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Abstract. Numerically simulated results by finite element model of a dynamic system do rarely
coincide with the actual responses of the structure due to the modeling, manufacturing errors or
other causes. The parameters of the finite element model should be corrected for subsequent
proper analysis. Minimizing a cost function by the difference between the analytical and actual
dynamic stiffness matrices along with constrained conditions of measured FRFs (Frequency
Response Functions), this work provides the mathematical form on the updated FRF. The
updated parameter matrices of the structure are derived from the FRF variation within the
prescribed frequency range. It is shown that the exactness of the proposed method depends on
the number of the measured data. The validity of the proposed method is illustrated in updating
the parameter matrices of a planar truss structure.
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1. Introduction

Finite element modeling should be established so that it can accurately predict the dynamic
and static characteristics of real structural or mechanical systems under any disturbances. Any
subsequent analysis based on the inaccurate finite element model may be flawed without any
modeling correction because measured and analytical data are unlikely to be equal due to
measurement noise, manufacturing errors and model inadequacies.

Structures can be modeled as discrete systems with the assumption of homogeneous and
uniform systems without any defect, and the finite element analysis can be used to approximate
the dynamic and static behavior of the systems. Before using a finite element model, it should be
correlated with experimental data to ensure that it models the dynamics of the real structure. If
that’s not the case, then it must be updated so that its dynamic responses more closely match the
real structure dynamics. The update of physical parameter matrices of a finite element model
concerns updating an analytical finite element model using measured data from a real life and
experimental structure. However, it is impossible to experimentally obtain a full set data for a
dynamic system. The data should be expanded to obtain the information on the whole system.
The updated model must fulfill the constraints of the desirable physical and structural properties
of the original finite element model.

Modal data or FRF data are utilized as measured data of the dynamic system. There have
been many analytical methods for correcting analytical models to predict test results more
closely [1-8]. Most of these methods have utilized the method of Lagrange multipliers utilizing
the measured modal data. They are performed by minimizing a norm to use the weighting matrix
in the satisfaction of constraints such as the orthogonality relationship and the eigenfunction of
modal data.

FRF data provides more information than modal data, as the latter are extracted from a very
limited frequency range related to resonance. Arora et al. [9, 10] considered the basic
formulation for the complex parameter based updating method and its use for dynamic design.
Based on the localization of modeling errors, Liu and Yuan [11] presented the methods to update
the damping and stiffness matrices of damped systems with localized modeling errors. Imregun
et al. [12] provided the basic formulation for the FRF based on the updating method and
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extended it to deal with complex FRF data. Lin and Zhu [13] developed an analytical method to
identify damping matrices of structural systems, as well as mass and stiffness matrices. They
established complex updating formulations using FRF data to identify damping coefficients for
proportional damping and non-proportional damping. Arora et al. [14] worked on the update of
finite element model using the FRF data with damping identification using complex modal data.
By this method mass and stiffness matrices are firstly updated using a FRF-based model
updating method and then damping is identified using updated mass and stiffness matrices.
Inverting the FRF matrix to the dynamic stiffness matrix and comparing their real and imaginary
parts with parameter matrices, Lee and Kim [15] identified damping characteristics of the
system in matrix forms directly from its measured FRFs. Fritzen [16] proposed an analytical
method to describe the parameter matrices by minimizing the error of dynamic stiffness matrix
and its inverse, and identity matrix. Minas and Inman [17] identified the damping matrix based
on the information of analytical finite element model and measured complex modal parameters.
Nozarian and Esfandiari [18] presented a model updating method using FRF data and measured
natural frequencies of the damaged structure without any expansion or reduction. Pascual et al.
[19] presented a model updating method to avoid the numerical difficulties induced by the
discontinuities in the FRFs. Esfandiari et al. [20, 21] provided a structural model updating
technique using measured FRF data and measured natural frequencies of the damaged structure
without any expansion of the measured data or reduction of the finite element model. Using
damage sensitivity equations by the least square method, they estimated the mass, stiffness and
damping properties. Utilizing FRF data measured at specific positions, with dofs less than that of
the system, as constraints to describe a damaged system, Rahmatalla et al. [22] identified
parameter matrices such as mass, stiffness and damping matrices of the system, and provided a
damage identification method from their variations.

