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Abstract. Dynamic behaviors of the 2-DOF axially telescopic mechanism for truss structure 
bridge inspection vehicle is investigated. The telescopic mechanism is a combination of one 
vertical beam that can move axially, one constant beam perpendicularly fixed at the end of the 
vertical beam and one telescopic beam that can move along the axial direction of the constant 
beam during work. The Euler-Bernoulli beam theory is utilized to simplify the beams. The 
Lagrangian description is adopted to account for the coordinate for the telescopic mechanism. The 
equations of motion are derived using the Hamilton’s principle and decomposed into a set of 
ordinary differential equations by employing the Galerkin’s method. The eigenfunctions are 
acquired based on the boundary conditions by adopting the dichotomy method. The solutions to 
the equations are acquired using the Newmark-ߚ method. Experiments are carried out to prove 
the validity of the theoretical model. Numerical examples are simulated to explore whether the 
vertical beam and telescopic beam can extend or retract synchronously and obtain appropriate 
beam moving strategy. The results prove that synchronous motion of the vertical beam and 
telescopic beam will not always lead to pronounced stronger vibration than the separate ones. On the 
other hand, the beam moving strategies that the telescopic beam moving before the vertical beam 
when they all extend out or retract back and moving after the vertical beam when one extends out 
and the other retracts back will effectively reduce the vibration compared with otherwise. 
Keywords: truss structure bridge inspection vehicle, 2-DOF telescopic mechanism, axially 
motion, dynamic behaviors. 

1. Introduction 

Truss structure bridge inspection vehicle (Fig. 1) provides work pass and plat, a 2-DOF 
telescopic mechanism composed by one vertical beam, one constant beam and one telescopic 
beam, for bridge maintenance. The vertical beam is vertically connected to the chassis and can 
move axially through guiding rails. The constant beam is generally perpendicularly fixed to the 
end of the vertical beam during work. Besides, the telescopic beam is connected axially to the 
constant beam using guiding rails. It is necessary to extend or retract the vertical beam and 
telescopic beam to reach a certain depth and width under the bridge. As a longspan, suspended 
and 2-DOF structure, the telescopic mechanism is vulnerable to vibration. For fear of large 
vibration, the workers generally move the beams separately. Nevertheless, they are expected to 
move synchronously to improve the work efficiency. Whether synchronous motion will lead to 
stronger vibration has no theoretical support. Therefore, dynamic behaviors of the 2-DOF axially 
telescopic mechanism should be focused on. 

Many studies have been published over the years to investigate dynamic characteristics of 
axially moving structures. Wang and Wei [1] investigated vibration characteristics of an axially 
moving beam with the varying in the effective length considered. Behdinan et al. [2, 3] accounted 
for the small strains but large rotations of flexible sliding beams and derived the equations of 
motion for flexible sliding beams following the approach outlined by Vu-Quoc and Li [4] and 
obtained the transient responses by using Galerkin’s method. Fung et al. [5] used four dynamic 
models of Timoshenko, Euler, simple flexible and rigid body beams to describe axially moving 
beam under tip mass. Öz et al. [6, 7] studied the linear and nonlinear vibrations of axially moving 
beams by using the method of multiple scales. Chen and Zhao [8] presented a modified finite 
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difference method to study the transverse vibration of axially moving string. Piovana and 
Sampaiob [9] addressed vibration characteristics of an axially moving flexible beam with tip mass 
by employing a finite element method based on beam-element of variable domain. Wang et al. 
[10, 11] analyzed the vibration characteristics of an axially moving cantilever beam and plate 
using the extended Hamilton’s principle. An and Su [12] used the generalized integral transform 
technique that features automatic and straightforward global error control to study the dynamic 
responses of axially moving beams. Liu et al. [13] acquired the analytical expression of the 
first-order approximate solution using the multiple scales to investigate the dynamic responses of 
an axially moving beam. Park et al. [14] compared the vibration responses of an axially moving 
beam with Eulerian and Lagrangian descriptions. Zhang et al. [15, 16] presented the nonlinear 
dynamic behaviors of axially moving cantilever beam and plate in large deformation by employing 
the Reddy’s third-order theory. These studies addressed dynamics of single axially moving beam, 
string or plate. Multiple axially moving beams have also been taken into account. Raftoyiannis 
and Michaltsos [17] established a dynamic analytical model to study the dynamic characteristics 
of a two-stage telescopic beams with the interaction between the beams equivalent as point forces. 
Duan et al. [18] obtained the relationship of the eigenfunctions for multiple cantilever beams and 
studied the transverse vibration characteristics of the axially moving beams. These studies 
accounted for structures moving axially in single direction. However, the coupling in the 2-DOF 
axially telescopic mechanism can be more complex, which hasn’t been investigated. 

In this paper, dynamic behaviors of the 2-DOF axially telescopic mechanism for truss structure 
bridge inspection vehicle are analyzed. Sections 2 derives the equations of motion utilizing the 
Hamilton’s principle with the telescopic mechanism presented in Lagrangian description. The 
Galerkin’s method is adopted to discritize the equations in Section 3 and the time-dependent 
eigenfunctions are obtained according to the boundary conditions. Then the solutions are acquired 
using the Newmark-ߚ method. The experimental results are shown to verify the correctness of the 
theoretical model in Section 4. Further, the numerical results are presented to explore the influence 
of the extending or retracting strategy for the beams on the coupling dynamic behaviors of the 
telescopic mechanism. 

