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Abstract. The nonlinear electromagnetic force can change the critical velocity of the projectile 
for a railgun. It corresponds to the resonance state in railgun. Here, the nonlinear 
electromechanical coupled dynamics equations for the railgun are proposed. Based on it, the 
equation of the nonlinear critical velocity of the projectile is given and the effects of the 
electromagnetic nonlinearity on the critical velocity of the projectile are investigated. Besides it, 
the effects of the fire velocity on the nonlinear critical velocity are studied as well. Results show 
that the critical velocity of the railgun system increases when the electromagnetic nonlinearity is 
considered, and the nonlinear critical velocity is influenced by the system parameters such as rail 
current, rail thickness, rail distance, etc. A FEM analysis package, ANSYS, is used to simulate 
dynamics performance of the railgun system and illustrate the analytical results about critical 
velocities of the railgun system. The results can be used to design dynamics performance of the 
railgun system. 
Keywords: railgun, nonlinearity, critical velocity, electromechanical coupled. 

1. Introduction 

The railgun was proposed about one hundred years ago. It is an attractive electromagnetic gun 
due to its apparent simple design and the muzzle velocities up to 2.5 km/s for masses of several 
hundred grams have been demonstrated experimentally [1-3].  

In the railgun, the vibration of the rail under the transient magnetic load may cause 
disturbances of the projectile trajectory. Therefore, the dynamic performance of the rail is of great 
importance for the railgun system. The first dynamic model of the electromagnetic railgun is 
one-dimensional beam model on an elastic foundation [4]. Then, the mechanical response of the 
railgun to the moving magnetic load was studied [5, 6]. For improving calculating accuracy, the 
axis-symmetric shell and two-dimensional solid models were used to study the resonance at 
critical velocities of the projectile [7]. The transient elastic waves in the railgun and their influence 
on armature contact pressure were analyzed [8, 9]. A 2D finite element model resting upon 
discrete elastic supports was used to analyze the transient performance of the railgun for a set of 
constant loading velocities [10]. The forced responses of the rail to constant velocity load and the 
acceleration load were studied [11]. A double layer elastic foundation beam model was proposed 
to investigate the dynamic responses of the rails to the moving magnetic load [12]. Besides it, the 
vibration experiment of the railgun with discrete supports was performed [13]. For the railgun, the 
linear electromechanical coupled effects were considered [14]. In operation, the rail current is 
quite large. It causes strong electromagnetic nonlinearity in the railgun system. So, the 
electromechanical coupled nonlinear free vibration of the railgun system was studied [15]. 
However, the nonlinear electromagnetic force can change the critical velocity of the projectile 
which corresponds to the resonance state in railgun. The effects of the electromagnetic 
nonlinearity on the critical velocity of the projectile have not been investigated yet. 

In this paper, the nonlinear electromechanical coupled dynamics equations for the railgun are 
proposed. Based on it, the equation of the nonlinear critical velocity of the projectile is given and 
the effects of the electromagnetic nonlinearity on the critical velocity of the projectile are 
investigated. Besides it, the effects of the projectile exit velocity on the nonlinear critical velocity 
are studied as well. Results show that the critical velocity of the railgun system increases when 
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the electromagnetic nonlinearity is considered, and the nonlinear critical velocity is influenced by 
the system parameters such as rail current, rail thickness, rail distance, exit velocity of the last 
projectile, etc. The results can be used to design dynamics performance of the railgun system. 

2. The average static displacement of the rail under electromagnetic force 

The railgun includes two parallel copper rails across which an armature makes electrical 
contact (see Fig. 1). The rails are copper strips ℎ×ܾ and length ܮ. The distance between the two 
rails is ݀. A large current ܫ pass through the rails and the armature (projectile), and the projectile 
current interacts with the strong magnetic fields generated by the rails. It produces a strong force 
to accelerate the armature together with the projectile along the rails. Meanwhile, a mutually 
repulsive force occurs between the two rails.  

 
Fig. 1. Schematic of railgun 

The magnetic force per unit length on the rail is: 

൜ݍ௥ = ଶ,   (0ܫ௥ܭ < ݔ < ௥ݍ,(݈ = 0,         (݈ < ݔ < .(ܮ (1)

The coefficient ܭ௥ can be calculated as: 

௥ܭ = ℎଶܾଶߨ଴4ߤ න න න න ݖ) − ݕ)](ᇱݖ − ᇱ)ଶݕ + ݖ) − ᇱ)ଶ]௛ݖ ଶൗି௛ ଶൗ
଴

ି௕
௛ ଶൗି௛ ଶൗ

ௗା௕
ௗ  

      ∙ ቈ ݕ)ඥݔ − ᇱ)ଶݕ + ݖ) − ᇱ)ଶݖ + ଶݔ − ݔ − ݈ඥ(ݕ − ᇱ)ଶݕ + ݖ) − ᇱ)ଶݖ + ݔ) − ݈)ଶ቉ (2) ,ݖ݀ݕᇱ݀ݖᇱ݀ݕ݀

where ߤ଴ is the permeability, ܫ is the current intensity in the rail, ܾ is the thickness of the rail, ℎ is 
the width of the rail, ݀ is the distance between the two rails, ܲᇱ(ݖ′, ,ݖ)ܲ ,is one point on the left rail (′ݕ  .is one point on the right rail, ݈ is the running position of the armature (ݕ