This work begins with FRF data measured at a few positions rather than modal data.
Minimizing a cost function by the difference between the actual and analytical dynamic stiffness
matrices, and using the constrained conditions of measured FRF data, this study provides a
mathematical form to predict the FRF matrix of a full set of dofs. The parameter matrices of the
dynamic system are updated from the predicted FRF matrix within the prescribed frequency
range. It is shown that the exactness of the proposed method depends on the number of the
measured data. The update of the parameter matrices of a planar truss structure is considered for
proving the validity of the proposed method.

2. Formulation

Using the finite element method, the dynamic equation of forced motion for a damped
dynamic system is expressed as a system of a second-order differential equation. The dynamic
response of a structure which is assumed to be linear and approximately discretized can be
described by the equations of motion:

M, it + C,u + Kou = f, (1)

where M,, C,u and K, denote the n X n analytical mass, damping, and stiffness matrices,
u=[u Uy - Uy]T, and fisthen x 1 external force vector.

Assume the displacement vector and the external force vector of Egn. (1) in exponential
forms of:

u = Ue/Mt, f = Fel/t, 2
where U denotes the modal coordinate vector, F is an n X 1 excitation force vector, A is the

excitation frequency and j = v—1. The substitution of Eqn. (2) into Eqn. (1) yields the equation:
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(=M 2% 4 jC, A+ KU =F. (3)
The equilibrium equation of the analytical model can be expressed as:

D,U=F, 4)

where D, = —M_4? + jC,1 + K. The displacement vector is calculated by:

U = D,'F. ®)

In order to update the FRF and parameter matrices of the structure, measured data should be
utilized as the basic information for the correction because it is impractical to measure the

displacements at all n positions. Assume that the displacements
[U;(A) U,(A) - U,(D)]F, measured at m (m <n) positions corresponding to r
different force sets [F; (1) F,(1) -+ F,.(1)]T at a frequency A were measured. The measured

displacements are written as:
AUd = b, (6)

where A is an m X n Boolean matrix to define the measurement positions. U, denotes an n X r
displacement matrix of the actual structure and b represents an m X n measured data of
b = H,,F where H,, is the m x n measured FRF matrix. F=[F; F, - F.],., where F;
denotes the i-th unitary vector of excitation with an element being unit and all other elements
Zeros.

Substituting U; = D~F into Eqn. (6), it follows that:

AD'F = b, (7

where D is an n X n dynamic stiffness matrix to be updated. This work derives the dynamic
stiffness matrix by minimizing a cost function of the difference between the analytical stiffness
matrix D, and the actual stiffness matrix D.

The updated dynamic stiffness matrix is estimated by a least square method utilizing a cost
function of:

J = 1Ipy*(D~* = DzHHD|. ®)
In order to utilize Eqn. (7) into Eqgn. (8), Egn. (7) is modified as:
AD,"*D}?D-1pY?D;/*F = b, )

Letting R = AD, "/ and Z = D,;*/*F, and solving the result with respect to D./’D~1D%/?Z,
we obtain that:

D/?D-1DY?Z = R*b + (I — R*R)y, (10)

where the superscript ‘“+’ indicates the Moore-Penrose inverse and y is an arbitrary matrix. We
can recognize that there are an infinite number of solutions on the actual stiffness matrix D due
to the presence of the arbitrary matrix y. We derive the FRF matrix to satisfy the condition to
minimize the cost function of Eqn. (8) of all solutions of Egn. (10). Utilizing the condition to
minimize Eqn. (8) into Egn. (10) and solving it with respect to the arbitrary matrix, it is derived
as:
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y = (- R*R)Z + R*Rs, (11)

where s is an arbitrary matrix. Utilizing Eqn. (11) into Eqgn. (10), the following equation is
obtained as:

DY/*D'DY?Z = R*b + (1 - R*R)Z. (12)
Again, solving Egn. (12) with respect to D*D~1D/? it is derived as:
DY/?D~'DY? = [R*b + (I - R*R)Z|Z* + r(I — ZZ"), (13)

where r is an arbitrary matrix.
Inserting the condition to minimize Eqn. (8) into Egn. (13) and solving the result with respect
to the arbitrary matrix, we obtain:

r=[I-[R*b+ (I-R*R)Z]Z*](1 — ZZ*) + dZZ* = (1 — ZZ") + dZZ", (14)
where d is an arbitrary matrix. The substitution of Eqn. (14) into Eqn. (13) yields:
DY?D~'DY? = [R*b — R*RZ]Z* + 1. (15)

Premultiplying and postmultiplying both sides of Eqn. (15) by D2, the updated flexibility

matrix of the damaged system can be expressed as:
D! = D;' + D,*(AD,"*)* (b — AD;'F)(D,"/*F)*D,"/*. (16)

The inverse of the flexibility matrix of Eqn. (16) represents the updated dynamic stiffness
matrix derived from the assumption utilized in this study. Expressing Egn. (16) in the terms of
the flexibility matrices, H and H,, it can be written as:

AH = H - H, = D;*(AD,"*)*(b — AD;'F)(D,"/*F)*D,"/?, (17)

where H and H, represent the flexibility matrices of updated system and finite element model,
respectively. AH indicates the variation in the FRF matrix between two systems. The physical
parameters can be grasped by investigating the variation in FRF matrix.

