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Summary

In this thesis a stability analysis of the abstract evolution
equation is presented along with a discussion of the related questions
of the existence and uniqueness of a global solution of such equations.
The results are presented in a functional analytic framework using the
theory of operators in normed linear spaces. The approach employed
is that of perturbation theory, the evolution equation is taken to
be of the form
@ z(t) + A(z,t) + B(z,t) =0, z(@©O = zo
with the operator A(z,t) defined so that the solution of
() z(t) + A(z,t) =0 , z(0) = zq
is stable iIn the sense of Liapunov in the neighbourhood of the
equilibrium state z£.

For a strict solution of (i) there are already a number of
perturbation theorems based on the theory of m-accretive operators
which enable the size of allowable perturbations B(z,t) to be determined
which conserve the stability properties of the unperturbed system. The
range of validity of these results has been extended first by showing
that the conditions on B(z,t) can be relaxed so increasing the size of
allowable perturbations and then by deriving new theorems where the condi-
tions are on A+B rather than on B. The theorems are more relevant
in this form since de-stabilizing perturbations can now be included in
the applications. The operator A of (ii) may be non-linear which enables
the results to be used to determine a class of allowable errors in the
modelling of a physical system.

This thesis also contains proofs of the existence and uniqueness of

a mild solution of (ii) using the concept of evolution operators. The



underlying operator A is assumed to be linear but the perturbing
operator can belong to one of several classes including those of un-
bounded [linear operators and of non-linear operators. Estimates are
made of the solution of the perturbed system to enable the stability
properties of the solution to be deduced. The relation between these
results and those obtained by the application of the methods of
Liapunov 1is discussed. The results are applied to a humber of

problems in science and engineering.



8§81 Introduction
The study of differential equations was iInitiated by Newton
when he postulated his famous Laws of Motion, since that time the
subject has developed into one of major importance because of the
large number of physical laws that involve rates of change.
The classical methods of solution of differential equations
were developed by Euler, Lagrange, Laplace and others, but the number
of equations for which it is possible to find an explicit solution
is relatively small. However, whether or not an explicit solution
can be found, there are two fundamental questions that must be
asked of any differential equation.
(i) Has the equation a solution? (The existence question)
(i1) Assuming an answer yes to (i), how many solutions are
there? (The uniqueness question.)
In this thesis we are concerned with some answers to these questions
when applied to partial differential equations that arise in the
study of dynamical systems. We note here that many such systems can
be modelled by a set of equations of the form
.1 Tt + Fi=0 Qw2
with a set of prescribed initial values of z#, z~(0). The functions
A may depend upon the time t, the dependent variables t. (i » 1, 2, ...K
and their derivatives with respect to the space variables x.
G =1, 2, ... nN). On introducing the vectors z = (zi, 22, Z3, ...z")T
and N(z,t) = (fi, f2, ... f")T where the dependence upon z,t in N is in
its most general sense as defined for the components ', we have one

equation with a single initial condition



(1.2) z + N(z,v) =0, t> 0, z(@© = zo
which we shall refer to as the general abstract evolution equation.

With evolution equations there is a third important property
to be studied once the existence and uniqueness of the solution has
been established and that is the behaviour of z(t) as t + «. In
describing the latter we shall use the ideas and definitions of
Liapunov, which were developed around 1890, and compare the solution
z(t) with that of the equilibrium state % which is the solution of
the equation

N(zE,£) =0, t> O.

In particular if Hz(®) - 2ll is finite Vt and + 0 as t &< for all
initial states zq in a neighbourhood of z~ then we shall say that
the equilibrium point z£ is asymptotically stable and that the
neighbourhood is a region of asymptotic stability. It is possible
to discuss all three aspects of evolution equations without neces-
sarily having a knowledge of explicit solution of the equation.
This is particularly important when N(z,t) is non-linear in z because
it is usually impossible to solve (Il .2) except by numerical techniques.

In this thesis we suppose that N(z,t) is of the form

A(z,t) + B(z,t)

and require that most of the properties of A(z,t) are known. In many
of the examples A(z,t) will be the operator obtained from N(z,t) by
the linearization method and be such that
a-3 z(t) + A(z,t) =0 z(@©) = zq.
is stable in the sense of Liapunov. The operator B(z,t), which we shall
refer to as the perturbation of the system (1.3), will be assumed to

satisfy the condition B(zg,t) = 0 for all t > 0. In addition to
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satisfy the condition B(zE,t) = 0 for all t > 0. In addition to



analysing the uniqueness and existence of solutions of (1.3) we
have attempted:

(iii) to find the conditions required of B(z,t) so that the

perturbed system (l .2) is stable,

(iv) to find estimates of the solution of the perturbed system.
The results appertaining to (iii) are presented in the form of
perturbation theorems and allow for A(z,t) to be a non-linear operator,
but for (iv) most of the problems we examine will assume A(z,t) to be
a linear operator.

The results obtained here under (iii) and (iv) have a wider
applicability than just to the mathematical model (1.2). It is well
known that in constructing a model of a complex physical system some
effects or processes may be approximated or ignored and so the model
is usually not capable of describing all of the dynamical characteristics
of the actual system. The unidentified terms of the system may be
regarded as a perturbation of the model ( .2) therefore once the
stability and other properties have been established for the latter,
we can use the perturbation theorems again to find the conditions
that must be imposed on the unidentified part of the system so that
the actual system has similar properties to that of the model.
Similarly an unspecified forcing term can be included amongst the
unknown perturbations of a system, our results for linear perturbations
of a linear model include estimates of the effect of such terms.

The results obtained depend upon the definition of the terra
solution. In order to allow the greatest flexibility in this respect
the material in this thesis is presented in a functional analytic

framework, using in particular those ideas and results relating to



the theory of operators in normed linear spaces. The definitions
and basic facts of functional analysis required for the thesis are
presented in Chapter 82 along with those from the Liapunov theory
of stability. In 83 we present a survey of some of the more im-
portant known results concerning the existence and uniqueness of
solutions of (1 .2) in order to provide the background to the later
chapters. In 84 we present the perturbation theorems which give
existence and uniqueness results for stable solutions of (1 .2) in
the strictest sense of the term solution. These theorems include
the case of A and B being non-linear operators as well as linear.
In the next two chapters 85, §6 the idea of solution is relaxed
slightly and we consider the existence and uniqueness of so-called
"mild® solutions of (l.2) along with methods of estimating the norm
of the solution. These results are derived from the investigation
of certain integral equations and are presented in two chapters. In
85 B(z,t) is taken to be linear whilst in 86, B(z,t) is assumed to
be non-linear but in both cases A is a linear operator.

Many papers have been written applying the idea of Liapunov
functionals to a study of the stability of partial differential
equations. In chapter 87 we present some general results concerning
these functionals and their use with (1 .2) to illustrate an alternative
approach to the methods of 85 to the problem of estimating the norm
of the solution, it is shown that certain of the results for the linear
equation can be obtained by either method.

In chapter 88 the results of 84-6 are applied to a wide variety of
problems drawn from engineering and science. These include various

formulations of the beam problem and two problems from chemical



engineering where the basic system is described by a coupled pair
of partial differential equations. Some conclusions and remarks

are made in 89.



82 Topics in Functional Analysis
2.1. Introduction

In this chapter we introduce those ideas and results of functional
analysis which we require for the rest of the work, placing particular
emphasis on the theory of mappings of a Banach space onto a Banach
space. The proofs and further details can be found in the standard texts
of Kato [, Yosida [2Z] and Dunford and Schwartz [3] .
2.2. Normed Linear Spaces

We commence with the definitions of the terms semi-norm, norm and
normed linear space.
Definition 2,1, Let X be a linear space over a field of scalars K (real
or complex). IT for every x?X there is associated a real number IMI

such that for every X,y£X

n ] () Mx+yH < BH+Hy 1
() Hxdl = Jox]-bdl for all afK
then 1.1 is called a semi-norm of X.
Definition 2.2. If B.1 is a semi-norm on a linear space X such that
Q-2) Madl =0 iff x =0

then B._1 is called a norm on X.
Definition 2.3. A linear space X with a norm N1 defined on it is called
a normed linear space.

The product XxY of two linear spaces X,Y over the same field of
scalars K consists of all ordered pairs {x,y} of elements xeX,yeY. The
set XxY is a vector space if the addition operation in XxY is
defined by

ctiixi.yi) + a2{x2,y?2} = iaiXl+-alx2,«iyi + aly?2}

Vai,aleK; xi,X2iX; yi,y26Y. If, in addition X and Y are normed linear



82 Topics in Functional Analysis
2.1. Introduction

In this chapter we introduce those ideas and results of functional
analysis which we require for the rest of the work, placing particular
emphasis on the theory of mappings of a Banach space onto a Banach
space. The proofs and further details can be found in the standard texts
of Kato [1I], Yosida [2] and Dunford and Schwartz [3] -

2.2, Normed Linear Spaces

We commence with the definitions of the terms semi-norm, norm and
normed linear space.

Definition 2.1. Let X be a linear space over a field of scalars K (real
or complex). If for every x~X there is associated a real number Ibd
such that for every x,y"X
(21~ @ Ixtyl < bH+NH

(i1) Bxdl = |ot].-Hdl for all oK
then 1.1 is called a semi-norm of X.
Definition 2.2. If L._.1 is a semi-norm on a linear space X such that
Q.2) Bl =0 iff x =0
then B.H is called a norm on X.
Definition 2.3. A linear space X with a norm N1 defined on it is called
a normed linear space.

The product XxY of two linear spaces X,Y over the same field of
scalars K consists of all ordered pairs {x,y} of elements xeX,yeY. The
set XxY is a vector space if the addition operation in XxY is
defined by

ai{xi ,yi} + a2 {x2,y2} = (oiixi+aix2,«iyi + aly2}

Vai,aleK; xi,x2iX; yi,y26Y. If, in addition X and Y are normed linear

>



spaces with norms HH}., resPectively then XxY can be made a normed
linear space. The norm in XxXY may be chosen in many ways, the following
are particularly useful
(M) I{GYHH = XX + *y*Y » v XEX» y*FY
2.3) _ I/p
(D ef{x,y}1 = (xlly + Hllf) , V xeX, yEY, 1< p < <.
In any kind of analysis the idea of convergence is of fundamental
importance but this requires a meaning for the distance d(X,y) between
two elements x,y of a linear space satisfying the following axioms.
O) dx,y) >0 and d(x,y) =0 iff x =y

2.9 (i) dx,y) < d(x,2) + d(z.y) (triangle inequality)
i) dix,y) = dy.x

for all x, y, z€X.

In a normed linear space this can be achieved by defining the
distance function d(Xx,y) by
(2.5 d(x,y) = Ixy# .

Then we have the following definitions of convergence and of a Cauchy

sequence.

Definition 2.4. A sequence {xn)X X convergesstrongly to x if
®xn~x® = 0* This is denoted by xn Zax.

In a normed linear space X if )ﬁ+.k X"\,’n <~y and r’]\:!g;ﬁl = Ay
a, scalars, then

) pe "xpl- X"
Q -6) (ii) anxn max

(iii) (xn+yn)  x+y
Definition 2.5. A sequence {xn>C X is a Cauchy sequence if given any
e > 0 there exists an integer N = N(e) >0 such that Hyjj-Xjjl < e for
any m,n > N.

Every convergent sequence in X is a Cauchy sequence.

>



However not every Cauchy sequence converges to a limit xeX,
This leads to the idea of completeness.
Definition 2.6. If every Cauchy sequence {xn)«X converges strongly to
a limit xeX, then X is said to be complete. A complete normed space
is called a Banach space (B-space).

One particular type of B-space of special interest later is a
uniformly convex B-space.

Definition 2.7. A B-space is uniformly convex if for any e > 0 there
exists a6 = 6 >0 such that Bdl < |, WH < | and Rx-yR > e
implies RxtyH < 2 (1-6).

We conclude this section by remarking that a given B-space X may
have two (or more) norms defined on it. Equivalent norms are defined
as follows.

Definition 2.8. If K.li, B.H2 denote two different norms defined on a

Banach space X then they are equivalent if3a,8, 0 <a < 8 < " such that
alxll2 < HB i < BHxIE for all xeX.

2,3, Quasi-Norms and Fr”chet Spaces

IT the requirement (2.1) (ii) in the definition of a semi-norm
is replaced by the weaker condition
Q.7 I-x» = Ix«x, ¢ A~ W™ =°and IXTW laxn" =0
then RxR, now satisfying (2.1) (1), (2-2) and (2.7) 1is called A quasi-
norm. The linear space X with quasi-norm 0.1 defined on it is called
a quasi-normed space. As with the norm of a normed space the concept
of quasi-norm can be associated with the axioms of distance and used to
establish the concept of strong convergence d(xn,x) =0, with the
properties (2.4).

A complete quasi-normed space is called a Frechet space, a B-space

is a Frechet space but not vice-versa.



2_A. Hilbert Spaces
In many applications of linear spaces the concept of norm on its

own does not provide sufficient structure, in particular it is impossible
to define angle in terms of norms. This difficulty is overcome by
introducing the idea of iInner product.
Definition 2.9. If to every pair of elements x,y belonging to a linear
space H there 1is associated a complex number (X,y) satisfying

@  (otxy) = n(x,y) aek

an oy = . ( denotes complex conjugate)
= (i) Ouy.2) = (2 + .2

av) &x) >0 and &,x) =0 iff x =0
then (X,y) is called an inner (or scalar) product on H.

An inner product space H can be made into a normed linear space

by defining an “induced® norm ||JI on H with
-9 | = GGO*.
A complete inner product space is called a Hilbert space. The following
theorem provides a very useful test that can be applied to a Banach
space to see if it is also a Hilbert space.
Theorem 2.1 If X is a Banach space and its norm satisfies the
parallelogram law
(2.10) Ix+yl? + fix-yI2 = 2{BxII2 + ByB2} for all x,yeX then X
is a Hilbert space.
It is easy to see from this formula that a Hilbert space is uniformly
convex.

A Hilbert space may have two inner products defined on it, in

which case we can define the concept of equivalent inner products.



Definition 2.10 If (.,*)2 denote two distinct inner products
on H then they are said to be equivalent if their corresponding norms
are equivalent (c.f. Definition 2.8).
2.5 Subsets of a Banach space

Let A be a set contained iIn a Banach space X. A point x€X is a
limit point of the set A iff there exists a sequence of distinct
elements {xn)cA such that {xn} converges strongly to x. The set con-
sisting of A and all its limit points is called the closure of A,
denoted by A. A set A is closed iIff A = A and is said to be dense in
X if A= X. |If A is closed and dense then A = X. The space X is
separable if it has a countable dense subset.

Suppose aeA and xeX then BaxIl is bounded from below for any
aeA and therefore AQA\ la—xIl exists.
Definition 2.11 The quantity Ha-xIl is called the distance of the
point x from the set A and is denoted by p(x,A). If A is closed and
convex then there exists a point beA such that

p(x,A) = KX-bl
We can now define the terms r - neighbourhood, bounded set and compact
set.
Definition 2.12 The r - neighbourhood of a set AcX is the set of all
points xiX which have the property that
0 < pX,A) <r

where r > 0 is a given number. This neighbourhood will be denoted
by S(A,r).
Definition 2.13 The set AcX is called bounded if 3 >1(<") such that

txyll < M for all X,ycA.
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Definition 2.14 The set AcX is said to be compact in X if every
infinite subset BcA contains an infinite convergent sequence with
limit in Al

2.6 Operators in Banach Spaces

Let A and B be two sets. The symbol f:A*B denotes a mapping or
function that assigns to every element in A at least one element of
B. Unless stated otherwise we shall assume that any function used in
the following is single-valued, that is to each aeA there is assigned
jJjust one element beB. If in place of the two sets A and B we have
two linear spaces U and V over the same field of scalars K then any
mapping T:u-*v » T(u) = TueY which maps all (or part of) U into V is
called an operator or, iIn the special case when V = K, a functional.
The domain of T, D(T) is the set of all ueU such that there is a veV
for which Tu = v, the range of T,R(T) is the set (Tu:ueD(T)} and the
kernel or null space of T is N(T) = ix:Tu = 0). If D(T) is dense in X
then T is said to be densely defined.

Definition 2.15 T 1is a linear operator (or linear functional if V - K)
if the domain D(T) is a linear subspace of U and if
T(aui + Pu2) *=aT(ui) + BT(2) for all a,8eK.

IT T is linear and is a (1-1) map of D(T) onto R(T) there is an
inverse operator T ! which is a linear operator mapping R(T) onto D(T)
such that

T-1 Tu m=u for utD(T) and TT_1v = v for veR(T).

If Ti and T2 are two linear operators both on X into Y then Ti = T2

iff D(Ti) = D(T2) and TiX = T2x for xeD(Ti) = D(T2). If D(Tj) & D(T2)

and TiX = T2x for all xeD(T4) then T2 is called an extension of Ti and



Ti a restriction of T2.
T is a closed linear operator if its graph G(T), where
G(T) = {{x,Tx}; xeD(T), {x,y}reXxY}
is a closed linear subspace of XxY.

IT T is a closed linear operator on X into X then T-£1 is also
closed for all £ in K.

In our work we shall be dealing with operators defined on riormed
linear spaces. The presence of the concept of norm allows the ideas
of continuity and boundedness to be applied to such operators.
Definition 2,16 Let X,Y be normed linear spaces and let T be an operator
on D(T) £ X into Y. T is continuous at x0eD(T) if given £>0 there
exists 6>0 such that ITx-Tx Hy < e for all xeD(T) such that Hx-x0k < &
T 1is continuous if it is continuous at every point of D(T).

Definition 2.17 T is a bounded operator if there exists a constant M
such that

(2.11) #XIl < MIxI  for all xsD(T) .

If T is bounded with constant M as in (2.11) then the result can be
extended to all xtX if D(T) = X, with the same M.

For a linear operator, continuity and boundedness are equivalent
concepts.

The important concept of a contraction mapping is a special case
of Definition 2.17.

Definition 2. 18 The mapping F of a normed linear space into itself is
a contraction mapping if there exists a k, 0 < k < | such that

2.12) ®Fx—FyH < Kkilx-ylIx for all x,y€X .

Theorem 2.2 Contraction mapping theorem

Let X be a Banach space and F:X->X a contraction mapping. Then there
exists a unique point x0eX such that Fx0 = x0, Xo is called the fixed

point of F.



If T is a bounded operator the bound of T, denoted by HIB is defined as
2.13) "TH = sup(>Tx» - Ix» < 1, xeD(T)) .-

The set of all bounded linear operators with domain X and range inY
and with norm defined as the bound of T constitutesa new normed linear
space which is denoted by £(X,Y). If, further,Y is a Banach space then
so is €CX,Y) . When X =Y, £(X,X) is abbreviated to X(X) . The. topology
induced on X(X,Y) by this norm is known as the uniform topology. There
are alternative topologies produced by different norms. In particular
there is the strong topology associated with the norm on the space Y, in
this topology a sequence of operators {Tn}i£(X,Y) converges to T iff
{Tnx} converges to Tx for every xtX.

We consider now the special case of £(X,Y) where Y is the field K
so that X(x,Y) 1is the space of all continuous linear functionals on X,
called the dual (or conjugate) space of X and denoted by X* The topology
on X* in the sense of uniform topology on X(X,Y) described above is
called the strong topology of X*whilst the topology on X* in the sense of
the strong topology on X(x,Y) 1is called the weak* topology of X*.

Then X* with the strong topology is denoted by X~,the strong dual,
whilst X* with the weak* topology is denoted by X* ,the weak* dual.

The 1introduction of the dual space allows the intro-
duction of the concept of weak convergence in X(X,Y).
Denoting the value of the Tfunctional x*e X* at xe X by
< X,Xx* >, a sequence {Tn } is said to converge weakly if
<Tnx,f> converges for each x e X and f £ X*. For £ (X,Y) uniform
convergence implies strong convergence implies weak convergence.

We mention here a particular map F of X into X* defined by

x* € Fx iIff <, x*> = IXIx coy e w ek
This map is called the duality map of X into X*. F may be a

multi-valued mapping although if X* is uniformly convex then F(.)
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is single-valued and uniformly continuous in every bounded set
of X.

Since the dual space X* is itself a normed linear space it
is possible to form a dual space (X*)* of X*. This space is called
the second dual space ofX and denoted by X** By construction the
elements of X** are continuous linear functionals which map the

linear functionals of X* into K so if FcX**, f e X*
F(F) =<f, F>= C €K

= OO

for some x 6 X. Thus to each xeX there corresponds an F e X**
the F corresponding x will be denoted by F»
It can be shown that the uniform norm of F, IIRdl, isequal to
1 Ml so that the mapping X “mFx preserves norms. Also x#*Fx is
a linear map and is thus an isometric isomorphism so that X can
be regarded as part of X** without altering its structure as a
normed linear space and we write Xc: X** 1.e. X is contained in
X** algebraically and topographically.

ITf X = X** under this embedding then X is said to be reflexive.
A uniformly convex Banach space is reflexive, consequently a Hilbert

space is always reflexive.

We now return to the general theory of operators T on D(T) cz X
into Y. For each linear operator T with D(T) = X there is an
operator T*, the dual (or conjugate) of T with D(T*) 6 Yg and
R(T*) e X] such that
.19 <Ix,y* >= <X, T*y*" > for all xe D(T) and all
y" 6 D(T%).

IfF Ti 1(XY) then T* € JC(Y*,X*) and EHI= NT* I.

For X,Y Hilbert spaces the idea of the dual operator can be

»



is single-valued and uniformly continuous in every bounded set
of X.

Since the dual space X* is itself a normed linear space it
is possible to form a dual space (X*)* of X*. This space is called
the second dual space ofX and denoted by X** By construction the
elements of X** are continuous linear functionals which map the

linear functionals of X* iInto K so if FeX**, f e X*
F(F) =<f, F>- C 6K

= £

for some x 6 X. Thus to each xeX there correspondsanF e X**
the F corresponding x will be denoted by F»
It can be shown that the uniform norm of F, EH , isequal to
IMI so that the mapping X W Fx preserves norms. Also x +Fx 1is
a linear map and is thus an isometric isomorphism so that X can
be regarded as part of X** without altering its structure as a
normed linear space and we write X c X** 1i.e. X is contained in
X** algebraically and topographically.

