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Abstract. In this paper, we study the stability of the nonlinear rotor-seal system using Liapunov’s
first method. The mathematical solutions using multiple scales up to and including second order
approximations is investigated. We extract all resonance cases from analytical solution and
investigated. It is quite clear that some of the simultaneous resonance cases are undesirable in the
design of such system as they represent some of the worst behavior of the system. The effects of
various parameters on the behavior of the system and stability of the system are investigated
numerically by response curve. Poincaré maps are used to determine stability and plot bifurcation
diagrams.
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1. Introduction

Rotating machinery is widely used in engineering. In order to increase the efficiency of rotating
machinery, the clearance between rotor and stator has been designed to be smaller and smaller,
however, which leads to a larger possibility of impact-rub. Rubbing may induce the rotor’s
dynamic instability, blade break, and other serious accidents. Therefore, how to avoid rub and
how to reduce the harm caused by rubs become an important problem in rotor dynamics. With the
fast development of society and economy, there is a higher demand of improvement in speed,
capacity, efficiency and safety reliability in the rotating machinery, such as great power turbo-
generator units, shipboard steam turbines, high speed centrifugal compressors, aeroengine and
high precision machine. Under some operating conditions, the nonlinear gas exciting force of
labyrinth seals in the small gap can cause rotating machines to exhibit whirl-whip instability.
Particular, the gas exciting force in ultra supercritical steam turbine unit shows significant
influence on the system stability and sometimes can cause disastrous consequences [1].

Up to now, lots of researches have been done. However, the experimental research of gas
exciting vibration in steam turbines is hard to proceed. Many researchers have designed the
rotor-seal rigs to test the gas exciting force using the similarity theory [2-3]. However, the test
accuracy is seriously affected by the testing conditions. In these years, computational fluid
dynamics (CFD) and the computer technology have been developed. Recently, many researchers
started to use the CFD method to simulate the gas exciting force of the labyrinth seals, and have
obtained better results of the dynamic characteristics [4-5]. On the other hand, in 1965, Alford [6]
first derived the formula of the gas exciting force when he researched on the stability of aeroengine.
Ding and Zhang [7] applied both standard Galerkin method (SGM) and nonlinear Galerkin method
(NGM) to numerically investigate the lateral vibration of a continuous rotor system with actions
of oil-film force and seal fluid force. Improvement of the NGM procedure over the SGM
procedure is discussed and the dynamics of nonlinear rotor system is revealed. Chen et al. [8]
utilized the incremental harmonic balance method to obtain the solutions of a rotor-seal system,
where the complicated nonlinearities are handled by the expansion method. Periodic,
double-periodic and triple-periodic solutions are obtained in excellent agreement with numerical
results, which shows the validity and efficacy of the proposed solution procedures.
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Li etal. [9] used the Runge—Kutta method to solve the motion equation of the
rotor/seal/bearing system. The dynamic characteristics of the rotor/bearing/seal system were
analyzed with bifurcation diagrams, time-history diagrams, trajectory diagrams, Poincare maps
and frequency spectrums. The numerical analysis indicates that the seal force and the oil-film
force influence the nonlinear dynamic characteristics of the rotor system. Zhang and Chen [10]
investigated analytically and numerically the full annular rub of a typical nonlinear Jeffcott rotor.
Averaging method is used to find the synchronous response of governing equations.
Routh-Hurwitz criteria are employed to analyze the stability of synchronous full annular rub
solution and determine the boundaries of static and Hopf bifurcations. Finally, the response and
onset condition of reverse dry whip are investigated numerically and at the same time, the
influences of rotor parameters and rotation speed on the characteristics of the rotor response are
investigated. Cheng et al. [11] investigated the non-linear dynamic behaviors of a
rotor-bearing-seal coupled system by using Muszynska’s non-linear seal fluid dynamic force
model and non-linear oil film force, and the result from the numerical analysis is in agreement
with the one from the experiment. The bifurcation of the coupled system is analyzed under
different operating conditions. Ding et al. [12] studied Hopf bifurcation and the self-excited
vibration with parametric excitation of a single span rotor-seal system, applying the central
manifold theorem and normal formal form theory. The results showed that non-synchronized whirl
of the imbalanced rotor can either be a quasi-periodic motion resulting from the Hopf bifurcation
or a half-frequency whirl from the period doubling bifurcation. Li and Chen [13] investigated the
1:2 sub-harmonic resonance of the labyrinth seals-rotor system, where the low-frequency
vibration of steam turbines can be caused by the gas exciting force. The empirical parameters of
gas exciting force of the Muszynska model are obtained by using the results of computational fluid
dynamics (CFD).

Sayed and Mousa [14] investigated the influence of the quadratic and cubic terms on non-linear
dynamic characteristics of the angle-ply composite laminated rectangular plate with parametric
and external excitations. The method of multiple time scale perturbation is applied to solve the
non-linear differential equations describing the system up to and including the second-order
approximation. Two cases of the sub-harmonic resonances cases in the presence of 1:2 internal
resonance are considered. The stability of the system is investigated using both frequency response
equations and phase-plane method. It is quite clear that some of the simultaneous resonance cases
are undesirable in the design of such system as they represent some of the worst behavior of the
system. Such cases should be avoided as working conditions for the system. Eissa and Sayed
[15-17] and Sayed [18] studied the effects of different active controllers on simple and spring
pendulum at the primary resonance via negative velocity feedback or its square or cubic. Amer
et al. [19] studied the dynamical system of a twin-tail aircraft, which is described by two coupled
second order nonlinear differential equations having both quadratic and cubic nonlinearities,
solved and controlled. The system is subjected to both multi-parametric and multi-external
excitations. The method of multiple time scale perturbation is applied to solve the nonlinear
differential equations up to the two order approximations. The stability of the system is
investigated applying both frequency response equations and phase plane method. Two simple
active control laws based on the linear negative velocity and acceleration feedback are used. Sayed
and Hamed [20] studied the response of a two-degree-of-freedom system with quadratic coupling
under parametric and harmonic excitations. The method of multiple scale perturbation technique
is applied to solve the non-linear differential equations and obtain approximate solutions up to and
including the second-order approximations.

