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Abstract. Spline-gear-shaft (SGF), which is mainly composed of gear and spline shaft, is an
important transmission system of RAT (driving the generator to output power with ram air). And
its dynamic characteristics affect performance of RAT greatly. In this situation, gear coupling and
spline coupling, must be taken into account when analyzing dynamics characteristics of SGF. The
misalignment of axis for internal and external spline is inevitable owing to mass eccentricity and
unconstrained in axial direction in a high-speed operation. Consequently, the dynamic model of
SGF is established considering gear coupling and spline coupling based on whole transfer matrix
method (WTMM) in this paper. In addition, numerical calculation method of meshing force for
spline teeth under the condition of misalignment is presented considering the distribution force on
contact surface of spline teeth in this paper, based on this, the coupled transfer matrix of
misaligned spline coupling is established and the dynamic characteristics of SGF is analyzed using
whole transfer matrix method with Riccati (WTMMR). The test experiments of dynamic
characteristics for SGF are carried out by using portable vibration monitoring analyzer in this
paper, furthermore, the time-frequency characteristics of SGF are analyzed through the analysis
and processing of acceleration signal. The orders of magnitude for the first four natural frequencies
with WITMMR are respectively consistent with experiment results, and the relative error is in the
accepted range. Therefore, the correctness of solving meshing force and WTMMR for SGF are all
verified. Moreover, it also shows that WTMMR is suitable for the analysis of complex coupled
systems SGF and provides a new thought for dynamic analysis of complex shafting and promotes
dynamic analysis to efficient and streamlined development.

Keywords: misalignment-spline gear shaft, dynamic characteristics, coupled whole transfer
matrix, whole transfer matrix method.

1. Introduction

RAT which uses ram air to drive the turbine and turns generator to output power by SGF is a
kind of aircraft emergency power system as Fig. 1 [1]. That, ensuring the normal running of RAT
during the flight, is a prerequisite that provide electricity for aircraft used to restart the engine and
ensure normal electricity supply for operating system. The dynamic characteristics of SGF (an
important transmission system of power from RAT) have a critical influence on reliable operation
of RAT. Therefore, the studying of dynamic characteristics for SGF is vital helpful in improving
the structure and reducing noise and optimizing performance for RAT [2, 3].

At present, the research on RAT is mainly focused on two aspects: optimizing structural design
and aerodynamic performance [4, 5]. Although many scholars have an extensive research for
dynamics of transmission shaft, the studying on the dynamic performance of SGF is far less
interesting. Dynamic model of helicopter transmission system is established on the basis of the
transfer matrix method by Jianjun Wang, and the meshing transfer matrix of typical gear pair and
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parallel gear and planetary gear were calculated, and the torsional vibration characteristics of
transmission system was analyzed on the basis of all the above [6]. In addition, Tugan Eritenel,
believing that the nonlinearity of gear stiffness is caused by the contact loss of tooth surface,
simulates the tooth contact loss with discrete stiffness, as well as confirming the nonlinearity of
partial contact loss through experiment [7]. The dynamic model of gear with 12 freedom was
established by Lassdad Walha considering the backlash and time-varying meshing stiffness, in
addition, the influence of load on the dynamic characteristics of gear system is analyzed after
solving the dynamic model with Newmark-iterative-algorithm [8]. It is not difficult to find that
dynamic analysis of spline shaft less than gear. Instability and self-excited oscillation at critical
speed of spline coupling was studied Brommundt using numerical method [9]. Furthermore, the
model of spline was established by Teng Gao with finite element method, on this foundation, the
influence of spline force on stability of spline system was studied using eigenvalue method [10].
Xiangzhen Xue, establishing dynamic equation of four freedom using the lumped mass model,
obtained the synthetic time-varying meshing stiffness and the number of actual contact teeth for
spline with four order Runge-Kutta method [11]. Yuangiang Tan made a research about the
distribution of contact-pressure of teeth under the circumstance of radial and angular misalignment
using finite element method only, but not study for this by numerical method [12].

Fig. 1. Ram air turbine

From the above comprehensive analysis, many scholars have done substantial research on the
dynamic characteristics of gear or spline, however, the study of dynamic characteristics for
shafting consisting of spline and gear is rare. In their research methods, the method of solving
differential equations is adopted by most researcher, leads to huge and complex dynamic models
for shafting comprising many components. Therefore, this paper establishes dynamics model for
this kind of shafting by means of a new method (WTMM). This approach, contributes to simplify
the complexity and reduce redundancy solving procedure, can quickly analyze the dynamic
characteristics without complicated calculation process. Besides, the proposed analytical model
can be also applied in dynamics analysis of other complex shaft systems. Research in this paper
provides a new idea for dynamic analysis of complex shafting and promotes dynamic analysis to
efficient and streamlined development.

