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Abstract. Optimal design of piezoelectric vibration devices used in medical fields is a typical
inequality constrained optimization problem. Constrained variable method, as the best algorithm
to solve nonlinear constraint optimization problem is used in the optimal design of the
piezoelectric devices. The object functions and constrain functions are automatically calculated
with Finite Element Analysis software ANSY'S, and the results will return to the main optimization
program. Results show that compared with the given initial parameters, the vibration amplitude
of the optimum piezoelectric vibration device is dramatically increased under the constraint that
the stress concentration of the cutting tool is within limit. Experiments are also performed to
measure the vibration amplitude. Results are in great agreement with the theoretical one.

Keywords: piezoelectric vibration device, design optimization, FEA, constrained variable
algorithm.

1. Introduction

Piezoelectric vibration devices are widely used in cleaning, machining, dental and surgery.
When apply in medical field, they must meet the requirements of high output power, high
efficiency, lightweight and high reliability [1]. For piezoelectric devices used in bone surgery, the
demand of high power and high reliability are incompatible. For example, change of structure is
the necessary method to achieve high output power, however this will also lead to stress
concentration and increase the probability of device breakage [2-3]. In a word, design of
piezoelectric vibration devices is an optimization problem with multi-design variants,
multi-constraints and multi-object.

Previous studies of piezoelectric vibration devices optimization are mostly based on electrical
equivalent circuit or based on experience of the designers [4-6]. Lockwood etc. [7] describes a
method of modelling transducers using network theory, which is determined from measurement
of the transducer impedance in water and the pulse-echo response of the system for a given
electrical source and load. P. Tierce etc. [8] pointed out that finite-element method is a new way
to predict vibratory behaviour and can provide information for optimization of piezoelectric
transducers. Pascal [9] proposed a method which integrated finite-element method and some
experimental results to study the effects of elementary ceramic rods width-to-thickness ratio.

Among numerous optimization algorithms, Constrained Variable Method is an excellent
non-linear constrained optimization method, which was firstly introduced by Wilson in 1963 and
consummated by Han in 1977 [10] and Powell in 1978 [11]. This method has the advantage of
fast convergence speed, high efficiency, good stability and excellent adaptability. Thus, it has been
widely used in engineering applications [12]. Finite Element Analysis (FEA) is widely used in
engineering field [13] and can be used to achieve some constraint variable.

In this paper, a new method to optimize piezoelectric vibration devices is proposed. This
method integrates Constrained Variable Algorithm with (FEA) method, in which FEA will
provide the value of optimization variant, constraint function and object function to the main
algorithm program.

The remainder of the paper is organized as follows. Section 2 introduced the theory of
Constrained Variable Method. Section 3 describes the proposed optimization method with its flow
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diagram. Section 4 presents the piezoelectric coupled FEA theory. Section 5 uses an example to
illustrate the optimization procedures, and the effectiveness of the proposed methodology.

2. Constrained variable optimization method

An inequality constrained optimization problem can be described as:

x = [x1, %3, e on. x0T,
minf (x), {
st.gi(x) =0, j=1,2,..,m, )

&SxiSfi, i= 1,2,...,7’1,

where x is design variable vector, g(x) is constrain function and is object function. x; and X; are
the minimal and maximum limit of design variables.

To solve this optimization problem by constrained variable method, Eq. (1) should firstly
convert to its quadratic programming sub-problem, and then looks for the optimal results by
Newton iteration method.

The corresponding quadratic programming problem of Eq. (1) is:

d = [dl, dz, ...... ,dn]T,
1
min d"B¥d + Vf ()",
st.g;(x®) +Vg;(x")Td =0, j=1,2,..,m
y<xfF+d<x, i=12,..,n,

2

where d is search direction, V£ (x¥) and Vg 5 (x*) are gradient of object function and constraint
functions, B is revision Hessian Matrix of Lagrange function.

To solve Eq. (2) by Newton method, search direction must be firstly determined. Then search
step can be calculated with one-dimensional search method.

Zanggwill penalty function is used as one-dimensional search function, which is:

m
d(a) = f(x* + ad¥) + Zuj max{0, —g; (x* + a d¥)}
n = ?)
+ > A;max{0,xf + ad¥ — x;,x; — xf — ad"},
=1

where « is search step, to increase convergence speed, imprecise search is usually adopted, the
searching rule is:

®(ap) < D(0) + 0.1, D' (0), 4)

where @ () is a segment function. Firstly let @ = 1, then calculate Eq. (4), if it is not satisfied, let
a equal to 0.1, 0.01, ... until Eq. (4) is satisfied.

