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Abstract. Dynamic analysis of plate structures based on the Mindlin plate theory has become
one of the usual modeling methods for the structural health monitoring (SHM) of composite
structures in recent years. Compared to the classical plate theory (CPT) based on Kirchhoff
hypothesis, the Mindlin plate theory considers the influence of transverse shear deformation and
moment of inertia on displacements. Thus it is more suitable for dynamic analysis of composite
laminate with low transverse shear stiffness and large transverse shear deformation. Combining
the adhesive layer coupling model of the piezoelectric actuator with the Mindlin plate theory,
the dispersion curve of Lamb wave in any direction and mechanical parameters of any point in
the composite are obtained, and thus after the substitution of boundary condition, the modeling
of piezoelectric wafer excited Lamb wave propagating in composite laminate is realized. The
validation experiment is performed on a carbon fiber composite laminate. It proves that the
analytical modeling effectively reflects the propagation characteristics of Lamb wave in
composite laminate and promotes the engineering application of SHM.

Keywords: Lamb wave, composite laminate, structural health monitoring, dynamic modeling,
Mindlin plate theory, piezoelectric ceramic.

Introduction

With the increasing application of composite structures in aerospace engineering, structural
health monitoring (SHM) plays an increasingly important role of researches on composite
structures [1]. Among the researches, SHM based on active diagnostic Lamb wave and
piezoelectric transducers has been a hot spot in recent years [2, 3]. It can be applied to
composite laminate extensively applied in aerospace engineering. Thus dynamic modeling of
Lamb wave propagating in composite laminate and damage identification and localization
based on propagation characteristics of Lamb wave are very important work [4].

Lamb wave is defined as the stress wave that propagates in plates and whose wavelength is
with the same order of magnitude as plate thickness. The frequency of Lamb wave used in SHM
for composites ranges usually from 20 KHz to 1 MHz and it consists of three kinds of mode:
symmetric modes (S modes), antisymmetric modes (4 modes) and shear horizontal modes (SH
modes). All the three modes of Lamb wave show the characteristics of dispersion and velocity
anisotropy in composite laminate. The dispersion characteristic is that the propagation velocity
will change with the variation of the central frequency of Lamb wave. The velocity anisotropy
in composite laminate means that for the Lamb wave of the same mode and with the same
central frequencies, the propagation velocities at different directions are different.

The dispersion and the propagation velocity anisotropy characteristics are first researched in
order to model the Lamb wave propagation in composite laminate. However, the modeling is
quite difficult because of the complexity and anisotropy of composites. Besides, massive
computing resources are consumed for the dynamic modeling of composite laminates. With the
development of the computer technology in recent years, many scholars have done lots of
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researches about the modeling of Lamb wave in composite laminate. Neau et al [5] derived the
dispersion curve of the composite lamina and verified the results with experiments. Yuan [6, 7]
analyzed the Lamb wave propagation in composite laminate based on three-dimensional
elasticity theory and damage detection and localization were performed based on the modeling
result. Rose and Wang [8] obtained the displacement field of isotropic plates surface bonded
with circular or rectangular piezoelectric wafers using the Mindlin plate theory. Lowe [9, 10]
utilized the global matrix method and the transfer matrix method to analyze the Lamb wave
propagation in composite laminate. However, all these researches have to analyze every lamina
to obtain the Lamb wave propagation characteristics, which restricts their application in
engineering.

The authors propose an analytical modeling method of Lamb wave propagation based on
Mindlin plate theory and the model of piezoelectric actuator bonded on laminate through the
adhesive layer. Knowing only the engineering mechanical parameter of the composite laminate,
the dispersion curve and force distribution in the process of Lamb wave propagation are solved
[11]. Then the force distribution is combined with the model of piezoelectric actuator bonded on
composite laminate with adhesive layer [12-14]. Through analyzing the equivalent force
produced by the piezoelectric actuator with voltage input, the displacement and strain
distribution at any point is obtained, and thus the analytical modeling of Lamb wave
propagation in composite laminate is realized. Compared to others’ researches, the proposed
method treats laminate as a material of homogeneous anisotropy, and thus reduces considerably
the computation consumption produced by traditional methods and does not need the layup and
mechanical parameters of every lamina. The boundary condition is established through the
model of piezoelectric actuator bonded on composite laminate with adhesive layer. Finally the
displacements and strains at any point in the composite are calculated through theoretical
derivation. The obtained results are quite important for the engineering application of composite
SHM based on Lamb wave and piezoelectric transducers.

1. Dispersion curve modeling in composite laminate by Mindlin plate theory
1.1 Mindlin plate theory and coordinate definition

The displacement field in the x, y and z directions of a plate based on the two-order Mindlin

plate theory can be expressed by:
2

u(x,y,z,t) =uy(x,y,t)+ zy _(x,,t) +%¢X (x, y,1) (1a)
2

V(X, 3,2,0) = vy (X, y,0) + 2y (x, 1) +%¢y (x,»,0) (1b)

w(x,y,z,8) = w, (x, y,0) + 2y _(X, y,1) (lc)

where u,, v, and w, denote the mid-surface displacements at directions x, y and z,

respectively. ¥, and ¥, denote the rotation angles of the straight line normal to mid-surface
before deformation. ¥. denotes the strain in directionz. ¢ and ¢, denote partial derivative

of ¥, and ¥, toz.
Stress and moment resultants per unit length are defined as based on the two-order Mindlin

plate theory:
(N..N,.N..N,..0..0,) = [

~h/2
hi

hi2

(0,,0,,0.,0,,,7,,7.,7,.)dz (2a)

xy?