In this paper, the dynamic model of SGF with 10 freedom is established by WTMM in
consideration of more freedom and complexity of solving differential equation. The
comprehensive meshing stiffness of spline is analyzed under this circumstance of misaligned
spline coupling, in addition, the comprehensive meshing force of spline teeth and the coupling
transfer matrix of spline shaft were established respectively. The natural frequency and shape
curve of SGF were calculated with the coupling transfer matrix of bevel gear and the obtained
coupling transfer matrix of spline shaft based on WTMMR. Furthermore, the influence of meshing
stiffness on moving distance and natural frequency are analyzed. The experiment of dynamic
performance was carried out with portable vibration monitoring analyzer to verify the correctness
of analysis method for SGF proposed in this paper, vibration signal is detected by piezoelectric
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acceleration probe. The relative error of natural frequency obtained by experiment and WTMMR
proposed in this paper is 2.5 %, thereupon then, it is verified that the method is correct for SGF.

2. Establishment of SGF model with WTMM
2.1. Dynamic model of SGF

A great deal of special coupling structures makes it more difficult to analyze the dynamic
characteristics of SGF with traditional method, therefore, WTMMR is employed to analyze kinetic
characteristics of SGF on this account in this paper. The complex rotor system is divided into
several substructures according as its own structure and crucial parts with WTMM, afterwards,
adding the virtual units (both length and quality are 0) in the appropriate position in order to have
the equal number and consistent structure of all these substructures. For the sake of fitting modular
analysis, the same state vector (passing from left to right as a whole) should include the section
state parameters of the same number of all substructures. The number of frequency equations is
only related to the number of substructures, independent of the number of supported and coupled
connections.

This is a hypothesis that the inner and outer casing of supporting system is not taken into
account, therefore, the simplified model of SGF consisting of five shafts (I, II, ITI, IV, V) is shown
as Fig. 2. From this picture, shaft I and shaft I are coupled by the bevel gear pair, similarly, shaft
IV and shaft V are coupled by the bevel gear pair, too. In addition, the central transmission shaft
is made up of shaft II and shaft III and shaft IV with involute spline coupling. The power is
introduced from the propeller at shaft I, then driving generator at shaft I after the transmission of
energy through shaft II and shaft III and shaft IV.

As shown in Fig. 3, SGF is divided into 2 units (1 and 2) with the model division principle of
WTMM in each substructure, besides, the substructure of less than two units is filled with virtual
units in order to have the equal number and consistent structure of all these substructures. Then,
the partitioned units are marked into 9 segments (shaft units and coupling units) in this paper.

2.2. Calculation of whole transfer matrix for SGF

Considering the lateral and torsional vibrations of SGF, the state vector of each substructure
contains ten elements (5 generalized forces and 5 generalized displacements) in this paper. The
overall state vector in section i can be expressed as:

Zi — [ZI,Z”,Z”,ZIV,ZV];'T. (1)
In formula:
T
z} = [Qw, My, 3, ML, T, 61, %",65, 5", '],
Z{’ — [Q)ICI’ M)I)I’ ;}1, MU TH gl 11, 9)1}1’},11’ (p”],
ZiIII — [ o, M}I/III 31/11’M’1611, T QUI Il 9}1}11’},111’ q)”’], 2)

T
v _ v IV NnIv 1V IV IV IV IV IV IV
Zi _[QX iMyi y'Mx 'T 'Bx ' X ’gy ’y ;90 ]i’

T
7! = [}, My, Qy, MY, T",6Y,x",6),y",¢"] ,

where: z!, zI', ZI" | 71V ZV is the state vector of substructure (I, II, III, IV, V) in section i
respectively; QJ is the component of shear force at X axis; MJJ, is the component of bending
moment at Y axis; Q)}, is the component of shear force at Y axis; M} is the component of bending

moment at X axis; T/ is the axial torque; 9; is the component of rotation at Y axis; X/ is the
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component of deflection at X axis; 8 is the component of deflection at Y axis; ¢/ is the axial
torsional angle; i =1,2,...,9;j =L 1IL,..., V.

