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Abstract. This paper presents the design and implementation of a robust model reference 
controller (RMRC) for active vibration suppression of a flexible structure, a cantilevered beam. 
The flexible beam is an aluminum beam in the cantilever configuration and is equipped with 
surface-bonded PZT (lead zirconate titanate) sensors/actuators. PZT is a piezoelectric material 
with a strong piezoelectric effect, and is a commonly used smart material. Since the fundamental 
vibration mode of the beam is the major concern in this paper, a linear model which represents the 
dominant vibration mode is developed and used as the plant model for the control design. Based 
on this linear model, a robust model reference controller (RMRC) is developed to suppress the 
beam’s vibration. Vibration suppression simulations and experiments are conducted. Both results 
show that the proposed controller achieves effective vibration suppression of the flexible beam 
using PZT sensors and actuators. 
Keywords: flexible beam, piezoceramic actuator/sensor, robust model reference control, 
vibration suppression. 

1. Introduction 

In the past decades, there has been an increasing interest in the application of smart material 
and structure technology in the active vibration control of flexible structures [1-18]. Smart 
materials, such as piezoceramic materials, optical fibers and shape memory alloys, integrated with 
flexible structures, function as sensors or actuators for vibration controls. Piezoceramic materials 
have unique characteristics, such as solid state actuation, wide bandwidth, light weight and long 
fatigue life. They can be used as both sensors and actuators. A commonly used piezoceramic 
material is the PZT (lead zirconate titanate), which has a strong piezoelectric effect. Piezoceramic 
materials have been widely used in many vibration suppression applications with a number of 
control methods, such as LQG (Linear Quadratic Gaussian), [1] strain rate feedback control [2], 
negative velocity feedback control [4], -synthesis control [19], pole placement control [20, 21], 
adaptive control [22], and sliding-mode based robust control [23].  

Model reference control (MRC) [24, 25], often used in conjunction with adaptive  
methodology, has the capacity to control an unknown plant to follow a prescribed trajectory. MRC 
has been applied to various systems, such as electrical actuators [26], single flexible robot [27], 
etc. Since vibration control problems usually involve trajectory tracking, MRC has also been 
applied to vibration control [9-11]. There are only a few reports on vibration suppression using 
model reference control and piezoceramic actuators. A finite dimensional discrete-time MRC 
algorithm was used to suppress the vibrations in a flexible beam with a piezoelectric sensor and 
actuator [12]. In [13], a fuzzy model reference control was used for vibration control of a smart 
flexible beam. Using piezoelectric damping-modal actuators/sensors, Li and Nien studied the 
modeling and active vibration control of a laminated smart beam [14]. Based on Hamilton’s 
principle, Hong et al. derived the equation of motion for a smart beam and designed an active 
vibration suppression system using a multi-objective state-feedback controller [15]. Li and Yang 
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investigated the dynamic response and active control of a composite cylindrical shell with 
piezoelectric shear actuators [16]. Ray and Pradhan studied the performance of piezoelectric 
composites for active damping of laminated composite shells [17]. Ray and Shivakumar also 
investigated active constrained layer damping of geometrically nonlinear transient vibration of 
composite plates using piezoelectric fiber-reinforced composite [18]. 

In this paper, a robust model reference control is proposed for vibration suppression of a 
flexible beam with a surface bonded PZT sensor and actuator. First, an experimental setup is 
constructed. In the setup, a cantilevered flexible aluminum beam with two PZT actuators and one 
PZT sensor is used for enabling the feedback control. Then, the analysis of the beam’s vibration 
is conducted. The analysis results in a linear second-order single-degree-of-freedom (SDOF) 
model for the beam’s dominant modal vibration. With regard to this model, the design of a robust 
model reference controller is carried out. The control law is motivated from Lyapunov’s second 
method. Finally, the proposed controller’s ability to suppress vibration is evaluated by numerical 
simulations and validated by experiments.  

2. The experimental setup 

As shown in Fig. 1, a “smart” flexible structure – a cantilevered beam integrated with the PZT 
sensor/actuator-is developed for testing the proposed controller. The beam is a 736.5 mm long, 
53.1 mm wide and 1 mm thick aluminum strip (see Table 1 for other specifications of the beam). 
At its root, two identical PZT patches are bonded on the opposite lateral surfaces of the beam. 
They are used as actuators to generate a bending force for active control of the beam. Another 
smaller PZT sensor is bonded at the location adjacent to one PZT actuator so that the PZT sensor 
and actuator can be regarded as in the collocated configuration. The specifications of the PZT 
patches are listed in Table 2.  

