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Large Deviations Behavior of the Logarithmic Error
Probability of Random Codes

Ran Tamir (Averbuch), Neri Merhav, Nir Weinberger, and Albert Guillén i Fabregas

Abstract— This work studies the deviations of the error
exponent of the constant composition code ensemble around its
expectation, known as the error exponent of the typical random
code (TRC). In particular, it is shown that the probability of
randomly drawing a codebook whose error exponent is smaller
than the TRC exponent is exponentially small; upper and
lower bounds for this exponent are given, which coincide in
some cases. In addition, the probability of randomly drawing
a codebook whose error exponent is larger than the TRC
exponent is shown to be double—exponentially small; upper and
lower bounds to the double—exponential exponent are given. The
results suggest that codebooks whose error exponent is larger
than the error exponent of the TRC are extremely rare. The
key ingredient in the proofs is a new large deviations result of
type class enumerators with dependent variables.

Index Terms: Error exponent, expurgated exponent, large devi-
ations, typical random code.

I. INTRODUCTION

Random coding is the most common method to show that
the probability of error vanishes for rates below the channel
capacity. In 1955, Feinstein [1] proved that, for a sequence
of codes of fixed rate and increasing length, the probability
of error decays to zero exponentially with the length of the
codes, provided that the rate of the code is below the mutual
information of the channel. In the same year, Elias [2] derived
the random coding and sphere—packing bounds and observed
that they exponentially coincide at high rates, for the cases of
the binary symmetric channel (BSC) and the binary erasure
channel (BEC). Fano [3] derived the random coding exponent,
namely,

E.(R) = lim {—%logE[Pe(Cn)]},

n— oo
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where the expectation is with respect to (w.r.t.) a given en-
semble of codes, for the general discrete memoryless channel
(DMC). In 1965, Gallager [4] derived E,(R) in a much simpler
way and improved on E.(R) at low rates by the idea of
expurgation.

In random coding analysis, the code is selected at random
and remains fixed, and thus, it seems reasonable to study the
performance in terms of error exponent of the very chosen
code, rather than considering the exponent of the averaged
probability of error, as in E.(R). Therefore, it is natural to
ask what would be the error exponent associated with the
typical randomly selected code. The error exponent of the
typical random code (TRC) is defined as

E.(R) = lim {~1E[log P.(C,)]}.

n—oo

2

We find the exponent of the TRC to be the more relevant
performance metric as it captures the true exponential behavior
of the probability of error, as opposed to the random coding
error exponent, which is dominated by the relatively poor
codes of the ensemble, rather than the channel noise, at
relatively low coding rates.

To the best of our knowledge, not much is known on typical
random codes. In [5], Barg and Forney considered typical
random codes with independently and identically distributed
codewords for the BSC with maximum-likelihood (ML) de-
coding. They also considered typical linear codes. It was
shown that at a certain range of low rates, E,.(R) lies between
E.(R) and the expurgated exponent, E,(R). In [6] Nazari et
al. provided bounds on the error exponent of the TRC for
both DMCs and multiple—access channels. In a recent article
[7], an exact single-letter expression has been derived for
the error exponent of typical, random, constant composition
codes, over DMCs, and a wide class of (stochastic) decoders,
collectively referred to as the generalized likelihood decoder
(GLD), which includes the ML decoder as a special case.
For such decoders, the probability of deciding on a given
message is proportional to a general exponential function
of the joint empirical distribution of the codeword and the
received channel output vector. Recently, Merhav has studied
error exponents of TRCs for the colored Gaussian channel [8],
typical random trellis codes [9], and a Lagrange—dual lower
bound to the TRC exponent [10].

Note that the TRC exponent can be viewed as the limit of
the expectation of the random variable

E(Cn) = — 1 log P.(Cp), 3)
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where P.(C,) is the error probability of a given code C,,
governed by the randomness of the codebook C,,. Having
defined this random variable, it is interesting to study, not
only its expectation, but also other, more refined, quantities
associated with its probability distribution. One of them is
the tail behavior, i.e., the large deviations (LD) rate functions.
In particular, it is partially implied! from [7], that E(C,)
concentrates around its expectation, i.e., the error exponent
E..(R). In this work we prove that E(C,,) indeed concentrates
around E, (R).

In this paper we are interested in probabilities of large
fluctuations around F, (R). More specifically, we investigate
the probability of randomly choosing a bad codebook, i.e., a
codebook with a relatively small value of E(C,,). On the other
hand, the probability of randomly drawing a good codebook,
i.e., a codebook with a relatively large value of E(C,) is
of interest as well, since obtaining tight LD bounds is an
alternative method to prove upper or lower bounds on the
channel reliability function, a long—standing problem.

To the best of our knowledge, the only known bounds
on the probability of drawing codebooks with relatively
low error exponents are given in [11, Appendix II]. It is
proved in [11] that P{E(C,) < E.(R)} is upper bounded by
exp{—exp{n(R — E.(R))}}, as long as R > E,(R), while
the entire range of relatively low rates, namely R < FE.(R),
was hardly considered in [11], and is one of the main topics
in the current work. Furthermore, in this paper, we study the
deviations of E(C,,) w.r.t. its actual expected value E,.(R), and
not as in [11], in which considered deviations w.r.t. E.(R).

Accordingly, the main purpose of this paper is to study the
probabilistic behavior of the tails of E(C,,), i.e., to characterize
its large deviations properties. For a given Fy < E.(R),
we assess the probability P{E(C,,) < Ey} and provide expo-
nentially small lower and upper bounds on it, which proves
that bad codebooks are rare. More refined questions con-
cerning the lower tail are as follows. Does the probability
P{E(C,) < Ey} tend to zero with a finite exponent in the
entire range [0, F,.(R))? If not, what is the range of Ey
for which P{E(C,) < Ey} decays faster than exponentially?
Indeed, we prove that a phase transition occurs in the behavior
of this probability, i.e., at some point below E,.(R), we
observe an abrupt change between an ordinary exponential
decay to a super—exponential decay. In addition, we consider
the probability P {E(C,,) > Ey}, for Ey > E,.(R), and derive
double—exponentially small lower and upper bounds on it. We
find the largest value Ey, for which P{E(C,,) > Ep} is strictly
positive, thereby proving the existence of exceptionally good
codebooks.

The remaining part of the paper is organized as follows. In
Section 2, we establish notation conventions. In Section 3, we
formalize the model, the decoder, LD quantities, and provide
some preliminaries. In Section 4, we summarize and discuss
the main results, and provide numerical example for the binary

"More specifically, for every € > 0, P{E(Cn) < Ew(R) + €} converges
to one exponentially fast as n — oo.

z—channel. Sections 5, 6 and 7 include the proofs of our main
theorems.