The parameter matrices are calculated from the estimated FRF matrix of Egn. (17):

K, — A*M, + jAC; =H™' = (H, + AH)™L. (18)

Taking the first-order approximation on the last equation in Egn. (18) and using the relation
of D = (K, + 4K) + jA(C, + AC) — 22(M, + AM), it is expressed by:

(Hy + AH)™! ~ HZ' — H;'(AH)H ;!

=K, — 12M, + jAC, + AK — 22(4M) + jA(AC). (19)

Substituting the FRF matrix defined in Eqn. (3) into Eqn. (19), the variation in FRF matrix is
derived:

H;'(AH)H;! = —AK + 12(4M) — jA(AC). (20)

The FRF matrix is composed of real and imaginary parts. Partitioning the equation of the
left-hand side in Eqn. (20) in terms of real and imaginary parts, they can be written as:
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(-1 21 [50] = Re@o (4D, (212)
A(AC) = —Im(D,(4AH)D,), (21b)

where Re and Im indicate the real and imaginary parts, respectively. It is shown that the
stiffness and mass matrices of dynamic system are strongly related to each other.

Assuming that [ distinct frequency responses corresponding to excitation frequencies
denoted by [A4; A, -+ A4;] are experimentally measured, the relations of Eqgns. (21) are
expanded as:

K]
X[yl =R (223)

Z(AC)pxn =S, (22b)

-1 221 Re(D,(4H)D,) 41

-1 A% R — |Re(D,(AH)D,) 7 - |1

where X = and

Re(Da(ZH)Da) Al

FEPY:
-1 A1 (nx)x2n (nxD)xn

_Im(Da(AH)Da)
— _Im(Da(AH)Da)

(nxl)xn

_Im(Da(AH)Da) (nxl)xn
Solving Egns. (22) with respect to the parameter matrices, they follow:

4K
= X*R, 23a
AM 2nxn ( )

(AC)pxn = Z7S. (23b)
The corrected parameter matrices can be obtained by:

K =K, + 4K,
M =M, + AM, (24)
C=C,+AC

Equations (24) denote the parameter matrices estimated from this method in the satisfaction
of the incomplete FRF data. The FRF data at the unmeasured dofs were estimated from the
measured FRF data and dynamic equations of the finite element model. If we collect all
information at the full set of dofs, the predicted FRF will coincide with the actual one. However,
the prediction of the FRF matrix based on a few measured data can lead to inconsistency with
the actual one. It will be evaluated that the predicted FRF matrix and parameter matrices
proposed in this study properly describe the actual ones through numerical experiments.

3. Application

The inconsistency between the actual and analyzed responses requires the correction of the
parameters of the modeled structure. Using the proposed method, this application handles the
correction of the parameter matrices of a plane truss structure model shown in Figure 1. In the
figure, the nodal points and the members are numbered as shown in the figure. The truss is
composed of 15 nodes and 33 members. All members have elastic modulus of 200 GPa, cross-
sectional area of 2.5 x 10 m?, and density of 7860 kg/m®. For this numerical experiment, we
assumed that the mass and stiffness of the actual members include some errors shown in
Tables 1 and 2, respectively. The errors of stiffness and mass of each member were randomly
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selected in the range of 0-20 % loss.