Using the regressive interpolation, the nonlinear electromagnetic force can be given as below: 

௥ܭ = ݇௥(݀ + 0.013), (3)

where: 

݇௥ = 1.21 × 10ିଷ(0.012ℎଷ − 0.001ℎଶ − 4.3 × 10ି଺ℎ + 6.81 × 10ି଺)ܾ + 0.026 .
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The magnetic force can be expressed in Fourier series form and substituted into the force 
balance equation of the rail, yields: 

௬ܫܧ ∂ସݔ∂ݓସ + ݓ݇ = ଶܫ௥ܭ ൥݈ܮ + ෍ ߨ2݊ sin ܮ݈ߨ݊ cos ஶܮݔߨ݊
ଵ ൩, (4)

where ܧ is the modulus of elasticity of the rail material, ܫ௬ is the sectional modular of the rail, ݇ 
is the stiffness of the elastic foundation, ݔ is the position coordinate in the direction of the rail 
length, ܮ is the length of the rail. 

From Eq. (4), the static displacement ݓ  of the rail can be obtained and the average 
displacement ݓ଴of the rail can be calculated as: 

଴ݓ = ܮ1 න ௅ݓ
଴ ݔ݀ = ଶܫ௥ܭ ൭݈݇ܮ + ෍ ଺ߨ௬݈݊଺ܫܧହܮ2 + ݊ଶ݈ܮସ݇ߨଶ sinଶ ஶܮ݈ߨ݊

ଵ ൱. (5)

3. Electromechanical coupled nonlinear dynamics equations of the rail 

The dynamic equation of the rail can be given as: 

௟ߩ ∂ଶΔݐ∂ݓଶ + ௬ܫܧ ∂ସΔݔ∂ݓସ + ݇Δݓ = Δݍ௥, (0 < ݔ < ݈), (6a)ߩ௟ ∂ଶΔݐ∂ݓଶ + ௬ܫܧ ∂ସΔݔ∂ݓସ + ݇Δݓ = 0, (݈ < ݔ < (6b) ,(ܮ

where Δݓ is the dynamic displacement of the rail, ߩ௟ is the mass coefficient per unit length of the 
rail, Δݍ௥ is the dynamic electromagnetic force on the rail, ݐ is the time. 

The dynamic electromagnetic force is: ൜Δݍ௥(ݔ) = Δݍ௥,   (0 < ݔ < ݈),Δݍ௥(ݔ) = 0,       (݈ < ݔ < ,(ܮ (7)

where: 

Δݍ௥ = ݓ௥݀ݍ݀ ฬݓ଴ Δݓ + 12! ݀ଶݍ௥݀ݓଶ ฬݓ଴ Δݓଶ + ⋯ + 1݊! ݀௡ݍ௥݀ݓ௡ ฬݓ଴ Δݓ௡.
Substituting Eq. (7) into (6), and letting the nonlinear parameter ߝ = ܾ ݀⁄ , yields: 

۔ۖۖەۖۖ
௟ߩۓ ∂ଶΔݐ∂ݓଶ + ௬ܫܧ ∂ସΔݔ∂ݓସ + ݇Δݓ      = − 2݇௥ܫଶ(݀ + ଴ݓ2 + 0.013)ଶ Δݓ + 4݇௥ܫଶܾ݀(݀ + ଴ݓ2 + 0.013)ଷ ଶݓΔߝ + ⋯,     (0 < ݔ < ௟ߩ,(݈ ∂ଶΔݐ∂ݓଶ + ௬ܫܧ ∂ସΔݔ∂ݓସ + ݇Δݓ = 0,    (݈ < ݔ < .(ܮ

 (8)

Let Δݓ = ሷݍ :substituting it into Eq. (8), yields ,(ݐ)ݍ(ݔ)߶ (ݐ)ݍ(ݐ) − (ݐ)ݍܳߝ − ଶ(ݐ)ݍଵܳߝ = − (ݔ)௬߶(ସ)ܫܧ + (ݔ)߶௟ߩ(ݔ)߶ܲ , (0 < ݔ < ݈), (9)
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where: 

ܲ = ݇ + 2݇௥ܫଶ(݀ + ଴ݓ2 + 0.013)ଶ , ܳ = 4݇௥ܫଶ݀ߩ௟ܾ(݀ + ଴ݓ2 + 0.013)ଷ ߶ത,ܳଵ = − 4݇௥ܫଶ݀ߩ௟ܾ(݀ + ଴ݓ2 + 0.013)ସ ߶തଶ, ߶ത = ܮ1 න ௅ݔ݀(ݔ)߶
଴ . 