II. NOTATION CONVENTIONS

Throughout the paper, random variables will be denoted by
capital letters, realizations will be denoted by the correspond-
ing lower case letters, and their alphabets in calligraphic font.
Random vectors and their realizations will be denoted, respec-
tively, by boldfaced capital and lower case letters. Their alpha-
bets will be superscripted by their dimensions. For a generic
joint distribution Qxy = {Qxv (z,y),z € X,y € YV}, which
will often be abbreviated by (Q, information measures will be
denoted in the conventional manner, but with a subscript @,
that is, Io(X;Y) is the mutual information between X and
Y, and similarly for other quantities. Logarithms are taken to
the natural base. The probability of an event £ will be denoted
by P{€}, and the expectation operator will be denoted by E[-].
The indicator function of an event £ will be denoted by Z{£}.
The notation [¢], will stand for max{0,t}.

For two positive sequences, {a,} and {b,}, the notation
a, = b, will stand for equality in the exponential scale,
that is, lim,,_,~,(1/n)log (a,/b,) = 0. Similarly, a, < b,
means that limsup,,_,..(1/n)log (a,/b,) < 0, and so on.
Accordingly, the notation a,, = e~"°° means that a,, decays
at a super—exponential rate (e.g. double—exponentially).

By the same token, for two positive sequences, {a,,} and
{bn, }, whose elements are both smaller than one (for all large
enough n), the notation a,, = b, will stand for equality in the
double—exponential scale, that is,

1 log b,,
lim log< 08 ) =0. “4)
n—oo n log ay,
Similarly, a,, % b, means that
1 logb
lim sup = log (Og”> <0, (5)
n—oo N log a,
and a,, 2 b,, stands for
1 log by,
Hminflog( 8 ) > 0. (6)
n—oo 1 log a,

The empirical distribution of a sequence € X", which
will be denoted by 15:0, is the vector of relative frequencies,
Pw(a:), of each symbol z € X in x. The joint empirical dis-
tribution of a pair of sequences, denoted by Pmy, is similarly
defined. The type class of Qx, denoted T (Qx), is the set of
all vectors x € X" with Pm = @Qx. In the same spirit, the
joint type class of Qxy, denoted T(Qxy), is the set of all
pairs of sequences (x,y) € X™ x Y™ with Pwy =Qxy.

Throughout the paper, we will make a frequent use of the
fact that
k

i:an(i) = max ay(i) 7
i=1

1<i<kn

as long as {a, (i)} are nonnegative exponential functions of
an integer n and k,, = 1. This exponential equivalence will be



termed henceforth the summation—maximization equivalence
(SME). The sequence k,, will represent the number of type
classes possible for a given block length n, which is polyno-
mial in n.

III. PROBLEM FORMULATION

Consider a DMC W = {W (y|z), = € X, y € Y}, where
X and Y are the finite input and output alphabets, respectively.

When the channel is fed with a sequence © = (z1,...,2,) €
X", it produces ¥y = (y1,...,Yn) € Y™ according to
n
W(ylz) = [T W(yelzo). 8)
t=1
Let C,, be a codebook, i.e., a collection {xq, ®1,...,&r—1}

of M = e"® codewords, n being the block—length and R
the coding rate in nats per channel use. When the transmitter
wishes to convey a message m € {0,1,..., M — 1}, it feeds
the channel with x,,. We assume that messages are chosen
with equal probability. We consider the ensemble of constant
composition codes: for a given distribution Q) x over X, all
vectors in C,, are uniformly and independently drawn from
the type class 7 (Qx). As in [7], [12], we consider here the
GLD, which is a stochastic decoder, that chooses the estimated
message M according to the following posterior probability
mass function, induced by the channel output y:

D = oexp{ng( Po,y)}
where P, ,, is the empirical distribution of (z,,,y), and g(-)

is a given continuous, real-valued functional of this empirical
distribution. The GLD provides a unified framework which
covers several important special cases, e.g., matched likelihood
decoding, mismatched decoding, ML decoding, and universal
decoding (similarly to the a-—decoders described in [13]).
In particular, we recover the ML decoder by choosing the
decoding metric

9Qxy) =8> > Qxv(x,y)logW(ylz),

TeEX yey

(10)

and letting 5 — oo. A more detailed discussion is given in
[12].

The probability of error, associated with a given code C,
and the GLD, is given by

F.(Cn)

M—
1= g exp{ng(Pe

W y|mm : M—1
m=0 yeyn Zmzo exp{ng(P,

)t

Pany)}
(1D

For the constant composition ensemble, Merhav [7] has
derived a single—letter expression for

E.(R) = lim {-ZE[log P.(Cn)]} . (12)

In order to present this expression, we define first a few

quantities. Define the set Q(Qx) = {Qxx’ : Qx' = Qx}
and
R, = cy) — Io(X;Y)}+ R,
(R, Qy) meefg?gm@y){g(@xy) al )}
13)

where S(Qx,Qy) = {Qgy : Io(X;Y) <R, Qg = Qx}

as well as
D@y R) = min {D(Qyix|[W|Qx) + Io(X';Y|X)

YIX X!
a(R,Qy)} —9(Qxy)l+}s
(14)

+ [max{g(Qxv),

where D(Qy|x|[W|Qx) is the conditional divergence be-
tween Qy|x and W, averaged by Qx:

D(Qyx|IW|Qx)

= Qx(x) Y Qyx(ylz)log

reX yey

Qyx (ylr )_

15
W)~

The TRC error exponent is given by [7]

E..(R)
{T(Qxx+,R) + Ig(X; X') — R}.

(16)

= min
{Q(Qx): Io(X;X")<2R}

In the sequel, we prove that the exponent F,. (R) is the exact
value around which the random variable E(C,,) concentrates,
as was partially implied from the proof in [7, Sec. 5.2]. The
expurgated exponent F., (R), proved in [12], has exactly the
same expression, but with the minimization constraint in (16)
Io(X;X") < 2R replaced by Io(X; X’) < R. In case of ML
decoding, define

R, = a Eq[log W (Y| X 17
a(R,Qy) O B ) QllogW(Y|X)] (17
and the set
AR) = {Qxyix : 1o(X;X') <2R, Qx' = Qx,
Eq[log W (Y|X")] > max {Eq[log W (Y[X)], a(R, Qy)}}.
(18)
Then, (16) particularizes to [7, Sec. 4]
E(R)
= i D w Io(X,Y; X') — R}.
o (D@ ix W) + I )- R}
(19)

We are interested in the lower and the upper tails of the
distribution of E(C,,). The first is

P{E(C,) < Eo}, Eo < En(R), (20)

2Note that the expressions of a(R, Qy ), T(Qx x, R), and Ey(R) are
defined in [7] using supremum and infimum. Since all the objective functions
involved in the optimization problems defining these terms are continuous and
the corresponding feasible sets are compact, these supremum and infimum are
in fact achieved by a maxima and minima.



which is the probability of drawing a bad codebook. The

second one is
P{E(C,) > Eo}, Eo> E.(R), 21

which is the probability of drawing a good codebook. Finding
exact expressions for (20) and (21) appears to be difficult. We
derive lower and upper bounds on both (20) and (21).

