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Abstract. Vehicle vibrations affect the health and comfort of the driver and passengers 
considerably. The aim of this study is to analyze the effects of vertical vehicle vibrations on the 
driver. To achieve this goal, a human biodynamic model with 11 degrees of freedom was 
incorporated into a full vehicle model and this combined human-vehicle model was subjected to 
the road disturbance. After dynamic analysis of the proposed model, root mean square (RMS) 
acceleration responses of the human body parts over a certain frequency range were obtained. 
Physiological effects of the vibrations on the human body were analyzed using the criteria 
specified in International Organization for Standardization (ISO) 2631. Then, in order to observe 
the effectiveness of a controller on the vibration isolation of human body, sliding mode 
controller was applied to the model. Comparison of the vibration effects for the uncontrolled and 
controlled cases of the human-vehicle model was presented. It can be concluded from the results 
that sliding mode controller considerably reduces whole body vibrations compared with the 
uncontrolled case and thereby improves the ride comfort satisfactorily.    
 

Keywords: whole body vibration, biodynamic human model, full vehicle model, sliding mode 
control. 
 
1. Introduction 

 
In everyday life, most people are exposed to vehicle vibrations that affect adversely the 

health and hence reduce the life quality. Many researchers revealed that those vibrations might 
cause the loss of performance on working people [1, 2]. Lower acceleration levels of vibrations 
may cause fatigue failures of different component structures of the spine [3]. Moreover, 
fractures of spine can also occur with strong excitations [4]. In most of the studies in literature, 
assessment of the mechanical vibration effects on the human body were performed according to 
International Standard ISO 2631 and British Standard BS 6841 [5-9]. 

Ride vibrations of a vehicle during its operation stem from the road roughness and rotating 
components of the assemblies, driveline and engine. In order to decrease the effect of vehicle 
vibrations on passengers and drivers, numerous studies have been carried out over years [10, 
11]. These studies mostly focused on the optimization of suspension parameters [12, 13], new 
seat designs [2, 4], and different control strategies [15-19]. Gunston et al. compared the vibration 
absorption abilities of two different types of seat systems [2]. They concluded that proposed 
lumped parameter seat model appears best suited to the development of the overall design of a 
suspension seat and lumped parameter models can assist seat manufacturers in designing new 
seats, or modifying existing seats. Chen and Huang employed a sliding controller with fuzzy 
compensation to control a lumped parameter quarter-car active suspension system [20]. They 
reported that the proposed control scheme significantly suppressed the position oscillation 
amplitude and acceleration of the sprung mass for improving vehicle ride comfort. 

In this study, it was aimed to analyze the disturbing effect of the vehicle ride vibrations on a 
driver, which is stemmed from road roughness. To achieve this goal, a biodynamic human body 
model was incorporated into a full vehicle model. Applied road disturbance was the excitation to 
the combined lumped parameter vehicle-human model and dynamic analysis of this model was 
carried out. Then, acceleration responses of the seated human body over a frequency range were 
investigated. Assessment of the acceleration responses of the biodynamic human model was 
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carried out according to the ISO 2631. Moreover, in order to observe the effectiveness of a 
controller on the vibration isolation of human body, sliding mode controller (SMC), which is 
widely used for nonlinear dynamic systems [21-23], was applied to the combined human-vehicle 
model. Finally, physiological effects of vehicle vibrations on human body for both uncontrolled 
and controlled situations were evaluated.       
 
2. Vehicle-occupant model 

 
The physical model of the investigated system was formed by a full vehicle model and a 

human model by considering the human body as a dynamic system as well. 
 
2. 1 Vehicle model 

 
In this study, the human model was incorporated into a non-linear full vehicle model (Fig. 1). 

The body and wheel masses of the vehicle were assumed to be rigid bodies. The model has 
seven DOFs which are due to body bounce y, roll ,as ,ys ,α  pitch θ  and vertical motion of 

each wheels yi (i = 1, 2, 3, 4). 
 