Let Eq. (9) equal constant −߱ଶ, thus: ݍሷ (ݐ) + ߱ଶ(ݐ)ݍ − (ݐ)ଶݍܳߝ − (ݐ)ଷݍଵܳߝ = 0, (10)߶(ସ)(ݔ) − (ݔ)߶ܴ = 0, (11)

where ܴ = (߱ଶߩ௟ − ܲ) ௬ൗܫܧ . 
From Eq. (11), it is known: ߶(ݔ) = ଵ݁௠௫ܣ + ଶ݁ି௠௫ܣ + ݔଷcos݉ܣ + ,ݔସsin݉ܣ (12)

where ݉ = √ܴర . 
From Eq. (12), and the boundary conditions and the continuity conditions of the rail, the 

natural frequencies and the mode functions of the rail can be obtained. 

4. Forced response of the rail to running electromagnetic force 

As the electromagnetic force runs along the rail with a constant velocity ݒ , it can be  
expressed as: ݂(ݔ, (ݐ = ଶ[1ܫ௥ܭ − ݔ)ܪ − [(ݐݒ = ൜ܭ௥ܫଶ, ݔ) ≤ ,0,(ݐݒ ݔ) ≥ (13) .(ݐݒ

Substituting Eq. (12) and (13) into Eq. (6), the generalized force can be given: 

ܳ௜(ݐ) = ௣௜ܯ1 ቈන ௥߶ଵ௜௟ݍ
଴ ݔ݀(ݔ) + න ௥߶ଶ௜௅ݍ

௟ =      ቉ݔ݀(ݔ) ݇௥ܫଶ(݀ + ଴ݓ2 + ௣௜݉௜ܯ(0.013 ଵ݁௠೔௩௧ܣ] − ଶ݁ି௠೔௩௧ܣ + ݐݒଷsin݉௜ܣ − ݐݒସcos݉௜ܣ − ଶܣ+       ଵܣ + ݅)   ,[ସܣ = 1, 2, … , ݊). (14)

The generalized coordinate is: 

(ݐ)௜ݍ = ݇௥ܫଶ(݀ + ଴ݓ2 + ௣௜߱௜݉௜ܯ(0.013 න ଵ݁௠೔௩ఛܣ] − ଶ݁ି௠೔௩ఛܣ +௧
଴ ߬ݒସcos݉௜ܣ−      ߬ݒଷsin݉௜ܣ − ଵܣ + ଶܣ + ݐ)ସ]sin߱௜ܣ − ߬)݀߬       = ݇௥ܫଶ(݀ + ଴ݓ2 + ௣௜߱௜݉௜ܯ(0.013 ൤(ܣଶ + ସܣ − (ଵܣ 1 − cos߱௜߱ݐ௜ ଵܣ+        ߱௜݁௠೔௩௧ − ߱௜cos߱௜ݐ − ݉௜ݒsin߱௜݉ݐ௜ଶݒଶ + ߱௜ଶ + ଶܣ ߱௜݁ି௠೔௩௧ − ߱௜cos߱௜ݐ + ݉௜ݒsin߱௜݉ݐ௜ଶݒଶ + ߱௜ଶ ଷܣ+        ݉௜ݒsin߱௜ݐ − ߱௜sin݉௜݉ݐݒ௜ଶݒଶ − ߱௜ଶ + ସܣ ߱௜cos߱௜ݐ − ߱௜cos݉௜݉ݐݒ௜ଶݒଶ − ߱௜ଶ ൨.

(15)

From Eq. (15), the resonance condition can be obtained: 
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(݉௜ݒ)ଶ − ߱௜ଶ = 0. (16)

5. Nonlinear critical velocities  

Let: ݍ(߬, (ߝ = ଴ݍ + ଵݍߝ + ଶݍଶߝ + ⋯, (17)

and: ߱௡ଶ =  ߱ଶ(1 + ଵߪߝ + ଶߪଶߝ +⋅⋅⋅), (18)

where ߱௡  is the nonlinear vibration frequency of the rail considering electromechanical coupled 
effects. 