IV. MAIN RESULTS
A. The Lower Tail

In order to present the error exponents of the lower tail, we
define the quantities:

B(R,Qy) = {9(Qgy) + [R—Io(X;Y)]4},
(22)

A@xx, B) = min {D(@Qyx|[WIQx) + Io(X";Y|X)
Y|X X/

max
{Qxy: Qx=Qx}

+B(R,Qy) — 9(@x'y)}, (23)

and,
V(R, Ey,Qxx) =T'(Q@xx,R)+ R—Ey, (24
E(R, Ey,Qxx') = AMQxx/, R) + R — Ey. (25)

Also, define the sets
L(R,Ey) ={Qxx € QQx):
[2R - IQ(X7X/)]+ Z \IJ(R7E07QXX’)}7 (26)
M(R,Ep) ={Qxx € Q(Qx):
[2R - IQ(XvX/)]-‘r Z E‘(R7 E07 QXX’)}v (27)

and the error exponent functions

E"(R, Ey) = i In(X;X")—=2R],, (28
(1, Eo) e Lol ) J+,  (28)
E(R,Eo)=  min_ [Io(X;X')—2R]+. (29

Qxx'EM(R,Ep)

Our first result in this section is the following theorem, which
is proved in Section V.

Theorem 1: Consider the ensemble of random constant
composition codes C,, of rate R and composition @) x. Then,

P{E(C,) < Eo} < exp{—n-E"(R,Ey)}.  (30)

Also,

P{E(Cn) < Eo} = exp{—n E(R, Eo)}. €29

An expression for the special case of ML decoding can
be derived, but turns out to be relatively cumbersome, since
it consists of a nested optimization problem. Instead, let
us recall the result of [14] (see also [15]), which asserts
that the probability of error for ordinary likelihood decoding
([12, eq. (3)]) is at most twice the error probability of ML
decoding. Hence, it is enough to use the decoding metric
9(Q) = Eg[log W (Y| X)] (here and in all of the results later

on) in order to study the LD rate functions under the ML
decoder. For example, (13) particularizes to

a(R> QY)
= Eg[log W (Y|X)] — Io(X;Y)} + R,
meerg?gx@y){ ollogW(Y|X)] — Io(X;Y)}
(32)
and similarly for I'(Qxx/, R), B(R, Qy), and A(Qxx', R).

We now provide some intuition concerning the term
I'(Qxxs, R), which is encountered numerous times in this
work. For the true codeword x,, and a competing codeword
Z.,, the term I‘(}Smmm,n, , R) is, in fact, the exponential rate

of decay of the sum '

yey‘n.

exp {=n - [max{g(Pe,y), (R, Py)} = g(Pa, )4 }
(33)

where g(Pz,,y) and g(Py_,,) are the respective scores of the
true and the competing codewords, and where «(R, Py) rep-
resents the highest score among all other incorrect codewords
in the codebook®. When averaged over all possible channel
outputs, this sum yields the overall probability that m' is
the decoded message. It follows by the method of types that
for a given empirical distribution Pm,,m, there exist some
Qy|xx, such that the most likely channel outputs are those
in 7(Qy|xx’|%m, ®m), and they have the dominant tone in
this error event.

In order to characterize the behavior of the error exponent
functions (28) and (29), let us first define

E(R)

= in

A L R)+1g(X; X') — R}
{Q(@x): IICI;(X;X/)S2R}{ (@xx, R) of ) }

(34)
The following proposition is proved in Appendix D.

Proposition 1: E*(R, Ey) and E(R, Ey) have the follow-
ing properties:

1) For fixed R, E*(R, Ey) and E}(R, Ey) are decreasing
in Eo.

2) E*(R,Ey) > 0 if and only if Ey < E..(R).

3) E"(R, Ey) > 0 if and only if Ey < E(R).

4) E*(R,Ep) = oo for any Ey < E§"(R), where

Eg"(R)
= Qr(nQin){P(QXX’» R) = 2R — Io(X; X')]4+} + R.
(35)

Note that E(R) is defined similarly as E,(R), with
AMQxx,R) replacing T(Qxx,R). Generally, E(R) >
E..(R), but in some special cases, e.g. the z—channel and the
BEC, it can be easily proved that E(R) = E,.(R), as can be
seen in Fig. 3 below. Moreover, since E*(R, Ey) is defined

similarly as EP(R, Ep), also with A(Qxx, R) replacing

3 Also find a more comprehensive discussion on this point in [7, Sec. 4].



I'(Qxx’, R), it turns out that for the same special cases,
E*(R, Ey) = EP(R, Ey). Hence, we conclude that there exist
channels for which P {E(C,,) < Ey} has an exponentially tight
expression.

Proposition 1 answers the questions we raised in the
Introduction. First, it asserts that drawing a codebook for
which E(C,) is strictly below the TRC exponent has an
exponentially vanishing probability. This implies that only
for a small fraction of constant composition codes, E(C,)
is significantly lower than the TRC error exponent. Second,
the probability that E(C,,) falls in the range (E§"(R), E..(R))
tends to zero with a finite exponent, but for Ey € [0, E§"(R)),
the probability of E(C,) < Ey converges to zero faster than
exponentially; these codebooks are extremely rare.

We next describe the behavior of EJ"(R). Denote by
Q% x (R) the minimizer of (35) at rate R, and let R* be
the maximal rate for which 2R < Ig«(g)(X; X’) holds. On
the one hand, for any R € [0, R*], the operator []1 in (35) is
active and E3"(R) is given by

= min

{Q(Qx): 2R<I(X;X")}
which is a monotonically increasing function. On the other
hand, if R > R*, the operator []; in (35) is neutral and
Eg"(R) coincides with the TRC error exponent E,. (R). Fig.
1 illustrates the error exponents, as well as Eg"(R), for the bi-
nary z—channel with crossover parameter 0.001, the symmetric
input distribution, @ x = (1/2,1/2), and the ML decoder. The
highest transmission rate is R =2 0.685 [nats/channel use]. As
can be seen in Fig. 1, the exponent E,(R) lies between E,(R)
and E.(R), a fact that was already asserted for a general
DMC in [7]. Moreover, E,.(R) is strictly higher than E.(R) for
relatively low coding rates, and above R = 0.279 [nats/channel
use], they coincide, i.e., the random coding error exponent
provides the true exponential behavior of the typical codes
in the ensemble. As for Ej"(R), we observe the following
phenomena: First, note that E5"(0) = 0, which means that all
codebooks that have a sub—exponential number of codewords
are drawn with a finite exponent. Second, in the range (0, R*),
Eg"(R) is linear and divides the range [0, E.(R)) into two
intervals; in (E§"(R), E..(R)) — an exponential decay with
a finite exponent, and in [0, E§"(R)) — a super—exponential
decay. Third, for rates above R*, the curves Ej"(R), E..(R),
and E,(R) are all equal. We conclude that for relatively
high rates, P{E(C,) < E..(R)} converges to zero super—
exponentially fast, a fact that was already proved in [11, Th.
51

In order to gain some intuitive insight behind the various
types of behavior of E™(R, Ep), it is instructive to examine
the properties of the type class enumerators,

M-1

NQxx)E D Y T{(Xm Xm) € T(Qxx)},

m=0 m’#m
(37
which play a pivotal role in the proofs of the main results of
the paper. The summation (37) contains M (M — 1) = e"2E
terms. Borrowing from the terminology of binomial random

Fig. 1: Various exponents for the z—channel with crossover
probability 0.001.

variables, we refer to it as the number of trials associated
with N(Qxx/). The expectation of each binary random
variable in (37) is given by P{(X,,, X,v) € T(Qxx/)} =
e~™1e(X5:X") which is referred to as the success probability.
Unlike its one—dimensional counterpart [16]-[18], N(Qx x’)
is not a binomial random variable, since its terms are not
mutually independent.