Supposing that there is a coupling in segment n (1 < n < 9, n € z), the whole transfer matrix
of SGF can be represented as:

T =Ty T Ty Ty (3)

The following principles need to be followed when the whole transfer matrix T; is constructed
owing to the difference of unit’s number for each substructure and location for coupling unit while
the states of each substructure are transmitted simultaneously with the overall state vector Z.

(1) If the state of each axis is transmitted independently in a certain period, the transfer matrix
of each single axis is written to the corresponding position in the whole transfer matrix according
to the method of sitting in the right seat, in addition, the coupling between the each axis is 0.

(2) If the state of an axis isn’t transmitted, the corresponding positions are represented by the
unit matrix E (the same order as the single axis transfer matrix) to generate the whole transfer
matrix.

(3) If the coupling unit of the whole transfer matrix isn’t 0 due to the presence of coupling
units between two axes, the whole transfer matrix is determined by the coordination relation of
specific force balance and deformation.

Based on the above construction principle of whole transfer matrix T;, the whole transfer
matrix of each segment can be determined as Eq. (4):

7@ 0 o TS TS 0 ™ 0 o0
=0 B 0L hslrgong ool Tamlo g2 ol
0 o ¥ 0 0 £ 0 0 E
E, 0 0 0 E, 0 0 0
o1 T2 TS 0]| B2 00 r02 TS TS 0]
T, = o G , Ts=lo 1% of| T =| R | @
0 T,2 T, OJ o 0 E 0 T,7 T3 O
o 0 o0 & 2 lo o o El
E; 0 0 E; 0 0
@ Cy Cy E4 0
I;=10 T, 0| Tg= 0 T T3|, Ty= 0 T@ )
C. C
[0 0 E 0 T,; T, v

T®

where: E;, E,, E5, E, are 5 order, 10 order, 15 order, 20 order unit matrix respectively; TI®, s

T,%), Tn@, Tv® are respectively the transfer matrix of shaft I, shaft II, shaft III, shaft IV, shaft V at

units (D); T,® and TV® are respectively transfer matrix of shaft I and shaft V at units (2); Tlclm, Tlc;m,
Cm Cm

Tzclm, T2C2m are elements of coupled transfer matrix [ 1C1'm 162m] for coupling unit G, respectively
21 22

m=1,2,3,4).

Supposing the solution for anisotropic support rotor systems in the form of x = Xe®!,
0 = 0e®t, p = de®t, the whole transfer matrix of supporting rotor system can be expressed as
Eq. (5) when the motion of the rotor in the vertical and horizontal directions are considered and
the damping of the rotor system is not taken into account:

T = [lel T1bZ:| (5)

b b
TZ 1 T2 2
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In formula:
01171 0 0] _]de _lkyx _Qw]p lZyy 0
T, =lo 0 0 o0 ol Th=| 1 —kyy 0 0 0}
[ 0 01 OJ Wwf, Zy —Jaw? —lky O
0 0 0 0 1 0 0 0 0 1
— 0 l l 0_
El 2E1
B-y) I? 0
) 6EI 2EI
;) = 1? l )
R = 0 — 0
2E1 El
> 1?21 -
Lora-n o, 0,
2EI 6EI
L0 0 0 0 O
[L(EI — Jaw?) lzkyx Qw], lzZyy
EI 2E1 EI 2E1
ZZQa)]p 14 l3Zxx(1 -v) I lz]dwz l3kxx(1 -v) 0
) 2EI 6EI 2EI 6EI
2= IlQwj, 1°Z,, I(EI — Jaw?) Pk, :
El 2E1 El 2E1
I — lz]dwz _ l3kyx(1 -v) _i l3Zyy(1 -7
2EI 6EI 2E1 6EI
0 0 0 0 1-

where: Zy, = Mw? — Kyy; Zyy, = mw? — ks v = 6EJ,/ksGi A7 ; ks =2/3; m is the lumped
weight of the rotor system,; J, and J; are polar moment of inertia and radial inertia of rotation
respectively; Kyy, Kyy, Ky, and k,,, are the anisotropic bracing stiffness respectively;  and w are
spin speed and revolution speed respectively.