Hamed et al. [21-23] studied USM model subject to multi-external or both multi-external and
multi-parametric and both multi-external and tuned excitation forces. The model consists of
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating
ultrasonic machining process. The advantages of using multi-tools are to machine different
materials and different shapes at the same time. This leads to time saving and higher machining
efficiency. Hamed et al. [24] presented the behavior of the nonlinear string beam coupled system
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subjected to external, parametric and tuned excitations for case 1:1 internal resonance. The
stability of the system studied using frequency response equations and phase-plane method. It is
found from numerical simulations that there are obvious jumping phenomena in the frequency
response curves. Sayed and Kamel [25, 26] investigated the effect of different controllers on the
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor
blade flapping motion. The stability of the obtained numerical solution is investigated using both
phase plane methods and frequency response equations. Sayed et al. [27] investigated the
non-linear dynamics of a two-degree-of freedom vibration system including quadratic and cubic
non-linearities subjected to external and parametric excitation forces. There exist multi-valued
solutions which increase or decrease by the variation of some parameters. The numerical
simulations show the system exhibits periodic motions and chaotic motions. Sayed and Mousa
[28] studied an analytical investigation of the nonlinear vibration of a symmetric cross-ply
composite laminated piezoelectric rectangular plate under parametric and external excitations.
Their study focused on the case of 1:1:3 primary resonance and internal resonance, and they
verified the analytical results calculated by the method of multiple time scale by comparing them
with the numerical results of the modal equations. The obtained results were verified by comparing
the results of the finite difference method (FDM) and Runge-Kutta (RKM) method. When plotting
the solutions to some nonlinear problems, the phase space can become overcrowded and the
underlying structure may become obscured. To overcome these difficulties, a basic tool of
Poincaré maps was proposed by Henri Poincaré [29] at the end of the nineteenth century.

2. Model of rotor-seal system

Assume that such an anisotropic rotor mounts at both rigid ends and rotates in the gas seals,
and its rotation causes gas rotation and subsequently generates the gas exciting force. Suppose
that the external force has a rotating character with synchronous frequencies due to the rotor
unbalance. The mathematical model of the rotor-seal system in the stationary reference
coordinates (x, y) as shown in Fig. 1 can be deduced as [13]:

(M+m 0 )(55')+(Dxe+D 2mAQ )(x)

0 M+m/\y —2mA2 Dy, +D)\y
Ko + K — mA2Q2 AQD x\ ([ pcos(Qt) (1)
( —-AND Kye + K — m/lzﬂz) (y) B (G +p sin(Qt))'

where M is the rotor mass, m is the gas inertia effects, Kye, Kye, Dye, Dy are the stiffness and

external damping on the x and y directions respectively and G is the gravitation effects of the
rotor, p is the amplitude of the excitation force.

Ay
at

a) b)
Fig. 1. Model of rotor-seal system
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3. Mathematical analysis
The motion equation of a rotor-seal system (1) can be obtained by:

i+ wix = f,(x,y,%,5) + pcos(Qt), (2a)
j+ wiy = f,(x,y,%,9) + psin(Qt), (2b)

with initial condition x(0) = %(0) = y(0) = y(0) = 0. Where x and y are the displacements of
the shaft center, w; and w, the linear natural frequencies in x, y directions, and () the angular
speed of the rotor, p is the amplitude of the excitation force, f(x,y,%,y) and f, (x,y, X, y) are
power series function of the nonlinear force on x and y directions given by:

00y, %,9) = ayx + aX + azy + @,y + asx? + agy? + a;xx + agxy + agxy
Fa0XY + A1 YV + a1x3 + a3y + aax?x + agsx?y + a6x%y + ag,xy?
+a1gy% % + Q19Y%Y + ap0XyX + a1 XYY,

Gy, %,) = Pix + Box + Bay + Buy + Bsx? + Bsy* + Brxx + Bexy + Poxy
+B10Xy + B11YY + B12X® + P13y + Brax?X + Bisx®y + B1eX%Y + Biyxy?
+B1gy % + Broy?Y + BroXyx + Brrxyy.

All coefficient of a;, §; are defined in [13]. The linear, non-linear coefficients and excitation
amplitude are assumed to be:

a,=¢€8,, Pp=¢Pn, p=¢p, n=1,2,...,21, 3)

where ¢ is a small perturbation parameter and 0 < ¢ << 1.

