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Abstract. In the first part of the paper a structural study of two types of 3-DOF parallel 
mechanisms with triangle platform is reported. A comparison between their geometric models is 
performed. Kinematics and dynamics using Newton-Euler formalism for a concrete case of 3-
RRS parallel structure used for orientation applications (TV satellite antenna or sun tracker) are 
presented. In order to get the drive torques, which are necessary to overcome the frictions from 
the joints, the principle of virtual power is applied. The algorithms and simulation results for the 
workspace and singularities generation are provided. Diagrams for the dynamics representation 
are computed by means of numerical and graphical simulations.  

Keywords: parallel robots, kinematics, dynamics, workspace, singularities, friction. 

Introduction 

 Parallel kinematic structures have a series of advantages that makes them adequate for 
construction of mini-robots and micro-robots: actuator positioning on the seating, 
miniaturization, stiffness, positioning precision and repeatability, actuators separation from the 
workspace. For these reasons more and more parallel mechanisms with specified number and 
type of degrees of freedom have been proposed and studied [2-20]. 
 In [1] the 3-DOF spatial parallel symmetrical and guided mechanisms are defined. 
Structural archetype schemes of the “a” and “b” type guided in three points parallel mechanisms 
are presented in the figure 1.  
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Fig. 1. The “a” and “b” type parallel mechanisms 
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 The joints surrounded by circles, which are located in the proximity of the fixed base, 
suggest that these joints are actuated, each of them having 1 DOF. Each kinematic chain, which 
connects the fixed base with the mobile platform, contains also a passive joint with 1 DOF and a 
passive spherical joint with 3 DOF. Spherical joints centers are conventionally called guiding 
points. In the case of the “a” type mechanisms, the guiding points Ai (i=1,2,3) are moving, each 
of them on single DOF curve with respect to the base. In the case of the “b” type mechanisms, 
the guiding points Ai (i=1, 2, 3) are moving, each of them on a fixed curve jointed with the base 
respectively on a curve jointed with the mobile plate. The actuating joints with 1 DOF could be 
“R”-revolute or “P”-prismatic.  
 
Kinematic Analysis 
 
 To the B1B2B3 fixed base the OXYZ reference system is attached and to the mobile 
platform - the oxyz own reference system (figure 1). The mobile plate pose in space is given by 

the position vector Oo  of the “o” platform centre, )Z,Y,X(PP =  and through the rotational 

matrix: [ ] [ ]),,(RR γβα= . 

 In the case of “a” type mechanisms the absolute coordinates of the ),,i(Ai 321=  

points depend on the actuated coordinates iq  from iB  joints and passive coordinates iu  from 

iC  joints: 
 

3,2,1i

);u,q(ZZ);u,q(YY);u,q(XX iiiiiiiiiiii

=

===
 (1) 

 

 By eliminating the passive joint coordinates iu , the Cartesian equations of the 

described curves by the iA  points in the fixed frame are obtained: 
 

0)Z,Y,X(F iiii =                                                          (2) 
 

0)q,Z,Y,X(G iiiii =                                                 (3) 
 

 For the “b” type mechanisms the ),,i(Ai 321=  absolute coordinates depend only on 

the actuated joint coordinates iq  while the relative coordinates of the )3,2,1( =iAi  points, 

in oxyz reference system, depend on the passive joint coordinates iu : 
 

)();();( iiiiiiiii qZZqYYqXX ===                       (4) 
 

)();();( iiiiiiiii uzzuyyuxx ===                         (5) 
 

 By eliminating joints coordinates iq  from (4) and iu  from (5), the Cartesian 

equations of the described curves by the iA  points in the fixed frame and in the mobile frame 

are obtained: 
 

;0)Z,Y,X(F iiii =  3,2,1i;0)Z,Y,X(G iiii ==        (6) 
 

 ;0)y,z,x(f iiii =   3,2,1i;0)y,z,x(g iiii ==            (7) 
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 The direct geometric model (DGM) assumes to impose the drive joint coordinates 
)3,2,1( =iq i and to obtain the mobile platform pose through the ZYX ,,  coordinates of the 

mobile plate centre and the γβα ,,  orientation angles.  

 The closure equations for the DGM are represented by the equality of the distances 
between the guiding points in these two reference systems: 
 

)1,3(),3,2(),2,1(),(; =−=− jippPP ijij
              (8) 

 

 Through numerical solution of the nonlinear equation system (8) the passive joint 
coordinates iu  are obtained. 