2
(]k[x’]k[y’jtlz’jtlky’}?x’}?y) = I ((TX,CTy,CTZ,

—h/2

T

Xy

z}z 9132 )Z(iz (21))

xy?
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hi2 2
(5..5,.8,)=[ " (0..0,,0.)7%dz ()

For a laminated composite plate, the stress-strain relation for the monoclinic material with
respect to z axis is given by:

ol [C G G 0 0 0][g
0, G, G, G 0 0 0 |fg
O3 _ G Gy Gy 0 0 0 |)& 3)
T o o o0 ¢, 0 0 ||ys
T 0 0 0 0 Cy 0 ||1
) [0 0 0 0 0 Cgllr

where o©,,0,,0;,7,,7;,7,, denote the stress components in three directions.
15 €55 85, V3 Vi35 ¥1p are the corresponding strain components. C, is the elastic coefficient.

The engineering elastic constant is often used to represent the material elastic property, which
includes elasticity modulus E;, Poisson’s ratio v, and shear modulus G;. All these

parameters can be obtained by experiment. The relation of the engineering elastic constant and
the elastic coefficient is expressed as:

— 1_V23V32 — V21 +V31V23 — V12 +V32V13
" EES "’ " EES EES °
— V31 +V21V32 — V13 +V12V23 — 1_‘/13‘/31
" EES EES ° * EES’

_ VYV tViVs _ E Vas TVoiVi3 C.. = 1-v,v,

EE,S ‘ EES ° P EES

23

Cu =Gy, C=G;, Cu=06,, 4)
S = 1_‘/12‘/21 VoV —VailVis —-2v 2V2Vi3
E1E2E3

where 1, 2 and 3 denote the three principal directions.
Eq. (1) in conjunction with the strain-displacement relations of classical theory of elasticity
leads to the following relations:

2

gx = ng + Z‘//x,x +Z7¢x,x (Sa)
£ =g, (5b)
2
z
Sy = ‘C"Oy + Z‘//y,y +7¢y,y (SC)
2
z
Vo = Voo +2W, ¥V, (0, +4,.) (5d)
}/xz :}/Oxz+z(¢x+l//z,x) (Se)
Ve =Y. T2(4, 4y, ) (59

Substituting eq. (5) into eq. (3) and putting the results into eq. (2) yield the following plate
constitutive relations:
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N, 4, A, KAy A B, B, By D,/2  D,/2  D/2 | Uy
N,V 14'12 A’ZZ KSAZS A26 BlZ BZZ B26 DlZ / 2 DZZ / 2 D26 / 2 v(),\’
NZ K} A]3 K3 A23 K32 A33 K} A36 K3B13 K3B23 K3B36 K3D13 / 2 K3D23 / 2 K3D36 / 2 (//Z
N\y Ag Ay Ky Ay Ags By By By Dy /2 Dy /2 Dy /2 Uy, T Vo
M( — Bll B]Z KSBIS Blﬁ D]] DlZ D16 El /2 F;Z / 2 EG / 2 '//X,X (6a)
M, B, B, KBy By D, Dy, Dy F, /2 Fyl2 Byl2 Yy
M, By By, KBy By Dy Dy, Dy, Fq/2 Fy /2 Fig 12 ||Wey TV,
S, D,/2 D,/2 xD,/2 D,/2 FK,/2 E,/2 F¢/2 H,/4 H,/4 Hl4 B
S, D,/2 D,/2 xD,/2 D,/2 F,/2 FE,/2 Fy/2 H,/4 H,/4 H,l4 4,
S, |D/2 Dy/2 KDy/2 Dg/2 F¢/2 Fg/2 Fgl2 Hgl4 Hyld Hgl4 || 4,4,
2
QX Kl A55 Kl KZ A45 Kl K4BSS Kl K5B45 l//)‘ + WO:X
2
Q.v | KA KAy KB kKB ||V W, (6b)
- 2
R, KK, Bss kKB K, Dis K KDy || Vot 9,
2
Ry Kl KS B45 KZ KS B44 K4 KS D45 KS D44 VIZ sV + ¢."
where:

BD,FEH)=(" C(,z2,2,)d

(Aij it i ij)_J.—h/z ij( 22,2 ,Z ,Z ) z

h denotes the laminate thickness and x, denotes shear correction coefficients:
kl=x' =k =712, x} =K =7"/15.