F====== [ "
! Propellerii ::Generatorii
=== Y [ T T T
(]  Input Z Output\J| 2 T
1 0 I
A A
T T a F—t—,
| (= - | :
: = é_::E_ ==z 2 ' I
[Rpn  puy |K3 Ky Ks KGL____I
II 1T IV Ky
A A
K, U Bevel gear coupling i
I \

Fig. 2. The simplified model of SGF

The whole transfer matrix of unsupported shaft can be obtained by making the anisotropic
bracing stiffness (kyx, kyy, ky, and ky, ) being 0 in Eq. (5). As shown in Fig. 2, the state is
transmitted by the coupling unit (C; and C,) of orthogonal bevel gear between shaft I and shaft II,
shaft IV and shaft V, moreover, the shaft I and shaft IV are coupled to the shaft I and shaft V with
meshing force respectively. The meshing force varies with the displacement produced by vibration
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generated during gear transmission. For orthogonal bevel gear, the following assumptions are
made as: (1) the main part of orthogonal bevel gear is rigid, (2) the tooth of a bevel gear is flexible,
(3) the meshing force is concentrated force and doesn’t change along the direction of the mesh
line, (4) the acting point of meshing force is at the midpoint of contact line, (5) the meshing
stiffness K is stiffness in meshing direction of orthogonal bevel gear, (6) the positive direction of
the line displacement and force is the positive direction of the coordinate axis, (7) the direction of
angular displacement and torque is determined by the right-hand rule. For the coupling unit C;,
the state vectors at the right end and the left end can be assumed to be Eq. (6):

R R oh R TR gh R gh R T
QAx' MAy' QAyt MAx' TA 4 eAxt X4, eAy' Va,

[ZE’ZQ]T=hhhhhhhhhhh’
@4, 0B Mgy, QBy' Mgy, Tg, Opx, X, gByt VB, PB

(6)

where: h =R, L.

According to the relation between right state vector and left state vector of orthogonal bevel
gear A and B, the transfer matrix of coupling unit can be obtained as Eq. (6) through
literature [13]:

Propelleri:

ho————a
1 @ W ’

K, ©) L) ©)

I ? 11
2 T Z
3 3 4 5 1
@ K,
[ Vv

Fig. 3. Unit division model of SGF with WTMM
3. Establishment of dynamic model for misaligned spline coupling

The spline coupling, which has many advantages (uniform force, good guidance, greater load
capacity and so on), is widely used in the SGF system with high centering accuracy and great
torque transmission. This state that the spline coupling hasn’t axial restraint and has certain
clearance between internal and external spline causes self-excited vibration of SGF at high speeds.
There is a relative displacement of axis for internal and external spline when SGF runs in high
speed. Therefore, the connection performance of spline becomes worse, leading to poorer dynamic
characteristics of SGF.

3.1. Calculation of meshing force

As Fig. 4, two coordinate systems are established in order to analyse expediently meshing
force of misaligned spline coupling:

1. {S: 0 — XYZ}: the coordinate system of internal spline coupling;

2.{Sf:07 — XTYF Z7}: the coordinate system of the offset external spline relative to internal
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spline.

In Fig. 4, the dotted line is the position of the ith external spline teeth when the external spline
coupling isn’t offset. Points A and B A(B) is the point of addendum circle and involute for the ith
internal (external) spline teeth) are located on involute line of the ith internal spline teeth. R%(R?)
are the distance between point A (point B) and axis O of internal spline, namely, the addendum
radius of the ith internal spline teeth (external spline teeth). When the axis of internal spline and
external spline aren’t offset, [?? (the length of meshing line for the ith spline teeth) can be obtained
by principle of involute generation:

i = R - 0 =[R2 = )2 ®)
where: 13, is the radius of base circle of internal spline.
Ya
' A
o'
o T
L

Fig. 4. Meshing model of misaligned involute spline coupling

It is assumed that the axis of external spline moves distance u(v) in the positive direction of
X(Y) axis relative to the axis of internal spline. Owing to the smaller distance u and v, the change
of the radian for meshing involute isn’t considered caused by offsets of the axis for external spline.
The actual meshing situation is shown as thick lines in Fig. 4 when the external spline rotates a
certain angle. The intersection of addendum circle and involute moves from point A to point C in
the ith internal spline teeth, and Ry is the distance between point C and axis O of internal spline.
The length (%’ of meshing line for the ith spline teeth can be obtained by principle of involute
generation:

l?=$wy—mﬁ—$mv—mﬂ 9

where: Ri = Vu? + v2Cy, + \/(Rf’)z —(u?+ vz)Sgi (Cy, = cosb;, Sy, = sinf;, the rest as so

on), 0; = arctan(u/v) — @;, ¢; is spline position angle between the forward direction of X axis
and the radius Rf of addendum circle for the ith external spline teeth.