 
Fig. 1. The flexible beam experimental setup 

 
Fig. 2. A schematic of the experimental setup 

As illustrated in Fig. 2, the experimental setup used in this paper is comprised of a real-time 
data acquisition system – dSPACE, a PC with the Matlab/Simulink software, a power amplifier 
and the flexible beam. The controller is implemented in the platform of the Matlab/Simulink 
software. The control command is amplified by the power amplifier before it is applied on the 
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PZT actuators. When subjected to vibration excitations, the PZT sensor has a voltage output, 
which is directly proportional to the strain at the location of the sensor near the root of the beam. 
It is well known that a cantilevered beam’s vibration can be represented by the strain near its root. 
Therefore, in this research, we directly use the PZT sensor output to represent the vibration status 
of the cantilevered beam.  

Table 1. Beam properties 
Quality Description Units Value 

Beam length mm 736.5 
Beam width mm 53.1 

Beam thickness mm 1 
 Beam density kg/m3 2690 

Modulus of elasticity N/m2 7.03×1010 

Table 2. Properties of PZT patches used on the beam 
Quality Description Units PZT Actuator PZT Sensor 

Dimensions mm 46×33.27×0.25 14×7×0.25 33 Strain coefficient C/N 7.41×10-10 7.41×10-10 31 Strain coefficient C/N –2.74×10-10 –2.74×10-10 
 PZT density kg/m3 7500 7500 
 Young’s modulus N/m2 6.3×1010 6.3×1010 

 

Fig. 3. The sensor’s output in the case  
of free vibration 

 
Fig. 4. The PSD plot of the free vibration  

of the beam 

3. The model of the beam 

The MRC Design is model-oriented. A beam model which is capable of taking the effect of 
the PZT actuators into account must be developed in advance for MRC design. It is well known 
that a flexible beam’s vibration is complicated and has infinite vibration modes. However, only a 
few modes are dominant and critically affect the characteristics of vibration. Therefore, the scope 
of the proposed vibration controller is confined to the most critical vibration mode of the flexible 
beam. To obtain the mathematic model of the dominant vibration mode of the PZT actuated 
flexible beam, a modal analysis technique is adopted to uncouple a differential equation which 
represents vibration of the flexible beam, and then open-loop testing is conducted to determine 
which mode is dominant.  

First, we study the forced motion of the cantilevered flexible beam driven by the PZT actuators. 
The motion of the flexible beam with the PZT actuators is governed by the following partial 
differential equation [28]: 
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+ 2 + = ( − ) ( ), (1)

where ( , ) is the beam deflection;  is the distance along the beam;  and  are the material’s 
Young’s modulus and moment of inertia;  is the beam’s cross-section area;  is the beam 
material density; and ( ) is the two PZT actuator’s bending force acting at the point .  is an 
overall damping ratio. 

Applying the modal analysis method, we can express the beam deflection in the form: 

( , ) = Φ ( ) ( ), (2)

where Φ ( ) are the eigenfunctions and ( )  are the dimensionless modal coordinates. 
Substituting Eq. (2) into Eq. (1), we obtain the beam modes in the dimensionless modal 
coordinates ( ) as: ( ) + 2 ( ) + ( ) = Φ ( ) ( ), (3)

where = ( ⁄ ) ⁄  is the natural frequency of the th vibration mode and  is the modal 
damping ratio. Eq. (3) is a second-order nohomogenous equation for each vibration mode, 
independently. The effect of the bending force depends on only each vibration mode. Thus, a 
model of any vibration mode can be directly derived from Eq. (3). 

In the second step, an open-loop test is carried out on the beam to investigate the vibration 
intensity of each mode. In testing, the beam is excited by sending a sweep sine signal to the PZT 
actuators for five seconds. The frequency of the sweep sine signal starts at 0.5 Hz and ends at 
200 Hz in order to excite several modes of the beam. After excitation, the beam freely oscillates 
until all energy is damped out.  

The beam’s free vibration is shown in Fig. 3. The vibration required more than 15 seconds to 
cease. Fig. 4 shows a power spectrum density (PSD) plot of the free vibration of the beam. It is 
seen that the first PSD peak value occurs at 1.63 Hz. Accordingly, the frequency of the first mode 
is 1.63 Hz. It is evident that the PSD value of the first mode is the greater than all others. Therefore, 
the first mode is dominant and only the first mode is selectively considered in the vibration control.  

Thus, let = 1 in Eq. (3) and replace the variable  with , then the first mode of vibration is 
given as: ( ) + 2 ( ) + ( ) = Θ ( ), (4)

where  and  are the natural frequency and damping ratio of the first mode, respectively. Θ  a 
constant coefficient, is equal to Φ ( ). 