 
Fig. 1. Truss structure bridge inspection vehicle 

2. Equations of motion of the dynamic model 

The model of the 2-DOF telescopic mechanism carrying a mass at the end is shown in Fig. 2. 
The Lagrangian description is adopted to establish the coordinate ܱݕݔ, the origin fixed at the end 
of the vertical beam and moving with the beams. ݔ and ݕ are the coordinate along the undeflected 
major axis of the constant and vertical beams, respectively. The linear densities of the vertical, 
constant and telescopic beams are ߩ௏, ்ߩଵ and ்ߩଶ; the bending stiffnesses ܫܧ௏, ்ܫܧଵ and ்ܫܧଶ; 
the lengths ܮ௏, ்ܮଵ and ்ܮଶ, respectively. ܮ௏௘ and ்ܮଶ௘ are the extensions of the vertical beam and 
telescopic beam. ்ܮ is the total length of the constant and telescopic beams. The velocities of the 
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vertical beam and telescopic beam are ݒ஼ and ்ݒ, separately. The mass at the end weighs ݉௉. The 
Euler-Bernoulli beam theory is used to simplify the beams. The moments of inertia are neglected. 
The overlapped part in the telescopic mechanism is connected to the constant beam merely at the 
beginning and end and has little impact on the bending stiffness. Hence, it is simplified as external 
load at the end of constant beam. 

 
Fig. 2. 2-DOF axially moving telescopic mechanism system 

The Hamilton’s principle is adopted to derive the equations of motion for the telescopic 
mechanism. The expression of the Hamilton’s principle reads: 

ܫߜ = ߜ න ሺܶ − ܸ + ܹሻ௧మ௧భ ,ݐ݀ (1)

in which ܶ is the kinetic energy, ܸ is the potential energy and ܹ is the virtual work. 
1) Kinetic energy: 
The total kinetic energy is determined by the vibrational energy and the kinetic energy of the 

motion for the beams: 

ܶ = 12 න ]௏ߩ ሶ߮ ଶሺݕ, ሻݐ + ஼ଶ]௅ೇ೐଴ݒ ݕ݀ + 12 න ]ଵ்ߩ ሶ߮ ଶሺ0, ሻݐ + ሶݑ ଵଶሺݔ, ሻݐ + ஼ଶ]௅೅భ଴ݒ +    ݔ݀ 12 න ]ଶ்ߩ ሶ߮ ଶሺ0, ሻݐ + ሶݑ ଶଶሺݔ, ሻݐ + ஼ଶݒ + ଶ்]௅೅௅೅భݒ (2) ,ݔ݀

where ߮ሺݕ, ,ݔଵሺݑ ,ሻݐ ,ݔଶሺݑ ሻ andݐ  ሻ are the deflections of the vertical beam, constant beam andݐ
telescopic beam, separately, the superscripted dot means the time differentiation of the 
displacement. 

2) Potential energy: 
The total potential energy contains the bending energy and gravitational energy: 

ܸ = 12 න ,ݕ௏߮′′ଶሺܫܧ ሻ௅ೇ೐଴ݐ ݕ݀ + 12 න ,ݔଵଶሺ′′ݑଵ்ܫܧ ሻ௅೅భ଴ݐ ݔ݀ + 12 න ,ݔଶᇱᇱଶሺݑଶ்ܫܧ ሻ௅೅௅೅భݐ  ݔ݀
    + 12 ௏ܮ௏ߩ + න ,ݔଵሺݑଵ்݃ߩ ሻ௅೅భ଴ݐ ݔ݀ + න ,ݔଶሺݑଶ்݃ߩ ሻ௅೅௅೅భݐ ,ݔ݀ (3)

in which the prime denoted the differentiation of the deflection versus the spatial coordinate. 
3) Virtual work: 
The equivalent force of the overlap part in the telescopic beam to the end of the constant beam 

is given by: 
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ሻݐ௘ሺܨ = ݉௘ሺݐሻ[݃ + ሷݑ ଵሺ்ܮଵ, ,[ሻݐ (4)

in which: 

݉௘ሺݐሻ = ଵଷ்ܮ]ଶ்ߩ − ሺ்ܮଵ − ଶ்ܮ + ଵଶ்ܮଶ௘ሻଷ]3்ܮ . (5)

The equivalent force from the mass at the end of the telescopic beam is: ܨ௉ሺݐሻ = ݉௉[݃ + ሷݑ ଶሺ்ܮ, .[ሻݐ (6)

Therefore, the virtual work to the telescopic mechanism is denoted as: ܹ = ,ଵ்ܮଵሺݑ௘ܨ− ሻݐ − ,்ܮଶሺݑ௉ܨ .ሻݐ (7)

Consequently, applying the Hamilton’s principle, the equations of motion for the beams with 
respect to ߮ሺݕ, ,ݔଵሺݑ ,ሻݐ ,ݔଶሺݑ ሻ andݐ  :ሻ can be drawnݐ