In Fig. 5, the meshing arc length [’ in the ith spline teeth is subdivided into q parts with equal
arc length Al, consequently, the arc length lg-p between the jth point P;; and point A, the radius
R;; of the jth point P;; in the ith spline teeth relative to the axis of inner spline, the pressure angle
a;; of the jth point P;; in the ith spline teeth can be represented as:
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(1P =1 — jal,

JRU=/U?f+ri (10)
|

\a; arctan(;f /7),

where: Al = 1#°/n,j=1,..., q.

Considering the basal-deformation and shearing-deformation, the deformation caused by the
transmission load can be divided into the following three categories based on Weber-Eenergy-
Method as Fig. 6: (1) bending deformation &, , shear deformation §,, axial compression
deformation §, at spline tooth; (2) deformation §, at the round corners and deformation §,, at
basal body; (3) local contact deformation &, caused by contact stress. The deformation caused by
contact stress in the jth part is equal to the deformation caused by forces when q is big enough.

Ya

X [o
Fig. 5. The model of equal division for meshing arc length

T yay

a) Bending deformation b) Shear deformation
c) Axial-compression d) Deformation at round corners e) Local contact
deformation and basal-body deformation

Fig. 6. The deformation of spline teeth
The total deformation & of the jth part in the ith spline teeth can be represented as:
8ij = 80 + 85 + 8% + 85 + 87 + 6. (11)

The deformation of the internal spline teeth and external spline teeth is different under the
influence of load when the spline coupling transmits torque. There’s a hypothesis that 6{3- and 65-
are the comprehensive deformation of the jth part for the ith internal spline teeth and the ith
external spline teeth respectively, and 65 is the contact deformation of the jth part for the ith
spline teeth. Therefore, the comprehensive meshing stiffness of the jth part for the ith spline teeth
can be expressed as:

1

U= §A+ 58— o5 (12)

The whole comprehensive meshing stiffness of the ith spline teeth can be expressed as:
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K, = ixij. (13)

Z n
T=) ) Wik, (14)

where: Wg = ¢(R;; — Rf)K;j, and ¢ is twist angle for each key deformation.
Therefore, the meshing force caused by torsion of the jth part for the ith spline teeth can be
expressed in the form of Eq. (15):
- T(R;; — Re)K;j
ij = vz Zn [R R.: — R K]
i=14&j=1 l]( ij f) ij

(15)

The Eq. (16) is the status parameter of right side and left side for internal spline C and
internal D:

h R nh h 7h ph .h ph
Qcxr Mcy, QCy' Mcy, T¢', Oy ¢ 0Cy'

[Zg’Zg]Tzhhhhhhhhhhhh
Y¢,9¢r Qpxr Mpy, Qpy, Mpy, Ty, Opx> X5 QDy: Yo, ¥Pp

(16)

where: h =R, L.

The internal spline C and the external spline D are respectively the driving shaft and the driven
shaft, and the displacement of the jth part for the ith internal spline teeth in the meshing direction
can be synthesized by the components in the direction of the X axis and Y axis:

Tij = (xC - xD)CI,Uij + (yC - yD)SUJU - Rl](q)c - (pD)ClXij' (17)

where: ;; = @; +y; — a;; — 0;; — /2, @; is spline position angle of the ith external spline
teeth, y; is the included angle between R;; and the midline of the ith external spline teeth, a;; is
the pressure angle of the jth part for the ith internal spline teeth, 6;; is the unfolding angle of @;;.

The meshing force caused by vibration displacement of the jth part for the ith spline teeth can
be expressed in the form of Eq. (18):

Uij :Tinij' (18)

Consequently, the comprehensive meshing force of the jth part for the ith spline teeth can be
calculated as:

Fyj =W + Uy (19)

The meshing force F, at X axis and the meshing force F, at Y axis can be calculated by the
comprehensive meshing stiffness K;; and 7;; in the direction of meshing and the angle of meshing
force W;; (the angle between normal at the jth part for the ith spline teeth and the positive direction
of X axis):
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VA n Z n r
b= Zi=1 Zi=1 Fij = Zi:l Zi=1 [(VVU + U‘J)Cll’ij] ’
z n z n
= Z Z Fj = Z Z [(Wg + UU)S#’U]' (20)
i=1 =1 i=1 i=1
Z n Z n .
LT = Z Z (Fijrp) = Z Z (W + UHmy].
=1 =1 =1 =1