If X = X** under this embedding then X is said to be reflexive.
A uniformly convex Banach space is reflexive, consequently a Hilbert
space is always reflexive.

We now return to the general theory of operators T on D(T) cr X
into Y. For each linear operator T with D(T) = X there is an
operator T*, the dual (or conjugate) of T with D(T*) £ Yg and
R(T*) 6 X* such that
2.1%) <TX,y" >= <x, T*y" > fFfor all x £ D(T) and all
y" e D(T%).

If T £ T(X,Y) then T* £ £(Y*,X*) and NTl= IT* IL

For X,Y Hilbert spaces the idea of the dual operator can be



extended to that of the adjoint of T, adjT. We Ffirst note that

for X a Hilbert space there is a one-one correspondence Jx

between the elements y e X and ¥ e X* through the relation
f&x) = XYy) for all x 6 X and 1fll = I

This correspondence is conjugate linear since

GQifi + a2ii) ++ @lIfl + alf2) (on,a2£K)
then if C(T) = X <T::,y’> =y"(MxX) = (Tx,Jyy")y
and X, Ty >= (@Y ")) = (XIKT*y 7 )Hx
Hence (MXIY y* )Y = (XIXT*y " >x,
that is (x,y)y = &, IX Ty J)x

In the special case when Y = X we can write
(2.15) adj T = JIx T* J-1
Definition 2.19 . T is self-adjoint if adj T = T.

We now consider operator-valued functions t *T(t) e Z (X,Y).
of a real or complex variable t. As in operator theory there are
three important kinds of convergence. T(t) is continuous iIn norm
(uniform convergence) if BT (t+h) - T(t) I a0 as h w0, T(t) is
strongly continuous if T(t) x is continuous with respect to the
norm topology for each x £ X. T(t) is weakly continuous if
< T(t) x, F > is continuous for each x t X and fF £€X*. 1In a
similar way three kinds of differentiability can be introduced, in

a7

particular the strong derivative T (© is defined by

(2.16) limit T(t+h)x - T(t)x
T"(D)X = = e
h %0 h

and similarly for the weak derivative.

b



There are also different forms of the integral JT(t)dt. ~IFf
T(t) 1is continuous in norm then the integral can be defined as
for numerically-valued functions. For a strongly continuous
function T(t) the integral JI(t)dt is the “strong®™ integral
with the properties that for each x e X

(/7 T(Ddt) x = /T(t?x dt, B / T(O)dtH < / HT(t) Kdt
.17)

f T(s) ds T() (strong derivative),

dt

2.7. Resolvent Set of an Operator
An operator T in a Banach space X can have eigenvalues

and eigenvectors. An eigenvalue of T is a complex number It K
such that there exists a non-zero x £ D(T)eX with
(2.18) Tx = X X
Thus X is an eigenvalue if the null space of (T - XI) is not O.
Since T does not necessarily have any eigenvalues it is more use-
ful to introduce the idea of a resolvent set.
Definition 2.20 Let T be a closed operator in X. Then £ t K is
said to belong to the resolvent set P(T) of T if T - £1 is in-
vertible with
(2.19) R(C) =R (C,T) = (T -CD"e C).
The operator-valued function R(£) 1is the resolvent of T,

R(C) has domain X and range D(T) for any £t P(T).

2.8. Some Important Spaces
We now present some details concerning particular Banach and

Hilbert space of functions defined on an open set of Rn.

»
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C(f) is the set of all continuous functions u(x) = uj ,x2 ,.. .xn) defined
on a compact set fi in Rn. It is a Banach space with norm

Q -20) HIl = Qull,,,0, = Hll =max u®) |-

LP®A) (I <p < “) is the set of all Lebesgue-measurable functions u(x) on
@ a measurable subset of Rn, such that / Ju®) |"dx is finite. It is a
Banach space with norm

Q.2 Hill = IdLp = (/ Ju® Jpdx)P ®©> D

In Ht(@ two functions u and v are identified if u(x) = v(x) a.e. in @
Ift(2) is a separable space.
L2 (0) is a Hilbert space with inner product

(2.22)
n

For bounded B, L"(n)cL"(i2) for p > g algebraically and topologically

i.e. 111 <Ml .IP, K a constant, since if felLP,gel™ then fgelLs for
q

== 5 +q— Wilo'hslfgll b o %‘ IfI'rI,QI .p.q > ).

The above spaces are spaces of functions defined in the ordinary or
classical sense. For the purpose of describing the solutions of partial
differential equations they are too restrictive, to obtain a wider class of
space the idea of a function is generalized using the theory of distributions
due to Schwartz. We require first the following definition.

Definition 2.21 The support of a function f is the smallest closed set of
fl outside which f vanishes identically.

We note the following sets which are linear spaces but not Banach spaces.
@ (0 < k < is the set of all complex-valued functions defined in

(2 which have continuous partial derivatives up to and including k (of order
k <0 if k =%).

C,.k(Q@) is the set of functions € (ft(@) with compact support.

¢



Let K be any compact subset of ft then we denote by D (Y the space

@®
of all f€C0 () whose support is in K. A family of semi-norms can be

defined on Dy\(f) by

(2.23) PK>m(®) - |s| ™ x€EK|DsT()| m< =

gSI+S2+. . .+Sn
where Dsf(X) = ——————————————- f(xi,x2,...xn)
3x513x72...3xnn

n
Isl = I(si,s2f...sn)] = 1 s:

- —

so that DK@ is a linear topological space. The inductive limit of the
DK (f©"s as K ranges over all compact subsets of ft is a linear topological
space denoted by D(ft).

Definition 2.22 A linear functional f defined and continuous in D(ft) is
called a generalized function or distribution in D(ft) and the value f&@®
is called the value of the generalized function T at the testing

function <G

If f is a generalized function in ft then

8 (@D = >eD(Ft)

defines another generalized function g in ft called the generalized
derivative or distributional derivative of T with respect to Xj. We note
that any generalized function is infinitely differentiable in the sense
of distributions as a consequence of the definition of D(ft).

We now define the following Banach spaces which are based on the
concept of distributions.
Wk,P@ (k a positive integer, 1< p < ) is the set of all complex
valued functions f(x) defined in ft such that f and its distributional
derivatives Dsf of order Js| = rI] Is-] < kK€ELp (. W[(,p(ft) is a Banach

j=1 3

space with norm

I»



(2.2 4) . =C 7 7/ |DSFEY)Ipdx)p, dx = dxidx?...dxn
k,P Is}<ki)

These spaces are usually referred to as Sobolev spaces.

WAFI) = WAO0J) with p = 2 is a Hilbert space.

Hk (fI). We have previously referred to the linear space @Gh. It can be
normed by
(2 25 iy, - . if() |2dx) i

W |s|<kFi

By the theorem of completion ,Yosida [2], it is possible to complete this
space. The completion will be denoted by Hk () which is in fact a Hilbert
space and also a proper subspace of Wk (@@ if fttRh. IF O = Rn,
Hlé(Rn) = H~Ar™) = Wk Rn).

The above definition of Wk,p@) is valid for k a positive integer.
By use of the theory of the Fourier transform we can extend the range of
definition of WIC(ﬁ) for = R" to all kfR as follows.

We First define the Frechet space N(Rn) and the Fourier transform of
an element of NQRn).

K (Rn) is the set of functions feC°°(Rn) such that

®“Pn | x6DafQ)| < - , X6 = n xji)

j-!

for every a = (@i, ,.. .a ) and 8 = Bi,62,.. .8n) with non-negative integers
a:] and 8F<' The topology on N(Rn) is defined by a family of semi-norms of

the form

p(f) = *Pn|p(xX)Daf (X) | where P(x) is a polynomial.
Definition 2.23 Every fe N(Rn) has a Fourier transform Af defined by
(2.26) fE) = (2F)IWZR{ 1?2 dx
where £ = Cl,£2,...£). x " (Xi,X2,...Xx ), <E£,x> *= £ £.x. and

j=§j 3 J
dx *-dxidx? “.dxno
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Theorem 2.3 (Plancherel®s Theorem)
If FEL2(Rn) then fel2 Rn) and

1 fll 2 =10fllLz -

In analogy with the idea of distribution defined above we have the
following.

Definition 2.24 A linear functional Tdefined and continuous on N(Rn) is
called a tempered distribution in Rn.

It can be proved that any function f in I,PRn) (p > 1) defines a
tempered distribution. Thus in particular FEHMiR1D) defines a tempered
distribution Tf. Now the Fourier transform of Tf, Tf, can be defined
through

T = TF(D, fE S(Rn)
with the property that

@.27)

ITf fe Hk (Rn) then € L2 (Rn) for Ja] < k by definition and hence

DjkTfeLZ2@®) (G = 1,2,...n). Now

by Holder®s inequality and so using (2.241

/ (Hx12)I" 2dx <@

ie. A+ Ix|2)k/2TFé L2 Rn).
By Fiancherei"s theorem it can be shown that thé norm |H]]- of f in
given by (2.25) is equivalent to thé norm
(2.28) Il = 0+ |X|2)K/2TFIL2.
Hence the space Hk (Rn) can be renormed by Efll¥ and thus defined as the
totality of f6 L2 (Rn) such that Efll™ is finite. With this definition k

can be any real number, not just a natural number.



In order to define Hk(ft) for any real number k it is necessary to
restrict ft to a smooth subset of Rn.
Definition 2.25 Let P be a point of the subset AcCcRn. A is smooth near
P if there exists a neighbourhood U of P and a mapping <fof U onto a
spherical neighbourhood V of the origin such that
(@) < and ! are (,l) and infinitely differentiable
(i) &AU) - Vvn{xeRn |xi = O}.
If A is smooth near each of its points it is a smooth subset of Rn.
Following Aubin t4] we have the following.
Definition 2.26 The space HS({®) where ft is a smooth bounded open subset
of Rn is the space of the restrictions to ft of functions f of Hs(Rn) .
The Sobolev spaces have the following embedding properties.
Theorem 2.4 Let ftcRn be a smooth bounded open set then

(O) Wm (Ft)cLC(n) algebraically and topologically for

+>+ m
a p n

(i) /Sft)c J(f) for j <

(iil) Hs(f©)cCH) for s >y

where p,q,m,j are integers.

2.9. Liapunov Stability Theory
We have described in the Introduction §! how a partial differential

equation or a set of partial differential equations may be regarded as a

single equation

(.29, z(t) + N(z,t) = 0.

We now regard z as a function on the finite real interval | = f0,tl to

a Banach space Z and N(z,t) as a given function or operator from IxXZ to Z

and associate with (2.29) an initial condition of the form

*(t0> " zo-



Following Zubov [5] we assume that for any element zOeZ there exists
a local solution of (2.29) which can be extended to a global solution
zCzot”0o) vaiid for all t > tQ with the properties:-
(i) for any zot z(z0,t,t0) is defined for all t > t) and z(zo,t,t0)e 7,
for all t> tQ > 0
(i) z(z0,t,t0) = z0 when t = t0
Suppose that (2.29) has an equilibrium point z£ then
Q .30) z(zE,t,t0) = zE for t> tD
We have the following definitions, Zubov [51.
Definition 2.27 The equilibrium point z£ is stable if for any e>0
there exists 6 > 0 such that if W8zQ-zE] 6 then Bz(z0,t,t))-zEN < e
for 0 < tQ < t.
Definition 2.28 |If zE is stable and if

Hz@ ,t,t0) - gzl (0 as t +
then zE is said to be asymptotically stable.
Definition 2.29 The set of all zQe Z such that zE is asymptotically
stable is called the region of asymptotic stability of the equilibrium

solution zE.
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83 The Abstract Evolution Equation
3.1. Introduction

In the previous chapter we have presented the essential features
of functional analysis that we require for a discussion of the abstract
evolution equation
(€RD) z() + N(t,z) =0, z(©® = zQ
where z is a function on the real interval X = [0,T] to a Banach space
Z and N is a given function or operator from I x Z to Z. In studying
the questions of existence and uniqueness of the solutions of (3.1) it is
convenient to consider the equation in the following four different forms.
(@) The simplest type of equation is
G.2) z(t) + Az (®) = 0, z(@© = zQ
where A is a linear operator in Z which may be bounded or unbounded.

(i) As (@) but with A dependent upon t, 1i.e.

@3-3) z(t) + A(®z® =0, z(© = zQ

for each t or almost all t > 0.

(iii) The semi-linear form

G- 2t) + Az =9(t.7). zO =X

where A(t) is as in (3.3) and g(t,z) is a non-linear function from I x Z to Z.
(iv) The general form (3.1) where N(t,z) = A(t)z(t) and A(t) is a non-linear
operator in Z.

@G-5 i +AM®Mz@® =0, z©) = z,

Each of the types (i) - (iv) is a homogeneous equation, we shall also
refer to the corresponding in-homogeneous forms where there is a forcing
term f(t) on the right-hand side of the equation.

3.2, The Linear Equation with A independent of t

We consider now in detail (3.2) viz

(3-6) z(t) + Az(® =0 z(©) = zQ
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where A is a linear operator independent of t.
IT AJC(®) the operator

uce) = U. BN
n=0

is well-defined as the series is absolutely convergent for all real t.

e_tAﬁjC@ and satisfies the group property

G.7D e~(s+t)A _ e-sA e-tA

Also

G.& éd— e - g n oy

where the derivative is taken to be defined by norms

. uCt+h) - U
I-€. n dtB

Thus z(t) = e_tAzQ is a solution of (3.6) for any zQCZ, we call it a strict

w0 as h+ 0.

solution because it satisfies the following definition.
Definition 3.1 z(t) is called a strict solution of (3.2) if z(t) is contin-
uous for t > O, the strong derivative dz exists for t > 0, z(t)eD(A) for
t >0 and (3.2) holds true.
Suppose now A is an unbounded operator. The operator =e is
no longer defined by a Taylor®"s series but by the limit

3.9) et = rlp'.:,no a -« %A)'_n

Kato [I] has shown that the limit exists if
() A is a closed operator in Z and D(A) is dense in Z
(ii) the negative real axis belongs to the resolvent set of
©-10) A and the resolvent (A+£l) ¥ satisfies the inequality
I(A+CD"1“<j, C>0
and furthermore the limit, which we shall henceforth denote by Ut rather

-

than e_tA, has the propert’ies of an exponentfal functi’on, that 1Is

I
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where A is a linear operator independent of t
IT A&C() the operator
00 n

um =U = e_tA n;0*$- ™

is well-defined as the series is absolutely convergent for all real t.
e c£(Z) and satisfies the group property

G.7D e—(s+t)A _ e-sA e-tA
Also

(3.8) Aoe wxz pe B Ty

where the derivative iIs taken to be defined by norms

i- r t,hv -mxt) - i - ° - - - o0
Thus z(t) = e_tAzQ is a solution of (3.6) for any z0€Z, we call it a strict

solution because it satisfies the following definition.
Definition 3.1 z(t) is called a strict solution of (3.2) if z(t) is contin-
uous for t > 0, the strong derivative dz exists for t > 0, z(t)eD(A) for
t >0 and (3.2) holds true.
Suppose now A is an unbounded operator. The operator U = e is
no longer defined by a Taylor®s series but by the limit

-tA lim ,T , t..-n
G-9) e “n~° (A +nA) -

Kato [I] has shown that the limit exists if
() A is a closed operator in Z and D(A) is dense in Z
(i1) the negative real axis belongs to the resolvent set of
(3.10)
A and the resolvent (A+£l) | satisfies the inequality
I(A+ CD“1«<£, K>o0

and furthermore the limit, which we shall henceforth denote by Ut rather

—a # . .
than e , has the properties of an exponential function, that “is
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(G-11) s, t > 0

The set {Ut}tx is said to form a one parameter semi-group of operators

with the operator -A as the infinitesimal generator of the semi-group.
With A satisfying (3.10) Hu(t)l < 1 and the semi-group is called

a contraction semi-group. This result constitutes the Hille-Yosida

theorem, the conditions (3.10) provide a necessary and sufficient set

of conditions for the generation of a contraction semi-group. Also U

is differentiable in t if z£D(A) with

so that is a particular type of evolution operator. The unique strong
solution of (3.6) is given by z(t) = Utz0 if zo 0CA).

The conditions of (3.10) on A are sufficient but not necessary for
A to generate a semi-group. Kato [I] gives three alternative sets of
conditions, two of which are less restrictive than (3.10). On the first
of the less restrictive ones (3.10) (ii) is replaced by
G.13) A+ CD)"k» < 4 ?>0* k=1, 2, 3,
where M is a constant indepengent of Candk. The corresponding operator
Ut is still strongly continuous for t > 0 and indeed all the previous

results are valid except that now

«U'E( < M,, U0 = 1.
In this case U is referred to as a bounded semi-group. (3.13) can in

turn be replaced by the condition that the semi-infinite interval £ > P
belongs to the resolvent set of -A and

(3.149) A+ Cl) kn<— ~ c>8, k*=1,2,3...
(c-er

Then the operator A + 81 generates a bounded semi-group Ult and the

128
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«UH < me ¢
in place of IuXl <M. [Iu 1 is not necessarily bounded as t & In
this case U is referred to as a quasi-bounded semi-group.

We consider next the following set of conditions on A where
slightly more is assumed concerning the resolvent set of -A.

(1) A is closed and densely defined in Z

(i) The resolvent set of -A contains the sector
(3-15) larg C] <y +w (w>0)

(iii) For any E >0

e(A+CD *<-Ff for Jarg ¢ <— + v
with ME£ independent of 2.

Any operator satisfying (3.15) generates a semi-group of operators
Ut which are holomorphic for Jarg t] < u, uniformly bounded for
rg t] < u - e and strongly continuous within the sector Jarg t] <w - £
at t = 0 with Uo = I. Such a semi-group is called a bounded holomorphic
semi-group and has the property that z(t) = Utz0 satisfies Q—Z(t) = -Az
for t > 0 and any zOEZ rather than any z0 iD(A).

All the proofs for the above are given in Kato [I] - We note at
this point that as far as the stability properties of the solution are
concerned if the equilibrium point z = 0 of (3.8) is to be asymptotically
stable in the sense of Liapunov then the semi-group must be such that
U I < Me“Wt (u > 0).

We consider now an alternative characterization of the generators
of contraction semi-groups in terms of m-accretive operators.

Definition 3.2. The operator A (linear or non-linear) on a general
Banach space Z is accretive if

(3.16) IX -y + X(AX-Ay)H > IIx - yH for each x,yeD(A) and X > O.
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If the range of 1 + XA is the whole of Z for some X > 0 then A

is m-accretive.

Theorem 3.1. (Lumer-Phillips)

-A is the infinitesimal generator of a linear contraction semi-group
on an arbitrary Banach space if and only if A is m-accretive and
densely defined.

It is shown in [I] that an m-accretive operator A is necessarily
densely defined on Z provided that Z is a reflexive Banach space.

We note here the following alternative condition for m-accretiveness.
Theorem 3.2. If A is a densely defined closed linear operator such that
D(A) and R(A) are both in a Banach space Z and if A and its dual A*
are accretive then -A generates a contraction semi-group.

In the special case when Z is a Hilbert space, Z=H is reflexive and
the condition (3.16) for accretiveness is equivalent to
(.17 Re<Az, z> >0 for all z€D(®)
where <, > denotes the inner product on H.

We consider now the in-homogeneous form of (3.2)

(3.18) z(t) + Az (® = (D), z(©) = zQ.
where f(t) is a given function with values in Z. If z(t) is a solution
of (3.18) then

g—u(t—s)z(s) = -U"(t-s)z(s) +U(t-s)z"(s)

" U(t-s)Az(s) + U(t-s)[F(s) - Az(9)] by (3.12)
*»* U(t-s) () -
Integrating this on (0,t) gives
(G-19) z(t) = U()z0 + JtU(t-s)f (s)ds
o

provided that U(t-s)f(s) is integrable.
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We note that if U(t) is a quasi-bounded semi-group and f(t) is
continuously differentiable then (3.19) is a strict solution of (3.18)
for any zQeD(A) but (3.19) does not provide a strict solution of (3.18)
for every f(t) and zQ. However we can regard (3.19) as a form of
generalized solution of (3.18) and make the following definition.

Definition 3.3. For any zDeZ and integrable f(t)

t
z(t) = U()zQ + /7 U(t—s)T (s)ds
o]

is called a mild solution of (3.18).
3.3. The Linear Equation with A dependent upon t.
We now consider the linear equation (3.3)
(3-20) z() + A(Dz() =0 z(0) = zq
and give some basic results concerning the existence and uniqueness of
solutions. A fuller account can be found in Carroll [6].

The important difference between the time dependent and time in-
dependent cases is that the semi-group operator of the latter becomes
an operator in two variables G(t,r) called an evolution operator. The
following is a basic result.

Theorem 3.3. IT t >A() eC° (. (D)) on the interval 1 = [0,T], (3.-20)
has a unique strict solution given by z(t) = G(t,0)zQ where
t+ G(t,)(Ctti(@®)) is a solution of
(3-21) G+ A(B)G =0 with G(t,t) - I, t> t.
The strict solution referred to here is essentially as in Definition
3.1 but with z(t)eD(A(t)) for t > O.
In addition G(t,x) has the following properties.
@ G(t,t) “ G(t,s)G(s,T), t<s<t
(i) G(t,© =G, P |

(iii) the maps zq @G(“,0)z0 : Z aC (O and (t,s)

(.22)

G(t,s) I x I *~;(@ are continuous.



We now make a formal definition of a mild evolution operator.
Definition 3.4. A family of bounded linear operators G(t,s) on Z to
itself defined for 0 < s < t< T, strongly continuous in the two
variables jointly and satisfying

G(t,s) = G(t,NG(r,s), G(r,r) =1 s<r<t
is called a family of mild evolution operators.

We introduce two further types of evolution operators by the

following.

Definition 3.5. IT a family of mild evolution operators satisfies
G-23) = "A(t)G(t,s)z <P

and

(3.24) 8G(g*s)z = G(t,s)A(s)z < ?v

for all zeD(A(t)) then (G(t,s)} is called a family of strict evolution
operators. IT however (3.24) is satisfied but (3.23) is not then the
operators are called quasi-evolution operators.