۔ۖەۖ
௏ߩ]ቆۓ + ሺ்ߩଵ்ܮଵ + ሻ]൫ݕሺߜଶሻ்ܮଶ்ߩ ෤߮ሷ + ஼ݒ2 ෤߮ ′ሶ + ஼ଶݒ ෤߮ ᇱᇱ + ሶ஼ݒ ෤߮ ᇱ൯+ܫܧ௏ሺ߮′′ሻᇱᇱ = 0, ቇ , 0 ≤ ݕ ≤ ሻݔሺߜ௏݃ܮ௏ߩ,௏௘ܮ + ଵ்ߩ] + ݉௘ߜሺݔ − ሷݑଵሻ]ሺ்ܮ ଵ + ݃ሻ + ଵᇱᇱሻᇱᇱݑଵሺ்ܫܧ = 0, 0 ≤ ݔ ≤ ଶ்ߩ]ଵ,ቆ்ܮ + ݉௉ߜሺݔ − ෤ሷݑൣ[ሻ்ܮ ଶ + ෤′ሶݑ்ݒ2 ଶ + ෤ଶᇱᇱݑଶ்ݒ + ሶݒ ෤ଶᇱݑ் + ݃൧+்ܫܧଶሺݑ෤ଶᇱᇱሻᇱᇱ = 0 ቇ , ଵ்ܮ < ݔ ≤ (8) ,்ܮ

where ߜ is the Dirac function. 

3. Solutions to the equations 

The vertical beam is slidingly contacted with fixed structure, the beginning of the constant 
beam is perpendicularly fixed to the end of the vertical beam and the beginning of the telescopic 
beam is a slidingly contacted with the constant beam as well. Accordingly, the kinematic boundary 
conditions and geometric continuity conditions are expressed in the following equations: ߮ሺܮ௏௘, ሻݐ = 0,    ߮′ሺܮ௏௘, ሻݐ = 0, ,௏߮′′ሺ0ܫܧ ሻݐ = ,ଵᇱᇱሺ0ݑଵ்ܫܧ ,ሻݐ ,௏߮′′′ሺ0ܫܧ ሻݐ = ,ଵሺ0ݑ,0 ሻݐ = ଵᇱݑ    ,0 ሺ0, ሻݐ = −߮ᇱሺ0, ,ሻݐ ,ଵ்ܮଶሺݑ ሻݐ = ,ଵ்ܮଵሺݑ ,ሻݐ ଶᇱݑ ሺ்ܮଵ, ሻݐ = ଵᇱݑ ሺ்ܮଵ, ,ଵ்ܮଶᇱᇱሺݑଶ்ܫܧ ,ሻݐ ሻݐ = ,ଵ்ܮଵᇱᇱሺݑଵ்ܫܧ ,ሻݐ ,ଵ்ܮଶᇱᇱᇱሺݑଶ்ܫܧ ሻݐ = ,ଵ்ܮଵᇱᇱᇱሺݑଵ்ܫܧ ,்ܮଶᇱᇱሺݑଶ்ܫܧ,ሻݐ ሻݐ = ,்ܮଶᇱᇱᇱሺݑଶ்ܫܧ    ,0 ሻݐ = 0. (9)

The Galerkin’s method is employed to truncate the vibration equation to a set of 
time-dependent ordinary differential equations. The deflections of the beams are respectively 
discretized as: 

߮ሺݕ, ሻݐ = ෍ Φ௡ሺݕ, ሻேݐ௡ሺݍሻݐ
௡ୀଵ , ,ݔଵሺݑ ሻݐ = ෍ ଵܷ௡ሺݔ, ሻேݐ௡ሺݍሻݐ

௡ୀଵ ,
,ݔଶሺݑ ሻݐ = ෍ ܷଶ௡ሺݔ, ሻேݐ௡ሺݍሻݐ

௡ୀଵ , (10)

where ܰ is the space dimension, Φ௡ሺݕ, ,ݔሻ, ଵܷ௡ሺݐ ,ݔሻ and ܷଶ௡ሺݐ  ሻ are the ݊th eigenfunctions ofݐ
the vertical beam, constant beam and telescopic beam, respectively, ܙሺݐሻ = ଶݍଵݍ] … ்[ேݍ  is the 
generalized coordinate. The eigenfunctions are expressed in the following formulation: 
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Φ௡ሺݕ, ሻݐ = ௏௘ܮ௡ሺߛଵ௡cosh൫ܣ − ሻ൯ݕ + ௏௘ܮ௡ሺߛଶ௡sinh൫ܣ − ௏௘ܮ௡ሺߛଷ௡cos൫ܣ+      ሻ൯ݕ − ሻ൯ݕ + ௏௘ܮ௡ሺߛସ௡sin൫ܣ − ,ݔሻ൯,ଵܷ௡ሺݕ ሻݐ = ሻݔଵ௡ߚଵ௡coshሺܤ + ሻݔଵ௡ߚଶ௡sinhሺܤ + ሻݔଵ௡ߚଷ௡cosሺܤ + ,ݔሻ, ܷଶ௡ሺݔଵ௡ߚସ௡sinሺܤ ሻݐ = ݔଶ௡ሺߚଵ௡cosh൫ܥ − ଵሻ൯்ܮ + ݔଶ௡ሺߚଶ௡൫ߚଶ௡sinhܥ − ݔଶ௡ሺߚଶ௡൫ߚଷ௡cosܥ+      ଵሻ൯்ܮ − ଵሻ൯்ܮ + ݔଶ௡ሺߚଶ௡൫ߚସ௡sinܥ − ,ଵሻ൯்ܮ (11)