1.2 Solution of dispersion curve of Lamb wave based on principle of virtual displacement

With the linear strain-displacement relations, the motion equations of the higher-order
theory can be derived using Hamilton’s principle [15]:

0= j (SU + 6V —S5K)dt )

where OU is the virtual strain energy, OV is virtual work done by applied force, and 6K
is the virtual kinetic energy. A set of motion equations are:

ON. ON, ou, 1,09
typ—2ig =] —L4 2= 8
ax ay qx 0 at2 2 at2 ( a)
aNx)’ + aNy +q, =1 _62\/0 +[_262¢’ (8b)
ox oy et 20
00, 00, o*w,
= T 4g=] — 8
o £y q=1 a2 (8c)
oM, oM, 1, O’y
L4 -0, +m, =21—"* 8d
ax ay Qx x 2 6t2 ( )
oM, oM, 1, 0%y,
2 g =2 (8e)
ox oy 2 ot
oR, ©OR, o’y
x4 N =1 .
o oy TR (Sf)
as,, I, &u, 1,0
B B gy, LT 109 (82)
ox oy 2 Ot 4 ot
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s, oS 2 &
SR S N A qj (8h)
ox oy U7 207 4 ot

hi2
_ 2 3 4

Where ([0a119]2a139]4) _J‘,h/zp(l’z’z sZ 52 )dZ .

By assuming the solution form as:

_ i[(kyx+kyy)-wt] _ i[(kx+kyy)—wt] _ i[(kx+kyy)—wt]
uy =Ugse™ , Vo = Vet s Wy =Woeme )

_ i[(kyx+kyy)—wt] _ i[(kyx+kyy)—wt] _ i[(kx+kyy)—wt]
(//z - \Pze ' : s l//x - \Pxe ' : s l//y - \Pye l ’ H (9)

_ i[(kyx+hy y)—wi] _ il(kyx+kyy)—wt]
¢y_CDye 1 2 , ¢y_CDye 1 2 ,

substituting egs. (6) and (9) into eq. (8) yields the following displacement equations of motion:

—Lll L12 O L14 L15 Ll() L17 L18 UO
L12 L22 0 L15 L25 L26 LIR L28 VO
O 0 L33 L34 L35 L36 L37 L38 WO
Ll4 LIS L34 L44 L45 L46 L47 L48 \PX — 0 (10)
Ll5 LZS L35 L45 L55 L56 L57 LSS \P,\’
Ll6 L26 L36 L46 L56 L66 L67 L68 ‘Pz
L17 L18 L37 L47 L57 L67 L77 L78 (Dx
_L18 L28 L38 L48 L58 L68 L78 L88 i (Dy
where the coefficients L, are related with the coefficients 4,, B,, D,, F,, H,, k,

k,, @ and @.
For symmetric laminates B

i T

F; =0, which leads to L, Ly;, Ly, Ly, Ly, and Ly,

equal to zero, and eq. (10) is decoupled into symmetric waves:

_Ln L, Lg L, L 1Yo
L12 L22 L26 le LZX VO
Lg Lg Ly Ly L Y.r=0 (11)
Ll 7 Ll 8 L67 L77 L78 q)x
_le sz L()X L7x Lxx | o y
and antisymmetric waves:
_L33 Ly, Ly || W,
Ly Ly Ly | ¥, =0 (12)
_L35 L45 L55 \ij

Through solution of eqs. (11) and (12), the phase velocity dispersion curve can be obtained.
2. Piezoelectric actuator model bonded through adhesive layer
2.1 Transversal isotropic piezoelectric material

The piezoelectric transducers aiming at aircraft SHM are usually made of polarized

piezoelectric ceramics. They are often cut circular shape and polarized in the thickness
direction. In the process of application in SHM, they are often bonded on the surface of
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structures and excited by voltage signals. Thus Lamb wave is generated through inverse
piezoelectric effect and propagates in structures.

According to Horacio Sosa [12], by introducing the stress function U(x,,x,) and complex
potential function ¢, (z,)=U, '(z,) =dU,(z,)/dz, that both satisfy the constitutive equations,
the characterisitic of mechanical-electrical coupling of piezoelectric materials can be converted
to three complex functions ¢, ¢, and @,. z, =x +xx,, where g are the six conjugate
roots of constitutive equations of piezoelectric materials.

To obtain ¢, (z,), the following boundary condition is usually assumed:

2R 4,z = 1 ds (13a)
29{23: 18.(z,) = jo t,.ds (13b)
Z%iﬂkgﬁ(zk) :—L:D,,ds (13c)

where ¢, and ¢,, denote the force applied to piezoelectric materials in directions x, and
x,, § denotes the arc of the circular shape piezoelectric wafer. D, denotes the electric
displacement component normal to the surface of piezoelectric wafer. A, is a parameter

decided by piezoelectric material coefficient and g,. R denotes the real part operator.

2.2 Actuator model of piezoelectric materials

The working principle of a piezoelectric wafer of thickness ¢, bonded on the surface of a

plate structure is shown in Fig. 1. When voltage signals are applied on two poles of a
piezoelectric wafer, it will deform due to the inverse piezoelectric effect. The adhesive layer
with the thickness f, will pass the deformation from the piezoelectric wafer to the plate

surface and act as the excitation.

-
7

T e e e .

_alp ap
Fig. 1. The bonding of piezoelectric wafer and plate structure

According to E. F. Crawley [13], the mechanical effect of the actuator model can be
expressed as:

a

T 1G, E (sinhl"}?jA

E t, G, ET'\ coshI’

G 1 (Y+a
m==t___

Ea [a[b[ lIJ j (14)
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_Et
Ea ta

where X is the dimensionless coordinate of x, X e[-1,1], 7 denotes the shear stress passed

from the adhesive layer to the plate structure. The subscript a and b of the elastic modulus E,
shear modulus G and thickness ¢ refer to the piezoelectric wafer and the adhesive layer,
respectively. The three kinds of variables without any subscript refer to the plate structure. A
denotes the strain caused by the inverse piezoelectric effect, I' denotes the shear damping,
¥ denotes the relative stiffness and o denotes the Euler-Bernoulli coefficient and is set to be 4
in this study.