We distinguish between two kinds of joint compositions.
On the one hand, we have the joint types ()x xs for which
Io(X;X') < 2R, ie., the exponential rate of the number of
trials is higher than the negative exponential rate of the suc-
cess probability. Thus, with overwhelmingly high probability,
the respective N(Qxx/) will concentrate around its mean,
exp{n(2R — Io(X; X"))}. Such compositions are referred to
as typically populated (TP) type classes. On the other hand,
for Qxx/ with Ig(X;X’) > 2R, N(Qxx’) = 0 with high
probability. These compositions are referred to as the typically
empty (TE) type classes.

For Ey € (E§"(R), E..(R)), let us denote the minimizer of
E*(R, Ey) by Q% x.. Then, the dominant error event is due
to pairs of codewords with joint empirical composition Q% .
In this range of exponents, all TP type classes are populated,
as well as all TE type classes with I (X; X') < Io-(X; X').
The rest of the TE type classes, those with higher value of
Io(X;X'), are still empty (see Fig. 2b). These are the joint
type classes of the “closest” pairs of sequences in X", in the
sense of high empirical mutual information.

When Ey = E§"(R), the constraint set L(R, Ey) becomes
empty, all TE type classes become populated (see Fig. 2a) and
E*(R, Ey) jumps to infinity. In some sense, the curve Ef"(R)
exhibits a phase transition. When Ey > E§"(R), the minimum
“distance” between pairs of codewords is still positive, but
when Ey < E§"(R), this minimum distance vanishes.

For Ey < Eg"(R), the super—exponential behavior of
P{E(C,) < Ey} follows from the result of Lemma 5 in
Appendix B, which states that P{N(Qxx/) > e™} tends to



(c) Around the E.(R)

(d) Eo € (Ew(R), Ex(R))

Fig. 2: Typical populations for different Ej values. The center
is the true codeword and each concentric circle around it
represents a conditional type class. The radii of the concentric
circles represent distances between codewords, which are mea-
sured by the empirical conditional entropy (also proportional
to the negative empirical mutual information), induced by
the joint composition of the codewords. Dots denote the TP
type classes and circle—dots represent the TE type classes. TP
type classes are the sets of relatively distant codewords; they
include all joint compositions Qxx+ with Io(X; X') < 2R.
Red dots/circle—dots mean empty type classes. For larger F
values, the minimum distance between codewords increases.

zero faster than exponentially for any TE type class. Now, if
all TE type classes are populated by exponentially many pairs,
then codebooks with exponentially many identical codewords
also exist in the range of these low exponents. Consider
the set D,, = {C,} of codebooks, such that in each one
of them, every TE type class is populated by exponentially
many pairs of codewords. Obviously, E(C,) < Eg"(R) for
every C, € D,, and it turns out that this set has, in fact,
a double—exponentially small probability. To see why this is
true, consider the following upper bound, which only requires
from some e™¢ codewords to be identical:

ekt 1 e
P{C, € D,} < = (38)
e <2< (0 ) (pregen)
o enR
= (6”6) ~exp{—nHg(X)e™}. (39)
The binomial coefficient is upper—bounded as
enR
(e”f) < exp{nRe"}, (40)
hence,
P{C, € Do} < exp {—n(Ho(X) — R)e"™},  (41)

which decays double-exponentially fast, since R <

Io(X;Y) < Ho(X).

At last, we prove that a concentration property holds:
Proposition 2: E(C,,) concentrates at E,.(R) as n — oo.

Proof: On the one hand, it follows by Theorem 1 and Propo-
sition 1 that for every ¢ > 0, P{E(C,,) < E..(R) — €} — 0,
exponentially fast, as n — oco. On the other hand, the proof
in [7, Sec. 5.2] implies that for every ¢ > 0, P{E(C,) <
E..(R) + ¢} — 1, also exponentially fast, as n — oo.
Combining these two facts, it follows that E(C,,) concentrates
at E,.(R).

B. The Upper Tail

In this subsection, we study the probability
P{E(C,) > Eo}. On the one hand, we are interested in
lower-bounding the probability P {E(C,,) > Fy}, such that
we can assure the existence of good codebooks. On the other
hand, we would also like to provide a tight upper bound on
this probability, in order to prove that above some critical
exponent value, codebooks cease to exist. We begin with a
few definitions. Let us define the sets

V(R,Eg) = {Qxx € Q(Qx): Io(X;X') <2R,

A@xx:, R) + Io(X;X') = R < By}, (42)
U(R, Ey) = {Qxx € Q(Qx) : Io(X;X') < 2R,
I'Qxx,R)+ Io(X;X")— R< Ep}, (43)
and the error exponent functions
E*(R,Ey) = max min{2R — Io(X; X'),
SRE) = mex o min2R - Io(X: X))
E"(R, Ey) = max ){QR —Io(X; X"} (45)

Qx x'€U(R,Ey

The main result in this subsection is the following theorem.

Theorem 2: Consider the ensemble of random constant
composition codes C,, of rate R and composition () x. Then,

P{E(C,) > Eo} < exp{—exp {n- E*(R, Eo)}}.  (46)
If By € (E.(R), E.(R)), then
P{E(C,) > Eo} > exp{—exp{n- E"(R, Eo)}}. (47)

The proofs of (46) and (47) appear in Sections VI and VII,
respectively. The double—exponential behavior indicates that
the relative number of very good codebooks is extremely
small.

The restriction to (E,.(R), E.(R)) in the lower bound of
Theorem 2 stems from the technical condition of [19, Th.
9], which is equivalent to the one found in the Lovasz local
lemma [21]. If a large number of events are all independent
and each has probability less than 1, then there is a positive
probability that none of the events will occur. The Lovész
local lemma allows one to slightly relax the independence
condition, as long as the events are only “weakly” dependent
in some sense. More specifically, referring to the type class
enumerator N(Qxx-), it turns out that if Io(X;X’') > R,



then the binary random variables composing N(Qxx/) are
only weakly dependent, and the probability P{N(Qxx/) =
0}, which appears in the derivation of the lower bound of
Theorem 2, can be lower-bounded using the Lovdsz lo-
cal lemma by exp{— exp{n(2R — Io(X;X"))}}. Otherwise,
when I(X;X') < R, this probability is very small, but it
cannot be lower-bounded by the Lovasz local lemma, since
its condition is not met. In our setting, the condition of the
local lemma is met, as long as the number of codewords is
not too high, which results in an upper bound on Ej, given
by E.(R).

In order to characterize the behavior of the error exponent
functions (44) and (45), we provide the following proposition,
which is proved in Appendix E.

Proposition 3: E"(R, Ey) and E*(R, Ey) have the follow-
ing properties:

1) For fixed R, E™(R, Fy) and E*(R, Fy) are increasing
in EQ.