Consider now the in-homogeneous equation with A(t) an unbounded

operator

(3.25) z(t) + A(Hz() = (V) z(x) = 20, T< t<T.
As 1In 83.2 we can construct the solution

(3.26) z(® - G(t,T)z0+ /tG(t,s)f (s)ds

T
provided G(t,s)f(s) is integrable.

We quote the following theorem due to Kato [7] which gives con-
ditions for (3.26) to be a strict solution of (3.25) when A(t) 1is an
unbounded operator and -A(t) generates a strongly continuous contraction
semi-group for each te[0,T] .

Theorem 3.4. Let -A(t) be the generator of a strongly continuous con-

traction semi-group for t€[0,T] with AA(t) T < M (thus HAI +A(t) 1< 1/A
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for X >0.) If DA(t)) = D with t mA(t)A "Oec " fi (@) then there
exists a unique strong evolution operator G(t,s) and if feC*(Z) and zoeD
then (3.26) gives the unique strong solution of (3.25) on [,T]-

There is a similar theorem due to Yosida [8] when -A(t) generates
a strongly continuous semi-group.

C°Q(.S(Z)) denotes the space of bounded linear operators mapping Z
into Z which are strongly continuous in t for t€[0,T].

It is clearly a possibility that (3.26) might be a mild solution of
(3-25) under less restrictive conditions than are given in this theorem.
This i1dea is explored in Chapter 5 which contains some new results in
this direction.

3.A. The semi-linear form

We consider next the semi-linear form (3.4) viz

G.27) z(t) + Az @® = f(t,2) z(t) = zq.
The mild solution can be constructed as in the previous cases giving
(3.28)

T
If f(.,.) is continuous on IxB(b,z0) where B(b,z0) = B * (zeZ; Bz-zOB<b}
then (3.28) is well-defined and is also the strict solution of (3.27) as
the right-hand side can be differentiated with respect to t.

Other results where f(t,z) is a bounded operator are given, in Kato [9] -

The case where f(t,z) is not bounded is, not surprisingly, more com-
plicated. If f is bounded relative to A there is a theorem due to Segal
[10] for the case where A(t) = A is independent of t and the semi-group
generated by -A is strongly continuous. In this result the domain D(A)

of A is regarded as a Banach space with the graph norm BzH + RAzBand as

such is denoted by [D(A)] -
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for X >0.) If D(A(t)) =D with t =A(H)A (O)€ C & (@) then there
exists a unique strong evolution operator G(t,s) and if feCl @ and z"eD
then (3.26) gives the unique strong solution of (3.25) on [,T]-

There is a similar theorem due to Yosida [8] when -A(t) generates
a strongly continuous semi-group.

C°(*CS(Z)) denotes the space of bounded linear operators mapping Z
into Z which are strongly continuous in t for t€[0,T].

It is clearly a possibility that (3.26) might be a mild solution of
(3.25) under less restrictive conditions than are given in this theorem.
This idea is explored in Chapter 5 which contains some new results in
this direction.
3.4. The semi-linear form

We consider next the semi-linear form (3.4) viz
.27 z(t) + A(Dz() = f(t,2) z(t) = zq.
The mild solution can be constructed as in the previous cases giving
(3.28)

T

If f(.,.) is continuous on IxB(b,z0) where B(b,z0) = B » (zeZ; ®z-z0H<b}
then (3.28) is well-defined and is also the strict solution of (3.27) as
the right-hand side can be differentiated with respect to t.

Other results where f(t,z) is a bounded operator are given, in Kato [9] -

The case where f(t,z) 1is not bounded is, not surprisingly, more com-
plicated. If f is bounded relative to A there is a theorem due to Segal
[10] for the case where A(t) = A is independent of t and the semi-group
generated by -A is strongly continuous. In this result the domain D(A)
of A is regarded as a Banach space with the graph norm B4l + BAzDand as

such is denoted by [D(A)] -



Theorem 3.5. Let f(t,z) be defined on IX[D(A)] to Z and differentiable
in t and z. Let ft(t,z) be continuous on IX[D(A)] to Z and Lipschitz
continuous in z. Let fz(t,z) have an extension as a bounded linear
operator on Z to Z and let the map t,z fz (t,z) be continuous from
IXtD(A)] to £(2) and Lipschitz continuous in z. Then

i) +Az® = f(t,2), z(t) =z
(where A is as in the previous paragraph) has a unique local strong
solution z€ C(1Q;[D(A)ID)n Crlo»2) for any zo6 O(A) where 1Q is some
interval smaller than I i.e. 1Q = [t,T0] (0 < T).

The local solution can be extended to a global solution in certain
cases such as when the Lipschitz condition is satisfied uniformly for
all zezZ or if the initial data and f(t,z) are sufficiently small.

There are some more recent results concerning the global solution
of (3.27) when f(t,z) = -B(z) where B is a continuous, everywhere defined,
non-linear operator from Z to itself. Webb [11] has shown that if -A
generates a contraction semi-group Tt, t > 0 and B is accretive then the
solution of (3.27)

t

(3.29) U(t)z = Ttz - /Tt _sBU(s)zds
o

exists and is unique for all z«Z. Also the operator U(t), t > 0 of
(3-29) is a strongly continuous semi-group of non-linear contractions on
Z i.e. U(t) is a function from [0,”) xZ to Z such that

(O) u()u(s)z = U(t+s)z for all t,s > 0, zeZ

(D HII@®y - U®zll < Iyz21 for t> 0 and y,zeZ

(iin) U()z = z for all zeZ.
The operator A+B is m-accretive on Z and -(A+B) 1is the infinitesimal
generator of U(t). The validity of this result was extended by Maruo and

Yamada [12] to the case where A and B are both dependent on t (with T



becoming an evolution operator U(t,s) with norm < 1) whilst Maruo [13]
has shown that the condition that B(t) is everywhere defined can be
relaxed provided -A is the infinitesimal generator of an analytic
semi-group.

3.5. The Nonlinear Evolution Equation

=
7

Finally we consider the abstract evolution equation (3.1)
most general operator form (3.5) viz:-
(3-30) z(t) + A(z® =0 z(© = zQ
where A(t) is a non-linear operator with domain and range in Z. As in
the linear case the existence of a strong solution of (3.30) is linked
with the property of m-accretiveness of the operator A(t) (or an

equivalent condition).

Kato [14] has proved an important result concerning the strict
solution of (3.30) when A(t) satisfies the three conditions
(i) the domain D of A(t) is independent of t

(ii) there is a constant L such that for all yeD and

#A(D)yY - A@)YII < L(t-s) (A+ MIHAIA(S)Yi )

(iii) for each t, A(t) Iis m-accretive, (i.e. A(t) satisfies

(3.16)).

(Thus A(t) is assumed to be uniformly Lipschitz continuous in t). The
proof of the theorem uses the concept of the duality map F from Z to Z*
(see 82). The duality map provides an alternative condition for
accretiveness to (3.16) namely the following:

there is an element feF(x-y) such that
(.32

Re (Ax-Ay,f) > 0

for each x,y D(A).

32



Kato®"s theorem is:

Theorem 3.6. Assume Z*is uniformly convex and let A(t) satisfy (3.31).

For each z0eD there exists a unique function z(t)e Z on [0,T] satisfying

(3.30) such that

(@ z(t) is uniformly Lipschitz continuous on [0,T] with z(o) = zD,

b z(t)e D for each [ 0,T] and A(t)z(t) is weakly continuous on [0,T]

(©) the weak derivative of z(t) exists for all t[0,T] and equals
-A(D)z(b).

(@ z(t) is an indefinite integral of -A(t)z(t), which is Bochner inte-
grable, so that the strong derivative of z(t) exists almost everywhere
and equals -A(t)z (O -

If, further, Z is uniformly convex then the strong derivative
%Zt(t) = -A()z(v) exists and is strongly continuous except at a countable
number of values of t.

The conditions in the above theorem are not necessary conditions,
in a further paper Kato [15] introduced an alternative set of sufficient
conditions more general than the first. The condition is given in the
original paper in terms of the canonical restriction of an m-accretive
(multiple-valued) operator depending upon t smoothly.

Definition 3.6. A 1is the canonical restriction of a multiple-valued

operator B if Az is the set of all yeBz such that |MI = Hull.

Theorem 3.7. Let Z be a Banach space such that Z and Z* are uniformly

convex. Suppose A is m-accretive and A(t)z = Az +yz - b(t), 0< t< =

with D(A(t)) = D(A) where y is a real constant and béw"(1,Z) for each
interval 1c[0,°°). Then for each zQ€D(A) the equation
z()€ - A()z(D) z(@©) = zG

has a unique strong solution z(t) on [0, with z(0) = zQ having the
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properties () z(t)eD(A) for all t> 0
(i) nA()z (®n is of bounded variation on any finite
subinterval of [0, with no positive jumps,
(i) z(t) € - A()°z(t) for almost all t> 0
where A°(t) is the canonical restriction of A(t).

wJ(l,Z2) is the set of all Z-valued functions u on I such that u
is the indefinite integral of a strongly integrable function v on 1.

When A(t) = A is independent of t and m-accretive these results
can be used to introduce a semi-group of non-linear operators as in
Webb*s results described in the previous section. By setting z(t) = Utz0
a family of single-valued operators {UtJ, 0 < t < ”, is defined with domain
D(A) and ranges in D(A). (j.) is a semi-group since UtUg = Ut+S and
contractive since

»Uta - Uth« < lla-b»
Ut» is strongly continuous in t and by continuity the Ut can be extended
to be operators with domain D(A) and range in D(A).

The general problem of the generation of semi-groups of non-linear
transformations on general Banach spaces has been discussed in depth by
Crandall and Liggett [16], and Miyadera [17], and on Hilbert spaces by
Crandall and Pazy [18]- |In order to describe their results which are
essentially extensions of the Hille-Yosida theorem to non-linear operators
let the semi-groups U(t) on C, a subset of Z, be characterized as follows.

A semi-group on CcZ is a function U(t) on [0,«) such that U(t)
maps C. into C for each t > 0 and satisfies

() U(t+s) = U U(s) for t,s > 0 and

(D) Uu(t)z =U(O)z = z for zee



Further U(t) eQ”"CC) 1if there exists a real number U such that
“U(t)x - U®yll < elt 8x-yl

for t > 0 and x,y€C.

The non-linear operators A are viewed as subsets of ZxZ and then

@ Ax = (¢ : XYl€A}

i) D) = {x :Ax ]

(iii) R(A) =U(Ax : x€D(A)}

For Hilbert spaces Crandall and Pazy [18 ]Jhave obtained a complete
extension of the Hille-Yosida theorem to cover all of Qb)(C) when C is
a closed convex set. In this case, Qu() can be Put into 1- 1 corres-
pondence with the set of subsets A of ZxZ for which Atiol is accretive,
R(I+XA) = Z for all X > 0 and @ < 1, and D(A) = C. In the case of a
general Banach space, it has been remarked earlier after Theorem 3.7.
that if Z* is uniformly convex then an m-accretive operator A can be
associated with a non-linear semi-group. In the general case when Z*
is not uniformly convex there is the following result due to Crandall
and Liggett [16].
Theorem 3.8. Let AcZ xZ and let w be a real number such that Atcol is
accretive. IT R(1+XA)= D(A) for all sufficiently small X(> 0) the
lim
n-*00
exists for ziD(A) and t > 0. If U(t)z is defined as the limit (3.33)

(3.33) a +—:A') 2.
then U(Y) € Qw (D(A)). Furthermore if A is a closed subset of ZxZ and
zeD(A) and 0 < T < ” then the conditions (i) and (ii) below are
equivalent:

@ zo = -~ a +-nA) "z for te P,T) and z(t) strongly

differentiable almost everywhere,

P»
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(ii) z(©) 1is a strong solution of
Oez(t) + Az , z(0) = z,
on [0,T). This is the non-linear version of the result for linear
contraction semi-groups.
Although the proofs of Crandall and Pazy are not valid when the
assumption on A is of the form
1(1+XA)-n» <M(1-Xw)-n, Re X > w,
as in the Hille-Yosida theorem, they can be extended to the case of A
dependent on t to provide a theorem which gives the existence of a
non-linear evolution operator. This theorem, which extends Theorem 3.7.
has like Kato"s result the condition that D(A(t)) 1is independent of t.
A similar result to these two but with the condition on D(A(t)) relaxed

and Z a Hilbert space is reported by Watanabe [19] .



84. Perturbation Theorems

4.1. Introduction

In the previous chapter we have reviewed the known results
concerning the existence of the various forms of solution of
the abstract evolution equation in its most general form
“4.1) z(®) + N()z(t) = 0, =z(@) =20

We now suppose that (4.1) can be written in the form
“4.2 z(®) 4 AMz® 4 BE,.v) = f(Y), z(xr) = 2Q
where A(t) is a linear operator but B(z,t) may be linear or
non-linear. Equation (4.2) provides a particularly useful form
of (4.1) if A(t) is not the null operator for then we can regard
B(z,t) as a perturbation of the operator A(t) i.e. B(z,t) is
a perturbation of the linear system
“.3) z(t) 4 Az @® =0, z(t) = 2Q
f(t) is simply a forcing term in the system (4.2).

In this thesis we are particularly interested in the problems

of finding the conditions on B(z,t) that ensure that there exists
a solution of the perturbed system

“.59 z(® 4 A®) z(t) 4 Bz, ) =0, z@) = 2Q

which is stable iIn the sense of Liapunov given that there exists
a stable solution of the basic unperturbed linear system (4.3).

In view of the theorem of Lumer and Phillips the important
part of the analysis of the perturbed system is to obtain the con-
ditions on B(z,t) under which A(t) 4 B(z,t) is m-accretive given
that A(t) is m-accretive. In this chapter we present some new
theorems which provide results of this form. They are essentially
extensions of the theorems of Kato [1,15 [Nelson and Gustafson [20]
and Okazawa [21,22] for linear and non-linear m-accretive time-

independent operators.



4.2. Linear Operators

Kato [1 ] has shown that if -A, -B both generate linear
contraction semi-groups on a Banach space Z with D(B)3D(A) and
if B is relatively bounded with respect to A with A bound less
than {, that is

iBz-IKal z 01+ Wl I, a>0, O0<b<j, z&€&d®
then -(A+B) generates a contraction semi-group on Z. Nelson
and Gustafson [20] modified this result to show that for the same
conditions on A but with B accretive and b < 1, then -(A+B)
generates a contraction semi-group. It has been noted earlier
in 83 that -A generates a contraction semi-group If and only if
A is m-accretive and densely defined. If Z is reflexive and A
m-accretive then A is automatically densely defined and for such
spaces Okazawa [21]has extended the Nelson and Gustafson result
tob=1.

R>r Hilbert spaces Okazawa [22] has shown that if A is
m-accretive, B accretive, D(B)oD(A) and there are non-negative
constants a and b £ I such that

0 < Re< Az.Bz >+ dlzB2 +HdlAzIR , z"D(A)
then A+B is m-accretive if b < I and the closure of A-B is m-accretive
ifb=

We extend these results in the following theorems.

Theorem 4.1 Let Z be a reflexive Banach space and A be m-accretive,
B accretive with D(B)mD(A). IFf for any integer n > 0 there exists an
a > 0 such that

zen@®
then A+B is m-accretive. In the limit as n - this condition becomes
4.6) IBz® < aH4Al + UEA+B)zII, zGD(A), a>0.
Proof:- Split the operator by writing

A+B A+ BB+ (I-g)B where 0 < 8 < 1.



Since B is accretive and D(B)3D(A) then gB is accretive and D(gB)3D(A)
and so we may apply Okazawa®"s result [21] to conclude that An"gB is
m-accretive if there exists an a>0 such that

A.7 Il < alB + 1l ZSD(A) -

IT (A.7) is valid then since D((I-g)B)3D(AhgB) we may again apply
Okazawa"s theorem to the perturbation (1-g)B of A+gB to conclude
that A+B is m-accretive if there exists a"> 0 such that

(A8) H(1-g)BzH <a"0z »+ »(A+gB)zI! , 2 D(A)

We now choose gso that (A.8) implies (A.7). Clearly if (A.8)is

valid then

(1-g)1IBzIK a’lizll + Ixdl + gzl
or A-2g) 1Bz i< &lAl + 1Al

and this implies (A.7) if a® » a and 1-2g= g i.e. g=A We
have thus shown that AhB is m-accretive if there exists a > 0 such
that

(.9 Bl < 10z | H ORCJA 0 1 Bl zeD(A).

We note that if B satisfies
(A. 10) Il < didl H Al
then

1Bz 1K !all a1 n ,ZA [ fava || —é 1B41

hence

1Bz IK 1didl nh | (FA h jo)dl
so that any B which satisfies the Okazawa hypthesis (A.10) also
satisfies (A.9). However the converse is not true because B = pA,

1< p < 3 satisfies (A.9) but not (A.10).



Since B is accretive and D(B)3D(A) then £B is accretive and D(BB)3D(A)
and so we may apply Okazawa®"s result [21] to conclude that At£B is
m-accretive if there exists an a>0 such that

A.D IBBzi < dldl + 1Azl , ZGD(A) -

IT (A.7) is valid then since D((I-£)B)3D(At £B) we may again apply
Okazawa"s theorem to the perturbation (1-£)B of A+BB to conclude
that A+B is m-accretive if there exists a"> 0 such that

(A.8) 1(1-6)BzD < a"lz B+ »(A+BB)zIl, Z€D(A)

We now choose gso that (A.8) implies (A.7). Clearly if (A.8)is

valid then

(1-B)HBzIK a'lidl + 1idl + dilBdl
or (1-2£) 1Bz i< alldl + Il

and this implies (A.7) if a° « a and 1-26= 8 i.e. 6 = j We
have thus shown that AtB is m-accretive if there exists a > 0 such
that

(A.9) HzIl <2:izIl + B(IA + i B)dl, zeD(A).
2 2 2

We note that if B satisfies
(A. 10 1l <  didl + 1l
then

1Bz I [llAl + | Il -1 BEdl

hence

1Bz IK |didl + 0 (fA + jB)Z||
so that any B which satisfies the Okazawa hypthesis (A.10) also
satisfies (A.9). However the converse is not true because B = pA,

1 < p < 3 satisfies (A.9) but not (A.10).
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With n = 1, (4.5) is identical to (4.9). To prove (4.5) with
n =2we let AtB = A+YB+(1-y)B where 0 <y < 1 and derive two condi-
tions similar to (4.7) and (4.8) but using (4.9) instead of Okazawa“"s

condition (4.10). These conditions are

(4.11) Il < fidl + 1 (Ja+JyB)z1 ztD(A)
and
(“4.12) 1(-)BzlIl < flAl +1I[|J(A+yB) + J (1-y)B]zhl, ztD(A)

If (4.12) is valid then

1(I-)Bzll < fidl + B1(Ja+JdyB)zl + Izl + Bi@-Y)Bzll , z<D(A)
which is identical to (4.11) if ~ 7% = Y i.e." Y = ' With this value
ofY (4.12) becomes

1Bl < didl + 1 (] A+]B)zlI zeD(A)
which is (4.5) with n = 2.
The general result can be obtained by an induction argument.

In applications of the above theorem the assumption that B is
accretive is very restrictive. The following theorem relaxes this
condition.

Theorem 4,2. Let A be m-accretive and A+B be accretive on a reflexive
Banach space Z with D(B)mD(A). IT there exists an a > 0 and an a,
0 < a< ! such that
E(AB) Al < II("pA+B) Al + diZ] zeD (A)
then A+aB is m-accretive.
Proof:- By setting A+aB = (I-a)A+a(A+B) for 0 < a < 1 and applying
Theorem 4.1. we find that A+aB is m-accretive if there exists an
a>0 st
la(AB)4dl < didl + H2(1-a)Az + a(AtB)zll zeD(A)

which is the desired condition.

»



For Hilbert spaces we have a similar result to Okazawa“"s
theorem [227] .
Theorem 4.3. Let A be .m-accretive and A+B accretive on a Hilbert
space H with D(B)nD(A). If there exists a" > 0, b > 1 such that
0 < Re <Az,Bz> + a'lizI2 + bllAzIR z€D(A)

then A+-JEB is m-accretive.

4

Proof:- It is easy to show that

“4.13) |L(A&Aa+b)zl2 - 1Bzl 2 = 4& It HAzIl 2 + Re<Az,Bz>
i v

Put a :T; then .using the condition

0 < Re <Az,Bz> + &Il + bllAZIR
we have 1(AB) A2 < dldl2 + P~N"A+B jz 2
where a e 427 (1-a). Hence by Theorem 4.2. A+"—]'B"is m-accretive.
Corollary Let A be m-accretive and "A+B (b > 1) be accretive on a
Hilbert space H with D(B)"D(A). IT there exists a constant a > 0
such that

0 < Re<Az,Bz> + didl2 + A2 zeD(A)
then A+B is m-accretive.
Proof:- Set B = bB in Theorem 4.3. I1f b > 1 A+B is accretive if
5¢-(A+B) is accretive and the result follows directly,
Theorem 4.4. Let A be m-accretive and A+B accretive on a Hilbert
space H with D(B)=D(A). If there exist real constants a > 0 and
b > 1 such that
(4.14) IBAl < aliAdl + bl
then A+ABB is m-accretive.
Proof:- Set b = ~a~ ~ where,y = ” 1 then b = With

a” = J (4.14) gives

0 <11AZ|2 - all Al (||| 4 + blAZI) + 2|2 + -y)| z|[.]|~-. Adl - y]|| zIl. IBZ]|
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and so

from which it can be deduced that
el ZR v e
Since b > 1we have a < 1 so the conditions of Theorem 4.2. are
satisfied hence A + b is m-accretive.
Corollary:- Let A be m-accretive and A+bB be accretive, if there
exists a > 0 such that
I3l o albal + il

then A+B 1is m-accretive.
Proof:- Set B =DbB (b > I) in Theorem (4.4)
We can obtain similar results for the theorems of Kato [ 1] and Nelson
and Gustafson [20] .
4.3. Non-linear Operators

We now proceed to consider non-linear operators. We will
generalize the following two perturbation theorems of Kato [15] by
essentially the same methods as we have used for the linear case.
Kato"s results are as follows.

Let A and B be m-accretive operators, possibly non-linear and
multiple-valued.
(1) Let B be locally A-bounded so that D(B)pD(A) and for each z€Z
there are a neighbourhood U of z and constants a and b such that
(4.15) I sl < sniltl for el ()0l
where [l A&l = sieerH di. If b < 1 then A+B is m-accretive.