Substituting " with different values, the obtained shear stresses are plotted in Fig. 2. It can
be concluded that when T is large enough, the actuating effect can be equivalent to
distributed shear force only on the edge of the piezoelectric wafer. Thus eq. (14) can be
simplified as:

™ __16 E

E 1, G, ErA[5(x—a)—5(x+a)] (15)

where 5(x) denotes Dirac function that S(x=0)=1 and S(x#0)=0.

z T
15} | ——r=20 J-
W ol (@R e
E — =100 ]L
05
" '
-
E Q r — —‘?‘ﬁe J
£
7] ‘:' -5 d]
g 4
B A
w1 45 I|
{ 1 1 1 1 1
4 05 a 05 1

MNommalized coordinate

Fig. 2. Shear stress pass from piezoelectric actuator to adhesive layer

Substituting the constraint condition of the adhesive layer in eq. (15) into the boundary
condition of piezoelectric wafer in eq. (13), the mechanical-electrical coupling field of the
actuator can be analytically expressed as:

7,(x) =ar, [5(x—a)—5(x+ a)]

- 4G E [6(x-a)-5(x+a)] "

where V(w) denotes the actuating AC voltage, 7, denotes the distributed shear force value on
the edge of the piezoelectric wafer. b, and J,, are the piezoelectric constants.

2.3 Boundary condition of piezoelectric actuator

When the piezoelectric actuator is bonded on the surface of isotropic plate structures, the
research object can be simplified as a two dimensional plain strain problem. However, for the
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anisotropy characteristics of composite structures, a fully three dimensional dynamic analysis
shown in Fig. 3 is necessary.

Fig. 3. Actuator model for composite laminate

As described previously, the effect of the piezoelectric actuator can be equivalent to a shear
force along the radial direction, resulting in the radial propagation of Lamb wave. Now the
propagation direction with an angle ¢ to axis x is researched. A shear stress 7, in the

propagation direction can be divided into two components 7, and 7., where 7 _ =7, cos¢
and 7, =7,sing.

According to Giurgiutiu [17], the shear stress on the single surface of a plate can be divided
into the shear stresses on both surfaces that excite two modes of Lamb waves independently:
symmetric Lamb wave and antisymmetric Lamb wave, which are shown in Fig. 4.

[ R Tz oz
- (Tyz |z:+ht’2) sz (Tyz ‘z:+hf2)
+h/2 = > | > > +h/2 > —>| > —
Eh ,
X X
(" &0
/2 ;
-2 r————— -2 — €— €— <
- T, ‘z:—hfz ta -(T T |z:—h12 ta
(Tyz |z:—ht’2) (Tyz |z:—hﬂ’2)
(a) (b)

Fig. 4. Shear stress decomposition into (a) symmetric mode and (b) antisymmetric mode

The boundary condition of the plate structure at the actuator location in the spatial domain is
derived. The symmetric mode is expressed as:

u z==h/2 =u z=h/2 "’ Y z=—h/2 =V z=h/2
1
CTorlzmeii2 = Tz |zopn = _Ez-xz’ z-yz z=—h/2 — _Tyz z=h/2 T _Ez-yz (173)
Meei2 = " Wiz
O |echy = =0 ooy =0
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and the antisymmetric mode is expressed as:

U = U2 Ve = "Vt
1 1
Tl z=ni2 = Caz| 222 _Ez-xz’ z-yz z=—h/2 — z-yz z=h/2 _Eryz (17b)
W2 =W
O |ochin ==0, |y =0

Combining the boundary condition in eq. (17) and the dynamic analysis of composite
laminate based on Mindlin plate theory, the analytical modeling of Lamb wave in composite
laminate is realized.

3. Piezoelectric actuator effect analysis

3.1 Application of the piezoelectric actuator boundary condition

A sinusoidal signal is assumed to be the excitation V, (@)=V,,-e¢ . The shear stress
between the adhesive layer and the plate structures can be divided into:

. (x,0)=———L—2 V,,cosd[S(x/cosp—a)—S(x/cosg+a)|-e™
- (x, ) TG T o p[5( $—a)—5( p+a)] (18a)
E )
. (y, )——lﬂ—“b”Ethosin¢[§(y/sin¢—a)—§(y/sin¢+a)]~e””” (18b)
tb Ga r 522ta

The signal in spatial domain is often converted to the wavenumber domain for convenience.
The respective wavenumbers &, and k, in directions x and y are required because of the

anisotropy property of composite laminate. The process of conversion from x-y space to
k -k, space is realized through Fourier transform:

T =] fx)e™
JUe)=[" f(e™dy

Do (19)
F) == Fk)e"™dk
27 4
1 Ry ikyy
o) ===[ Fk,)e™dk,
27 =
The shear stress excitation in eq. (18) is converted to:
T (k)= _[j: T, COS ¢[5(x /cosgp—a)—O(x/cosg+ a)] e " dx (202)
= ar, cos #[—2isin(ak, cos @)]
fyz (ky) = _[j: T, OS¢ [5(y /sing—a)—56(y/sing+ a)]e'”‘”dy (20b)

= ar, sin ¢[-2isin(ak, sin ¢)]

To simply the deduction process, only the symmetric mode is illustrated for example. The
deduction for the antisymmetric can be realized with the same process as the symmetric mode.
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Substituting the shear stress excitation in eq. (20) to the boundary condition in eq. (17), the
boundary condition for the symmetric mode in space domain is expressed as:

I I
z==h/2 z=h/2 z=—h/2 z=h/2

~ - 1- 1 .

