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Abstract. In this paper, we study the stability of the nonlinear rotor-seal system using Liapunov’s 
first method. The mathematical solutions using multiple scales up to and including second order 
approximations is investigated. We extract all resonance cases from analytical solution and 
investigated. It is quite clear that some of the simultaneous resonance cases are undesirable in the 
design of such system as they represent some of the worst behavior of the system. The effects of 
various parameters on the behavior of the system and stability of the system are investigated 
numerically by response curve. Poincaré maps are used to determine stability and plot bifurcation 
diagrams. 
Keywords: multiple time scale, resonance cases, stability. 

1. Introduction 

Rotating machinery is widely used in engineering. In order to increase the efficiency of rotating 
machinery, the clearance between rotor and stator has been designed to be smaller and smaller, 
however, which leads to a larger possibility of impact-rub. Rubbing may induce the rotor’s 
dynamic instability, blade break, and other serious accidents. Therefore, how to avoid rub and 
how to reduce the harm caused by rubs become an important problem in rotor dynamics. With the 
fast development of society and economy, there is a higher demand of improvement in speed, 
capacity, efficiency and safety reliability in the rotating machinery, such as great power turbo-
generator units, shipboard steam turbines, high speed centrifugal compressors, aeroengine and 
high precision machine. Under some operating conditions, the nonlinear gas exciting force of 
labyrinth seals in the small gap can cause rotating machines to exhibit whirl-whip instability. 
Particular, the gas exciting force in ultra supercritical steam turbine unit shows significant 
influence on the system stability and sometimes can cause disastrous consequences [1]. 

Up to now, lots of researches have been done. However, the experimental research of gas 
exciting vibration in steam turbines is hard to proceed. Many researchers have designed the 
rotor-seal rigs to test the gas exciting force using the similarity theory [2-3]. However, the test 
accuracy is seriously affected by the testing conditions. In these years, computational fluid 
dynamics (CFD) and the computer technology have been developed. Recently, many researchers 
started to use the CFD method to simulate the gas exciting force of the labyrinth seals, and have 
obtained better results of the dynamic characteristics [4-5]. On the other hand, in 1965, Alford [6] 
first derived the formula of the gas exciting force when he researched on the stability of aeroengine. 
Ding and Zhang [7] applied both standard Galerkin method (SGM) and nonlinear Galerkin method 
(NGM) to numerically investigate the lateral vibration of a continuous rotor system with actions 
of oil-film force and seal fluid force. Improvement of the NGM procedure over the SGM 
procedure is discussed and the dynamics of nonlinear rotor system is revealed. Chen et al. [8] 
utilized the incremental harmonic balance method to obtain the solutions of a rotor-seal system, 
where the complicated nonlinearities are handled by the expansion method. Periodic, 
double-periodic and triple-periodic solutions are obtained in excellent agreement with numerical 
results, which shows the validity and efficacy of the proposed solution procedures. 
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Li et al. [9] used the Runge–Kutta method to solve the motion equation of the 
rotor/seal/bearing system. The dynamic characteristics of the rotor/bearing/seal system were 
analyzed with bifurcation diagrams, time-history diagrams, trajectory diagrams, Poincare maps 
and frequency spectrums. The numerical analysis indicates that the seal force and the oil-film 
force influence the nonlinear dynamic characteristics of the rotor system. Zhang and Chen [10] 
investigated analytically and numerically the full annular rub of a typical nonlinear Jeffcott rotor. 
Averaging method is used to find the synchronous response of governing equations. 
Routh-Hurwitz criteria are employed to analyze the stability of synchronous full annular rub 
solution and determine the boundaries of static and Hopf bifurcations. Finally, the response and 
onset condition of reverse dry whip are investigated numerically and at the same time, the 
influences of rotor parameters and rotation speed on the characteristics of the rotor response are 
investigated. Cheng et al. [11] investigated the non-linear dynamic behaviors of a 
rotor-bearing-seal coupled system by using Muszynska’s non-linear seal fluid dynamic force 
model and non-linear oil film force, and the result from the numerical analysis is in agreement 
with the one from the experiment. The bifurcation of the coupled system is analyzed under 
different operating conditions. Ding et al. [12] studied Hopf bifurcation and the self-excited 
vibration with parametric excitation of a single span rotor-seal system, applying the central 
manifold theorem and normal formal form theory. The results showed that non-synchronized whirl 
of the imbalanced rotor can either be a quasi-periodic motion resulting from the Hopf bifurcation 
or a half-frequency whirl from the period doubling bifurcation. Li and Chen [13] investigated the 
1:2 sub-harmonic resonance of the labyrinth seals-rotor system, where the low-frequency 
vibration of steam turbines can be caused by the gas exciting force. The empirical parameters of 
gas exciting force of the Muszynska model are obtained by using the results of computational fluid 
dynamics (CFD). 

Sayed and Mousa [14] investigated the influence of the quadratic and cubic terms on non-linear 
dynamic characteristics of the angle-ply composite laminated rectangular plate with parametric 
and external excitations. The method of multiple time scale perturbation is applied to solve the 
non-linear differential equations describing the system up to and including the second-order 
approximation. Two cases of the sub-harmonic resonances cases in the presence of 1:2 internal 
resonance are considered. The stability of the system is investigated using both frequency response 
equations and phase-plane method. It is quite clear that some of the simultaneous resonance cases 
are undesirable in the design of such system as they represent some of the worst behavior of the 
system. Such cases should be avoided as working conditions for the system. Eissa and Sayed 
[15-17] and Sayed [18] studied the effects of different active controllers on simple and spring 
pendulum at the primary resonance via negative velocity feedback or its square or cubic. Amer 
et al. [19] studied the dynamical system of a twin-tail aircraft, which is described by two coupled 
second order nonlinear differential equations having both quadratic and cubic nonlinearities, 
solved and controlled. The system is subjected to both multi-parametric and multi-external 
excitations. The method of multiple time scale perturbation is applied to solve the nonlinear 
differential equations up to the two order approximations. The stability of the system is 
investigated applying both frequency response equations and phase plane method. Two simple 
active control laws based on the linear negative velocity and acceleration feedback are used. Sayed 
and Hamed [20] studied the response of a two-degree-of-freedom system with quadratic coupling 
under parametric and harmonic excitations. The method of multiple scale perturbation technique 
is applied to solve the non-linear differential equations and obtain approximate solutions up to and 
including the second-order approximations. 

Hamed et al. [21-23] studied USM model subject to multi-external or both multi-external and 
multi-parametric and both multi-external and tuned excitation forces. The model consists of 
multi-degree-of-freedom system consisting of the tool holder and absorbers (tools) simulating 
ultrasonic machining process. The advantages of using multi-tools are to machine different 
materials and different shapes at the same time. This leads to time saving and higher machining 
efficiency. Hamed et al. [24] presented the behavior of the nonlinear string beam coupled system 
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subjected to external, parametric and tuned excitations for case 1:1 internal resonance. The 
stability of the system studied using frequency response equations and phase-plane method. It is 
found from numerical simulations that there are obvious jumping phenomena in the frequency 
response curves. Sayed and Kamel [25, 26] investigated the effect of different controllers on the 
vibrating system and the saturation control of a linear absorber to reduce vibrations due to rotor 
blade flapping motion. The stability of the obtained numerical solution is investigated using both 
phase plane methods and frequency response equations. Sayed et al. [27] investigated the 
non-linear dynamics of a two-degree-of freedom vibration system including quadratic and cubic 
non-linearities subjected to external and parametric excitation forces. There exist multi-valued 
solutions which increase or decrease by the variation of some parameters. The numerical 
simulations show the system exhibits periodic motions and chaotic motions. Sayed and Mousa 
[28] studied an analytical investigation of the nonlinear vibration of a symmetric cross-ply 
composite laminated piezoelectric rectangular plate under parametric and external excitations. 
Their study focused on the case of 1:1:3 primary resonance and internal resonance, and they 
verified the analytical results calculated by the method of multiple time scale by comparing them 
with the numerical results of the modal equations. The obtained results were verified by comparing 
the results of the finite difference method (FDM) and Runge-Kutta (RKM) method. When plotting 
the solutions to some nonlinear problems, the phase space can become overcrowded and the 
underlying structure may become obscured. To overcome these difficulties, a basic tool of 
Poincaré maps was proposed by Henri Poincaré [29] at the end of the nineteenth century. 

