = 0

s✉♠❛♠♦s ② r❡st❛♠♦s m2(A−B) ❝♦♥✈❡♥✐❡♥t❡♠❡♥t❡

(1 + v)2 [(d1 − d2)(A−B) +Bm1)] + (1 + v) [c2(A−B) +m2(A−B)v
+m2(A−B)−m2(A−B) + c2m1] = 0

(1 + v)2 [(d1 − d2)(A−B) +Bm1)] + (1 + v) [c2(A−B) +m2(A−B)(v + 1)
−m2(A−B) + c2m1] = 0

(1 + v)2 [(d1 − d2)(A−B) +Bm1 +m2(A−B)] + (1 + v) [c2(A−B)
−m2(A−B) + c2m1] = 0

(1 + v)2 [(d1 − d2 +m2)(A−B) +Bm1] + (1 + v) [(c2 −m2)(A−B) + c2m1] = 0

✽✵



❞❡ ❞♦♥❞❡ t❡♥❡♠♦s

(1 + v)2 [(d1 − d2 +m2)(A−B) +Bm1] = (1 + v) [(m2 − c2)(A−B)− c2m1]

❝♦♠♦ v > 0 ❡♥t♦♥❝❡s 1 + v > 0✱ ♣♦r ❧♦ t❛♥t♦

(1 + v) [(d1 − d2 +m2)(A−B) +Bm1] = (m2 − c2)(A−B)− c2m1

1 + v =
(m2 − c2)(A−B)− c2m1

(d1 − d2 +m2)(A−B) +Bm1

❞❡s♣❡❥❛♥❞♦ v t❡♥❡♠♦s

v =
(m2 − c2)(A−B)− c2m1

(d1 − d2 +m2)(A−B) +Bm1
− 1

=
(m2 − c2)(A−B)− c2m1 − (d1 − d2 +m2)(A−B)−Bm1

(d1 − d2 +m2)(A−B) +Bm1

=
(m2 − c2 − d1 + d2 −m2)(A−B)−m1(c2 +B)

(d1 − d2 +m2)(A−B) +Bm1

❡s ❞❡❝✐r

v =
(d2 − c2 − d1)(A−B)−m1(c2 +B)

(d1 − d2 +m2)(A−B) +Bm1
.

P♦r ♦tr♦ ❧❛❞♦ s✐ r❡❡♠♣❧❛③❛♥❞♦ 1 + v ❡♥ u t❡♥❡♠♦s

u = −
c2 +B(1 + v)

A(1 + v) + c2

= −

c2 +B

[
(m2 − c2)(A−B)− c2m1

(d1 − d2 +m2)(A−B) +Bm1

]

A

[
(m2 − c2)(A−B)− c2m1

(d1 − d2 +m2)(A−B) +Bm1

]
+ c2

= −
c2 [(d1 − d2 +m2)(A−B) +Bm1] +B [(m2 − c2)(A−B)− c2m1]

A [(m2 − c2)(A−B)− c2m1] + c2 [(d1 − d2 +m2)(A−B) +Bm1]

= −
(A−B) [B(m2 − c2) + c2(d1 − d2 +m2)]

(A−B) [(m2 − c2)A+ c2(d1 − d2 +m2)]−Bc2m1 −Ac2m1

= −
(A−B) [B(m2 − c2) + c2(d1 − d2 +m2)]

(A−B) [A(m2 − c2) + c2(d1 − d2 +m2)− c2m1]

❡s ❞❡❝✐r

u =
c2(d2 − d1 −m2)−B(m2 − c2)

A(m2 − c2) + c2(d1 − d2 +m2 −m1)
.

❆sí t❡♥❡♠♦s ❡❧ ♣✉♥t♦ ❝rít✐❝♦
Ẽ3 = (ũ2, 0, ṽ2) ✭✹✳✻✺✮

❞♦♥❞❡

ũ2 =
c2(d2 − d1 −m2)−B(m2 − c2)

A(m2 − c2) + c2(d1 − d2 +m2 −m1)

②

ṽ2 =
(d2 − c2 − d1)(A−B)−m1(c2 +B)

(d1 − d2 +m2)(A−B) +Bm1
.

✽✶



❘❡s✉♠✐❡♥❞♦ ❧♦ ❛♥t❡r✐♦r✱ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✻✸✮✱ ✭✹✳✻✹✮ ② ✭✹✳✻✺✮ ♣❛r❛

A = 1− (m1 − d1) ② B = 1− c1 + d1

t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♣✉♥t♦s ❝rít✐❝♦s

Ẽ0 = (0, 0, 0)

Ẽ1 = (0, 0, ṽ1)

Ẽ2 = (ũ1, 0, 0)

Ẽ3 = (ũ2, 0, ṽ2)

❝♦♥

ṽ1 =
c2 + d1 − d2
d2 − d1 −m2

ũ1 = −
B + c2
A+ c2

ũ2 =
c2(d2 − d1 −m2)−B(m2 − c2)

A(m2 − c2) + c2(d1 − d2 +m2 −m1)

ṽ2 =
(d2 − c2 − d1)(A−B)−m1(c2 +B)

(d1 − d2 +m2)(A−B) +Bm1

◆♦t❛♠♦s q✉❡ t♦❞❛s ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡stá♥ ❡♥ ❡❧ ♣❧❛♥♦ uv t❛❧ ② ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛
❋✐❣✉r❛ ✹✳✽✳

u
y

v

❋✐❣✉r❛ ✹✳✽✿ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (u, y, v)✳

❉❡❧ ❡❢❡❝t♦ ❞♦♠✐♥♦ ❞❡ ✉♥❛ ❝❛❞❡♥❛ ❞❡ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡✱ ❡s ❢á❝✐❧ ❞❡ ✈❡r q✉❡

(u(t), y(t), v(t))→ Ẽ0 ❝♦♠♦ t→∞ s✐ ② s♦❧♦ s✐ (x(t), y(t), z(t))→ (0, 0, 0) ② x(t)→ 0 ♠❛s r❛♣✐❞♦ q✉❡

y(t)→ 0, y(t)→ 0 ♠❛s r❛♣✐❞♦ q✉❡ z(t)→ 0.

(u(t), y(t), v(t))→ Ẽ1 s✐ ② s♦❧♦ s✐ (x(t), y(t), z(t))→ (0, 0, 0) ② x(t)→ 0 ♠❛s r❛♣✐❞♦ q✉❡

y(t)→ 0, z(t)→ 0 ❡♥ ✉♥❛ t❛s❛ ✜♥✐t❛ ❝♦♠♦ y(t)→ 0.

(u(t), y(t), v(t))→ Ẽ2 s✐ ② s♦❧♦ s✐ (x(t), y(t), z(t))→ (0, 0, 0) ② y(t)→ 0 ♠❛s r❛♣✐❞♦ q✉❡

z(t), x(t)→ 0 ❡♥ ✉♥❛ t❛s❛ ✜♥✐t❛ ❝♦♠♦ y(t)→ 0.

(u(t), y(t), v(t))→ Ẽ3 s✐ ② s♦❧♦ s✐ y(t)→ 0 ② x(t)→ 0, z(t)→ 0 ❡♥ ✉♥❛ t❛s❛ ✜♥✐t❛ ❝♦♠♦ y(t)→ 0.

✽✷



✹✳✸✳✷✳ ▼❛tr✐③ ❏❛❝♦❜✐❛♥❛

P❛r❛ ❤❛❝❡r ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ♣✉♥t♦s ❝rít✐❝♦s✱ ♥❡❝❡s✐t❛♠♦s ❝❛❧❝✉❧❛r ❧❛ ♠❛tr✐③
❏❛❝♦❜✐❛♥❛ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮✱ ♣❛r❛ ❡❧❧♦ ❝♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❢✉♥❝✐♦♥❡s

G1(u, y, v) =
u

u+ 1
[uA+B]− u2y +

c2u

v + 1
✭✹✳✻✻✮

G2(u, y, v) = y

[
m1u

u+ 1
− d1

]
−

c2y

v + 1
✭✹✳✻✼✮

G3(u, y, v) = v

[
m1u

u+ 1
− d1 + d2 −

c2 +m2v

v + 1

]
✭✹✳✻✽✮

J(u, y, v) =




∂

∂u
G1(u, y, v)

∂

∂y
G1(u, y, v)

∂

∂v
G1(u, y, v)

∂

∂u
G2(u, y, v)

∂

∂y
G2(u, y, v)

∂

∂v
G2(u, y, v)

∂

∂u
G3(u, y, v)

∂

∂y
G3(u, y, v)

∂

∂v
G3(u, y, v)




.

❉❡r✐✈❛♥❞♦ G1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✻✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ u t❡♥❡♠♦s

∂

∂u
G1(u, y, v) =

Au(2 + u) +B

(1 + u)2
+

c2
1 + v

− 2uy

❞❡♥♦t❡♠♦s ❝♦♠♦ L1,1 =
∂

∂u
G1(u, y, v)✱ ❡s ❞❡❝✐r

L1,1 =
Au(2 + u) +B

(1 + u)2
+

c2
1 + v

− 2uy. ✭✹✳✻✾✮

❉❡r✐✈❛♥❞♦ G1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✻✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
G1(u, y, v) = −u

2

❞❡♥♦t❡♠♦s ❝♦♠♦ L1,2 =
∂

∂y
G1(u, y, v)✱ ❡s ❞❡❝✐r

L1,2 = −u
2. ✭✹✳✼✵✮

❉❡r✐✈❛♥❞♦ G1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✻✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
G1(u, y, v) = −

c2u

(1 + v)2

❞❡♥♦t❡♠♦s ❝♦♠♦ L1,3 =
∂

∂v
G1(u, y, v)✱ ❡s ❞❡❝✐r

L1,3 = −
c2u

(1 + v)2
. ✭✹✳✼✶✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡r✐✈❛♥❞♦ G2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✹✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ u t❡♥❡♠♦s

∂

∂u
G2(u, y, v) =

m1y

(1 + u)2

✽✸



❞❡♥♦t❡♠♦s ❝♦♠♦ L2,1 =
∂

∂u
G2(u, y, v)✱ ❡s ❞❡❝✐r

L2,1 =
m1y

(1 + u)2
. ✭✹✳✼✷✮

❉❡r✐✈❛♥❞♦ G2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✹✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
G2(u, y, v) =

m1u

1 + u
− d1 −

c2
1 + v

❞❡♥♦t❡♠♦s ❝♦♠♦ L2,2 =
∂

∂y
G2(u, y, v)✱ ❡s ❞❡❝✐r

L2,2 =
m1u

1 + u
− d1 −

c2
1 + v

. ✭✹✳✼✸✮

❉❡r✐✈❛♥❞♦ G2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✹✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
G2(u, y, v) =

c2y

(1 + v)2

❞❡♥♦t❡♠♦s ❝♦♠♦ L2,3 =
∂

∂v
G2(u, y, v)✱ ❡s ❞❡❝✐r

L2,3 =
c2y

(1 + v)2
. ✭✹✳✼✹✮

❆sí t❛♠❜✐é♥✱ ❞❡r✐✈❛♥❞♦ G3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✽✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ u t❡♥❡♠♦s

∂

∂u
G3(u, y, v) =

m1v

(1 + u)2

❞❡♥♦t❡♠♦s ❝♦♠♦ L3,1 =
∂

∂u
G3(u, y, v)✱ ❡s ❞❡❝✐r

L3,1 =
m1v

(1 + u)2
. ✭✹✳✼✺✮

❉❡r✐✈❛♥❞♦ G3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✽✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
G3(u, y, v) = 0

❞❡♥♦t❡♠♦s ❝♦♠♦ L3,2 =
∂

∂y
G3(u, y, v)✱ ❡s ❞❡❝✐r

L3,2 = 0. ✭✹✳✼✻✮

❉❡r✐✈❛♥❞♦ G3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✻✽✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
G3(u, y, v) =

m1u

1 + u
− d1 + d2 −

(c2 + 2vm2)(v + 1)− (c2v +m2v
2)

(1 + v)2

❞❡♥♦t❡♠♦s ❝♦♠♦
∂

∂v
G3(u, y, v)✱ ❡s ❞❡❝✐r

L3,3 =
m1u

1 + u
− d1 + d2 −

c2 + 2m2v + v2m2

(1 + v)2
. ✭✹✳✼✼✮

❆sí ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ ✭✹✳✻✾✮ ❛❧ ✭✹✳✼✼✮ t❡♥❡♠♦s ♥✉❡str❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛

J(u, y, v) =




L1,1 L1,2 L1,3

L2,1 L2,2 L2,3

L3,1 L3,2 L3,3



=




L1,1 L1,2 L1,3

L2,1 L2,2 L2,3

L3,1 0 L3,3




✽✹



✹✳✸✳✸✳ ❊st❛❜✐❧✐❞❛❞ ❞❡ ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ♣✉♥t♦s ❝rít✐❝♦s Ẽ0, Ẽ1, Ẽ2 ② Ẽ3✱ ❡st♦ ❧♦ ❤❛r❡♠♦s
r❡❡♠♣❧❛③❛♥❞♦ ❝❛❞❛ ♣✉♥t♦ ❝rít✐❝♦ ❡♥ ❡❧ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ② ✉t✐❧✐③❛r❡♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ❧❛
♣♦s✐❝✐ó♥ ❞❡ ❧❛s r❛í❝❡s✳

P❛r❛ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ẽ0 = (0, 0, 0) t❡♥❡♠♦s

J(0, 0, 0) =




B + c2 0 0

0 −d1 − c2 0

0 0 −d1 − c2 + d2



= L0

❉❡ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❛✉t♦✈❛❧♦r❡s

λ1 = B + c2

λ2 = −d1 − c2

λ3 = −d1 − c2 + d2

❙✐ ❝♦♥s✐❞❡r❛♠♦s 1+d1+ c2 < c1 ② d2−d1 < c2 ❡♥t♦♥❝❡s t♦❞♦s ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡ L0 t✐❡♥❡♥
♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛ ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ẽ0 ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ P❛r❛ ❡❧ ♣✉♥t♦ Ẽ1 = (0, 0, ṽ1)✱ ❞❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛
t❡♥❡♠♦s