13

3[11

R e

Fig. 1. A planar truss structure

Table 1. Reduction percentage of the mass of all members (%)

my mp ms my ms me my mg my Mg | Myy
63 | 41 | 46 | 41 | 49 | 78 | 57 2.8 11 | 02 | 04
Myp | M43 | Myy | Mys | Mye | My7 | Myg | Myg | Mpg | Mpy | Mpp
45 | 06 | 47 | 0.7 | 05 | 6.2 | 6.1 0.1 7.2 | 04 1.7
M3 | Mpy | Mps | Mpg | Mpy | Mpg | Mpg | M3 | M3y | M3y | M33
8.0 12 | 21 6.1 | 04 | 99 | 48 |[160 | 2.1 1.7 | 44
Table 2. Reduction percentage of the stiffness of all members (%)
ky | ky | ks |ky | ks | ke [ky | kg | kg | kyg| kyy
6.4 | 2.7 18 | 47 |74 |14 |56 | 47 |82 | 15| 6.0
kig | kg | kia | kys | kyg | ka7 | kig | kio | ko | Koy | ko
14| 25 39 |23 |35|05 (38 |17.7| 73 |12 | 134
ks | kos | ko5 | koo | ko7 | Kog | koo | k3o | k3 | k3p | ka3
06 |104 003 |74 |30|15|10| 04 |63 ]35]| 39

Difference in stiffness matrix

Column

Difference in damping matrix

Column

(©

s 8 8

Difference in mass matrix
=

a3

Row

Column

Fig. 2. Difference in the parameter matrices between the actual and updated systems
(fifteen measurement data): (a) stiffness, (b) mass, (c) damping

© VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. MARCH 2013. VOLUME 15, ISSUE 1. ISSN 1392-8716

259



944. UPDATE OF FRF MATRIX AND PHYSICAL PARAMETERS OF FINITE ELEMENT MODEL.
EUN-TAIK LEE, KIJONG KIM, HEE-CHANG EUN

Table 3. The first five natural frequencies (rad/sec)

1st | 2nd | 3rd | 4th | 5th
Finite element model | 55 | 162 | 225 | 413 | 569
Actual system 54 | 160 | 223 | 413 | 562
Updated system 53 | 160 | 225 | 414 | 568

Table 4. The first five natural frequencies (rad/sec)

1st 2nd 3rd 4th 5th
Finite element model | 55 | 161.8 | 224.5 | 412.6 | 569.2
Actual system 54,9 | 162.2 | 223.8 | 412.3 | 569.3
Updated system 54.9 | 162.1 | 223.3 | 414.1 | 569.3

H?E 28

HJ7.17

Actual system

Updated system

Actual system

Finite element model

Updated system

Receptance magnitude(log )
=
5
Receptance magnitudelog)
.
5
7

Finite element model

. . . : L : . . r L . c c c . . .

0 5 10 15 20 25 30 35 40 45 50 o 5 10 15 20 25 30 35 40 45 50
Frequency(Hz) Frequency(Hz)

T T T T

35

Receptance magnitude
.
&

Receptance magnitude
~

ok S ] o a2
a2
05 . . . : . : : . " . . . ; ; . c c c
0 5 10 15 20 25 30 35 40 45 50 [ 5 10 15 20 25 30 35 40 45 50
FreauencviH2) Freauencv(Hz)

Fig. 3. FRF curves (fifteen measurement data): (a) Hy7 17, (0) Hzg 28,
(c) difference in receptance magnitude Hy ;7, (d) difference in receptance magnitude Hyg 55

The modal displacements at fifteen positions of total twenty-seven dofs besides the boundary
conditions were selected as the measurement data corresponding to ten excitation sets. The
fifteen measurements include U,, V,, U,, V,, U, V;, Ug, Uy, Vo, Uyq, Uyz, Vig, Uqs, Vig and Uy,
where U and V represent the horizontal and vertical displacements, and the subscript denotes the
node number. Firstly, the FRF variation between the actual system and the finite element model
was estimated using Eqn. (17) and the noise-free measurement data in the range of 8.4-8.8 Hz in
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steps of 0.02 Hz. The parameter matrices were corrected from the calculated FRF matrix using
Eqns. (23). Table 3 compares the first five natural frequencies of finite element model, actual
system and updated system by the proposed method. The table shows a very little difference in
the natural frequency between the finite element model and actual system, and the actual and
updated systems. However, the difference between the actual and updated systems increases
very little with the number of modes. It is expected that the difference comes from the
estimation of the FRF and parameter matrices at the unmeasured positions. Figure 2 exhibits the
difference in the parameter matrices of stiffness, mass and damping between the actual and
updated systems. The FRF response data are obtained by the roving of accelerometer under the
excitation of the impact hammer at reference points corresponding to Us,, V5, Uy, V4, Uy, V5, Ug,
Uy, Vo and U, ;. The mathematical solution of the parameter matrices estimated in this method is
the one to minimize the cost function of the infinite number of solutions to satisfy the
measurement data as recognized from the arbitrary matrix in Egn. (10). The parameter matrices
of the actual truss system and the updated system can be the ones of all the solutions to satisfy
the measurement data. It is explained that the inconsistency comes from less number of
measurement data than the number of dofs. If the measurement data at a full set of dofs are
given, the parameter matrices will be uniquely predicted.