2. Model of rotor-seal system 

Assume that such an anisotropic rotor mounts at both rigid ends and rotates in the gas seals, 
and its rotation causes gas rotation and subsequently generates the gas exciting force. Suppose 
that the external force has a rotating character with synchronous frequencies due to the rotor 
unbalance. The mathematical model of the rotor-seal system in the stationary reference 
coordinates (ݕ ,ݔ) as shown in Fig. 1 can be deduced as [13]: ቀܯ +݉ 00 ܯ +݉ቁ൬ݔሷݕሷ൰ + ൬ܦ௫௘ + ܦ ߗߣΩ−2݉ߣ2݉ ௬௘ܦ + ൰ܦ ൬ݔሶݕሶ൰ 						+ ቆܭ௫௘ + ܭ ଶΩଶߣ݉− ܦߗߣ−ܦΩߣ ௬௘ܭ + ܭ ଶΩଶቇߣ݉− ቀݕݔቁ = ൬ ߩ cos(Ωݐ)ܩ + ߩ sin(Ωݐ)൰, (1)

where ܯ is the rotor mass, ݉ is the gas inertia effects, ܭ௫௘, ܭ௬௘, ܦ௫௘, ܦ௬௘ are the stiffness and 
external damping on the ݔ and ݕ directions respectively and ܩ is the gravitation effects of the 
rotor, ߩ is the amplitude of the excitation force. 

a) 
 

b) 
Fig. 1. Model of rotor-seal system 
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3. Mathematical analysis 

The motion equation of a rotor-seal system (1) can be obtained by: ݔሷ + ߱ଵଶݔ = ௫݂(ݔ, ,ݕ ሶݔ , ሶݕ ) + ,(ݐΩ)cosߩ (2a)ݕሷ + ߱ଶଶݕ = ௬݂(ݔ, ,ݕ ሶݔ , ሶݕ ) + ,(ݐΩ)sinߩ (2b)

with initial condition (0)ݔ = ሶ(0)ݔ = (0)ݕ = ሶ(0)ݕ = 0. Where ݔ and ݕ are the displacements of 
the shaft center, ߱ଵ and ߱ଶ the linear natural frequencies in ݕ ,ݔ directions, and Ω the angular 
speed of the rotor, ߩ is the amplitude of the excitation force, ௫݂(ݔ, ,ݕ ሶݔ , ሶݕ ) and ௬݂(ݔ, ,ݕ ሶݔ , ሶݕ ) are 
power series function of the nonlinear force on ݔ and ݕ directions given by: 

௫݂(ݔ, ,ݕ ሶݔ , ሶݕ ) = ݔଵߙ + ሶݔଶߙ + ݕଷߙ + ሶݕସߙ + ଶݔହߙ + ଶݕ଺ߙ + ሶݔݔ଻ߙ + ݕݔ଼ߙ + ሶݕݔଽߙ ݕሶݔଵ଴ߙ+							  + ሶݕݕଵଵߙ + ଷݔଵଶߙ + ଷݕଵଷߙ + ሶݔଶݔଵସߙ + ݕଶݔଵହߙ + ሶݕଶݔଵ଺ߙ + ሶݔଶݕଵ଼ߙ+							 ଶݕݔଵ଻ߙ + ሶݕଶݕଵଽߙ + ሶݔݕݔଶ଴ߙ + ሶݕݕݔଶଵߙ ,௬݂(ݔ, ,ݕ ሶݔ , ሶݕ ) = ݔଵߚ + ሶݔଶߚ + ݕଷߚ + ሶݕସߚ + ଶݔହߚ + ଶݕ଺ߚ + ሶݔݔ଻ߚ + ݕݔ଼ߚ + ሶݕݔଽߚ ݕሶݔଵ଴ߚ+							  + ሶݕݕଵଵߚ + ଷݔଵଶߚ + ଷݕଵଷߚ + ሶݔଶݔଵସߚ + ݕଶݔଵହߚ + ሶݕଶݔଵ଺ߚ + ሶݔଶݕଵ଼ߚ+							 ଶݕݔଵ଻ߚ + ሶݕଶݕଵଽߚ + ሶݔݕݔଶ଴ߚ + ሶݕݕݔଶଵߚ . 
All coefficient of ߙ௜, ߚ௜ are defined in [13]. The linear, non-linear coefficients and excitation 

amplitude are assumed to be: ߙ௡ = ௡ߚ			,ො௡ߙ ߝ = መ௡ߚ ߝ , ߩ = ߝ ,ොߩ ݊ = 1, 2, . . . ,21, (3)

where ߝ is a small perturbation parameter and 0 < ߝ << 1. 
To consider the influence of the quadratic and cubic terms on non-linear dynamic 

characteristics of the non-linear rotor-seal system, we need to obtain the second-order approximate 
solution of Eqs. (2). We determine a second-order approximation for the system response by the 
method of multiple scales [30-31], which is a powerful tool in determining periodic solutions of 
small amplitude. For the second-order approximation, introducing three time scales: 

௡ܶ = ݊			,ݐ௡ߝ = 0, 1, 2. (4)

We seek an asymptotic solution of Eqs. (2) for ݔ and ݕ in the form of: (ߝ ,ݐ)ݔ = )଴ݔ ଴ܶ,  ଵܶ,  ଶܶ) + ߝ )ଵݔ ଴ܶ, ଵܶ, ଶܶ) + ଶߝ )ଶݔ ଴ܶ, ଵܶ, ଶܶ) + ,(ଷߝ)ܱ (ߝ ,ݐ)ݕ(5) = )଴ݕ  ଴ܶ,  ଵܶ,  ଶܶ) + ߝ )ଵݕ ଴ܶ, ଵܶ, ଶܶ) + ଶߝ )ଶݕ ଴ܶ, ଵܶ, ଶܶ) + .(ଷߝ)ܱ (6)

Derivatives with respect to ݐ are then transformed into: ݀݀ݐ = ߲߲ܶ଴ ߲ ଴߲ܶݐ + ߲߲ܶଵ ߲ ଵ߲ܶݐ + ߲߲ܶଶ ߲ ଶ߲ܶݐ = ଴ܦ + ଵܦߝ + ଶߝ ଶܦ , (7)݀ଶ݀ݐଶ = ଴ଶܦ + ଵܦ ଴ܦߝ2 + ଵଶܦ)ଶߝ + (ଶܦ଴ܦ2 , (8)

where ܦ௡ = ߲ ߲ ௡ܶ⁄ , ݊ = 0, 1, 2. Terms of ܱ(ߝଷ) and higher orders are neglected. Substituting 
Eqs. (5)-(6) and (7)-(8) into Eqs. (2) and equating the coefficients of similar powers of ߝ, one 
obtains the following set of ordinary differential equations: 

Order ߝ଴: (ܦ଴ଶ + ߱ଵଶ) ݔ଴ = 0,	 ଴ଶܦ)(9) + ߱ଶଶ) ݕ଴ = 0.	 (10)
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Order ߝଵ: (ܦ଴ଶ + ߱ଵଶ) ݔଵ = ଴ݔଵܦ଴ܦ2− + ଴ݔොଵߙ + ଴ݔ଴ܦොଶߙ + ଴ݕොଷߙ + ଴ݕ଴ܦොସߙ + ଴ଶݔොହߙ + ଴ݔ଴ܦ଴ݔො଻ߙ+							 ଴ଶݕො଺ߙ + ଴ݕ଴ݔො଼ߙ + ଴ݕ଴ܦ଴ݔොଽߙ + ଴ݔ଴ܦ଴ݕොଵ଴ߙ + ଴ݕ଴ܦ଴ݕොଵଵߙ + ଴ଷݔොଵଶߙ + ଴ݔ଴ܦ଴ଶݔොଵସߙ+							 ଴ଷݕොଵଷߙ + ଴ݕ଴ଶݔොଵହߙ + ଴ݕ଴ܦ଴ଶݔොଵ଺ߙ + ଴ଶݕ଴ݔොଵ଻ߙ + ଴ݔ଴ܦ଴ଶݕොଵ଼ߙ + ଴ݔ଴ܦ଴ݕ଴ݔොଶ଴ߙ+							 ଴ݕ଴ܦ଴ଶݕොଵଽߙ + ଴ݕ଴ܦ଴ݕ଴ݔොଶଵߙ + ,(ݐΩ)ොcosߩ (11)