To solve Eq. (1), the derivatives of object function and constraint function to the design
variables should be calculated, this process is called characteristic sensitivity analysis. Finite
difference method is adopted here to calculate the sensitivity:

ou;  u; (x + Ax;) —u;(x)
Py ) j = 1’ 21 ey 1L
Ox]- Ax] J n (5)
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where u is object function or constraint function, Ax; is step size, and can be selected by
experience.

3. The proposed optimization method
Flow diagram of the proposed optimization method is shown in Fig. 1.

Begin

v
Input initial Value x’
v
xl. - xll
v datl |
FEA Sub program

» Form quadratic programming problem PSI

L
Solve quadratic programming problem to get d*
\J
Form Zangwill precision penalty function

v datl

- FEA Sub program
Imprecision 1-D search, get o progra

PSI1
A4
M =xt v atdt
v
Satisfy convergence rule
v v
Revise Variable Metric Matrix "'  Output the optimum result
v v
K=K+1 End

Fig. 1. Flow diagram of the proposed optimization method

Step 1: Give an initial value x° and convergence accuracy &, &,, let B =1, k = 0.

Step 2: Call interface subprogram PS1, calculate the constraint function g(x*) and object
function f (x*) with FEA, and also the gradient of constraint function Vg (x*) and object function
VF(x").

Step 3: Form quadratic programming problem, obtain search direction d*.

Step 4: Perform one-dimensional search, and get a*, x¥*! = x* + a*d¥, call interface
subprogram PS1 to calculate g(x**1), f(x**1), Vg(x**1) and Vf (x**t1).

Step 5: Judge whether the convergence criteria is satisfied. If the answer is yes, optimization
result is obtained, otherwise go to step 6.

Step 6: Revise variable metric matrix By. Let k = k + 1 and go to step 3.

The function of interface subprogram PS1 may transmits data between optimization program
and ANSYS software via data file called datl. These data include design variables, constrain
variables and object variables.

Datl is a batch file programed by ANSYS APDL. The main function of this file includes:
(1) Read the design variables, constrain variables and object variables from main program.
(2) Parametric modeling and mesh automatically. (3) Loading and solve the problem. (4) Post
processing and extract the needed data. (5) Output the constrain variables and object variables to
the main program.

4. Piezoelectric coupled FEA theory

A typical structure of piezoelectric vibration devices is shown in Fig. 2, which mainly includes
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the bolt, electrode, piezoelectric ceramics, horn and cutting tool. Based on piezoelectric effect, the
ceramic convert electric signal into mechanical vibration at the tip of the cutting tool, which
vibrates longitudinally to scrape or cut bone.

Bolt Electrode Piezoelectric ceramic Homn Cutting tool

7 8
Fig. 2. Typical structure of piezoelectric vibration devices

Assumptions are made in Finite Element Analysis, which are: (1) Thickness of bonding agent
between piezoelectric ceramic plates is negligible. (2) Thickness of the electrode slice is negligible
compared with piezoelectric ceramic plates. (3) Mechanical friction between piezoelectric
ceramic and other parts is negligible. (4) Performance loss of piezoelectric material and other parts
is negligible. (5) Piezoelectric material is isotropic, polarization direction is Z axis.

Fundamental equations of piezoelectric vibration devices include constitutive equation,
motion equation, geometric equation and boundary conditions.

4.1. Constitutive equation
4.1.1. Piezoelectric constitutive equation

Suppose that the piezoelectric polarization direction, electric field and mechanical vibration
direction are all parallel to Z axis. The piezoelectric constitutive equation is:

{D = e5E + eyS, ©)

T = —egE + cES,

where T, S, D and E are stress vector, strain vector, electrical displacement vector and electrical
field intensity vector. cZ; is elastic stiffness coefficient under constant electrical field intensity,
es5 is piezoelectric stress constant and &35 is material dielectric constant.