To consider the influence of the quadratic and cubic terms on non-linear dynamic
characteristics of the non-linear rotor-seal system, we need to obtain the second-order approximate
solution of Egs. (2). We determine a second-order approximation for the system response by the
method of multiple scales [30-31], which is a powerful tool in determining periodic solutions of
small amplitude. For the second-order approximation, introducing three time scales:

T,=¢"t, n=0,1,2. 4)
We seek an asymptotic solution of Egs. (2) for x and y in the form of:

x(t, 8) = xo(To, Tll Tz) + gxl(To, Tl’ Tz) + 82 xz(To, Tl' Tz) + 0(83), (5)
y(t, &) = yo(To, T1, To) + ey1(Ty, Ty, To) + €2y, (To, Ty, T2) + 0(e?). (6)

Derivatives with respect to t are then transformed into:

d 80T, a T, aaTZ_D+D+2D -
dt 9T, 9t ' 9T, ot ' 9T, 9¢ o T ETATE P

d2

vk DZ + 2eD,y D; + €2(D? + 2D,D,), (®)

where D,, = 3/0T,,,n =0, 1, 2. Terms of O(&®) and higher orders are neglected. Substituting
Egs. (5)-(6) and (7)-(8) into Egs. (2) and equating the coefficients of similar powers of &, one
obtains the following set of ordinary differential equations:

Order €°:
(D§ + wf) xg =0, 9
(D§ + w3) yo = 0. (10)
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Order €':
(D2 + w?) x; = —=2DyD;1xo + @1 x¢ + @, Doxo + A3Vo + @3Dyyo + @sx2 + Ayl
+@;x0Doxo + @gxoYo + @oXoDoYo + @10YoDoXo + @11YoDoYo + @12%5 + @13Y5 (11)

+@14X5 Doxo + @15X5Y0 + @16X5 DoYo + @17%0Y5 + @13Y5 DoXo + @19Y5 DoYo
+a50%0YoDoxo + a21on’0DOYO + PCOS(Qt)

(D + ‘Uz) ¥1==2DoDyy, + Brxo + .BzDoxo + Bsyo + ﬁ4DOJ’0 + .Bsxo + ﬁeJ’o
+ﬁ7xoDox0 + 58350}’0 + ﬂ()xoDo)’o + 510)’0D0x0 + ﬂn)’oDo)’o + 512’50 + Brsyd (12)
+ﬁ14x0D0x0 + ﬁleOyO + B16x3DoYo + Br7%0¥E + BigyiDoxo + P1o¥EDoYo
+B20%0Y0DoXo + ParX0YoDoYo + Psin(Qt).

Order £2:

(D3 + w?) xy = —D?x; — 2DyD,xq — 2DyD1x1 + @1x1 + @, (Dox; + D1xo) + @3V,
+8,(Doy, + D1Yo) + 2@s5x0%1 + 2@6Y0y1 + @7%1Doxo + @7x0(Dox1 + D1Xo)
+ag(xoy1 + x1¥0) + @ox1 Doy + Qoxo(Doy1 + D1Yo) + @101 D00
+@10Yo(Dox1 + D1x) + @111 DoYo + @11Yo(Doy1 + D1yo) + 3@1,x5%,
+3@13Y6y1 + 2@14%0X1 DoXg + @14x5 (Doxy + Dyx) + @15x§y1 + 2815X0Y0X4 (13)
+2816%0%1Doyo + @16x5 (Doy1 + D1Yo) + 2817Y0Y1%0 + @17y %1 + 28180 y1DoXo
+@15Y5 (Doxy + D1x) + @19Y5 (Doy1 + D1Yo) + 2&19Y0Y1DoY0o
+850%0Y0(Dox1 + D1xg) + (@20%0Y1 + @20%1Y0)Doxo + @21%0Y0(Doy1 + D1Yo)
+(@21%0Y1 + @21%1Y0) Do Yo, A . N

(D + ‘Uz) Y, = —Dfy; — 2DoDyyo — 2DoDy1yy + Brxy + Bz(Dox1 + D1xo) + B3y,
+ﬁ4(DOY1 + D1y,) + Zﬁsxo’ﬁ + 236)’03’1 + Byx1 Doxo + ﬁ7x0(D0x1 + D1x0)
+Bg(x0y1 + x1y0) + 39X1D03’0 + Boxo(Doys + D1yp) + 310371D0x0
+ﬂ1oyo(Dox1 + D1xo) + 3113’1D03’0 + B11y0(Doys + D1J’o) + 3.312xox1
+3ﬁ133’o)’1 + 2ﬁ14x0x1D0x0 + B1ax3(Doxy + Dyx) + 515350371 + Zﬁlsxo}%’ﬁ (14)
+2ﬁ16x0x1DOYO + Prexd (DOY1 + Dyyo) + 2.317}’03’1950 + B17¥8x1 + 2P18Yo¥1Doxo
+.818)’0 (Dox1 + D1%0) + Proyé (Doys + D1yo) + 23193’03’1Do}’0
+B20%0Y0(Doxs + Dyxo) + (520950}’1 + ﬂzoxi)’o)Doxo + Barx0¥o(Doys + D1yo)
+(ﬂ21x03ﬁ + :3213513’0)DOJ’0-

The general solutions of Egs. (9)-(10), can be written in the form:

xo = A1(Ty, T,) exp(iw; Ty) + cc, (15)
Yo = Az(Ty, T;) exp(iw, Tp) + cc, (16)

where A; and A, are a complex function in Ty, T, and cc indicates the complex conjugates of the
preceding terms. Substituting Eqs. (15)-(16) into Egs. (11)-(12) and after eliminating the secular
terms, the non-homogeneous solutions of Egs. (11)-(12) are:

x; = Ejexp (2iw, Ty) + E,exp (3iw, Ty) + Esexp (iw, Ty) + Ezexp (2iw, Ty)
+Ezexp (3iw, Ty) + Egexp (i(wg + w,)Ty) + E;exp (i(w, + 2w,)Ty) 17)
+Egexp (i(2w, + w,)Ty) + Eqexp(iT,) + E;, + cc,