Letting ߬ = ߱௡ݐ, and Eq. (10) can be changed into following form: ߱௡ଶݍሷ (߬) + ߱ଶݍ(߬) − (߬)ଶݍܳߝ − (߬)ଷݍଵܳߝ = 0. (19)

Substituting Eqs. (17) and (18) into (19), and then let sum of the coefficients with the same 
order power equal zero, following equations can be given: ݍሷ଴ + ଴ݍ = 0, (20a)ݍሷଵ + ଵݍ = ଴ଶݍܳ + ܳଵݍ଴ଷ߱ଶ − ሷଶݍሷ଴, (20b)ݍଵߪ + ଶݍ = ଵݍ଴ݍ2ܳ + 3ܳଵݍଵݍ଴ଶ߱ଶ − ሷଵݍଵߪ − ሷ଴. (20c)ݍଶߪ

Here, initial conditions are: 

ቐݍ଴(0) = ܳ଴,   ݍሶ଴(0) = ଵ(0)ݍ,0 = ሶଵ(0)ݍ   ,0 = ଶ(0)ݍ,0 = ሶଶ(0)ݍ   ,0 = 0.
Then, solution of zero order equation under above initial conditions is: ݍ଴ = ܳ଴cos߬. (21)

Substituting Eq. (21) into (20b), yields: 

ሷଵݍ + ଵݍ = ܳܳ଴ଶ2߱ଶ cos2߬ + ܳ଴ଶܳ2߱ଶ + ܳଵܳ଴ଷ4߱ଶ cos3߬ + ቆ3ܳଵܳ଴ଷ4߱ଶ + ଵܳ଴ቇߪ cos߬. (22)

In order to remove secular item, let ߪଵ = − 3ܳଵܳ଴ଶ 4߱ଶ⁄ , then: 

ଵݍ = ቆܳଵܳ଴ଷ32߱ଶ − ܳܳ଴ଶ3߱ଶቇ cos߬ − ܳܳ଴ଶ6߱ଶ cos2߬ − ܳଵܳ଴ଷ32߱ଶ cos3߬ + ܳܳ଴ଶ2߱ଶ . (23)

Substituting Eqs. (21) and (23) into (20c), yields: 
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ሷଶݍ + ଶݍ = − 3ܳଵଶܳ଴ହ128߱ସ cos5߬ − 5ܳܳଵܳ଴ସ32߱ସ cos4߬      + ቆ− ܳଶܳ଴ଷ6߱ସ + 3ܳଵଶܳ଴ହ16߱ସ − ܳܳଵܳ଴ସ4߱ସ ቇ cos3߬ + ቆ− ܳଶܳ଴ଷ3߱ସ + ܳܳଵܳ଴ସ߱ସ ቇ cos2߬ 
      − ܳଶܳ଴ଷ3߱ସ + 21ܳܳଵܳ଴ସ32߱ସ + ቈ5ܳଶܳ଴ଷ6߱ସ + 3ܳଵଶܳ଴ହ128߱ସ − ܳܳଵܳ଴ସ2߱ସ + ଶܳ଴቉ߪ cos߬. (24)

In order to remove secular item, let: 

ଶߪ = ܳܳଵܳ଴ଷ2߱ସ − 5ܳଶܳ଴ଶ6߱ସ − 3ܳଵଶܳ଴ସ128߱ସ ,
then the equation of the magnitude-frequency relationship is: 

߱௡ଶ = ߱ଶ ቈ1 − 3ܳଵܳ଴ଶ4߱ଶ ߝ + ቆܳܳଵܳ଴ଷ2߱ସ − 5ܳଶܳ଴ଶ6߱ସ − 3ܳଵଶܳ଴ସ128߱ସ ቇ .ଶ቉ߝ (25)

Combining Eq. (25) with Eq. (16), the critical velocity of the rail running can be obtained: 

௖ܸ௥௜ = ߱௜݉௜ ඨ1 − 3ܳଵܳ଴ଶ4߱ଶ ߝ + ቆܳܳଵܳ଴ଷ2߱ସ − 5ܳଶܳ଴ଶ6߱ସ − 3ܳଵଶܳ଴ସ128߱ସ ቇ .ଶߝ (26)

Assuming that the second projectile is fired when the first projectile leaves just now from the 
exit, the equivalent initial displacement ܳ଴ can be obtained as below. 

When the projectile runs to the exit, the real displacements of the rail are given from Eqs. (12) 
and (15): 

ݓ ൬ݔ, ଴൰ݒܮ = ෍ ௜ݍ
∞

௜ୀଵ ൬ ଴൰ݒܮ ⋅ ߶௜(ݔ) = ෍ 2݉ ஶߨ݅ܮݍ
௜ୀଵ ൦− 1߱௜ଶ − ቀ݅ݒߨ଴ܮ ቁଶ cos݅ߨ 

      + ൮ 1߱௜ଶ − ቀ݅ݒߨ଴ܮ ቁଶ − 1߱௜ଶ൲ cos߱௜ ଴ݒܮ + 1߱௜ଶ൪ sin ܮݔߨ݅ . (27)

From Eq. (27), the equivalent initial displacement ܳ଴ for the second projectile to fire can be 
given: 