4.1.2. Constitutive equation for other parts

Materials of other part of the piezoelectric device are all isotropic linear elastic materials, their
constitutive equation is:

o, =160 + 2G¢,,

g = A0 + 2689,

0, =10 + 2G¢,, )
TTZ = GyTZ’

where A and G are constant parameters:

1= Ev c= E
S @A+v)A-2v) T 21 +v)

®

where E and v are Young modulus and Poisson’s ratio.
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4.2. Motion equation

The basic equation of motion of elasti-mechanics under cylindrical coordinate is:

do, 0t,, O0,— 0y tE=p azuT,

or 0z at? )
0T, + da, + Trz +E = 2

or 0z r 2= PGz

where F, and F, are body forces of axial direction and Z direction. u,. and w are displacement
component of axial direction and Z direction.

4.3. Geometric equation

The relationship between stain and displacement of elastic material, which is also called
geometric equation, is given under cylindrical coordinate:

du, Uy _ow _Ou,  ow
ar’ T BT g T e T

6 = (10)

4.4. Boundary conditions

Boundary at 1 and 8 location (Fig. 2) is free-surface condition; the stress at the surface is zero,
i.e. o;jn; = 0. Boundary of 2, 4 and 6 are electrical free surface, the electric density at electrical
charge free surface is zero, which is D;n; = 0. The electric potential at electrical potential free
surface is zero, which is ¢ = 0. At boundary of 3 and 5, given electrical charge free surface the
electric charge density boundary condition is D;n; = w. Given electrical potential free surface the
electric potential boundary condition is ¢p = ¢p. Location 7 is clamped boundary and u; = 0,
i = x, Y, z, where u; is the displacement at three axis.

4.5. Finite element method

Constitutive Eq. (6)-(8), motion Eq. (19), geometric Eq. (10) and boundary conditions
constitute the governing equation of the piezoelectric device and can be solved by numerical
method, such as finite element method.

With shape function, displacement and electric potential difference of an element is:

{ucd = IN""{u}, V. = [N"]"[V], (11

where {u.} is element displacement vector, I, is element voltage vector, {u} is node
displacement matrix, {V'} is node electromotive force vector, [N*] is displacement shape function
matrix, [N"] is voltage shape function matrix:

NN O 0 « N, 0 0
[N“]"=]0 N, O - O N, 0} (12)
0 0 N - 0 0 N,

where N; is shape function of node i:
T =[N, N, o N (13)

Motion equation can convert into linear form:
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[M,] [0]]({u}] , fIC.] [o]]({i} 1 (fuh) _ ({F}
0] o] {{V}}+[[O] ]{{v}} [[K [Kd]]{{V}}_{{Qe}}' (14)
where [M,] is mass matrix:
M) = [ pIN*T IN7a, (s)
v,

e

where V, is the volume of the elastic body, which includes mental material and piezoelectric
material, p is material density, and [K,] is stiffness matrix:

[K.] = f [B.I[C] [B,] dV, (16)
V,

e

where [C] is elastic constant matrix of materials:

o

dx 0
0 9 0
ay
9
0 0 —
[B=],5 3 [N*]T, (17)
ox ox
0 a 0
dy 0
9 0 9
L0 x 0

where [C,] is damping matrix:
[Cel = alM,] + BIK], (18)

where a and f8 are Rayleigh damping constant, [KZ] is dielectric matrix and [K¢] is piezoelectric
coupling matrix:

K¢ = — j [By1" 1] [By1dV, (19)
v,

p

where V), is the volume of piezoelectric material, [¢] is dielectric constant matrix of piezoelectric
material, and:
(2)
| 0x |
0
Byl =<=— ¢ [NV]T, 2
B/ =351 (V"] 0)
0
0z
K51 = | [8.17Tel By1av, 1)

Y»
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where [e] is piezoelectric matrix.
5. A case study
5.1. Piezoelectric device and FEA modeling

The piezoelectric device in this case study is used in bone surgery, which is shown in Fig. 3.

Transitional part
D1 |D2 |D3 ‘ D4 | .,,\4—-/'
L1 Lz L3 L4 L5 L6 L7 L8 i teemh

Fig. 3. Structure of the piezoelectric device

Some of the structure sizes are determined by analytic or empirical calculation, as shown in
Table 1.