2) E®(R, Ep) > 0 if and only if Ey > E.(R).

3) E*(R, Fo) > 0 if and only if Ey > E(R).

Recall that for the typical code, i.e., any code with E(C,,) ~
E..(R), all TP type classes are populated and all TE type
classes are empty (see Fig. 2c). Now, for any FEjy in the
range (E.(R), E,(R)), all TE type classes are still empty,
but now, also all TP type classes that are associated with the
set U(R, Ey) are also empty (see Fig. 2d). The dominant error
event in these codebooks is caused by relatively distant pairs
of codewords that have a joint composition @)% y,, which is
the maximizer of (45). We conclude that F.,.(R) exhibits a
phase transition in the Ej axis. Below the E,.(R) curve, TE
type classes become populated, and above it, TP type classes
become empty.

_ When Ej reaches E,(R), the set U(R, E,,) is a subset of
UR) = {Qxx € Q(Qx) : R < Io(X;X') < 2R}, and
thus

E*(R,E,) =

ut

max {2R —Io(X; X’
ul ){ al )}

) ex

(48)

<max{2R — Io(X; X')} = R.
U(R)

(49)

It means that the lower bound of Theorem 2 is at least as
high as the probability of any codebook in the ensemble,
given by = exp{—nHg(X)e™?}, which implies the existence
of codebooks with E(C,) ~ E.(R). We have the following
corollary, which is proved in Appendix F.

Corollary 1: 1f Ey < E,(R), then there exists at least one
code with E(C,,) > Ejy.

Fig. 3 illustrates the upper tail exponents (44) and (45) for
the binary z—channel with crossover parameter 0.001, rate R =
0.2, the symmetric input distribution, Qx = (1/2,1/2), and
the ML decoder. Due to the restriction in the lower bound
of Theorem 2, note that E’(R, Ey) is applicable as long as
0 < E*(R,Ey) < R, while E*(R, Ey) is applicable for any
Fy, but is truncated to R for relatively high Ey. The lowest
Ey for which E**(R, Ey) = R is approximately 0.873, which
is strictly lower than the straight-line bound E,(R) ~ 1.122,

but the truncation* to R prevents® us from deducing a tighter
upper bound to the reliability function. In the entire range
(Ew(R), E,(R)), both E*(R, Ey) and E**(R, Ey) are strictly

positive, such that the lower and the upper bounds on the
probability of the upper tail are double—exponentially small.

0.2

0.15

0.1

0.05

|
0.7
Ly

0.6 0.8

Fig. 3: Upper tail double—exponential rate functions for the
z—channel with crossover probability 0.001 and R = 0.2.

V. PROOF OF THEOREM 1

A. An Upper Bound on the Probability of the Lower Tail

Let C,, be a constant composition code of rate R and
blocklength n and let g > 0 be given. Then,

P{—llogmcn) < Eo}
n

1 M-—1
LYY Y welen

m=0 m/#m yeym
. exp{ng(ﬁ)mm/y)} > —n-FEy (50)
th eXp{’n’g(PmﬁLy)} B

Let

Zm(y) = Z eXp{ng(anmy)}a

m#m

(51

fix € > 0 arbitrarily small, and for every y € Y, define the
set

B.(m,y) = {Cn i Zm(y) < exp{na(R - e,Py)}} (52)

4We conjecture that this truncation to R is artificial, and can be removed
by deriving tighter LD bounds. More specifically, a tighter version of Fact 1
(Appendix A), which may lead to a tighter result in Lemma 2 (Appendix B),
which, in turn, may provide a tighter upper bound in Theorem 2

SHad the double—exponential rate of the upper bound strictly bigger than
R, we were able to conclude the absentee of codebooks with error exponents
above some threshold.



Following the result of [12, Appendix B], we know that,
considering the ensemble of randomly selected constant com-
position codes of type Q) x,

P{B.(m,y)} < exp{—e"* + ne+ 1}, (53)

for every m € {0,1,...,M — 1} and y € V", and so, by the

union bound,

M-—1
P U Bm,y)

m=0 ye)yn

SP{B.} (54)
M—1

<3 Y B{B(m.y)} (55)
m=0 yey"
M—1

< Z Z exp{—e" + ne + 1} (56)
m=0 yeyn

= "B Y|" - exp{—e™ + ne+ 1}, (57)

which still decays double—exponentially fast. Thus,

1
P {_nlogH(C’ﬂ) < Eo}

LY T YW

m=0 m/#m yeyn

exp{ng(Pz,.y)}
exp{ng( wmy)}"‘Z (v)

ZZZ

m=0 m/#m yeym

exping(Po,0)b E}
)

(Ylzm)

> e_"'EO} (58)

=PC, € B, (ylxzm)

exp{ng(P. my)} + Zm

1P{C, eBE,MZ Y T w

m=0 m’#m yeyn

exp{ng( @ /y)} >e_"'EU} (59)
(y)

“exp{ng(Pe,y)} + Zm
<P{C, € Bg,% Z Yo D Wiylen)

m=0 m/#m yeyn

« min {1 xp{ng(Pe, )b }
exp{ng( -6 Py)}

(60)

| mm

wmy)} + exp{na(R
> e_"EO} -HP’{C € B}

=P cneB°MZ o> w

m=0 m/~m yeyn
X exp {— - [max{g( zmy) a(R — e,Py)}
- Q(Pm,,,“y)h} > e*"'EO} +P{C, € B.} (61)

(Ylzm)

M-1
. 1 .
=P<(C, € B, i Z Z exp{—nl'(Pz,z,,R—€)}

m=0 m'#m

> e—n~E’U }

iMz_:l Z o (Popa , R—
M

m=0 m/#m

(62)

e h L (63)

where in (60), the inner terms in the first expression of
(59) were upper—bounded according to (52) as well as the
trivial upper bound of one, and the indicators of the second
summand were trivially upper—bounded by one. In (61), we
used the SME (7). In (62), the inner—most sum over y € J"
was evaluated using the method of types, with the functional
I'(Qxx/, R) defined in (14) (see [12, Sec. 5] for more details),
and the fact that P{B.} is double—exponentially small was
used. One of the difficulties in the statistical analysis of
N(Qxx-) (37) is that it is the sum of dependent® (though pair-
wise independent) binary random variables. This is different
from the more commonly encountered type class enumerators
(see, e.g., [16], [17], [18]), which are sums of independent
binary random variables. Hence, existing results concerning
the LD for type class enumerators of independent variables
are not applicable, and thus, more refined tools from LD
theory are required, like those of [19], that will allow us to
handle dependency between terms’. In spite of the statistical
dependencies, it turns out, that the LD behavior of N(Qx x/)
and the ordinary type class enumerators are the same. This can
be seen in the following theorem, which is proved in Appendix
B.