 
Fig. 1. The full vehicle model 

 
In the model, mi, m5, I

α
 and I

θ
stand for the unsprung masses (wheel-axle assembly), sprung 

mass (vehicle body), and mass moment of inertia for the roll and pitch motions of the vehicle 
body, respectively. Coefficients of the linear damping and linear springs are bi, ki, k5i, 
respectively and y0i are the road inputs to wheels. V is the velocity of the vehicle in x-direction. 
Distances of the suspensions to the center of mass of the vehicle body were denoted by a, b, c, d 
and distances between the center of the gravity and the driver's seat by sy, sa. In addition, ui 

represents the control force applied to suspensions for the controlled case. Numerical values of 
the vehicle parameters were given in Appendix A. 
 
2. 2 Human model 

 
A number of lumped parameter models have been introduced for representing the 

biodynamic characteristics of a human body [3, 24]. In these physical models, human body is 
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considered as concentrated masses, which represent the different body segments, interconnected 
by springs and dampers. Since it is simple to analyze and easy to validate with experiments, this 
type of model has been extensively used in many studies [4]. Liang and Chiang conducted a 
study to validate the various proposed lumped-parameter human body models by the 
experimental data from published literature [4]. 

In this study, in order to carry out a detailed vibration analysis of the human body parts, we 
used a dynamic model with 11 DOFs and a total mass of 91.7 kg, proposed by Qassem et al. [3] 
(Fig. 2). All springs and dampers were assumed to be linear.  

 

 
 

Fig. 2. The biodynamic model of the human body [3] 
 

In the model, human body was segmented into 11 parts. Human back was divided into 
cervical, thoracic and lumbar spines with same spring and damping coefficients [4]. A seat was 
also added to the model which transmits the vertical vehicle vibrations to the human body. 
Biomechanical values of human body parts, namely masses (m7, m8, …, m17), springs (k7, k8, …, 
k17) and dampers (b7, b8, …, b17), along with the spring and damping coefficients of seat (k6, b6), 
were given in Appendix A.  
 
3. Controller design 

 
Since sliding mode control guarantees system stability and it has a relative simple structure 

than those based on fuzzy reasoning and neural network [22], we used sliding mode as controller 
in this study. The sliding mode control approach is recognized as one of the most efficient tools 
of robust controller design for complex, high-order nonlinear dynamic plants operating under 
certainty conditions. This method changes the control action with the use of predefined rules 
during the control process. When the system crosses between stable and unstable trajectories, the 
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aim of the control is to guide the states to the sliding surface and force them to converge to zero 
[21]. Therefore, in the controller design process, the sliding surface has to be defined first, and 
then the control law should be obtained in such a way as to maintain the intended sliding motion.  

Equations of motion of the combined vehicle-occupant model were given in state space 
form, which is a convenient form for controller design, as follows: 

 
( )= +ɺx f x B u  (1) 

 

where [ ]1 2 3 38...
T

x x x x=x  is a 2n× 1 state vector and equals to 

5 1 2 3 4 6 17 5 1 2 3 4 6 17... ... .
T

y y y y y y y y y y y y y yθ α θ α  
ɺ ɺɺ ɺ ɺ ɺ ɺ ɺ ɺ  In our case n equals to 19. ( )f x  is the 

vector of the state equations without control inputs, B  is the control force matrix for the 
controlled case and [ ]1 2 3 4u u u u=u  is the vector of the control forces applied to the 

system (Appendix B). 
The sliding surface is defined as: 
 

( ){ }: , 0S t= =x σ x  (2) 

 
and the sliding surface can be selected as: 
 
=σ G ∆x  (3) 

 
where ∆x  is the difference between the reference value rx  and the system response x : 

 

r∆x = x - x  (4) 

 
G  includes the sliding surface slopes as: 
 

1

2

0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 1

i

n n x n

α

α

α

 
 
 
 =
 
 
  

⋱ ⋱

⋱ ⋱

G  (5) 

 
For stability analysis, the Lyapunov function candidate ( )v σ  has to be positive definite and 

its derivative has to be negative semi-definite: 
 

( )
T

= 0
2
>

σ σ

v σ  (6) 

 

( ) T T
σ

= 0
2 2

d

dt
+ ≤

ɺ ɺv σ σ σ σ

 (7) 

 
By using equations (3) and (4): 

 