3.2. Establishment of coupled transfer matrix

There is a hypothesis that the form of solution for status parameter can be represented as:
x = Xe®t, 0 = @e®t, ¢ = de®’. The centrifugal force of weight for spline coupling will appear
as a result of vortex motion when the spline coupling runs at high speed. The moment of inertia
for spline coupling can be obtained by the relative centroid theorem. The force analysis of the
spline coupling is shown in Fig. 7, and the kinematics equation of internal spline C can be
established according to the D’ Alembert principle:

(ME, — Mgy, = 1§ w2605 + I5 w065,

| ME, — ME, = [§0?68 + IEwQO,
ng - Qéx =FF+ masz: (21)
ng - Qéy = FCy + mazyC;
TE =Tt =T + IS w?¢°,

where: m, is the weight of internal spline C (drive shaft), IS and Ig are diameter moment of
inertia and polar moment of inertia respectively, () is the spin velocity of spline coupling.

X Y
|| Z
My ( M: My Mg M M
moXA X Y meyA |y ?
' [ .- rrrf]nz
OiH lz—.z QET I ioi [\y\T ,\ L ,/
FJc) leTd) 9

Fig. 7. Equilibrium analysis of force and moment for spline coupling
Similarly, the kinematics equation of external spline D can be established as Eq. (22):
M5, — Mp, = 170%0) + I} wQ6?,
R L D, 29D | D D
Mp, — Mp, = 130?67 + 1) wQ67,
Qr . — Qb =Fp+mpwx®, (22)
R L
| QDy - QDy = F}D] + meZJ’D.
kTg —Th =T+ w’¢",
where: mp, is the weight of internal spline D (drive shaft), I5 and 15 are diameter moment of
inertia and polar moment of inertia respectively.
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The displacement equation of left and right sides for spline coupling agrees with the Eq. (23)
according to the continuity condition of displacement:

[BCy' X 0cyr Vo ‘pc]R = [gCy' Xc8cyr Yo ‘pc]L'

R L (23)
(605, %D, 00y, Y5 @] = [0y X0, Oy ¥, 0, -

According to the relationship about the state vectors of left and right sides, the coupled transfer
matrix of spline coupling can be represented as:

Ty1 Ty
T2 T2

Tep = T3 T3 @4)
Ty Ty

Where: T21 = T22 = T41 = T42 =0:

1 0 0 0 s 0 mw?+1, 0 A, —23
0100 0 Sw? 0 wa 0 0
Ty = 01 0 s 0 Ay 0 mew®+ A -2 |,
001 0 w0 0 ISw? 0 0
[0 0 0 0 1+s; O A, 0 Ag Lw —/L,J
0 0 0 0 0 0 —4 0 -2, A
000000 O O O O
T,=10 0 0 0 0 0 =4, 0 =215 Al
000000 O O O O
0000 0 00 =2, 0 —2 Al
1 0 0 0 s; 0 A 0 A, —1
01000 0O OO O
Ty;=[0 0 1 0 s, 0 A 0 A5 —Ag,
00010 0O0 OO0 O
[0 0 0 0 s3 0 A, 0 A —A
1 0 0 0 0 0 mpw’—-4 0 1, A0
0100 0 I 0 D wQ 0 0
T, =[0 0 1.0 0 0O -4 0 mpw?—2As -2 |
000 1 0 o 0 Ihw? 0 0
0 0001 0 -2, 0 —Ag IDw? + 2
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A Ay A3
Ay A5 Ag
A7 g A
S1 S2 S3
- Z n Z n Z n
ZZ Cl/zJij ZZSUJUCVJU ZZRUS‘IUC%;‘
i=1 j=1 i=1 j=1 i=1 j=1
Z n Z n Z n
Zzslﬂijcwu Zzsliij ZZRijCaijslliij
_ i=1 j=1 i=1 j=1 i=1j=1
- Z n Z n Z n
Z Z 7Cyy Z Z oSy Z Z Ryjmy Cy
i=1 j=1 i=1 j=1 i=1 j=1
z z z
Z i (Rij — RPK;jCyy, Z Zn: (Rij — Rp)Ki;Sy,; Z Zn: — RP)K;jm
li=1 7= Zl 121 1Rl](Rl} Rf)Kij =1 )= Zz 121 1Rl](Rl} Rf)Kij =1 7= Zz 12 l}(Rl] Rf)Kij_