LY

mair

fference in mass

D

Colum Row Colim Aon

Colm Row

©
Fig. 4. Difference in the parameter matrices between the actual and updated systems
(twenty measurement data): (a) stiffness, (b) mass, (c) damping

The parameter matrices established in this study are the solutions to satisfy the measurement
data of the dynamic system. They explain the dynamic characteristics of the whole system rather
than the local characteristics such as stiffness, mass and other dynamic properties. The results
can be proved from Figs. 3 (a) and (b) to depict the FRF magnitude at the 17" row and 17%
column, and 28™ row and 28™ column in the FRF matrix. It is observed that the FRF magnitudes
of the actual and updated systems are almost the same. Figures 3 (c) and (d) display that the
receptance magnitude between the actual system and finite element model, d,, results in slightly
larger difference than the one between the actual and updated systems, d,. We have to consider
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the increase in the measurement data to enhance the exactness of the estimated parameter
matrices.

10

Hl7.l7

Actual system

Receptance magnitude(log )

o
8
3 T~
E}
2 / S~ Updated system
10° g 10° B g
£ Finite element model ‘\\
8
Actual system § ~—_
< 2 —
TS 9
= Updated system 4
Finite element model
T
-
HZB‘ZB
10 9 L L L L L L L L L 10'9 L L L L L L L L L
0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 5 50
Frequency(Hz) Frequency(Hz)
(@) (b)
10 o
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20 : : : : 7 - : T T T T T T T
N
/\ A
f 6 / | 4
- |
15 /o i [
[
/ ) /
sk | |
s /]
| |
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\ 3
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s \ g
8 \ 5
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@ \ © 2f | -
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Fig. 5. FRF curves (twenty measurement data): (a) Hy7 17, (0) Hzg 28,
(c) difference in receptance magnitude Hy ;7, (d) difference in receptance magnitude Hyg »g

As in the second case, we considered the update of the parameter matrices using more
measurement data than the previous case. The twenty measurements include U,, V,, Us, Uy, V4,
Vs, Ug, Vg, V7, Ug, Uy, Vo, Ui1, Vi1, Uiz, Vi, Uiz, Uqs, V44 and Uys. The FRF response data are
obtained by the roving of accelerometer under the excitation of the impact hammer at reference
points corresponding to Uy, V,, Uy, Vy, Ug, V;, Ug, Ug, Vg and U;;. We also assumed the errors
not to be the same errors as the previous case. Tables 3 and 4 exhibit that the natural frequencies
of the updated system are closer to the ones of the actual system when the number of the
measurement data increases from fifteen to twenty. It is explicitly found from the comparison of
Figs. 2 and 4 that the difference in the parameter matrices between the actual and updated
systems decreases very slightly with the increase in the number of measurement data. However,
the inconsistency exists and the parameter matrices proposed in this study should be the ones of
all parameter matrices to satisfy the measurement data. If the number of the measurement data is
less than the number of dofs, the inconsistency will exist. Figures 5(a) and (b) show that the
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actual FRF curve almost coincides with the estimated FRF curve. The receptance magnitude
between the actual system and finite element model, d, yields slightly larger difference than the
one between the actual and updated systems, d, as shown in Figs. 5(c) and (d). It is shown from
the comparison of Figs. 3(c) and (d) and 5(c) and (d) that the gap between two curves reduces
with the increase in the number of the measurement data. As the result, the proposed method
properly explains the global characteristics of the system, but leads to some inconsistency
between the actual and estimated parameter matrices. The inconsistency will be overcome by
increasing the number of measurement data.

4. Conclusions

This work provided the mathematical form on the variation of FRF matrix by minimizing a
cost function of the difference in the dynamic stiffness matrix between the actual system and the
finite element model. The measurement data were utilized as the constraints for deriving the
estimated FRF matrix. The parameter matrices were predicted from the estimated FRF matrix.
The inconsistency of the parameter matrices between the actual and updated systems comes
from a less number of measurement data than the number of dofs. Because the updated
parameter matrices can be ones of the solutions to utilize the measurement data as the constraint
condition, they rarely affect the dynamic characteristics of the global system but the updated
parameter matrices. If the measurement data at a full set dofs are given, the parameter matrices
will be uniquely predicted. The increase in the measurement data will enhance the exactness of
the estimated parameter matrices.
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