J(u, y, v)|(0,0,ṽ1) =




B +
c2

1 + ṽ1
0 0

0 −d1 −
c2

1 + ṽ1
0

m1ṽ1 0
ṽ1(c2 −m2)

(ṽ1 + 1)2




❉❡ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❛✉t♦✈❛❧♦r❡s

λ1 = B +
c2

1 + ṽ1

λ2 = −d1 −
c2

1 + ṽ1

λ3 =
ṽ1(c2 −m2)

(ṽ1 + 1)2

P❛r❛ q✉❡ λ1 < 0✱ s❡ ❞❡❜❡ ❝✉♠♣❧✐r

1 + d1 +
c2

1 + ṽ1
< c1. ✭✹✳✼✽✮

❚❛♠❜✐é♥ ♥♦t❛♠♦s q✉❡ λ2 < 0✱ ② ♣❛r❛ q✉❡ λ3 < 0 ❡s ♥❡❝❡s❛r✐♦ q✉❡ c2 < m2✳

❘❡❡♠♣❧❛③❛♥❞♦ ṽ1 ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✽✮ t❡♥❡♠♦s

1 + d1 +
c2

1 +
c2 + d1 − d2
d2 − d1 −m2

< c1

✽✺



❡s ❞❡❝✐r

1 + d1 +
c2(d2 − d1 −m2)

c2 −m2
< c1

② ❛❞❡♠ás ❝♦♠♦ ṽ1 > 0✱ ❡♥t♦♥❝❡s s❡ ❝✉♠♣❧❡ q✉❡ c2 < d2 − d1 < m2✳

❆sí t❡♥❡♠♦s q✉❡ s✐ s❡ ❝✉♠♣❧❡ 1+d1+
c2(d2 − d1 −m2)

c2 −m2
< c1 ② c2 < d2−d1 < m2 ❡♥t♦♥❝❡s

❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ẽ1 ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ P❛r❛ ❡❧ ♣✉♥t♦ Ẽ2 = (ũ1, 0, 0)✱ ❞❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛
t❡♥❡♠♦s

J(ũ1, 0, 0) =




Au1(2 + ũ1) +B

(1 + ũ1)2
+ c2 −ũ21 −c2ũ1

0 −d1 − c2 +
m1ũ1
1 + ũ1

0

0 0 d2 − d1 − c2 +
m1ũ1
1 + ũ1




❉♦♥❞❡ ũ1 =
−(B + c2)

A+ c2
✱ ❛sí t❡♥❡♠♦s

c2(ũ1 + 1) = − (B +Aũ1)

❡s ❞❡❝✐r

c2 =
− (B +Aũ1)

ũ1 + 1
=
−B −Bũ1 −Aũ21 −Aũ1

(1 + ũ1)2

❡♥t♦♥❝❡s J(ũ1, 0, 0) t♦♠❛ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛

J(ũ1, 0, 0) =




(A−B)ũ1
(1 + ũ1)2

−ũ21 −c2ũ1

0 −d1 − c2 +
m1ũ1
1 + ũ1

0

0 0 d2 − d1 − c2 +
m1ũ1
1 + ũ1




❉❡ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❛✉t♦✈❛❧♦r❡s

λ1 =
(A−B)ũ1
(1 + ũ1)2

λ2 = −d1 − c2 +
m1ũ1
1 + ũ1

λ3 = d2 − d1 − c2 +
m1ũ1
1 + ũ1

P❛r❛ q✉❡ λ1 < 0✱ s❡ ❞❡❜❡ ❝✉♠♣❧✐r q✉❡ A−B = c1 −m1 < 0✱ ❡s ❞❡❝✐r

c1 < m1.

P❛r❛ q✉❡ λ2 < 0✱ s❡ ❞❡❜❡ ❝✉♠♣❧✐r q✉❡

m1ũ1
1 + ũ1

< d1 + c2.

✽✻



P❛r❛ q✉❡ λ3 < 0✱ s❡ ❞❡❜❡ ❝✉♠♣❧✐r q✉❡

m1ũ1
1 + ũ1

+ d2 < d1 + c2.

❉❡ ❞♦♥❞❡ ♥♦t❛♠♦s q✉❡
m1ũ1
1 + ũ1

<
m1ũ1
1 + ũ1

+ d2 < d1 + c2

❡s ❞❡❝✐r s✐ λ3 < 0✱ ❡♥t♦♥❝❡s λ2 < 0✳

❆❞❡♠ás ❝♦♠♦ ũ1 > 0 ❡♥t♦♥❝❡s s❡ ❞❡❜❡ ❝✉♠♣❧✐r q✉❡ (B + c2)(A+ c2) < 0✳

P♦r ♦tr♦ ❧❛❞♦✱ r❡❡♠♣❧❛③❛♥❞♦ ũ1 ❡♥ ❧❛ ❝♦♥❞✐❝✐ó♥
m1ũ1
1 + ũ1

+ d2 < d1 + c2 t❡♥❡♠♦s

m1

(
c1 − 1− d1 − c2
1−m1 + d1 + c2

)

1 +

(
c1 − 1− d1 − c2
1−m1 + d1 + c2

) + d2 < d1 + c2

−m1

(
1− c1 + d1 + c2
1−m1 + d1 + c2

)

1−

(
1− c1 + d1 + c2
1−m1 + d1 + c2

) + d2 < d1 + c2

−m1(1− c1 + d1 + c2)

c1 −m1
< d1 + c2 − d2

−m1(1− c1 + d1 + c2) > (c1 −m1)(d1 + c2 − d2)

−m1(1− c1 + d1 + c2) +m1(d1 + c2 − d2) > c1(d1 + c2 − d2)

−m1(1− c1 + d2) > c1 (d1 + c2 − d2)

m1(1 + d2 − c1) < c1(d2 − c2 − d1)

❆❞❡♠ás ❝♦♠♦ (B + c2)(A+ c2) < 0✱ r❡❡♠♣❧❛③❛♥❞♦ A ② B t❡♥❡♠♦s

(1 + d1 + c2 − c1)(1 + d1 + c2 −m1) < 0

② ❝♦♠♦ c1 < m1 ❝♦♥❝❧✉✐♠♦s q✉❡

c1 < 1 + d1 + c2 < m1.

❊♥t♦♥❝❡s s✐ s❡ ❝✉♠♣❧❡ m1(1+ d2− c1) < c1(d2− c2− d1) ② c1 < 1+ d1 + c2 < m1 ❡♥t♦♥❝❡s
❡❧ ♣✉♥t♦ ❝rít✐❝♦ Ẽ2 ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❨ ♣♦r ✉❧t✐♠♦ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ P❛r❛ ❡❧ ♣✉♥t♦ Ẽ3 = (ũ2, 0, ṽ2)✱ ❞❡ ❧❛ ♠❛tr✐③
❏❛❝♦❜✐❛♥❛ t❡♥❡♠♦s




Aũ2(2 + ũ2) +B

(1 + ũ2)2
+

c2
1 + ṽ2

−ũ2

−c2ũ2

(1 + ṽ2)2

0 −d1 − c2 +
m1ũ2

1 + ũ2

−
c2

1 + ṽ2
0

m1ṽ2(1 + ũ2)
2 0 d2 − d1 +

m1ũ2

1 + ũ2

−
c2 +m2ṽ2(2 + ṽ2)

(1 + ṽ2)2




✽✼



❉❡❜✐❞♦ ❛ ❧❛ ❢♦r♠❛ ❝♦♠♣❧❡❥❛ q✉❡ t✐❡♥❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛✱ ❡❧ ❛♥á❧✐s✐s ❞❡ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❡st❡
♣✉♥t♦ ❝rít✐❝♦ ❡s ❞❡♠❛s✐❛❞♦ ❝♦♠♣❧✐❝❛❞♦ ♣♦r ❧♦ q✉❡ ♥♦ s❡ r❡❛❧✐③❛rá✳

❊❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ ♣r♦✈❡❡ ♦tr♦ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ q✉❡ ❡❧ ♦r✐❣❡♥ s❡❛ ✉♥ ❛tr❛❝t♦r

❧♦❝❛❧✳ ◆♦t❡♠♦s q✉❡ ❡❧ r❡s✉❧t❛❞♦ ❡s ✉♥❛ ♠❡❥♦r❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✷ ❝✉❛♥❞♦ m1 <
c1(d1 + c2)

c1 − 1
❡♥ ❛❞✐❝✐ó♥ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ♥♦ ❡①❝❧✉②❡♥ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ Ec✳

Pr♦♣♦s✐❝✐ó♥ ✹✳✼ ❙✐ s❡ ❝✉♠♣❧❡♥ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s

c1 > 1 + d1 + c2

m1 <
c1(d1 + c2)

c1 − 1

x(0)

y(0)
≤

c1 − (1 + d1 + c2)

1 + d1 + c2 −m1
≡ u0

❡♥t♦♥❝❡s

ĺım
t→∞

(x(t), y(t), z(t)) = (0, 0, 0).

❉❡♠♦str❛❝✐ó♥✳ Pr✐♠❡r♦ ✈❡r❡♠♦s q✉❡ ĺım
t→∞

x(t) = 0✳

❈♦♠♦ u(t) =
x(t)

y(t)
✱ ❡♥t♦♥❝❡s

u′(t) =
x′(t)y(t)− y′(t)x(t)

y2(t)

r❡❡♠♣❧❛③❛♥❞♦ ❧❛ ♣r✐♠❡r❛ ② s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮

u′(t) =

y

(
x(1− x)−

c1xy

x+ y

)
− x

(
m1xy

x+ y
− d1y −

c2yz

y + z

)

y2

❝♦♠♦ x(t) = u(t)y(t) t❡♥❡♠♦s

u′(t) =

y

(
uy(1− uy)−

c1uy
2

uy + y

)
− uy

(
m1uy

2

uy + y
− d1y −

c2yz

y + z

)

y2

=
u(1− uy)(u+ 1)− c1u

u+ 1
− u

(
m1

u+ 1
− d1 −

c2z

y + z

)

= u

(
(1− uy)(u+ 1)− c1

u+ 1
−

m1

u+ 1
+ d1 +

c2z

y + z
+

c2y

y + z
−

c2y

y + z

)

= u

(
(1− x)−

c1 +m1u

u+ 1
+ d1 + c2 −

c2y

y + z

)

= u

(
u+ 1− c1 −m1u+ (d1 + c2)(u+ 1)

u+ 1
− x−

c2y

y + z

)

❊s ❞❡❝✐r

u′(t) = u

(
u(1 + d1 + c2 −m1)− (c1 − (1 + d1 + c2))

u+ 1
− x−

c2y

y + z

)
✭✹✳✼✾✮

✽✽



❉❡ ❧❛s ❤✐♣ót❡s✐s ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥ t❡♥❡♠♦s

u0(1 + d1 + c2 −m1) = c1 − (1 + d1 + c2)

r❡❡♠♣❧❛③❛♥❞♦ ❡♥ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✼✾✮ t❡♥❡♠♦s

u′(t) = u

[
u(1 + d1 + c2 −m1)− u0(1 + d1 + c2 −m1)

u+ 1
− x−

c2y

y + z

]

❡s ❞❡❝✐r

u′(t) = u

[
(1 + d1 + c2 −m1)

(
u− u0
u+ 1

)
− x−

c2y

y + z

]
✭✹✳✽✵✮

♣❛r❛ t > 0✱ s✐ u(0) ≤ u0 ❡♥t♦♥❝❡s u(t) ≤ u0 ✭✈❡r ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✷✮ ❧✉❡❣♦ ❞❡
❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✵✮ s❡ t✐❡♥❡

u′(s) = u

[
(1 + d1 + c2 −m1)

(
u(s)− u0
u(s) + 1

)
− x(s)−

c2y(s)

y(s) + z(s)

]
≤ −u(s)x(s)

❛sí t❡♥❡♠♦s
u′(s)

u(s)
< −x(s)

d(lnu(s)) < −x(s)ds
∫ t

0
d(lnu(s)) < −

∫ t

0
x(s)ds

u(t) < u(0)exp

{
−

∫ t

0
x(s)ds

}

❡❧ r❡st♦ s❡ s✐❣✉❡ ❞❡❧ ❛r❣✉♠❡♥t♦ ❞❡ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✸✱ ❧♦ ❝✉❛❧ ♥♦s ❧❧❡✈❛ ❛

ĺım
t→∞

x(t) = 0.

❉❡❜✐❞♦ ❛❧ ❡❢❡❝t♦ ❞♦♠✐♥ó✱ ❞❡ ❧❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡✱ t❡♥❡♠♦s q✉❡

ĺım
t→∞

y(t) = 0 ② ĺım
t→∞

z(t) = 0.