Theorem 3: For any s € R,

P{N(Qxx:) > e"} = e ERQS) (64)
where,
E(R,Q,s) =
[IQ(X;X’)—QR]+ [2R—IQ(X;X’)]+28 65
50 2R—Io(X; X, <5 -~ ©

Then, we rewrite (63) in terms of the enumerators N (Q x x/)
and get

1
P {_n log P.(Cy,) < Eo}

éP Z N(QXX/)exp{—n~F(QXX'7R—E)}
Qxx€9(Qx)
> e’ﬂ'(R—Eo)} (66)
=P max N Nexp{—n-T R —¢€
{QXX’GQ(QX) (QXX ) p{ (QXX )}
en.(Ron)} (67)

This dependence can be demonstrated by the following extreme example.
Let Qx be uniform over X and let Q x x/ (z, ') = 1/|X| whenever x = z’
and Qx x/(x,z’) = 0 otherwise. Then, without any prior knowledge, for
every m’ # m, P{Xm =X} = P{(Xm,Xm) €T Qxx)} =
exp{—nlg(X;X’)}, where Io(X;X’) = log|X|. Now, conditioned on
Xo = X1 and X1 = X, it holds that Xy = X o with probability 1.

7 Also refer to [20, Sec. IV-C], where bounds from [19] were used to handle
weak dependencies in joint types.



=P¢ U N@xx)exp{-n T(Qxx,R-e)}
Qxx€2(Qx)
Z en~(R—E0)} (68)
= > P{N(Qxx)exp{-n-T(Qxx,R—e)}
Qxx€2(Qx)
Z en-(Rng)} (69)
. Qxxr'réaQX(Qx)P{N(QXX/)
>exp{n- (V(R ¢ Eo,Qxx/)+e€)}t}. (70)

where the steps to (67) and (70) are due to the SME of (7).
Define the set Sc(R, Ep) = {Qxx' + 2R — Io(X; X")] >
U(R — €,Ey,Qxx’) + €}. Thanks to Theorem 3, the last
expression decays exponentially with rate E*°(R, Ey, €), which
is given by

E;:h(Ra EOa 6)
[IQ(X; Xl) - 2R]+

_ min { Qxx' € Se(R, Ep)
QXX'EQ(QX) oo

Qxx' ¢ Se(R, Ep)
(71)

[Io(X;X') —2R], (72)

= min
Qxx'€2(Qx)NS(R,Eo)

with the convention that the minimum over an empty set is
defined as infinity. Due to the arbitrariness of € > 0, it follows
that

P{_ilogﬂ(cn) < Eo} < exp{—n- E(R, Eo)}, (73)

which proves the upper bound of Theorem 1.

B. A Lower Bound on the Probability of the Lower Tail

For a given m, m’ # m, and y € Y™, define

Zm (Y) = Z exp{ng( wmy)} (74
me{0,1,.... M—11\{m,m’}
Let 0 > 0 and define the set
By(o,m,m’,y)
={C0s Zum(y) zexp{n- (BRP) +0)}}, (79

and its complement G, (o, m,m’,y), where 3(R, Qy) is de-
fined as in (22). Let

M—-1

= U U Bulemm'yy), (76
m=0 m/#m yeym
and
Gn(0) = B; (o). (77)
Let € > 0 be arbitrary and define
[\(QXXU R7 6)
= Qmin {DQyxIW]Qx) + Io(X";Y|X)
\ b ed
+ max{g(Qxy), B(R, Qy) + ¢} —g(Qxrv)]+}.  (78)

We get the following

1
P {_n log P.(C,) < Eo}

M-1

S STD DI W

(ylzm)
m=0 m’#£m yeYyYn
e”g(ﬁ)mm/y)
« i _ > e E0 L (79)
eng(Pmmy) —+ eng(Pmm,y) + me’ (y)

>P{Cn € Gnle

Z > 2 Wiylew)

m=0 m’#m yeyn

ng(Pw 'y)

m

X - = > e o b (80)
en9 (P, y) +e"g( mm/y) + Zm ,(,y)

Z > D Wiylwn)

m=0 m’#m yeyn

e”g(pmm/y)
X _ > 67n-E(]
en9(Pe,,y) +6ng(Pwm,y) 4 e BRBy)+e] T

>P{Cy € Gnle

(1)
i P Cn e gn Z Z Z W y|wrn
=0 m/Fm ey
x e max{g(Poy,y) B Py +eb=9(Pa, )]+ > o=neFo
(82)
- IP {Cn € Qn(e)v
1 M-1 o
M Z Z e—n~A(Pmmmm,,R,e) > e_n'Eo 83)
m=0 m’#m
- IP) {Cn € Gn(e)?
Yo N(Qxxr) e A@uxn ) 5 (o) &
Qxx€9(Qx)
(84)

where (79) follows from the definitions of the probability of
error and Z,,,,(y) in (11) and (74), respectively. In (80), we
lower-bounded by intersecting with the event C,, € gAn(E).
In (81), the definition of the set Qn() in (77) was used, in
(82), the exponential equivalence e"? /(e + B 4 ¢nC) =
exp{—n - [max{A, C} — B];}, in (83), the method of types
and the definition of JNX(QXX/, R,¢) in (78), and in (84), the
definition of the type class enumerators N(Q xx-) in (37).

Next, we simplify the expression of ]\(Q xx/, R, ). First,
note that for any () xy with marginals Q) x and Qy

B(R,Qy) = {leyfng?:QX}{g(Q;zy) +[R—I(X;Y))4}
(85)

> {mer:ngig:QX}g(Q;zy) (86)

> g(Qxy). (87)



Then,
AMQxx', R e)
= i {DQyixIWIQx) + o (X':Y1X)
+ max{g(Qxvy), B(R, Qy) + €} — g(Q@x'v)]+} (88)

= Qm‘un {D@Qyx[IW|Qx) + Io(X";Y|X)

+I[B(R,Qy) +€—9(Qxv)l+} (89)

= Qn‘lin ,{D(QY|X”W|QX) + Io(X;Y|X)
+B(R,Qy) — 9(Q@xy) + €} (90)
=AQxx R)+e, 91)

where (89) is due to S(R,Qy) > g(Qxy), (90) is because
B(R,Qy) > g(Qxv), and (91) follows the definition in (23).
Let us now define

gO: Cn:

>

Qxx€2(Qx)
cexp{—n - (A(Qxxr, R) + )} > B0} (92)

such that, continuing from (84):

P{llogmcn) < Eo}
n

N(Qxx)

>P{d(N G0} ©3)
M-—1 N
=P3 () () ) Gnlem,m',y)|Go p -P{Go} (94)
m=0 m/#m yeyn"
M-1 .
=[1=-P U U U B(e,m,m’,y)|Go
m=0 m’#m yeYy»
P{Go} (95)
M-1 .
> 1= 3 3 p{Bulemn y)|Go )
m=0 m/#m yeyn»
P {Go} (96)
M-1
—P{Go} =Y > > P{Bulemmy)nGo}.
m=0 m’#m yey»
97)

Assessing P{Gy} in (97): Now,
P{Go}

=P —n-(MQx x/ R)+e)

>

Qxx€2(Qx)

N(Q@Qxx')-e

N(Qxxr) > en-(A(QXXuRHR—Ewe)}

>fﬁ<R*E®} (98)

P>

Qxx€2(Qx)
99)