782. ANALYSIS OF THE VERTICAL VIBRATION EFFECTS ON RIDE COMFORT OF VEHICLE DRIVER. 
AZIZ SEZGIN, YUNUS ZIYA ARSLAN 

 

 
 VIBROENGINEERING. JOURNAL OF VIBROENGINEERING. JUNE 2012. VOLUME 14, ISSUE 2. ISSN 1392-8716 

563 

r= −σ G x G x  (8) 

 
Equation (8) is separated as follows: 

 

( ) ( )a= t −σ Φ σ x  (9) 

 
where: 
 

( ) rt =Φ G x  (10) 

 

( )a =σ x G x  (11) 

 
Derivation of equation (9) is: 

 
( ) ( )a=

d td d

dt dt x dt

δ

δ
−

Φ σ xσ x
 (12) 

 
This equation has to be equal to zero for the limit case. By using equations (1) and (12): 

 

( )
( )eq( ) 0

d t

dt
− + =

Φ
G f x Bu  (13) 

 
and the equivalent controller force equ  of the limit case can be found as follows: 

 

( )1
eq ( ) ( )

d t

dt
−

 
= − 

 

Φ
u GB G f x  (14) 

 
The equivalent control is valid only on the sliding surface. Therefore, an additional term 

should be defined to pull the system to the surface. In order to achieve this, the derivative of the 
Lyapunov function can be selected as: 
 

( ) T= -  < 0ɺv σ σ Γ σ  (15) 

 
here Γ  is a positive definite matrix: 
 

1 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

i

n n x n

Γ 
 
 
 = Γ
 
 
 Γ 

⋱

⋱

Γ  (16) 

 
By using equation (7), along with equations (12) and (15): 

 

T T= -   =0
d

dt
⇒ +ɺ

σ
σ σ σ Γσ Γσ  (17) 
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( )
( )= ( ) =0

d td

dt dt
+ − + +

Φσ
Γ σ G f x B u Γ σ  (18) 

 
Here, using equation (14), total control input can be written as: 

 
1

eq= ( )−+u u G B Γ σ  (19) 

 
Here 1( )−G B  is always equal to mass matrix for mechanical systems. But ( )f x  and B are 

not well-known. Thus, in this study, it was assumed that equivalent control is the average of the 
total control. For this assumption, a low-pass filter can be used. This filter can be designed as: 
 

eq eq
ˆ ˆ+τ =
ɺu u u  (20) 

 
where τ  is the time constant of the low pass filter. Finally, the control input can be written as: 
 

1
eq

ˆ= +( )−u u G B Γ σ  (21) 

 
Elements of the control force vector u were given in Appendix B. 

 
4. Road roughness  

In this study, it was assumed that the vibration of the vehicle was only caused by the 
unevenness of the road surface. There are some indicators of longitudinal unevenness level, 
which give information about the quality of different road profiles [25]. One of the most 
important of them is the International Roughness Index (IRI) proposed by Sayers [26]. In this 
index, road profiles are created by combining the random and harmonic vibrations. Longitudinal 
road elevation used in this study can be expressed as follows: 
 

0 1( ) (1 ) ( ) ( )H l q H l q H l= − +  (22) 

 
where 0( )H l  and 1( )H l  are the random and harmonic components of the road profile depending 

on the distance l along the track, respectively, q is a proportion of the random and harmonic 
components contribution to the road profile. In this study, the vehicle was assumed to travel with 
a constant velocity of 20 m/s for 5 seconds. Thus, the road roughness was used as disturbance to 
the vehicle-driver system for a distance of 100 m (Fig. 3). There is a time delay between the 
front and rear wheel inputs which is equal to (a+b)/V. A detailed representation of the 
calculation of the random and harmonic components of the road profile along with the road 
parameters, were given in Appendix C. 
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Fig. 3. Profile of the road roughness 
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5. Vibration exposure criteria 
 

To define the limits of vibration exposure to human body, some vibration criteria were 
specified in various standards such as ISO 2631 and BS 6841 [7-9]. In our case, evaluation of 
human exposure to whole body vibration was performed according to ISO 2631 [5]. In this 
standard, the experimental vibration data collected mainly for sitting and standing postures of 
human subjects were brought together as a set of vibration criteria curves over the frequency 
range of 0.1 and 80 Hz [1]. Curves give the vibration level in terms of root mean square (RMS) 
acceleration, which indicate the general range for onset of the vibration interference and the 
observed time dependency. Exposure to the vibrations with the frequency ranging between 0.5 
Hz to 80 Hz may cause fatigue, discomfort and various health problems, while ranging between 
0.1 Hz to 0.5 Hz may result in motion sickness [5]. However, these limits were introduced as 
recommendations rather than firm boundaries indicating quantitative physiological limits for 
healthy people [1].     
 