4. Dynamic characteristic analysis of SGF with simulation and experiment

Owing to certain elements relating to w? in transfer matrix, the calculation accuracy will be
reduced with the increase of computing frequency when the dynamic characteristics of large
complex shafting is analyzed with the traditional Prohl transfer matrix method. Therefore, the
WTMMR [14] is adopted to analyze the dynamic characteristics of SGF in this paper. 10 elements
of the state vectors of the ith part for substructure (I, II, III, IV, V) are divided into two groups,
hence, the partitioned state vector of the ith part can be expressed as:

T
¢ — ¢ S
fi =@ M5, 05 M5, 7]

T (25)
ef = [gc,xc’ 65,55, (pc]i,
where:¢ =1, II, III, IV, V.
The whole state vector in the ith part can be expressed as:
z.=1If, P L eV]T. (26)
Therefore, the relation of state vector for adjacent parts can be represented as:
f Uqq ul (f
= |- (27)
eJiyr  LUn Uzl ke J;
So, the recurrence formula of WTMMR can be obtained:
[S); = [ui1s + ura]i[uars + up it (28)

Remainder of the recurrence formula is transformed for the sake of avoiding extraneous and
lost roots with WTMMR, afterwards, the residue function of SGF with WTMMR can be calculated:

N

D = |S|y+1 HSignﬂ[unS + Uy ;D).

i=1

(29)

The natural frequency and modal shape of SGF can be obtained with Dichotomy and
Gauss-elimination under the given accuracy of error. In this paper, the speeds of shafts in SGF are
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equal and the modulus of elasticity E = 2.06el1 Pa, besides, the parameters of spline coupling
and bevel gear for SGF are shown in Table 1.

Table 1. The parameters of spline shaft and bevel gear

Spline coupling Bevel gear
External spline | Internal spline | Modulus at main aspects | 1.5
Length of shaft 30 mm 25 mm Number of teeth 35
Number of teeth 20 20 Pressure angle 20
Modulus 1.5 1.5 Cone-apex angle 45
Pressure angle 20 20 Helical angle 12.5

There is a hypothesis that the maximum moving distance of u and v are set as 2.5 pm and
spline position angle ¢; = 0 are analyzed. When the involute of spline tooth is divided into 800
equal parts, the varying curve of comprehensive meshing stiffness with change of moving distance
is shown in Fig. 8. From Fig. 8, the comprehensive meshing stiffness of spline is largest when u
and v are 0, furthermore, the comprehensive meshing stiffness of spline is least when u and v are
0.5mm. As illustrated in Fig. 8, the comprehensive meshing stiffness decreases continuously with
the increase of offset distance u and v, besides, the effects of offset distance of u and v on
comprehensive meshing stiffness are symmetrical. As mentioned above, the performance of
connection decreases gradually with the increase of offset distance, therefore, the relative offset
of the internal and external spline couplings should be minimized in order to ensure
high-performance connection.

0.5

Comprehensive meshing stiffness
(GN/m)

3
L0015 20 g5 (W

u (um) N

Fig. 8. The varying curve of comprehensive meshing stiffness with change of moving distance

Without loss of generality, the moving distance u in the positive direction of the X axis and
the moving distance v in the positive direction of the Y axis are 1.0 pum and 2.0 um respectively,
therefore, the comprehensive meshing stiffness of spline (¢; = 0) is 0.513G N/m calculated by
chapter 3.2. The first four natural frequency of SGF calculated using WTMMR presented in this
paper are respectively: 315.604 rad/s, 777.219 rad/s, 1071.379 rad/s, 1669.928 rad/s. The relative
deformation of each part can be obtained with Gauss-elimination and the recurrence formula of
WTMMR on the basis of calculated natural frequencies. The SGF can be divided into input shaft
(I) and intermediate shaft (II, I1I, IV) and output shaft (V), and the radial modal shape of the first
four natural frequency for input shaft and intermediate shaft and output shaft are shown in Fig. 9.
The radial modal shape of the first four natural frequency for input shaft and output shaft are
basically identical due to similar structures from the Fig. 9, in addition, the radial modal shape of
the first two natural frequency is smaller than the radial modal shape of latter two natural
frequency.
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Fig. 9. The curve of radial modal shape for the first four natural frequency

The eccentricity of spline axis has a great influence on the comprehensive meshing stiffness,
and then leading to the change of natural frequency for SGF. Without loss of generality, the
changes situation of the first four natural frequency where spline position angle ¢@; = 0 are
analyzed. From Fig. 10, The influence of the change of comprehensive meshing stiffness on the
first to the fourth order natural frequency is getting smaller and smaller, besides, the first four
natural frequency of SGF keep going up with the increase of comprehensive meshing stiffness.
This demonstrates a phenomenon that the increase of comprehensive meshing stiffness of spline
is helpful to improve the stability of SGF. When comprehensive meshing stiffness is greater than
0.53 GN/m, the growth trend of the last three order is obviously slow, although the first natural
frequency keep going up with the increase of comprehensive meshing stiffness but its change rate
is s slowing down slowly. After the comprehensive meshing stiffness is less than 0.55, the change
of comprehensive meshing stiftness has little influence on the first four natural frequency, and this
illustrates that the spline meshing position tends to rigid connection.