ܳ଴௜ = න ݓ௟ߩ ൬ݔ, ଴൰ݒܮ ߶௜(ݔ)݀ݔ௅
଴  

     = ௟ඨߩ 2݉ ߨܮݍ ቎ 1߱௜ଶ − ቀݒߨ଴ܮ ቁଶ + ቌ 1߱௜ଶ − ቀݒߨ଴ܮ ቁଶ − 1߱௜ଶቍ cos߱௜ ଴ݒܮ + 1߱௜ଶ቏. (28)

Eq. (28) gives relationship between the the equivalent initial displacement ܳ଴ for the second 
projectile to fire and the exit velocity ݒ଴ for the first projectile. For mode one, Eq. (28) is changed 
into following form: 
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ܳ଴ = ௟ඨߩ 2݉ ߨܮݍ ቎ 1
ଵ߱ଶ − ቀݒߨ଴ܮ ቁଶ + ቌ 1

ଵ߱ଶ − ቀݒߨ଴ܮ ቁଶ − 1߱ଵଶቍ cos߱ଵ ଴ݒܮ + 1߱ଵଶ቏. (29)

Using Eq. (29), the relationship between the the equivalent initial displacement ܳ଴ for the 
second projectile to fire and the exit velocity ݒ଴ for the first projectile is obtained (see Fig. 2). It 
shows that the equivalent initial displacement ܳ଴ decreases with increasing the exit velocity ݒ଴ 
for the first projectile. When the exit velocity ݒ଴ is smaller than 2000 km/s, the equivalent initial 
displacement ܳ଴ decreases rapidly with the exit velocity ݒ଴.  

 
Fig. 2. ܳ଴ as function of ݒ଴ 

6. Results and discussions  

Using above equations, the critical velocity of the railgun system and their changes along with 
the system parameters are investigated (see Fig. 3). It shows: 

1) When the current in the rail grows, the critical velocity of the railgun system grows because 
of the effects of the electromagnetic force. When the current ܫ grows from 0 to 120 KA, the critical 
velocity increases from 2271 m/s to 2524 m/s.  

As the electromagnetic nonlinearity is considered, the critical velocity of the railgun system is 
increased further. Increasing the current in the rail, the difference between the linear critical 
velocities and the nonlinear critical velocities becomes large.  

When the current ܫ grows from 0 to 20 KA, the difference between the linear critical velocities 
and the nonlinear critical velocities increases significantly. When the current ܫ grows from 20 to 
50 KA, the difference increases slightly. When the current ܫ  is above 50 KA, the difference 
increases significantly with the current ܫ again. At ܫ = 120 KA, the difference between the critical 
velocities and the nonlinear critical velocities gets to 14.57 %. Therefore, the electromagnetic 
nonlinearity of the railgun system should be considered when the rail current is relatively large.  

2) When the armature runs along the rails (݈ grows), the critical velocity of the railgun system 
increases. Considering the nonlinearity of the railgun system, the critical velocity of the railgun 
system is almost identical with the linear critical velocity when the armature position is from 0 to 
2 m. After 2 m, the nonlinear critical velocity is larger than the linear one, and the difference 
between the nonlinear and linear critical velocities increases significantly with increasing the 
position ݈. It shows that the railgun system is a critical velocity changing system caused by the 
electromagnetic force and the force moving on the rail. For the armature position larger than 2 m, 
the nonlinearity of the railgun system should be considered. 

3) When the distance ݀  between the two rails increases, the linear critical velocity of the 
railgun system does not change. As the nonlinearity of the railgun system is considered, the critical 
velocity of the railgun system increases significantly. When the distance ݀ between the two rails 
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is small, the difference between the linear and nonlinear critical velocities is large. At ݀ = 17 mm, 
the difference between the linear and nonlinear critical velocities gets to 12.5 %. As the distance ݀  between the two rails increases, the difference between the linear and nonlinear critical 
velocities decreases significantly. The results show that the nonlinearity of the railgun system 
should be considered for a smaller distance between the two rails. 

4) When the rail thickness ܾ increases, the critical velocity of the railgun system decreases 
significantly. As the nonlinearity of the railgun system is considered, the critical velocity of the 
railgun system increases. When the rail thickness ܾ is small, the difference between the linear and 
nonlinear critical velocities is large. When the rail thickness ܾ is 0.005 m, the difference between 
the critical velocities gets to 12.4 %. As the thickness ܾ increases, the difference between the 
linear and nonlinear critical velocities decreases significantly. At ܾ = 0.012 m, the difference 
deduces to zero. It shows that the nonlinearity of the railgun system should be considered for a 
smaller rail thickness ܾ. 