6. Results and discussion 
 

The effects caused by vibration in the human body at any location depend on the vibration 
frequency [8, 27]. In general, people are considered to be most negatively affected by the vehicle 
vibrations in the frequency range of 4-10 Hz. The reason behind this phenomenon is that natural 
frequencies of some of the human body parts coincide with the vehicle vibration frequency 
which leads to resonance. Kitazaki and Griffin reported that the principal resonance of the 
human body at about 5 Hz consisted of an entire body mode [28]. Regular exposure to vibration 
from a vehicle passing through the seat into the driver's body through pelvis can lead to damage 
and back pain. Amirouche reported that the vibration with the frequency between 1 and 15 Hz 
becomes harmful, and that resonance effects occur at about 4 to 5 Hz for whole body [29]. 

RMS acceleration responses of the whole human body model over frequency range were 
given in Figs. 4a-k. In the figures, for the uncontrolled and controlled cases of the vehicle-
occupant model, vibrations transmitted from the vehicle to human body were compared with the 
vibration interference criteria defined in ISO 2631. According to these criteria, exceeding the 
exposure specified by the curves results in noticeable fatigue, decreased job proficiency, and 
different physiological problems [1].  

The netural frequencies of the sprung and unsprung masses were 1.2 Hz and 9.5 Hz for the 
vehicle, respectively. It can be observed from Figs. 4(a-k) that frequency responses of the human 
body segments show dominant frequencies in the close vicinity of 1.2 Hz and 9.5 Hz. This 
frequency levels could be related to the sprung and unsprung masses of the vehicle. 

In the uncontrolled case, it can be observed from the results that the seat occupant exposed to 
ride vibrations on a smooth road felt pelvis symptoms up to four hours; head, neck, thoracic 
spine, abdomen and lumbar spine symptoms between four to six hours; and upper arm, lower 
arm, torso, thorax and diaphragm symptoms between six to 12 hours. As a result, if it is exposed 
to ride vibrations around 9 Hz for 6-7 hours, it is possible that a vehicle occupant may feel a 
general sense of discomfort, lower jaw symptoms, abdominal pains, need to urinate and 
continuous muscle contraction.  

SMC is an important robust control approach for the nonlinear dynamic systems and its one 
of the major advantage is its stabilizing characteristics for dynamic systems subject to large 
disturbances [22]. In this study, SMC demonstrated a promising performance in reducing the 
vibration effects on the human model. In the controlled case, magnitudes of the vibrations on the 
human body parts are considerably less than those of the uncontrolled case. Unlike in the 
uncontrolled case, possible head, neck, upper arm, lower arm, torso, thorax, thoracic spine, 
diaphragm and abdomen symptoms disappeared for the travel duration of ≤  12 hours in the 
controlled case. In addition, duration of the travel without being exposed to lumbar spine and 
pelvis symptoms increased to nearly 6 to 12 hours.  
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Fig. 4. Comparison of the vibration accelerations of the human body parts, which were obtained for 
uncontrolled and controlled cases, with that of given in ISO 2631. Comparisons were made for: a) head, b)
neck, c) upper arm, d) lower arm, e) torso, f) thorax, g) thoracic spine, h) diaphragm, i) abdomen, j) lumbar 
spine, k) pelvis 
 

It needs to be remembered that the road profile used in this study belongs to a smooth one 
and in practice vehicle drivers or passengers may face with much more disturbing road profiles. 
In addition, it should be noted that only the road roughness was chosen as the excitation, 
whereas there may be many other discomfort sources, such as rotating components of the engine 
in vehicles. By taking the other excitation factors along with the road roughness into account, it 
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can be stated that maximum travel durations within which negative physiological effects are not 
felt may be less than those recommended in this study.  
 