❆sí t❡r♠✐♥❛ ♥✉❡str❛ ❞❡♠♦str❛❝✐ó♥

Pr♦♣♦s✐❝✐ó♥ ✹✳✽ ❙✐ m2 > d2 ② m1 < mı́n {1 + d1, d1 + c2 − d2} ❡♥t♦♥❝❡s ❤❛② s♦❧✉❝✐♦♥❡s

❞❡ s✐st❡♠❛ ✭✷✳✶✶✮ q✉❡ t✐❡♥❞❡♥ ❛ E1 = (1, 0, 0) ❝✉❛♥❞♦ t→∞✳

❉❡♠♦str❛❝✐ó♥✳
❉❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ t❡♥❡♠♦s

u′(t) =
u(Au+B)

1 + u
− u2y +

c2u

v + 1

= u2
(
Au+B

u(1 + u)
+

c2
u(1 + v)

− y

)

❈♦♥s✐❞❡r❡♠♦s

K(u, v) =
Au+B

u(1 + u)
+

c2
u(1 + v)

♣♦r ❧♦ t❛♥t♦ ♥✉❡str❛ ❡❝✉❛❝✐ó♥ q✉❡❞❛ ❡①♣r❡s❛ ❞❡ ❧❛ s✐❣✉✐❡♥t❡ ♠❛♥❡r❛

u′(t) = u2(K(u, v)− y) ≡ H1(u, y, v) , u(0) > 0 ✭✹✳✽✶✮

✽✾



❉❡ ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ t❡♥❡♠♦s

y′(t) = y

(
m1u

1 + u
− d1

)
−

c2y

1 + v

= y

(
m1u

u+ 1
− d1 −

c2
1 + v

)

= y

(
m1u

u+ 1
−m1 +m1 − d1 −

c2
v + 1

)

= y

(
−

m1

u+ 1
+m1 − d1 −

c2
v + 1

)

= y

(
(m1 − d1)(1 + v)− c2

v + 1
−

m1

u+ 1

)

= y

(
(m1 − d1)v +m1 − d1 − c2

v + 1
−

m1

u+ 1

)

❉❡♥♦t❡♠♦s ❝♦♠♦
l1 = m1 − d1 ② l2 = m1 − d1 − c2

❡♥t♦♥❝❡s

y′(t) = y

(
l1v + l2
v + 1

−
m1

u+ 1

)
≡ H2(u, y, v) , u(0) > 0 ✭✹✳✽✷✮

❉❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ t❡♥❡♠♦s

v′(t) = v

(
m1u

1 + u
− d1 + d2 −

m2v + c2
1 + v

)

= v

(
m1u

1 + u
−m1 +m1 − d1 + d2 −

m2v + c2
1 + v

+ d2

)

= v

(
−

m1

1 + u
+

(m1 − d1 + d2)(1 + v)−m2v − c2
1 + v

)

= v

(
(m1 − d1 + d2 −m2)v +m1 − d1 + d2 − c2

1 + v
−

m1

1 + u

)

❉❡♥♦t❡♠♦s ❝♦♠♦

q1 = m1 − d1 + d2 −m2 ② q2 = m1 − d1 + d2 − c2

❛sí t❡♥❡♠♦s q✉❡

v′(t) = v

(
q1v + q2
v + 1

−
m1

u+ 1

)
≡ H3(u, y, v) , v(0) > 0 ✭✹✳✽✸✮

❊♥t♦♥❝❡s✱ ❞❡ ❧❛s ❡❝✉❛❝✐♦♥❡s ✭✹✳✽✸✮✱ ✭✹✳✽✷✮ ② ✭✹✳✽✶✮ ♣♦❞❡♠♦s ❡s❝r✐❜✐r ❡❧ s✐st❡♠❛ ✭✹✳✻✷✮ ❝♦♠♦




u′(t) = u2(K(u, v)− y) ≡ H1(u, y, v) , u(0) > 0

y′(t) = y

(
l1v + l2
v + 1

−
m1

u+ 1

)
≡ H2(u, y, v) , y(0) > 0

v′(t) = v

(
q1v + q2
v + 1

−
m1

u+ 1

)
≡ H3(u, y, v) , v(0) > 0

✭✹✳✽✹✮

✾✵



❘❡❝♦r❞❡♠♦s q✉❡ A = 1−m1 + d1 ② ❞❡ ❧❛s ❤✐♣ót❡s✐s ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥ t❡♥❡♠♦s

m1 < mı́n {1 + d1, d1 + c2 − d2} ≤ 1 + d1

❡♥t♦♥❝❡s
0 < 1 + d1 −m1 = A

❡s ❞❡❝✐r
A > 0.

❆❞❡♠ás

m1 < mı́n {1 + d1, d1 + c2 − d2} ≤ d1 + c2 − d2

❡♥t♦♥❝❡s m1 − d1 + d2 − c2 < 0✱ ❡s ❞❡❝✐r q2 < 0✱ ♣♦r ❧♦ t❛♥t♦

A > 0 > q2.

P♦r ♦tr♦ ❧❛❞♦✱ ♥♦t❡♠♦s q✉❡

q2 = m1 − d1 − c2 + d2 > m1 − d1 − c2 = l2

❡♥t♦♥❝❡s q2 > l2✱ ❛sí t❡♥❡♠♦s

A > 0 > q2 > l2.

P♦r ❧♦ t❛♥t♦ ❡①✐st❡ v0 > 0 t❛❧ q✉❡

H2(u, y, v) < 0 ② H3(u, y, v) < 0 ∀(u, y, v) ∈ [0,∞〉 × [0,∞〉 × [o, v0].

❙❡❛ u0 = máx
{
−B

A
, 0
}
≥ 0✳ ❊♥t♦♥❝❡s ♣❛r❛ u0 ② v0 ❞❡✜♥✐♠♦s ❡❧ ❝♦♥❥✉♥t♦

∆ =
{
(u, y, v) ∈ R3

+ | u ∈ [u0,∞〉, vǫ[0, v0〉, y ∈ [0,K(u0, v0)]
}

t❡♥❡♠♦s q✉❡

H1(u, y, v) > 0, H2(u, y, v) < 0 ② H3(u, y, v) < 0 ∀(u, y, v) ∈ ∆

❡s ❞❡❝✐r H1 ❡s ❝r❡❝✐❡♥t❡✱ ♠✐❡♥tr❛s q✉❡ H2 ② H3 s♦♥ ❞❡❝r❡❝✐❡♥t❡s ❡♥ ∆✳ ▲✉❡❣♦

ĺım
t→∞

(u(t), y(t), v(t)) = (∞, 0, 0).

❆sí ♣❛r❛ (u(0), v(0), y(0)) ∈ ∆✱ ❡st♦ ❡s

u(0) ≥ u0 → x(0) ≥ y(0)u0

v(0) ≤ v0 → y(0) ≤ z(0)v0

y(0) < k(u0, v0)

s❡ ❝✉♠♣❧❡ ĺım
t→∞

u(t) = ĺım
t→∞

x(t)

y(t)
=∞✳

❊♥t♦♥❝❡s ♣❛r❛ 0 < ǫ < c1 ❡①✐st❡ t∗ > 0 t❛❧ q✉❡

c1 − ε

ε
<

x(t)

y(t)
∀t > t∗

◆♦t❡♠♦s q✉❡✱ s✐
c1
ε
− 1 <

x(t)

y(t)
→

c1

1 +
x(t)

y(t)

< ε

✾✶



❡s ❞❡❝✐r✱ ♣❛r❛ 0 < ε < c1 ❡①✐st❡ t∗ > 0 t❛❧ q✉❡

−
c1

1 +
x(t)

y(t)

> −ε ∀t > t∗.

❆sí ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

x′(t) = x

(
1− x−

c1y

x+ y

)
> x(t)(1− ε− x(t)) ∀t > t∗

② ♣♦r ❛r❣✉♠❡♥t♦s s✐♠✐❧❛r❡s ❛ ❧❛ ♣r✉❡❜❛ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶ t❡♥❡♠♦s

ĺım
t→∞

x(t) = 1.

❆sí t❡r♠✐♥❛ ❧❛ ❞❡♠♦str❛❝✐ó♥ ❞❡ ♥✉❡str❛ ♣r♦♣♦s✐❝✐ó♥✳

P❛r❛ ♦❜t❡♥❡r r❡s✉❧t❛❞♦s ❛❞✐❝✐♦♥❛❧❡s s♦❜r❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ tr❛②❡❝t♦r✐❛s

❞❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ✭✷✳✶✶✮ q✉❡ t✐❡♥❞❡♥ ❛ E1 = (1, 0, 0) ❝✉❛♥❞♦ t −→ ∞✱ ❙❡❛ v =
y

z
② ❝♦♥s✐❞❡r❛♥❞♦ ❧❛ tr❛♥s❢♦r♠❛❝✐ó♥ (x, y, z) −→ (x, y, v).

❊s ❞❡❝✐r
T (x, y, z) =

(
x, y,

y

z

)
= (u, y, v).

◆♦t❛♠♦s q✉❡

Dom(T ) = {(x, y, z) ∈ Ω : z 6= 0} = {(x, y, z) ∈ Ω : z > 0}

② ❝♦♠♦ v =
y

z
✱ ❡♥t♦♥❝❡s

z =
y

v
.

❊♥t♦♥❝❡s ❡①✐st❡ T−1 ❞❡✜♥✐❞❛ ♣♦r

T−1(x, y, v) =
(
x, y,

y

v

)
.

▼❡❞✐❛♥t❡ T ② T−1 ♣♦❞❡♠♦s ❡st✉❞✐❛r ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❞❡ ❧❛ s✐♥❣✉❧❛r✐❞❛❞ E1 ❡♥ ❧❛s ❝♦♦r✲
❞❡♥❛❞❛s (x, y, v) ②❛ q✉❡ ❡st❡ s❡rá ❡q✉✐✈❛❧❡♥t❡ ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (x, y, z)✳

❆❤♦r❛ ✈❡❛♠♦s ❝♦♠♦ ❡st❡ ❝❛♠❜✐♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❛❢❡❝t❛ ❛❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ❞❡❧ ❝✉❛❧ t❡♥❡♠♦s

x′(t) = x(1− x)−
c1xy

x+ y
≡ N1(x, y, v) , x(0) > 0

y′(t) = y

(
m1x

x+ y
− d1 −

c2
v + 1

)
≡ N2(x, y, v) , y(0) > 0

② ❝♦♠♦ v =
y

z
✱ ❡♥t♦♥❝❡s

v′ =
y′z − z′y

z2

❝♦♥s✐❞❡r❛♥❞♦ ❧❛ s❡❣✉♥❞❛ ② t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❡♥❡♠♦s

v′ =

yz

(
m1x

x+ y
− d1 −

c2
1 + v

)
− y

(
m2yz

y + z
− d2z

)

z2

= v

[
m1x

x+ y
− d1 −

c2
v + 1

−

(
m2y

y + z
− d2

)]

✾✷



❆❞❡♠ás✱ ♥♦t❡♠♦s q✉❡ y = vz ❡♥t♦♥❝❡s

v′ = v

[
m1x

x+ y
− d1 −

c2
v + 1

−

(
m2vz

vz + z
− d2

)]

v′ = v

[
m1x

x+ y
− d1 −

c2
v + 1

−

(
m2v

v + 1
− d2

)]

❊s ❞❡❝✐r

v′ = v

[
m1x

x+ y
− d1 −

c2
v + 1

−

(
m2v

v + 1
− d2

)]
≡ H3(x, y, v) , v(0) > 0

❊♥t♦♥❝❡s ❧❛s ❡❝✉❛❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ s❡ ❝♦♥✈✐❡rt❡♥ ❡♥ ❡❧ s✐❣✉✐❡♥t❡ s✐st❡♠❛





x′(t) = x(1− x)−
c1xy

x+ y
≡ N1(x, y, v) , x(0) > 0

y′(t) = y

(
m1x

x+ y
− d1 −

c2
v + 1

)
≡ N2(x, y, v) , y(0) > 0

v′(t) = v

[
m1x

x+ y
− d1 −

c2
v + 1

−

(
m2v

v + 1
− d2

)]
≡ N3(x, y, v) , v(0) > 0

✭✹✳✽✺✮

❆ ❝♦♥t✐♥✉❛❝✐ó♥ ❤❛❧❧❛r❡♠♦s ❧♦s ♣✉♥t♦s ❝rít✐❝♦s ❞❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ✭✹✳✽✺✮✳

❉❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮ t❡♥❡♠♦s

y = 0 ∨
m1x

x+ y
− d1 −

c2
v + 1

= 0

s✐ y = 0✱ ❞❡ ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮ t❡♥❡♠♦s

x(1− x) = 0

❡♥t♦♥❝❡s
x = 0 ∨ x = 1

❝♦♥s✐❞❡r❡♠♦s q✉❡ y = 0 ② x = 1✱ ❡♥t♦♥❝❡s ❞❡ ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮ t❡♥❡♠♦s

v = 0 ∨ m1 − d1 −
c2 +m2v

v + 1
+ d2 = 0

◆♦t❡♠♦s q✉❡ s✐ m1 − d1 −
c2 +m2v

v + 1
+ d2 = 0✱ ❡♥t♦♥❝❡s

m1 − d1 + d2 =
c2 +m2v

v + 1
✭✹✳✽✻✮

(m1 − d1 + d2)(v + 1) = c2 +m2v

v =
c2 −m1 + d1 − d2
m1 − d1 + d2 −m2

. ✭✹✳✽✼✮

P♦r ❧♦ t❛♥t♦✱ t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ♣✉♥t♦s ❝rít✐❝♦s

E10 = (1, 0, 0) y E20 = (1, 0, v̂)

❞♦♥❞❡

v̂ =
c2 −m1 + d1 − d2
m1 − d1 + d2 −m2

✾✸



◆♦t❛♠♦s q✉❡ ❧♦s ❧❛s s✐♥❣✉❧❛r✐❞❛❞❡s E10 ② E20 ❡stá♥ ❡♥ ♣❧❛♥♦ xv✱ t❛❧ ② ❝♦♠♦ ♠✉❡str❛ ❧❛
❋✐❣✉r❛ ✹✳✾✳

x
y

v

❋✐❣✉r❛ ✹✳✾✿ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡♥ ❧❛s ❝♦♦r❞❡♥❛❞❛s (x, y, v)✳

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ♣❛r❛ ❧♦s ♣✉♥t♦s ❞❡ ❡q✉✐❧✐❜r✐♦ E10 ② E20✳ P❛r❛ ❡❧❧♦ ❝❛❧✲
❝✉❧❛r❡♠♦s ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛

J(x, y, v) =




∂

∂x
N1(u, y, v)

∂

∂y
N1(u, y, v)

∂

∂v
N1(u, y, v)

∂

∂x
N2(u, y, v)

∂

∂y
N2(u, y, v)

∂

∂v
N2(u, y, v)

∂

∂x
N3(u, y, v)

∂

∂y
N3(u, y, v)

∂

∂v
N3(u, y, v)




.