vy, = Ejexp (iwg Tg) + Eqzexp (2iw, Ty) + Eqzexp (3iw, Ty) + Eqsexp (2iw, Ty)
+E;sexp (Biw, Ty) + Eygexp (i(wq £ wy)Ty) + Ey7exp (i(wg + 2w,)Ty) (18)
+E;gexp (i(2w, £ w,)Ty) + E10exp(i2T,) + E,q + cc,

where E; (i = 1,2, ...,20) are complex functions in T; and T,. Substituting Egs. (15)-(18) into
Egs. (13)-(14) and after eliminating the secular terms, the non-homogeneous solutions of
Eqgs. (13)-(14) are:
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x, = Hiexp (2iw, Ty) + Hyexp (3iw, Ty) + Hzexp (4iw, Ty) + Hyexp (Siwq Ty)
+Hzexp (iw, Ty) + Hgexp (2iw, Ty) + Hyexp (3iw, Ty) + Hgexp (diw, Ty)
+Hyexp (5iw; Ty) + Hypexp (i(wy + wz)Ty) + Hyyexp (i(w; £ 2w3)Tp)
+Hyexp (i(2wy £ w3)T)) + Hyzexp (i(2w;y £ 2w;)To) + Hysexp (i(wy + 3w3)T))
+H;sexp (i(wq + 4wy)Ty) + Higexp (i(2w; £ 3w,)Ty) + Hyzexp (((Bwy + 2w;)T))
+Hygexp (i(Bwy + wy)Ty) + Hygexp (i(4w; £ wy)Ty) + Hapoexp(iQT)
+H,,exp(2iQT,) + H,,exp(3iQT,) + H,zexp(4iQT,) + H,,exp(5iQTy)
+Hysexp (i(wy £ Q)Tp) + Hygexp (((2w, + Q)Ty) + Hyzexp (i(wy = 2Q)T)
+H,gexp (i(wy + 3Q)Ty) + Hygexp (i(w; £ 4Q)T,) + Hypexp (i(2w, + 2Q)T,) (19)
+H;exp (i(2wq + 3)Ty) + Hiyexp (i(Bwy + Q)Ty) + Hizexp (i(3w, £ 2W)Ty)
+Hzexp (i(4w; = W)T) + Hzsexp (i(w, £ Q)Ty) + Hzgexp (i(2w, = W)Ty)
+Hs,exp (i(w, £ 2Q)Ty) + Hiygexp (i(2w, + 2Q)T,) + Hygexp (i(2w, + 3Q)T,)
+Hypexp (i(wy, £ 30)Ty) + Hypexp (i(w, +4Q)T,) + Hyzexp (i(Bw, £ 2Q)Ty)
+Hyzexp (i(Bw, + W)Ty) + Hysexp (i(Aw, + Q)Ty) + Hysexp (i(2wq + w, + Q)Ty)
+Hyeexp (i(wy  wy £ Q)To) + Hyzexp (i(wy + w, £20)T))
+H,gexp (i(Bw; + wy + Q)Ty) + Hygexp (i(wq + 3w, + Q)Ty)
+Hgoexp (i(wg + wy + 3Q)Ty)MT,) + Hs1exp (i(2w, + 2w, + Q) Ty)
+Hgexp (i(2wy + wy + 2Q)Ty) + Hyzexp (i(wq + 2w, + 2Q)Ty) + Hsy + cc,

y, = Giexp (iwq Ty) + Gexp (2iw, Ty) + Gzexp (Biw, Ty) + Grexp (diw, Ty)
+Gsexp (5iwq Ty) + Ggexp (2iw, Ty) + Goexp (3iw, Ty) + Ggexp (diw, Tp)
+Goexp (5iw, Tp) + Gioexp (i(wy + w;)Ty) + Gyyexp (i(w;y £ 2w,)To)
+Gy26xp (2w £ w2)Tp) + Gyzexp (((2w; £ 2w3)Ty) + Gyaexp (i(wy + 3wz)T))
+Gysexp (((wy £ 4w2)To) + Gieexp (((2Zwy £ 3w3)To) + Gi7exp (((Bwy + 2w;3)T))
+G1gexp ((Bwy + w3)Ty) + Groexp (i(4w;  w3)Ty) + Gooexp(iTy)
+G,1exp(2iQTy) + G,,exp(3iTy) + Go3exp(4iQT,) + G,4exp(5iQT,)
+Gosexp (i(wg £ W)Tp) + Goeexp (((2wy = W)Ty) + Go7exp (((wy = 2Q)T)
+G,gexp (i(wy, £ 3W)Ty) + Gogexp (i(wq + 40)Ty) + Gypexp (((2w, + 2Q)T)
+G31exp (i(2w;, £ 3MWT,) + Gzexp (i(Bw, £ WTy) + Gizexp (i(Bwy + 2Q)T,)
+G34exp (((4wy £ D)Ty) + Gasexp (((w, + D)Tp) + Gzeexp (((2w, £ Q)Th)
+G37exp (i(w, + 2Q)T,) + Gagexp (i(2w, + 2Q)Ty) + Gzgexp (i(2w, + 3Q)T,)
+Gyoexp (i(wy, £ 3MWTy) + G4iexp (i(wy + 40)Ty) + Gurexp (i(Bw, + 2Q)Ty)
+Gysexp (i(Bwy £ W)Ty) + Guuexp (((Aw, + D)Ty) + Gusexp (((2wy + wy, + DTy)
+Gaeexp (I(w1 £ wy £ W)Ty) + Gyrexp (i(wy £ wy = 20)T))
+Gugexp (((Bwy £ wy £ W)Ty) + Gyoexp (i(wq £ 3w, £ V)Ty)
+Ggoexp (i(w1 £ wy +3D)THMDT,) + Gs1exp (i(2w; £ 2w, + W)Ty)
+Ggexp (I(2w; £ wy + 2Q)Ty) + Gszexp (i(wq + 2w, + 2Q)T,) + Gy + cc,

(20)

where H;, G; (i =1,2,...,54) are complex functions in T; and T,. From the above derived
solutions, the reported resonance cases are:

* Primary resonance: Q = w,,n =1, 2.