7. Conclusions 
 

It can be concluded that if it is traveled at a rate of 72 km/h for 5-6 hours on a smooth road in 
a vehicle with passive suspension system, the driver feels uncomfortable. In the frequency range 
from 8 to 10 Hz, the seat occupant would feel negative physiological effects such as muscle 
spasms and abdominal pain. Therefore, a seat occupant should not be exposed to vibrations more 
than 5 hours under these conditions. However, an active suspension controller, i.e. SMC 
provided the ability to reduce the vibrations considerably. Vehicle suspension systems with 
active controller would decrease the negative physiological effects of vehicle vibrations on seat 
occupants and increase the ride comfort.  
 
Appendix A. System and road parameters 
 

Table A. System and road parameters 
m1 = 66.50 kg k1 = 211180 N/m b1 = 2015 N·s/m 
m2 = 66.50 kg k2 = 211180 N/m b2 = 2015 N·s/m 
m3 = 45.18 kg k3 = 211180 N/m b3 = 935 N·s/m 
m4 = 45.18 kg k4 = 211180 N/m b4 = 935 N·s/m 
m5 = 1108.64 kg k51 = 27000 N/m b6 = 500 N·s/m 
m6 = 28.00 kg k52 = 27000 N/m b7 = 370.8 N·s/m 
m7 = 27.23 kg k53 = 20770 N/m b8 = 3581.6 N·s/m 
m8 = 2.002 kg k54 = 20770 N/m b9 = 3581.6 N·s/m 
m9 = 4.806 kg k6 = 500.0 N/m b10 = 3581.6 N ·s/m 
m10 = 1.08 kg k7 = 370.8 N/m b11 = 3581.6 N·s/m 
m11 = 5.445 kg k8 = 52621 N/m b12 = 292.3 N·s/m 
m12 = 5.906 kg k9 = 52621 N/m b13 = 292.3 N·s/m 
m13 = 0.454 kg k10 = 52621 N/m b14 = 292.3 N·s/m 
m14 = 1.362 kg k11 = 52621 N/m b15 = 292.3 N·s/m 
m15 = 32.697 kg k12 = 877 N/m b16 = 3581.6 N·s/m 
m16 = 5.47 kg k13 = 877 N/m b17 = 3581.6 N·s/m 
m17 = 5.297 kg k14 = 877 N/m b159 = 3581.6 N·s/m 

1Γ  = 500 k15 = 52621 N/m sy = 0.785 m 

2Γ  = 500 k159 = 877 N/m sa = 0.295 m 

3Γ  = 500 k16 = 97542 N/m a = 1.945 m 

1rx  = 0 k17 = 97542 N/m b = 2.115 m 

2rx  = 0 Lm = 2·π /80 c = 0.58 m 

3rx  = 0 C = 0.9527× 10-6 d = 1.16 m 

20rx  = 0 q = 0.1 1α  = 0.8 

21rx  = 0 LM = 2·π/0.1 2α  = 0.8 

22rx  = 0 l1 = 2.21 3α  = 0.8 

V = 20 m/s w = 2    
 
Appendix B. Vectors and matrixes 
 

Vector of the state equations without control inputs ( )f x : 

1 20( )f x=x , 2 21( )f x=x , 3 22( )f x=x , 4 23( )f x=x , 5 24( )f x=x , 6 25( )f x=x , 7 26( ) ,f x=x  

8 27( )f x=x , 9 28( )f x=x , 10 29( )f x=x , 11 30( )f x=x , 12 31( )f x=x , 13 32( )f x=x , 14 33( ) ,f x=x   
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15 34( )f x=x , 16 35( )f x=x , 17 36( )f x=x , 18 37( )f x=x , 19 38( ) ,f x=x  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

20

8 1 2 3 4 1 51 52 53 54 2 9 1 2 3 4

2 51 52 53 54 3 10 2 4 1 3

5 3 51 53 52 54 1 11 2 12 3 13 4 14

51 4 52 5 53 6

( )

cos( )

sin( ) cos( )1

sin( )

f

x b b b b x k k k k x x a b b b b b

x a k k b k k x x d b b c b b

m x c k k d k k b x b x b x b x

k x k x k x k

=

− + + + − + + + − + − +  

− + − + − + − +      =
+ + − + + + + +  

+ + + +

x

54 7

,

x

 
 
