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Abstract. The present work contributes to the analysis of the interactions between gears, shafts 

and journal bearings in a geared rotor-bearing system. Although there are analyses for both of the 

gear and rotor-bearing system dynamics, the coupling effect of the nonlinear variable pressure 

angle and geared rotor-bearing system is deficient. In contrast to the majority of the models in the 

literature, the variable mesh stiffness and pressure angle are introduced in this paper while they 

were considered as constant in previous models. The equations of motion for the geared rotor- 

bearing system are obtained by applying Lagrange’s equation, and the Runge-Kutta numerical 

method is used to solve the equations of motion. Numerical results of this study indicated that the 

proposed model provides realistic dynamic response of a geared rotor-bearing system. 

Keywords: gear, rotor system, time varying mesh stiffness. 

 

1. Introduction 

 

The geared rotor-bearing system is one of the main mechanisms for modern power 

transmission. It is often coupled with bearing systems, power generation and power extraction. 

On account of the increasing demand for high speed and accurate transportation, the research in 

the field of geared rotor dynamics is very important. The dynamic analysis of the geared 

rotor-bearing system with variable pressure angel is investigated in this paper. 

The dynamic characteristics of geared rotor-bearing systems have been studied by many 

researchers [1-4]. Nelson [5] established the shape functions by using Timoshenko beam theory 

and finite element method, and Bucciarelli [6] presented unbalance response due to instability of 

rotating shaft. Shiau and Hwang [7] presented a polynomial expansion method for the dynamic 

analysis of rotor-bearing systems. For geared rotor system, Lund [8] considered the coupling 

effects of the torsional and lateral vibrations. Iida et al. [9] considered a simple geared system 

including the coupled torsional and flexural vibration. Neriya et al. [10] extended the model of 

Iida et al. [9] by representing a single gear with a two mass-spring-damper system. Kahraman et 

al. [11] developed a finite element model of a geared rotor system. Shiau et al. [12] analyzed the 

lateral response due to torsional excitation of geared rotor, and Lee et al. [13] developed the 

coupling of lateral and torsional vibration for the geared rotor-bearing system. The effects of the 

residual shaft bow and viscoelastic supports were investigated by Kang et al. [14] Kim et al. [15] 

developed a new dynamic model for the gear set that the pressure angle and the contact ratio as 

time-varying variables. 

 

2. Modeling of the System 

The configuration of a geared rotor-bearing system is shown in Fig. 1. Two uniform flexible 

shafts are of length 
1

L  and 
2

L , and the gear pair is mounted on the shafts. An external torque M 

exerts upon the driving gear. The contacting mesh force is represented by the gear mesh stiffness 

m
k  and damping 

m
c  along the pressure line. Four bearings are modeled as flexible elements with 

damping and stiffness denoted as b

j
c  and b

j
k . A single shaft system with a rigid disk is shown in 
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Fig. 2, in which the fixed reference frame, ZYX −− , is used to describe the system motion.  

Five degrees of freedom ΓΒ   ,  ,  ,  , αWV  are considered at each nodal point of the shaft, where 

V and W are lateral displacements along Y and Z directions, respectively, Β  and Γ are 

rotational displacements, α  is the torsional displacement, and the axial translational vibration is 

neglected. 
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Fig. 1. The configuration of a geared rotor-bearing system 
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Fig. 2. Typical rotor configuration and coordinates 

Fig. 3 shows the configuration and generalized coordinates for the pair of gears [15], which 

are mounted on the shafts as shown in Fig. 1. The teeth are regarded as flexible cantilever beams 

and are deformed by both the bending and shear. The mass, transverse mass moment of inertia, 

polar mass moment of inertia of the driving gear and driven gear are, respectively, 
1d

m , 
1dD

I , 
1dp

I  

and 
2d

m , 
2dD

I , 
2dp

I . The motion of the gear set can be defined with ten generalized coordinates, 

which are the same as the node coordinates of two shafts, where the gears are mounted. The 

dashed and solid circles represent the gear pair before and after motion, respectively. 
1

O  and 
2

O  

are the initial centers of each shaft, and 
1

C  and 
2

C  are the axis centers after the motion. The mass 

centers of gears are denoted by 
1

G  and 
2

G . The magnitudes of the eccentricity denoted by 
1

e  and 

2
e , and the eccentricity angles are denoted as 

1d
Φ  and 

2d
Φ . The angular coordinates of the 

driving and driven gears are defined as: 
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 ( ) ( )i i di dit t tθ Ω α Φ= ± + +  (1) 

where =i 1 and 2 mean the driving and driven gears, respectively. 
i

Ω  are the spin speeds of shaft. 