Taz| ey =Tz |,oppn = > Te = —Earo cos g[—2isin(ak, cos )]

~ ~ 1- 1

Toloin =Tz | ooy = ZTW = —Earo sin ¢[—2isin(ak, sin ¢)] @n
z=—h/2 - z=h/2

Oz |y = =0z |y =0

Substituting the boundary condition in eq. (21) into the basic displacement expression in
eq. (1), the following relations can be obtained:

v, (k)=0, ¥ (k)=0, wo =0 (22)

Substituting the boundary condition in eqgs. (22) and eq. (21) into eq. (2), it can be obtained:
~ hi2 ~
0.(k)= J:h/zrxzdz =0
~ hi2 ~
0,(k)=|"" 7..dz=0

hi2

R (k)= I f_zdz = %ahzro cos @[—2i sin(ak, cos ¢)]

hi2

(23)

hi2

R (k)= I =—ah21'0 sin ¢[—2i sin(ak, sin ¢)]

hi2 T):%

Substituting egs. (21), (22) and (23) into the constitutive eq. (6), it can be derived that:

@x = KK, B; (‘7/:,){ +&x)+ KiKsBys (l/;” +&y) -
éy = K2K4B45 (l/r;z,x + ;x )+ KZKSB44 (&z,y + &}) =
ﬁx = K42D55 (‘/72,): +&x)+ K4K5D45 (V~/z,y + ;V)

24
- %ahzro cos g[—2isin(ak, cos §)] (242)

Rv = K4K5D45 (l/~/z,x + &x ) + K52D44 (‘/’;z,y + &})
= %ahzro sin ¢[—2isin(ak, sin ¢)]

Following the same process above for the antisymmetric mode, it can be obtained for the
antisymmetric mode that:

0. = K A (V7X +Wor ) + K, Ays (l//y + ;vO,y)

= %ahro cos g[—2isin(ak, cos @)]
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@y = KK, Ays ('/N/x + Wo.x ) +1," Ay ('/7} + ;VO’}’)

= %ahro sin ¢[—2isin(ak, sin @)]

_ L L (24b)
R =x kB, (l//x + Wo,x ) +K,K, B (l//y + wo,y) =0
E}’ = KleB45 ('/N/v + ;VO,x)J" KszB44 (ij + ;VO,y) =0
The right side of egs. (8c) and (8f) can be rewritten as:
azw i[(kyx+kyy)—a az i[(kyx+kyy)—ot
IO atz() — _a)ZVVOe[(/y kyy)-ot] , ]2 alt/gz — _a)Z\Pze[(/ﬁ kyy)-ot] (25)

In the condition that no loads are applied and only the single piezoelectric wafer is actuated
for Lamb wave propagation in composite laminate, the body forces ¢ and m are both equal to
zero. However, it can be seen in eq. (6) that the force N, in eq. (8f) is composed of many

components, most of which are related to the first derivatives of displacements and rotation
angles to x and y. Thus considering the small deformation of Lamb wave propagation in
composite laminate, these derivatives are negligible compared to y, and then N_ is
simplified as N, = k,” 4,,.  while solving eq. (8f).

Only taking the key amplitude terms W, and ¥, from w, and y_ into consideration,
they can be expressed with 0., O, R and R, as:

%, , %0,
ox oy (26a)
T
0
oR,  OR,
_ox oy (26b)

o 1-e’l,

Considering the derivate property of Fourier transform, the following equations can be
obtained by converting eq. (26a) to the wavenumber domain:

. 00,
) k0, (k) + o7
Wit y) =
0
) 66?: +ik2Q‘, (kz) (27b)
Wo(x,kz):T
0
o 0R,
B lkle(kl)+ ay (270)
VY (k,y)=
z( 1 y) 1—(()210
) aaRX +ik, R (ky) 274
‘Pz(x,kz)le_T (27d)
0
1691

© VIBROENGINEERING. JOURNAL OF VIBROENGINEERING., DECEMBER 2012. VOLUME 14, ISSUE 4. ISSN 1392-8716



894. ANALYTICAL MODELING OF LAMB WAVE PROPAGATION IN COMPOSITE LAMINATE BONDED WITH PIEZOELECTRIC ACTUATOR BASED ON
MINDLIN PLATE THEORY. XIAOYUE ZHANG, SHENFANG Y UAN, MENGLONG LU, WEIBO YANG

x

According to the inverse Fourier transform in eq. (19), the internal forces O, O,, R
and R, can be substituted with corresponding variables in space domain, and thus W, and

W can be expressed in wavenumber domain as:

aRX +% —~ —~
= 2 IR
1- 0’1, -0’1, (282)
ah’z, . S .
= m[km cos gsin(ak g, cos @)+ kyso sin ¢s1n(akys0 sin ¢)]
0
aQX + a& —_—~ —_—
ik Q. (k)+ik k
VVO(X,)/)Z ox _ 8)/ :l 1Qx( 1) 21 zQy( 2)
o, o, (28b)
= _i(})l—zz-;[kmo cos gsin(ak ,, cos @) +k ., singsin(ak,,,, sin ¢)]
0

3.2 Solution of dispersion curve of Lamb wave in wavenumber domain

Section 1.2 gives the dispersion eqgs. (11) and (12), among which the coefficients L, are
functions of k, k, ® and @. W, and ¥ have already been solved in section 2.1.