❉❡r✐✈❛♥❞♦N1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ x t❡♥❡♠♦s

∂

∂x
N1(u, y, v) = 1− 2x−

c1y
2

(x+ y)2

❞❡♥♦t❡♠♦s ❝♦♠♦ H1,1 =
∂

∂x
N1(x, y, v)✱ ❡s ❞❡❝✐r

H1,1 = 1− 2x−
c1y

2

(x+ y)2
. ✭✹✳✽✽✮

❉❡r✐✈❛♥❞♦N1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
N1(u, y, v) = −

c1x
2

(x+ y)2

❞❡♥♦t❡♠♦s ❝♦♠♦ H1,2 =
∂

∂y
N1(x, y, v)✱ ❡s ❞❡❝✐r

H1,2 = −
c1y

2

(x+ y)2
. ✭✹✳✽✾✮

❉❡r✐✈❛♥❞♦N1✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ ♣r✐♠❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
N1(u, y, v) = 0

❞❡♥♦t❡♠♦s ❝♦♠♦ H1,3 = 0✱ ❡s ❞❡❝✐r
H1,3 = 0. ✭✹✳✾✵✮

❉❡r✐✈❛♥❞♦N2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ x t❡♥❡♠♦s

∂

∂x
N2(u, y, v) =

m1y
2

(x+ y)2

✾✹



❞❡♥♦t❡♠♦s ❝♦♠♦ H2,1 =
∂

∂x
N2(x, y, v)✱ ❡s ❞❡❝✐r

H2,1 =
m1y

2

(x+ y)2
. ✭✹✳✾✶✮

❉❡r✐✈❛♥❞♦N2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
N2(u, y, v) =

m1x
2

(x+ y)2
− d1 −

c2
v + 1

❞❡♥♦t❡♠♦s ❝♦♠♦ H2,2 =
∂

∂y
N2(x, y, v)✱ ❡s ❞❡❝✐r

H2,2 =
m1x

2

(x+ y)2
− d1 −

c2
v + 1

. ✭✹✳✾✷✮

❉❡r✐✈❛♥❞♦N2✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ s❡❣✉♥❞❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
N2(u, y, v) =

c2y

(v + 1)2

❞❡♥♦t❡♠♦s ❝♦♠♦ H2,3 =
∂

∂v
N2(x, y, v)✱ ❡s ❞❡❝✐r

H2,3 =
c2y

(v + 1)2
. ✭✹✳✾✸✮

❉❡r✐✈❛♥❞♦ N3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ x t❡♥❡♠♦s

∂

∂x
N3(u, y, v) =

m1yv

(x+ y)2

❞❡♥♦t❡♠♦s ❝♦♠♦ H3,1 =
∂

∂x
N3(x, y, v)✱ ❡s ❞❡❝✐r

H3,1 =
m1yv

(x+ y)2
. ✭✹✳✾✹✮

❉❡r✐✈❛♥❞♦ N3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ y t❡♥❡♠♦s

∂

∂y
N3(u, y, v) = −

m1xv

(x+ y)2

❞❡♥♦t❡♠♦s ❝♦♠♦ H3,2 =
∂

∂y
N3(x, y, v)✱ ❡s ❞❡❝✐r

H3,2 = −
m1xv

(x+ y)2
. ✭✹✳✾✺✮

❉❡r✐✈❛♥❞♦ N3✱ ❞❡✜♥✐❞♦ ♣♦r ❧❛ t❡r❝❡r❛ ❡❝✉❛❝✐ó♥ ❞❡❧ s✐st❡♠❛ ✭✹✳✽✺✮✱ ❝♦♥ r❡s♣❡❝t♦ ❛ v t❡♥❡♠♦s

∂

∂v
N3(u, y, v) =

m1x

x+ y
− d1 −

c2 +m2v
2 + 2m2v

(v + 1)2
+ d2

❞❡♥♦t❡♠♦s ❝♦♠♦ H3,3 =
∂

∂v
N3(x, y, v)✱ ❡s ❞❡❝✐r

H3,3 =
m1x

x+ y
− d1 −

c2 +m2v
2 + 2m2v

(v + 1)2
+ d2. ✭✹✳✾✻✮

✾✺



J(u, y, v) =




H1,1 H1,2 H1,3

H2,1 H2,2 H2,3

H3,1 H3,2 H3,3



=




H1,1 H1,2 0

H2,1 H2,2 H2,3

H3,1 H3,2 H3,3




❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ ❞❡ ❧♦s ♣✉♥t♦s ❝rít✐❝♦s E10 ② E20✱ ❡st♦ ❧♦ ❤❛r❡♠♦s r❡✲
❡♠♣❧❛③❛♥❞♦ ❝❛❞❛ ♣✉♥t♦ ❝rít✐❝♦ ❡♥ ❡❧ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛ ② ✉t✐❧✐③❛r❡♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ❧❛
♣♦s✐❝✐ó♥ ❞❡ ❧❛s r❛í❝❡s✳

P❛r❛ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ E10 = (1, 0, 0) t❡♥❡♠♦s

J(1, 0, 0) =




−1 −c1 0

0 m1 − d1 − c2 0

0 0 m1 − d1 − c2 + d2



= H0

❉❡ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❛✉t♦✈❛❧♦r❡s

λ1 = −1

λ2 = m1 − d1 − c2

λ3 = m1 − d1 − c2 + d2

❙✐ ❝♦♥s✐❞❡r❛♠♦s m1−d1− c2 < 0 ② m1−d1− c2+d2 < 0 ❡♥t♦♥❝❡s t♦❞♦s ❧♦s ❛✉t♦✈❛❧♦r❡s ❞❡
H0 t✐❡♥❡♥ ♣❛rt❡ r❡❛❧ ♥❡❣❛t✐✈❛ ② ♣♦r ❧♦ t❛♥t♦ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ E10 ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❆❤♦r❛ ❛♥❛❧✐③❛r❡♠♦s ❧❛ ❡st❛❜✐❧✐❞❛❞ P❛r❛ ❡❧ ♣✉♥t♦ E20 = (1, 0, v̂)✱ ❞❡ ❧❛ ♠❛tr✐③ ❏❛❝♦❜✐❛♥❛
t❡♥❡♠♦s

J(1,0,v̂) =




−1 −c1 0

0 −m1 − d1 −
c2

v̂ + 1
0

0 −m1v̂ m1 − d1 + d2 −
c2 +m2v̂

2 + 2m2v̂

(v̂ + 1)2




♥♦t❡♠♦s q✉❡ v̂ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✻✮✱ ❡s ❞❡❝✐r

m1 − d1 + d2 =
c2 +m2v̂

v̂ + 1

❧✉❡❣♦ t❡♥❡♠♦s

J(1,0,v̂) =




−1 −c1 0

0 −m1 − d1 −
c2

v̂ + 1
0

0 −m1v̂
(c2 +m2v̂)(v̂ + 1)− (c2 +m2v̂

2 + 2m2v̂)

(v̂ + 1)2




s✐♠♣❧✐✜❝❛♥❞♦ tér♠✐♥♦s t❡♥❡♠♦s

✾✻



J(1,0,v̂) =




−1 −c1 0

0 −m1 − d1 −
c2

v̂ + 1
0

0 −m1v̂
(c2 −m2)v̂

(v̂ + 1)2




❉❡ ❧♦ ❝✉❛❧ ♦❜t❡♥❡♠♦s ❧♦s s✐❣✉✐❡♥t❡s ❛✉t♦✈❛❧♦r❡s

λ1 = −1

λ2 = m1 − d1 −
c2

v̂ + 1

λ3 =
(c2 −m2)v̂

(v̂ + 1)2

♥♦t❡♠♦s q✉❡ v̂ s❛t✐s❢❛❝❡ ❧❛ ❡❝✉❛❝✐ó♥ ✭✹✳✽✼✮✱ ❡s ❞❡❝✐r

v̂ =
c2 −m1 + d1 − d2
m1 − d1 + d2 −m2

s✐ ❝♦♥s✐❞❡r❛♠♦s c2 < m2 ② m1 < d1 +
c2

v̂ + 1
✱ ❡♥t♦♥❝❡s

v̂ =
c2 −m1 + d1 − d2
m1 − d1 + d2 −m2

> 0

② ❛❞❡♠ás s❡ ❝✉♠♣❧❡

v̂ + 1 =
c2 −m2

m1 − d1 + d2 −m2

❛sí ❞❡ m1 < d1 +
c2

v̂ + 1
✱ t❡♥❡♠♦s

m1 < d1 +
c2(m1 − d1 + d2 −m2)

c2 −m2

m1(c2 −m2) > d1(c2 −m2) + c2(m1 − d1 + d2 −m2)

c2(m2 − d2) > m2(m1 − d1)

P♦r ❧♦ t❛♥t♦ ❡❧ ♣✉♥t♦ ❝rít✐❝♦ E20 ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡ s✐ ② só❧♦ s✐

(m2 − d2)c2 > (m1 − d1)m2 ② c2 < m2.

❊♥ ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛ r❡s✉♠✐r❡♠♦s ❛❧❣✉♥♦s ❞❡ ❧♦s r❡s✉❧t❛❞♦s ♠❛s ✐♠♣♦rt❛♥t❡s s♦❜r❡ ❧❛
❡st❛❜✐❧✐❞❛❞ ❞❡ E0 ② E1 ✈✐st♦s ❡♥ ❡st❛ s❡❝❝✐ó♥✳

❚❡♦r❡♠❛ ✹✳✺ ❙✐ ❛❧ ♠❡♥♦s ✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ❝✉❛tr♦ ❝♦♥❞✐❝✐♦♥❡s s❡ ♠❛♥t✐❡♥❡

1 + d1 + c2 < c1 ② d2 − d1 < c2

1 + d1 +
c2(m2 + d1 − d2)

m2 − c2
< c1 ② c2 < d2 − d1 < m2

m1 > 1 + d1 + c2 > c1✱ m1(1 + d2 − c1) < c1(d2 − c2 − d1)

c1 > 1 + d1 + c2 ② m1 <
c1(d1 + c2)

c1 − 1

✾✼



❊♥t♦♥❝❡s ❤❛② s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s q✉❡ t✐❡♥❞❡♥ ❛❧ ♦r✐❣❡♥ ✐✳❡✳

ĺım
t→∞

(x(t), y(t), z(t)) = E0 = (0, 0, 0).

❙✐ ❛❧ ♠❡♥♦s ✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s tr❡s ❝♦♥❞✐❝✐♦♥❡s s❡ ♠❛♥t✐❡♥❡♥

m1 + d2 < d1 + c2

(m2 − d2)c2 > (m1 − d1)m2 ② c2 < m2

m2 > d2 ② m1 < mı́n {1 + d1, d1 + c2 − d2} .

❊♥t♦♥❝❡s ❤❛② s♦❧✉❝✐♦♥❡s ♣♦s✐t✐✈❛s t❡♥❞✐❡♥❞♦ ❛❧ ❡st❛❞♦ ❧✐❜r❡ ❞❡ ❞❡♣r❡❞❛❞♦r❡s ✐✳❡✳

ĺım
t→∞

(x(t), y(t), z(t)) = E1 = (1, 0, 0).

❯♥❛ ♣r❡❣✉♥t❛ ♥❛t✉r❛❧✱ s❡rí❛ s✐ ➽❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❛❞♠✐t❡ ❡s❝❡♥❛r✐♦s tr✐✲❡st❛❜❧❡s❄✳ ❯♥❛ ❛♥á✲
❧✐s✐s ❝✉✐❞❛❞♦s♦ ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❛s❡❣✉r❛♥ ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ❛tr❛❝t♦r ❞❡ E0✱ E1 ②
Ec s✉❣✐❡r❡ q✉❡ ♣✉❡❞❡ s❡r ❝♦♠♣❛t✐❜❧❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❡s❝❡♥❛r✐♦s tr✐✲❡st❛❜❧❡s ♣❛r❛ ❛❧❣ú♥
❝♦♥❥✉♥t♦ ❞❡ ♣❛rá♠❡tr♦s✳ ❊st❛ ♣♦s✐❜✐❧✐❞❛❞ ❡s ❡st✉❞✐❛❞❛ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛

❚❡♦r❡♠❛ ✹✳✻ ❙✐ m2 > d2✱ c1 > 1 + d1 + c2 ②
(
d1 +

c2(m2 − d2)

m2

)2

d1 + c2

(
m2 − d2

m2

)2 < m1 < mı́n

{
1 + d1, c2 − d2 + d1,

(
d1 +

c2(m2 − d2)

m2

)√
c1

c1 − 1

}
,

❡♥t♦♥❝❡s ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮t✐❡♥❡ ❛❧ ♠❡♥♦s tr❡s ❛tr❛❝t♦r❡s

E0 = (0, 0, 0), E1 = (1, 0, 0) y Ec = (xc, yc, zc).