଴ଶܦ) + ߱ଶଶ) ݕଵ = ଴ݕଵܦ଴ܦ2− + ଴ݔመଵߚ + ଴ݔ଴ܦመଶߚ + ଴ݕመଷߚ + ଴ݕ଴ܦመସߚ + ଴ଶݔመହߚ + ଴ݔ଴ܦ଴ݔመ଻ߚ+							 ଴ଶݕመ଺ߚ + ଴ݕ଴ݔመ଼ߚ + ଴ݕ଴ܦ଴ݔመଽߚ + ଴ݔ଴ܦ଴ݕመଵ଴ߚ + ଴ݕ଴ܦ଴ݕመଵଵߚ + ଴ଷݔመଵଶߚ + ଴ݔ଴ܦ଴ଶݔመଵସߚ+							 ଴ଷݕመଵଷߚ + ଴ݕ଴ଶݔመଵହߚ + ଴ݕ଴ܦ଴ଶݔመଵ଺ߚ + ଴ଶݕ଴ݔመଵ଻ߚ + ଴ݔ଴ܦ଴ଶݕመଵ଼ߚ + ଴ݔ଴ܦ଴ݕ଴ݔመଶ଴ߚ+							 ଴ݕ଴ܦ଴ଶݕመଵଽߚ + ଴ݕ଴ܦ଴ݕ଴ݔመଶଵߚ + .(ݐΩ)ොsinߩ (12)

Order ߝଶ: (ܦ଴ଶ + ߱ଵଶ) ݔଶ = ଵݔଵଶܦ− − ଴ݔଶܦ଴ܦ2 − ଵݔଵܦ଴ܦ2 + ଵݔොଵߙ + ଵݔ଴ܦ)ොଶߙ + (଴ݔଵܦ + ଵݕ଴ܦ)ොସߙ+							 ଵݕොଷߙ + (଴ݕଵܦ + ଵݔ଴ݔොହߙ2 + ଵݕ଴ݕො଺ߙ2 + ଴ݔ଴ܦଵݔො଻ߙ + ଵݔ଴ܦ)଴ݔො଻ߙ + ଵݕ଴ݔ)ො଼ߙ+							 (଴ݔଵܦ + (଴ݕଵݔ + ଴ݕ଴ܦଵݔොଽߙ + ଵݕ଴ܦ)଴ݔොଽߙ + (଴ݕଵܦ + ଵݔ଴ܦ)଴ݕොଵ଴ߙ+							 ଴ݔ଴ܦଵݕොଵ଴ߙ + (଴ݔଵܦ + ଴ݕ଴ܦଵݕොଵଵߙ + ଵݕ଴ܦ)଴ݕොଵଵߙ + (଴ݕଵܦ + ଵݕ଴ଶݕොଵଷߙ+3							 ଵݔ଴ଶݔොଵଶߙ3 + ଴ݔ଴ܦଵݔ଴ݔොଵସߙ2 + ଵݔ଴ܦ)଴ଶݔොଵସߙ + (଴ݔଵܦ + ଵݕ଴ଶݔොଵହߙ + ଴ݕ଴ܦଵݔ଴ݔොଵ଺ߙ+2							 ଵݔ଴ݕ଴ݔොଵହߙ2 + ଵݕ଴ܦ)଴ଶݔොଵ଺ߙ + (଴ݕଵܦ + ଴ݔଵݕ଴ݕොଵ଻ߙ2 + ଵݔ଴ଶݕොଵ଻ߙ + ଵݔ଴ܦ)଴ଶݕොଵ଼ߙ+							 ଴ݔ଴ܦଵݕ଴ݕොଵ଼ߙ2 + (଴ݔଵܦ + ଵݕ଴ܦ)଴ଶݕොଵଽߙ + (଴ݕଵܦ + ଵݔ଴ܦ)଴ݕ଴ݔොଶ଴ߙ+							 ଴ݕ଴ܦଵݕ଴ݕොଵଽߙ2 + (଴ݔଵܦ + ଵݕ଴ݔොଶ଴ߙ) + ଴ݔ଴ܦ(଴ݕଵݔොଶ଴ߙ + ଵݕ଴ܦ)଴ݕ଴ݔොଶଵߙ + ଵݕ଴ݔොଶଵߙ)+							 (଴ݕଵܦ + ,଴ݕ଴ܦ(଴ݕଵݔොଶଵߙ
(13)

଴ଶܦ) + ߱ଶଶ) ݕଶ = ଵݕଵଶܦ− − ଴ݕଶܦ଴ܦ2 − ଵݕଵܦ଴ܦ2 + ଵݔመଵߚ + ଵݔ଴ܦ)መଶߚ + (଴ݔଵܦ + ଵݕ଴ܦ)መସߚ+							 ଵݕመଷߚ + (଴ݕଵܦ + ଵݔ଴ݔመହߚ2 + ଵݕ଴ݕመ଺ߚ2 + ଴ݔ଴ܦଵݔመ଻ߚ + ଵݔ଴ܦ)଴ݔመ଻ߚ + ଵݕ଴ݔ)መ଼ߚ+							 (଴ݔଵܦ + (଴ݕଵݔ + ଴ݕ଴ܦଵݔመଽߚ + ଵݕ଴ܦ)଴ݔመଽߚ + (଴ݕଵܦ + ଵݔ଴ܦ)଴ݕመଵ଴ߚ+							 ଴ݔ଴ܦଵݕመଵ଴ߚ + (଴ݔଵܦ + ଴ݕ଴ܦଵݕመଵଵߚ + ଵݕ଴ܦ)଴ݕመଵଵߚ + (଴ݕଵܦ + ଵݕ଴ଶݕመଵଷߚ+3							 ଵݔ଴ଶݔመଵଶߚ3 + ଴ݔ଴ܦଵݔ଴ݔመଵସߚ2 + ଵݔ଴ܦ)଴ଶݔመଵସߚ + (଴ݔଵܦ + ଵݕ଴ଶݔመଵହߚ + ଴ݕ଴ܦଵݔ଴ݔመଵ଺ߚ+2							 ଵݔ଴ݕ଴ݔመଵହߚ2 + ଵݕ଴ܦ)଴ଶݔመଵ଺ߚ + (଴ݕଵܦ + ଴ݔଵݕ଴ݕመଵ଻ߚ2 + ଵݔ଴ଶݕመଵ଻ߚ + ଵݔ଴ܦ)଴ଶݕመଵ଼ߚ+							 ଴ݔ଴ܦଵݕ଴ݕመଵ଼ߚ2 + (଴ݔଵܦ + ଵݕ଴ܦ)଴ଶݕመଵଽߚ + (଴ݕଵܦ + ଵݔ଴ܦ)଴ݕ଴ݔመଶ଴ߚ+							 ଴ݕ଴ܦଵݕ଴ݕመଵଽߚ2 + (଴ݔଵܦ + ൫ߚመଶ଴ݔ଴ݕଵ + ଴ݔ଴ܦ଴൯ݕଵݔመଶ଴ߚ + ଵݕ଴ܦ)଴ݕ଴ݔመଶଵߚ + ଵݕ଴ݔመଶଵߚ+൫							 ଴)ݕଵܦ + .଴ݕ଴ܦ଴൯ݕଵݔመଶଵߚ
(14)

The general solutions of Eqs. (9)-(10), can be written in the form: ݔ଴ =  )ଵܣ ଵܶ,  ଶܶ) exp(݅߱ଵ ଴ܶ) + ܿܿ, ଴ݕ(15) =  )ଶܣ ଵܶ,  ଶܶ) exp(݅߱ଶ ଴ܶ) + ܿܿ, (16)

where ܣଵ and ܣଶ are a complex function in ଵܶ, ଶܶ and ܿܿ indicates the complex conjugates of the 
preceding terms. Substituting Eqs. (15)-(16) into Eqs. (11)-(12) and after eliminating the secular 
terms, the non-homogeneous solutions of Eqs. (11)-(12) are:  ݔଵ =  ଵexp (2݅߱ଵܧ ଴ܶ) + ଶexpܧ (3݅߱ଵ ଴ܶ) + ଷexpܧ (݅߱ଶ ଴ܶ) + ସexpܧ (2݅߱ଶ ଴ܶ) 						+ܧହexp (3݅߱ଶ  ଴ܶ) + ଺expܧ (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ଻expܧ (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 						+଼ܧexp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ߗ݅)ଽexpܧ ଴ܶ) + ଵ଴ܧ + ܿܿ, ଵݕ (17) =  ଵଵexp (݅߱ଵܧ ଴ܶ) + ଵଶexpܧ (2݅߱ଵ ଴ܶ) + ଵଷexp (3݅߱ଵܧ ଴ܶ) + ଵସexpܧ (2݅߱ଶ ଴ܶ) 						+ܧଵହexp (3݅߱ଶ  ଴ܶ) + ଵ଺expܧ (݅(߱ଵ ± ߱ଶ) ଴ܶ) + ଵ଻expܧ (݅(߱ଵ ± 2߱ଶ) ଴ܶ) 						+ܧଵ଼exp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ߗ݅)ଵଽexpܧ ଴ܶ) + ଶ଴ܧ + ܿܿ, (18)