The control force ( ), provided by the PZT actuators, is a function of the applied electrical 
field (voltage ) across the PZT patches. Generally, the relationship of the force and applied 
voltage is hysteretic. However, in this paper, the hysteretic effect is negligible. A linear model 
links the applied electrical voltage to the force as in the form: ( ) = . (5)

Denoting = , = , the state space representation of Eq. (4) is: = 0 1− −2 + 0Θ . (6)
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By defining matrices: = 0 1− −2 , = 0Θ .
Eq. (4) is rewritten as: = + . (7)

4. Model reference control design 

4.1. Reference model 

The first step for MRC design is choosing an appropriate reference model. The reference model 
should represent the desired performances with regard to the control goals: to increase damping. 
Theoretically, any overdamped second-order system or first-order system which satisfies our 
vibration suppression requirement is a candidate of the reference model. As discussed earlier, the 
beam’s dominant first vibration mode is represented by a second-order system. Therefore, in this 
paper, a second-order system that has the same natural frequency as the flexible beam, but with a 
larger damping ratio, is used as the reference model, as shown in Eq. (8): ( ) + 2 ( ) + ( ) = , (8)

where the subscript  represents the reference model.  is the reference input to the reference 
model. Normally,  is much larger than that of the original plant. 

The state space of the reference model Eq. (8) can be expressed as: = + , (9)

where: = 0 1− −2 , = , = ,  = , = 0 .

 
Fig. 5. The block diagram of a model reference control system 

4.2. Control design 

Fig. 5 illustrates the configuration of the closed-loop system with a model reference controller. 
The errors, differences between the states of the beam and those of the reference model, are 
returned as feedback to the MRC. We intend to design an MRC to guarantee the asymptotic 
stability of the closed-loop system, i.e. the errors go to zero as → ∞.  

Define the error vector, = − . Based on Lyapunov’s second method, the error is 
globally asymptotically stable if there exists a Lyapunov function whose derivative is globally 
negative definite. 

In the initial step, choose a Lyapunov function candidate: ( ) = , (10)
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where  is a positive definite matrix and a solution of the Lyapunov Eq. (11): + = − , (11)

here, = 1 00 1 . 
The derivative of the above Lyapunov function candidate is given in Eq. (12): ( ) = +        = ( + ̅ + − ) + ( + ̅ + − )      = ( + ) + 2 ( ̅ + − ), (12)

where ̅ = − .  
Expanding the second term of Eq. (12) gives: ( ̅ + − )      = ̅ ̅̅ ̅ + 0 − 0Θ      = + + ̅ + ̅̅ + ̅ + − Θ      = ( + )( ̅ + ̅ + − Θ ).

(13)

The applied control voltage  is chosen such that the above expression is negative. Hence,  
could be determined as shown in Eq. (14): 

= sgn( + ) + ( ̅ + ̅ + )Θ . (14)

Substituting Eq. (14) into Eq. (13), we get: ( ̅ + − ) = ( + ) −sgn( + ) = −| + |. (15)

Substituting Eqs. (15) and (11) into Eq. (12), the derivative of the Lyapunov function 
candidate is rewritten as: ( ) = ( + ) + 2 ( ̅ + − )      = − − 2| + | = −( + ) − 2| + |. (16)

It is obvious that Eq. (16) is equal to zero if and only if = 0 and = 0, otherwise it is 
negative; thus ( ) is globally negative definite. Therefore, the closed loop system with the 
proposed controller is asymptotically stable.  

However, the beam’s model has its uncertainties, such as the parameter variation, nonlinearity 
and disturbance. With consideration of the uncertainties, the beam’s vibration at its first mode is 
modeled as: = + + ( , , ), (17)

where the unknown function vector = ( , )  represents the uncertainties in modeling. After 
replacing the old beam’s state equation with Eq. (17), then Eqs. (12) and (13) are respectively 
rewritten as: ( ) = + + 2 ( ̅ + − − ), (18)
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( ̅ + − ) = ( + )( ̅ + ̅ + − − Θ ). (19)

We assume that all uncertainties are bounded. Hence: − ≤ ≤ , (20)

where the positive constant  is the boundary of the scalar function . Thus, the control action  
is given as: 

= sgn( + ) + ( ̅ + ̅ + )Θ . (21)

Substituting Eq. (21) into (19): ( ̅ + − ) = − ( + ) − | + |, (22)

hence, Eq. (18) becomes: ( ) = ( + ) + 2 ( ̅ + − )      = − − 2{− ( + ) − | + |}      = −( + ) − 2{− ( + ) − | + |} ≤ −( + ). (23)

It is evident that ( ) is globally negative and definite so that the closed loop system is 
asymptotically stable.  

The control law expressed in (21) features the robustness of the uncertainties in modeling. It 
is capable of dealing with parameter variations, nonlinearities and external disturbances. However, 
this robust MRC involves a sign function component which commonly induces a chattering 
problem. In practice, to avoid chattering, a dead zone is used to reduce the switching frequency.  