❉❡♠♦str❛❝✐ó♥✳ ❈♦♠♦ c1 > 1 + d1 + c2 > 1✱ ❡♥t♦♥❝❡s

c1 > c1 − 1 > 0

c1
c1 − 1

> 1

❧✉❡❣♦ √
c1

c1 − 1
<

c1
c1 − 1

✭✹✳✾✼✮

❡♥t♦♥❝❡s
(
d1 +

c2(m2 − d2)

m2

)√
c1

c1 − 1
<

(
d1 +

c2(m2 − d2)

m2

)(
c1

c1 − 1

)

=

(
d1m2 + c2(m2 − d2)

m2

)(
c1

c1 − 1

)

=

(
(d1 + c2)m2 − c2d2

m2

)(
c1

c1 − 1

)

=

(
d1 + c2 −

c2d2
m2

)(
c1

c1 − 1

)

< (d1 + c2)

(
c1

c1 − 1

)

=
c1 (d1 + c2)

c1 − 1

✾✽



❆sí ❧❛s ❤✐♣ót❡s✐s ❞❡ ♥✉❡str♦ t❡♦r❡♠❛ s❛t✐s❢❛❝❡♥ ❧❛s ❤✐♣ót❡s✐s ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✼ ② ❧❛
Pr♦♣♦s✐❝✐ó♥ ✹✳✽ ♣♦r ❧♦ t❛♥t♦ E0 ② E1 s♦♥ ❛tr❛❝t♦r❡s✳ ❆❤♦r❛ s♦❧♦ ♥♦s r❡st❛ ♣r♦❜❛r q✉❡ Ec

❡①✐st❡ ② ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❈♦♠♦ m2 > d2✱ s❡ ❝✉♠♣❧❡

m2 > m2 − d2 > 0 → 1 >
m2 − d2

m2
> 0

❛sí t❡♥❡♠♦s
m2 − d2

m2
>

(
m2 − d2

m2

)2

❡♥t♦♥❝❡s
(
m2 − d2

m2

)(
c22(m2 − d2)

m2
+ d1c2

)
>

(
m2 − d2

m2

)2(c22(m2 − d2)

m2
+ d1c2

)

c22

(
m2 − d2

m2

)2

+ d1c2

(
m2 − d2

m2

)
> d1c2

(
m2 − d2

m2

)2

+ c22

(
m2 − d2

m2

)3

c22

(
m2 − d2

m2

)2

+2d1c2

(
m2 − d2

m2

)
> d1c2

(
m2 − d2

m2

)
+d1c2

(
m2 − d2

m2

)2

+c22

(
m2 − d2

m2

)3

c22

(
m2 − d2

m2

)2

+2d1c2

(
m2 − d2

m2

)
+d21 > d21+d1c2

(
m2 − d2

m2

)
+d1c2

(
m2 − d2

m2

)2

+c22

(
m2 − d2

m2

)3

(
d1 + c2

(
m2 − d2

m2

))2

>

(
d1 + c2

(
m2 − d2

m2

))(
d1 + c2

(
m2 − d2

m2

)2
)

❡s ❞❡❝✐r (
d1 + c2

(
m2 − d2

m2

))2

d1 + c2

(
m2 − d2

m2

)2 > d1 + c2

(
m2 − d2

m2

)
✭✹✳✾✽✮

② ♣♦r ❤✐♣ót❡s✐s ❞❡ ♥✉❡str♦ t❡♦r❡♠❛ t❡♥❡♠♦s

m1 >

(
d1 + c2

(
m2 − d2

m2

))2

d1 + c2

(
m2 − d2

m2

)2 > d1 + c2

(
m2 − d2

m2

)

❞❡ ❞♦♥❞❡ ♥♦t❛♠♦s q✉❡
m1

d1 + c2

(
m2 − d2

m2

)

︸ ︷︷ ︸
A

> 1. ✭✹✳✾✾✮

P♦r ♦tr♦ ❧❛❞♦✱ ❞❡ ❧❛s ❤✐♣ót❡s✐s ❞❡ ♥✉❡str♦ t❡♦r❡♠❛ t❡♥❡♠♦s

m1 < mı́n

{
1 + d1, c2 − d2 + d1,

(
d1 +

c2(m2 − d2)

m2

)√
c1

c1 − 1

}

❡s ❞❡❝✐r

m1 <

(
d1 + c2

(
m2 − d2

m2

))√
c1

c1 − 1

✾✾



② ♣♦r ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✾✼✮ t❡♥❡♠♦s

m1 <

(
d1 + c2

(
m2 − d2

m2

))√
c1

c1 − 1
<

(
d1 + c2

(
m2 − d2

m2

))(
c1

c1 − 1

)

❡♥t♦♥❝❡s

m1 <

(
d1 + c2

(
m2 − d2

m2

))(
c1

c1 − 1

)

♣♦r ❧♦ t❛♥t♦
m1

d1 + c2

(
m2 − d2

m2

)

︸ ︷︷ ︸
A

<
c1

c1 − 1

❛sí t❡♥❡♠♦s
0 < A(c1 − 1) < c1

Ac1 − c1 < A

c1(A− 1) < A

❡s ❞❡❝✐r

0 < c1 <
A

A− 1
.

▲✉❡❣♦ ♣♦r ❡❧ ▲❡♠♠❛ ✹✳✶ ❡①✐st❡ Ec✳ P❛r❛ q✉❡ Ec s❡❛ ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡ t❡♥❡♠♦s q✉❡
✈❡r✐✜❝❛r q✉❡ m1,1 < 0 ② m2,2 < 0✳

❉❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✾✽✮ t❡♥❡♠♦s

m1

d1 + c2

(
m2 − d2

m2

)

︸ ︷︷ ︸
A

<

√
c1

c1 − 1

② ❞❡ ❧❛ r❡❧❛❝✐ó♥ ✭✹✳✾✾✮ t❡♥❡♠♦s

1 < A <

√
c1

c1 − 1

② ❝♦♠♦ c1 > 1 + d1 + c2 > 1 ❡♥t♦♥❝❡s ♣♦r Pr♦♣♦s✐❝✐ó♥ ✹✳✷ m1,1 < 0✳

✈❛♠♦s ❛ ♣r♦❜❛r q✉❡

(
d1 + c2

m2 − d2
m2

)2

(
d1 + c2

(
m2 − d2

m2

)2
) < m1 ⇒ m2,2 < 0.

❧✉❡❣♦ ❞❡ (
d1 + c2

m2 − d2
m2

)2

(
d1 + c2

(
m2 − d2

m2

)2
) < m1

t❡♥❡♠♦s
1

m1

(
d1 + c2

m2 − d2
m2

)2

< d1 + c2

(
m2 − d2

m2

)2

✶✵✵



1

m1

(
d1 + c2

m2 − d2
m2

)2

< d1 + c2
(m2 − d2)(m2 − d2)

m2
2

1

m1

(
d1 + c2

m2 − d2
m2

)2

< d1 +
c2m2(m2 − d2)− d2c2(m2 − d2)

m2
2

1

m1

(
d1 + c2

m2 − d2
m2

)2

+
d2c2(m2 − d2)

m2
2

< d1 + c2
m2 − d2

m2

1

m1

(
d1 + c2

m2 − d2
m2

)2

+

c2

(
m2

d2
− 1

)

(
m2

d2

)2 < d1 + c2
m2 − d2

m2

0 < d1 + c2
m2 − d2

m2
−

1

m1

(
d1 + c2

m2 − d2
m2

)2

−

c2

(
m2

d2
− 1

)

(
m2

d2

)2

︸ ︷︷ ︸
g(c2)

② ❝♦♠♦ g(c2) > 0 ❡♥t♦♥❝❡s ♣♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✹ t❡♥❡♠♦s q✉❡ m2,2 < 0✳

♣♦r ❧♦ t❛♥t♦ ❡❧ ♣✉♥t♦ Ec ❡s ❧♦❝❛❧♠❡♥t❡ ② ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

✶✵✶



❈❛♣ít✉❧♦ ✺

❙✐♠✉❧❛❝✐♦♥❡s

❊♥ ♠✉❝❤♦s ❧✐❜r♦s s♦❜r❡ ❡❝✉❛❝✐♦♥❡s ❞✐❢❡r❡♥❝✐❛❧❡s s❡ ❡♥❝♦♥tr❛rá ❡①♣❧✐❝❛❝✐♦♥❡s ❛♠♣❧✐❛s ❛❝❡r❝❛
❞❡ ✈❛r✐♦s ♠ét♦❞♦s ♣❛r❛ ♦❜t❡♥❡r ❡①♣❧í❝✐t❛♠❡♥t❡ s♦❧✉❝✐♦♥❡s ❛ ❧♦s ♣r♦❜❧❡♠❛s ❞❡ ✈❛❧♦r ✐♥✐✲
❝✐❛❧ ❞❡ ♣r✐♠❡r ♦r❞❡♥✳ P❡r♦ ❡♥ ❧❛ ♣r❛❝t✐❝❛✱ ♣♦❝♦s ❞❡ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ s❡ ♣r❡s❡♥t❛♥ ❡♥ ❡❧
❡st✉❞✐♦ ❞❡ ❧♦s ❢❡♥ó♠❡♥♦s ❢ís✐❝♦s✱ q✉í♠✐❝♦s ② ❜✐♦❧ó❣✐❝♦s ♣✉❡❞❡♥ r❡s♦❧✈❡rs❡ ❝♦♥ ❡①❛❝t✐t✉❞✳
P♦r ❝♦♥s✐❣✉✐❡♥t❡ ✉t✐❧✐③❛r❡♠♦s ✉♥ ♠ét♦❞♦ ♥✉♠ér✐❝♦ ♣❛r❛ ❛♣r♦①✐♠❛r ❧❛ s♦❧✉❝✐ó♥ ❞❡ ♥✉❡str♦
s✐st❡♠❛





x′(t) = x(1− x)−
c1xy

x+ y
, x(0) > 0

y′(t) =
m1xy

x+ y
− d1y −

c2yz

z + y
, y(0) > 0

z′(t) =
m2yz

z + y
− d2z , z(0) > 0

P❛r❛ ❡❧ ❝✉❛❧ t❡♥❡♠♦s

F1(x, y, z) = x(1− x)−
c1xy

x+ y

F2(x, y, z) =
m1xy

x+ y
− d1y −

c2yz

z + y

F3(x, y, z) =
m2yz

z + y
− d2z

❞❡✜♥✐❞❛s ♣❛r❛ ❡♥
Ω◦ =

{
(x, y, z) ∈ R3 : x > 0, y > 0, z > 0

}

❈♦♥s✐❞❡r❡♠♦s U = Ω◦ ② ❧❛ ❢✉♥❝✐ó♥

F : U −→ R3

(x, y, z) 7−→ F (x, y, z)

❞♦♥❞❡
F (x, y, z) = (F1(x, y, z), F2(x, y, z), F3(x, y, z))

② w(t) = (x(t), y(t), z(t))✱ ❛sí t❡♥❡♠♦s ❡❧ s✐❣✉✐❡♥t❡ P❱■ ❛s♦❝✐❛❞♦ ❛ w ② F





w′ = F (w)

w(0) = (x(0), y(0), z(0))

P❛r❛ ❡❧ ❝✉❛❧ ♦❜t❡♥❞r❡♠♦s ❛♣r♦①✐♠❛❝✐♦♥❡s ❡♥ ❛❧❣✉♥♦s ♣✉♥t♦s ❡s♣❡❝í✜❝♦s ❡ ✐❣✉❛❧♠❡♥t❡ ❡s✲
♣❛❝✐❛❞♦s✱ ♣❛r❛ ❡st♦ ✉t✐❧✐③❛r❡♠♦s ❧♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ②❛ q✉❡ t✐❡♥❡♥ ✉♥ ❡rr♦r ❧♦❝❛❧

✶✵✷



❞❡ tr✉♥❝❛♠✐❡♥t♦ ❞❡ ♦r❞❡♥ ❛❧t♦✱ ❝♦♠♦ ❧♦s ♠ét♦❞♦s ❞❡ ❚❛②❧♦r✱ ♣❡r♦ ♣❡r♠✐t❡♥ ♣r❡s❝✐♥❞✐r ❞❡❧
❝❛❧❝✉❧♦ ② ❡✈❛❧✉❛❝✐ó♥ ❞❡ ❧❛s ❞❡r✐✈❛❞❛s ❞❡ F (t, w)✳

❊❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♠❛②♦r ✉s♦ ❡s ❡❧ ❞❡ ♦r❞❡♥ ❝✉❛tr♦ ❡♥ ❧❛ ❢♦r♠❛ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥
❡♥ ❞✐❢❡r❡♥❝✐❛s✳ ❊st♦s ❞❡t❛❧❧❡s ② ♠❛s s❡ ♣✉❡❞❡♥ ❡♥❝♦♥tr❛r ❡♥ ❬✹❪✳

✺✳✶✳ ▼ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥

P❛r❛ ❡❧ P❱■ ❛♥t❡r✐♦r ❞❡✜♥✐♠♦s ❡❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥ ♠❡❞✐❛♥t❡ ❡❧
s✐❣✉✐❡♥t❡ ❡sq✉❡♠❛

w0 = w(0)

K1 = hF (ti, wi)

K2 = hF

(
ti +

h

2
, wi +

1

2
K1

)

K3 = hF

(
ti +

h

2
, wi +

1

2
K2

)

K4 = hF (ti+1, wi +K3)

wi+1 = wi +
K1 + 2K2 + 2K3 +K4

6

ti+1 = ti + h

P❛r❛ ❝❛❞❛ i = 0, 1, 2, · · · , n− 1✳ ❊st❡ ♠ét♦❞♦ t✐❡♥❡ ❡rr♦r ❧♦❝❛❧ ❞❡ tr✉♥❝❛♠✐❡♥t♦ O(h4)✳

❊❧ ♠❛②♦r ❡s❢✉❡r③♦ ❞❡ ❝❛❧❝✉❧♦ q✉❡ s❡ r❡q✉✐❡r❡ ♣❛r❛ ❛♣❧✐❝❛r ❧♦s ♠ét♦❞♦s ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❡s
❧❛ ❡✈❛❧✉❛❝✐ó♥ ❞❡ F ✳ ❡♥ ❧♦s ♠ét♦❞♦s ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❡❧ ❡rr♦r ❞❡ tr✉♥❝❛♠✐❡♥t♦ ❡s O(h2)✱
② ❡❧ ❝♦st♦ ❡s r❡❛❧✐③❛r ❞♦s ❡✈❛❧✉❛❝✐♦♥❡s ❢✉♥❝✐♦♥❛❧❡s ♣♦r ♣❛s♦✳ ❊❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛
❞❡ ♦r❞❡♥ ❝✉❛tr♦ r❡q✉✐❡r❡ ❝✉❛tr♦ ❡✈❛❧✉❛❝✐♦♥❡s ♣♦r ♣❛s♦ ② ❡❧ ❡rr♦r ❧♦❝❛❧ ❞❡ tr✉♥❝❛♠✐❡♥t♦ ❡s
O(h4)✳