where ܣଵ௡, ܣଶ௡, ܣଷ௡, ܣସ௡, ܤଵ௡, ܤଶ௡, ܤଷ௡, ܤସ௡, ܥଵ௡, ܥଶ௡, ܥଷ௡ and ܥସ௡ are the coefficients of the 
eigenfunctions, ߛ௡, ߚଵ௡ and ߚଶ௡ are the eigenvalues, defined as: 

௡ସߛ = ߱௡ଶܣߩ௏ܫܧ௏ ଵ௡ସߚ    , = ߱௡ଶ்ܣߩଵ்ܫܧଵ , ଶ௡ସߚ = ߱௡ଶ்ܣߩଶ்ܫܧଶ , (12)

where ߱௡ is the ݊th natural frequency. 
Substituting the discretized deflections into Eq. (9) yields: ܀ሺݔ, ሻݐሺܘሻݐ = ૙, (13)

with the matrix: 

,ݔሺ܀ ሻݐ = ൦܀ଵ 0 ଶ܀0 ଷ܀ 00 ସ܀ ହ0܀ 0 ,଺൪܀ (14)

ଵ܀ = ቂ1 0 1 00 1 0 1ቃ, (15)

ଶ܀ = ێێۏ
௏௘ሻܮ௡ߛ௏coshሺܫܧ௡ଶߛۍ ௏௘ሻܮ௡ߛ௏sinhሺܫܧ௡ଶߛ ௏௘ሻܮ௡ߛ௏cosሺܫܧ௡ଶߛ− ௏௘ሻܮ௡ߛ௏sinhሺܫܧ௡ଷߛ௏௘ሻܮ௡ߛ௏sinሺܫܧ௡ଶߛ− ௏௘ሻܮ௡ߛ௏coshሺܫܧ௡ଷߛ ௏௘ሻܮ௡ߛ௏sinሺܫܧ௡ଷߛ ௏௘ሻ0ܮ௡ߛ௏cosሺܫܧ௡ଷߛ− 0 0 0sinhሺߛ௡ܮ௏௘ሻ coshሺߛ௡ܮ௏௘ሻ −sinሺߛ௡ܮ௏௘ሻ cosሺߛ௡ܮ௏௘ሻ ۑۑے

(16) ,ې

ଷ܀ = ൦−ߚଵ௡ଶ ଵ்ܫܧ 0 ଵ௡ଶߚ ଵ்ܫܧ 00 0 0 01 0 1 00 ଵ௡ߚ− 0 ଵ௡ߚ−
൪, (17)

ସ܀ = ێێێۏ
ۍ coshሺߚଵ௡்ܮଵሻ sinhሺߚଵ௡்ܮଵሻ cosሺߚଵ௡்ܮଵሻ sinሺߚଵ௡்ܮଵሻߚଵ௡sinhሺߚଵ௡்ܮଵሻ ଵሻ்ܮଵ௡ߚଵ௡coshሺߚ ଵሻ்ܮଵ௡ߚଵ௡sinሺߚ− ଵ௡ଶߚଵሻ்ܮଵ௡ߚଵ௡cosሺߚ ଵሻ்ܮଵ௡ߚଵcoshሺ்ܫܧ ଵ௡ଶߚ ଵሻ்ܮଵ௡ߚଵsinhሺ்ܫܧ ଵ௡ଶߚ− ଵሻ்ܮଵ௡ߚଵcosሺ்ܫܧ ଵ௡ଶߚ− ଵ௡ଷߚଵሻ்ܮଵ௡ߚଵsinሺ்ܫܧ ଵሻ்ܮଵ௡ߚଵsinhሺ்ܫܧ ଵ௡ଷߚ ଵሻ்ܮଵ௡ߚଵcoshሺ்ܫܧ ଵ௡ଷߚ ଵሻ்ܮଵ௡ߚଵsinሺ்ܫܧ ଵ௡ଷߚ− ۑۑۑےଵሻ்ܮଵ௡ߚଵcosሺ்ܫܧ

(18) ,ې

ହ܀ = ێێۏ
ۍ 1 0 1 00 ଶ௡ߚ 0 ଶ௡ଶߚଶ௡ߚ ଶ்ܫܧ 0 ଶ௡ଶߚ− ଶ்ܫܧ 00 ଶ௡ଷߚ ଶ்ܫܧ 0 ଶ௡ଷߚ− ۑۑےଶ்ܫܧ

,ې (19)

଺܀ = ቈcosh൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ sinh൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ −cos൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ −sin൫ߚଶ௡ሺ்ܮ − ்ܮଶ௡ሺߚଵሻ൯sinh൫்ܮ − ଵሻ൯்ܮ cosh൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ sin൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ −cos൫ߚଶ௡ሺ்ܮ − ଵሻ൯቉, (20)்ܮ

and the vector of the unknown parameters: ܘሺݐሻ = ଵ௡ܣ] ସ௡ܣ  ⋯   ଵ௡ܤ ⋯ ସ௡ܤ ଵ௡ܥ ⋯ .்[ସ௡ܥ (21)