F {N(QXX’) > en‘(E(R’EWQxxl)-ﬁ-e)} )
(100)

= max
Qxx€2(Qx)

where (99) and (100) follow by the SME and are similar
to the steps between (66)—(70). Define the set S/(R, Fy) =
{Q@xx 2R — Io(X;X")], > E(R,Eo,Qxx) + €}.
Thanks to Theorem 3, the last expression decays exponentially
with rate E’(R, Ey, €), which is given by

EY (R, Eo, €)
Lo(X;X') —2R],

!
_ min { Qxx € S/(R, Ey)
QXX/EQ(QX) o0

Qxx ¢ SR, Ey)

(101)

= min Io(X;X') - 2R 102

Qxx/EQ(Qx)ﬂS;(R,EO)[ ol ) " (102)
and thus

P{Go} = exp{—n - E"(R, Eo,¢€)}. (103)

Upper—bounding P{B,,(e,m,m’,y) N Gy} in (97): Define
the type class enumerator

Z T{(x
Then, we have the following

P{Bn(€7 'ﬁl, ’ﬁ'L, y) N gO}

QXY

mY) €ET(Qxy)}- (104)

=P Z 9Px ) > o (BRPy)+e)
me{0,1,...,M—1}\{rm,m}
M—-1 R
Z Z e—n‘(A(PXmemR)—i-e) > e"'(R—EU) (105)
m=0 m’#m
<P Z e9(Px5u) > en'(B(R’Py)+e))
me{0,1,...,M—1}
M—-1 R
Z Z ein‘(A(PXm,X,m/aR)*FE) Z en.(R_EO) (106)
m=0 m’#m
=P Z Ny(Qxy )emd(@xv) > en~(B(R,Py)+e)7
QXY
Z N(QXX/)BW'(A(QXX"RHE) > en(B—Eo) (107)
QXX/
=P U {Ny(QXY) > e"'(ﬁ(Rvpy)*g(Qxy)ﬂ)},
Qxvy
U {N(QXX’) > en.(E(R’E07QXX/)+6)} (108)
QXX/
Z Z { (Qxy) '(B(R»Py)—g(Qxy)ﬁ).z,
Qxy Qxx/
N(QXX/)’C Z en-(E(R,Eo,QxX/)+6)~k} (109)
= max max P {N (Qxy)' > e (B(R.Py)—g(Qxy)+e)l
Qxy Qxx/ Y = ,
‘NY(CQXX’)’c > en'(E(R*EOvQXX’)+6)~k} (110)



< max max P {Ny(Qxv)" - N(Qxx')"

xy Qxx/

> ¢ (BIR.Py)=g(Qxy)+e)l | en~(E(R,EO,QXX/)+e)~k} (111)

< max max P {Ny(Qxy)" - N(Qxx')"

Qxy Qxx

> e (R=Io(XY)] 1 +e)l en-(E(R,Eo,Qxfoe)-k} (112)

< max max E [Ny(Qxy)" - N(Qxx1)¥]
T Qxy Qxxs eV ([B-Io(XsY)lpte)l . on (B(R,E0,Qx x/)+e)k’
(113)

where k and [ are arbitrary positive integers, and where (108)
follows from the definition of Z(R, Ey, @xx/) in (25). Step
(111) is due to the fact that P{X > a,Y > b} <P{X .Y >
a - b}, under the assumption that a,b are positive. In (112),
we use the definition of S(R, Qy) in (22), which implies that
B(R,Qy) > 9(Qxy) + [R—Io(X;Y)], and (113) follows
from Markov’s inequality. After optimizing over [ and k,

P{B,(e,m,m’,y) N < max max inf inf
{ n( y) gO} - Qxvy QXX’ leN keN

E [Ny (Qxv)' - N(Qxx)"]
(B To (X)) 191 - gn E(R.E Qxx )k

(114)

For S > 0, a joint distribution Qyy, and an integer j € N,
define the following quantity

F(S,Quv,Jj)

_ { exp{nj (S —Io(U;V))} Ig(U;V) <SS

expin (S — Io(U: V) Io:v)>s - 1)

We use the following proposition, which is proved in Appendix
G.

Proposition 4: Let N(Qxx) and N, (Qxy) be as in (37)
and (104), respectively. Then, for any k,l € N,

E [Ny (Qxy)'N(Qxx)"]

Next, substituting the result of Proposition 4 back into (114)
provides

P{B,(e,m,m’,y) N Go}
. ; e (H[R—Ig(X;Y)]y —[Io(X;Y)—R]4)
o .
= Qv len exp{n- ([R—Io(X;Y)]+ +¢) -1}
o (k- 2R— 1o (X: X))+ —[To(X;X")—2R] 1)

x max inf :
Qxx' keN exp{n - (E(R,Ep,Qxx’)+¢€) -k}

As for the left-hand term in (117), we have that

(117)

en ([R—Iq(X;Y)]4+ —[Iq(X;Y)—R]4)

1
- =1 inf
n QW e ep{n- (R Io(X: V)l +0-1)

1
=- log max inf exp{—n - ([Io(X;Y) — R]+ +l¢)}

Qxv leN
(118)
= min sup ([[o(X;Y) — R]+ + le) (119)
Rxvy |eN
= . (120)

For the right-hand term in (117), we get the following

1 e (k[2R—Iq(X;X")]4 —[Io(X;X")—2R]4)
— —log max inf
n

Qxx keN exp{n - (E(R,Eo,Qxx/)+€) -k}
= min sup(k - (E(R, Eo,Qxx) + €
Qxx' keN
—[2R — Io(X; X')] 1) + [Io(X; X') — 2R]y) (121)

[IQ(X§X/) - 2R]+

= min

{ QXX/GQ(QX): }
[2R—Io(X;X")]+ 2E(R, Eo,Qx x1)+e
(122)
— EM(R, Eo, ¢). (123)
Thus,

P{B,.(c,m,m’,y) N Go} < ™" - exp{—n - E*(R, Eo, ¢)}.
(124)

Final Steps: Finally, we continue from (97) and use the
results of (103) and (124) to provide

P{llogR(Cn) SEO}
n

M—

E]P’{QO}— Z Z Z P{Bn(e7m7m’,y)ﬂgo}

m=0 m’/#m yeyn
(125)

—

> exp{—n - E"(R, Eo, )}

M—1
- Z Z Z e " . exp{—n- E’(R, Eg,€)} (126)
m=0 m/#m yeym
= (1—eR | Y™ e ") - exp{—n- E(R, Eo,€)}
(127

=exp{—n- E(R, Eg,€)}. (128)

Due to the arbitrariness of € > 0, it follows that
1 .
P {— log P.(Cy) < EO} >exp{—n- E’ (R, Eo)}, (129)
n

which proves the lower bound of Theorem 1.