❈♦♠♦ ❡❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ♦r❞❡♥ ❝✉❛tr♦ r❡q✉✐❡r❡ r❡❛❧✐③❛r ❝✉❛tr♦ ❡✈❛❧✉❛❝✐♦♥❡s
♣♦r ♣❛s♦✱ ❞❡❜❡rá ❞❛r r❡s♣✉❡st❛s ♠❛s ❡①❛❝t❛s q✉❡ ❡❧ ♠ét♦❞♦ ❞❡ ❊✉❧❡r ❝♦♥ ✉♥ ❝✉❛rt♦ ❞❡❧
t❛♠❛ñ♦ ❞❡ ♣❛s♦ ♣❛r❛ q✉❡ s❡❛ ♠❡❥♦r✳ ❉❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ s✐ q✉❡r❡♠♦s q✉❡ ❡❧ ♠ét♦❞♦ ❞❡
❘✉♥❣❡✲❑✉tt❛ s❡❛ ♠❡❥♦r✱ ❞❡❜❡rá ♦❢r❡❝❡r ✉♥❛ ♠❛②♦r ♣r❡❝✐s✐ó♥ ❝♦♥ ❡❧ t❛♠❛ñ♦ ❞❡ ♣❛s♦ h q✉❡
❡❧ ♠ét♦❞♦ ❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ s❡❣✉♥❞♦ ♦r❞❡♥ ❝♦♥ ❡❧ t❛♠❛ñ♦ ❞❡ ♣❛s♦ h

2 ✱ ♣♦rq✉❡ ❡❧ ♠ét♦❞♦
❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥ r❡q✉✐❡r❡ ❡❧ ❞♦❜❧❡ ❞❡ ❡✈❛❧✉❛❝✐♦♥❡s ❞❡ ♣❛s♦✳

✶✵✸



❆ ❝♦♥t✐♥✉❛❝✐ó♥ ✈❡❛♠♦s ✉♥ ♣♦s✐❜❧❡ ❛❧❣♦r✐t♠♦ ♣❛r❛ ❧❛ ✐♠♣❧❡♠❡♥t❛❝✐ó♥ ❣❡♥❡r❛❧ ❞❡❧ ♠ét♦❞♦
❞❡ ❘✉♥❣❡✲❑✉tt❛ ❞❡ ❝✉❛rt♦ ♦r❞❡♥✳

❆❧❣♦r✐t♠♦ ✺✳✶✿ ❘❑✹

❊♥tr❛❞❛✿ ❊①tr❡♠♦s a, b❀ ❡♥t❡r♦ n❀ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ w0✳
❙❛❧✐❞❛ ✿ ❆♣r♦①✐♠❛❝✐ó♥ ❛ w ❡♥ ❧♦s n+ 1 ✈❛❧♦r❡s ❞❡ t ❡♥ ❡❧ ✐♥t❡r✈❛❧♦ [a, b]✳

✶ h←
b− a

n
❀

✷ t1 ← a❀

✸ w1 ← w0❀

✹ P❛r❛ i← 1 ❤❛st❛ n ❤❛❝❡r

✺ K1 ← hF (ti, wi)❀

✻ K2 ← hF

(
ti +

h

2
, wi +

1

2
K1

)
❀

✼ K3 ← hF

(
ti +

h

2
, wi +

1

2
K2

)
❀

✽ K4 ← hF (ti+1, wi +K3)❀

✾ wi+1 ← wi +
K1 + 2K2 + 2K3 +K4

6
❀

✶✵ ti+1 ← ti + h❀

✶✶ ✜♥ ♣❛r❛

◆♦t❡♠♦s q✉❡ ❡st❡ ❛❧❣♦r✐t♠♦ ❞❡♣❡♥❞❡ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ ❢✉♥❝✐ó♥ ✈❡❝t♦r✐❛❧
F ✱ ❧❛ ❝✉❛❧ ❡♥ ♣r✐♠❡r ✐♥st❛♥❝✐❛ r❡♣r❡s❡♥t❛rá ❛❧ s✐st❡♠❛ ❛✉tó♥♦♠♦ ✭✷✳✶✶✮✱ ♣❡r♦ ❧❛ ♠♦❞✐✜❝❛✲
r❡♠♦s ♣❛r❛ q✉❡ t❛♠❜✐é♥ r❡❝✐❜❛ ❝♦♠♦ ❛r❣✉♠❡♥t♦s ❧♦s ♣❛rá♠❡tr♦s ❞❡❧ ♠✐s♠♦ s✐st❡♠❛✳

❆❧❣♦r✐t♠♦ ✺✳✷✿ ❋

❊♥tr❛❞❛✿ P❛rá♠❡tr♦s P ❀ ✈❛❧♦r ❞❡ ❧❛s ✈❛r✐❛❜❧❡s W ✳
❙❛❧✐❞❛ ✿ ❊✈❛❧✉❛❝✐ó♥ ❞❡ F ❝♦♥ ❛r❣✉♠❡♥t♦s P ② W ✳

✴✯ ❢✉♥❝✐ó♥ ❘ ❂ ❋✭P✱❲✮ ✯✴

✶ R(1) = W (1)(1−W (1))− P (1)

(
W (1)W (2)

W (1) +W (2)

)
❀

✷ R(2) = P (3)

(
W (1)W (2)

W (1) +W (2)

)
− P (2)W (2)− P (4)

(
W (2)W (3)

W (2) +W (3)

)
❀

✸ R(3) = P (6)

(
W (2)W (3)

W (2) +W (3)

)
− P (5)W (3) ❀

◆♦t❡♠♦s q✉❡ ❡♥ ❡❧ ❆❧❣♦r✐t♠♦ ✺✳✷ ❧♦s ♣❛rá♠❡tr♦s ② ❧♦s ✈❛❧♦r❡s ❞❡ ❧❛s ✈❛r✐❛❜❧❡s s❡ ❡stá♥
♣❛s❛♥❞♦ ❝♦♠♦ ❝♦♠♦ ❛rr❡❣❧♦s✱ ♠❡❞✐❛♥t❡ P ② W ❞❡✜♥✐❞♦s ❝♦♠♦

P =
[
c1 d1 m1 c2 d2 m2

]
② W =

[
x y z

]
.

✶✵✹



P❛r❛ ✐♠♣❧❡♠❡♥t❛r ❞✐❝❤♦s ❛❧❣♦r✐t♠♦s ② r❡❛❧✐③❛r ❧❛s s✐♠✉❧❛❝✐♦♥❡s ✉t✐❧✐③❛♠♦s ▼❆❚▲❆❇ ❘✷✵✶✵❛✱
②❛ q✉❡ ❛ ♣❡s❛r ❞❡ s❡r ❡❧ ♣r♦❣r❛♠❛ ❞❡ s✐♠✉❧❛❝✐ó♥ ♠❛t❡♠át✐❝❛ ♠❛s ✉t✐❧✐③❛❞♦ ♥♦s ❜r✐♥❞❛ ✉♥❛
✐♥t❡r❢❛❝❡ ❛♠✐❣❛❜❧❡ ♣❛r❛ ❡❧ ❞❡s❛rr♦❧❧♦ ❞❡ ✐♥t❡r❢❛❝❡s ❞❡ ✉s✉❛r✐♦ ❞❡♥♦♠✐♥❛❞❛ GUIDE✳

❋✐❣✉r❛ ✺✳✶✿ ❉❡s❛rr♦❧❧♦ ❞❡ ❧❛ ✐♥t❡r❢❛❝❡ ❞❡ ✉s✉❛r✐♦ ●❯■❉❊ ✲ ▼❆❚▲❆❇ ❘✷✵✶✵❛

❆sí s❡ ❞❡s❛rr♦❧❧♦ ✉♥ ❡♥t♦r♥♦ ❡♥ ❡❧ ❝✉❛❧ s❡ ✐rá♥ ✐♥❣r❡s❛♥❞♦ ❧♦s ✈❛❧♦r❡s ❝♦rr❡s♣♦♥❞✐❡♥t❡s ❛ ❧♦s
♣❛rá♠❡tr♦s✱ ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s✱ ❡❧ ✐♥t❡r✈❛❧♦ ② ❡❧ ♥✉♠❡r♦ ❞❡ ♣❛rt✐❝✐♦♥❡s ❡♥ ❧❛s ❝✉❛❧❡s s❡ ❛♣r♦✲
①✐♠❛rá ❧❛ s♦❧✉❝✐ó♥ ♠❡❞✐❛♥t❡ ❡❧ ❆❧❣♦r✐t♠♦ ✺✳✶❀ ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✳ ◆♦t❛♠♦s
t❛♠❜✐é♥ ❞❡ ❧❛ ✐♠❛❣❡♥ q✉❡ s❡ ✐♠♣❧❡♠❡♥t♦ ❡❧ ❝❛❧❝✉❧♦ ❞❡ A ❞❡✜♥✐❞♦ ♣♦r ✭✹✳✶✮ ② δ ✉t✐❧✐③❛❞♦
❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✷✳

▲❛s s✐♠✉❧❛❝✐♦♥❡s ❜ás✐❝❛♠❡♥t❡ ❝♦♥s✐st❡ ❡♥ ❧❛ ❣rá✜❝❛ ❞❡ ❧❛s s♦❧✉❝✐ó♥ ❛♣r♦①✐♠❛❞❛ w ♦❜t❡♥✐❞❛
♣♦r ❧♦s ❆❧❣♦r✐t♠♦s ✺✳✶ ② ✺✳✷✳ ❊st♦ ❧♦ ♣♦❞❡♠♦s ❤❛❝❡r t❛❧ ② ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✷✳

❋✐❣✉r❛ ✺✳✷✿ ❈♦❞✐✜❝❛❝✐ó♥ ❞❡ ❧❛ ❣rá✜❝❛ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥

▲❛s ❝ó❞✐❣♦s ❢✉❡♥t❡ ❞❡ ❧♦s ❛❧❣♦r✐t♠♦s ② ♣r♦❣r❛♠❛s ❞❡s❛rr♦❧❧❛❞♦s ❡♥ ▼❛t▲❛❜ ❘✷✵✶✵❛ s❡
❡♥❝✉❡♥tr❛♥ ❡♥ ❡❧ ❆♣é♥❞✐❝❡ ❆✳

✶✵✺



✺✳✷✳ ❊s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥

❆ ❝♦♥t✐♥✉❛❝✐ó♥ s✐♠✉❧❛r❡♠♦s ❞✐✈❡rs♦s ❡s❝❡♥❛r✐♦s ❞❡ ❡①t✐♥❝✐ó♥ ❝♦rr❡s♣♦♥❞✐❡♥t❡ ❛ ❧♦s r❡s✉❧t❛✲
❞♦s ✈✐st♦s ❡♥ ❡❧ ❈❛♣✐t✉❧♦ ✹✳

❋✐❣✉r❛ ✺✳✸✿ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✶

P❛r❛ ❧♦s ❞❛t♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✸ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶
♣♦r ❧♦ t❛♥t♦ s❡ ❡①t✐♥❣✉❡ ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② s✉♣❡r✐♦r ♠✐❡♥tr❛s q✉❡ ♣❡rs✐st❡ ❧❛ ♣r❡s❛✱
❡s ❞❡❝✐r ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❢✉❡ ❡❢❡❝t✐✈♦✳

❋✐❣✉r❛ ✺✳✹✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✸

✶✵✻



❋✐❣✉r❛ ✺✳✺✿ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✷

P❛r❛ ❧♦s ❞❛t♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✺ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛
✹✳✷ ❡♥t♦♥❝❡s ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ❞❡♣r❡❞❛ ❝♦♠♣❧❡t❛♠❡♥t❡ ❛ ❧❛s ♣r❡s❛s✱ ② ❛❧ ❝❛r❡❝❡r
❞❡ ♣r❡s❛s ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ s❡ ❡①t✐♥❣✉❡ ② ♣♦r ❝♦♥s✐❣✉✐❡♥t❡ ❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r
t❛♠❜✐é♥ s❡ ❡①t✐♥❣✉❡✳

❋✐❣✉r❛ ✺✳✻✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✺

✶✵✼



❋✐❣✉r❛ ✺✳✼✿ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ ❚❡♦r❡♠❛ ✹✳✸

P❛r❛ ❧♦s ❞❛t♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✼ s❡ ✈❡r✐✜❝❛♥ ❧❛s ❤✐♣ót❡s✐s ❞❡❧ ❚❡♦r❡♠❛
✹✳✸ ♣♦r ❧♦ q✉❡ ❧❛ s♦❧✉❝✐ó♥ ❡st❛❜❧❡ E0 = (0, 0, 0) ❡s ✉♥ ❛tr❛❝t♦r ❣❧♦❜❛❧✱ ❡s ❞❡❝✐r ♦❝✉rr❡ ❧❛
❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛✳

❋✐❣✉r❛ ✺✳✽✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✼

✶✵✽



❋✐❣✉r❛ ✺✳✾✿ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ 1◦ ❝❛s♦ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹

❊♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✹ s❡ ❞✐❡r♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❡s♣❡❝✐✜❝❛s ♣❛r❛ ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r
s✉♣❡r✐♦r✱ ♣♦r ❡❥❡♠♣❧♦ s✐m2 > c2 ② ❧♦s ❞❡♠ás ♣❛rá♠❡tr♦s ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✾✱ ❡♥t♦♥✲
❝❡s s❡ ❡①t✐♥❣✉❡ ❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r ♣❡r♦ ❧❛ ♣r❡s❛ ② ❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ❝♦❡①✐st❡♥
t❛❧ ② ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✶✵✳