As is shown, the eigenfunctions are time-dependent as the extensions of the vertical and 
telescopic beams are time-varying. The instantaneous eigenvalues and coefficients of the 
eigenfunctions are calculated by equaling the determinant of the coefficient matrix ܀ in Eq. (13) 
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to zero and then applying the dichotomy method. The coefficients of the eigenfunctions are: ܣଵ௡ = ଶ௡ܣ    ,1 = ଷ௡ܣ    ,௡ߣ = −1, ସ௡ܣ = ,௡ߣ− ଵ௡ܤ(22) = ଵ௡ଶߚ௏2ܫܧ௡ଶߛ ଵ்ܫܧ ൣ൫coshሺߛ௡ܮ௏௘ሻ + cosሺߛ௡ܮ௏௘ሻ൯ + ௏௘ሻܮ௡ߛ௡൫sinhሺߣ + sinሺߛ௡ܮ௏௘ሻ൯൧,ܤଶ௡ = ଷ௡ܤ    ,௡ߝ = ,ଵ௡ܤ− ସ௡ܤ = ଴௡ߝ − ,௡ߝ (23)

ଵ௡ܥ = 12 [ሺܿଵ௡ + ܿଷ௡ሻ + ௡ሺ݀ଵ௡ߝ + ݀ଷ௡ሻ], ଶ௡ܥ = 12 [ሺܿଶ௡ + ܿସ௡ሻ + ௡ሺ݀ଶ௡ߝ + ݀ସ௡ሻ],ܥଷ௡ = 12 [ሺܿଵ௡ − ܿଷሻ + ௡ሺ݀ଵ௡ߝ − ݀ଷ௡ሻ], ସ௡ܥ = 12 [ሺܿଶ௡ − ܿସ௡ሻ + ௡ሺ݀ଶ௡ߝ − ݀ସ௡ሻ], (24)

௡ߣ = − sinhሺߛ௡ܮ௏௘ሻ − sinሺߛ௡ܮ௏௘ሻcoshሺߛ௡ܮ௏௘ሻ + cosሺߛ௡ܮ௏௘ሻ, ଴௡ߝ(25) = − ଵ௡ߚ௡ߛ ൣ൫sinhሺߛ௡ܮ௏௘ሻ + sinሺߛ௡ܮ௏௘ሻ൯ + ௏௘ሻܮ௡ߛ௡൫coshሺߣ − cosሺߛ௡ܮ௏௘ሻ൯൧, (26)

௡ߝ = − ቈሺܿଵ௡ + ܿଷ௡ሻcosh൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ + ሺܿଶ௡ + ܿସ௡ሻsinh൫ߚଶ௡ሺ்ܮ − ଵሻ൯−ሺܿଵ௡்ܮ − ܿଷ௡ሻcos൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ − ሺܿଶ௡ − ܿସ௡ሻsin൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ ቉
ቈሺ݀ଵ௡ + ݀ଷ௡ሻcosh൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ + ሺ݀ଶ௡ + ݀ସ௡ሻsinh൫ߚଶ௡ሺ்ܮ − ଵሻ൯−ሺ݀ଵ௡்ܮ − ݀ଷ௡ሻcos൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ − ሺ݀ଶ௡ − ݀ସ௡ሻsin൫ߚଶ௡ሺ்ܮ − ଵሻ൯்ܮ ቉, (27)

ܿଵ௡ = ଵሻ்ܮଵ௡ߚଵ௡൫coshሺܤ − cosሺߚଵ௡்ܮଵሻ൯ + ଵሻ,ܿଶ௡்ܮଵ௡ߚ଴௡sinሺߝ = ଶ௡ߚଵ௡ߚ ଵሻ்ܮଵ௡ߚଵ௡൫sinhሺܤൣ + sinሺߚଵ௡்ܮଵሻ൯ + ଵሻ൧,ܿଷ௡்ܮଵ௡ߚ଴௡cosሺߝ = ଵ௡ଶߚ ଶ௡ଶߚଵ்ܫܧ ଶ்ܫܧ ଵሻ்ܮଵ௡ߚଵ௡൫coshሺܤൣ + cosሺߚଵ௡்ܮଵሻ൯ − ଵሻ൧, ܿସ௡்ܮଵ௡ߚ଴௡sinሺߝ = ଵ௡ଷߚ ଶ௡ଷߚଵ்ܫܧ ଶ்ܫܧ ଵሻ்ܮଵ௡ߚଵ௡൫sinhሺܤൣ − sinሺߚଵ௡்ܮଵሻ൯ − ,ଵሻ൧்ܮଵ௡ߚ଴௡cosሺߝ
(28)