 In the case of “a” type mechanisms the absolute coordinates of the guiding points with 
(1) and then the position of the “o” point and the mobile platform orientation are computed. 
In the case of “b” type mechanisms the relative coordinates of the same points are computed 
with (5) and then from the system: 
 

( ) 22

ii pPP =− ; i =1,2,3                                              (9)     
 

which allows explicit solution, are computed the Z,Y,X  coordinates of the mobile platform 

center and subsequently the mobile platform orientation. 
 The inverse geometrical model (IGM) assumes to impose the mobile platform 
coordinates and to compute the drive joint coordinates. 
 As the mechanism has only 3 DOF, the main problem is to define three implicit 
functions, which connect the variables γβα ,,,,, ZYX . Establishment of theses implicit 

functions is different for the mechanisms “a” and “b”. 
 In the case of mechanism of type “a”, the implicit function system is given by the 
equations (2) of the fixed surfaces, on which the points iA are moving. In these equations the 

variables iii ZYX ,,  are replaced by their expressions with respect to the Cartesian coordinates 

of the mobile plate: 
 

[ ] [ ] [ ][ ]Tiii

TT

iii zyxRZYXZYX +=         (10) 
 

 It yields: 
 

0== ),,,Z,Y,X(HH ii γβα                                              (11) 
 

In the case of mechanism of type “b” the determination of the implicit functions is much more 
complicated. 
 Relative coordinate expressions with respect to the absolute ones are replaced in (7): 
 

[ ] [ ] [ ]Tiii

TT

iii ZZYYXXRzyx −−−=  (12) 
 

and it yields the equations of the curves iΓ ′  in the fixed base reference system, which are 

jointed to the mobile plate: 
 

3,2,1i;0),,,Z,Y,X,Z,Y,X(f iiii ==γβα  (13) 
 

3,2,1i;0),,,Z,Y,X,Z,Y,X(g iiii ==γβα  (14) 
 

 The implicit functions are obtained through association of the equations (6), (13) and 
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(14) and elimination of the iii ZYX ,,  variables: 
 

3,2,1;0),,,,,( ==≡ iZYXHH ii γβα                         (15) 
 

The determination of the main and secondary coordinates triplet is performed through the 
calculus of the 203

6 =C  Jacobians of the functions 321 H,H,H  with respect to three variables 

from the six Cartesian coordinates X, Y, Z, α, β, γ  of the mobile plate. 
 In the “a” case, if the guiding points are imposed to remain in arbitrary planes, then the 
implicit functions are linear functions with respect to the Z,Y,X  variables: 
 

3,2,1i;0),,(edZcYbXaH iiiiii ==++++≡ γβα     (16) 
 

The Jacobian, which corresponds to the ZYX ,,  triplet is in this case constant: 
 

333

222

111

3,21

cba

cba

cba

)Z,Y,X(D

)HH,H(D
=                                             (17) 

 

If the Jacobian is also non-zero, then the secondary position coordinates could be expressed 
with respect to the main orientation coordinates: 
 

),,();,,();,,( γβαγβαγβα ZZYYXX ===                    (18) 
 

 A particular case of the “a” type mechanisms is presented in figure 2 when the guiding 
points form an equilateral triangle and they must remain in the planes which contain the OZ 
axis, symmetrical disposed at 0120  (the first plane is XOZ ), then the main coordinates are 

βα ,,Z  and the secondary are γ,,ZX . If [ ] [ ])(x),(y),(xRR γβα=  then: 
 

( )[ ] αγβααβα =−=−+= ;ssrY;ccs1r
2

1
X 22 ,        (19) 
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Fig. 2. The 3-RRS parallel mechanism 
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 Generally, the computing of the secondary coordinates of the mobile platform is made 
through the solution of the implicit equation system. 
 In the case “a” the actuating joint coordinates qi result from the equations (3) and in the 
case “b” the actuating joint coordinates qi result from (4). 

The kinematic model is obtained for the same 3-RRS mechanism (figure 2) through 
the differentiation of the vector form of the input-output equations: 

( ) 3,2,1;022
==−− ilPP

iCi                                            (20) 

 The kinematic model will be: 

qBXA ɺɺ ][][ = ,                                       (21) 

where, ],,[];,,[ 321 qqqqZX ɺɺɺɺɺɺɺɺ == θϕ  
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Workspace Analysis 

For workspace mechanisms generation three methods are well-known: 
1. Method which uses the inverse geometrical model; 
2. Method which uses the direct geometrical model; 
3. Method in which the Cartesian workspace results as an intersection of the workspace for each 
kinematical chain. 
In this paper the workspace analysis is performed in “mixed” coordinates, because this 
mechanism will be used for orientation applications. 

Thus, we intend to find out the workspace in operational coordinates  Zβ, α, , so-called 

“pseudo-space”, because it can be for it a volume in geometrical sense.  
 