Thus the other six unknows in dispersion eqgs. (11) and (12) can be obtained through solving the
linear set of equations.
Solving eq. (11) by putting ¥ to the right side:

L, L, L; Ly U _LIG
0
L, L, Lg Ly % Ly
0
Ly Ly Ly Lg @ =—| L |V, (29)
L, Ly L, Ly ® ’ L,
L Ly Ly Ly Ly i ' L Ly J

Eq. (29) can be easily solved and U,, V,, ®  and @ can be expressed with ¥ and
are all proportional to ¥, . The respective ratios are expressed as R,,, R,,, R,, and
R

Yv:"

In a similar way, ¥  and ¥  ineq. (12) can be also solved by putting ¥ to the right

side. The respective ratios are expressed as R, and R, .
Thus the six displacement unknown components can all be expressed with 0, O,, R

and R, in wavenumber domain, among which the symmetric displacements are only related to
R, and R, and antisymmetric displacements are only related to O, and Q . With the

solved six displacement components of composite laminate in the process of Lamb wave
propagation, the transient displacements in the mid-surface at any time can be obtained as:

4 = UMk _ _p ik R, (k) +ik, R (k,)
o 1—w*]
0

il(kyx+kyy)—wi]
" ez X4k, y)—w (303)
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lkR (k) +ik, R (k)

_ Voez‘[(kmkzy)—wr] =R, el tkoy)=wi] (30b)
l1-w I
Wy = VVOei[(klx+kz,V)fwt] ik Q (k )+lk Q (k ) 1[(k|X+kz}) wt] (300)
- I
i[(kyx+kyy)—wi le(k)+le(k) 1 x+ Wi
v, = \Pxe [(kx+hyy)—wi] :RXW i[(kyx+kyy)=wi] (30d)
- I
i[(kx+kyy)—w le(k)+le(k) X+kyy)—wi
v, = \Pye [(kx+hyy)-we] _ RY (k1 kyy)-wt] (306)
- I
w. = \Pzei[(kl)wkzy)fwt] — lkl RX (k1)+ lsz R,V (kz) ei[(k1x+kzy)fwt] (30ﬂ
-],
¢X — q)xei[(klﬁkzy)—wt] — _RX\V ikl R)c (kl) + ikz Ry (kz) e[[(k,ﬁkz.V)w»z] (30g)
-],
¢V — (Dye[[(kl)ﬁkz.")*wﬂ — _Ry\y lk R (]I )+l]; R (k ) r[(k1x+kzy)fwt] (30h)
’ [0}

Substituting z=%4/2 into eq. (1), the displacements and strains on the upper surface can
be expressed as:

u(xayat) z=h/2 “o(x yat)+ '//v(x yat)+ ¢ ()C yat) (313)

V(xayat) z=h/2 Vo(x y,t)+ '//y('x yat)+ ¢ (x yat) (3lb)

W(X,y,f) z=h/2 :Wo(x,y,t)+EV/z(X,y,t) (310)
h h’

gx(xayat) z=h2 = U (xayat),x +El//x(x7y7t),x +?¢x (xayat),x (31d)
h h?

gy(xsyst) z=h/2 T Vo(xty?t),y +E!//y(x7yst),y +?¢y(x7y7t),y (313)

h
Vi (6150 Ly = g (X, 1,8) , + 9, (%, 3,0) , + Z[% (x5, 3,0) , +y,(x,, t),x]

+ ?I:¢x (x’ y’ t),y + ¢y (x’ y’ t),x ]

The final expressions of displacements and strains are obtained according to the above
derivation.

4. Theoretical results and experimental validation
4.1 Experiment setup

As shown in Fig. 5, thirty-six PZT wafers P1 to P36 are surfaced bonded on the composite
laminate mentioned above and constitute a circle with an equal angle 10° each other. In the
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center of the thirty-six PZT wafers, another PZT wafer P37 is bonded to act as the actuator,
while others as the sensors. The details of the composite laminate and the PZT wafer placement
are both shown in Fig. 6. The CF/EP composite laminate is manufactured with 18 plies with the
sequence of [45/0/-45/90/0/-45/0/-45/0]s with the dimensions 600 mmx600 mmx2.16 mm. The
whole mechanical property of the laminate is listed in Table 1.

Integrated structural health Power amplifier Multi-channel switth  Composite specimen
monitoring system

Fig. 6. Placement of piezoelectric wafer:
(a) composite laminate and piezoelectric wafer, (b) geometric illustration of piezoelectric placement

Table 1. Mechanical parameters of the composite laminate
P E; E, E; G G | Gy h
(kgm™) | (GPa) | (GPa) | (GPa) | (GPa) |(GPa)|(GPa)| 2 | 13 | #3 | (mm)
1.61x10° | 73.068 | 34.443 |19.4326 | 17.941 | 44.7 | 44.7 | 0.4328|0.2318 | 0.2673 | 2.25

Shown in Fig. 6, the experiment is done through the integrated structural health monitoring
system designed by the Aecronautical Science Key Laboratory for Smart Materials and
Structures in Nanjing University of Aeronautics and Astronautics.