݀ଵ௡ = sinhሺߚଵ௡்ܮଵሻ − sinሺߚଵ௡்ܮଵሻ, ݀ଶ௡ = ଶ௡ߚଵ௡ߚ ൫coshሺߚଵ௡்ܮଵሻ − cosሺߚଵ௡்ܮଵሻ൯,݀ଷ௡ = ଵ௡ଶߚ ଶ௡ଶߚଵ்ܫܧ ଶ்ܫܧ ൫sinhሺߚଵ௡்ܮଵሻ + sinሺߚଵ௡்ܮଵሻ൯,   ݀ସ௡ = ଵ௡ଷߚ ଶ௡ଷߚଵ்ܫܧ ଶ்ܫܧ ൫coshሺߚଵ௡்ܮଵሻ + cosሺߚଵ௡்ܮଵሻ൯. (29)

Substituting Eq. (10) to Eq. (8) and multiplying the equations with ׬ Φ௡ሺݕ, ௅ೇ೐଴ݕሻ݀ݐ ׬ , ଵܷ௡ሺݔ, ௅೅భ଴ݔሻ݀ݐ  and ׬ ܷଶ௡ሺݔ, ௅೅௅೅భݔሻ݀ݐ  separately and then summing them up, the discretized 
equations of motion for the telescopic mechanism can be obtained: ۹ܙሺݐሻ + ሶܙ۱ ሺݐሻ + ሷܙۻ ሺݐሻ = ۴, (30)

where: 

۹ = ௏ߩ න ൫ΦΦሷ + ஼ΦΦሶݒ2 ᇱ + ′′஼ଶΦΦݒ + ௅ೇ೐଴ݕሶ஼ΦΦ′൯݀ݒ + ௏ܫܧ න Φ′′Φ′′݀ݕ௅ೇ೐଴     +ሺ்ߩଵ்ܮଵ + ଶሻ൫ΦΦሷ்ܮଶ்ߩ + ஼ΦΦ′ሶݒ2 + ′′஼ଶΦΦݒ + ሻݕሺߜሶ஼ΦΦ′൯ݒ + ଵ்ߩ න ሷ܃ଵ܃ ଵ݀ݔ௅೅భ଴       +݉௘܃ଵ܃ሷ ଵߜሺݔ − ଵሻ்ܮ + න ௅೅భ଴ݔଵᇱᇱ݀܃ଵᇱᇱ܃ଵ்ܫܧ
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ଶ்ߩ+      න ൫܃ଶ܃ሷ ଶ + ሶ܃ଶ܃்ݒ2 ଶᇱ + ଶᇱᇱ܃ଶ܃ଶ்ݒ + ሶݒ ଶమᇱ܃ଶ܃் ൯݀ݔ௅೅௅೅భ     +݉௉൫܃ଶ܃ሷ ଶ + ሶ܃ଶ܃்ݒ2 ଶᇱ + ଶᇱᇱ܃ଶ܃ଶ்ݒ + ሶݒ ݔଶᇱᇱ൯δሺ܃ଶ܃் − ሻ்ܮ + ଶ்ܫܧ න ௅೅௅೅భݔଶᇱᇱ݀܃ଶᇱᇱ܃ , 
۱ = ௏ߩ2 න ൫ΦΦሶ + ௅ೇ೐଴ݕ஼ΦΦ′൯݀ݒ + 2ሺ்ߩଵ்ܮଵ + ݉௘ + ଶ்ܮଶ்ߩ + ݉௉ሻ൫ΦΦሶ + ଵ்ߩሻ      +2ݕሺߜ஼ΦΦ′൯ݒ න ሶ܃ଵ܃ ଵ݀ݔ௅೅భ଴ + 2݉௘܃ଵ܃ሶ ଵߜሺݔ − ଵሻ்ܮ + ଶ்ߩ2 න ൫܃ଶ܃ሶ ଶ + ଶᇱ܃ଶ܃்ݒ ൯݀ݔ௅೅௅೅భ       +2݉௉൫܃ଶ܃ሶ ଶ + ଶమᇱ܃ଶ܃்ݒ ൯ߜሺݔ − ۻ ,ሻ்ܮ = ௏ߩ න ΦΦ݀ݕ௅ೇ೐଴ + ሺ்ߩଵ்ܮଵ + ݉௘ + ଶ்ܮଶ்ߩ + ݉௉ሻΦΦߜሺݕሻ + ଵ்ߩ න ௅೅భ଴ݔଵ݀܃ଵ܃       +݉௘܃ଵ܃ଵߜሺݔ − ଵሻ்ܮ + ଶ்ߩ න ௅೅௅೅భݔଶ݀܃ଶ܃ + ݉௉܃ଶ܃ଶߜሺݔ −  ,ሻ்ܮ
۴ = ሻݔሺߜଵ܃௏݃ܮ௏ߩ− − ଵ்݃ߩ න ௅೅భ଴ݔଵ݀܃ − ݉௘݃܃ଵߜሺݔ − ଶ்݃ߩ−      ଵሻ்ܮ න ௅೅௅೅భݔଶ݀܃ + ݉௉݃܃ଶߜሺݔ − ,ሻ்ܮ

(31)

in which: Φ = [Φଵ  Φଶ ⋯ Φே]், ଵ܃ = [ ଵܷଵ ଵܷଶ ⋯ ଵܷே]்,   ܃ଶ = [ܷଶଵ ଶܷଶ ⋯ ܷଶே]். (32)

The solutions to the equations of motion are acquired by employing the average acceleration 
method of the Newmark-ߚ. 