The MGI Method 
 
Using this method, we can determine the points that  belong to the working pseudo-

sections from the “ βα ” planes at successive levels of “Z”. The algorithm of this method is as 

follow: 
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- the level of the center of the mobile platform is imposed: 
pasZ,p ZZ(p) min ⋅+=  where ;0,...np p=  

- the plane “ βα ” at the Z(p) level is scanned: 

 ,αpasjα (j)α min ⋅+= where ;n0,...,j j=  

,pasβkβ β(k) min ⋅+= where ;n0,...,k k=  

- the absolute coordinates of the spherical joints coordinates are calculated; 
- the closure equations coefficients “ iiiii csqbcqa =+ ” 

are calculated; 

- the first constraint is verified:  0cba 2
i

2
i

2
ii ≥−+≡∆  

- the actuating joint coordinates are calculated: 

   1,2,3  i    ;
icq
isq

atan2  iq ==                                          

- the second constraint is calculated: 
 maximin qqq ≤≤ ; i=1,2,3;                  

- the passive joint coordinates ui could be computed; 
- the rotation angle from the spherical joint is computed: 
 

[ ]
l

rR
cosau1,2,3;i;

su

cusδ

cucδ
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cθ 0
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'
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==
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⋅⋅
















−

=  

 

- the third constraint is verified (only for real joints): 
 

4

π
);cos(cθ 0i =≥ 0θθ   

                                       

If all the constraints are verified, the triplet (j,k,p) is valid, which has the coordinates 

pkj Z,, βα . The point )Z,β,P(αP pkjjkp = is represented in the pseudo-space of the 

coordinates “ Zβα ”. The robot pseudo-space consists of all valid points. 

 
The MGD method 
 

Using this method we calculate the conventional points defined by the 
coordinates Zβ,α, , which can be reached by the mobile platform. The point cloud represents 

the robot pseudo-workspace. 
The algorithm of this method is as follow: 

- the actuating joint coordinates space is scanned: 
 

       
n;0,...,pk,j, pasq;pq(p)q

pasq;kq(k)qpasq;jq(j)q

min3

min2min1

=⋅+=

⋅+=⋅+=
   

 

- for every triplet (j,k,p) the system of the input-output equations is solved; 

- thus, 3n  conventional points )Z,β,P(αP pkjjkp =  are obtained, which are represented in the 

coordinate system Zβα . 
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Singularity Analysis 

 
According to [13] there are three singularity types. First type of singularities occurs 

when the det(B) = 0, which means the case when active and passive joint coordinates are equal: 

ii u q = ; i =1,2,3. This configuration has a practical interpretation: the arms and the guiding 

bars for the kinematical chains are collinear. Second type of singularities occurs when the 
det(A) = 0. Geometrically, these singularities are encountered in the configurations where the 
guiding bars are in the mobile platform plane. The third type of singularities, so-called 
architectural singularities, is present when both Jacobian determinants are zero. These types of 
singularities can be easily avoided in the design stage.  

Dynamic Analysis 

The dynamics consists of finding the relationships between the actuating joint torques 
Qi (i=1,2,3) and the laws of motion of the mobile plate. 

The same 3-RRS parallel mechanism used for orientation is considered, that is with the 
base lied on the vertical wall, the X axis oriented to the top and the Z axis oriented to the south. 
If  [ ] [ ])(z),(y),(xRR γβα=  then the α = φ and β= θ are the azimuth and elevation angles. 

In the dynamic study, several simplifying hypotheses were adopted: firstly, all joints 
frictionless and secondly, the inertia of guiding arms AiCi is neglected. 

The mechanism dynamics using the Newton-Euler laws is performed into two steps: In 
the first step the upper part of the structure containing the working platform and dish is 
separated from the rest of the mechanism (figure 3). 

 
 

     
                    

     Fig. 3. Step 1                                               Fig. 4. Step 2 
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The Newton-Euler equations, which are modeling the motion of the mobile working 
platform and dish, allow the determination of the spherical joints reaction components 

)H,H,H(H 321  and )V,V,V(V 321 . In the second step, the BiCiA i kinematic chain is separated 

and all forces are introduced (figure 4). The moment equation relative to the Bi joint axis allows 
finding the active torque Qi: 

 

321
23

2

,,i;csq
L

gMq
LM

)uq(sLVQ iiLi
L

iiii =++−−= δɺɺ   (22) 

 

where LM  is mass of iiCB  link. 