where ܧ௜  (݅ = 1, 2, ...,	20) are complex functions in ଵܶ  and ଶܶ . Substituting Eqs. (15)-(18) into 
Eqs. (13)-(14) and after eliminating the secular terms, the non-homogeneous solutions of 
Eqs. (13)-(14) are: 
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ଶݔ  =  ଵexp (2݅߱ଵܪ ଴ܶ) + ଶexpܪ (3݅߱ଵ ଴ܶ) + ଷexpܪ (4݅߱ଵ ଴ܶ) + ସexpܪ (5݅߱ଵ ଴ܶ)	 						+ܪହexp (݅߱ଶ  ଴ܶ) + ଺expܪ (2݅߱ଶ ଴ܶ) + ଻exp (3݅߱ଶܪ ଴ܶ) + exp଼ܪ (4݅߱ଶ ଴ܶ) 						+ܪଽexp (5݅߱ଶ  ଴ܶ) + ଵ଴exp (݅(߱ଵܪ ± ߱ଶ) ଴ܶ) + ଵଵexp (݅(߱ଵܪ ± 2߱ଶ) ଴ܶ) 						+ܪଵଶexp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ଵଷexp (݅(2߱ଵܪ ± 2߱ଶ) ଴ܶ) + ଵସexp (݅(߱ଵܪ ± 3߱ଶ) ଴ܶ) 						+ܪଵହexp (݅(߱ଵ ± 4߱ଶ) ଴ܶ) + ଵ଺exp (݅(2߱ଵܪ ± 3߱ଶ) ଴ܶ) + ଵ଻exp (݅(3߱ଵܪ ± 2߱ଶ) ଴ܶ) 						+ܪଵ଼exp (݅(3߱ଵ ± ߱ଶ) ଴ܶ) + ଵଽexp (݅(4߱ଵܪ ± ߱ଶ) ଴ܶ) + ଶ଴exp(݅Ωܪ ଴ܶ) 						+ܪଶଵexp(2݅Ω ଴ܶ) + ଶଶexp(3݅Ωܪ ଴ܶ) + ଶଷexp(4݅Ωܪ ଴ܶ) + ଶସexp(5݅Ωܪ ଴ܶ) 						+ܪଶହexp (݅(߱ଵ ± Ω) ଴ܶ) + ଶ଺exp (݅(2߱ଵܪ ± Ω) ଴ܶ) + ଶ଻exp (݅(߱ଵܪ ± 2Ω) ଴ܶ) 						+ܪଶ଼exp (݅(߱ଵ ± 3Ω) ଴ܶ) + ଶଽexp (݅(߱ଵܪ ± 4Ω) ଴ܶ) + ଷ଴exp (݅(2߱ଵܪ ± 2Ω) ଴ܶ) 						+ܪଷଵexp (݅(2߱ଵ ± 3Ω) ଴ܶ) + ଷଶexp (݅(3߱ଵܪ ± Ω) ଴ܶ) + ଷଷexp (݅(3߱ଵܪ ± 2Ω) ଴ܶ) 						+ܪଷସexp (݅(4߱ଵ ± Ω) ଴ܶ) + ଷହexp (݅(߱ଶܪ ± Ω) ଴ܶ) + ଷ଺exp (݅(2߱ଶܪ ± Ω) ଴ܶ) 						+ܪଷ଻exp (݅(߱ଶ ± 2Ω) ଴ܶ) + ଷ଼exp (݅(2߱ଶܪ ± 2Ω) ଴ܶ) + ଷଽexp (݅(2߱ଶܪ ± 3Ω) ଴ܶ) 						+ܪସ଴exp (݅(߱ଶ ± 3Ω) ଴ܶ) + ସଵexp (݅(߱ଶܪ ± 4Ω) ଴ܶ) + ସଶexp (݅(3߱ଶܪ ± 2Ω) ଴ܶ) 						+ܪସଷexp (݅(3߱ଶ ± Ω) ଴ܶ) + ସସexp (݅(4߱ଶܪ ± Ω) ଴ܶ) + ସହexp (݅(2߱ଵܪ ± ߱ଶ ± Ω) ଴ܶ) 						+ܪସ଺exp (݅(߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ସ଻exp (݅(߱ଵܪ ± ߱ଶ ± 2Ω) ଴ܶ) 						+ܪସ଼exp (݅(3߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ସଽexp (݅(߱ଵܪ ± 3߱ଶ ± Ω) ଴ܶ) 						+ܪହ଴exp (݅(߱ଵ ± ߱ଶ ± 3Ω) ଴ܶ)Ω) ଴ܶ) + ହଵexpܪ (݅(2߱ଵ ± 2߱ଶ ± Ω) ଴ܶ) 						+ܪହଶexp (݅(2߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) + ହଷexpܪ (݅(߱ଵ ± 2߱ଶ ± 2Ω) ଴ܶ) + ହସܪ + ܿܿ,	

(19)

 ଶݕ  =  ଵexp (݅߱ଵܩ ଴ܶ) + ଶexpܩ (2݅߱ଵ ଴ܶ) + ଷexpܩ (3݅߱ଵ ଴ܶ) + ସexpܩ (4݅߱ଵ ଴ܶ) 						+ܩହexp (5݅߱ଵ  ଴ܶ) + ଺expܩ (2݅߱ଶ ଴ܶ) + ଻expܩ (3݅߱ଶ ଴ܶ) + exp଼ܩ (4݅߱ଶ ଴ܶ) 						+ܩଽexp (5݅߱ଶ  ଴ܶ) + ଵ଴exp (݅(߱ଵܩ ± ߱ଶ) ଴ܶ) + ଵଵexp (݅(߱ଵܩ ± 2߱ଶ) ଴ܶ) 						+ܩଵଶexp (݅(2߱ଵ ± ߱ଶ) ଴ܶ) + ଵଷexp (݅(2߱ଵܩ ± 2߱ଶ) ଴ܶ) + ଵସexp (݅(߱ଵܩ ± 3߱ଶ) ଴ܶ) 						+ܩଵହexp (݅(߱ଵ ± 4߱ଶ) ଴ܶ) + ଵ଺exp (݅(2߱ଵܩ ± 3߱ଶ) ଴ܶ) + ଵ଻exp (݅(3߱ଵܩ ± 2߱ଶ) ଴ܶ) 						+ܩଵ଼exp (݅(3߱ଵ ± ߱ଶ) ଴ܶ) + ଵଽexp (݅(4߱ଵܩ ± ߱ଶ) ଴ܶ) + ଶ଴exp(݅Ωܩ ଴ܶ) 						+ܩଶଵexp(2݅Ω ଴ܶ) 	+ ଶଶexp(3݅Ωܩ ଴ܶ) + ଶଷexp(4݅Ωܩ ଴ܶ) + ଶସexp(5݅Ωܩ ଴ܶ) 						+ܩଶହexp (݅(߱ଵ ± Ω) ଴ܶ) + ଶ଺exp (݅(2߱ଵܩ ± Ω) ଴ܶ) + ଶ଻exp (݅(߱ଵܩ ± 2Ω) ଴ܶ) 						+ܩଶ଼exp (݅(߱ଵ ± 3Ω) ଴ܶ) + ଶଽexp (݅(߱ଵܩ ± 4Ω) ଴ܶ) + ଷ଴exp (݅(2߱ଵܩ ± 2Ω) ଴ܶ) 						+ܩଷଵexp (݅(2߱ଵ ± 3Ω) ଴ܶ) + ଷଶexp (݅(3߱ଵܩ ± Ω) ଴ܶ) + ଷଷexp (݅(3߱ଵܩ ± 2Ω) ଴ܶ) 						+ܩଷସexp (݅(4߱ଵ ± Ω) ଴ܶ) + ଷହexp (݅(߱ଶܩ ± Ω) ଴ܶ) + ଷ଺exp (݅(2߱ଶܩ ± Ω) ଴ܶ) 						+ܩଷ଻exp (݅(߱ଶ ± 2Ω) ଴ܶ) + ଷ଼exp (݅(2߱ଶܩ ± 2Ω) ଴ܶ) + ଷଽexp (݅(2߱ଶܩ ± 3Ω) ଴ܶ) 						+ܩସ଴exp (݅(߱ଶ ± 3Ω) ଴ܶ) + ସଵexp (݅(߱ଶܩ ± 4Ω) ଴ܶ) + ସଶexp (݅(3߱ଶܩ ± 2Ω) ଴ܶ) 						+ܩସଷexp (݅(3߱ଶ ± Ω) ଴ܶ) + ସସexp (݅(4߱ଶܩ ± Ω) ଴ܶ) + ସହexp (݅(2߱ଵܩ ± ߱ଶ ± Ω) ଴ܶ) 						+ܩସ଺exp (݅(߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ସ଻exp (݅(߱ଵܩ ± ߱ଶ ± 2Ω) ଴ܶ) 						+ܩସ଼exp (݅(3߱ଵ ± ߱ଶ ± Ω) ଴ܶ) + ସଽexp (݅(߱ଵܩ ± 3߱ଶ ± Ω) ଴ܶ) 						+ܩହ଴exp (݅(߱ଵ ± ߱ଶ ± 3Ω) ଴ܶ)Ω) ଴ܶ) + ହଵexpܩ (݅(2߱ଵ ± 2߱ଶ ± Ω) ଴ܶ) 						+ܩହଶexp (݅(2߱ଵ ± ߱ଶ ± 2Ω) ଴ܶ) + ହଷexpܩ (݅(߱ଵ ± 2߱ଶ ± 2Ω) ଴ܶ) + ହସܩ + ܿܿ,	