(ii) Let A be m-accretive and B single-valued and accretive. Let B

satisfy the conditions of (i) above. Furthermore assume that for each
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and so
0 < B2 + oRe<Az,Bz> + y'HzIZ + - 14l .IE’T&QZII - —2y3‘lzll il
from which it can be deduced that
1(A+B) Al < didl +]||-"pAz + BF] -
Since b > 1we have a < 1 so the conditions of Theorem 4.2. are
satisfied hence A + 46—B is m-accretive.
Corollary;- Let A be m-accretive and A+bB be accretive, if there
exists a > 0 such that
Il < didl + i

then A+B is m-accretive.
Proof :- Set B=DbB (b > 1) in Theorem (4.4)
We can obtain similar results for the theorems of Kato [I] and Nelson
and Gustafson [20] .
4.3. Non-linear Operators

We now proceed to consider non-linear operators. We will
generalize the following two perturbation theorems of Kato [15] by
essentially the same methods as we have used for the linear case.
Kato®"s results are as follows.

Let A and B be m-accretive operators, possibly non-linear and
multiple-valued.
(i) Let B be locally A-bounded so that D(B)3 D(A) and for each zeZ
there are a neighbourhood U of z and constants a and b such that
(4.15) IRl <a -oliil for zi D(A)nU
where MAZII = ’\iaﬁlisll. If b < 1then A+B is m-accretive.
(ii) Let A be m-accretive and B single-valued and accretive. Let B

satisfy the conditions of (i) above. Furthermore assume that for each

I*

g



o €D(A) there are a neighbourhood U of z* and constants a® and b*
such that
(A. 16) 1By-BzIl < a“lly-zll + b ’IlIA~AIl for y,z6 D(A)nU
Then A+B is m-accretive if b < 1and b* < 1

We derive first the following extension of (i).
Theorem 4.5. With the same conditions on the operators A and B as

in (i) above but with (4.15) replaced by

“4.17) Bzl < alzll + bil ~2 — (2n-iy)Az + ( ' ----(2ri-D jBz »,z6r,(A)nU

for any integer n > 0, a > 0, b < 1 then A+B is m-accretive. In the
limit as n + *“ this condition becomes
(4.18) IBH< didl + 4l aB)zill z€D(A)NnU.
Proo fLet likdll = Bzpl where zp € (Az) , BEIl = 1zql where
Zq Tt {BBz) then
I @83zl = inf E(ABB) Al < Bz + zg] < izpl + 1z 1 < Il + [|BAl]
hence the proof of this theorem is similar to the linear case. The
essential difference will be illustrated in the proof of the next
theorem.
Theorem 4.6. With the same conditions on the operators A and B as
in (ii) above but with (4.15) replaced by (4.17) and (4.16)
replaced by
(4.19) EBz-Byll <a'llx-yll + b E*"2— ~n*yyj (Az-Ay)

+ ("-2nry) &B
then A+B is m-accretive if b < 1, b* < 1.
In the limit as n w0 this condition becomes

1Bz-Byll < a“llz-yll + b "llI2(Az-Ay) + Bz-BAll for z,yf D(A)nU.
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P r o o ¥ Split the operator A+B by writing it as A+6B+(1-B)B,

0 < B < I, as in the proof of Theorem 4.1. Applying Kato"s result
(ii) regarding B as a perturbation of A then (1-B)B as a perturba-
tion of A+BB we find that A+B is m-accretive if there exist non-
negative constants a, ai, a2, S3, b, bi, b2, B3 with each b < |

such that for y,zeD(A)nU

(4.20) HEBzIl < a + bl
(4.21) 18 (Bz—BAl < aillzyll + billAz-Ayll

(4.22) 1(-B)BzIl < a) + b2E@B)zIII

(4.23) 1(1-6) Bz-BY)I < a3lizyil + b3IAEB)z - ARyl

If (4.22) holds then we have
A-6-b28)MBAl < a2+b2Hell

. _ _ 8a, Bb,,
which gives (4.20) if we set a = and b = We

1-BO+bj) i-ea+b2r-
require b < 1 i.e. 8b2 < 1-6(1+b2) which gives 8 < I+'}Iﬁ . Since
b2 < 1we can choose 8 = 4. In a similar way we can show that (4.23)

implies (4.21) if 8§ = 5 so that equations (4.20) - (4.23) can be

replaced by the two conditions

4.249) IBzll < |a2 + b2H(|A+1B)zl z(D(A)nu
and
“4.25) 1Bz—BAl < falliznyl + b3 (Az-Ay) + J(Bz-By) mjz,yeD(A) n IT

The rest of the proof follows as in the linear case.

The accretiveness condition on B can be relaxed as in Theorem
4.2. to obtain the following results.
Theorem 4.7. Let A be single-valued and m-accretive and A+B single-
valued and accretive with D(B)=D(A). If there exist non-negative

constants a, ai, b, bi with b <!, bi <1 and an 01, 0 < a < | such that



(A.26) I (A+B)zll < allzll+blI"pAz+BzIl z€DA)NU

(A.27) 11Az-Ay+Bz-Byll <aillz-yll + bill*-"~(Az-Ay) + Bz-Byll; z,y€ D(A) n U
then A+aB is m-accretive.

P r o o f See proof of Theorem A._2.

Theorem A.8 . Let A be single valued and m-accretive, A+B beﬁingle—

valued and accretive on a Hilbert space H with D(B)=>D(A)=> 0. If

AO m BO = 0 and there exists a, b > 1 such that

(A.28) 1Bz-Byll 2 < a2lzyll 2 + b“llAz-Ayll2 z,y( D(A)n U

then A + 2 B is m-accretive.

Proof:- IF
(A.29) Qb i)EBz-Byll 2 < afllz-ylI2+ ( - ij JAz-Ayll 2
and bf(2-a)/a = | then

Az-Ay+BzrByll 2 = BAz-Ayll 2 + <Az-Av,Bz-By > + < Bz-By ,Az-Ay >
+ 0-b2)IBz-Byll 2 + bill Bz-Byll 2
~ BAz-AyIl 2 + <Az-Ay, Bz-By > + <Bz-By,Az-Ay >
+ a2iizyll 2 +(y - §j 1Az-Ayll 2 + bill Bz-Byl!
= aillzyll 2 + Wji-iAz-Ay) + b](Bz-By)|] 2
= aill z-yll 2 + bill§4 —4(Az-Ay) + (Bz-By)Il 2
Now (A.29) is valid if b2 = 1/b2, a? = a2/(]-b2), using (A.28), and so
we have (A.27) of Theorem A.7. Moreover since AO = BO = 0 the above is
true if y = 0 and we obtain
HAZBzIl < ailldl + b B-"pAz+Bzil  zE£D(A)r*u
which is (A.26) of Theorem A.7. Since b > 1 then bi < 1 so all the
conditions of Theorem A.7. are satisfied and we have A+aB = A + T:bJB
is m-accretive.
Corollary With the same conditions as in Theorem A.8 . but with (I-e)A+B

accretive instead of A+B accretive and (A.28) replaced by



1IBz-Byll2 <a2llzyll2 + (1-e2llAz-Ayll 2 z,y(D(A)FIU
then A+B is m-accretive.
Proof:- Set B B and 1+b? l-e. If (1-e)A+B 1is accretive
then so is (1-e) (A+tB) and also A+B.
If iBz-Byll2 < a2llz—yll2 + (1-e2)lAz-Ayll

2.2 te 2>
IBzByll2 <a2(~y"j Mz M2 + 1Az-Ayll 2
= a,2lizyll + b2BAz-Ayll 2

which is (4.28). Hence by Theorem 4.8. A+(l-e)B i.e. A+B is m-accretive.
Theorem 4.9. Let A be single-valued and m-accretive, A+B be single-

valued and accretive on a real Hilbert space H, with D(B)=>D(A)=0. If
AO = BO = 0 and there exists non-negative constants a®, b" >1 such that
(4.30) 1IBz-Byll < a*Bz—\l + b "RAz-Ayl

then for any 6 > 0,A + (I+iS)b"-6 B m-accretive «

b -1

7 a - then b < | and

Proof: Choose as.t. 0 < a < B— and let b =

a < 1lsince b* > 1. Set a a"(1+b) then squaring (4.30) gives
2

0 < 2@Gr) ™ OQUAz-AyIL 2 + 2abliz-yll . 1IM"(Az-AY) 1T + (b2-1)1Bz-Byll 2 - 2bll zyill.

~a*liz-yll +b "Wz-Ayllj +a2Bzyll 2 - 2|b2-"~ — §j BAz-AVLIE "Il zyll +b WAZ-Aylj

which implies

1Az-Ayll 2 + 2<Az-Ay, Bz-By > + WBz-Byll 2

< a2lizyll2 + b211 (Az-Ay) + BzByll2 + 2l zyll 1—r— (Az-Ay) + Bz-Byll

ie. WKz-Ay + Bz-Byll < dizyll + bll-"p(Az-Ay) + Bz-By||

Moreover if AO = BO = 0 we can see that (4.30) implies
LBzl < didl + bﬁg{’}xz-szu

so by Theorem 4.7. A+aB is m-accretive.

Since b™ = we have « = (Y+gibns with 6 Since b < 1

it follows that 6 > 0.
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Corollary With the same conditions as in Theorem 4.9. but with
(I-e)A+B accretive instead of A+B accretive and with (4.30)
replaced by

(4.31) EBz-Byll < dlzyll + b ™ (-l Az-Ayll

then A+B is m-accretive.

Proof Set B = n | B = (I-e)B in Theorem 4.9.

In Chapter 8§ we shall illustrate these results by applying the
following version of the above corollary. We conjecture, in the light of

the above results, that it is true.

Corollary. Let A be single-valued and m-accretive, (1-e) A+8
be single-valued and accretive on a neighbourhood Uof the origin of

a real Hilbert space H with D(B) =D(A)° IPO.

IT AO=BO = 0 and there exists non-negative constants & ,b>>1 such

that 1Bz - BAl < dizil + b” (1-Oll Az-Ayll
then A + B is m-accretive in U.
Note

In the above results we have not proved that the hypotheses of theorems 4.1

and 4.5 can be weakened to

Bz H« didl + KAz + Bl , zeD(A)

but the subsequent results can be obtained without actually taking the

limit as n *».



85 Perturbations ofLinear Semi-Groups

5.1. Introduction

We recall that in the survey of existence and uniqueness theorems
in Chapter 3 we introduced the concept of a mild solution of a differen-

tial equation. For the linear homogeneous equation

(CR) ¢(® +AMMz() +BMOzM® =0 20 =z,
the mild solution is given by

t
(CR) z(® = T(t,0)zo - /T (t,m)BEz(P)dp

o]

where T(t,s) is the evolution operator associated with A(t). Writing
z(t) = U(t,s)z(s) we call U(t,s) the evolution operator associated with
the operator A(-) + B(.) on A(T) = {(s,t), 0 < s < t < T> and define it
by the integral equation

t

(-3 uct,s)z = T(t,s)z - /T(t,p)B(pIU(p.s)z dp
S

which can be derived from (5.2) using the properties of T(t,s).
In this chapter we discuss the properties of U(t,s) in the following
situations:-
() T(,s) = the strongly-continuous semi-group on Z which has -A
as its infinitesimal generator and is such that
(.4 M. < Me*= @ > 0)
so that
z(®) = tho
is the asymptotically stable strict solution of
&M + Az(® =0 z(©) = zO€D(A).
For B(*) we consider the two cases of B(*) bounded and B(<) unbounded.
(i) T(t,s) is the evolution operator generated by -A(t) and is also a

quasi-evolution operator in the sense that



-g"T(t,s)z = T (t,s)A(s)z z(D(A) a.e.
with B(-) the class of (possibly) unbounded operators such that
HT(t,s)B(s)zIl < g(t-s) 1l z€ 7.
where g is a locally integrable positive function.

In each case we show that U(t,s) is a quasi-evolution operator
with an exponential bound of the form
(5.5) HUCESI < Me_(w““ 1) (t-S).

From these properties we can derive conditions under which the
perturbed system (56.1) is asymptotically stable in the sense of Liapunov
and can also show that it is possible to estimate the solution of the
in-homogeneous equation
(G-6) z(t) + A(D)z(@® + Bz ® = (L.

We make frequent use of the following inequality. (For a proof see
Carroll [4]).

Gronwall*"s Inequality
Let ail (@, 1), a(® >0, zil (,T) and assume b is absolutely continuous
on [t,T]. If

z(®) < b() + /a®y)z(y) dp

then
Tt Tt Tt .
z(® < bX) exp Za(y)dy + /b"(s) exp | /a(y)dyjds.

5.2. Bounded Perturbations of a Semi-Group Operator

Let T be a strongly continuous semi-group of operators with -A as
infinitesimal generator such that (5.4) is valid. Let B£ B"fO0,T] ,JCQD),
the space of 1(Z) valued operators strongly measurable and essentially

bounded in [0,T] so that there exists K such that

G-D LB(OH/@) <K  a,e” on 0,71
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We derive all the properties of U(t,s) in the following theorem.
The results can easily be generalized to the case where HBM®MIIVZ) <
K(t),[23] -
Theorem 5.1: There exists a unique solution of (5.3) with the following
properties,
O) u(t,.) 1is strongly continuous on [0,T] and U(.,s) is strongly
continuous on [s,T] -
(i) U, nNU(r,s) =U,s), U,t) =1 0<s<r<t<T
(i) 11U, 9N < Me“ (@)_MK)(t"s)
(iv) U(t,s) is a quasi-evolution operator [23] in the sense

lg’\U(t,s)z = U(t,s) (AtB(s))z , z£D(A) a.e.
P r o o f The proof of parts (i), (ii) and (iv) of this theorem can be
found in [23], consequently it is not necessary to give all the details
here. It is sufficient to observe the following remarks concerning the
existence of a solution of (5.3).
We construct U(t,s)z by the method of successive approximations so that

00

u(t,s)z = £ U (t,s)z with

n=0 n
(5-8) Uo(t,s)z = Tt—sz
t
G-9) U, (€.s)z = —éT t_pB(ID)Un_I (p.s)z dp

The integral in (5.9) is a well-defined Bochner integral since B(.)e
Bn 0,T] ,@) - Taking norms we obtain
t
HUn .9zl < glll'l't_pB(p)ll IIUn_1 ,s)zll dp.
By writing Huh (t,s)zH = gn(t,s) (nh > 0) and HTt_pB@E)Il = K(t,p) we have
t
(5.10) gn (t,s) < /K(t,p)gn_1(p,s)dp-

S

For a given kernel K(t,p) we require minimally that gn(t,s) %0 as n %>

For our bounded operator B we have K(t,p; = MKe-“/~t_P” and it is easy to
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show by induction that

gn (t,s) <M(MK)n Il "nll®!" e-w(t-s)

N N
hence BIYU (t,s)zlIY g (t,s) <M exp [(MK-w)(t-s)] for all N and so
0 n 0 n

00
Y U (t,s) is convergent on A(t) in the uniform topology. We can easily
n=0 n feo)
show that U(t,s) = £ U (t,s) is a solution of (56.3) and so we have
n=0 n

proved the existence of a solution with
(5.11) HUCE, I <Me™ ¢“-MK) (t-s)

We can now estimate the effect of the perturbation operator B(.)
and the forcing term f(.). We Tfirst define the "Mmild" solution of (5.6)
to be
6-12) z() = U(t,0)z + TuCt,p)f(pddp
so that if for example f£L2 [0,T,Z] we have z(.)eC [[0,T] ,Z] - Note however
that in general we are not able to differentiate (5.12) and obtain
(5.6). To do so requires further assumptions on f and that U(t,s) is a
strict evolution operator in the sense that it satisfies

~U(E,s)z = -(AB(OD)HU(L,s)z z€D(A).

as well as the properties defined in our Theorem 5.1.

It is easy to show that (56.12) is equivalent to
t t
5.13) z(t) = TtZQ - /Tt pB(p)z(p)dp + JTt pF(p)dp
Using (56.11) and (5.12) together gives

-(W-MK) (t-p)..

(5.14) IZEOI < Me" @ MKtz 1 + fIdp

from which we can estimate the effect of the perturbation operator

B(.) and the forcing term f(.).

ME
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5.3. Unbounded Perturbations of a Semi-Group Operator
The second class of perturbation operator B(.) that we wish to
consider is that of unbounded perturbations with the properties

(5.15) D(B(Y)) = z for all t,

(5-16) I _ B)zll < Hll , t > s, zeD(B(s)), O < a < 1.

CcSs (t-s)“
We require conditions such that A+B(.) generates an evolution operator

u(t,s) with
G.17) 1Huce, 9Nl < M"e-Ul(t-s) , Uj > 0.
We note first that (5.16) implies that for any t > s the operator

B(s) has extension Tt~s B(s) to all of Z with

t-s
(5.18) lITt_sB(s)ll < e t>s and
(5.19) Vt-sB(s) " Tt+p-sB(s) t>s- P>0.
Equation (5.3) is now taken as
t
(5-20) u(t,s)z = Tc-sz - g]tt_pB(p)U(p, s)z dp 0<s< t<T.

We prove the following theorem which is essentially the same as the first
two parts of Theorem 5.1.

Theorep 5.2. With II'I'C,,SB(S)II given by (5.18) and "Ttl <M there exists a
unique solution of (56.20) with the following properties:-

(1) U(L,.) is strongly continuous on [0,T] and U(.,s) is strongly
continuous on [s,T] -

i) uce,nu(r,s) = Uct,s), U, t) -1, O<s<r<t<T.

Proof:- We construct U(t,s) by successive iterations as in the proof

of Theorem 5.1. We have (5.10) with K(t,p) = — ——
t (t-p)a

(5.21) i.e. g (ts) < /— I+ g P.,s) dp , O0< ac< 1.
s (t-p)a n_l

Although this kernel K(t,p) has a weak singularity at p = t we can,
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following Micklin [24] , show that g~ft.s) is bounded by h™it.s) where

s M[Nr(l-opi“‘ ¥

5.22) tl1 (t,s) = D ) s (Jl s dP
T(n-na) - n'rwﬁ' a)
_M[Nr(l-a)]n Nn L-a)
rin"+i~na > (I = the gamma function),
00
h (t,s) is a power series in (t-s) , uniformly convergent for all
n=0 n

00

t < B hence Jg (t,s) converges uniformly on [0,7] . As in the case of a

bounded operator we can then deduce that \ U (t,s) is convergent on
n=0 n

A(t) iIn the uniform topology and that it is a solution of (5.20). We
also have U(t,t) = L.

To show that the solution is unique we suppose that there is
another solution Uj (t,s) and let

R(t,s) = U(t,s) - Ui(t,s)

t
Then R(t,s)z = /T B(p)R(p,s)z dp
t
and R(,s)A < /— —— R@,s)zldp.
s (t-p)a
which is the same form as (5.21). If we iterate this inequality a suf-

ficient number of times we obtain

t
IR(t,921 <C 7 IR(p, s) Aldp C > 0)
S

so R(t,s)z = 0 for all zCZ by Gronwall"s inequality.

The semi-group property can be proved in a similar way.

r
U, nDIT(r,s)z = Tt rTr_sz - Tt r /Tr_pB(p)U(p, s)z do

T S
jTt_D,B(o")U(p\r)U(r,s)z dp’.

Using the semi-group property for T along with (5.19) and setting

uct,rnu(r,s) - U(t,s) = R(t,r,s) we have



R(t,r,8)z « - /T B R(p*,r,s)z dp”
r Lp

and so by Gronwall®s inequality we have R(t,r,s)z = 0 VzeZ and s < r < t.
Hence U(t,r)U(r,s) - U(t,s) = O.

For the proof of continuity we write

| S
u(t,s)z =Tt gz - /Tt _pB(O)U(p,S)zdp- =T z + <>(t,9)z
S c

and note that T£ g is strongly continuous in sandt. Therefore we need

consider only <I>(t,s)z. Take h > 0, tie[s,T), t26(s,T] then we have

g
<Kti+h,s)z - <Kti,s)z = / @tl+h_pB(P) -Ttl_pB(P))U(p,s)zdp

St, +h
+ t / Tti+h_pB(p)U(p,s)zdp

and
12*h
<Kt? ,s)z - <Kt2-h,s)z = J (t]'_2 ;B(p) - TL2~n-p B(p)U(p,s)zdp
+ 7/ B u(p,s)zdP
AR OTICE
"MA(El+h, )z - <@ ,9)zIl <I1(Th-1) F Tti_pB(p)U(p,s)zdpll

It+h =
+J  At\+h-p)a 1HU(p,s)zlldp

using (5.19). Then B4(tl+h,s)z - <B(ti,s)zll a0 as h + 0 by the strong
continuity of Tt and the fact that 0 < a < ] and 1IU(p,s)zll is bounded.
<G ,s)z ~ p(2-h,s)z -m0 as h “a0 for similar reasons.

Now take h > 0, Si€[0,T) and s26(0,T] then

Tt
H(>(t sith)z - <i>t,si)zl < / 1T BTpH)Il 1HU(p,si+h)z
s,+h s “+h P

- U(p, Si)zlldp + / HTt pB@I|] 11U(p,si)zll dp
si
and

et 2-h)z - P(t,s)Al < /0Tt BE|| W(r,s2-h)z
s?

- U(r,s2yldp + 7/ NT  B@I BU(r, s2-h) dldp
s2-h  c-p



Since U(p,si) = U(p,si+h)U(si+h,sj) as h > 0 we have

WU (p, sj+h)z - U, si)4l < 11IUQ,SI+1 11 - U(Sj+,Si)z]]
hence 11 (t,si-*h)z - D)@si)z]] + 0 as h ® 0 by the strong continuity of
U(.,s) on [s,T] , the boundedness of I1IUCt,s)Il and the property of |[Tt_pB(I]I -
I, s2-h)z - 4>(t,s2yl + 0 as h + 0 for similar reasons.