5) When the rail width ℎ increases, the linear critical velocity of the railgun system decreases. 
As the nonlinearity of the railgun system is considered, the critical velocity of the railgun system 
increases. When the rail width ℎ increases, the difference between the linear and nonlinear critical 
velocities decreases significantly. For the width of ℎ =  0.015 m, the difference between the 
critical velocities gets to 20.8 %. For the width of ℎ = 0.025 m, the difference between the critical 
velocities deduces to zero. So, the effects of the nonlinearity of the railgun system on the critical 
velocity should be considered for a small rail width ℎ. 

6) When the stiffness ݇ of the elastic foundation increases, the linear critical velocity of the 
railgun system increases gradually. As the nonlinearity of the railgun system is considered, the 
critical velocity of the railgun system becomes large. As the stiffness ݇ increases, the difference 
between the linear and nonlinear critical velocities decreases gradually. It shows that the 
nonlinearity of the railgun system should be considered for a smaller stiffness ݇ of the elastic 
foundation. 

 
a) Critical velocities as function of ܫ 

 
b) Velocity difference as function of ܫ 

 
c) Critical velocities as function of ݈  

d) Velocity difference as function of ݈ 
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e) Critical velocities as function of ݀  

f) Velocity difference as function of ݀ 

 
g) Critical velocities as function of ܾ 

 
h) Velocity difference as function of ܾ 

 
i) Critical velocities as function of ℎ  

j) Velocity difference as function of ℎ 

 
k) Critical velocities as function of ݇  

l) Velocity difference as function of ݇ 
Fig. 3. Nonlinear critical velocities of the railgun system and their changes 

Using Eqs. (26) and (28), the relationship between the nonlinear critical velocity of the 
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projectile and the exit velocity of the last projectile is analyzed (see Fig. 4). These figures show: 
1) The nonlinear critical velocity decreases gradually with the exit velocity ݒ଴  of the last 

projectile. It shows that the exit velocity ݒ଴ of the last projectile has significant effects on the 
critical velocity of the next projectile. The effects are related to some system parameters.  

2) For a larger current in the rail, the critical velocities of the rail decreases more significantly 
with the exit velocity ݒ଴ of the last projectile. When the rail current is small, the critical velocities 
of the rail are not nearly influenced by the exit velocity ݒ଴ of the last projectile. It is because the 
electromagnetic nonlinearity is relatively small when the rail current is small. 

3) When the clearance ݀ between two rails is small, the critical velocities of the rail are not 
nearly influenced by the exit velocity ݒ଴ of the last projectile. As the clearance ݀ between two 
rails increases, the critical velocities of the rail decreases significantly with the exit velocity ݒ଴ of 
the last projectile. It is also because the electromagnetic nonlinearity is relatively small when the 
rail clearance ݀ is large. 

 
a) Several ܫ 

 
b) Several ݀ 

 
c) Several ܾ  

d) Several ݇ 
Fig. 4. Relationship between ݒ௖௥ and ݒ଴  

4) As the rail thickness ܾ  decreases, the critical velocities of the rail decrease more 
significantly with the exit velocity ݒ଴  of the last projectile. It shows that the effects of the 
electromagnetic nonlinearity are more obvious for a small rail thickness ܾ.  When the 
electromagnetic nonlinearity is considered, the difference between the critical velocities for the 
different rail thickness ܾ  is smaller than that when the electromagnetic nonlinearity is not 
considered. It shows that the effects of the rail thickness ܾ on the critical velocities of the rail 
become small when the electromagnetic nonlinearity is considered. 

5) As the stiffness ݇  of the elastic foundation decreases, the critical velocities of the rail 
decrease more significantly with the exit velocity ݒ଴ of the last projectile. It shows that the effects 
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of the electromagnetic nonlinearity are more obvious for a small stiffness ݇ . When the 
electromagnetic nonlinearity is considered, the difference between the critical velocities for the 
different stiffness ݇ is larger than that when the electromagnetic nonlinearity is not considered. It 
shows that the effects of the stiffness ݇ on the critical velocities of the rail become large when the 
electromagnetic nonlinearity is considered. 

In order to illustrate our analytical results, a FEM analysis package, ANSYS, is used to 
simulate dynamics performance of the railgun system. The FEM model and the mesh-dividing 
pattern of the railgun system are shown in Fig. 5. The element number of the FEM is 909, and the 
node number is 5338. The boundary conditions for dynamic simulation of the railgun system are: 
one end of the rail is fixed, and another end is free, and the rail is supported on the elastic base 
with the stiffness coefficient ݇ = 5×108 N/m2. 