Table 1. Parameters of the structure
Parameters | Ly | L, | L3 | Ls | Lg | Lg | Dy Dy
Value (mm) | 12 | 12 | 15| 12| 9 | 12 | 15 | D,+3

Other parameters, include L,, L,, D,, D, are design variables. The optimal object is large
vibration amplitude at the tip of the cutting tool, and constrain function is the stress at transitional
part and the teeth root (shown in Fig. 3) should not exceed their empirical limit, in order to avoid
the cutting tool crack due to stress concentration. Thus, the mathematics model of the piezoelectric
device optimization problem is given as:

{x"} = {L3, L3, D3, D5},

min fl (x)l
s.t.
A
o,
gi(x)=1- =LA
O-eqv]
quv
g (x)=1- >0,
[0eq0]
5<L,<8,
3<L,<6,
8 <D, <15,
5<D, <12,

where f; (x) is vibration amplitude at the tip of the cutting tool, g, (x) and g, (x) are the constrain
functions to avoid crack at transitional part and tooth root. creAq,, and afq,, are the equivalent stress
at transitional part and teeth root, [0,4y] is the empirical stress limit at transitional part and teeth
root. f; (x), 0;}1,, and o7, are all calculated by commercial FEA software ANSYS.

In ANSYS, properties of steel, titanium, and PZT8 ceramic are listed in Table 2.

Table 2. Material properties

Materials | Young’s modulus (N/m) | Density (kg/m®) | Poisson’s ratio
Steel 2.1x1011 7896 0.29

Titanium 1.05x1011 4450 0.33
PZTS8 — 7500 -
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Piezoelectric rings are modelled using 3-D coupled-field solid elements SOLIDS. The
dielectric matrix, piezoelectric matrix (unit: C/m?) and elastic constant matrix (unit: 1010 N/m?)
of PZT8 are:

7.97 0 0 ]
ul=]l 0 797 0 |x107°,
0 0 5.131
r 0 0 —4.77
0 0 —4.7
[e] = 0 0 129
0 10.3 ([
10.3 0 0
L 0 0 0
r15.6 8.86 8.45 0 0 0
156 845 0 0 0]
(] = 130 0 0 0 |
3.13 0 0
3.13 0
L 3.38J

Modal analysis is firstly performed using the Lancoze method. Then harmonic analysis is
performed using Sparse Matrix Solver. The input voltage varied sinusoidally between +/-600,
which is shown in Fig. 4.

-

Fig. 4. Loads apply on piezoelectric ceramic rings

5.2. Results and discussion

The initial value of design variables L,, L,, D, and D, are 6 mm, 4 mm, 12 mm and 8 mm.
After five iterations and call the FEA software 31 times, the optimal results are achieved, which
is L, = 6.78 mm, L, = 3.54 mm, D, = 10.57 mm, D, = 6.26 mm.

The values of design variables, constraint functions and object function of each iteration are
shown in Table 3.

Table 3. Optimization process variables
Parameters Iteration
0 1 2 3 4 5
L, (mm) 6.0000 | 6.2353 | 6.4172 | 6.5356 | 6.7791 | 6.7833
L, (mm) 4.0000 | 4.0255 | 3.9828 | 3.6271 | 3.5214 | 3.5421
D, (mm) 12.0000 | 12.1327 | 11.8201 | 11.1529 | 10.6282 | 10.5719
D, (mm) 8.0000 | 8.0491 | 7.8934 | 6.9453 | 6.3185 | 6.2624
g1(x) 0.1749 | 0.1828 | 0.1777 | 0.1049 | 0.0732 | 0.0805
g2(x) 0.4371 | 0.4342 | 0.4318 | 0.4263 | 0.4256 | 0.4264
fi(x) (mm) | 0.0973 | 0.0939 | 0.1127 | 0.1471 | 0.1482 | 0.1514
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From Table 3, after five iterations, constraint function g; (x) is close to zero, that means the
design variables cannot adjust otherwise g,(x) will be negative and violates the constraint
condition, and that point is the optimal results. At the beginning, f;(x) is 97.3 um, after the
iteration f; (x) is 151.4 um, the optimization object is achieved.

After optimization, equivalent stress distribution of the cutting tool is relatively poorer
compared with that of initial value. With initial design variant, the maximum equivalent stress at
the cutting tool is 17.7 MPa, while after optimization, this value is 19.0 MPa.

— — — ===
35977 3388107 . 783E+07 - LieEtos . Ls7Et0s 28134 4288407 848E+07 1278408 -LE9E408
2008407 5928407 5848407 1388408 1778404 -z14z407 6378107 .10s5t08 . 14sEt08 . 1708+0

a) b)
Fig. 5. Equivalent stress distribution before and after optimization:
a) before optimization, b) after optimization

Piezoelectric vibration devices with optimum design parameters is manufactured and
assembled, which is shown in Fig. 6.