We now have to consider the problem of obtaining an estimate for
1Huc,s)Il when Il < Me ~ (w > 0) similar to that given by (iii) of
Theorem 5.1. for the case of a bounded operator. For simplicity in the
following we assume that B is independent of t so that the operator

u(t,s) is in fact a semi-group U(t,s) = UK s where

V -V - vV @
o
An estimate of Ut could be found by summing the series

yM[Nr(1-Ct)ir.r(1-a)
£ T[r+l-ra]l

but in applications this could be difficult. An alternative approach is

to iterate the inequality (6.21) N times only where N is determined by

« ( n(l-a) —-a>0 for n>N
K } ( nl<ct) -a<0 for n<N
Then we have
6.2 g(t) <! g (® + TNC-a>-« / 8(p)dp
0 n T(IN+D) (-a)) o
with gD(®) = Me_Wt, and we may use Gronwall®s lemma to obtain
(5.25) g(t) < MeCt + eCt /b"(p)~“Cpdp
where b(t) = J g (® and C = TN(,-“>-a
0 n T((N+D) (1-8))

Since C > 0 this result has no use for our purposes.



We can find a better estimate if we use the semi-group property
of T to modify the estimate of IITBIl given by (5.18) and used above.
From (56.19) with s = yt and using (56-4) we find that

"T+Y)tB" <Me-~£JL , t >0

HTBI1 (i+Y)ae*"
5.26 i.e. “
C ) i.e IIEbI ta © 6t , t>0 where
(5.27) Ni = MNd+Y)*“, 8 = wy/0+y).

Theorem 5.2. is still valid as the additional term in the kernel
K(t,p) is e ~ 7~ which is bounded by unity. The corresponding

gn (©) are given by
- (W-B)p

dp,n> 1|
r (n-na) o (t-p)a“( oD

g,,(t) =Me~Bt
and (5.24) is replaced by

N
g(t) <«*-M . 1 g (G) -/('-»)- M 1 H I 1*™ /.-B(t-p) (c)dD
i N (+DU-a)]1 o

We now use Gronwall’s lemma to estimate el?tg(t) and have

g(t)e”C < Me~C + b(t)ert

where b(t) =\ g (t)e6t and C =
1n n(N+1)(I-a)]

Thus in place of (56.25) we have
(5.28) g(t) < [M+b(t)]e-(6-C)t.
Clearly this estimate will depend upon T unless a =0, j, 8§, --. Ei_
+
and so will be of no use as such when we consider T %< However
since we have
HUER < g(t) < Mae WIT 0<t<T

using the semi-group property of UE we can show that
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vy < M?e"*“inT

ITY = log Mi then

, < e-<*i~Y>nT

S WA f -
hence "UnT+t.I < Mie 1 T)(nT+1) ify>0
so we have
(5-29) Hutl <Mie-(Cl~Y)t (t > 0).
Since wi ®» B-C, Ui depends on T so that in determining conditions on
the operator B, through the parameter Ni, for the origin of the perturbed
system to be asymptotically stable we must optimise on T.

If Ni is small enough then we can find T such that

R-c > loSMI = logtM+b(t)l
T T

since C and b(T) increase continuously with Ni and T and are zero
when Ni = 0.

In contrast to the above analysis we will now find a stability

criterion by estimating directly the solution of the integral equation

(5.30) h(t) < Me~“"t + Ni /mh(p) dp
o (t-p)a

(5.31) where h(t) = e™IU I and u' = io-B.

Now suppose we can find a function H(t) which satisfies

(5.32) H(E) > Me** t+Ni/ — ~ dp VvVt >0
° (tp*
s t -
then H(Y) > Me™™ 1 + WNi / ———- dp + ....
0 (t-p)a
- h0 (®

where hQ () is the solution of

hD(® = Me-“" + Ni / hR>—P) dp
o (t-pa
Moreover hQ (©) is greater than any h(t) which satisfies (5.30) hence

H(t) > h(t) for all t > 0.



We look for H(t) in the form of an exponential bound Mie” and note

that il must be positive since if H(t) - Mie~Cit (@ > 0), when we

substitute into (5.32) we require

Mie Ot > Me™ C + NiMi /— — ~ dp Vt > 0

o (t-p)
i.e. M. >e’«™>» o NiMi FEL dy
o ya

for which there is no solution if a > 0 since the integral diverges

“St-»-»_. With H(t) - Mient @l > 0) we solve

- t ilp
(5.33) Mier > Me U Nim s dp Vt >0
o (t-p)
1-a 1
P t B ot @ 14y ft-
SInCe | (t-p) P=~q,1 7 dy < £i_—a Je"'* d :6\1 ~« G-

we can see that (56.33) is satisfied if Wl is chosen so that

G-3DH Mlefit > Me"“"C + H 1 ent (J-a)-
il

IT there exists 6 > 0 such that

1 =NIi£E(J-00 + S

il,_ot
then (5.34) is satisfied for all t > T such that

(5.35)

J

(5.36) " CTIfDT
and if Mi6 > M then (5.34) is valid for all t > 0. Hence we can find
Mi,i1(30) such that

h(t) < Mient vt > 0,

an estimate for this value of il being given by

G370 1 >JL1_ r(]-2).
ill_a

Using (56.-31) and (5.-37) we now have an estimate of |JU | in the form
(5.38) Ut - g(t) = e"Rth(t) <Mle”r"@"t.

where ill a > NiTO-a).
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For stability we require R< B so on using (56.-27) we need

< —_P-
a < +fy

I-a
(5.39) i.e. N,r(1-cO < jagjJ-

But NJ = MN(1+y? so (5-39) becomes

MNr(I- <
r(l-a) 14y

The parameter Y is still at our disposal. The maximum value of

l-a
1-y occurs when y 1-a SO that the best estimate is
(5.40) MNr(l-a) < u),_aaa(l-a)l_a.

In chapter §8 Applications we are concerned specifically with
the case a = {. We now obtain a comparison of the estimates
obtained by the direct method (5.28) and by (5.40).

With a - J, N is equal to 1 so that (5.28) gives

g(t) < Me"“6 + Me“6MN! / — ——-~dp + N?u/e“6(t"D)g (p)dp
o (t-p) ! o

The first integral on the right-hand side can be estimated from the

general result that

9] -ap « « »¥-a
G-4D 0"(t"«dp<wry c > °>
so that
-ut -B(t-
o) < Ve 28 e PP )4,

Multiplying by ep and using Gronwall®s lemma as before gives
+ [1_e- W-6+N?,)t]]
Now u > 8 so for stability we require 8 > N?ir. Using (56.27) this
becomes the condition that
> MN2 A+ )t
> mn/F

which is identical to (5.40) with a = J.
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We observe that (5.38) provides for our class of unbounded
operators the analogous result to (iii) of Theorem 5.1. for bounded
operators. We can thus proceed to obtain estimates of the effect

of a forcing term as was done for bounded operators. Following

(5-12) through to (5.14) we find
5.42) 1zl <Mie C 0%z + fuie eter P £ (p)lldp.

Finally we prove that the operator U(t,s) defined by (5.20)
with IT B(s* < N is a quasi-evolution operator in the sense
that if D(B(S)) pp D(E,&)Prfor almost all s,

G.43) my-U(t,s)z = (U(t,s)A + U(L,s)B(s))z , z(D(A)

where U(t,s)B(s) is the extension of U(t,s)B(s) to all of Z.

We first obtain an estimate on 1IU(t,s)B(s)z|] - Since
(5.4%) u(t,s)z = Tt gz - JT B(p)U(o,s)zdP
then u(t,s)B(s)z = Tt sB(s)z - /T B U(p,s)B(s)z dp
S p
hence
1HU(t,s)B(s)zll < izl + /7 ----2 IIU(p, s) B(s) z]|dp

(t-s)* s (t-pa

By comparison with the proof of Theorem 3.2. we can see that

(5.45) 1U(t,s)B(s)zll < Il where H(t,s) is a bounded
(t-s)*

continuous function for 0 < s < t< T.

Theorem 5.3. U(t,s) defined by (5.44) is the unique solution of
t

(5.46) uCt,s)z =Tz - /UCL,p)B(p)T _ zdp
ts s P*“s

- - _ "
Un(t,s)z S/ Un-l'(t’p)B(p)Tp—dep
@©
then U"(t>s)z * J U*(t,s)z is the unique solution of (5.46).
0 n

To show U;(t,s)z = Un (t,s)z for all n, where U(t,s)z = Un (t.s)z is

ox g

the solution of (5.44), we use a proof by induction.
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Suppose the assertion is true when n = k-1 and k-2 then
t
UK(t,s)z = U—l( 1(t,p)B(p)Tp s zdp

- - fuy (L PBIT o zdp
Tt t
-/ /Tt rB(r) uk_2 (r,p)B(P)T zdr dp
8 p n

Changing the order of integration which is valid because of (56.45) and

using the assumption that U2 (t,s)z = Uk_?(t,s)z we have

tr
/7 /T B(r) u_2 (r,p)B(p)T zdp dr
S st p

UE(L,s)z

m~ 1Tt-rB(MUk_i(r,s)zdr
s

U (t,s)z

t
Since UN(t,s) = UQ(t,s) =Tt g and Uj"Ct.sdz = ~/ Tt pB(P)T _gzdp = UI(t,s)z
s ps

we have the result.

Finally, using (56.46) we have for z"~D(A):

t t tt
/U(t,p)Azdp = /t  Azdp - J FUu(t,r)B(r)T Azdrdp.
s s M s p cp

Changing the order of integration (again valid because of (5.45)) we

have
t t t r
/UCt,p)Azdp = /T Azdp - /ZU(Ct,r)B(r) /T _ Azdpdr.
? PSP S s rp
Now Tfz = z - /T Azdx and /t Azdp = / T Azdx hence
0t 8§ r_P °c tT
/U(t,p)Azdp =z - T z - FU(L,s)B) [z=T _ z]dr
s § t rs

=z - U(t,s)z - FU(t,r)B() zdr

hence U(t,s)z - z = -/ (U(Lt,p)A + U(t,p)B(p))zdp
s

so that U(t,s) is a quasi-evolution operator.
5.4. Perturbation of an Evolution Operator
We now wish to show that an analysis similar to the above can be

carried out in the more general case where A = A(t) so that the evolution
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operator T(t,s) associated with -A(t) is not a semi-group. We
assume that (5.16) is replaced by the condition
G.47) ITT(t,s)B(s)z 1 <g(t-s)lizl]
where g(t) is a locally integrable positive function and T(t,s) is
a quasi-evolution operator. (5.47) implies that for any t > s the
operator T(t,s)B(s) has an extension T(t,s)B(s) to all of Z with
(5-48) HT(,s)BGS)1 < g(t-s) t >s and
(5.49) T(t, pT(, s)B(S) = T(t,s)B(s) s<o<t

We prove first a lemma and then obtain a generalized version
of Gronwall®"s lemma. The proof of the lemma requires the following
theorem, c.f. [3]-
Theorem 5.4. Let ff and g6 Lr where — +i > 1, p>1 and r > 1.

The convolution integral

X
hGd - 7f(x-y)g () dy
o

exists for almost all x and defines a function in Ls where

n - " e _ I
s' 1 rl +p 1 and IHISI<I_ﬂIPIthr
Lemma 5.1. Let
Tt
(5.50) f() « h(t) + /g(t-s)Tf (s)ds
o

where h€L~[0,T], g€L"[0,T] and h,g are positive functions. Then
there exists a unique solution of the integral equation f€Lp[O0,T]-

Proof:- For g£L I[0,T] we can set
(5.51) /e Wtg(t)dt = M for w > 0
o “«
and note that for 0) sufficiently large M < 1.

t t .
Now g * h - /g(t-s)h(s)ds < eUt/ e tO(t S)g(t-s)h(s)ds thus
o] o
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v % pILP0 ,T] A

< dbr 1 ea, 8 MIIL .[0>T] Th®II LP [0>T]
by Theorem 5.4, and so by (56.51) we have
(5.52) Y« * ""tflo.1l C ""<OHIP(Oil].

Thus the Volterra operator G is well-defined where

Tt
Gh)(Y) = /g(t-s)h(s)ds.
o

Equation (5.50) can now be solved by the method of successive

approximations giving

(5.53) f() = h(® + 1 Gh)(®
n=1
where @Cr) ® = /gn(t-s)h(s)ds >1)
o
with gl (® = g(v)
t
gn(® = /g(t-s)gn_j (s)ds. >12).

To prove that the series part of (5.53) is convergent we prove by
T
induction that Ofe 9, (tdt <Mun as follows. The result is true

for n = 1 by (56.51). If the result is valid for n-1 we have
T T t
/e Utgn (tdt = /e Wt/ g(t-s)g (s)ds dt
o] o] o] n
TT _
“ f/ /e * g(t-s)g _ (s)dt ds
os n 1

Setting t = p+s we obtain

/e Utgn()dt < 7/ /e €P+S”g(p)gn_j (s)dpds

V

Thus B (G h)y(O)IH™Yp < eWT' 1IhiVp by (56.52). By choosing U large enough
so that < 1 the series part of (5.53) is convergent in I*{0,T] .
Hence (5.53) is the unique solution of (5.50).

We can obtain a generalized form of Gronwall"s Inequality as a

Corollary to the above Lemma.
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Corollary; If f(® < h(t) + /g(t-s)f (s)ds with h€LP[0,T], geL"[0,T]
o
and h,g positive then

00
f() < h(® + 1 (GMHD),
n=I
and in particular if h =0 then f =0.
We can now proceed to the main theorem.

Theorem 5.5. If T(t,s) is a quasi-evolution operator satisfying

(5.47) then there exists a unique solution of the equation
t

(5.54) u(t,s)z = T(t,s)z - /T(t,p)B(p) U(p,s)zdp
with the properties °
@ u(t,.) is strongly continuous on [0,T] and U(.,s) is strongly
continuous on [s,T] -
i  uce,r) Ucr,s) = Ut,s), U(,t) =1, 0<s<T<t<T
(iii) U(t,s) is a quasi-evolution operator
BSU(t,s)z = U(t,s)(A(s) + B(s))z, zeD(A(L)) a.e.
Proof: The evolution-type operator U(t,s) of (56.54) is constructed
by means of the iterative scheme
uQ(t,s) = T(t,s)

Un (t,8)z = (-Dn /7(t,p)B(p) Un-l ,(p,s)z dp
o

so that U(t,s) = Ju (t,s). If HIT(L,s)zll <h(t-s)lliz|] and helLP[O0,T]

OOOn @
then by our lemma £fu (t,s) is majorized by the series IT(t-s) + [(GK) (t-s) ,
0 n 1
00
Hence £u (t,s) converges and the limit U(t,s) must satisfv (5.54).

0 n
The proofs of the uniqueness of the solution and the semi-group

properties are similar to the earlier proofs, the generalized Gronwall
inequality being used as necessary. Further the continuity proof is
identical to the earlier proof of continuity for unbounded operators

since the quasi-evolution operator T(t,s) is strongly continuous in

1T
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t and s, g(t) is locally integrable and Il (p,s)zll is bounded. The
proof that U(t,s) Iis a quasi-evolution operator also follows the
lines of the corresponding proof for unbounded operators but we

offer the following proof as an alternative. From (5.54) we have
t

(5.55) u(t,s)B(s)z =T(t,s)B(s)z - /T(t,p)B(p) U(p,s)B(s)z dp
s

Also since T(t,s) is the quasi-evolution operator associated with

-A(t) we have
t
T(t,8)z - z = - /T(t,a)A(@)z da
s

so on replacing z by A(2)z in (56.54) and integrating from s to t we

have

t tt

/U(t,a)A(a@)zda = -T(t,s)z + z - J /T(t,p)B(p) U(p,a)A(a)z dpda
s s "

(5.56) = -T(,8)z + z | t TCE,P)B(P) U(p,a)A(a)z dadp.

From (5.55) we have

t t tt n
/u(t,a)B(a)zda = /T(t,a)B(a)zda - 7/ /T(t,p)B(p) U(p,s)B(s)zdpda
s s sa
t tp —
(G.57) = /T(t,a)B(a)zda - / /T(t,p)B(p) U(p,s)B(s)zdadp
s ss

Then on setting f(t,s)x = / (U(t,a)A(@)z + U(t,a)B(a)z)da
s

and adding (5.56) to (5.57) we have
t t
f(t,s)z = -T(t,s)z + z + /T(t,a)B(a)zda - /T(t,p)B(p) T(p,s)zdp
B S
t
-UCt, s)z - /T(L,p)B(PIU(p, s)zdp + z
s
t t
+ /T(t,a)B(a)zda - /T(t,p)B(p) TF(p,s)zdp.
s s

If R(t,s)z = f(t,s)z + U(t,s)z - z then we have

R(t,S)z B(P) R(p.s)z dp
S



Taking norms and using the generalized Gronwall lemma gives
R(t,s)z =0
and hence
t o ___

(5-58) ut,s)z - z = - /[U(t,a)A(d) + u(t,a)B(a)] z da
s

We now proceed to obtain a stability criterion by the direct
method used earlier. We first note that if
(5.59) HTE s < Me_a)(ts) , >0, t>s
then using (5.49) and taking norms we have
(5.60) HT(E,s)BS) I < Me“w(, :_p)g(p-s)., s<p<t
so on setting t-p = a(t-s) we obtain
(5.61) HT(,s)BE)II < Me_wa(,:“s)g((1-a)(t-s)) ,0 < a< 1.

We require an estimate of h(t,s) where

t
(5-62) h(t,s) <[ITCE. x|l + 7T, p)BEII h(p.s) dp
s
Using (56.60) and (5.61) and setting h(t,s)ewa”t = k(t,s) (5.62)
becomes
(5.63) k(t,s) <Me“* (1-a)(t_s) +M Jg((1-a2) (t-p))k(p,s)dp

S

Noting that k(t,s) is a function of t-s and following the argument
given earlier in the derivation of the stability criteria for -A
generating a semi-group, we can show that

(5-64) k(t) < K(®)

where K(t) 1is given by

K() > Me™ (,-a)t + M fg((l—a) (t-p))K(p) dp

(0]

We estimate K(t) by setting
(5.65) K(t) = Pent
then P,f2 must satisfy

(5.66) Pent > Me_lIOt(1"a) + /g((1-a) (t-p) Penp dp
o]
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Now / Penpg((1-a) (t-p))dp ofir
Pent  (l-a)ts - -pJj
1

l-a e g(T)dT
Pent
(5.67) La N G
Thus P,fi satisfy (5.66) if i
(5.68) teQt > Me“Ut(l"a) + Pfe_—l: N
If P is large enough and @ is estimated from the condition
(5.69) ﬁa <1

then (56.68) is valid for all t > s.
Using (5.64) and (5.65) we now have an estimate of |JUCt,9)]I
in the form
HUCE, S = HEEs)i < e Sy (y o) 2 pe (Fi-wd) (T-5)
For stability we require wa > fi. a Is a parameter and is chosen to

maximise the allowable g(x) in the estimate (5.69) i.e.

jl-ayt
(G.70) exp(“ g (X)dT < l-a.

subject to the condition fl < wa.



86 Non-Linear Semi-Groups
6.1. Introduction

In 85 we have considered methods for estimating BU (t,s)z)l when
u(t,s) is the semi-group generated by -(A+B) where A and B are linear
operators. We now study semi-groups generated by -(A+B) where -A is
a linear operator generating a semi-group T and B is a non-linear
operator. The mild solution of ,
6.1 i(t) + Az(t) + Bz() =0 z(0) = zq

is given by the solution of the integral equation

.
6.2 z(t) = Ttzo - /Tt _sBz(s)ds
o

the kernel of which is now a non-linear function of z(s).

We have reported in 83 that Webb [II] has shown that (6.2) has a
unique solution of the form z(t) = U(t)zo if T is the semi-group of
operators which has as its infinitesimal generator -A, where A isa
linear m-accretive operator, and if B is a continuous everywhere defined
non-linear accretive operator from Z to itself. The operator U(t), t >0
is a strongly continuous semi-group of non-linear contractions on Z with
— (AtB) as the infinitesimal generator. These conditions are quite

severe. Consider for example the operator Bz = z3, z€L2 [0,1] then

1 1
/ z2dx is Ffinite, however it does not follow that /z6dx is finite so that
0 0

Bz ~ 2 [0,1] and hence the operator B does not map Z to itself, itmaps
Z into a larger space Zt such that zeZi.Therefore Webb"s result is
not applicable to this problem. In this chapter we show that it is
possible for (6.2) to have a unique solution even if B:Z-+Zi, ZCZ! by
assuming smoothness properties for the semi-group Tt, that is T maps

the larger space Zi back to Z for t > O.
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Following Pritchard and Ichikawa [25] we first develop
local existence, uniqueness and regularity results and then consider
the extension of the results to global solutions in order to discuss
the stability of the solution. We can show that iIf T satisfies an
estimate of the form

. < Me*“Ut u>0
we are able to construct a ball of initial states centred at the origin
for which the non-linear system is asymptotically stable. However the
results have a wider application than this as they are applicable to
cases where the linear system is unstable but
Izl < izl

for all zq outside a region centred at the origin. We can show that
the solution is global and can obtain stability results. The results
are shown to be applicable in particular to non-linearities which are
polynomials in z.
6.2. Local Existence, Uniqueness and Regularity Theory

The following theorem gives a set of conditions which ensure
that the mild solution (¢ .2) is unique and belongs to the space
Lr[0,T,V],r > 1 where V is a Banach space such that VCZ. In a corollary
to this theorem we show that z€C[0,T:Z], For convenience we abbreviate
Lp[O,T]Jto Lp and Lp[0,T:Z] to Lp[Z] -
Theorem 6.1. Let V,Zi,Z2 be Banach spaces with Vc Zj, VcZ2 and
PI»P2 ,g»r,s,a,b be positive real constants such that pi > r > 1,
p2>q>1l,s>land r!l=ql +s!l-1.
Assume that
@ Tte£(Zi,V)nr(Z2,V) for t > 0 with HTtZ]jv < gi®]]z]izi t > 0O,

VzCZi and NTdlv < g2 ®lzliz™, t > 0, Vz6 Z2 where gi(t)elLPl and g2 (t)e.Lp?.