4. Experimental and numerical results 

4.1. Model verification with experiments 

To verify the correctness of the theoretical model on the truss structure bridge inspection 
vehicle XCMG QJS20A, as displayed in Fig. 3. An accelerometer is installed at the end and 
vertical to the axis of the telescopic beam to capture the vibration. The data from the accelerometer 
are transmitted to a collector. The stiffnesses of the three beams are obtained by static test to be ܫܧ௏ = 120 MPa, ்ܫܧଵ = 90 MPa and ்ܫܧଶ = 140 MPa. Other specific properties of the beams are 
as follows: ܮ௏ =  15.3 m, ்ܮଵ =  10.83 m, ்ܮଶ =  10.74 m, ߩ௏ = 90 kg/m, ்ߩଵ =  87.5 kg/m,  ்ߩଶ = 49.6 kg/m, ݉௉ = 400 kg. 

As the vertical and telescopic beams are not allowed to move synchronously at present, the 
experiments were implemented by extending and retracting the telescopic beam with the vertical 
beam fixed at the extension of 11 m. The extension process begins with the total length of the 
constant and telescopic beams being 11 m and the retraction process begins with the telescopic 
beam extended to its maximum length 20.05 m. The telescopic beam starts with an acceleration 
of 6 m/s2 from static and finally reaches a constant velocity of 0.317 m/s. The theoretical results 
of the dynamic responses for the first order model are compared with the experimental results, as 
presented in Fig. 4. As is seen, the theoretical results slightly deviate from the expermental results. 
This is becasue of the deviation in the measured beam stiffnesses, the influence of structural 
damping, the base on which the vertical beam fixed being not strictly static, the vibration from the 
motor and so on. However, it is determined that the theoretical results are consistent with the 
experiment results within tolerance. Hence, the effectiveness of the theoretical model can be 
verified. 
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Fig. 3. Schematic diagram of the test platform 

 
a) Extension 

 
b) Retraction 

Fig. 4. Dynamic behaviors of theoretical and experimental results  

4.2. Numerical results 

Numerical examples are presented to investigate the influence of the beam moving strategy on 
the dynamic behaviors of the 2-DOF axially telescopic mechanism. The parameters of the beams 
are given based on a new truss structure bridge inspection vehicle, whose vertical and telescopic 
beams are expected to move synchronously, with ܫܧ௏ =  88 MPa, ்ܫܧଵ =  35 MPa and  ்ܫܧଶ =  35 MPa, ܮ௏ =  15.3 m, ்ܮଵ =  10.7 m, ்ܮଶ = 10.7 m, ߩ௏ = 84 kg/m, ்ߩଵ = 85 kg/m, ்ߩଶ = 46 kg/m, ݉௉ = 400 kg. The maximum extension of the vertical beam is 12.9 m and the 
total length of the constant beam and telescopic beam when fully extended is 20 m.  

 
a) 1st mode 

 
b) 2nd mode 

 
c) 3rd mode 

Fig. 5. The first three modal shapes 

The modal shapes of the beams are given in Fig. 5 for better understanding of the vibration 
characteristics. As the eigenfunctions of the beams are time dependent. The coefficients and 
eigenvalues are instantaneous parameters. The modal shapes when the beams all reach their 
maximum lengthes are displays in Fig. 5. Note that the dotted lines stand for the undeflected beams 
and the solid ones denote the modes. It can be acquired that the vertical beam features large 
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vibrational amplitude and plays a significant role in the vibration of the three beams. Accordingly, 
the motion of the vertical beam has great influence on the dynamic behaviors of the whole 
structure. 

Comparison when the vertical and telescopic beams moves separately and synchronously are 
implemented to achieve the influence of the beam moving strategy. There are four conditions of 
extending or retracting the vertical and telescopic beams to have the telescopic mechanism reach 
a certain position. Besides, different beam moving strategies, i.e., the vertical and telescopic beams 
moving axially synchronously, the vertical beam first (step 1) and then (step 2) the telescopic 
beam and the telescopic beam first (step 1) and then (step 2) the vertical beam, as listed in Table 1, 
in each condition are implemented to explore the influence of synchronous motion for the beams 
on the vibration. ‘+’ represents the beam extending out and ‘-’ retracting back. The beams are 
assumed to be static at the beginning of the extension or retraction. The vibrations of the end for 
the telescopic beams in the four conditions are shown in Figs. 6-9. 