For the friction forces approximation the model of the viscous friction together with the 
model of Coulomb friction is chosen. A friction torque in a passive joint is a vector situated 
along the relative rotational speed of the considered link with respect to the previous link 
(belonging to the same kinematic chain) (figure 5): 

 

)qu(k)qu)(
qu

Vd
c(M iiriii

ii

ir
rrifC

ɺɺɺɺ

ɺɺ
−−=−

−
+−=

2
µ     (23) 

 

( )

)u(k

u)
nu

VHd
c(M

iiS

i

ii

iis
ssiAf

ɺ

ɺ

ɺ

−−=

=−
−

+
+−=

ω

ω
ω

µ
22

2                          (24) 

 

In the iB  active point the friction torque is: 
 

     

iiR
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iiLiiLiR
RRiBf
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q)
q

cugcMV)gcM(Vd
c(M

ɺ

ɺ

ɺ

−=

=
++

+−=
δδ

µ
2

2

22

       (25) 

 
Fig. 5. The friction torques 
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ii V,H  - reaction force component from the spherical joint iA ;  Rrs c,c,c  - viscous coefficient 

from spherical joint, passive joint and active joint; Rrs ,, µµµ  - Coulomb friction coefficients 

from the same joints;  Rr d,d  - diameters of the rotational joint spindle; sd  - diameter of the 

spherical joint ball; in  - unit vector of iB  and iC  axes;  ω  - absolute angular speed of the 

mobile plate; iii nqq ɺɺ =  and iii nuu ɺɺ = - absolute angular speed of iiCB  and respectively ii AC  

link.  
In order to get the drive torques which are necessary to overcome the frictions from the 

joints the principle of virtual power is applied.  
 

∑
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Finally it yields: 
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     (26) 

 

where [ ]uJ  and [ ]ωJ  are Jacobi matrices that connect the passive joints velocities vector uɺ  

and the angular velocity ω of the mobile platform to the velocity vector of active joints. 
The total generalized forces will be: 
 

ifiim QQQ +=                                                              (27) 

 
Simulation Tests 
 

As an application, a parallel mechanism 3-RRS with the following design data is 
considered: 

 

°=′=°=′=°=′=

====

240;120;0

m15.0r;m60,0l;m40,0L;m45.0R

332211 δδδδδδ
 

 
For the workspace representation, a program using IGM has been developed. By means of this 
program the pseudo-sections “αβ ” at different levels of Z∈[Zmin, Zmax] can be represented; 

 
22

min R)r(l(L)Z −+−= , 22

max r)(Rl)(LZ −−+=  

 
The program has a graphical interface, which allows the choice between the section 

visualization within the workspace, using real or ideal joints. 
Figure 6 demonstrates section visualization at Z=74.71 cm and Z=81.61 cm using real 

joints. The maximal areas are obtained for values of Z in the range of 74-82 cm. 
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Fig. 6. Section visualization using real joints 

 
For the singularity identification, the graphical representation of the surface given by an 

implicit equation det(A) = 0 is difficult, the Z-coordinate is imposed and the level curves 
(isohypses) of the determinants are represented. In the figure 7 the level curves respectively the 
singularities curves (with the ”0” values) are illustrated. These curves represent the values of the 
Jacobi matrix determinant A for different values of Z coordinate.  

 

 
Fig. 7. The level curves of  det(A) 

                                                                 
Regarding the dynamics, the chosen inertia data for the parallel mechanism are: 

0.136m;= ρ  8.8kg;M =  0.5kg;M L = ;mkg 0.57 I I 2
yx ⋅== 2

z mkg 0.5  I ⋅= . The selected 

displacement of the working platform has the equations: 
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Considering friction effect the input data are:  
 

;016.0d;012.0d;01.0d sRr ===   ;04.0c;02.0cc Rsr ===   

 

);1(/)
d

s2
( 2

R,r

R,r µµµ ++=    2.0=µ ; 0005.0s=  

 
The center of mobile plate for all k = 1,2,…,8 laws describes in the plane 0.85mZ =  a 

pseudo-ellipse with the semi axes m1097.9 3−⋅  and m1078.9 3−⋅ . The generalized torques imQ  

have been evaluated for all k motion laws. 
In the figures 8 and 9 are presented the generalized force diagrams for k = 2 si 4. 
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Fig. 8. Generalized torques for k=2 
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Fig. 9. Generalized torques for k=4 
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Conclusions 
 

 Unitary approach encompassing some classes of 3-DOF parallel robots with triangular 
platform was proposed in this paper. Geometrical models for two parallel mechanisms types 
guided in three points and having three degrees of freedom were compared in the reported 
study. The obtained results indicate that in the case of “a” type mechanisms the expressions for 
the geometrical model and the implicit equations form are less complex in comparison to the 
case of “b” type mechanisms. This leads to the conclusion that it is recommended to build 
parallel robots of type “a”. 

The solution obtained for the system proposed herein to determine the workspace and 
singularities for this parallel structure can be generalized to some other parallel structures or 
parallel robots with three degrees of freedom. Possible applications of the studied 3-RRS 
parallel structure are antenna orientation or sun tracker.  

Kinematic and dynamic modeling of a 3-DOF parallel mechanism for orientation 
applications are also presented in the paper. Dynamic models with and without friction were 
obtained. Diagrams for the dynamics representation were determined using numerical as well as 
graphical simulations. 
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