The displacement vectors for the mass centers of the gears are defined as: 

iidiiidii
ktetWjtetVtr ˆ)]( sin)([ˆ)]( cos)([)(ˆ

ii
θθ +++=

 
(2) 

where i
ĵ  and i

k̂  are the unit vectors in 
i

X  and 
i

Y  axes. The distance between centers, d , is 

changed to d ′  after the motion, and d ′  is defined as: 

2

12

2

12
)]()([])()([)( tWtWdtVtVtd

dddd
−++−=′

 
(3) 
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Fig. 3. The configuration and generalized coordinates for gear pair 

In Fig. 4, the gear pair is modeled as the equivalent stiffness 
m

k  and damping 
m

c  with 

transmission error )(te
t

 along the pressure line between the teeth. The equivalent stiffness and 

damping are treated as time-varying coefficients in this paper. The pressure line is defined as the 

common tangent line of the base circles for the gear set, and the pressure angle p
φ  is defined as: 

)](/)[(cos)(
21

1 tdRRt
p

′+= −φ  (4) 

where 
1

R  and 
2

R  are the radii of base circles of gears. 

The angle of the driven gear relative to the driving gear is represented by: 

)]/()[(tan)(
1212

1 dVVWWt
dddd
+−−= −ψ  (5) 

The pressure angle and the gear position angle in this paper are affected by the translational 

motions of the gear pair while the previous studies neglected these effects. According to the 

above assumption that the gear mesh is modeled as the equivalent stiffness and damping with 

transmission error, the gear mesh deformation along the pressure line can be written as: 
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tddpddpdd
eRRWWVVt ++−−−+−−= )()cos()()sin()()(

22111212
ααψφψφδ  (6) 

 

mc

mk
te

ψ

1R

pφ

2R

d ′

),( 111 dd WVC

),( 222 dd WVC

pφ

hF

hF

111 1 dd (t)t(t) Φ++Ω= αθ

222 2 - dd (t)t(t) θ Φ++Ω= α

Y

Z

 
Fig. 4. Gear mesh model of the gear pair 

Thus, the gear mesh force along the pressure line can be expressed as: 

δδ ɺ
mmh

cktF +=)(  (7) 

The mesh stiffness model in Kahraman et al. [11] is used in this paper, and is described as a 

periodic function with mesh period 
m

T  in Fig. 5. The succeeding pair of teeth should contact 

immediately when one pair of teeth lose the contact with each other. The contact ratio 
p

m  is 

presented to measure this overlapping action. There are two pairs of contacting teeth when time t 

is in the range from 
m

Tn )1( −  to 
mp

Tnm )2( −+ , and 
u

k  is the maximum mesh stiffness in this 

mesh process. There is only one pair of contacting teeth if t is in the range from 
mp

Tnm )2( −+  to 

m
nT , and 

l
k  is the minimum mesh stiffness. The definitions of 

m
T  and 

p
m  are defined as: 

2211
/2/2 Ω=Ω= NNT

m
ππ  (8) 

bpp
ptdRARAtm /)](sin[)( 2

2

2

2

2

1

2

1
φ−−+−=  (9) 

where 
1

N  and 
2

N  are the numbers of teeth for gears, 
1

A  and 
2

A  are the radii of the addendum 

circles, and 
b

p  is the base pitch. 

 

3. Governing Equation of the System 

The components of this geared rotor-bearing system include the gear pairs, bearing supports 

and rotor shafts. The equations of motion are derived for each component as follows. 