❋✐❣✉r❛ ✺✳✶✵✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✾

✶✵✾



❆sí ♠✐s♠♦ ❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✹✱ s❡ ❛s❡❣✉r❛ q✉❡ s✐ m2 < d2 ② 0 < A ≤ 1 t❛♠❜✐é♥ s❡ ❡①t✐♥❣✉❡
❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r✳ ❊st❡ ❝❛s♦ ❝♦♥t✐❡♥❡ ❛ ❧♦s r❡s✉❧t❛❞♦s ♠♦str❛❞♦s ❡♥ ❡❧ ❚❡♦r❡♠❛ ✹✳✶ ②
❡❧ ❚❡♦r❡♠❛ ✹✳✷✳

❋✐❣✉r❛ ✺✳✶✶✿ P❛rá♠❡tr♦s ② ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ s✐♠✉❧❛r ❡❧ 3◦ ❝❛s♦ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹

❊❧ ✉❧t✐♠♦ ❝❛s♦ ❞❡❧ ❚❡♦r❡♠❛ ✹✳✹ ❡s m2 > d2✱ A > 1 ② c1 ≥
A

A−1 ✳ P❛r❛ ❡st♦ ❡s❝♦❣❡♠♦s ❧♦s
♣❛rá♠❡tr♦s q✉❡ s❡ ♠✉❡str❛♥ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✶ ♦❜t❡♥✐❡♥❞♦ ❝♦♠♦ r❡s✉❧t❛❞♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥
❧❛ ❋✐❣✉r❛ ✺✳✶✷✱ ❡❧ ❧❛ ❝✉❛❧ ♦❜s❡r✈❛♠♦s q✉❡ t❛♠❜✐é♥ ♦❝✉rr❡ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛✳

❋✐❣✉r❛ ✺✳✶✷✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❧♦s ❞❛t♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✶

✶✶✵



✺✳✸✳ ❙❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

❊♥ ❡st❛ s❡❝❝✐ó♥ ✈❡r❡♠♦s ❝♦♠♦ ❧❛s s♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✱ ♣❛r❛ ❝✐❡rt♦s ♣❛rá♠❡tr♦s
✜❥♦s✱ s❡ ✈❡♥ ❛❢❡❝t❛❞❛s ❛❧ ❝❛♠❜✐❛r s✉s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳ ❊s ❞❡❝✐r t✐❡♥❡♥ ✉♥ ❝♦♠♣♦rt❛✲
♠✐❡♥t♦ s❡♥s✐❜❧❡ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✳

P❛r❛ ❡♠♣❡③❛r ❝♦♥s✐❞❡r❡♠♦s ❧♦s ♣❛rá♠❡tr♦s ❝♦♠♦ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✸✱ ❧♦s ❝✉❛❧❡s
♠❛♥t❡♥❞r❡♠♦s ✜❥♦s ❤❛st❛ q✉❡ s❡ ❞✐❣❛ ❧♦ ❝♦♥tr❛r✐♦✳

❋✐❣✉r❛ ✺✳✶✸✿ Pr✐♠❡r♦s ♣❛rá♠❡tr♦s ♣❛r❛ ♠♦str❛r ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

❆❞❡♠ás ❝♦♥s✐❞❡r❡♠♦s ❧♦s ✈❛❧♦r❡s ✐♥✐❝✐❛❧❡s ♠♦str❛❞♦s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✹✭❛✮ ❝♦♥ ❧♦s ❝✉❛❧❡s s❡
♦❜t✐❡♥❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✺

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✺✳✶✹✿ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s✱ ❡♥ ✭❛✮ ❝♦❡①✐st❡♥❝✐❛ ② ❡♥ ✭❜✮ ❡①t✐♥❝✐ó♥ t♦t❛❧

❡♥ ❧❛ ❝✉❛❧ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s ♦s❝✐❧❛♥ ❡♥ t✐❡♠♣♦s ♠✉② ❝♦rt♦s✱ ❡s ❞❡❝✐r s❡
❞❡s❝r✐❜❡♥ ❝✐❝❧♦s ❤❡t❡r♦❝❧✐♥♦s✳

❋✐❣✉r❛ ✺✳✶✺✿ ❙♦❧✉❝✐♦♥❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥ ❝♦♥❞✐❝✐ó♥ ✐♥✐❝✐❛❧ (0.34, 0.04, 0.07)

✶✶✶



P❛r❛ t❡♥❡r ✉♥❛ ♠❡❥♦r ✈✐s✉❛❧✐③❛❝✐ó♥ ❞❡ ❧♦s ❝✐❝❧♦s ❤❡t❡r♦❝❧✐♥♦s ♦❜t❡♥✐❞♦s ❡♥ ❧❛ s✐♠✉❧❛❝✐ó♥ ❞❡
❧❛ ❋✐❣✉r❛ ✺✳✶✺✱ ❝♦♥s✐❞❡r❛r❡♠♦s ✉♥ ❣rá✜❝♦ ❛❧t❡r♥❛t✐✈♦ ♠♦str❛❞♦ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✻✱ ❡❧ ❝✉❛❧
❡s ❣rá✜❝♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ tr✐❞✐♠❡♥s✐♦♥❛❧ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t))✳

❋✐❣✉r❛ ✺✳✶✻✿ ❈✐❝❧♦s ❤❡t❡r♦❝❧✐♥♦s ♣❛r❛ ❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ✈✐st♦s ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t))

P♦r ♦tr♦ ❧❛❞♦✱ ♥♦t❛♠♦s q✉❡ ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✸ ❝✉♠♣❧❡♥ ❧❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥
❞❡❧ ❚❡♦r❡♠❛ ✹✳✺✱ ❡♥t♦♥❝❡s ♣❛r❛ ❞✐❝❤♦s ♣❛rá♠❡tr♦s s❡ ♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥❛ s♦❧✉❝✐ó♥ q✉❡
t✐❡♥❞❡ ❛❧ ♦r✐❣❡♥✳ P❛r❛ ✐❧✉str❛r ❡st♦ ❝♦♥s✐❞❡r❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❛ ❧❛s ♠♦str❛❞❛s
❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✹✭❜✮ ❞❡ ❧❛s ❝✉❛❧❡s ♦❜t❡♥❡♠♦s ❧❛ s✐♠✉❧❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✼✱ ❡♥
❧❛ ❝✉❛❧ s❡ ✈❡ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮✳

❋✐❣✉r❛ ✺✳✶✼✿ ❊①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮

✶✶✷



P❛r❛ ♠♦str❛r ♦tr♦s ❝❛s♦s ❞❡ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ ❝♦♥✲
s✐❞❡r❡♠♦s ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✽

❋✐❣✉r❛ ✺✳✶✽✿ ❖tr♦s ♣❛rá♠❡tr♦s ♣❛r❛ ♠♦str❛r ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

♣❛r❛ ❧♦s ♣❛rá♠❡tr♦s ❛♥t❡r✐♦r❡s✱ ❝♦♥s✐❞❡r❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s

❋✐❣✉r❛ ✺✳✶✾✿ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛

♣❛r❛ ❧❛s ❝✉❛❧❡s ❧❛ s✐♠✉❧❛❝✐ó♥ s❡ ♠✉❡str❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✷✱ ❧❛ ❝✉❛❧ ♠✉❡str❛ q✉❡ ❧❛s s♦❧✉❝✐♦♥❡s
s❡ ❡st❛❜✐❧✐③❛♥ ❡♥ ❡❧ ❤❛❝✐❛ ❧❛ s♦❧✉❝✐ó♥ ❝♦♥st❛♥t❡ Ec = (0.6692, 0.1326, 0.0146) ✳ ❊st♦ ❡s ❡❧
s✐st❡♠❛ ❛❧❝❛♥③❛ ❧❛ ❝♦❡①✐st❡♥❝✐❛ ❡st❛❜❧❡ ❞❡ ❧❛s tr❡s ❡s♣❡❝✐❡s✳

❋✐❣✉r❛ ✺✳✷✵✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec = (0.6692, 0.1326, 0.0146)

❆❤♦r❛ ❝♦♥s✐❞❡r❡♠♦s ❛❧❣✉♥❛s ✈✐st❛s ❞✐❢❡r❡♥t❡s ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✷
♣❡r♦ ❡♥ ❡❧ ❡s♣❛❝✐♦ tr✐❞✐♠❡♥s✐♦♥❛❧✳

✶✶✸



❋✐❣✉r❛ ✺✳✷✶✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t))

◆♦t❡♠♦s q✉❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✶✾ ❝✉♠♣❧❡♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s
❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✶ ♣♦r ❧♦ q✉❡ s❡ ❛s❡❣✉r❛ q✉❡ Ec ❡s ❧♦❝❛❧ ② ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳

❋✐❣✉r❛ ✺✳✷✷✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ ❡♥ ❧❛ ❢♦r♠❛ (x(t), y(t), 0)

P❛r❛ ♠♦str❛r ❧❛ s❡♥s✐❜✐❧✐❞❛❞ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❝♦♥s✐❞❡r❡♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♠♦s✲
tr❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✸ ② ❧♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✽

❋✐❣✉r❛ ✺✳✷✸✿ ❈♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♣❛r❛ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦

✶✶✹



▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✶✽ s❛t✐s❢❛❝❡♥ ❧❛ ♣r✐♠❡r❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛ s❡❣✉♥❞❛ ♣❛rt❡ ❞❡❧
❚❡♦r❡♠❛ ✹✳✺✱ ❡♥t♦♥❝❡s ♣❛r❛ ❞✐❝❤♦s ♣❛rá♠❡tr♦s ❡s ♣♦s✐❜❧❡ t❡♥❡r ❛❧❣✉♥❛ s♦❧✉❝✐ó♥ q✉❡ ❝♦♥✈❡r❣❡
❛ (1, 0, 0)✳ ❊st♦ ❧♦ ♠♦str❛r❡♠♦s ❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷✸ ❝♦♥ ❧♦ ❝✉❛❧
♦❜t❡♥❡♠♦s ❧❛ s✐♠✉❧❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✹

❋✐❣✉r❛ ✺✳✷✹✿ ➱①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦

❧❛ ❝✉❛❧ ♠✉❡str❛ q✉❡ ❧❛ s♦❧✉❝✐ó♥ t✐❡♥❞❡ ❛ ❧❛ s♦❧✉❝✐ó♥ ❡st❛❜❧❡ E0 = (1, 0, 0)✱ ❡s ❞❡❝✐r ❧❛
♣❡rs✐st❡♥❝✐❛ ❞❡ ❧❛s ♣r❡s❛s ② ❧❛ ❡①t✐♥❝✐ó♥ ❞❡❧ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦ ② s✉♣❡r✐♦r✳ ❊st♦ s❡
♣✉❡❞❡ ✐♥t❡r♣r❡t❛r ❝♦♠♦ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✳ ❨ s✉ ✈✐st❛ tr✐❞✐♠❡♥s✐♦♥❛❧ s❡ ♠✉❡str❛
❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✺

❋✐❣✉r❛ ✺✳✷✺✿ ➱①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ✈✐st❛ (x(t), y(t), z(t))

✶✶✺



❆❤♦r❛ ❝♦♥s✐❞❡r❛r❡♠♦s ❧❛ ❝♦♠❜✐♥❛❝✐ó♥ ❞❡ ♣❛rá♠❡tr♦s ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✻ ❧❛ ❝✉❛❧
✈❡r✐✜❝❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡❧ ❚❡♦r❡♠❛ ✹✳✻✱ ♣♦r ❧♦ q✉❡ ✈❡♠♦s q✉❡ ❤❛② s♦❧✉❝✐♦♥❡s q✉❡ t✐❡♥❞❡♥
❛ ❧♦s ❡st❛❞♦s ❞❡ ❡q✉✐❧✐❜r✐♦ E0✱ E1 ② Ec✳ ❊s ❞❡❝✐r ❡s❝❡♥❛r✐♦s ❞❡ tr✐✲❡st❛❜✐❧✐❞❛❞✳

❋✐❣✉r❛ ✺✳✷✻✿ P❛rá♠❡tr♦s ♣❛r❛ ❧❛ tr✐✲❡st❛❜✐❧✐❞❛❞

❈♦♥s✐❞❡r❛♥❞♦ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✐♥✐❝✐❛❧❡s ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✼

❋✐❣✉r❛ ✺✳✷✼✿ ❈♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡st❛❜✐❧✐❞❛❞ ❡♥ Ec = (0.4877, 0.0259, 0.0085)

♦❜t❡♥❡♠♦s ❧❛ s✐♠✉❧❛❝✐ó♥ ♠♦str❛❞❛ ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✽✱ ❞♦♥❞❡ ✈❡♠♦s q✉❡ ❞❡s♣✉és ❞❡ ✉♥ ❝♦♠✲
♣♦rt❛♠✐❡♥t♦ ♦s❝✐❧❛t♦r✐♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ♣❛r❛ ❧✉❡❣♦ ❡st❛❜✐❧✐③❛rs❡ ❡♥Ec = (0.4877, 0.0259, 0.0085)✳
▲♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷✻ ❝✉♠♣❧❡♥ ❝♦♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❧❛ Pr♦♣♦s✐❝✐ó♥ ✹✳✶ ♣♦r ❧♦
q✉❡ s❡ ❛s❡❣✉r❛ q✉❡ Ec ❡s ❧♦❝❛❧ ② ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡✳ ❊st❡ r❡s✉❧t❛❞♦ ♥♦s ❞❛ ❧❛ ❝♦❡①✐s✲
t❡♥❝✐❛ ❞❡ ❧❛s tr❡s ❡s♣❡❝✐❡s✳

❋✐❣✉r❛ ✺✳✷✽✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec

❈♦♠♦ ✈✐♠♦s ❛♥t❡s ❡❧ ❝♦♠♣♦rt❛♠✐❡♥t♦ ♦s❝✐❧❛t♦r✐♦ ❞❡ ❧❛s s♦❧✉❝✐♦♥❡s ❡s ♠❛s ❢á❝✐❧ ❞❡ ✈❡r ❡♥
✉♥❛ ❣rá✜❝❛ tr✐❞✐♠❡♥s✐♦♥❛❧✱ ❛sí t❡♥❡♠♦s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✷✾ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❧❛ s✐♠✉❧❛❝✐ó♥ ✈✐st♦
❞❡ ❧❛ ❢♦r♠❛ (x(t), y(t), z(t))✳