\_Nm »
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(ii) B : V2 such that if z€Lr[V] with HzIVYjy] < a then Bzels[Z2]
and there exists b depending upon a with IBﬂltksl’AZJ. < b.
(iii) 1Bzi-Bz2lLsjz2] < kCIl Z1NLH VI, 0z2liLrivi)lzl—=z2 1] vj where
K:R+xR+ @R+ .
(iv) for Zi ,22 with IZl:IlLr[V] < a+ 1Z2ILH{Vj < a> then
» M Lq kdigliLrj |, 1z20Lr[V]) < 1,
™~ for zo€ Zi
ISi«Lr H*o»ZI + "82"Lq b<a
then there exists a unique solution of (6.2) in Lr[V]-

Proo fLet ft:V-»V be the map defined by
t

GSIDH® = Tl—% - /Tt“SBz(s)ds.
o
By assumptions (i) and (ii)

6.3) (ilz)(t)IIv < gi(t)llzolizi + [ g2(t—s)ll Bz(s)il7 ds

The integral on the right-hand side is a convolution so by Theorem 5.4
and the assumption that r | =g "+ s " - I we have
(6.4) I (fiz)(t)lLr[v] < Hgl(t)llLrlizONZi + llg2liLg. 1IBzll1 S[Zj
Thus If I4ljr[v] * a we bave
(6.5) (Qz)ILrjV] **a
by assumptions (ii) and (V) , hence 9 maps the closed ball of radius a
in Lr[V] into itself.

t

Now (Pzi)(®) - GI2)(®) = /T (B (s)-Bz2 (s))ds
o ts

so again by Theorem 5.4 and the assumption r | = g !l + s 1 - 1we have

(6.6) zi-nz2llLr[v} < Ng2H.qt 0>tj lIBzi-Bz2ll1s[.Z2j

By assumption (iii), (iv) we have

6.7 NZi-22 ILrjvj < K”ZI_ZZ"Lr[\fj
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with 0 < K < 1, therefore fi:V-»V is a contraction mapping and hence
there is a unique fixed point z(t) = fiz() in the closed ball of
radius a in Lr[V] .

Corollary 6.1, If we assume Tt€ £(Z2,Z]) for t > 0 with

6 -8) HT.&ZIIZ_J< g3 @llz2i

and g3 ()£ LP[0,T] where p | * l-s *, then the unique solution of (6.2)
in the closed ball in Lr[V] also lies in C[0,T;Z!] .

Proof The term Ttzc in (6.2) clearly belongs to the space C[0,T;Z,]

t
by the strong continuity of Tt. Let u(t) = Jt z2 (s)ds with z2 £Ls[Z2]

o

t
We have Hu®I1l 2i < 6_93 sl 22 (s)ll_zzds
(6.9) <Hg3lIL p Hz2 ILs[Z2]

by Holder®s inequality since ps | = 1.
Further if h > 0

t+h

Huceh) - u®It, < 1T -DuOIl; Tt+h-sz2(s)dsl'z!

(6-10) < NQ;-DuN ;| "®3"LP[ 0,hl "Z2"Ls[t,t+h,Z 2]
By the strong continuity of Tt, used on the right-hand side of (6.10)
we can conclude that

Hu (t+h) - u(®)Hzi =0
i.e. u(t) is continuous from the right.
For t>e >h >0

u() - u(t-h) = (Tt-Tth)u(t-e) + / Tt.h_sz2(s)ds + /T z2(s)ds
t-e t-c

hence llu(t) - «(t-h)!* < I(V V h)u(t-e)HZj + «83»” 0,e-h]» 5_e>t_h;Z2j
+ HBallLP[ 0>e]JHZ2HLsft _e>t;Z2]

from which
limit

enro U@ - u@hHN_. 0.



i.e. u(t) is continuous from the left. Hence u(t) and therefore
z(t) e @BO0,T;zi] -

In most examples it is possible to choose 2\ = Z2 but this is
not necessary and in many cases may not be desirable as the form of
the non-linearity will often suggest the choice of Z2 in a natural
way. There is no unique choice for V and Zi either, in the applica-
tions it will be shown that there are many different pairs of V ana
Zi for a particular problem and that for each pair an optimal value
of r can be obtained.

In the next section we will show that for certain initial states
it is possible to extend the solution for all time. The application
of Liapunov theory to this problem requires that the solution is more
regular than in the above theorem. We have the following corollary.
Corollary 6.2.

Let VicV be a Banach space such that

(O) TAJCCZi . VO, t >0, with

”TtZ"Vi < gi(t)IIzII_Zjl » t >0, for all zeZ, and gif *1le,T) for any
e >0, pi > 1.

D) Tt e£(z2,vi), t >0, with

L, t>0 for all zez2and g2L~ [0,T], p2> 1.
Then for any s allowed in the assumption (ii) of Theorem 6.1 and for m
which satisfies m 1 =w *+s ”-1 with m < pi, w < P2, the solution z(.)
of (6.2) lies in Lm[e,T] ;Vi).
Proof:- We have

Iziall < e.itdliz 1 + fte*ft—sille GIL ds

Thus

by Theorem 5.A. The result follows directly.
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6.3. Extension of a Local Solution to a Global Solution

Theorem 6.1 in the previous section gives conditions for the
existence and uniqueness of a local solution of (6.2) in [0,T]. We
now wish to derive conditions under which the local solution can be
extended to a global solution. We note first that the form of the
assumptions (iv) and (V) of Theorem 6.1 is such that B0zON can be*”
chosen as large as we like by decreasing T. Alternatively if H1zcl
is chosen sufficiently small with

(O) b ~ al+a, a>0 a a a0
(6. 11)

(1) kx,y) ~ a®, g>0 x<a y<a asa+20
then for any finite T there is a local solution of (6.2) at least in
a ball of finite radius a in Lr[V] -

The Ffirst objective is to determine the maximal time interval

for any given initial state. We consider various cases.
(M) Let gi€Lr[0,7], g2€LI[ g3€LP[0,«>], p_1+r_1 = g_land’set
(6.12)
IT there exists an a such that

Y2k(x,y) < 1 for all x,y < a
(6.13)

TillzO0 + Y2b < a
then the solution with initial state zQ exists for all time and by
optimizing the above inequalities with respect to a we can find the
maximum ball (centred at the origin) of initial states for which this
is true.
(ii) Let there exist M,w such that
(6.14) Mt 550
then by Corollary 6.1

(6.15) IzAOU~ < Me"“1 Bzol + Yab



and since IV £ >y) - ITG-X)tHXteX @ L,V)  for *ny © < X < *
we have
"Vxizj.v) < HT(i-X)tlx(z1,v)ITxt"x(z1)
(6.16) < Me_ayg(I-X)t)
and similar expressions for iITtIl_f-Izz»V)’ thIi:EZ»Zi .;.With these
results, since @ > 0, it is possible to show that (6.12) holds if we
only assume glt g2, g3 are locally r, q, p - integrable respectively.
We now examine the behaviour of z(t) as t + °°. for various cases.
For (i) we can prove under the additional assumption (6.14) that
(6.17) z(t) -»0 as ta
if the injection of V into 72\ is continuous.
Since z€Lr[0,°°;V] there exists for any given e > 0 a time T* such that
Iz(T"‘)IIZi < elizll
Then (6.13) ensures that the solution with initial state z(T*) exists
and on replacing b by eb in (6.15) we have the estimate
1z ()N < eMe™ it°"T*)IIDN + eby2 for t> T*
and the result follows. Case (ii) above is similar.
We now consider the situation where gJt g2, g3 are locally r, q, p -
integrable and only the existence of a local solution is assured.
Consider a sequence {1} i =0, 1, 2 ... such that T, > T

1 T

assume there exist constants Yyl 17 y2,i 7 ~3,i such that

“y o i>o0

"S“LFEO*TI—T_I_r:‘IJ 1.*
(6.18) HA/NOTI-T. 0« i>0
i>0

IBIPEO.T-Tqupd = ¥3ii
Then for a fixed initial state zQ we can choose a value of a, a3 (say)



and since HT

t'X(Zi,V) HTA-)exejc @i,v) for w1y 0OF 4 ¢ 1
we have
Mt (e Lo )PPt e ) et (el
(6.16) < Me_Wtg(I-X)t)
and similar expressions for "Ttl»\'22>vl’ ITtI-L\'Lz yz\)"W'th these

results, since @® > 0, it is possible to show that (6.12) holds if we
only assume gj, g2, g3 are locally r, g, p - integrable respectively.
We now examine the behaviour of z(t) as t . for various cases.
For (i) we can prove under the additional assumption (6.14) that
(6.17) z(t) 0 as ta®
if the injection of V into Zj is continuous.
Since z6Lr[0,«;V] there exists for any given e > 0 a time T* such that
IzaHIl < ellzol
Then (6.13) ensures that the solution with initial state z(T*) exists
and on replacing b by eb in (6.15) we have the estimate
Iz@®I < eMe Ut ~ "IN + eby2  for t>T*
and the result follows. Case (ii) above is similar.
We now consider the situation where glt g2, g3 are locally r, q, p -
integrable and only the existence of a local solution is assured.
Consider a sequence {T"} 1 =0, 1,2... such that ~

assume there exist constants Yi,i! Y2(E ; y3,i such

18"Lr[0,Ti~TA 1] " \, i i>0
(6.18) B[ O.T T 1 * Y2.i i>0
WLPRO, T To 4}  Y3ii 1>0

Then for a fixed initial state zQ we can choose a value of a, a3 (say)
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and a value of T, TjJ (say) such that the solution exists in [0,T]
provided that

Y2 j k(x,y) < 1 for all x,y < a,
(6-19)

Vi IzO"ZI +Vi bi < ai
An estimate of 11z(Ti)l is then obtained and the process repeated giving
a new value of a (a2 say) and a value of T (T2 say). This requires that
Y2 2 k(x,y) <1 for all x,y < a2
(6.20)
I 20zl + Y22 b2 < a2
This process can be repeated indefinitely so that we have an infinite
sequence {T"} depending upon the sequence {&a“} . Then the limit {T.}
i -~ oo
can be maximised for the choice of {al}. If T.I with 1 the solution
can be extended for all time. Furthermore the value of the limit a,
r -m
will give some information on the behaviour of z(t) as t + »,
The crucial step iIn the above is the estimation of Hz(T)II -

In the general case we can use corollary 6.1 and write

but in case of Hilbert spaces we can use Liapunov theory to provide a

second method. This alternative will be discussed in the next chapter.
Some examples illustrating the results are given in §8.

6.A. Nonlinearities of Polynomial Form

Theorem 6.1 enables us to handle perturbations of the polynomial

type
n

(6.21) Bz « a.*1*
i2 1
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The following lemma is useful in showing that Bz given by (6.21) satisfies

assumption (iii) of that theorem.

Lemma 6ml1 Let u]t u2 be positive real numbers then

u* + u* 2 + u* 22 + eee + up —"-(UNUNKF r > 1.



Proof:- The result is trivial for r = 1. For r = 2 we have
ui + Uju2 + u] < 8Quf+ug)
since u2 - 2ujuU2 + u2 > O.
Assume the result is true for r = n-2, i.e.
an_z + an_3u2 + + u,r,]_2 nt (/ur!1—2+uré—2.>
We First note that from Holder®"s inequality
Xxay® + X®ya < X+y (atb =1, x,y >0
we can deduce that
A SpSra 5SS 2 A" £ " (a,b >0, 0< s< 0D
Now
2u"+u” u2+ .. +u®d = (W 2407 Ju2+ .. _+uN 2) (UJ+UJ)+UTHUT Fu2+ . o+ut

TS QUM FU2+ . . _+U2)

cuf Fuy Luz +

AW 2+u” ) (uf+u]) + 2(u?+u2)
EEr?’-’(urj1 +ud) + nyt (uﬁ]'2 u%%u% Ua_z)
T + D:él* @ IP::un)

< 2~
R RLEN T TN

q -e .D.

We will now investigate the application of Theorem 6.1 to nonlinearities

of the form (6.21).

We assume that (i)

is satisfied for Z2 = La [0,1] &> D

V =L [0,1] and some Banach space Zj . Then
t 1
(6.22) X = (/ziadx)a < (/ ziakdx)ak < (/ Znadx)an = BAl*
7z 0 0 0 \
if i <n, and so B:V *Z2 since
(6.23) IIBzIL < | Ja.| Iz
2 i=2 1 v

Furthermore by Minkowski*s

inequality

(6.24) IBZ”T_S[ZZ] < iX\Z.Ui}_i Lis[ V] if s>1
Therefore if ns = r there exists b depending upon a such that if
IZ“Ilr[V] < a then IBZ"LS[Z,] < b.
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For assumption (iii) we require an estimate of 11BzI-Bz2l

Since a > 1,

n 1 . - -
nBzi-Bs2l < 1 |a. [(/ (z*-Zj)adx)a
i=2 1 0
n 1

I 1351/ (2l-2z2)a@i *+...+z2 )Dadx)C
i-2 1 0

n | J- 1 . . -2 S~L
< | Ja.|{/(zZ1-z2)nadx}na{/(zr I+...+Zr Dn' ldx}na
i=2 1 0 0

which by Lemma 6.1 gives ot n1
(6.25) IBzj-Bz2l, < A1- Liresdud e/ azii 1zl ¢ hphig mna
2y M2z - v{f tziL H X }
1 22, , ill
Since na > n-1 and 7/ |zj | Dn "dx < (/ |z-|nadx)n_I @<n
0 0
we have
i-1
1Bz j-Bzgll < lija.| Nz,-z2v  (NZjlly-1 + Hz2lly }

i=2

Consider now the map

t
Dz® = tho - Q]Tt_sBz (s)ds
Let W be the space Lr[V] then
t T t
(6-26)11 /¢ Bz(s)dxll = (/0/T Bzslif. dt)
n c’s W n n t’s \%
o Ot n -
< (J ( g2(t-s) | Ja.| Wz(s)ll *ds)rdt)r
i=2 1
< j 2,11 lz@)Ily ILqi
by Theorem 5.4, where
(6.27) Pi*+q.1l > 1, p~ g*~>1 and Pil +g» - 1=7r 1:
Also nrzuen = (/4Yr z IIfdy7
t°w o] t°Vv
T 1
(6.28) <

(/gT()Il 2J1,5 dt)r by assumption (i)
0 Zi

mug, ILrl z0"Zi



Thus ftis amap of W+ W if 8i€Lr, g2£Lpi and BzEN *£ Lqi
Therefore we require that

(6-29) pN < p2, pI >r Vi <n

Furthermore if we choose

(6.30) iqi = r
1

then 1 HzG)IylILgi = @11z lygidt)qi = (J 1zEIINMYr = 1dI»
so that we have

(6-31) Hfiz(l < Hg,. rHzOM + [ Jai] g2l pill zll x.
w Zj £=2 u w

We now seek conditions under which is a contraction map. We

have
T t
linz,(t)-fe2 O = (/ (/g2(ts)I1 BZ1-Bz20 ds)rdt)r
U“ 1

| 6 L

(6.32) L

trtd-dTzj 1,,.1,,,
by Theorem 5.4 and Lemma 6 .1 where
(6.33) p“J+ gl -1 =r71, p7j +qg'l > 1, p!, gE> 1.

Applying (6.25) equation (6.32) becomes

Ifizj (t)-fiz2(t)llv < J Jai|~lg2lp., | IIzi-zZIIv(Ilzlll’\“i||z?2!I\;\'1)_||'[/gi.[V)

n I : . v !

(634 S VKT Beob ¢ F iR R Y Gy
i=| 2 JlLo \% Vv
(/Mzdlz2r)r
0

where

(6-35) q_iI = r_i + Y:‘ii

If we choose IgE = r as in (6.30) then

(6.36) G-Dy. r
and we have

(/Hz WNi_DYido)Yi = 1zj1J-1
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hence (6.-34) gives
n

(6.37) «nzl.—nzz.]w < E}/ﬁ-la-ll Ig; Pit(llzl I%—Hllzz\]v\il_}'llzl.—zzav
Therefore Jizt-1222] is bounded if
(6-38) pN" V<V p2 Vi < n.

We require that the conditions on p,, p2, pit p~, g., r, jp, are
consistent.Condition (6.33) implies (6.27) if we take pA* = p”™ and
(6.38) is then consistent with (6-29) . Eliminating g" between (6.27)
and (6.-30) gives

- - r
(6-39) i.e. Pi = r—i+l

so that to satisfy p» < p2 Vi < n, we require

(6.40) p2 > FTTA

in addition to pj > r.
In the applications in §8 we will demonstrate that the value of n

is restricted by the form of the operator A.



87. Use of Liapunov Functionals
7.1. Liapunov Theory for Linear Operators
In Chapter 5 we have shown how to obtain estimates of the semi-
group of a perturbed operator where the perturbation operator is
either bounded or belongs to a certain class of unbounded operators.
These results were then used to estimate the effect of a forcing
term in the differential equation. However in applications it may
be easier to estimate these effects via a Liapunov functional as in
Plaut and Infante [26], constructed from the unperturbed homogeneous
system
1) z(t) + Az(t) =0 z(0) - =20,
further the functional can also be used to obtain the estimate (5.4.) 1i.e.
Tl < Me“Mt (w > 0)
for the semi-group Tt. For completeness we present here some results
of Pritchard [27] which provide an important link between the theory
of 85 and the use of Liapunov functionals because they provide a
Justification of the use of functionals.
Suppose that Z is a Hilbert space and that there exists an operator
P(t)e £ (@ for ti |O,T] such that
@.2) a{<y,P(t)z> - <y, (PA+A*P-W)z> =0 ,
P(CT) =G
where W > 0, G > 0, <y,P(t)z> e C0,T] for y,zi D(A),< , > 1is the
inner product on Z and
7.3) inf<z,P(t)z> > dizli2, p >0, t€ [0,T] .
IT we consider the Liapunov functional
V(t) = <z(t),P(t)z(t) >

then formally for the unperturbed system (7.1.) we have



8l

V() = ¢<*(B) .P(E)*(t)>
“<z(),P()z(t) > + <z(t) ,P(Oz() > + <z(t),Pz(t)>
-9 = -<Az(t),P(t)z(t) > + <z(t),P(t)z(t)> - <z (® ,PAZz (D) >
= -<z(t),Wz(t) >
and for the perturbed in-homogeneous system (5.6.) we have
(7.5 V() = -<z(t),Wz(t) > - <B(t)z(t) ,P(t)z(v) >
- <z@®.,POBM®MDz®)> + <F,P()z(t>> + <z(b),P(DF>
Before we use these results it is necessary to justify the formal
differentiation. Since the strict solution of z = -Az is z(t) = T}z0
for zq< D(A) the proof of (7.4) is straightforward. However if we have
only a mild solution (5.12) of (5.6) the derivation of (7.5) is not so

immediate, we need the following theorem.

Theorem 7.1. If P(t) satisfies (7.2) then

T
(7.6) P(t)z = T?_tGTT_tz + {Tg—tWTS—tZdS
and if z(t) is given by (56.13) then
T
.0 <z(t),P(D)z(1)> = <z(1),6z(T)> + J[<z(s).P(s)B(s)z(s)>
t

- <z(s),P(s)T(s)> + <P(s)B(s)z(s),z(s)> - <P(s)T(s),z(s)>
+ <z (8) ,Wz(s)>]ds
P r o o f Proof of (7.7) is obtained by substituting (5.13) directly
into (7.6). (For more details see [27]).
To prove (7.6) we note that T* is the dual semi-group of Tt and
since Z is a Hilbert space T* is strongly continuous. P(t) given by
(7.6) satisfies (7.2) so the only problem is uniqueness.
Let Q(t) be another solution then R(t) = P(t)-Q(t) must satisfy
~<y,R(t)z> - <Ay,R(t)z> - <R(b)y,Az> = 0, R(T) = O.
If we let S(t) = T’E-SR(t)Tt-s for any s€[0,t) we obtain

~ey,S(t)z> =0 y,z 6 DCA) .
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Since R(T) = 0 we have S(T) = 0 hence <y,S(t)z> =0, y,z€D(A) so
that <Tt sy,R(t)T gz> = 0. But D(A) is dense in Z so that on letting
s* t we obtain P(t) = Q(t) and so the solution is unique.
Differentiating (7.7) we obtain (7.5) for almost all t€[0,T].

From the conditions on P(t) and W there exist positive constants

p,w such that W >wl, p > sup HP®OII
t[0,T]

Hence from (7.3) and (7.-4)

pdiz()N2 <V < diz®)IL

and V < awllizi©Oll2 <-=V
P
so that 1z®N <415 e “w/255]
-wt/2p
and t

Using (7.5), ifw > 2pK where pkHAl2 > |<Pz,Bz> | we obtain

]

V < -N=2PK () + Zp IF®I
2

©

Setting V(t) = U2 (® we find

U < e"atu@ + J- Fe XS gr pds

where X =
Zp

Hence 1z(OII <|( | e
|

-X(t-s).
He Lo e ED fonas
® o
which is a similar result to (5.14) or (5.42).

For many applications it is convenient to take the operator P
to be independent of t so that
- *
Pz thWTTzdt

which is well-defined if PN < Me ™ (4 > 0). In this case the
analysis can be simplified by the introduction of a new Hilbert space

ZQ with inner product <y,z>f£ = <y,Pz>?

»



(7.8) Then V(t) = Hz®OI] and p =p =1
<z(t) ,Wz(D) >_

From (7.4) V(t) = ~<2(D) WZ(D>, = 234y prcrysz ¥

7.9 < -1IWW-"PW_AlJC(2)V = -2yV (say)
since LzMWz> _ <wjz Wz> _ <y,y> n Mi2
z,Pz> <z,?z> " <w-iy,pw-iy> Hivripvrill IMEz
From (7.9) HzOlzy < e_2pt]lzOIII
-yt

and MU

The estimate equivalent to (5.14) will now have the form

' Tt
(7.10) zon <e ! o -G (D). @Iz, dp

where ess spll B(OIr . < K.
t©[0,T] (o}d

Since the space ZQ and the constants yfK are essentially determined
by the operator W a variety of estimates of the form (7.10) can be
obtained. This could lead to an optimisation problem if suitable
criteria could be formulated. We note that the dependence on K in
the estimate (7.10) is such that it cannot be improved by splitting
the operator B intofB+(1-p)B as in &4.

7.2 Liapunov Theory for Non-linear Semi-groups

In this section we develop a theory of Liapunov functionals based
on the local existence theory of 86.2 which will enable us to extend the
local solution for all time.