-
3000 Tirst arder
2500 - Second order . ¥ |

1500 - : ; ks 1
1000+

SO0 st ST e S

o

Frequency (rad/s)

049 050 0.51 0.52 0.53 0.54 0.55 0.56
Comprehensive meshing stiffness (GN/m)

Fig. 10. The varying curve of the first four natural frequency

with change of comprehensive meshing stiffness

In order to verify the correctness of WTMMR in analyzing the dynamics characteristics for
SGF, the experiment of dynamic performance analysis for SGF is carried out in this paper. In the
experiment, piezoelectric acceleration probe is selected to collect vibration signal, and the
dynamic performance test of SGF was carried out by portable vibration monitoring analyzer as
Fig. 11. According to sampling theorem f; > 2f,,, the sampling frequency is 1000 Hz in order to
ensure the reliability of the experimental data. The vibration voltage signal {a(k)}
(k=0,1, 2,..., N), where N is the number of samples ) collected by piezoelectric acceleration
probe is converted into acceleration signal with unit conversion, then the time characteristic curve
in Fig. 12 can be obtained through noise signals were separated by IIR digital filter. In order to
obtain displacement signals, the acceleration signal needs to be integrated through twice
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trapezoidal integral formula y(k) = AtY¥ , [a(i — 1) + a(i)]/2. On this basis, frequency
characteristic curve can be obtained after Discrete Fourier Transform (DFT)
Y(k) = ¥N-d y(r)e /2™ /N "and the first four natural frequencies of SGF are peaks in Fig.12
respectively.

Fig. 11. Frame drawing of dynamic characteristic testing for SGF

The first four natural frequencies with WTMMR and experiment and their relative error are
listed in the Table 2. As shown in Table 2, the first four natural frequencies with WTMMR and
experiment are respectively consistent, and the relative error which is approximately 2.5 % is
within allowable error. Therefore, the correctness of solving meshing force and WTMMR for SGF
are all verified, furthermore, it also shows that WTMMR is applied to the analysis of complex
coupled systems SGF.

Amplitude

0 30 60 920 120 150 180 210 240 270 300
Frequency (HZ)
5 1.0
8 o
%: -1.0
Q
< 20
0 0.5 1.0 15 20 25 3.0
T(s)
Fig. 12. The time-frequency characteristic curve of SGF
Table 2. The first four natural frequencies of SGF
Order WTMMR Experiment . o
Natural frequencies (rad/s) | Natural frequencies (rad/s) Relative error (%)
First 315.604 307.876 2.51
Second 777.219 760.265 2.23
Third 1071.379 1043.009 2.72
Fourth 1669.928 1627.345 2.55

Xiangang Su established dynamic model for SGF and calculated whole transfer matrix with

WTMM. Hong Lu established coupled transfer matrix for misaligned spline coupling. Xinbao
Zhang calculated meshing force for misaligned spline coupling. Wei Fan constructed experiment
platform and done experiments for SGF. Yongquan Zhang constructed experiment platform.
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5. Conclusions

Considering the distribution force on contact surface of spline teeth, numerical calculation
method of meshing force is presented under the condition of misalignment in this paper. The
coupled transfer matrix of misaligned spline coupling is established with WTMM, besides, the
dynamic model of SGF is established considering gear coupling and misaligned spline coupling
with WTMM. This paper gives a detailed analysis about the variation trend of the first four natural
frequency with change of comprehensive meshing stiffness, and the dynamic characteristics of
SGF is analyzed using WITMMR. Moreover, the test experiments of dynamic characteristics for
SGF are carried out by portable vibration monitoring analyzer. By comparing outcomes of
experiments, the relative error between analysis results and experimental results which is
approximately 2.5 % is within allowable error. Therefore, the correctness of solving meshing force
and WTMMR for SGF are all verified, and a new approach is opened up for dynamic analysis of
complex shafting.
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