4.2 Theoretical phase velocity and group velocity

The phase velocity dispersion curve at direction £, for the three kinds of mode calculated
from eqs. (11) and (12) are as shown in Fig. 7. The group velocity is calculated as:

¢ e, (32)

where ¢, and f'denote the phase velocity and the corresponding frequency.
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Fig. 7. Dispersion curve of phase velocity in direction E: (a) symmetric mode, (b) antisymmetric mode

The group velocity dispersion curve at direction £, for the three kinds of mode calculated
from egs. (11) and (12) are as shown in Fig. 8. As to the applied order of the Mindlin plate
theory, a 5x5 matrix and 3x3 matrix are solved for the symmetric modes and
antisymmetric modes, respectively. With the increase of the order, more modes can be
calculated.

FZ5 .. 25 . —
= 3 i / '
= =
=15 g 15
2 =
H EARE
= 2
= i) L
%D.E i 0.5 il SHy
= 0 1 . E 0 ) f
= 1 2 3 0 0 1 2z 3
Frequency (MMHZ) Frequency (MMHZ)
(a) (b)

Fig. 8. Dispersion curve of group velocity in direction E;: (a) symmetric mode, (b) antisymmetric mode

The group velocities of Lamb wave in different directions under the frequency of 2.9 MHz
are given in Fig. 9. For the anisotropy property of the composite laminate, Lamb wave
propagates at different directions with different velocities.

(a) (b)
Fig. 9. Group velocities of Lamb wave in different directions under the frequency of 2.9MHz:
(a) symmetric mode, (b) antisymmetric mode
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4.3 Group velocity comparison

A modulated five-cycle sine burst with a certain central frequency usually is adopted to
excite diagnostic waves into the laminate. Fig. 10 shows the waveform and the corresponding
power spectrum. The response signals in direction £ under different excitation frequencies are
as shown in Fig. 11, where EMI is short for electromagnetic interference, S, and 4, denote the
fundamental symmetric and antisymmetric mode, respectively. The former propagates faster
than the latter. Besides, the amplitude of the former is close to zero under frequencies lower
than 100 KHz, then the amplitude increases rapidly till the frequency around 400 KHz, and
finally it decreases under the frequencies from 400 KHz to 500 KHz. As to the fundamental
antisymmetric mode A, the amplitudes are obvious only under frequencies of 200 KHz. Since
Ay mode has a lower velocity than S, mode, reflection of Sy mode from the boundary will
interfere the direct arrival wave of 4, which influences the exact calculation of group velocity
of Ay mode. Thus, according to the above discussion, the group velocity comparison based on
the Mindlin plate theory and the experiment are performed under frequency range from 20 KHz
to 200 KHz and from 200 KHz to 500 KHz for 4, mode and S, mode, respectively.

1 300
=05} ]
= = 200} ]
g E
g 0 =
E < 100} ]
<.05 ;

1 : L : : ' :

£ ; ; o 2 4 & & 30

Time (10%) Time (10%)
(a) (b)

Fig. 10. Modulated sine wave: (a) original signals, (b) power spectrum

Mmplitude (V)

Time (10*s)

Fig. 11. Response signals in direction £, under excitations of different frequencies
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Complex Shannon wavelet transform is used here to extract the wave envelop from the
original wave form. The signals before and after Complex Shannon wavelet transform are
shown in Fig. 12, which also illustrates how to calculate the group velocity by response signals
from the experiment. In Fig. 12(b), #, and #, correspond to the time with the maximum
amplitudes of the acting signal and response signal after Complex Shannon wavelet transform.
The Lamb wave time-of-flight is #; — 7. Thus, the group velocity can be obtained by:

€ = (33)

1 T T . -
acting signal response signal o acting signal response signal
)
ERL
g B
£ i vy
g B,
= E ol
A5 - - 0
0 1 2 3 0 1 2 3
Time (10s) Time (10%s)
(@) (b)

Fig. 12. Group velocity calculation:
(a) original signals, (b) wave envelopes obtained after Shannon wavelet transform

The group velocities of 4, mode and Sy mode are compared in directions £, and E,, which
are shown in Fig. 13. For 4, mode, the theoretical value correlates quite well with the
experiment results. However, only the theoretical value from 210 KHz to 400 KHz correlate
well with the experiment results and a considerable difference between the theory and
experiment results is observed in the frequency range of 410 KHz to 500 KHz. This
phenomenon can be explained by the following reasons: the 2nd order Mindlin plate theory is
accurate enough for the solution of dispersion characteristics under the frequency below about
400 KHz, but a higher order is necessary for accurate modeling above 400 KHz.

Another phenomenon observed from Fig. 13 is the obvious group velocity differences in
direction E; and E,. Since the elastic modulus in direction £ is larger than that in direction £,
the group velocity in direction E| is larger than that in direction £,. In many damage monitoring
algorithms that utilize the time domain information to localize damage, the velocity differences
in different directions should be addressed.