(20)

where ܪ௜ ௜ܩ ,  ( ݅ = 1, 2, ...,	54) are complex functions in ଵܶ  and ଶܶ . From the above derived 
solutions, the reported resonance cases are: 

• Primary resonance:	Ω ≅ ߱௡, ݊ = 1, 2. 
• Sub-harmonic resonance: Ω ≅ ݇߱௡, ݇ =	2, 3, 4, 5 and ݊ = 1, 2. 
• Super-harmonic resonance: ݇Ω ≅ ߱௡, 3Ω ≅ 2߱௡, 2Ω ≅ 3߱௡, ݇ =	2, 3, 4, 5 and ݊ = 1, 2.  
Internal or secondary resonance: ߱ଵ ≅ ଶ, ߱ଶ߱ ݏ ≅ ଵ, 2߱ଵ߱ ݏ ≅ 3 ߱ଶ, 3߱ଵ ≅ 2 ߱ଶݏ =	2, 3, 4, 

5. 
• Combined resonance: ߱ଵ ≅ ±݉ ߱ଶ ± Ω,  ߱ଵ ≅ ± ߱ଶ ± ,Ω ݎ  ߱ଵ ≅ ±2߱ଶ ± 2Ω,  ߱ଵ ≅ ±2߱ଶ ± 3Ω,  	߱ଵ ≅ ±3߱ଶ ± 2Ω,  2߱ଵ ≅ ଶ߱ ݍ± ± Ω,  2߱ଵ ≅ ± ߱ଶ ± Ω,  3߱ଵ ݌ ≅ ± ݊ ߱ଶ ±  Ω,  3߱ଵ ≅ ±  ߱ଶ ± 2 Ω,  4߱ଵ ≅ ± ߱ଶ ±  Ω,  ݉ =	 ݎ ,4 ,3 ,2 ,1 = ݍ  ,4 ,3 ,2 ݌ ,3 ,2 ,1	= =	2, 3, ݊ = 1, 2. 
• Simultaneous or incident resonance. 
Any combination of the above resonance cases is considered as simultaneous resonance. 
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4. Stability analysis 

To describe quantitatively the closeness of the resonances, we introduce the detuning 
parameters ߪଵ and ߪଶ according to: Ω	 = ߱ଵ + ߱ଶ			ଵ,ߪߝ = 3߱ଵ + .ଶߪߝ (21)

Substituting Eq. (21) into Eqs. (11)-(12) and eliminating the secular and small divisor terms 
from ݔଵ and ݕଵ, we get the following: 2݅߱ଵܦଵܣ = ොଵߙ) + ܣ(ොଶ߱ଵߙ݅ + ሾ2݅ߙොଵ଼߱ଵ + ܣതܤܤොଵ଻ሿߙ2  							+ሾߙොଵହ + ොଵ଺߱ଶߙ݅ − ଶܣොଶ଴߱ଵሿ̅ߙ݅ ܤ exp(݅ߪଶ ଵܶ) + ሾ3ߙොଵଶ + ܣଶ̅ܣොଵସ߱ଵሿߙ݅ + ො2ߩ exp(݅ߪଵ ଵܶ),	 (22)2݅߱ଶܦଵܤ = ൫ߚመଷ + ܤመସ߱ଶ൯ߚ݅ + መଵଷߚ3ൣ + തܤଶܤመଵଽ߱ଶ൧ߚ݅ መଵହߚ2ൣ+							  + ܤܣ̅ܣመଵ଺߱ଶ൧ߚ2݅ + መଵଶߚൣ + ଶߪ݅−)ଷexpܣመଵସ߱ଵ൧ߚ݅ ଵܶ). (23)

To analyze the solution of Eqs. (22)-(23), it is convenient to express the ܣ( ଵܶ) and ܤ( ଵܶ) in 
the polar form as: 

 )ܣ ଵܶ) = 12ܽ(  ଵܶ) ݁൫௜ఊభ( భ்)൯, )ܤ ଵܶ) = 12 ܾ( ଵܶ) ݁൫௜ఊమ( భ்)൯, (24)

where ܽ, ܾ, ߛଵ and ߛଶ are unknown real-valued functions. Inserting Eq. (24) into Eqs. (22)-(23) 
and separating real and imaginary parts, we have: ܽᇱ = ଶ2ߙ ܽ + ଵସ8ߙ ܽଷ + ଵ଼4ߙ ܽ ܾଶ + ଵହ8߱ଵߙ ܽଶܾsinߠଶ + ൬ߙଵ଺߱ଶ − ଶ଴߱ଵ8߱ଵߙ ൰ ܽଶܾcosߠଶ 						+ 2߱ଵߩ sinߠଵ,	 (25)

ଵᇱߛ ܽ = − ଵ2߱ଵߙ ܽ − ଵଶ8߱ଵߙ3 ܽଷ − ଵ଻4߱ଵߙ ܾܽଶ − ଵହ8߱ଵߙ ܽଶܾcosߠଶ + ൬ߙଵ଺߱ଶ − ଶ଴߱ଵ8߱ଵߙ ൰ܽଶܾsinߠଶ 						− 2߱ଵߩ cosߠଵ,	 (26)

ܾᇱ = ସ2ߚ ܾ + ଵଽ8ߚ ܾଷ + ଵ଺4ߚ ܽଶܾ − ଵଶ8߱ଶߚ ܽଷsinߠଶ + ଵସ߱ଵ8߱ଶߚ ܽଷcosߠଶ, ଶᇱߛܾ(27) = − ଷ2߱ଶߚ ܾ − ଵଷ8߱ଶߚ3 ܾଷ − ଵହ4߱ଶߚ ܽଶܾ − ଵଶ8߱ଶߚ ܽଷcosߠଶ − ଵସ߱ଵ8߱ଶߚ ܽଷsinߠଶ, (28)

where: ߠଵ =  ଵߪ ଵܶ − ଶߠ				,ଵߛ = ଶߪ ଵܶ + ଶߛ − .ଵߛ3 (29)

Then, it follows from Eq. (29) that: ߛଵᇱ = ଵߪ − ଵᇱߠ ,	 ଶᇱߛ(30) = ଵߪ3 − ଶߪ + ଶᇱߠ − ଵᇱߠ3 . (31)

The control strategy is evaluated by analyzing the steady state response of the closed-loop 
system. Setting ܽᇱ = ܾᇱ = 0 and ߠ௠ᇱ = 0 (݉ = 1, 2) into Eqs. (25)-(28) we obtained: 
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ଶ2ߙ ܽ + ଵସ8ߙ ܽଷ + ଵ଼4ߙ ܽ ܾଶ + ଵହ8߱ଵߙ ܽଶܾsinߠଶ +൬ߙଵ଺߱ଶ − ଶ଴߱ଵ8߱ଵߙ ൰ܽଶܾcosߠଶ + 2߱ଵߩ sinߠଵ = 0, (32)

ଵߪ ܽ + ଵ2߱ଵߙ ܽ + ଵଶ8߱ଵߙ3 ܽଷ + ଵ଻4߱ଵߙ ܾܽଶ + ଵହ8߱ଵߙ ܽଶܾcosߠଶ − ൬ߙଵ଺߱ଶ − ଶ଴߱ଵ8߱ଵߙ ൰ ܽଶܾsinߠଶ 						+ 2߱ଵߩ cosߠଵ = 0, (33)

ସ2ߚ ܾ + ଵଽ8ߚ ܾଷ + ଵ଺4ߚ ܽଶܾ − ଵଶ8߱ଶߚ ܽଷsinߠଶ + ଵସ߱ଵ8߱ଶߚ ܽଷcosߠଶ = 0, ଵߪ3) ܾ(34) − (ଶߪ + ଷ2߱ଶߚ ܾ + ଵଷ8߱ଶߚ3 ܾଷ + ଵହ4߱ଶߚ ܽଶܾ + ଵଶ8߱ଶߚ ܽଷcosߠଶ + ଵସ߱ଵ8߱ଶߚ ܽଷsinߠଶ = 0.	 (35)

Solving the resulting algebraic equations yields two possibilities for the fixed points for each 
case. 