* Sub-harmonic resonance: Q = kw,,, k =2,3,4,5andn =1, 2.

* Super-harmonic resonance: k) = wy, 3Q = 2w, 2Q = 3w,, k =2,3,4,5andn = 1, 2.

Internal or secondary resonance: w; = S w,, Wy = S W1, 201 = 3 Wy, 3w, = 2 w,5 =2,3,4,
5.

* Combined resonance: w; = tmw, + 1, w =tw, trQ, w; = 2w, +2Q,
wy = 12w, + 3Q, w, = 13w, + 2Q, 2w = tqw, £ Q, 20 =2tw,£pQ,
3w, =2tnw, £ Q, 3w =2+ w, 220, 40 =tw, £ Q, m=1, 2 3, 4 r=2, 3, 4,
q=1,2,3,p=2,3,n=1,2.

* Simultaneous or incident resonance.

Any combination of the above resonance cases is considered as simultaneous resonance.
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4. Stability analysis

To describe quantitatively the closeness of the resonances, we introduce the detuning
parameters o; and o, according to:

O =w; + €0y, wy, =3wq + £0,. (21)

Substituting Eq. (21) into Eqgs. (11)-(12) and eliminating the secular and small divisor terms
from x; and y,, we get the following:

ZiwlDlA = (&1 + l&z(l)l)A + [21’&180)1 + 2(’1\17]B§A
_ _ P 22
+[A;5 + i@ gwy — i@row, A% Bexp(io,Ty) + [38;, + i@ 4w,]A%A + gexp(ialTl), 22)
ZiszlB = (B3 + 134002)3 + [33\13 + iBlng]BZE

A N & . ! 23
+[2B15 + 2iP1sw,|AAB + [By; + ifraws|A%exp(—io, T)). (23)

To analyze the solution of Egs. (22)-(23), it is convenient to express the A(T;) and B(T;) in
the polar form as:

ACT) = 3a(T) ™), B(T,) = 2b(Ty) el0r), (4

where a, b, y; and y, are unknown real-valued functions. Inserting Eq. (24) into Egs. (22)-(23)
and separating real and imaginary parts, we have:

a a a AWy — UppW
a=2a+—2q3 + ab? + —>a?bsind, + (M) a’bcosf,
2 8 4 8w, 8w,
p (25)
+-——-sinb,
2w, ’
a 3a a a AWy — Ay
ay, = ——a——2a% - L ap? — > q2hcosh, + (M> a’bsind,
2w, 8w, 4w, 8w, 8w, (26)
p
—Z—wlcosel,
, B 519 ﬁ16 B2 . Braw1
b' = ?b +— Tazb - 8—w2a3sm92 + 80)2 a3c0502, (27)
33 3P13 Bis P12 Praw .
by; =————b— b3 ——a%b ——=a3cosh, — 3sind,, 28
Y2 2w, 8w, 4w, ¢ 8w, @ costz 8w, a’sine, (28)
where:
O0,=0.Ty—yy, 6,=0,T1 +y,— 371 (29)
Then, it follows from Eq. (29) that:
Y1 =01 — 64, (30)
yy = 30, — 0, + 65 — 30;. 31

The control strategy is evaluated by analyzing the steady state response of the closed-loop
system. Setting a’ = b’ = 0 and 6;, = 0 (m = 1, 2) into Egs. (25)-(28) we obtained:
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a a
Za+—=2a3+Lab? + a’bsinb,
2 8 4 8a)1
A16Wp — ApoW1) p . (2)
(8—0’1> a“bcosf, + z—wlsme1 =0,
aq 3a a a AWy — ApoW
ao, +—a+—2a%+—Lab? + — a%bcosb, — (M) a’bsind,
204 8w1 4w, 8w, 8w, (33)
p
+Ec0591 =0,
Ba .319 B P12 Braw
—b+ 3 b3 +%a2b e 2as nd, + %21 a3cosf, = 0, (34)
B3 3B B B Braw
b(@Bo, —0ay) + —b 8c:23 b3 + ﬁazb + 8—;22a3c0592 %21 a3sind, = 0. (35)

Solving the resulting algebraic equations yields two possibilities for the fixed points for each
case.

Case 1: In this case a # 0, b = 0 and from Egs. (32)-(35), the frequency response equation can
be obtained in the form:

2
a; Q14 e z < a; 3ay, 3> p

—_— ———=0. 36
(2 +8 )+a01+2w1a+8w1a 0 (36)

Case 2: In this case a, b # 0 and from Eqgs. (32)-(35), the resulting two equations are:

2
az A4 5 Qg z a1 3ay; Qa7 15
—a+—a*+——ab? +( t—a+—a+-— bZ) —( Zb)
(za g @ Ty ¢ ) +(ao 20,2 80, ¢ T30, @ 8w,

p’ A16Wy — ApoWy)\? A5 P ©7
—4—(‘)12 — (8—0)1) a*bh? — 8w 2 2bCOS(gz - 91) =0,
2 2
3
('84b +@b3 bie ab) +(bGo, - ) +ﬁb 3P +&a2b>
4 8w, 4w,
2 (38)
_(&) aa_(M) a6 =0
8w, 8w, ’
4.1. Non-linear solution
To determine the stability of the fixed points, one lets:
a:a0+a1, b:b0+b1, 9m=9m0+9m1, m:1,2, (39)

where a,, by and 8,,, are the solutions of Egs. (32)-(35) and a,, by, 6,,; are perturbations which
are assumed to be small compared to a,, b, and 8,,,. Substituting Eq. (39) into Egs. (25)-(28),
using Egs. (32)-(35) and keeping only the linear terms in a4, by, 8,,1, We obtain:

1) For the solution (a # 0, b = 0), we have:

, a 3y p
ay = (? + 5 a(z,) a, + (2—(‘)1 coselo) 011, (40)
01 a, 9ay, p .
911 < + zwlao + 80_)1 ao) al - (zaowl Sln910> 911. (41)

The stability of a given fixed point to a disturbance proportional to exp(At) is determined by
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the roots of:

a, 30y,
L -t 3 a? Zor cosfy,
oy aq 91200 p
—+ + - sinf
l 2w,a 8w, 2a¢wq 10 J

(42)

Consequently, a non-trivial solution is stable if and only if the real parts of both eigenvalues
of the coefficient matrix Eq. (42) are less than zero. Solid / dotted lines denote stable / unstable

solution on the response curves, respectively.
2) For the practical solution (a, b # 0), the following are obtained:

a, 3ag, 18 (a16w; — azowq)
ay = (7 + p as + —b0 T, —25 aybysind,g + T, aobycoshy, | a;
p g a5 . (a16wz — azowq)
+< cos@ )9 —ayby, + —=a?sinf,, + a2cosB,, | b
20, 10 ) 011 ( 5 %obo 8w, 0 20 8w, 0 20 | 01
a5 (a16wz — azow) .
+ (8 o, azbycosf,y — S, aZbysinfy, | 0,4,
01 ay 9ay, A17
— + + b? + —=p,cos@
, Za)lao 8(1) O 4‘ 1 0 0 4(1)1 0 20
011 = _ a;
_ (a16wy — azowq) besing
4w, 0 20
p . ) a7 2515 (a16wz — azowy) .
—sinf; ) 6,1 + b, + —a,cosb a,sinf,, | b
<2a0w1 10 ) 011 <2w1 8w, 0 20 8w, 0 20 | 01
*15 (a16wz — azowq)
— (80)1 agbysind,, — 80, agbycosfy, | 644,
, Bie 3B12 . 3B1awy .34 3[319 Bie
by = (T agby — 80, a3sinf,, + 8w, a%cos@zo) a, + ( > b3 + 4 a%) b,
B12 Brawq .
(8 o adcosfy,, + 8w, a351n920> 051,
30 3a 27 3a 3a
S S L L2 Gy + ——b2 + 15 bycosByq
0! = a, 2w,a9 8w, 4w, a, 4w,
20 _3(a16w2 - a20w1)b SinG.. — Bis a — 3P, 42C0S60n — 3ﬁ14w1a sing
40, 0 20 —sz 0 8w, b, 0 20 8w, b, 0 20
3a 3a 3(a1gwy — Ay
U by +—— 15 aycosf,, — (@15, 2091) a,sinds,,
- ( SL )9 4| 2o Ban B, b
2a,w, o) +( —301) _ Bs _ 9B13 _ Bis 2 !
b, 2w,by 8w, °  4w,by °
3a 3(agwy — Ay
-5 agbysing,, + (@602 2001) agbycosb,,
w4 8w,
+ B Braw 65,-
+—2 3sinfy, — —— a3cosh
8a,by 0 20~ 8o,y 10 20

(43)

(44)

(45)

(46)

The stability of a particular fixed point with respect to perturbations proportional to exp(At)
depends on the real parts of the roots of the matrix. Thus, a fixed point given by Eqgs. (43)-(46) is

asymptotically stable if and only if the real parts of all roots of the matrix are negative.
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5. Results and discussions

The differential equation of the rotor-seal system is solved numerically using Rung-Kutta
fourth order method and MATLAB, MAPLE packages as shown in Figs. 2-4. Fig. 2 illustrates the
response and the phase-plane for the non-resonant rotor-seal system (basic case) where
Q # w; # w, at some practical values of the equation parameters a; = 0.03, a, = 0.0001,
as; =-0.05, a, =-0.2, a5 = 0.01, ag = 0.02, a; = 0.25, ag = 0.004, ag = 0.7, a;o = —0.8,
a1 =02, a5, =0.004, a;3 =0.01, a4 =0.02, a5 =0.003, a6 = —0.04, a;; = 0.001,
a3 =-0.5, a;9 =-0.03, ayy, =-0.04, ay; = 0.5, 5; =0.05, 5, = 0.2, f5 =-0.03, 5, = 0.0001,
Bs = 0.002, B = 0.01, B, = 0.2, g = 0.004, By = 0.8, B10 = 0.7, By1 =-0.25, f;, =-0.01,
B3 = —0.004, B, = 0.03, By5 = —0.001, 16 = 0.5, f;7, = —0.003, B15 = 0.04, ;9 = —0.02,
Boo =-0.5,Br1 =0.04, Q =3, w; = 2.8, w, = 3.25, p = 1. It is observed from this Fig. 2 that
the response of the first and second modes of the rotor-seal system start with increasing amplitude
and becomes stable respectively and the steady state amplitudes x and y are about 0.3 and 0.7
respectively and the phase plane shows limit cycle, denoting that the system is free from chaos.
Table 1 shows the results of the worst resonance conditions.