Using the FEM model, the forced responses of the rail to the running electromagnetic load are 
simulated. The comparison between the calculative results and the simulated ones are done. The 
used parameters in simulation are taken to be the same as ones used in analytical calculations 
above-mentioned. 

 
a) FEM model 

 
b) Mesh dividing pattern 

Fig. 5. FEM model of the railgun system 

 
a) Critical velocities as function of ܾ 

 
b) Critical velocities as function of ℎ 

Fig. 6. Comparison between the calculative results and the simulated ones 

Fig. 6(a) shows the comparison between the calculative critical velocities and the simulated 
ones for the different rail thickness. Fig. 6(b) shows the comparison between the calculative 
critical velocities and the simulated ones for the different rail width. Fig. 7(a) gives the dynamic 
displacements of the rail as a function of the load running velocity for the railgun system with rail 
thickness of 5 mm. Fig. 7(b) gives the dynamic displacements of the rail as a function of the load 
running velocity for the railgun system with rail width of 18 mm. Fig. 8(a) gives the dynamic 
displacement responses of the rail to a given load running velocity at some time for the railgun 
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system with rail thickness of 5 mm. Fig. 8(b) gives the dynamic displacement responses of the rail 
to a given load running velocity at some time for the railgun system with rail width of 18 mm.  

Figs. 6, 7 and 8 show: 
The vibration magnitude of the rail after the armature is much larger than that in front of 

armature. As the armature runs, the large magnitude vibration range of the rail increases gradually, 
and the vibration magnitude of the rail increases gradually as well. When the load running velocity 
gets to the some velocity of the railgun system, the vibration magnitude of the rail gets to the 
maximum. 

 
a) ܾ = 5 mm 

 
b) ℎ = 18 mm 

Fig. 7. Dynamic displacements of the rail as a function of the load running velocity 

 
a) ܾ = 5 mm 

 
b) ℎ = 18 mm 

Fig. 8. Dynamic displacement responses at some time for a given load running velocity 

For the thickness ܾ of 5 mm, when the load running velocity gets to 4000 m/s, the dynamic 
displacements of the rail begin to increase obviously, and gets to the maximum at the load running 
velocity of 4140 m/s, and then decrease obviously with increasing the load running velocity. So, 
the critical velocity of the railgun system is 4140 m/s for the railgun system with the thickness ܾ 
of 5 mm.  

As the rail thickness ܾ  increases, the critical velocities of the railgun system decrease 
significantly. When the thickness ܾ is equal to 11 mm, the critical velocity of the railgun system 
reduces to 2840 m/s. 

For the width ݀ of 18 mm, when the load running velocity gets to 2700 m/s, the dynamic 
displacements of the rail begin to increase obviously, and gets to the maximum at the load running 
velocity of 3000 m/s, and then decrease obviously with increasing the load running velocity. So, 
the critical velocity of the railgun system is 3000 m/s for the railgun system with the width ݀ of 
18mm. It should be noted that the sensitivity of the dynamic displacements of the rail on the rail 
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width is smaller than that on the rail thickness. As the rail width ݀ increases, the critical velocities 
of the railgun system decrease significantly as well. When the width ݀ is equal to 24 mm, the 
critical velocity of the railgun system reduces to 2360 m/s. 

From Figs. 6, 7 and 8, it is known that the FEM simulated critical velocities of the railgun 
system is near to ones calculated by the nonlinear analytical equations. Here, the FEM simulated 
critical velocities are in good agreement with ones calculated by the nonlinear analytical equations, 
and the maximum error between them is 3.2 %. The results illustrate the analytical results about 
critical velocities of the railgun system in this paper. 

It should be noted that the errors between the FEM simulated critical velocities and the 
analytical calculated ones increase with decreasing the rail thickness or the rail width. It is because 
only the first order nonlinear term is considered in our analytical Eq. (8). As the rail thickness or 
the rail width decrease, the nonlinearity of the railgun system increases, so the errors between the 
FEM simulated critical velocities and the analytical calculated ones increase.  

For the thickness ܾ of 5 mm, the maximum error between the FEM simulated critical velocities 
and the ones calculated by the nonlinear analytical equations is 3.2 % as above stated. For the 
thickness ܾ of 11 mm, the error between them is 1.3 %. When the rail width ℎ increases from 
16 mm to 24 mm, the error between them decreases from 2.3 % to 0.5 %. Therefore, for the 
stronger nonlinear dynamics problem with smaller rail thickness and smaller rail width, in order 
to reduce the analytical calculated errors, more order nonlinear terms can be considered for a 
stronger nonlinear dynamics problem. 

7. Conclusions 

In this paper, the nonlinear electromechanical coupled dynamics equations for the railgun are 
proposed. Based on it, the equation of the nonlinear critical velocity of the projectile is given and 
the effects of the electromagnetic nonlinearity on the critical velocity of the projectile are 
investigated. The effects of the projectile exit velocity on the nonlinear critical velocity are studied. 
Results show:  

1) The critical velocity of the railgun system increases when the electromagnetic nonlinearity 
is considered. 

2) The nonlinear critical velocity is influenced by the system parameters such as rail current, 
rail thickness, rail distance, etc. Increasing the rail current, the difference between the linear and 
nonlinear critical velocities becomes large.  

3) The railgun system is a critical velocity changing system. For large armature position, the 
nonlinearity of the railgun system should be considered. 