We assume that all the spaces are real Hilbert spaces and consider
Liapunov functionals of the form
(7.11) V() = <z(t),z(t) > i
in order to obtain estimates of Iz(t)lz‘i . In most cases it is not
possible to develop a Liapunov theory on [0,T] but by using the regularity

results of Corollary 6.2. a theory can be given for the interval f



We assume further that
(7.12) f(v) = —<Av,v>Zi - <v,Av>Zi *:HID\/I%ZJ. + <Ev,v>_Z
for v€D(A), E€f(Zi), and the space Vj of Corollary 6.2. can be chosen
so that D€F(Vj,Zj). Furthermore let
(7.13) D(A)c Vjc ZfcZjC Z2c v*
where each space is dense in the larger one, all iInjections are continuous
and ZF = Zj .

Under these assumptions we have the following theorem.
Theorem 7.2, If the conditions of Corollaries 6.1. and 6.2. hold with
m = 2, so that ze L2[e,T;V'j] and if z£Ls'[e,T;Z¥] with s 1 + (s')_l = !

and s as defined in Theorem 6.1. then

where z is the unique solution of (6.1) as given in Theorem 6.1.
Proof Consider the equation
(7.15) z(t) =T % + O6tT.t_Sz(s)ds
where Zg€ D(A) and z€ Cl[0,T;Zj]- Then by (3.19) z is the solution of
(7.16) z+ Az =z, z(0) =z
For V defined by (7.11) and z defined by (7.15) we have
7. 17)V() = -<z(t),Az(t) >z - <Az(t) ,z() >z + 2<z(t) ,z() >z
but z(t) e D(A) so by use of (7.12) we obtain
V(t) = (iD\/(t)II%i + <Ev(t),v(t)> + 2<zftl.zftl >
Hence

T

Now D(A) is dense in Z, and CMO.TjZj] 1is dense in L2[0,T;Z2] so there

z€Ls[0,T;Z2] respectively. We set
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83 Applications
8.1. Introduction

In the previous chapters we have developed three particular sets of
results relevant to the theory of abstract evolution equations, namely
perturbation theorems for m-accretive operators and perturbation results
for linear semi-groups and non-linear semi-groups. We now look at
various problems drawn from engineering and science and demonstrate how
our results can be applied to them. The objective is not necessarily to
obtain new information for particular problems but rather to demonstrate
that our methods are of a general nature with a wide range of applicability.
8.2, Application of Perturbation Theorems

We commence by applying our perturbation theorems to a set of
related problems based on a beam subject to transverse vibrations. The
basic model for such a system can be described by the non-dimensional
equation
e.D Yer T Yoo - 0 0<x<l, t>0
with appropriate initial conditions and boundary conditions to describe
the method of support or fixing of the ends of the beam. In our work here
we will confine our attention to the problem of a simply-supported beam
so that
@ -2) y = yxx =0 at x = 0»!
The other important end conditions can usually be accommodated by the
simple procedure of altering the values of the constants in the fundamental
inequalities that we use. See Freund and Plaut[28] for full details.

The model (8.1) can be refined in many ways c.f. Ball [29] , Sharma
and Dasgupta [30] , in particular by including a term to describe the

damping of the system due to a resistive medium. The resulting equation
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can then be written as
&-3 *tt + 2?2yt + yxxxx *=0 t>0, £>0
with boundary conditions as in (8.2). We take this model as our
underlying linear system because the solutions are asymptotically
stable in the sense of Liapunov whereas the solutions of (8.1)
are only stable. Equation (8.3) can be written in the abstract form
(8.4 w+Aw = 0
by setting w = [y,v]® with v = yt, and introducing the real Hilbert
space H with inner product
(8.5) ( <wltw2> = q/l( YIXXV2xx+vI2 + C(viy2+vlyi) + 2£2yiy2]dx.
The operator A is formally defined by
@ .6) Aw = t~V,2£v + yxxxxIT
and D(A) = {wgH : AweH, v =y = =y~ =0at x =0,1} Then A
is m-accretive because
<Aw,w> = £0/ (M+y2 ddx > 0 Tfor all weD(A)

and the range of (X+XA) is the whole of H if X > 0.

We now consider some further refinements of (8.3). In [26]
the motion of a shallow arch is assumed to be
@.7

0 <x<1, t>0

where yQ(X) denotes the equilibrium position of the arch. The non-
linear term is the axial constraint effect caused by the ends of the
beam being held a fixed distance apart. Taking yQ() = 0 for simplicity,
the non-linear term can be regarded as a perturbation of (8.3), so that
(8.7) takes the abstract form

@ .8) w + Aw + Bw = 0,

I»
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with Aw defined by @ .6) and
(8.9 Bw “ [0, -2y /y2dx]1l.
0
B is not accretive because
1 1

<Bw,w> = /y2dx(2€ /y2dx - /2vy dx) 5°0.
0 x 0 X 0 wx

We now apply our non-linear theory of Chapter 4, in particular the
Corollary to Theorem 4.9 to determine a neighbourhood of the

equilibrium point within which A+B is m-accretive.

We note first that if Wl < k then

(8. 10) k2 > J (y? +C2y2)dx > i~l-) /yldx,
0 ] - o
and, on writing c. = /yf dx (@ &« 1,2) we have
1 0 X

| 1 1
il (ciyixx_Cly2xx)2dx < J (ci_c2)2y2xxdx + c IO’\ T xx-y2xX) 2dx

since (a+b)?2 < 2(a2+b2) if a,b are real. Also

(ci-c2) = (yig-y2) dx

[/ (Yix"y2x)2dx]j [/ (yix+y2x)2dx]}
[ ~ “on(yixx'y2x*)2dX]!
since v2fy2dx < /y?2 dx
ify =y, 0 at x =0,l.
Combining these results we have

@10/ (Ciyixx c2y2xxX)XIx < ¢ & t +T p i Sy (Y ™xXx-y>xx>2d*

@C2+10u™)k=
FXX_Y*XX) dx-

Now (IBwBwjll2 = 4 q/ (CJy,XX—CZyZXX)de so we can conclude from
(8.11) that 3a > 0 such that

1Bwi -Bw 2I2<a2qf Ol Y2, )2dx < a2llwj-w2li2
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with Aw defined by @ .6) and
| T
(3.9 Bw = [O, —2yqulvgx] -
B is not accretive because
1 1 1

<Bw,w> = JVdAx(2£Jy*dx - /2vy dx) ? 0.
0 x 0 0 wox

We now apply our non-linear theory of Chapter A, in particular the
Corollary to Theorem A.9 to determine a neighbourhood of the

equilibrium point within which A+B is m-accretive.

We note first that if IM < k then

(8. 10) k2 > 0/ (y)2<X+C2y2)dx > (Y )Olyde,
and, on writing c. = /yfdx @ = 1,2) we have
1 0 x

1 1 1
IV (eiyj,, ~c*y2, )2<Ix < J (ci-c2)2y!, dx + cl firi  -y2yx)2dx

since (at+b) 2 < 2(al+b2) if a,b are real. Also
1

(ci-c2) =  (yig-ylp dx
[/ (vix_y2x)idx] i/ (yix+y2x)2dx]

[FV J (yixx"y2xx)2dx]i
1 1
since M £yRx < 4y, dx

ify=y =0atx=01.

Combining these results we have

_ (S~-HOu™k* %},
~(F+uv J (yixx“y2xx> dx-

Now |IBwvi-Bw2lI2 = A 0f (CJyJXX—CZyZXX)de so we can conclude from
@ .11) that 3a > 0 such that

1
EBwi ~Bw 2]|2< anJ (ijx—yZXX)de < a2llwi-w2 I
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therefore 1BM-BW2E < lal 1IW-W21
Also < (I-e)A(Wi~W2) ,Wl -w2 > + < Bwi-BW2 ,W1-w2 >
1
" (1-e)C/[ (vj-v2) 2 + (yi
0

— 2/ (ciyi  -C2y2 )(vi-v2)dx + /2C(yi~y2)(cly?
0 . XX 0

since

and by (8.11). Hence we can choose e > 0 so that (I-e)A+B is accretive

if

Thus provided (8.12) is satisfied all the conditions of the Corollary

to Theorem A.9 are fulfilled so that A+B is m-accretive iIn a neighbourhood
of w = 0 and hence -(A+B) generates a non-linear contraction semi-group.
We note that assuming C is given (8.12) effectively determines the size
of the neighbourhood for which the system is stable through the value

of k. Furthermore if k is such that the inequality holds in (8.12)

then there is a certain allowable class of perturbations of the non-
linear system which will ensure existence, uniqueness and stability

of the perturbed system. This class of perturbations will be determined
by application of the corollary to Theorem A.9. again but with A

replaced by the operator A+B of (§ .8).
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therefore 1BM-BW2R < Ja] HIW-w2H
Also < (-E)AQwi~W2) ,Wl“W2 > + <BWI~BW2 ,Wl-W2>
1
“ (i-e)5/[ (vi-v2)2 + (yixx_72xx)2]dx

1 1
- 2/ (ciyi__-c2y?2 D) (vi-v2)dx + /2£(yi-y2)(cly?2 -Ciyi_ )dx
q X X XX q X"

XX
> (1-e>y [vi-vr (1"-(ciylxx-c2y2xx)] 2dx

T/, _sr k" (8E 2+1 OTTY) I, V2,
+ L(,-e)C-TPi)T (yixx_y2xx) dx

since
1 1
q/ (y|—y2)(02y2XA -ciyi__ ddx = c2 + q/ (C|y|ylxx+ﬁ2y|y2xx)dx + c?

~ Cj - (cit+C2)/CIC2 +Cl >0
and by (8.11). Hence we can choose e > 0 so that (l1-e)A+B is accretive
if
r2 ~ kVs” +I10ImH

5 Il v™ p-

@.12) i.e.kl<—-iiLlZ)
@ G2l O7TE) *

Thus provided (8.12) is satisfied all the conditions of the Corollary

to Theorem 4.9 are fulfilled so that A+B is m-accretive in a neighbourhood
of w = 0 and hence -(A+B) generates a non-linear contraction semi-group.
We note that assuming C is given (8.12) effectively determines the size
of the neighbourhood for which the system is stable through the value

of k. Furthermore iIf k is such that the inequality holds in (8.12)

then there is a certain allowable class of perturbations of the non-
linear system which will ensure existence, uniqueness and stability

of the perturbed system. This class of perturbations will be determined
by application of the corollary to Theorem 4.9. again but with A

replaced by the operator A+B of (@ .8).
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We can obtain an estimate of the solution directly by con-

sidering the Liapunov function V = IME so that

1 1 1 1
V = -2<w, (A+BYw> = -2? / (V2+y2 )dx - 4£(Jy2dx)J + 4 /vy (/y2dx)dx
0 0 0 0

It is easy to show from this that if
mwol <jLEHDPIiBI

then lw ()l < e AN~ AN, WQED(A)NU.  Hence the origin
is asymptotically stable in the sense of Liapunov.

We now consider the bending problem of a beam on a non-linear
foundation following Sharma and DasGupta 130], taking as the equation
of motion
(8.13) Yer * 2£yt+yxxxx + y sinhay=10 0<x< 1, t>0
with a > 0. If we use the same abstract formulation as before A is
defined by @ .6) and the perturbing term is

Bw [0, y sinhay]

Then <Bw,w> * 0/1 (yvsinhay + £ysinhay)dx iji o
although y sinhay > 0 for all a > 0, yi R, hence B is not accretive.
In order to show that the conditions for the Corollary to Theorem 4.9
apply in a neighbourhood of the equilibrium point w = 0 we observe
first that if yi > y?2 then
sinhayj - sinhay? = a(y!—y2)[1+jj2-(yi+yiy2+y!) +jj-f(yi+...)+...]
<y(yi-y2)[ 2 +|y(yi+y2) +7-(yi+ty2)+...]
(by Lemma 6.1)
“ y(yi~y2) (coshayi+coshay?)
Further if IME < k2 by using the methods of Freund & Plaut [26] we

can establish the inequality (see Appendix 1)

1
k2> f (y2 + Cly2)dx > c282 where 8 - max [y]
0 xx CKkx<lI



a1

Hence, using (8.13) and the inequality
1 1

(8.15) rtr/y2dx < /y 2dx (see (28])
0 0

we can see that it is possible to choose e > 0 so that (I1-e)A+B is accretive

if kK is such that

[ either (I-e)™ + ~~ — ycosh >0 (y >0)
(8.16)
(-e)!:* + £yacosh™~m- ~ coshr > 0 y < 0)

We also have
1Bvi-Byjll2 = y2 F (sinhayi~sinhay?)2dx
< yZagcoshZaS /1 (yi_y2)2dx by (8.14)
< ylalcgshial, g i o2

hence IBM-BW2II < cosh™MIWL-W2Il .

Thus provided (8.16) can be satisfied all the conditions of the
Corollary to Theorem 4.9 are fulfilled so that A+B is m-accretive in
a neighbourhood of w = 0 and hence -(A+B) generates a non-linear contrac-
tion semi-group. We note that assuming y and a are given then (8.16)
effectively determines the size of the neighbourhood for which the

system is stable through the value of k = cR. Furthermore as with the



previous example if k is such that the inequality holds in (8.15) then
there is a certain allowable class of perturbations of the non-linear
system which will ensure existence, uniqueness and stability of the
perturbed system. This class of perturbations will be determined by
application of the Corollary to Theorem 4.9 with A replaced by the
operator A+B derived from (8.13).

Finally for the beam problem we consider the stability of the non-
planar, non-linear oscillations of a beam described by the coupled pair

of equations Ho, Scott and Esley [31] .

e P Wk T B - }yxx_/ Ogrzdx = 0
@.17) _ _
Ze t YZZXXXX + 2£zt \ZXng 9@+zg)dx =0

where y,z are the components of the displacement of a point on the neutral
axis with respect to the two axes of symmetry for the cross-section of
the beam perpendicular to the neutral axis. The parameters Yi» Y2 are
proportional to the two different values of iInertia with respect to the
two axes of symmetry.

We set w =.Iy4Lz,j]T where y£ = u and = v and choose the inner
product

1
<wi,w2> = /IYiyixxy2xx + UlU2+ ?(yiul+y2ui) + 2£2yly?

+ Y2 ZIXXZ2XX + VIV2 + CZIV2Z2/i) + 2£2z1z2]dx
then with the operator A describing the basic linear system of (8.17)
defined by
Aw = [-.u,2fu + Yosoex ~ Vs 2fv + ZXXXX]
we have

<Aw,w> JLC(u2+v2) + CYiyxx + ~Yzz~ldx > 0

if £ > 0 and A is m-accretive so the linear system is asymptotically stable.



Taking the perturbing term Bw as the non-linear term in (8.17) we have
1 1 m
Bw = [0, - JyxxJ (yE+z™N)dx, 0, - [z 7/ (yE+z£)dx]
so that < Bwi-Bw2 ,wi-W2 >

1
= J/[ (uj-u2) (2y2xX-clyixx) + (yi-y2>(cly2xx-ciyixx)

(8.18) 0
+ (V1V2)(C2Z2,, -C1Z1, ) + (Z1~Z2)(C2Z2yy* CIZIyy )]dX.

1
where ¢y = of (y,;_§(+zl)2()dx.

Let Wl < k then

1 1
(8.19) k2 >0/ (Y'¥<2x + Cly2 + Y2§(2X + ?2z2)dx >20/ (/y|¥(2 + /Y2z£)dx

from which we can determine bounds on cl,. Also it is not difficult to
show that

1
/ [ (yi-y2)(c2y2xX-ciyixx) + (zi-*2)(c2z2xx- cizixx)]dx > 0

so that the problem of showing that there exists e > 0 such that

< (I-E)A(wl-W2) WL-W2 > + <Bwi-Bw2 W-W2 > > 0
effectively splits into two parts, each of which is similar to the
one-dimensional problem discussed earlier.
Also, since the c, are bounded, we can show 3 an "a® such that

1
1By x -Bw 2IR = id[ (Ciyi pp=C2y 2y )2 + (CLZ,yy~C2Z2yy) 2]dx
< alwi-w2ll 2

as iIn the previous one-dimensional case. Hence the conditions of the
Corollary to Theorem 4.9 can be applied and we can derive a stability
condition under which the non-planar oscillations of the beam will be
asymptotically stable in the sense of Liapunov. With this problem also
it will be possible to use the corollary again to determine an allowable
class of perturbations of the non-linear system which will ensure existence,

uniqueness and stability of the perturbed system.



We now turn from problems concerning the beam to two further
problems which are described by diffusion equations in the classical
sense.

The stability of a chemical reaction iIn a porous catalyst in the
presence of heat and mass has been investigated in a limited way by
Wei [32] using Liapunov methods in the sense that they were applied
to linearized versions of the partial differential equations governing
the heat and mass transfer of the chemical reactions and not to the full
non-linear versions. As has been pointed out by Pritchard [33] there is
the possibility that even if the perturbations of the linearized system
grow in time the actual perturbations may be bounded in time. To in-
vestigate whether this occurs or not, the non-linear terms must be
considered in the analysis.

Following Wei we consider the pair of partial differential equations

0 <x<1

concentration A inside the catalyst, z the dimensionless temperature T/To
and the three parameters are:

& = Thiele modulus

j

Y - E/RTo
Equations (8.20) describe the reaction when the Lewis number is equal
to unity provided that the perturbations are restricted to those that do
not change the value of (By+z) inside the particle. In the steady

state By+z 1+6» under this condition equations @ .20) are equivalent to

each other so we need consider only (8.20(i)). Also 0 <y < land 0< z< 1.



Let yE (X) be the equilibrium function for y i.e. the solution of

32V i2 By(I'y) _ n
yexpr fe -0

withy =1 at x = I and =0 at x =0.
1
Writing u = y-yE in (8.20(i)) and setting f(y) = exp B d- for
convenience we have
(8.21) - [p- + {Ef(YE> - <3fCy)
R ’ 3u _
with u * 0 at x land'ﬁ-—ﬂ'atx 0.
This equation can be considered as
u+Au +Bu =0
3?2
where Au and Bu = € (yf(y) ~ yEF -
Taking H as the real Hilbert space L Z[0,1] with inner product

1
<Ui,u2> = /uju2dx

"2 ii v
we have <Au,u> = -/g”~rudx = / dx > 0 and A = A* hence A is
m-accretive. Now
<Bu,u> = &/ Cyf(y) - yFQE)) (y-yE)dx
0

1
- <tﬁol[ny(y) -yYE (F(Y)+F(YE)) + yEF(yE~dx

which, since f¢) >0, is > 0 if and only if
[f(YE> + TopI2 < Af(y)f OE)
This is impossible hence B is not accretive.
However, we have
|Bui- Bu2 1 = 42|yif (yi) - y2f(y2)]
< 4 |yi-y2l (2>
< |yi-y? | eYi® ,+s
since | < f(y) < e ™ 1+B and f(yi) < f(y2) ifyi >y?.

Therefore there exists a such that

95



96

HBui—Bu2H2 < a Mui-l12Mm2 -
hence IBui-Buill < Jotf ™ Hui-U21
Furthermore

< (I-e)AQui-u2),ul -ui> + <Bul-Bu2,uj-u2>

- =)/ (1™ -172) dx + 2F (yif(yi) -y2£(y2)Hyi_y2)dx
0 "dx dx " 0

>0
@-22) if (-e)|2 + M1 -(¢G%gBY/HB) > 0
since / dx >~ /u2dx if ul) =0 and =0 atx =0

and we can show that

lyifiyt)-y2f(y2)Hyi-y2) = 421 (yj-y2)f(yi) + y2(f (yi)-£(y2))Hyl-y2l
> 2 (yi-y2>2 + 2[f (yi)-f <y2)]lyi~y2l
R . B \ By/1+B
£2(yi-y2)2 (i - (146y2)

by using the fact that f(y) has greatest negative slope at 'y = 0.

Hence, if

there exists e > 0 such that (8.22) is valid. Thus all the conditions
for the Corollary to Theorem 4.9 are satisfied so that A+B is m-accretive
and -(A+B) generates a non-linear contraction semi-group. The corollary
can also be applied to the non-linear model to determine an allowable
class of perturbations.

Pao[34] has investigated a more general model than Wel, described

by the equations

(8.23) | O) ut “ aiUxx - ux _cu + diVexp(T~T )+ hl

(ii) vt - alvxx - vx - d.vexpl-p»)

for t > 0,0 < x < 1, with initial and boundary conditions in the form



ajux @®,0) - u(t,0) = 0, ux@,D =0
(8.2%)

alvx (t,°) - v(t,0) = 0, wvx(,D =0
(8-25) u@@ . = )., Vvl =R ®

and with the ranges of u,v as 0 < u<W0and 0 < v< .
If (UG’VE) is the equilibrium solution of (8.23) we have on
writing y = uwlj,, w = v-vg
@B.26) i (@ S “ aiylcx-yx-cy +dl[vexp (i~r) -vEexp(i“rE)]
D) alwxx-wx —d2 [vexp(T r)-vEexp(T" rEj]
Let H be the real Hilbert space of ordered pairs z = (y,w)™ with
inner product
<zIltz2> = /I (yay?2 + wjw2)dx
Then the coupled pair of equoations (8.26) can be written as a single
abstract evolution equation
z+ Az + Bz =0
T

where Az = (-a Px + Yoo +cy, - agy ., o + WX)

and Bz = fvexpj-p~-j- VEexpjl® d] (-dl ,d2)T .

1
Then <Az,z> =J[HAy"™ + yx + cy)y + (-a2wxx + wx)w]dx

“ [aiyx2 + cy2 + alwx2,dx
Jhy2 (£,0) + y2 (6, 1) + w2 (,0) + w2 (t,D)]

+

using the boundary conditions (8.24).
Since the constants aj, a2, c are positive In the applications con-
sidered by Pao, A is an accretive operator in these cases. The range
of I+XA is H for all ye D(A) therefore A is m-accretive.
For the non-linear operator B, we have, on writing f(y) =
<Bz,z> = Jl[vf @ - vgf U ]1[-djy + d2wldx

0 for all z£H so that B is not accretive.
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For 0 < v < 1, we have
(8.27) IvifQuj) - v2f@2)] <eY{Jul-u2] + |vj-v2[}
hence

1
11BZj-Bz212 = / (d2+d2)(Vjf(Uj) - v2f(u2))2dx

< %dj+d“é*7{|q-m | + Jvj-v2 |32dx
therefore there exists an a > 0 such ihat
BBzj-Bz.,112 < dlZj-z202 .
In order to show that there exists an e >0 such that (1-e)A+B is
accretive we require the following inequality.