0.6
0.4+
0.24
x U—]
0.2-4
0.4
0.6-
1.5-4,
u] 100 200 300 1} 100 200 300
Time Time
1 21
0.5 1
d
_x U_ d‘y U_
dt 4t
0.5- 1 -1
-1 _2]
T T T T T T T T T T T T T T T
04 03- 02- 01- O 01 02 03 06- 04 02- 1] 02 04 086
x y

Fig. 2. Non-resonance rotor-seal system response (basic case)

For the simultaneous primary and internal resonance ({2 = w; and w, = 3w, ) which is one of
the worst resonance cases as shown in Fig. 3, it can be shown that for the first and second modes
of the rotor-seal system, the steady state amplitudes are increased to about 670 % and 1140 %
respectively of that values shown in Fig. 2. The vibration of the first mode is increased and become
stable with tuned oscillation. Also the response of the second mode is increased and becomes stale
with some chaotic. The phase-plane shows a multi-limit cycle for the first and second modes.

Fig. 4 shows that the time response and phase-plane of the simultaneous primary and internal
resonance (1 = w; and w, = w;) which another one of the worst resonance cases. From this
figure we have that the amplitude of the first mode of the rotor-seal system is increased to about
670 % while the amplitude of the second mode is increased to about 570 % of the of that values
shown in Fig. 2. The oscillations of the first and second modes become stable, chaotic and tuned
and the phase plane shows multi-limit cycle.
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5.1. Effects of different parameters

In this section, the effects of different parameters near the simultaneous primary and internal
resonance case is investigated and studied. The frequency response equations are given by
Egs. (37) and (38) are solved numerically at the same values of the parameters shown in Fig. 2. In
all figures, the solid lines stand for the stable solution and the dashed lines for the unstable solution.

Table 1. Summary of the worst resonance cases

Resonance cases x (%) | ¥ (%) Remarks
Non-resonance case | 100 % | 100 % Limit cycle
Q=w 700 % | 620 % | Multi limit cycle

)
= 71 560 % | 570 % | Multi limit cycle
)

= ?1 560 % | 580 % | Multi limit cycle
0= % 600% | 570% | Multi limit cycle
Q= % 500 % | 530% | Multi limit cycle

7]
Q= 72 560 % | 570 % | Multi limit cycle
)

Q= ?2 560 % | 580 % | Multi limit cycle

0= % 600% | 570% | Multi limit cycle

Q= 32& 500% | 500% | Multi limit cycle

0= w, Wy = wy 670 % | 570 % | Multi limit cycle

0= w, wy = 2w, 730 % | 1000 % | Multi limit cycle

Q= wy, wy = 3w, 670 % | 1140 % | Multi limit cycle

Q= w, w, = 4w, 370 % | 200 % | Multi limit cycle

Q= wy, wy =50, 800 % | 240 % | Multi limit cycle
)

0= 0y, w, = 71 85% | 320% | Multi limit cycle
@)

0= w, w = ?1 400 % | 530 % | Multi limit cycle
)

0= w, w = Tl 200 % | 430 % | Multi limit cycle

Q= wp, 0y = zgﬂ 220% | 320% | Multi limit cycle

Q= w,, w = w, 830 % | 430 % | Multi limit cycle

0= wy,w =20, 85% | 430 % | Multi limit cycle

0= wy,w = 3w, 50% | 500 % | Multi limit cycle

0= wy,w 4w, 35% | 570 % | Multi limit cycle

0= wy,w =50, 20% | 570 % | Multi limit cycle
)

Q= w,, 0 = 72 720 % | 930 % | Multi limit cycle
2

Q= w,, w, = —;)2 670 % | 860 % | Multi limit cycle
3 S

Q= w, w = % 100 % | 530% | Multi limit cycle

O =2w;, Wy = wy 670 % | 290 % | Multi limit cycle

Q=2w, wy, =4w, | 530% | 170 % | Multi limit cycle

Q=3w;, w, =w; | 430% | 290 % | Multi limit cycle

Q= 3w, wy, =3w; | 730% | 1190 % | Multi limit cycle
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Time
60
40 -
dp 20
ar 04
-204
—a0
T T v v . T T — T T T T T
0.5- o 0.5 1 15 2 -6 -4 -2 0 2 4 6 2
X F

Fig. 3. Simultaneous primary and internal resonance case (1 = w; and w, = 3w;)

Time Time

Fig. 4. Simultaneous primary combined and internal resonance case ({1 = w; and w, = w,)

5.1.1. Response curves of the first mode

Fig. 5(a) shows the steady state amplitudes of the first mode against the detuning parameter
0, at the practical case, where a # 0, b # 0. For increasing values of the nonlinear parameter o
and a;,, the curves are shifted to the left and the regions of stability are increased as shown in
Figs. 5(b) and 5(j). Fig. 5(c) shows that the steady state amplitude of the first mode is a monotonic
decreasing function in the linear damping coefficients a,. Fig. 5(d) shows that the steady state
amplitude of the first mode is a monotonic increasing function in the nonlinear parameter a4, and
the response curves are bent to the left leading to the occurrence of the jump phenomena,
multi-valued amplitudes and the regions of stability are decreased. The steady state amplitude of
the first mode is a monotonic increasing function in the nonlinear parameter a4, and the excitation
amplitudes p and the regions of instability are increased as shown in Figs. 5(¢) and 5(o). For
increasing values of the nonlinear parameter @45, a4 and a,, the steady state amplitude of the
first mode is increased and the curves are diverged as shown in Figs. 5(f), 5(h), 5(m). For negative
values of the nonlinear parameter ;5 and a4, the steady state amplitude of the first mode is
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increased and the stability regions are increased as shown in Figs. 5(g) and 5(k). Figs. 5(i), 5(1)
show that, for positive values of the nonlinear parameter a4 and a;g, the system is unstable.
Fig. 5(n) shows that the steady state amplitude of the first mode is a monotonic decreasing function
in the natural frequencies w; and w,.