4) As the distance between the two rails or the rail thickness increases, the difference between 
the linear and nonlinear critical velocities decreases significantly. It shows that the nonlinearity of 
the railgun system should be considered for a smaller distance between the two rails and a smaller 
rail thickness. 

5) The nonlinear critical velocity decreases gradually with the exit velocity ݒ଴  of the last 
projectile. It shows that the exit velocity ݒ଴ of the last projectile has significant effects on the 
critical velocity of the next projectile.  

Acknowledgement 

This project is supported by the Doctoral Research Program Foundation of Education Ministry 
of China (Priority development areas, No. 20131333130002). 

References 

[1] Fair H. Progress in electromagnetic launch science and technology. IEEE Transactions on Magnetics, 
Vol. 43, Issue 1, 2007, p. 93-98. 



1815. ELECTROMECHANICAL COUPLED NONLINEARITY AND CRITICAL VELOCITY FOR ELECTROMAGNETIC RAILGUN.  
LIZHONG XU, LINGCHAO PENG 

4024 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. NOV 2015, VOLUME 17, ISSUE 7. ISSN 1392-8716  

[2] Shvetsov G., Rutberg P., Budin A. Overview of some recent EML research in Russia. IEEE 
Transactions on Magnetics, Vol 43, Issue 1, 2007, p. 99-106. 

[3] Lehmann P., Peter H., Wey J. First experimental results with the ISL 10-MJ-DES railgun PEGASUS. 
IEEE Transactions on Magnetics, Vol. 37, Issue 1, 2001, p. 435-439. 

[4] Fryba L. Vibration of Solids and Structures under Moving Loads. Noordhoff, Gronningen, the 
Netherlands, 1977. 

[5] Tzeng J. T. Dynamic response of electromagnetic railgun due to projectile movement. IEEE 
Transactions on Magnetics, Vol. 39, Issue 1, 2003, p. 472-475. 

[6] Tzeng J. T., Sun W. Dynamic responce of cantilevered rail guns attributed to projectile/gun 
interaction – theory. IEEE Transactions on Magnetics, Vol. 43, Issue 1, 2007, p. 207-213. 

[7] Nechitailo N. V., Lewis B. K. Critical velocity for rails in hypervelocity launchers. International 
Journal on Impact Engineering, Vol 33, Issues 1-12, 2006, p. 485-495. 

[8] Johnson A. J., Moon F. C. Elastic waves and solid armature contact pressure in electromagnetic 
launchers. IEEE Transactions on Magnetics, Vol. 42, Issue 3, 2006, p. 422-429. 

[9] Johnson A. J., Moon F. C. Elastic waves in electromagnetic launchers. IEEE Transactions on 
Magnetics, Vol. 43, Issue 1, 2007, p. 141-144. 

[10] Tumonis L., Schneider M., Kacianauskas R., Kaceniauskas A. Structural mechanics of railguns in 
the case of discrete supports. IEEE Transactions on Magnetics, Vol. 45, Issue 1, 2009, p. 474-479. 

[11] Xu L., Geng Y. Dynamics of rails for electromagnetic railguns. International Journal of Applied 
Electromagnetics and Mechanics, Vol. 38, Issue 1, 2012, p. 47-64. 

[12] He W., Bai X. Dynamic responses of rails and panels of rectangular electromagnetic rail launcher. 
Journal of Vibration and Shock, Vol. 32, Issue 1, 2013, p. 44-148, (in China). 

[13] Christian S., Liudas T., Rimantas K. Experimental and numerical investigations of vibrations at a 
railgun with discrete supports. IEEE Transactions on Plasma Science, Vol. 41, Issue 5, 2013, 
p. 1508-1513. 

[14] Geng Y. Electromechanical coupled dynamics of rails for electromagnetic launcher. International 
Journal of Applied Electromagnetics and Mechanics, Vol. 42, Issue 3, 2013, p. 369-389. 

[15] Xu L., Zheng F., Peng L. Electromechanical coupled nonlinear free vibration of rails for 
electromagnetic railguns. International Journal of Applied Electromagnetics and Mechanics, Vol. 47, 
Issue 2, 2015, p. 313-322. 

 

Lizhong Xu received Ph.D. degree in Mechanical Engineering Institute from Yanshan 
University, Qinhuangdao City, China, in 1999. Now he works at Yanshan University. His 
current research interests include mechanical transmission and electromechanical 
integrated system includes electromechanical coupled kinematics, statics and dynamics of 
the integrated system. 

 

Lingchao Peng is a postgraduate in machine design and theory at the Yanshan University, 
China. Her current research interests include dynamics of the electromagnetic rail system. 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /UseDeviceIndependentColor
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages true
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth 8
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [4000 4000]
  /PageSize [612.000 792.000]
>> setpagedevice