 
 
 
 
 

 

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

21

2 2 2 2 2
3 10 1 2 3 4 2 2 51 52 53 54

3 8 1 2 3 4 2 1 51 52 53 54

2 3 10 2 4 1 3

2 3 52

( )

cos ( ) cos( )sin( )

cos( ) cos( )

1 cos( )cos( )

cos( )sin( )

f

x x a b b b b b x x a k k b k k

x x a b b b b b x x a k k b k k

x x x d ab bb c ab bb
I x x d ak bkθ

=

   − + + + − + + +   

− + − + − + − +      

− − − −  =

− −

x

( ) ( )54 51 53

2 11 1 2 4 51 2 12 2 2 5 52

2 13 3 2 6 53 2 14 4 2 7 54

,

cos( ) cos( ) cos( ) cos( )

cos( ) cos( ) cos( ) cos( )

c ak bk

x x ab x x ak x x ab x x ak

x x bb x x bk x x bb x x bk

 
 
 
 
 
 
 − −   
+ + + + 

 
− − − − 

 

22( )f =x  

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( )

( )

2 2 2 2 2
3 10 1 3 2 4 2 3 51 53 52 54

3 8 2 4 1 3 3 1 52 54 51 53

2 3 9 2 4 1 3

3 2 52 54 51

cos ( ) cos( )sin( )

cos( ) cos( )

1 cos( )cos( )

cos( )sin( )

x x c b b d b b x x c k k d k k

x x d b b c b b x x d k k c k k

x x x d ab bb c ab bb
I x x d ak bk c akα

   − + + + − + + +   

− + − + − + − +      

− − − −  =

− − − ( )53

3 11 1 3 4 51 3 12 2 3 5 52

3 13 3 3 6 53 3 14 4 3 7 54

,

cos( ) cos( ) cos( ) cos( )

cos( ) cos( ) cos( ) cos( )

bk

x x cb x x ck x x db x x dk

x x cb x x ck x x db x x dk

 
 
 
 
 
 
 −   
− − + + 

 
− − + + 

 

( )1 11 51 1 4 1 8 51 1 1 2 9
23

1 51 2 1 3 10 51 3 51 01

cos( )1
( ) ,

sin( ) cos( ) sin( )

b x k k x b x k x ab x x
f

m ak x cb x x ck x k y

− − + + + +  
=  

+ − − +  
x  

( )2 12 52 2 5 2 8 52 1 2 2 9
24

2 52 2 2 3 10 52 3 52 02

cos( )1
( ) ,

sin( ) cos( ) sin( )

b x k k x b x k x ab x x
f

m ak x db x x dk x k y

− − + + + +  
=  

+ + + +  
x  

( )3 13 53 3 6 3 8 53 1 3 2 9
25

3 53 2 3 3 10 53 3 53 03

cos( )1
( ) ,

sin( ) cos( ) sin( )

b x k k x b x k x bb x x
f

m bk x cb x x ck x k y

− − + + + −  
=  

− − − +  
x  

( )4 14 54 4 7 4 8 54 1 4 2 10
26

4 54 2 4 3 10 54 3 54 04

cos( )1
( ) ,

sin( ) cos( ) sin( )

b x k k x b x k x bb x x
f

m bk x db x x dk x k y

− − + + + −  
=  

− + + +  
x  

( ) ( )

( )
6 8 7 2 3 7 9 8

27
6 6 27 26 21 2 22 3

sin sin1
( ) ,

cos cos

k x x a x d x k x x
f

m b x x a x x d x x

− − − ⋅ − ⋅ + −  
=  

− − − ⋅ ⋅ − ⋅ ⋅  
x  

( ) ( ) ( )

( ) ( ) ( )
7 9 8 8 10 9 12 14 9

28
7 7 28 27 8 29 28 12 33 28

1
( ) ,

k x x k x x k x x
f

m b x x b x x b x x

− − + − + −  
=  

− − + − + −  
x  

( ) ( ) ( ) ( ){ }29 8 10 9 9 11 10 8 29 28 9 30 29
8

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  
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( ) ( ) ( )

