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Abstract. In this study, He’s Variational Approach Method (MA is used to obtain an
accurate analytical solution for the nonlinear ations of Euler-Bernoulli beams subjected to
axial loads. It is demonstrated that the methodkavaery well for the whole range of initial
amplitudes and does not need small perturbatids.dufficiently accurate in the case of both
linear and nonlinear physics and engineering probleinally, the accuracy of the solution
obtained with the approximate VAM method is showapdically and compared with that of
the numerical solution.
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Introduction

The investigation of beam vibrations is an impadrtéssue in mechanical and civil
engineering. Linear and nonlinear partial diffef@néquations in space and time are presented -
the governing equation of the nonlinear vibratidnbeams in space and time. Finding exact
solutions for nonlinear equations are very difficttherefore many researchers have worked on
the asymptotic methods for nonlinear equations. dale reduce some nonlinear equations to
ordinary equations by using the Galerkin method #esh apply the direct techniques to solve
them such as perturbation methods in time domainthé recent years, many approximate
analytical methods have been proposed for studyardinear vibration equations of beams and
shells such as Homotopy perturbation [1], energharizae [2-5], variational approach [6-7],
Iteration perturbation method [8], max-min approd®h and other analytical and numerical
methods [10-17].

The vibration problems of uniform Euler- Bernoddkams have been considered a lot in the
last decades. Biondi and Caddemi [18] studied erfléxural stiffness and slope discontinuities
for uniform Euler—Bernoulli beam and applied a elésrm solution for the governing equation.
Lai et al. [19] considered the nonlinear vibratioh Euler-Bernoulli beam with different
supporting conditions by applying the Adomian deposition method (ADM). Naguleswaran
[20] developed the work on the changes of crossaseof an Euler—Bernoulli beam resting on
elastic end supports. Pirbodaghi et al. [21] usmndtopy analysis method (HAM) for analyzing
the free vibration of Euler—Bernoulli beam. Theystrated that the amplitude of the vibration
has a great effect on the nonlinear frequency amkling load of the beams. Liu et al. [22]
applied He's variational iteration method to obtaimanalytical solution for an Euler-Bernoulli
beam with different supporting conditions. In tkisidy, we have applied Variational Approach
Method (VAM) to solve the nonlinear vibration of IEuBernoulli beams. The paper is
organized as follows:

In section 1 we consider the mathematical formolatdf the problem. The basic idea of
variational approach method is presented in se@iohhen the application of the method for
solving the nonlinear governing equation is prodide section 3. To show the applicability and
accuracy of the proposed method, some comparisstmgebn analytical and numerical solutions
are presented in section 4. Finally, we show the¥\tan converge to a precise cyclic solution
for high nonlinear systems.
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M athematical For mulation

Consider a straight Euler-Bernoulli beam of length a cross-sectional aréa the mass per
unit length of the beamm, a moment of inertial , and a modulus of elasticit{e that is
subjected to an axial force of magnituBeas shown in Fig. 1.
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Fig. 1. A schematic of an Euler-Bernoulli beam subjectedrt axial load

The equation of motion including the effects of rpldne stretching is given by:

a2w' a‘\N' _ o’ EA@W’L(6W’)dX,=O )
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For convenience, the following non-dimensional &akés are used:
x =x'/L,w =w'/p, t =t'(El /ml*)*?, P = PL*/El
where p = (1 /A)"?is the radius of gyration of the cross-section. asesult Eq. (1) can be
written as follows:

w oW oW 10w nfoWw)

dx =0 2
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Assumingw (X,t)=W (t)¢(x), whereg(x)is the first eigenmode of the bed@3] and

applying the Galerkin method, the equation of motmobtained as follows:

d?W (t)

dt?
The Eq. (3) is the differential equation of motigaverning the non-linear vibration of Euler-
Bernoulli beams. The center of the beam is subjetciehe following initial conditions:

dw (0) _0 (4)
dt
whereW , denotes the non-dimensional maximum amplitude oillaon and«r,, ¢, and

max

are as follows:

@ = (L(’”’(X’ (x)de/jqﬁ (x)ox (5.2)
«, _(L(a $(x) ¢(x)dxj/_[¢ (x)dx (5.b)
013=[( )L(a ”’(X)j(@ ¢(X) dx ¢(x)de/L¢ (x)dx (5.0)

Post-buckling load—deflection relation for the geosh can be obtained from Eq. (3) as:
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P =(-a,~aW *)/a, (6)
Neglecting the contribution & in Eq. (6), the buckling load can be determined as:
P.=PR =_a1/a2 @)

Basic Concept of Variational Approach Method

He [24] suggested a variational approach, whicldifferent from the known variational
methods in open literature. Hereby we give a brigbduction of the method:

U+f u)=0 (8)
Its variational principle can be easily establishétizing the semi-inverse method [24]:
Ju)= E“‘(-luz +F (u)jdt 9)

2

where T is period of the nonlinear oscillatola,':/8u =f . Assume that its solution can be

expressed as:

u(t) = Acost ) (10)
where4 andw are the amplitude and frequency of the oscillatespectively. Substituting Eq.
(10) into Eg. (9) results in:

J(A,0) = E/4(—%A2a)zsin2wt +F (A cosot )jdt

_1 J:/z(——lAza)Zsinzt +F (A cog )jdt (11)
® 2

=L az [Psinetdt +-L [°F (A cog it

=3 a)J: sin +;JZ (A cog M

Applying the Ritz method, we require:

od
“~ -0
A (12)
9 5 (13)
ow
But with a careful inspection, for most cases we fihat:
ol 1,2, 1 (=2
a——EA J: smtdt—?'ro' FAcog pt < C (14)
Thus, we modify conditions Eq. (12) and Eq. (13dia simpler form:
oJ
-0 15
F (15)

From which the relationship between the amplitudd ftequency of the oscillator can be
obtained.

Application of the Variational Approach M ethod

Consider the Egs. (3) and (4) for the vibrationaaof Euler-Bernoulli beam. Its variational
formulation can be readilgbtained as follows:

W)= E/4(_%($)2+—;(a1+ Pa,)W 2(t) + a,W 4(t)jdt . 16)

Assume that its solution can be expressed as:
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W (t) =W, cospt) a7

By substituting Eq. (17) into Eq. (1@)e obtain:
Tiaf 1 . , 1
JQN)=_[j —Eolvmaxa)sma)t) +—2(a1+ Pa,) W 1 COSOE §+a W . COBE Y |dt (18)

The stationary condition with respectW,,, leads to:

8V(?/J = TM(—vaaxa)z sin’ ot + (o, + Paz)(W nax COS a)t)+a w2 Coéa)t) dt = ( (19)

or -

8\/8\/‘] = Elz(—wmaxa)zsinzt + (g + Paz)(W maxc0§t)+ayv s coét) dt= 0 (20)
VH\Z have:

, f/z(%Wmax COSt + par W 008t +ar W ., cos “t )dit
a =
f/z(wmax sin’t )dt (21)

Solving Eq. (21), according te, the non-linear frequency is:

1
Oy = E\/4(051 +Pa,)+ 3 W, 2 22)
It's period can be written in the form:
A
Toau = 23
M A+ Pay) + 3, W, @3)

Non-linear to linear frequency ratio is:
a)NL :E \/4(0(1 + pa2)+ Mswmaxz

(24)
o 2 Nt Pa,
According to Eq. (17) and Eqg. (22), we can obthmfbllowing approximate solution:
W(t)=Wmaxcosé\/4©zl+ Pa, i W, 2t ) (25)

Results and Discussions

To illustrate and verify the accuracy of the Vadadl Approach Method (VAM),
comparison with published data and exact solutisqsesented. The exact frequenoy,,, for
a dynamic system governed by Eq. (3) can be deragdhown in Eq. (26), as follows:

Ve = 2] | 2N, [ cson sint) dt | (26)
\}Nmaxzsinz(t)(\Nmafagosz(t)+2pa 20 AW ;
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Table 1 represents the comparison of nonlineatneat frequency ratio ¢, /o, ) with

those reported by Azrar et al. [25] and the exaw.olhe maximum relative error of the

analytical approaches is 2.004109 % for the firseo analytical approximations as it is shown
in the Table 1.