The gear pair in this paper is assumed as two disks, so the kinetic energies of driving gear and 

driven gear can be described as: 

2/)])(() (ˆ[
,

2

,

2

,

2

,

2

dididididiiidpdiidDdiidDdiiidpidi

g

i
IIIIrmT ΒΓ−ΓΒ+Ω±+Γ+Β++Ω±+= ɺɺɺɺɺɺɺ αα . (10) 
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Fig. 5. Non-linear stiffness model with mesh period 

The components of the gear mesh forces on the driving gear and the moment about the 

geometric center can be expressed: 

)sin()()sin(
1

ψφδδψφ −+−=−−=
pmmphhy

ckFF ɺ  (11) 

)cos()()cos(
1

ψφδδψφ −+−=−−=
pmmphhz

ckFF ɺ  (12) 

MckRFRT
mmhh

++−=−= )(
111

δδ ɺ  (13) 

For the driven gears, similar expressions can be obtained by applying the Lagrange approach 

and neglecting the transmission error, the equations of motion of the gear pair can be obtained: 

[ ]{ } [ ] [ ] { } [ ] [ ] { } { }
dddmdmddmddd

FqKcKkqCcGqM =Φ++++ ) () (
21

ɺɺɺɺ  (14) 

where 
T

ddddddddddd
WVWVq }{}{

2222211111
αα ΓΒΓΒ= . 

For shafts, two-noded element is used for the finite element formulation in this paper. As is 

shown in Fig. 6, five degrees of freedom are considered at each nodal point. The kinetic energy 

and potential energy of the shaft element can be expressed as: 

dsαIαIIWVρAT
ssssssPssP

l

sssDss

e
)}BΓΓB)(Ω()Ω()ΓB()({21

1

2

1
0

2222 ɺɺɺɺɺɺɺɺ −+++++++×= ∫  (15) 

dsWVGAκdsαGIEIU
ssssssPs

l

s

e
]})B()Γ[()(])Γ()B[({21

22222

0

+′+−′′+′+′+′×= ∫  (16) 

where ρ , A , I , 
sD

I , 
sP

I , E , G  and κ ′  are the parameters and modulus of the shafts[12]. By 

Lagrange approach, the motion equations of shaft elements can be obtained: 

0}]{[}{ ][}]{[
eee =+Ω+ eee

qKqGqM ɺɺɺ  (17) 

where { } T

eeeeeeeeee

e
WVWVq }{

2222211111
αα ΓΒΓΒ= . 

In this paper, those four bearing supports are assumed as isotropic. The potential energy and 

virtual work of thj bearing support can be expressed as: 

)/2(
22

bj

b

jbj

b

j

b

j
WkVkU +=  and 

bjbj

b

jbjbj

b

j

nc

j
WWcVVcW δδδ ɺɺ −−= . (18) 
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Fig. 6. Shaft element and coordinate system 

 
By the Lagrangian approach, the motion equations of thj bearing support can be obtained as: 

{ } { }








=







+









0

0

0

0

0

0
b

jb

j

b

jb

jb

j

b

j
q

k

k
q

c

c
ɺ  (19) 

where { } { }T

bjbj

b

j
WVq =  and j =1~4. 

The system equation of motion can be obtained by assembling equations of each component 

in the above, and is expressed as: 

}{}]{[}]{[}]{[
sssssss

FqKqCqM =++ ɺɺɺ  (20) 

where }{
s

q  is the state vector, ][
s

M , ][
s

C  and ][
s

K  are the system mass, damping and stiffness 

matrices, respectively. }{
s

F  is the forcing vector due to the mesh, external torque and 

eccentricity effects, which includes the non-linear mesh effect. 

4. Results and Discussion 

In order to compare the results of Kim et al. [15], the eccentricity of the gear is neglected and 

the torsional bearing dampings 
1t

c , 
2t

c  are considered. The parameters of the gear pair and rotor 

system are shown in refs. [12] and [15]. The rotating speeds of the shafts are considered as 

constants in this paper, and the acceleration process is neglected. Fig. 7 shows the gear mesh 

deformations with different rotating speeds when both of the shaft lengths are zero. The 

equivalent damping b

equij
c

. ,
 and stiffness b

equij
k

. , 
 in each bearing are b

j

b

equij
cc 2

. ,
= , b

j

b

equij
kk 2

. ,
= . 