✶✶✻



❋✐❣✉r❛ ✺✳✷✾✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ (x(t), y(t), z(t))

❛sí ♠✐s♠♦ ♥♦t❛♠♦s ❡❧ ❛❝❡r❝❛♠✐❡♥t♦ ❞❡ ❧❛ s♦❧✉❝✐ó♥ ❛ Ec = (0.4877, 0.0259, 0.0085) ❞❡s❝r✐✲
❜✐❡♥❞♦ tr❛②❡❝t♦r✐❛s ❞❡ ❢♦r♠❛ ❡s♣✐r❛❧❛❞❛s✱ ❡st♦ ❡s ♠❛s ❢á❝✐❧ ❞❡ ✈❡r s✐ ❝♦♥s✐❞❡r❛♠♦s ✉♥❛ ✈✐st❛
(x(t), y(t), 0) t❛❧ ② ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✸✵

❋✐❣✉r❛ ✺✳✸✵✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ Ec ✈✐st❛ (x(t), y(t), 0)

P♦r ♦tr♦ ❧❛❞♦ s✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✉♥❝✐❛❧❡s ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✸✶✱ ♣❛r❛
❧♦s ♠✐s♠♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷✻

❋✐❣✉r❛ ✺✳✸✶✿ ❈♦♥❞✐❝✐♦♥❡s ♣❛r❛ ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧

✶✶✼



♦❜t❡♥❡♠♦s ❧❛ ❡①t✐♥❝✐ó♥ t♦t❛❧ ❞❡❧ s✐st❡♠❛ ✭✷✳✶✶✮ t❛❧ ② ❝♦♠♦ ♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✸✷ ❡s ❞❡❝✐r
❡❧ E0 = (0, 0, 0) ❡s ❛s✐♥tót✐❝❛♠❡♥t❡ ❡st❛❜❧❡

❋✐❣✉r❛ ✺✳✸✷✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E0

❆❞❡♠ás s✐ ❝♦♥s✐❞❡r❛♠♦s ❧❛s ❝♦♥❞✐❝✐♦♥❡s ✉♥❝✐❛❧❡s ♠♦str❛❞❛s ❡♥ ❧❛ ❋✐❣✉r❛ ✺✳✸✸✱ ♣❛r❛ ❧♦s
♠✐s♠♦s ♣❛rá♠❡tr♦s ❞❡ ❧❛ ❋✐❣✉r❛ ✺✳✷✻

❋✐❣✉r❛ ✺✳✸✸✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E0

♦❜t❡♥❡♠♦s q✉❡ ❧❛ s♦❧✉❝✐ó♥ t✐❡♥❞❡ ❛❧ ❡st❛❞♦ ❧✐❜r❡ ❞❡ ❞❡♣r❡❞❛❞♦r❡s E1 = (1, 0, 0)✱ t❛❧ ② ❝♦♠♦
♠✉❡str❛ ❧❛ ❋✐❣✉r❛ ✺✳✸✹

❋✐❣✉r❛ ✺✳✸✹✿ ❊st❛❜✐❧✐❞❛❞ ❛s✐♥tót✐❝❛ ❡♥ E1

✶✶✽



❈❛♣ít✉❧♦ ✻

❈♦♥❝❧✉s✐♦♥❡s

❈♦♥ ❡st❡ ♠♦❞❡❧♦ ♠❛t❡♠át✐❝♦ ❧♦ q✉❡ s❡ ❜✉s❝❛ ❡s q✉❡ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❛♣❧✐❝❛❞♦ ❛
❞✐❝❤♦ s✐st❡♠❛ s✐r✈❛ ♣❛r❛ ❝♦♥tr♦❧❛r ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ♣❧❛❣❛✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛ t❡♥❡r ✉♥❛
♣♦❜❧❛❝✐ó♥ q✉❡ s♦❜r❡✈✐✈❡ ❛ ❧❛ ♣r♦♣❛❣❛❝✐ó♥ ❞❡ ❧❛ ♠✐s♠❛ ② ❛sí ♠✐♥✐♠✐③❛r ❡❧ ✐♠♣❛❝t♦ ❛❧
♠❡❞✐♦ ❛♠❜✐❡♥t❡✳

▲♦ ❡s❡♥❝✐❛❧ ❞❡ ❡st❡ tr❛❜❛❥♦ ❡s ❞❡♠♦str❛r ❜❛❥♦ q✉❡ ❝♦♥❞✐❝✐♦♥❡s ❧❛ ♣❧❛❣❛ ❞❡s❛♣❛r❡❝❡❀ s✐
❡st❛ ♠✉❡r❡ ❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ t❛♠❜✐é♥ ❧♦ ❤❛rá ♣♦r ❝♦♥s✐❞❡r❛rs❡ ✉♥ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡✲
♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡✳ ▲❛ ♣r❡❣✉♥t❛ ❛ r❡s♦❧✈❡r s❡r✐❛✿ ➽❊s ♣♦s✐❜❧❡ q✉❡ ❧❛s tr❡s ❡s♣❡❝✐❡s
❝♦❡①✐st❛♥ ② s❡ ♣✉❡❞❛ ❡✈✐t❛r ❡❧ ❞❛ñ♦ ❞❡ ❧❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ♣❧❛♥t❛s❄✳ ❊♥ ❡❧ ▲❡♠❛ ✹✳✶ ♣♦❞❡✲
♠♦s ♦❜s❡r✈❛r q✉❡ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✱ ❧❛ ♣r❡s❛ ✭♣❧❛♥t❛✮✱ ❞❡♣r❡❞❛❞♦r ✐♥t❡r♠❡❞✐♦
✭♣❧❛❣❛✮ ② ❡❧ ❞❡♣r❡❞❛❞♦r s✉♣❡r✐♦r ✭❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦✮ ❡s♣❡❝✐❡s ❝♦❡①✐st❡♥ ❡♥ ❡st❛❞♦ ❞❡
❡q✉✐❧✐❜r✐♦✳

❊❧ ✉s♦ ❞❡ ❧❛ té❝♥✐❝❛ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ ❡s ✉♥❛ s♦❧✉❝✐ó♥ ♥❛t✉r❛❧ ② ♥♦ ❡s ❝♦♥t❛♠✐♥❛♥t❡✱
♣♦r ❡s♦ q✉❡ ❡s ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ❝♦♥♦❝❡r ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❜❛❥♦ ❧❛s ❝✉❛❧❡s ❡❧ ❝♦♥tr♦❧
❜✐♦❧ó❣✐❝♦ s❡r❛ ❡❢❡❝t✐✈♦✳ ❙❛❜❡♠♦s ❞❡❧ ❚❡♦r❡♠❛ ✹✳✶✱ q✉❡ ❜❛❥♦ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s✿

• m2 > d2✳

• 0 < A ≤ 1✳

• c1 < 1✳

❡st❡ ❝♦♥tr♦❧ ❡s ❝♦♥t✉♥❞❡♥t❡ ❡♥ ♣♦❝❛s ♣❛❧❛❜r❛s ❛❝❛❜❛ ❝♦♥ ❧❛ ♣❧❛❣❛✳

❚❛♠❜✐é♥ ♣♦❞❡♠♦s ♦❜s❡r✈❛r q✉❡ ❡❧ ♣✉♥t♦ (0, 0, 0) ② (1, 0, 0) s♦♥ s✐♥❣✉❧❛r✐❞❛❞❡s✱ ♣❡r♦
❝♦♠♦ ♥♦ ♣❡rt❡♥❡❝❡♥ ❛❧ ❞♦♠✐♥✐♦ Ω◦✱ ❧♦ q✉❡ ❤❛❝❡♠♦s ❡s ❜✉s❝❛r ✉♥ s✐st❡♠❛ ❡q✉✐✈❛❧❡♥t❡
❛❧ s✐st❡♠❛ ✭✷✳✶✶✮ ② ❛sí ②❛ ♣♦❞❡♠♦s ❤❛❜❧❛r ❞❡ ❡st♦s ♣✉♥t♦s q✉❡ s♦♥ ♠✉② ✐♠♣♦rt❛♥t❡s
♣✉❡st♦ q✉❡ s✐❣♥✐✜❝❛ q✉❡ ❧❛ ♣❧❛❣❛ ❞❡❜❛stó ❛ ❧❛ ♣♦❜❧❛❝✐ó♥ ❞❡ ♣❧❛♥t❛s ② q✉❡ ❡❧ ❝♦♥tr♦❧
❜✐♦❧ó❣✐❝♦ ❤✐③♦ ❡❢❡❝t♦ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❙❛❜❡♠♦s q✉❡ ❡♥ ✉♥ ♠♦❞❡❧♦ ❞❡ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛ s✐♠♣❧❡ s❡ ❝✉♠♣❧❡ ❡❧ ❡❢❡❝t♦ ❞♦♠✐♥♦
✭Pr♦♣♦s✐❝✐ó♥ ✹✳✻✮✱ ❧♦ ❝✉❛❧ ❢✉❡ ❞❡♠♦str❛❞♦ ❡♥ ❧❛ t❡s✐s❀ ❡st♦ ♥♦s ❞✐❝❡ q✉❡ s✐ s❡ ❡①t✐♥❣✉❡
✉♥ ♥✐✈❡❧ tró✜❝♦ ❞❡ ❧❛ ❝❛❞❡♥❛ ❛❧✐♠❡♥t✐❝✐❛✱ ❡♥t♦♥❝❡s t❛♠❜✐é♥ ❧♦ ❤❛rá♥ t♦❞♦s ❧♦s ♥✐✈❡❧❡s
tró✜❝♦ s✉♣❡r✐♦r❡s ❛ é❧✳ ◆♦t❡♠♦s q✉❡ ❡❧ é①✐t♦ ❞❡❧ ❝♦♥tr♦❧ ❜✐♦❧ó❣✐❝♦ s✐❣♥✐✜❝❛ q✉❡ ❧❛
♣❧❛❣❛ s❡ ❡①t✐♥❣✉❡ ② ❧✉❡❣♦ ♣♦r ❡❧ ❡❢❡❝t♦ ❞♦♠✐♥♦ t❛♠❜✐é♥ s❡ ❡①t✐♥❣✉❡ ❡❧ ❝♦♥tr♦❧❛❞♦r
❜✐♦❧ó❣✐❝♦❀ ❡st♦ s✐❣♥✐✜❝❛ q✉❡ s♦❧♦ ♣❡rs✐st❡ ❧❛ ♣r❡s❛ ✭❡s ❞❡❝✐r ❡❧ ❝♦♥tr♦❧❛❞♦r ❜✐♦❧ó❣✐❝♦ ♥♦
r❡♣r❡s❡♥t❛ ✉♥❛ ❛♠❡♥❛③❛ ♣♦t❡♥❝✐❛❧✮✳

✶✶✾



❆♣é♥❞✐❝❡ ❆

❈ó❞✐❣♦s ❡♥ ▼❛t▲❛❜r

❆✳✶✳ ■♥t❡r❢❛❝❡

❢✉♥❝t✐♦♥ ✈❛r❛r❣♦✉t ❂ ■♥t❡r❢❛❝❡✭✈❛r❛r❣✐♥✮
✪ ■◆❚❊❘❋❆❈❊ ▼✲✜❧❡ ❢♦r ■♥t❡r❢❛❝❡✳✜❣
✪ ■◆❚❊❘❋❆❈❊✱ ❜② ✐ts❡❧❢✱ ❝r❡❛t❡s ❛ ♥❡✇ ■◆❚❊❘❋❆❈❊ ♦r r❛✐s❡s t❤❡ ❡①✐st✐♥❣
✪ s✐♥❣❧❡t♦♥✯✳
✪
✪ ❍ ❂ ■◆❚❊❘❋❆❈❊ r❡t✉r♥s t❤❡ ❤❛♥❞❧❡ t♦ ❛ ♥❡✇ ■◆❚❊❘❋❆❈❊ ♦r t❤❡ ❤❛♥❞❧❡ t♦
✪ t❤❡ ❡①✐st✐♥❣ s✐♥❣❧❡t♦♥✯✳
✪
✪ ■◆❚❊❘❋❆❈❊✭✬❈❆▲▲❇❆❈❑✬✱❤❖❜❥❡❝t✱❡✈❡♥t❉❛t❛✱❤❛♥❞❧❡s✱✳✳✳✮ ❝❛❧❧s t❤❡ ❧♦❝❛❧
✪ ❢✉♥❝t✐♦♥ ♥❛♠❡❞ ❈❆▲▲❇❆❈❑ ✐♥ ■◆❚❊❘❋❆❈❊✳▼ ✇✐t❤ t❤❡ ❣✐✈❡♥ ✐♥♣✉t ❛r❣✉♠❡♥ts✳
✪
✪ ■◆❚❊❘❋❆❈❊✭✬Pr♦♣❡rt②✬✱✬❱❛❧✉❡✬✱✳✳✳✮ ❝r❡❛t❡s ❛ ♥❡✇ ■◆❚❊❘❋❆❈❊ ♦r r❛✐s❡s
✪ t❤❡
✪ ❡①✐st✐♥❣ s✐♥❣❧❡t♦♥✯✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ❧❡❢t✱ ♣r♦♣❡rt② ✈❛❧✉❡ ♣❛✐rs ❛r❡
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▼ ❂ [ ♠❴✶✶ ♠❴✶✷ ✵ ❀ ♠❴✷✶ ♠❴✷✷ ♠❴✷✸ ❀ ✵ ♠❴✸✷ ♠❴✸✸]
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❑✸ ❂ ❢✭P✱❲✭✐✱✿✮✰❑✷✯❤✴✷✮❀
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