The last phenomenon is Lamb wave propagates with multi-modes. Two fundamental modes
Ay mode and S, mode always exist in the plate. With the increase of the frequency, more modes
will appear in the surface, which significantly complicates the wave propagation in the plate.
Thus the comparison of theory value and experiment result is performed under frequencies
below 500 KHz to ensure only 4o mode and S, mode exist in the plate.

4.4 Direct arrival wave amplitude comparison

Since 4y mode is mainly composed of flexural wave with out-of-surface displacement, the
displacement w is extracted for the 4, mode amplitude comparison. Similarly, Sy mode is
mainly composed of longitudinal wave with in-surface displacement, the displacement u is
extracted for the Sy mode amplitude comparison. Fig. 14 gives the normalized amplitude
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comparison between the theory values and experiment results in direction £;. The experiments
show the amplitude of the 4y mode reaches the maximum under the frequency 130 KHz and S
mode reaches the maximum under the frequency 330 KHz. As to the theory calculation, 4,
mode and Sy mode reach the maximums under the frequency 150 KHz and 300 KHz,
respectively. The correlation of the frequencies corresponding to the two modes’ maximum
amplitudes and the amplitude variation trends between the theory calculation and experiment
results show the effectiveness of the proposed analytical modeling based on Mindlin plate
theory.

2500 10000 . . , .
- meany
= = zml £ experkment
E i)
—r Fl
oy 3
= £ smp
2 =
= FE]
z 5 wmf
(=9 =
= =
=it =
AR 5 o}
a : : x L a ! ! ! !
a 1 z ] f E a 1 P E i 5
Frequency (10 KHZ) Fraquency (10 KHZ)
(a) (b)
=00 gleess] T T T T

i

[l g
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E'b

Group velocity  (mfs)
=
&
Crroup velocity (mfs)
8 8 8 ¢
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“ 1 z 3 . 5 L} = :
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(© (d)
Fig. 13. Group velocity comparison of theoretical values and experiment results:
(a) Ay mode in direction £}, (b) Sy mode in direction £,
(¢) Ag mode in direction E,, (d) Sy mode in direction E,
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Fig. 14. Amplitude comparison of theoretical values and experiment results in direction E:
(a) 4g mode, (b) Sy mode
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4.5 Waveform comparison

The response signals of Lamb wave is elongated because of the dispersion characteristic of
stress wave propagating in plate structures. Since the analytical modeling assumes the
waveform being the sinusoid function, several response sinusoid waveforms under different
frequencies are added together to compare with the experimental wave form. The response
signal in direction E; under the frequency 50 KHz is chosen. Three frequency spectrum
amplitudes 125, 150 and 150 corresponding to the frequencies 40 KHz, 50 KHz and 60 KHz are
extracted from Fig. 10(b). The three waveforms are modulated sine waves whose amplitudes are
proportional to their respective spectrum amplitudes in Fig. 10(b) and response normalized
amplitudes 0.46, 0.59 and 0.69 in Fig. 14(a). The three waveforms are delayed according to
their respective theoretical group velocities, which are 1678 m/s, 1764 m/s and 1817 m/s and
then added together.

For the S, mode waveform comparison, the central frequency 400 KHz is chosen. Three
amplitudes 31.2, 25.6 and 25.6 corresponding to the frequencies 320 KHz, 400 KHz and
480 KHz are extracted from the corresponding frequency spectrum. The three waveforms are
modulated sine waves whose amplitudes are proportional to their respective spectrum
amplitudes and response normalized amplitudes 0.92, 0.56 and 0.21. They are all delayed
according to their respective theoretical group velocities, which are 6025 m/s, 5259 m/s and
4357 m/s and then added together.

The added theoretical waveforms under the frequencies of 50 KHz and 400 KHz whose
respective modes are 4, mode and S, mode are shown in Fig. 15. The theoretical and
experimental correlation is much better for the 4y mode than the S, mode, which is consistent
with the conclusion that the 2nd order Mindlin plate theory is suitable for analytical modeling
under low frequencies.

1 1
= theary ;; theory
£ §¢ experiment | =05 experiment |-
] z
S =g
E 5} ; E-05
= =
= A : : 4 A : . .

4 13 1 1.7

3 14 15
Time (10*s) Time (10*s)
(@) (b)

Fig. 15. Wave form comparison of theoretical value and experiment results:
(a) Ao mode under 50 KHz, (b) Sy, mode under 400 KHz

5. Conclusions

The Mindlin plate theory considers the influence of transverse shear deformation and
moment of inertia on displacements. Thus it is more suitable for dynamic analysis of composite
laminate with low transverse shear stiffness and large transverse shear deformation. Combining
the adhesive coupling model of the piezoelectric actuator with the Mindlin plate theory, the
dispersion curve of Lamb wave in any direction and mechanical parameters of any point in the
composite are obtained, and thus the modeling of piezoelectric wafer excited Lamb wave
propagating in composite laminate is realized. The experiment testifies that the analytical
modeling effectively reflects the propagation characteristics of Lamb wave in composite
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laminate regarding including the phase and group velocity dispersion characteristics, different
phase and group velocities in different directions, and amplitudes variation with the central
frequencies. The exact analytical modeling promotes the engineering application of SHM.
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