The amplitudes of those deformations in Fig. 7 are similar to those in Kim et al. [15], and this 

indicates the accuracy of the simulation in this paper. The details of the deformations are shown 

in Fig. 8. The differently rotating speeds change the frequency of mesh, and the contact ratio of 

the mesh is also varied. But the varying of amplitude is unobvious. Because the eccentricity is 

neglected that the lateral deformations 
1

r , 
2

r  are not effected as the varying rotating speed varies. 

In the followings, the shaft lengths are considered for 254=L  as Shiau's [12], and 
1

Ω  is 
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selected as 3000 rpm. Fig. 9 shows the lateral deformation 
1

r  and gear mesh deformations 

with/without the rotating shaft. In the above figures, the equivalent damping b

equij
c

. ,
 and stiffness 

b

equij
k

. , 
 are selected as 6.5

. ,1
=b

equi
c , 

2,  . 8.4 (Ns/m)b

equic =  and 
 ,  . 106 (N/m).b

j equik =  The solid 

lines in Fig. 9 and Fig. 10 mean the geared rotor-bearing system with shaft 254=L , and the 

dashed lines mean the shaft 0=L  respectively. In this paper the damping and stiffness 

coefficients, b

j
c  and 

b

j
k , are assumed as the same value, 

b
c  and 

b
k . As the shown in Fig. 9(a), 

the system with shaft 254=L  is not convergent before 0.02 sec. as the damping is selected as 2.8 

and 4.2. (The equivalent damping coefficients b

equi
c

. ,1
 and b

equi
c

. ,2
 are 5.6 and 8.4 as in Kim et al. 

[15].) Fig. 9(a) also shows the lateral deformation with different damping coefficients, which 

effects the amplitude and convergence time for the vibration of lateral deformation. This geared 

rotor-bearing system with shaft 254=L  can be convergent effectively same as the system 0=L  

when the damping coefficients are selected as 800 (Ns/m)bc = . It means if the time-varying 

gear mesh stiffness and pressure angle in 2-D plane as Kim et al. [15] are considered into the 3-D 

geared rotor-bearing system in this paper, the damper should be redesigned. Fig. 9(b) shows the 

detail of the gear mesh deformation. The frequency content of responses is more complex when 

the time-varying mesh effect is considered as the system in this paper. However, as shown in Fig. 

9(b), the mesh periods 
m

T  are the same for system with/without the rotating shaft. 

 

 
Fig. 7. The gear mesh deformations with different rotating speeds 

 
Fig. 10 shows the lateral deformations 

1
r , 

2
r  with different bearing stiffness. In Fig. 10, 

damping coefficients b

j
c  are selected as 1000 Ns/m. Comparing the dashed lines and solid lines 

in Fig. 10(a) and Fig. 10(b) with 
6

 1,  .  2 ,  . 10  N/mb b

equi equik k= =  and 
5

5 10  N/m,bk = ×  the 

magnitudes of lateral deformations in steady state are increased when the rotating shaft 254=L  is 

considered. For the reason that the shafts are flexible, this will increase the deformations of the 

gears. Especially while the gear pair is mounted at the middle of the shaft. In Fig. 10(a) and Fig. 

10(b), increasing the bearing stiffness can reduce the magnitudes of lateral deformations 
1

r , 
2

r  in 

steady state effectively. 
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Fig. 8. The detail deformations with different rotating speeds 

 

 
Fig. 9. Lateral deformations 

1r  and gear mesh deformations with/without the rotating shaft 
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Fig. 10. Lateral deformations 

1r , 
2r  and gear mesh deformations with different bearing stiffness 

 

5. Conclusions 

The geared rotor-bearing system is one of the main mechanisms for modern power 

transmission. This paper investigates the dynamic responses by considering the couple effect of 

the time-varying mesh and geared rotor-bearing system, for it is deficient in the previous 

researches. The time-varying mesh effects include the pressure angle and contact ratio while the 

previous model has regarded them as constants. As the results show, the damper coefficient 

should be redesigned when this effect of time-varying gear mesh in 2-D plane are considered into 

the 3-D geared rotor-bearing system. Moreover, the mesh periods 
m

T  are the same for systems 

with/without the rotating shaft. 
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