Case 1: In this case ܽ ≠	0, ܾ =	0 and from Eqs. (32)-(35), the frequency response equation can 
be obtained in the form: 

ቀߙଶ2 ܽ + ଵସ8ߙ ܽଷቁଶ + ൬ܽߪଵ + ଵ2߱ଵߙ ܽ + ଵଶ8߱ଵߙ3 ܽଷ൰ଶ − ଶ4ߩ ଵ߱ଶ = 0. (36)

Case 2: In this case ܽ, ܾ ≠	0 and from Eqs. (32)-(35), the resulting two equations are: 

ቀߙଶ2 ܽ + ଵସ8ߙ ܽଷ + ଵ଼4ߙ ܽ ܾଶቁଶ + ൬ܽߪଵ + ଵ2߱ଵߙ ܽ + ଵଶ8߱ଵߙ3 ܽଷ + ଵ଻4߱ଵߙ ܽ ܾଶ൰ଶ − ൬ߙଵହ8߱ଵ ܽଶܾ൰ଶ 						− ଶ4ߩ ଵ߱ଶ − ൬ߙଵ଺߱ଶ − ଶ଴߱ଵ8߱ଵߙ ൰ଶ ܽସܾଶ − ଵହߙ 8ߩ ଵ߱ଶ ܽଶܾcos(ߠଶ − (ଵߠ = 0, (37)

൬ߚସ2 ܾ + ଵଽ8ߚ ܾଷ + ଵ଺4ߚ ܽଶܾ൰ଶ + ൬ܾ ଵߪ3) − (ଶߪ + ଷ2߱ଶߚ ܾ + ଵଷ8߱ଶߚ3 ܾଷ + ଵହ4߱ଶߚ ܽଶܾ൰ଶ 						− ൬ ଵଶ8߱ଶ൰ଶߚ ܽ଺ − ൬ߚଵସ߱ଵ8߱ଶ ൰ଶ ܽ଺ = 0. (38)

4.1. Non-linear solution 
 

To determine the stability of the fixed points, one lets: ܽ = ܽ଴ + ܽଵ,			ܾ = ܾ଴ + ܾଵ, ௠ߠ = ௠଴ߠ + ,௠ଵߠ 	݉ = 1, 2, (39)

where ܽ଴, ܾ଴ and ߠ௠଴ are the solutions of Eqs. (32)-(35) and ܽଵ, ܾଵ, ߠ௠ଵ are perturbations which 
are assumed to be small compared to ܽ଴, ܾ଴ and ߠ௠଴. Substituting Eq. (39) into Eqs. (25)-(28), 
using Eqs. (32)-(35) and keeping only the linear terms in ܽଵ, ܾଵ, ߠ௠ଵ we obtain: 

1) For the solution (ܽ ≠	0, ܾ =	0), we have: 

ܽଵᇱ = ൬ߙଶ2 + ଵସ8ߙ3 ܽ଴ଶ൰ ܽଵ + ൬ 2߱ଵߩ cosߠଵ଴൰ ,ଵଵߠ ଵଵᇱߠ(40) = ൬ߪଵܽ଴ + ଵ2߱ଵܽ଴ߙ + ଵଶ8߱ଵߙ9 ܽ଴൰ ܽଵ − ൬ 2ܽ଴߱ଵߩ sinߠଵ଴൰ .ଵଵߠ (41)

The stability of a given fixed point to a disturbance proportional to exp(ݐߣ) is determined by 
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the roots of: 

ܣ = ێێۏ
ۍ ଶ2ߙ + ଵସ8ߙ3 ܽ଴ଶ         2߱ଵߩ cosߠଵ଴ߪଵܽ଴ + ଵ2߱ଵܽ଴ߙ + ଵଶܽ଴8߱ଵߙ9        − 2ܽ଴߱ଵߩ sinߠଵ଴ ۑۑے

	.ې (42)

Consequently, a non-trivial solution is stable if and only if the real parts of both eigenvalues 
of the coefficient matrix Eq. (42) are less than zero. Solid / dotted lines denote stable / unstable 
solution on the response curves, respectively. 

2) For the practical solution (ܽ, ܾ ≠	0), the following are obtained: 

ܽଵᇱ = ቆߙଶ2 + ଵସ8ߙ3 ܽ଴ଶ + ଵ଼4ߙ ܾ଴ଶ + ଵହ4߱ଵߙ ܽ଴ܾ଴sinߠଶ଴ + ଵ଺߱ଶߙ) − ଶ଴߱ଵ)4߱ଵߙ ܽ଴ܾ଴cosߠଶ଴ቇ ܽଵ 						+ ൬ 2߱ଵߩ cosߠଵ଴൰ ଵଵߠ + ቆߙଵ଼2 ܽ଴ܾ଴ + ଵହ8߱ଵߙ ܽ଴ଶsinߠଶ଴ + ଵ଺߱ଶߙ) − ଶ଴߱ଵ)8߱ଵߙ ܽ଴ଶcosߠଶ଴ቇ ܾଵ 						+ ቆߙଵହ8߱ଵ ܽ଴ଶܾ଴cosߠଶ଴ − ଵ଺߱ଶߙ) − ଶ଴߱ଵ)8߱ଵߙ ܽ଴ଶܾ଴sinߠଶ଴ቇߠଶଵ,
(43)

ଵଵᇱߠ = ۈۉ
ଵܽ଴ߪۇ + ଵ2߱ଵܽ଴ߙ + ଵଶ8߱ଵߙ9 ܽ଴ + ଵ଻4߱ଵܽ଴ߙ ܾ଴ଶ + ଵହ4߱ଵߙ ܾ଴cosߠଶ଴− ଵ଺߱ଶߙ) − ଶ଴߱ଵ)4߱ଵߙ ܾ଴sinߠଶ଴ ۋی

ۊ  ܽଵ 

−  ൬ 2ܽ଴߱ଵߩ sinߠଵ଴൰ ଵଵߠ + ቆߙଵ଻2߱ଵ ܾ଴ + ଵହ8߱ଵߙ ܽ଴cosߠଶ଴ − ଵ଺߱ଶߙ) − ଶ଴߱ଵ)8߱ଵߙ ܽ଴sinߠଶ଴ቇ ܾଵ −  ቆߙଵହ8߱ଵ ܽ଴ܾ଴sinߠଶ଴ − ଵ଺߱ଶߙ) − ଶ଴߱ଵ)8߱ଵߙ ܽ଴ܾ଴cosߠଶ଴ቇߠଶଵ,
(44)

ܾଵᇱ = ൬ߚଵ଺2 ܽ଴ܾ଴ − ଵଶ8߱ଶߚ3 ܽ଴ଶsinߠଶ଴ + ଵସ߱ଵ8߱ଶߚ3 ܽ଴ଶcosߠଶ଴൰ ܽଵ + ൬ߚସ2 + ଵଽ8ߚ3 ܾ଴ଶ + ଵ଺4ߚ ܽ଴ଶ൰ ܾଵ 						− ൬ ଵଶ8߱ଶߚ ܽ଴ଷcosߠଶ଴ + ଵସ߱ଵ8߱ଶߚ ܽ଴ଷsinߠଶ଴൰ ,ଶଵߠ (45)

ଶ଴ᇱߠ = ۈۉ
ۇ ଵܽ଴ߪ3 + ଵ2߱ଵܽ଴ߙ3 + ଵଶ8߱ଵߙ27 ܽ଴ + ଵ଻4߱ଵܽ଴ߙ3 ܾ଴ଶ + ଵହ4߱ଵߙ3 ܾ଴cosߠଶ଴−3(ߙଵ଺߱ଶ − ଶ଴߱ଵ)4߱ଵߙ ܾ଴sinߠଶ଴ − ଵହ2߱ଶߚ ܽ଴ − ଵଶ8߱ଶܾ଴ߚ3 ܽ଴ଶcosߠଶ଴ − ଵସ߱ଵ8߱ଶܾ଴ߚ3 ܽ଴ଶsinߠଶ଴ۋی