Admittance measurement is carried out with dynamic signal analysis instrument SR785.
Results in Fig. 7 show that the resonance frequency of this device is 40.382 kHz. The value is
40.350 kHz in FEA analysis.

—— Electrical conductance
0.30 [
N = = = Electrical permittance
025 :
020
Z
£ 0.15
]
E 010 F
- 0.05 |
0.00 |
-0.05
-0.10 L L L I L | L
38000 39000 40000 41000 42000 43000 44000
Frequency (Hz)
Fig. 6. Piezoelectric vibration devices Fig. 7. Measurement of resonance frequency
with optimum design parameters of the optimal piezoelectric device

Vibration amplitude of the piezoelectric device is measured with two methods. One is
high-speed imaging method with Keyence VHX-100 digital microscope. Fig. 8 shows the
schematic diagram of this measurement scheme. The measurement system is composed of a
microscope with high-speed digital camera lens, which can pick up the image when piezoelectric
device vibrates with ultrasonic frequency.

Fig. 9 shows the images taking with high-speed microscope, where one grid of the scale
represents 100 um. In Fig. 6(b), the vibration belt shows that displacement of the tip is one and a
half grids, which is nearly 150 pm.

Vibration amplitude measured with high-speed imaging instrument is an approximate value,
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precise measurement can be achieved by laser Doppler vibrometer, which is shown in Fig. 10.
This measurement system is composed of laser Doppler vibrometer (CV700), oscilloscope, and
piezoelectric signal generator.

y W\
e
1

Digital microscope

Camera lens

C——

Piczoclectric vibration device

Fig. 8. Measurement of tip displacement with high-speed imaging instrument

a) b)
Fig. 9. Image of the cutting tool of piezoelectric device: a) resting and b) vibrating condition

Output signal in Fig. 10 is vibration velocity, which will be integrated to obtain vibration
displacement. Fig. 11 shows the vibration displacement at the tip of the piezoelectric device
cutting tool, from which the vibration amplitude can be precisely measured, and the results is also
near 150 um, consistent with the FEA method and imaging method.

Laser head

| Oscilloscope
I

Piezoelectric vibration device

A

Signal Generator
Fig. 10. Measurement of tip displacement with laser Doppler vibrometer

The optimized piezoelectric tool is used to cut different kinds of bones, which is shown in
Fig. 12. Spongy bone is from the vertebra and compact bone is from the femur of a pig. The speed
when cutting spongy bone is nearly 0.01 m/s, while the speed when cutting compact bone is
slightly slower than cutting spongy bone. More than 30 clinical cases also show that the cutting
speed of the optimized piezoelectric tool is higher than tradition electric bone grinding tool.
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150

=
T

Displacement (um}

|

4

o
T

-150

0.00000 0.00005 0.00010 0.00015 0.00020
Time(s)
Fig. 11. Vibration displacement of cutting tool tip

a)

Fig. 12. Cutting different bone tissues with optimized piezoelectric tool: a) spongy bone, b) compact bone

Lifetime of 85 piezoelectric bone tools that used in clinical cases are recorded, among these
tools, 60 of them are optimized with constrained variable algorithm and FEA method, others are
designed with traditional method or by experience of the designer. It is shown in Table 4, lifetime
of the optimized tools are longer than those tools that not been optimized.

Table 4. Lifetime of piezoelectric bone with and without design optimization

Lifetime (h) 1<T<30 [30<T<50|50<T<100|T>100 | Total | Average
lifetime (h)

Toqls Wlth design 1 8 29 22 60 ~80

optimization

Toqls yvlthout design 1 9 10 5 25 ~65

optimization

From the above analysis and experiments, the optimized piezoelectric tool can output higher
energy, and more efficient in cutting bone, which means doctors will save labour and time to finish
the surgery. Although local stress on the tool will increase, lifetime of piezoelectric tools is
somewhat improved due to the shape optimization. Conclusions can be drawn that the
optimization method with Constrained Variable Algorithm and FEA is very effective to design a
high performance piezoelectric surgery tool.

6. Conclusions

Constrained Variable Algorithm and FEA method are used for the optimization of
piezoelectric vibration device. Results show that for nonlinear optimization problem with
multi-design variants and multi-constraints, Constrained Variable Algorithm has fast convergence
speed. And when this algorithm used in engineering fields, FEA software is a good supplement
for calculating constraint function and object function.
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