Because only the first vibration mode is selectively concerned in the vibration control, the 
truncated higher modes, which are possibly excited by the high frequency component of the 
control signal, must be cut off. Therefore, a low-pass filter is employed to filter the control signal.  

5. Numerical simulations 

Before implementing of the proposed controller, simulations of the beam’s responses to three 
different excitation signals are conducted. The simulations are programmed with  
Matlab/Simulink.  

In the first case, two simulations are conducted: one is with control and the other is without 
control. In both simulations, the beam is excited by a sinusoidal signal with the same frequency 
as the first mode of the beam for a period of 5 seconds. Fig. 6 shows the beam’s response and the 
output of the reference model for the case without control, while Fig. 7 shows the same signals 
for the case with control. From Fig. 7, it is evident that the beam’s response follows the reference 
model’s output and it needs only 1 second for vibration to stop. 

In the second case, simulations are conducted to compare the vibration with and without 
control in response to a sweep sine input lasting for a period of 5 seconds. The input signal changes 
its frequency from 0.5 Hz to 10 Hz. The beam’s response and the output of the reference model 
in the case with and without control are shown in Figs. 8 and 9, respectively. It is found that it 
takes 2 seconds for the controlled beam to stop vibration after excitation.  

Please note that both Figs. 6 and 8 are for the cases without model reference control, and 
therefore there are large difference between the beam response and the reference model output. 
Since there no control action associated with Figs. 6 and 8, we expect the large difference. Figs. 6 
and 8 are used mainly for comparison purpose with Figs. 7 and 9. Both Figures 7 and 9 are for the 
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cases with model reference control. It is clear that the difference between the beam response and 
the reference model output is much smaller in Figs. 7 and 9 than that in Figs. 6 and 8, which 
demonstrates the effectiveness of the proposed model reference control for vibration suppression. 

In the last case, the beam is subject to a unit impulse excitation. As shown in Fig. 10, the 
controlled beam behaves like an overdamped system.  

 
Fig. 6. The beam response and the reference  

model output without control (sine input) 

 
Fig. 7. The beam response and the reference  

model output with control (sine input) 
 

 
Fig. 8. The beam response and the reference  

model output without control (sweep sine input) 

 
Fig. 9. The beam response and the reference  

model output with control (sine input) 

The simulation results obtained from testing of the controlled beam in responses to the three 
different excitation signals (Figs. 7, 9, and 10) demonstrate that proposed controller is capable of 
manipulating the beam to follow the reference model’s behavior from the vibration suppression 
perspective.  

6. Experimental results 

Using the aforementioned experimental setup, a vibration suppression experiment is conducted 
to verify the controller performance in an open environment. It is important to point out that two 
low-pass filters are placed in both the feedback loop and output channel to prevent the residual 
vibration modes of the beam from being excited. 

In the experiment, a sine wave signal with white noise is sent to the PZT actuators to excite 
the beam for 5 seconds. The responses of the beam in the cases with and without control are shown 
in Fig. 11. It shows that the vibration of the beam with control stops much more quickly than that 
in the case without control. 

The inception of writing the paper on active model reference control of a flexible beam was 
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an effort of Dr. Wang and Dr. Song. Dr. Wang and Dr. Ho conducted the literature survey. Dr. 
Ma under guidance Dr. Song conducted the numerical simulation. Dr. Ma, Dr. Zhang, and Dr. 
Wang made contributions to experimental verification. Dr. Wang, Dr. Ho, and Dr. Ma wrote 
different parts of the paper. Dr. Wang and Dr. Zhang proofread the manuscript. 

 
Fig. 10. The beam response and the reference  

model output with control (impulse input) 

 
Fig. 11. History of the beam’s vibration  

with and without control 

7. Conclusions 

In this paper, we presented our effort to control vibration of a flexible beam using a robust 
model reference controller and PZT actuator/sensor. The beam model was first presented, and then 
the modal analysis method was used to deduce the ordinary differential equation for each vibration 
mode. The dominant vibration mode was selectively considered for the vibration control based on 
the results of the open-loop testing of the beam. Lyapunov’s Indirect method was used in the 
design of the reference model controller. The proposed model reference controller featured its 
variable structure and robustness to the modeling uncertainties and external disturbances. To 
verify the vibration suppression performance of the proposed controller, simulations and 
experiments were conducted. The simulations were conducted in three different cases with three 
different inputs, respectively. For each input type, the vibration suppression was compared 
between the simulations with control and without control. Finally, the proposed controller was 
implemented in the experimental setup and experiments were conducted to test the controller. The 
results obtained from the simulations and experiments demonstrated the feasibility and 
effectiveness of the proposed model reference control for vibration suppression of the flexible 
beam. The future work will involve comparing the results of model reference control with those 
of other types of robust control methods. 
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