 ଵܽۊ

−  ൬ 2ܽ଴߱ଵߩ3 sinߠଵ଴൰ ଵଵߠ + ۈۉ
ଵ଻2߱ଵߙ3ۇ ܾ଴ + ଵହ8߱ଵߙ3 ܽ଴cosߠଶ଴ − ଵ଺߱ଶߙ)3 − ଶ଴߱ଵ)8߱ଵߙ ܽ଴sinߠଶ଴+ ଶߪ) − ଵ)ܾ଴ߪ3 − ଷ2߱ଶܾ଴ߚ − ଵଷ8߱ଶߚ9 ܾ଴ − ଵହ4߱ଶܾ଴ߚ ܽ଴ଶ ۋی

 ଵܾۊ

ۈۉ+
ଵହ8߱ଵߙ3−ۇ ܽ଴ܾ଴sinߠଶ଴ + ଵ଺߱ଶߙ)3 − ଶ଴߱ଵ)8߱ଵߙ ܽ଴ܾ଴cosߠଶ଴+ ଵଶ8߱ଶܾ଴ߚ ܽ଴ଷsinߠଶ଴ − ଵସ߱ଵ8߱ଶܾ଴ߚ ܽ଴ଷcosߠଶ଴ ۋی

.ଶଵߠۊ
(46)

The stability of a particular fixed point with respect to perturbations proportional to exp(ݐߣ) 
depends on the real parts of the roots of the matrix. Thus, a fixed point given by Eqs. (43)-(46) is 
asymptotically stable if and only if the real parts of all roots of the matrix are negative. 
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5. Results and discussions 

The differential equation of the rotor-seal system is solved numerically using Rung-Kutta 
fourth order method and MATLAB, MAPLE packages as shown in Figs. 2-4. Fig. 2 illustrates the 
response and the phase-plane for the non-resonant rotor-seal system (basic case) where  Ω ≠ ߱ଵ ≠ ߱ଶ  at some practical values of the equation parameters ߙଵ = 0.03, ଶߙ  = ଷߙ  ,0.0001 ସߙ ,0.05–	= ହߙ ,0.2–	= = ଺ߙ ,0.01 = ଻ߙ ,0.02 = ଼ߙ ,0.25 = ଽߙ ,0.004 = ଵ଴ߙ ,0.7 ଵଵߙ ,0.8–	= =	 ଵଶߙ ,0.2– = 0.004 ଵଷߙ , = 0.01 ଵସߙ , = 0.02 ଵହߙ , = 0.003 ଵ଺ߙ , =	 ଵ଻ߙ ,0.04– = ଵ଼ߙ ,0.001 ଵଽߙ ,0.5–	= ଶ଴ߙ ,0.03–	= ଶଵߙ ,0.04–	= = ଵߚ ,0.5 = ଶߚ ,0.05 = ଷߚ ,0.2 ସߚ ,0.03–	= = ହߚ ,0.0001 = ଺ߚ ,0.002 = ଻ߚ ,0.01 = ଼ߚ ,0.2 = ଽߚ ,0.004 = ଵ଴ߚ ,0.8 = ଵଵߚ  ,0.7 ଵଶߚ ,0.25–	= ଵଷߚ ,0.01–	= ଵସߚ ,0.004–	= = 0.03 ଵହߚ , ଵ଺ߚ ,0.001–	= = 0.5 ଵ଻ߚ , ଵ଼ߚ ,0.003–	= = 0.04 ଵଽߚ , ଶ଴ߚ ,0.02–	= ଶଵߚ ,0.5–	= = 0.04,  Ω = 3, ߱ଵ = 	2.8, ߱ଶ = ߩ ,3.25 = 1. It is observed from this Fig. 2 that 
the response of the first and second modes of the rotor-seal system start with increasing amplitude 
and becomes stable respectively and the steady state amplitudes ݔ and ݕ are about 0.3 and 0.7 
respectively and the phase plane shows limit cycle, denoting that the system is free from chaos. 
Table 1 shows the results of the worst resonance conditions. 

      

 
Fig. 2. Non-resonance rotor-seal system response (basic case) 

For the simultaneous primary and internal resonance (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ) which is one of 
the worst resonance cases as shown in Fig. 3, it can be shown that for the first and second modes 
of the rotor-seal system, the steady state amplitudes are increased to about 670 % and 1140 % 
respectively of that values shown in Fig. 2. The vibration of the first mode is increased and become 
stable with tuned oscillation. Also the response of the second mode is increased and becomes stale 
with some chaotic. The phase-plane shows a multi-limit cycle for the first and second modes. 

Fig. 4 shows that the time response and phase-plane of the simultaneous primary and internal 
resonance (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ) which another one of the worst resonance cases. From this 
figure we have that the amplitude of the first mode of the rotor-seal system is increased to about 
670 % while the amplitude of the second mode is increased to about 570 % of the of that values 
shown in Fig. 2. The oscillations of the first and second modes become stable, chaotic and tuned 
and the phase plane shows multi-limit cycle. 
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5.1. Effects of different parameters 

In this section, the effects of different parameters near the simultaneous primary and internal 
resonance case is investigated and studied. The frequency response equations are given by 
Eqs. (37) and (38) are solved numerically at the same values of the parameters shown in Fig. 2. In 
all figures, the solid lines stand for the stable solution and the dashed lines for the unstable solution. 

Table 1. Summary of the worst resonance cases 
Resonance cases ݕ (%) ݔ (%) Remarks 

Non-resonance case 100 % 100 % Limit cycle Ω ≅ ߱ଵ 700 % 620 % Multi limit cycle Ω ≅ ߱ଵ2  560 % 570 % Multi limit cycle Ω ≅ ߱ଵ3  560 % 580 % Multi limit cycle Ω ≅ 2߱ଵ3  600 % 570 % Multi limit cycle Ω ≅ 3߱ଵ2  500 % 530 % Multi limit cycle Ω ≅ ߱ଶ2  560 % 570 % Multi limit cycle Ω ≅ ߱ଶ3  560 % 580 % Multi limit cycle Ω ≅ 2߱ଶ3  600 % 570 % Multi limit cycle Ω ≅ 3߱ଶ2  500 % 500 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ ߱ଵ 670 % 570 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ 2߱ଵ 730 % 1000 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ 3߱ଵ 670 % 1140 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ 4߱ଵ 370 % 200 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ 5߱ଵ 800 % 240 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ ߱ଵ2  85 % 320 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ ߱ଵ3  400 % 530 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ ߱ଵ4  200 % 430 % Multi limit cycle Ω ≅ ߱ଵ,  ߱ଶ ≅ 2߱ଵ3  220 % 320 % Multi limit cycle Ω ≅ ߱ଶ,  ߱ଵ ≅ ߱ଶ 830 % 430 % Multi limit cycle Ω ≅  ߱ଶ, ߱ଵ ≅ 2߱ଶ 85 % 430 % Multi limit cycle Ω ≅  ߱ଶ, ߱ଵ ≅ 3߱ଶ 50 % 500 % Multi limit cycle Ω ≅  ߱ଶ, ߱ଵ ≅ 4߱ଶ 35 % 570 % Multi limit cycle Ω ≅  ߱ଶ, ߱ଵ ≅ 5߱ଶ 20 % 570 % Multi limit cycle Ω ≅ ߱ଶ,  ߱ଵ ≅ ߱ଶ2  720 % 930 % Multi limit cycle Ω ≅ ߱ଶ,  ߱ଵ ≅ 2߱ଶ3  670 % 860 % Multi limit cycle Ω ≅ ߱ଶ,  ߱ଵ ≅ 3߱ଶ2  100 % 530 % Multi limit cycle Ω ≅ 2߱ଵ,  ߱ଶ ≅ ߱ଵ 670 % 290 % Multi limit cycle Ω ≅ 2߱ଵ,  ߱ଶ ≅ 4߱ଵ 530 % 170 % Multi limit cycle Ω ≅ 3߱ଵ,  ߱ଶ ≅ ߱ଵ 430 % 290 % Multi limit cycle Ω ≅ 3߱ଵ,  ߱ଶ ≅ 3߱ଵ 730 % 1190 % Multi limit cycle 
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Fig. 3. Simultaneous primary and internal resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ) 