Consider 1 = qi:(a*y;( - k2y2)dx + J(ygD +y2) where ay,-y=0
at x = 0 and y» = 0 at x = 1. The integral part of | has an extreme
value if y satisfies the Euler-Lagrange equation which for this
integral is
(8.28) aiyxx + k2y = 0.

This equation has a non-trivial solution fitting the specified boundary

conditions if
1
aT kv a™

(8.29) tan

the solution being y = Acos —-—- (X-1).
E7

The smallest positive root kj of (8.29) corresponds to a minimum value
of the integral and gives the value of

T [ _ cos2+i_ ]

7
for 1. Hence we have the inequality
(8.30) /aiyxdx + Hyg + y2] > ~ /y2dx
o o]

We can now obtain conditions under which (1-£)A+B is accretive.

We have
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<(l-e)A(zj-z2),Zj-z2> + <Bz1-Bz2,z1-2z2>

Mmo-oy.jiyjx-y«)2 + c(yry2)2 + a2(w”-w”")2dx
+ H(yj-y2)2 + (yi~y2)i + (w,-w2>0 + (Wj-w2)2]}
0/idl l-yD2f@u ) - vlfgu )

+

+ d2 (Wj-w2) (ViF UD - v2F(u2))}dx
;1 1
(l-eXc+k,) /7 (yl-y2)2dx + (1-e)k2 / (w -w )2dx
il 0 0
djeY 7 (Ju,-u2| + Jvi-v2 D(yl-y2)dx

\%

io
1,

d2eY / (Jui-u2| + |vj-v2])(Wj-w2)dx
0

by (8.27) and (8.30),k2 is the smallest positive root of the equation

k _ 1
tan -——- = ———— -
/a2 k/a2
1
Further d /7(Juj-u2|] + |vj-v2D ¢ -y )dx
(O

+ d2 /7(lur u2l + |Jvj-v2 D (wj-w2)dx

.0
< / dilyi_y212 + (di+d2)|yj-y2llv!-v2l + d2|VI-v2]2)dx
</<(=-"ji(yi-y*)2 *1i ") | vIi-v2]|2}dx

so that 3c >0 such that (1-e)A+B is accretive if the following

conditions are satisfied simultaneously:

1
c+ K\ -ey(~"r-) >0
(8.31) J

K22 —eY (*47~)> 0

These conditions determine the allowable size of the perturbation Bz
for which the perturbed system is asymptotically stable through the values

of dj and d2.
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8.3. Application of the Linear Semi-group Results

We demonstrate the applicability of the results of 85 by
considering three examples. The Tfirst is a one-dimensional dif-
fusion process, where the unperturbed system is

*t ¢ 200 z(x»0) = zo®)

zQ,©) =z(1,©) =0, and z =1L2[0,1].-

Abstracting this equation it is easy to show that the solution is
given in terms of a semigroup Tt> where

-n2T2t
e

T £2 sinnirle sinmryz (y)dy

z
to

-w2t
and IITtl)( @ < e

Hence the class of perturbation operators we can allow must satisfy
(5.18) and if the perturbed semigroup is to be negatively exponentially
bounded we require (5.40).

For example if Bz = az” then it is easy to show that

KT HI <
2 te

and so we require la <J- - 2.06.
For our second example we consider the heat conduction problem in Rn,
that is,

zt = V2z
with Z = L2 (fi) where 2 is an open bounded set in Rn with boundary T.
On r we assume that part of the boundary Ti is insulated so that
. 0 on Ti, and the rest of the boundary T/T1 is kept at ambient
temperature which we take to be zero. Under certain smoothness conditions
on (2 and T it is possible to show that the solution is given in terms
of a semigroup T such that

|ITeR < Me for some > O.

»



Now let us assume that the boundary part Tj is not perfectly

insultated and in fact

8z - o

then we can regard this new problem as a perturbation of the original
problem. Using the methods of Curtain and Pritchard [34] we can
reformulate the problem so that the analysis of 85 can be applied.
Now B will map L2 (0O functions into a larger space than L2 &) .

However the semigroup T is smoothing in that we are able to show that

1T Bt <-,
C t-

Therefore the results show the existence, uniqueness of the mild

solution of the perturbed problem and stability will follow if

ANFQ) < @yl

To illustrate the estimates for non-homogeneous equations we
consider the non-dimensional equation [29] for the displacement y(x,t).

of a simply supported column subject to an axial load p(t) and a

distributed transverse load q(x,t),

(8.32) ytt + 2Eyt + yxxxx + p(t)yH =qgXx,t) 0 < x <

The boundary conditions are y = y™x = 0 at x « 0,1 Vt > O.

If we take H as the same Hilbert space as in the earlier examples on

the beam problem and assume that

ess sup. |p(®)] <p and qg€L2[0,T;L2¢0,11]
te[0,T]

then equation (5.4) may be written as
w+ Aw + Bw = Q

where Aw is as @ .6), B(t)w = [0,p (D)yxxIT»Q = [0,q9 X, D] "-
2
(8.33) Then <Bw,w> < £ — -— IM2 = ullME (say)
2 /7+1m
1
and 10(-, D2 = /cftx,t)dx.
0
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The semi-group T for the unperturbed system can be estimated by

considering the Liapunov functional V = |M|2, we have

(8-34) V(L) < -25/1 (2+y2 Ydx < -2cf1 ——---C - riv = -2yv (say)
so that MMl < e Pt. h i | I

Hence for the perturbed system (5.14) which is equivalent to (7.10)
gives

(8.35) Hw(t) < e“ @3li Ytliwol + /e-(P"pl) (t_p)|10C-.p)]lIdp-

Since it is easy to find a constant X such that

1 [
(8.36) [/y2 ox]*> X sup  lyx,D]
0 XX xe[ 0,17

then using (8.33) and (8.35) we have the following bound on the
maximum displacement Yin (.

8-37) ym () < X{e" P-ljD)tikol + 0 (t_P IQC-PI1dp)

This result may be compared with

(8-38) Y (D) < —--m-—-- rj
m XiTrE-72) ~

which is the result given in [26] for the case of small damping
< tj) and Iioll = 0.
We note that (8.38) can be obtained using our methods by taking the

|
functional V = / (M+2£vy+y2 )dy. Then in place of (8.33) and (8.341
0

XX
we have
(8.39) |<Bw,w> | < KIMI
2
where 2K IpCo) 1 and
/it-22
(8.40) V - -2CV.

Also /y2 dx < vV V
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so that using (8.36) and (7. 10) with Ilwjl = 0 and N = £ we have

J e-(z-ir*p/2(ir%c>) *) (t-p) 1Q( “»PIIdP
2 0

Yy @® <3
8.4. Applications of the Results on Non-Linear Semi-groups

We consider three non-linear problems to illustrate various
aspects of the theory of §6 concerned with the estimation of non-
| inear semi-groups.

The first example is the heat equation in R! defined by the
non-linear diffusion equation
(8.41) z(t) = zZ z3 0 < x< 1
with z(x,0) - z0 (x),z(o,t) - z(1,t) = 0. We consider the application
of Theorem 6.1 to this problem. The semi-group T~ is that generated
on L [0,1] by the operator -A = 1 D(A) = 1I*[0,]]n HM[0,1]- We take
V =1L °[0,1],Z2 =L [0,1], a> land Nz = -z3. To avoid difficulties
in estimating the norms of serai-groups iIn LP spaces we use embedding
theorems (Theorem 2.4) and work with the Scbolcv spaces HI010,1].

We have iH 0,1] a L3a[0,1] ifm >~ - — (see 8) so there

exist positive constants ci, C2, cj, d, such that the following in-

equalities are valid.
@®

(see Appendix 2). Thus we require r < pj < 1/J —jL..

(ii) N:z “mz3 maps V to Z2 and

therefore we have to ta
(iii) For 1< a< 2

aTtziev < NTEZI" "ZInL1 < =g @nzam
t



or if a> 2, since L°c L2

IMzZi“v< " ViV il <mp g, O, 9200l

Thus we require p2 < 1/J- if 1M a< 2o0r p2 < V| ifa>2
(iv) Using Lemma 6.1 and the Holder and Minkowski inequalities we
can show that

»Nzi-Nz211S[ < MZI-z2BL3 V] dizPA3S[V] + IR2118S[V))

® et = ey < - 121 @emizi. ifl<ac<?

or wyng < chzmz_2 =gl @Mz, ifa>2.
letr l =ql+s !l - 1for r=3s > 3. We require pi > r > 1 hence

r <1l/i- also we need p2 > q > | where p2 is given by (8.42).

Solving for g in terms of s we have

3s
3s-2

(8.43)
and provided there is a choice of admissible s, g, r we can choose
a T such that
(8.44) 3a2llglliLg < !
and zQ such that
(8.45) IgIILriid IZi + liglgal < a.
We require with (8.43)
1< s < 1/3Q -6a)

(4 -ik>. l<ac<?2
and 1 <

, UL -ik>. “ > 2

and amongst permissible values we have

0-1. Pi <12, r=12-e gs

~Nw e

a=2, pi < 6, rm b -e q ~
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so that, for example, the solution lies in

We consider next the application of corollary 6.1. We have

l <acx<?2

a < 2.
hence for 1~ &< 2 we require p < 4 whilst for a > 2 we require
p N 1. In each case there exist admissible pairs p, s so by
Corollary 6.1 zeC[O0,T;Zi].-

The above calculations establish the conditions for the
existence and uniqueness of a local solution in [0,T]. To obtain
a global solution we proceed as follows.

The semi-group T generated by -A satisfies the inequality

«T{IX(Zj)’ < e_Tr2t
so we can replace gj, g2 by e ™ tg/(1-X)t) and e "I tg2 ((1-A)t)
respectively. Then @ .44) and (8.45) become

3Y2a2 < 1

YjH zOl + y2a3 < a
where Yi* Y2 are defined in (6.12). The largest value of 1zQN
will be obtained when 3aly? = | so if

(8.46) 2

the solution can be extended for all time and the region defined by
(8.46) will be asymptotically stable. For the best result the
quantity 2/3y1/3y~ should be maximised on X.

The multistage time process based on (6.-18) could also be

applied to this example as could the Liapunov theory of 8§7. We will

I»



consider briefly the latter method. The régularisation result
Corollary 6.2 can be applied with Zj = Z2 and we find zel,2[e.T;!1!1].
Applying the Liapunov theory of 87 with

<Az,z > + <z,Az> = -2/z](x,t)dx, z6 D(A)

Zi O~x*"
we have
t 1
lz(t)112 ~ llz(e)ll2 = -2 / /tz2 (X,S) -ztx.s) ]dx ds
n e 0
For zeH110,1], z(©) =z@) =0

J ZxdX > 41HAK[0,1]
hence

1z(M)I™- llz(e)Ir< =2/Hz &I oj]1[4 - 1z 2]ds
is valid for all £ > 0 and so
1
Nz(t)l_zj <IIzOIZI
if 1z 1 < 2. Therefore the solution can be extended for all time
if Ikql < 2, and this condition defines a region of asymptotic
stability.

In 8.4 we investigated the application of the local existence
theorem 6.1 to the abstract evolution equation with a perturbation of
polynomial type.

Bz = - I a-z*.
i=2

Consider now the equation

n
(8.47) zt = zxx + ,Raizl 0O<x<1

with z(x,0) = zQ(), z(o,t) “ z(l,t) = 0 so that the semi-group is the
same as in the previous example. With V = LnCt{0,1I] Z2 =L [0, 1 and
following the calculations for that example we require for the local

existence theorem that
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B IZEH1 < RHzlh j Hizll"o
IBjzI11<RIzIH|+e 1zlIVo
and 1BjzIlo < H sup (z2) /7 z2dx < Clizilyj+ HzIVy
where h J+ denotes Hi+E and C is some generic constant.

The direct approach of the first two examples cannot be used
in this problem because of the presence of two non-linearities. We
look for solutions in the Banach space W where

W = Lr[0O.TjHIIn Lu[O,T;Hi+]

and Ezlw = IHAILr[0>T;HI] + H*IILU{o,T:Hi+]

Noting that for the semi-group Tt we have on the interval [0,T],
HTtE(Hi+) < C* NTtlE(HD) < C> HNTtIE(H°Hi+) ~j+,
HTEIX(H°,HD) < 71”7 1 >0

so that

1 /T~_gBjz(s)dslljji < RC/HIz(s)1Hi 1iz(s)1y0ds
o o

and hence by the convolution theorem, Theorem 5.4, we have
«/Tt_sBlz(s)dslILr[0>T;HIT <RCHzIl Lrf0>T:H2] 1z"i] 0,T;hH

if u > 2. Similarly

BJ Tt-sN1z(:S)dsll LU[O ,T ;Hi+] < RC|LzILLU[0 ,T;H*+J121L“[0 ,T ;Hi+]

For the second non-linearity B2z we have
t
I0 Tt-sB2z(S)dsHLU[O,T;H{+1 < OzIlNu(0,T:H'+]IzlLr[O.TjH1]

if r > 4/3 and

IV Tt-sB2z(s)dsIILr[0,T;H*+] ** CliZIILU[O, T:Hi+]IAILr[0,T;HI]
if u > 2. Finally

HTtZolLi10,T;H1] 0l zoNH®  If r < 2

and HTtzolLU{ 0, T;Hi+] < Cllz0LH® ifuc<i4-



With these estimates we can deduce that if the mapping ftis

defined by
Tt t
(f)() = TfZo - /Tj_9gBjZ(s)ds - /Tt _gB2z(s)ds
o) o)
is a closed ball or radius a

then ft:W mW for z e H°, and there
in W such that ftmaps this ball into itself. |If a is suitably small
or the time interval is short enough ft is a contraction on this ball
and so there exists a local solution on W for)l/J <r<2and 2 <u < 4.
The upper constraint on r is essentially imposed by the condition
'"t]'lé%momk) **_  so that it is easy to show that ztL2[e.T"1].
It is also straightforward to show that z6 C[O,T:H°] .

The Liapunov theory of 87.2 can now be applied. We have

1,
-<Az,z>ho <z,Az>ho + z)z dx

AN_NFAN
2/ (z sz.dx

1 0
and —<Bz,z>H = - q/ (Rzllzllr’]‘o + Zzzx)z dx
- RJlzll"o, ze D(A) .
Moreover /z2dx > i /z2dx , z6 Ho[0,1] .

hence by Theorem 7.2

z (Ml " < /[2(22 -iz2) - 2RilAl *0]ds
e T
2RJHz(s) iy I(! ) - HzE)I2Qds

Therefore if R < t2 the solution exists for all time and lIz®|]] =0

as t ‘> IfR > i and 1z002 < (1 ) then the solution exists for
all time and Iz®NI2 < f'((l K ). However if R > i€ and IzOI2 > (if%_(l —JR )
then again the solution exists for all time and Ez(®Il [~-(1 )1 K8

or Iz@®N < [*-(l -i- )]- as t » <



89. Conclusions and Suggestions for Further Work

In this thesis we have developed two methods for analysing the
stability of the solution of non-linear evolution equations. The
results provide a useful addition to the known methods for such
work, for example those of classical analysis using eigenfunction
expansions and the direct method of Liapunov. As seen by the work of
Chapter 7 the methods described in this thesis are related to and in
some ways complementary to the latter approach.

In principle neither type of result is difficult to apply, however
for some problems it will not be easy to find the appropriate inequalities
required to verify the conditions of the perturbation theorem. (Theorem
A.9 and its Corollary). For the second method relating to the semi-
group and mild solution of the equation the theorems depend upon
estimates of HTBIl in the form
.)H IITtEII <—ta O<ax<1
where TE is the unperturbed semi-group and B is the perturbing operator.
Whilst it may not be too difficult to establish the value of a we should
note that in order to find the optimum result by establishing the
largest region of asymptotic stability the value of C must be determined
as accurately as possible. Very rough estimates may be found quite
easily but values within 0% say of the optimum value will be difficult
to obtain. As is usual iIn such cases the complexity of the calculation
increases with the degree of precision that is required. For a given
problem there could be much difficult computation to be done in this
direction of necessity involving some computing and numerical analysis.

The Liapunov theory of 87 is applicable only when the underlying

spaces are Hilbert spaces. The development of a similar theory for

>
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Banach spaces would seem to be a.desirable theoretical advance but
will probably prove to be a very difficult task.

Despite the above comments the methods would seem to have a
wide range of applicability to real problems in science and engineering
particularly since most problems in these fields would be based on
Hilbert spaces rather than Banach spaces. There would seem to be
many possibilities concerning further applications of the results
to problems other than those considered in 88 particularly to those
posed on Rn with n = 2 or 3. It can be seen from the nature of the
imbedding theorems that the value of n will play a vital role in the
application of the results for non-linear semi-groups (8 ). Problems
where the perturbation occurs on the boundary of the system are also
of particular interest. One of these has been considered briefly in
88 using a result from [35] . Further work in this direction would

seem to be desirable.
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811 APPENDICES
Appendix 1
We require an inequality of the form
A.D / (y2 +£2y2)dx > c2B2 where 8 = max [Vl
0 XX 0<x<I
where y is an admissible deflection of a simply-supported uniform
beam. We use the method of Freund and Plaut [28] as follows.
Consider all admissible deflections y(x) such that
(A.2) ) (y2 +C2y2)dx = A2 (A a constant).
We maximise y(ag foixany point 0 < a < 1 subject to the condition
(A.2) by application of Lagrange®s method of undetermined multipliers.
We thus determine the function y such that
FYl = y@ + X[ /7 (y2 +£2y2)dx - A2]
is stationary, where X is the ugdetzrmined multiplier. Setting the
first variation equal to zero gives
n@ + 2\J (xxrxx+?2ymdx = 0
and on integrating by parts and using the boundary conditions
y=y~r=0at x =0, we find that y must satisfy
A.3 + £y = - 2y<$(x-a)

where 6 denotes the Dirac delta function.

The solution of (A.3) is

yoed =
/G(a,a)

where G(x,a) 1is the influence function for the beam and X has been
determined iIn terms of A using (A.2). By symmetry the maximum value
of y occurs at the centre point of the beam i.e. x = J and hence is
given by

8 - A6,



The optimum value of c? is then given by

(52 =] (“‘ 2;&3(*4(52 =Girnr *
G(,J) 1is found in the usual way by finding the solution of the

equation

Uex T E2ZU = 6 (x-J

such that u, %;3 %ﬁé are continuous for 0 < x < ! whilst %;% has a
finite discontinuity of value ! at x = subject to the boundary

conditions u u

XX»Oa‘tX*O,l,
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Appendix 2
In this appendix we wish to illustrate the derivation of some

of the estimates used in the examples. Consider the one-dimensional

diffusion equation
A-A) z€=z", z(O© = zQ

with boundary conditions z(0,t) = z(I,t) =0 V t >0. Let Tt be

the semi-group generated by the operator - 32 The solution of (A.4)
is well-known to be

°0 2 2
(A.5) z = z(X,t) = lbne-n Il csin mrx, x| ~ 1

T
/ 1
where bR = 2 JzQsin ntTx dx. The Fourier transform of T£z is given by

- 2 2 1
TEz = — — ¢ b e nlTt /sin mrx sin Cxdx
/2™ 1 n -1

=-ZLJb -Vt CI)nf-L - _L_JsinC
/2n |1 n

By (2.28) HT zl|I2k = 7/ (+ 7 12Dk |7z |2dC
*©
and for k < 1 it follows from Parseval®s identity that

W b* -2n2ir2t
IV Ilk< pT

Using the inequality
(I + +y]2)s < 2IslAd + Ix|2)s@ + lyl2)Isl
valid for x€Rn, YCRn, -° < s < 0 it is not difficult to show that
/ IhO=y) [2(1 + Ix]2)Sdx < 2 I1SK(l + |yI2)IsI /|h]2@ + ix]2)sdx
RH. 2 Rn
Thus HTtzllZK < 1I’\2— e“2n2It2k @ + (mr)2)k 7/ (1+C2)k S2& . d?
—m n
Now e 2x t(I+x2)k has a maximum value when 1+x2 = so that
HTtzZIHk ~ 3 / (+S2>n dc-

and provided the integral exists we have

mw <N2 "2M2
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Appendix 2

In this appendix we wish to illustrate the derivation of some

of the estimates used in the examples. Consider the one-dimensional
diffusion equation

A.5 zt =zn , z© = zQ
with boundary conditions z(0,t) = z(I,t) =0 V t >0. Let T be
the semi-group generated by the operator - 32

The solution of (A.4)
is well-known to be

2..2
(A.5) Tz =z(x,t) = ibne-R ™ fuin nrrx, x < 1
. 1
where bR = 2 JzQsin mix dx. The Fourier transform of T£z is given by
(00] 2 2 1
TEz =—— ¢ b e nl7t /sin mix sin Cxdx
vin 1 n -1
= iL jbe-"27"2t(_,)"[< _ M sinC
/2n 1n U~nm 5+mr)
00
By (2.28) HTtz]|2k = 7/ @Q+1c|2)k |TEz |2d?1
and for

k < 1 it follows from Parseval®s identity that
12
0 I . AT = k sin®!, ,,
IxtzlI2k < [2BSe-2n2Ir2t j"(1+ |c|2)k- ~
1

Using the inequality

(I + Kty I2Ds < 2Isld + IXIDsA + lyl2) sl

valid for x£Rn, YyERn, -*° < s < (0 it is not difficult to show that

/ 1hG=y) |2(1 + Ix]2)Sdx < 2SSl +
Rho 2 2

lyl2 ISl 7|hj2@ +

RN

1x]2)sdx
Thus NT zIIk < 1~ e“2n2iRt2kd + (mr)2)k / (+C2DHk 1~ . d?
1 -®

Now e 2x t(1+x2)k has a maximum value when 1+x?

= so that
N
HTtAHR < }bn =] (>H2k

dcC.
and provided the integral exists we have

uw <-N2 1Z8'L2
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Alternatively since Ib | < 11zJL , we have
Ttk < aiz0IR, I+l evintint
i i \] i e- N < /T
Now (I+n2ir2)ki | /3

so that there exists a constant cf such that

1 AC 0
V Bk <”BT 1V 11, <>