12 . T
08 1
® 06 .
0.4 ) ]
02 ]

: ‘ e
24 -2 g : )

a) Effects of the detuning parameter o

15 i 1
1 01, =—0.07 —
© * @
05
U " I "
-2 -1 0 1 2
Gy
c) Effects of the damping coefficient a, d) Effects of the non-linear parameter a4,
25 -
2 5, 2‘Fﬂ_,,_fcy.l 405 |

15

a /1 002 T )
1 i oyl _ |
i MM“Z
05 _// L ]

U 1
-1 05 0 05 1
5
e) Effects of the non-linear parameter a4 f) Effects of the non-linear parameter a5
T 25
[ =0.08

i | 15
3 ©
R 1 1

Sy, 05

0 - . 0
-2 -1 1] 1 2 2 -1 0 1 2

i) Effects of the non-linear parameter a¢ j) Effects of the non-linear parameter a;-
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Fig. 5. Effects of different parameters on the first mode

5.1.2. Response curves of the second mode

Fig. 6(a) shows the steady state amplitudes of the second mode against the detuning parameter
0, at the practical case, where a # 0, b # 0. For increasing values of the nonlinear parameter £33
and f;5, the curves are shifted to the right leading to the occurrence of the jump phenomena,
multi-valued amplitudes as shown in Figs. 6(b) and 6(h). Figs. 6(c), 6(f), 6(k) show that the steady
state amplitudes of the second mode are monotonic decreasing functions in the linear damping
coefficients f3,, the nonlinear parameter §,, and the natural frequencies w; and w,. Figs. 6(d),
6(i), 6(j) shows that the steady state amplitudes of the second mode are monotonic increasing
functions in the nonlinear parameters f,, 16 and 8 19. For negative and positive values of the
nonlinear parameter f3;3, the steady state amplitude of the second mode is trivial leading to the
occurrence of the saturation phenomena as shown in Fig. 6(e). For increasing positive values of
the nonlinear parameter f3 14, the steady state amplitude of the second mode is increased and the
system is unstable as shown in Fig. 6(g). The regions of stability are decreased for increasing
values of the nonlinear parameters 5 and 4,. The regions of stability are increased for
increasing values of the nonlinear parameter 85 and the natural frequencies w; and w,.
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Fig. 6. Effects of different parameters on the second mode
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Fig. 7. a), b) Time responses and phase plane of the coupled system respectively;
c¢) Poincare maps of the coupled system respectively; for (A = 3, w; = 2.8, w, =3.25andp = 1)
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Fig. 8. a), b) Time responses and phase plane of the coupled system respectively;
¢) Poincare maps of the coupled system respectively; for (A = 3, w, = 2.8, w, = 3.25and p = 0.4)
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Fig. 9. a), b) Time responses and phase plane of the coupled system respectively;
¢) Poincare maps of the coupled system respectively; for (L = 8.4, w; = 2.8, w, =84 andp = 1)

6. Poincare map

Poincare maps are introduced via example using two-dimensional autonomous systems of
differential equations. They are used extensively to transform complicated behavior in the phase
space to discrete maps in a lower-dimensional space. Poincaré maps are used to determine stability
and plot bifurcation diagrams. By simulating the movement of rotor-seal system (2) and Poincare
mapping, the Fig. 7-9 are obtained. At p = | with the non-resonant rotor-seal system where
Q # w, # w,, there is a period-one harmonic solution, which is depicted as a closed curve in the
phase plane and as and there exist one isolated points on Poincare map as shown in Fig. 7. When
p = 0.4 with the non-resonant rotor-seal system where Q0 # w; # w,, the system becomes chaotic
and quasi-periodic motion appears and a close curve is observed on Poincare map as shown in
Fig. 8. Fig.9 shows that the time response of the rotor-seal system become stable and
quasi-periodic motion appears at p = 1 with the simultaneous sub-harmonic and internal
resonance case ({0 = 3wq, W, = 3w,).

7. Conclusions

Multiple time scale perturbation method is useful to determine approximate solutions for the
coupled nonlinear differential equations describing the rotor-seal system up to and including the
second order approximation. It is quite clear that some of the simultaneous resonance cases are
undesirable in the design of such system as they represent some of the worst behavior of the system.
Both the frequency response equations and the phase-plane technique are applied to study the
stability of the system. The effect of the different parameters of the system is studied numerically.
From the above study the following may be concluded:

1) The amplitude of the first mode is increased to about 30 % of the maximum excitation forces
amplitude p, while the amplitude of the second mode is increased to about 70 % at the
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non-resonant case (0 # w; # w,).

2) The amplitude of the first mode is increased to about 670 % while the amplitude of the
second mode is increased to about 1140 % at resonance case () = w; and w, = 3w,).

3) The amplitude of the first mode is increased to about 670 % while the amplitude of the
second mode is increased to about 570 % at resonance case ({1 = w; and w, = w,).

4) The regions of stability are increased for increasing values of @4, a;4 and a;.

5) For positive values of the nonlinear parameter ;¢ and g, the system become unstable.

6) For increasing values of the nonlinear parameter 5 and 55, the curves are shifted to the
right leading to the occurrence of the jump phenomena, multi-valued.

7) For negative and positive values of the nonlinear parameter f3,3, the steady state amplitude
of the second mode is trivial leading to the occurrence of the saturation phenomena.
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