       

 
Fig. 4. Simultaneous primary combined and internal resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ) 

5.1.1. Response curves of the first mode 

Fig. 5(a) shows the steady state amplitudes of the first mode against the detuning parameter ߪଵ at the practical case, where ܽ ≠ 0, ܾ ≠ 0. For increasing values of the nonlinear parameter ߙଵ 
and ߙଵ଻, the curves are shifted to the left and the regions of stability are increased as shown in 
Figs. 5(b) and 5(j). Fig. 5(c) shows that the steady state amplitude of the first mode is a monotonic 
decreasing function in the linear damping coefficients ߙଶ. Fig. 5(d) shows that the steady state 
amplitude of the first mode is a monotonic increasing function in the nonlinear parameter ߙଵଶ and 
the response curves are bent to the left leading to the occurrence of the jump phenomena, 
multi-valued amplitudes and the regions of stability are decreased. The steady state amplitude of 
the first mode is a monotonic increasing function in the nonlinear parameter ߙଵସ and the excitation 
amplitudes ߩ and the regions of instability are increased as shown in Figs. 5 (e) and 5(o). For 
increasing values of the nonlinear parameter ߙଵହ, ߙଵ଺ and ߙଶ଴ the steady state amplitude of the 
first mode is increased and the curves are diverged as shown in Figs. 5(f), 5(h), 5(m). For negative 
values of the nonlinear parameter ߙଵହ and ߙଵ଼, the steady state amplitude of the first mode is 
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increased and the stability regions are increased as shown in Figs. 5(g) and 5(k). Figs. 5(i), 5(l) 
show that, for positive values of the nonlinear parameter ߙଵ଺ and ߙଵ଼, the system is unstable. 
Fig. 5(n) shows that the steady state amplitude of the first mode is a monotonic decreasing function 
in the natural frequencies ߱ଵ and ߱ଶ. 

 
a) Effects of the detuning parameter ߪଵ 

 
b) Effects of the non-linear parameter ߙଵ 

 
c) Effects of the damping coefficient ߙଶ 

 
d) Effects of the non-linear parameter ߙଵଶ 

 
e) Effects of the non-linear parameter ߙଵସ  

f) Effects of the non-linear parameter ߙଵହ 

 
g) Effects of the non-linear parameter ߙଵହ 

 
h) Effects of the non-linear parameter ߙଵ଺ 

 
i) Effects of the non-linear parameter ߙଵ଺ 

 
j) Effects of the non-linear parameter ߙଵ଻ 
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k) Effects of the non-linear parameter ߙଵ଼ 

 
l) Effects of the non-linear parameter ߙଵ଼ 

 
m) Effects of the non-linear parameter ߙଶ଴ 

 
n) Effects of the natural frequencies ߱ଵ, ߱ଶ 

 
o) Effects of the excitation amplitude ߩ 

Fig. 5. Effects of different parameters on the first mode 

5.1.2. Response curves of the second mode 

Fig. 6(a) shows the steady state amplitudes of the second mode against the detuning parameter ߪଶ at the practical case, where  ܽ ≠ 0, ܾ ≠ 0. For increasing values of the nonlinear parameter ߚ ଷ 
and ߚଵହ, the curves are shifted to the right leading to the occurrence of the jump phenomena, 
multi-valued amplitudes as shown in Figs. 6(b) and 6(h). Figs. 6(c), 6(f), 6(k) show that the steady 
state amplitudes of the second mode are monotonic decreasing functions in the linear damping 
coefficients ߚସ, the nonlinear parameter ߚ ଵସ and the natural frequencies ߱ଵ and ߱ଶ. Figs. 6(d), 
6(i), 6(j) shows that the steady state amplitudes of the second mode are monotonic increasing 
functions in the nonlinear parameters ߚ ଵଶ, ߚ ଵ଺ and ߚ ଵଽ. For negative and positive values of the 
nonlinear parameter ߚଵଷ, the steady state amplitude of the second mode is trivial leading to the 
occurrence of the saturation phenomena as shown in Fig. 6(e). For increasing positive values of 
the nonlinear parameter ߚ ଵସ, the steady state amplitude of the second mode is increased and the 
system is unstable as shown in Fig. 6(g). The regions of stability are decreased for increasing 
values of the nonlinear parameters ߚ ଷ  and ߚ ଵଶ . The regions of stability are increased for 
increasing values of the nonlinear parameter ߚ ଵହ and the natural frequencies ߱ଵ and ߱ଶ. 
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a) Effects of the detuning parameter ߪଶ 

 
b) Effects of the non-linear parameter ߚଷ 

 
c) Effects of the damping coefficient ߚସ 

 
d) Effects of the non-linear parameter ߚଵଶ 

 
e) Effects of the non-linear parameter ߚଵଷ 

  
f) Effects of the non-linear parameter ߚଵସ 

 
g) Effects of the non-linear parameter ߚଵସ 

 
h) Effects of the non-linear parameter ߚଵହ 

  
i) Effects of the non-linear parameter ߚଵ଺ 

 
j) Effects of the non-linear parameter ߚଵଽ 

 
k) Effects of the natural frequencies ߱ଵ, ߱ଶ 

Fig. 6. Effects of different parameters on the second mode 
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a) 

 
b) 

 
c) 

Fig. 7. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 1) 

  
a) 

  
b) 

 
c) 

Fig. 8. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 3, ߱ଵ = 2.8, ߱ଶ = 3.25 and ߩ = 0.4)  
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a) 

 
b) 

 
c) 

Fig. 9. a), b) Time responses and phase plane of the coupled system respectively;  
c) Poincare maps of the coupled system respectively; for (Ω = 8.4, ߱ଵ = 2.8, ߱ଶ = 8.4 and ߩ = 1) 

6. Poincare map  

Poincare maps are introduced via example using two-dimensional autonomous systems of 
differential equations. They are used extensively to transform complicated behavior in the phase 
space to discrete maps in a lower-dimensional space. Poincaré maps are used to determine stability 
and plot bifurcation diagrams.  By simulating the movement of rotor-seal system (2) and Poincare 
mapping, the Fig. 7-9 are obtained. At ߩ = 1 with the non-resonant rotor-seal system where  Ω ≠ ߱ଵ ≠ ߱ଶ, there is a period-one harmonic solution, which is depicted as a closed curve in the 
phase plane and as and there exist one isolated points on Poincare map as shown in Fig. 7. When ߩ = 0.4 with the non-resonant rotor-seal system where Ω ≠ ߱ଵ ≠ ߱ଶ, the system becomes chaotic 
and quasi-periodic motion appears and a close curve is observed on Poincare map as shown in 
Fig. 8. Fig. 9 shows that the time response of the rotor-seal system become stable and 
quasi-periodic motion appears at ߩ = 1  with the simultaneous sub-harmonic and internal 
resonance case (Ω ≅ 3߱ଵ, ߱ଶ ≅ 3߱ଵ). 

7. Conclusions 

Multiple time scale perturbation method is useful to determine approximate solutions for the 
coupled nonlinear differential equations describing the rotor-seal system up to and including the 
second order approximation. It is quite clear that some of the simultaneous resonance cases are 
undesirable in the design of such system as they represent some of the worst behavior of the system. 
Both the frequency response equations and the phase-plane technique are applied to study the 
stability of the system. The effect of the different parameters of the system is studied numerically. 
From the above study the following may be concluded: 

1) The amplitude of the first mode is increased to about 30 % of the maximum excitation forces 
amplitude ߩ , while the amplitude of the second mode is increased to about 70 % at the 
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non-resonant case (Ω ≠ ߱ଵ ≠ ߱ଶ). 
2) The amplitude of the first mode is increased to about 670 % while the amplitude of the 

second mode is increased to about 1140 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ 3߱ଵ). 
3) The amplitude of the first mode is increased to about 670 % while the amplitude of the 

second mode is increased to about 570 % at resonance case (Ω ≅ ߱ଵ and ߱ଶ ≅ ߱ଵ). 
4) The regions of stability are increased for increasing values of ߙଵ, ߙଵସ and ߙଵ଻. 
5) For positive values of the nonlinear parameter ߙଵ଺ and ߙଵ଼, the system become unstable.  
6) For increasing values of the nonlinear parameter ߚ ଷ and ߚ ଵହ, the curves are shifted to the 

right leading to the occurrence of the jump phenomena, multi-valued.  
7) For negative and positive values of the nonlinear parameter ߚଵଷ, the steady state amplitude 

of the second mode is trivial leading to the occurrence of the saturation phenomena. 
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