Table 1. Comparison of non-linear to linear frequency réiig, /a)L ) for the simply supported beam

" Present Study Exact Pade approximat] Pade approximat Error %
max (VAM) solution P{4,2} [25] P{6,4} [25] |(@py — Ve )! g
0.2 1.044031 1.0438823 1.0438824 1.0438823 0.014211
0.4 1.16619 1.1644832 1.1644868 1.1644832 0.146604
0.6 1.345362 1.3397037 1.3397374 1.3397039 0.422385
0.8 1.56205 1.5505542 1.5506741 1.5505555 0.741395
1 1.802776 1.7844191 1.7846838 1.7844228 1.028712
15 2.462214 2.4254023 24261814 2.4254185 1.517775
2 3.162278 3.1070933 3.1084562 3.1071263 1.776077
2.5 3.881044 3.8079693 3.8099164 3.8080203 1.918985
3 4.609772 4.5192025 4.5217205 4.5192713 2.004109

To further illustrate and verify the accuracy ofisttapproximate analytical approach,
comparisons of the time history oscillatory disglaent response for Euler-Bernoulli beams
with exact solutions are presented in Figs. 2-8nFFigs. 2-3 it is observed that the motion of
the system is a periodic one and the amplituddhlwhtion is a function of the initial conditions.
Fig. 4 represents the phase plane for this probletained from VAM fore, =0.5 to o, =2.5. It

is periodic with a center at (0, 0). This situatiiso occurs in the unforced, undamped cubic
Duffing oscillators. The Influence otr, on nonlinear to linear frequency and of are
presented in Figs. 5-6. The effect of differentgmaetersa,and ¢, are studied in Fig. 7

simultaneously. It illustrates that VAM is a verynple method that quickly converges and is
valid for a wide range of vibration amplitudes dnitial conditions. The accuracy of the results

shows that the method can be potentiality usedHeraccurate analysis of strongly nonlinear
oscillation problems.
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Fig. 2. Comparison of analytical solution &¥ (t) based on time with the exact solution for simply
supported beanW .., =0.6, ,=1, a,= 0, ;=
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dw/dt

time

Fig. 3. Comparison of analytical solution @lW /dt based on time with the exact solution for a simply

supported bearWy_ =0.6, a,= 1, a,= 0, a,= ¢
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Fig. 4. The phase plane fw/ =06, a,=1, a,= 0,p= ¢

Fig. 5. Influence ofr; on the nonlinear to linear frequency bas&¥p, for o, =1, a,=05,p= 2
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Fig. 7. Sensitivity analysis of nonlinear to linear frequefmyWw, . =1, a,=3, p= &

Conclusion

A fairly uncomplicated but effective method for noatural oscillators- He's Variational
Approach Method has been applied for analysis efrtbnlinear vibration of Euler-Bernoulli
beams. It has been established that VAM is cleeffigctive, convenient and does not require
any linearization or small perturbation, and isqdeely accurate in the case of both linear and
nonlinear problems in physics and engineering.alh be observed that the results of VAM
require smaller computational effort and alreadfjrst-order approximation leads to accurate
solutions. Variational Approach Method can be syngktended to any nonlinear equation for
the analysis of nonlinear systems. The obtainedtsefom the approximate analytical solutions
are in excellent agreement with the correspondiagtesolutions.
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