Table 1. Vertical beam and telescopic beam extending or retracting strategies 
Condition    ݒ஼ / m/s ݒ஻  /m/s  ሺ0ሻ / m்ܮ ௏௘ሺ0ሻ / mܮ

(I) 
Vertical beam +  

Telescopic beam + 

Synchronously  0.5 0.5 7.9 15 

Vertical beam first  Step 1 0 0.5 7.9 15 
Step 2 0.5 0 7.9 20 

Telescopic beam first Step 1 0.5 0 7.9 15 
Step 2 0 0.5 12.9 15 

(II) 
Vertical beam - 

Telescopic beam - 

Synchronously  –0.5 –0.5 12.9 20 

Vertical beam first Step 1 0 –0.5 12.9 20 
Step 2 –0.5 0 12.9 15 

Telescopic beam first Step 1 –0.5 0 12.9 20 
Step 2 0 –0.5 7.9 20 

(III) 
Vertical beam + 

Telescopic beam - 

Synchronously  0.5 –0.5 7.9 20 

Vertical beam first Step 1 0.5 0 7.9 20 
Step 2 0 –0.5 12.9 20 

Telescopic beam first Step 1 0 –0.5 7.9 20 
Step 2 0.5 0 7.9 15 

(IV) 
Vertical beam - 

Telescopic beam + 

Synchronously  –0.5 0.5 12.9 15 

Vertical beam first Step 1 –0.5 0 12.9 15 
Step 2 0 0.5 7.9 15 

Telescopic beam first Step 1 0 0.5 12.9 15 
Step 2 –0.5 0 12.9 20 

 

 
a) 

 
b)  

Fig. 6. Dynamic behaviors when a) telescopic beam +, b) vertical beam +:  
(blue) synchronously, (green) step 1, (red) step 2 

Fig. 6 presents the vibrational velocity corresponding to condition I. As is revealed, 
synchronous extension of the vertical and telescopic beams undergoes the maximum vibration in 
the three beam moving strategies. Besides, the separate extension of the telescopic beam performs 
slightly smaller vibration than the synchronous one. Moreover, the extension of the telescopic 
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beam after the vertical beam gives rise to increasingly stronger vibration than that before the 
vertical beam, i.e., larger extension of the vertical beam increases the vibration in the extension of 
the telescopic beam. Nevertheless, the vibrations in the separate extension of the vertical beam are 
significantly smaller than that in the synchronous motion. Fig. 7 displays the vibrational velocity 
of the beams in condition II. The differences between the synchronous and separate motions of 
the vertical and telescopic beams are similar to those in condition I. In this condition, shorter 
extension of the vertical beam is in favor of enlarging the vibration in the retraction of the 
telescopic beam. 

 
a) 

 
b)  

Fig. 7. Dynamic behaviors when a) telescopic beam –, b) vertical beam –:  
(blue) synchronously, (green) step 1, (red) step 2 

 
a) 

 
b)  

Fig. 8. Dynamic behaviors when a) telescopic beam +, b) vertical beam –:  
(blue) synchronously, (green) step 1, (red) step 2 

 
a) 

 
b)  

Fig. 9. Dynamic behaviors when a) telescopic beam –, b) vertical beam +:  
(blue) synchronously, (green) step 1, (red) step 2 

The vibrational velocity in condition III is shown in Fig. 8. Different from that in condition I 
and II, the vibration when the telescopic beam moves before the vertical beam is larger than the 
other two; besides, the vibration in the synchronous retraction of the telescopic beam with the 
extension of the vertical beam is slightly smaller and that when the telescopic beam moves after 
the vertical beam is the minimum. Thus, in accord with that in condition II, smaller extension of 
the vertical beam will bring about larger vibration when the telescopic beam retracts back. 

Time/s
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Analogous to the aforementioned two conditions, the vibration when the vertical beam acts 
individually are greatly smaller than that in the synchronous motion. 

Fig. 9 depicts the vibrational velocity corresponding to condition IV. As can be seen, the 
telescopic beam extending separately brings in stronger vibration than that acting synchronously 
with the retraction of the vertical beam. What’s more, the telescopic beam moving before the 
vertical beam leads to larger vibration than after the vertical beam, identical to the result that 
increase in the extension of the vertical beam leads to larger vibration in the separate extension of 
the telescopic beam. On the other hand, the vibration when the vertical beam retracts separately is 
smaller than that in the synchronous motion. 

5. Conclusions 

Dynamic behaviors of the 2-DOF telescopic mechanism for truss structure bridge inspection 
vehicle are studied. The vertical, constant and telescopic beams are simplified under the 
Euler-Bernoulli beam theory. The equations of motion in Lagrangian description are obtained 
based on the Hamilton’s principle. By means of the Galerkin’s method, the partial differential 
equations are transformed into a set of ordinary differential equations. The time-dependent 
eigenfunctions of the beams are acquired according to the time-varying boundary conditions 
utilizing the dichotomy method. The theoretical model is verified by experiments and numerical 
examples are presented to explore appropriate beam extending or retracting strategies to avoid 
large vibration and meanwhile improve the work efficiency. 

In the whole process of extending or retracting the vertical and telescopic beams, synchronous 
motion will not always bring about larger vibration than separate ones. Besides, the vibrations in 
the synchronous motion are only slightly larger than those in the separate motions when the beams 
both extend out or retract back. Moreover, synchronous motion can even bring in smaller vibration 
than the separate one when one beam extends out and the other retracts back. Therefore, to 
improve the work efficiency, synchronous extension or retraction can be implemented. On the 
other hand, larger extension of the vertical beam results in stronger vibration when the telescopic 
beam extends out and weaker when retracting back. Therefore, on condition of separate extension 
or retraction, when the beams all extend out or retract back, the telescopic beam should move 
before the vertical beam; nevertheless, when one extends out and the other retracts back the 
telescopic beam should move after the vertical beam. 
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