( ) ( ) ( )
9 11 10 10 12 11 159 17 11

30
9 9 30 29 10 31 30 159 36 30

1
( ) ,

k x x k x x k x x
f

m b x x b x x b x x

− − + − + −  
=  

− − + − + −  
x  

( ) ( ) ( ) ( ){ }31 10 12 11 11 13 12 10 31 30 11 32 31
10

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  

( ) ( ){ }32 11 13 12 11 32 31
11

1
( ) ,f k x x b x x

m
= − − − −x  

( ) ( ) ( ) ( ){ }33 12 14 9 13 15 14 12 33 28 13 34 33
12

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  

( ) ( ) ( ) ( ){ }34 13 15 14 14 16 15 13 34 33 14 35 34
13

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  

( ) ( ) ( ) ( ){ }35 14 16 14 15 17 16 14 35 34 15 36 35
14

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  

( ) ( ) ( )

( ) ( ) ( )
15 17 16 159 17 11 16 18 17

36
15 15 36 35 159 36 30 16 37 36

1
( ) ,

k x x k x x k x x
f

m b x x b x x b x x

− − − − + −  
=  

− − − − + −  
x  

( ) ( ) ( ) ( ){ }37 16 18 17 17 19 18 16 37 36 17 38 37
16

1
( ) ,f k x x k x x b x x b x x

m
= − − + − − − + −x  

( ) ( ){ }38 17 19 18 17 38 37
17

1
( ) .f k x x b x x

m
= − − − −x  

 
The control force matrix B for the controlled case: 
 

5 1

5 2

5 3

5 4 4 38

1 1
0 ... 0 0 0 0 0 0 0 ... 0

1 1
0 ... 0 0 0 0 0 0 0 ... 0

1 1
0 ... 0 0 0 0 0 0 0 ... 0

1 1
0 ... 0 0 0 0 0 0 0 ... 0

Ta c

m I I m

a d

m I I m

b c

m I I m

b d

m I I m

θ α

θ α

θ α

θ α
×

 
− − 

 
 

− 
 =
 

− − − 
 
 

− − 
  

B  

 
Elements of the vector of the control forces applied to the system: 
 

( )

( )( )
1 ,ybdu du a b u

u
a b c d

θ α
+ − +

=
+ +

 
( )

( )( )
2 ,ybcu cu a b u

u
a b c d

θ α
+ + +

=
+ +

 
( )

( )( )
3 ,

yd au u
u

a b c d

θ
−

=

+ +
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( )
( )( )

4 ,
yc au u

u
a b c d

θ
−

=

+ +

 

( ) ( )( ) 5 1 1 1 1 20 20ˆ ,y y eq r ru u m x x x xΓ α= + − + −    

( ) ( )( ) 2 2 2 2 21 21ˆ ,eq r ru u I x x x x
θ θ θ

Γ α= + − + −    

( ) ( )( ) 3 3 3 3 22 22ˆ ,eq r ru u I x x x x
α α α

Γ α= + − + −    

 
where 1 2 3 1 2 3, , , , ,Γ Γ Γ α α α  are controller constants which were found by trail. 1 2 3, ,r r rx x x  are 

the reference values of the displacements and 20 21 22, ,r r rx x x  are the reference values of the 

velocities. 
 
Appendix C. Road roughness 
 

Harmonic component of the road profile is: 
 

( ) ( )1 1cos 2 /dH l A l lπ= ⋅ , 
 
where Ad is the amplitude of the harmonic undulation, and l1 is its wavelength: 
 

02 / (1 )dA D q q= − , 
 
here, D0 is the partial variances of the random component H0(l) and was expressed as follows: 
 

( ) ( )
11 1 1

0 (2 ) 1w w w
M mD C w L Lπ

−
− + − −

= − − ,  

 

ML and mL are the wavelength range of effectively acting wavelengths of the random road 

unevenness. C is the unevenness index and w is the waviness. The value of w usually ranges 
from 1.5 to 3, with the typical value w = 2.  
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