VI. PROOF OF THE UPPER BOUND OF THEOREM 2

Let Zpm: (y), Bn(o), and G, (o) be defined as in (74),
(76), and (77), respectively. One of the main ingredients in
the proof of the upper bound on the probability of the lower
tail in Section V-A is the fact that Z,,(y) is lower-bounded
by exp{na(R, Py)} with a probability that approaches one
double—exponentially fast. In order to prove an upper bound
on the probability of the upper tail, we start by showing
that exp{nS(R, P,)} serves as an upper bound on Z,,,,.+ (y),
simultaneously for every m € {0,1,...,M — 1}, m’ €
{0,1,...,M — 1} \ {m}, and y € V", with probability that
tends to one double—exponentially fast. More specifically, we
have the following result, which is proved in Appendix H.

Proposition 5: For every o > 0,

P{Bn(o)} < exp {—€"}. (130)



We start with

p{- L0 R(C) > B

_P {cn €6u(0), f% log P.(Cy) > EO}
P {cn € B,(0), f%loch(Cn) > EO} (131)

< P{en€ Gulo). 1 105 (C.) 2 Fa |
P{Cn EBn(J)}.

As for the first term,

(132)

_p gzz

m:O m/#m yeyn

C’IL e gn

‘ mm

9P )
x - _ g e—n~E'g
en9(Pzpmy) + en!](Pmm/y) + me,(y)

(133)
M-—1

7DD DI

m=0 m’#m yeyn

ng(I:—’m /y)
X < e*’n-E()
]

end(Poyy) 4 eng( @) | en[B(R,Py)+o] —

<P<C, Egn

(ylzm)

(134)

Z2PLC, €Gnlo

ZZZ

m=0 m/#m yeyn
« e max{(Poy) AR Py +0}=a(Po, )l < o= Fo

(y|xm)

(135)
°p {cn € Gnlo),
1 M—-1 o
_ Z Z e A(Pmmwm/ R,0) < e_”'EO (136)
m=0 m’#m
=P {C, € Gulo),
Z N(QXX’)-e‘”‘f‘(Qxx/aR’a) < v (B=Eo) \ (137
2(Qx)
=P Z N(Qxx)- e~ AMQxx R0) < ¢ (R=Fo)
Q(Qx)

(138)

where (133) follows from the definitions of the probability of
error and Z,,,,v(y) in (11) and (74), respectively. In (134),
the definition of the set _C’;n(o) in (77) was used, in (135), the
exponential equivalence €5 /(e"4 + "B + ") = exp{-—n-
[max{A,C} — B]4}, in (136), the method of types and the
definition of A(QXX:,R o) in (78), in (137), the definition
of the type class enumerators N(Q x x-) in (37), and in (138),
the event C,, € G,,(c) was taken out.

Next,

P{Cn € Gn(0), —% log P.(Cp) > EO}

Py D

Q(Qx)

-n-MQxx/,R,0) < gn-(R—Eo)

[A\o

N(Q@Qxx')-e

(139)

; IP{ max N(QXX') . e_n'A(QXX’vRvg) S en'(R_EO)
2(Qx)

(140)

:]pn

Q(Qx)

N(@xx) < @ R

(141)
where (140) is due to the SME.

If Ey is relatively small, then for every Qxx+ € Q(Qx), €i-
ther Io(X; X') > 2Ror 2R—Io(X; X') < A(Qxx/, R,0)+
R — Ej, and we have an intersection of polynomially many
events whose probabilities all tend to one. Hence, for every
o > 0, we assume that Fj is sufficiently large, so there must
exist at least one Q x x» € Q(Qx) for which I (X; X') < 2R
and A(Qxx/,R,0) + R — Ey < 2R — I(X; X'), such that
(141) decays double exponentially fast, according to Lemma
2 in Appendix B. We define the set

V(R, Eo,0) 2 {Qxx € Q(Qx) : Io(X;X') < 2R,

AMQxx1,R,0) + Io(X; X') = R < Eg}.  (142)
Then,
5 1
P {Cn € gn(U)a _ﬁ logPe(Cn) > Eo}
% P ﬂ {N(QXX’) < en'(A(QXX/,R,o)-‘rR—EO)}
Q(Qx)
(143)

S I[D ﬂ {N(QXX’) S enh(A(QXXMR,O')—FR_EO)}

V(R,Eo,0)
(144)

Since A(Qxx/, R,0)+R—Ey < 2R—I5(X; X'), we obtain

P ﬂ {N(QXX/) < en'([\(Qxxl,R,g'}yR,EO)}
V(R,Eq,0)
(145)
F {N(QXX/) < en.(A(QXX“RvU)J"R—Eo)}
)

(146)

e”R) } (147)

% min  exp {— min (e"(QRle(X;Xl)),
V(R,Eg,0)

—  min exp{ ermin{2R—Io (X;X"), R}} (148)
D(R7E07U)
— exp {7en.max\-j(RyEoﬁ) min{2R7]Q(X;X'),R}} ’ (149)



where (147) follows from Lemma 2 in Appendix B. Let us
define

Ei(R, Ey,0) = max min{2R — Io(X; X'), R},
Qxx'€V(R,Eg,0)
(150)
such that
A 1
P {Cn € Gn(o),——log P.(Cp,) > EO}
n
< exp{—exp {n- Ei(R, Ey,0)}}. (151)

Final Steps: Finally, it follows from (151) and Proposition
5 that

1
P {_nlogpe<cn) > Eo}

<P {C0 € Gulo).~ o8 P(Co) 2 o )

+]P’{Cn c Bn(a)} (152)
% exp {—e”'El(R’EO’”)} +exp{—e"?} (153)
= exp {— exp{n - min[E; (R, Ey, 0),0]}}. (154)

As a last step, we optimize over o > 0, which resulting in
1
P {—1oga<cn> > Eo}
n

% exp {— exp {n - sup min[F1 (R, Ey, 0), 0] }} . (155)
>0

A Simplified Expression: Note that F1 (R, Ey, o) is contin-
uous and monotonically non—increasing in o, hence we can
solve for the optimal o > 0 by finding the maximal o for
which ¢ < Ej(R, Ey,0). Let us abbreviate Io(X;X’) by
Ig, and then

El (Ra EOa U)
= max min{2R — Ig, R} (156)
QXXIEV(R,EQ,U)
= max inf {min{2R — Iy, R
{Qxx€Q(Qx): Ig<2R} inf, {min{ < B}
+p- (Bo — MQxx+, R, 0) —IQ+R)} (157)
= max inf {min{2R — Iy, R}
{Q@xx€Q(Qx): Ig<2R} n=>0
+pu-(Bo—AMQxx,R)—o—Ig+R)} (158)
= max inf {min{2R — Iy, R}
{Qxx€Q(Qx): Ig<2R} n=>0
+pu-(Bo—AMQxx/,R)—Ig+R) — po}, (159)
where (157) is due to (142) and the fact that

max(g; ¢(Q)>o0} f(Q) = maxqinf,>0{f(Q) +p-9(Q)} and
(158) is true thanks to (91). Now, we would like to solve for

S max inf {min{2R — I, R}
{Qxx€Q(Qx): Ig<2R} n>0

+u-(Bo—AMQxx, R) —Ig+ R) — po}t, (160)

which is equivalent to the statement

o <min{2R — I, R}

+,Uw(EO—A(QXXI7R)—IQ+R)—/LU7 (161)
or,
AQxx € Q(Qx) st Ig <2R, Vu2>0:
o< e [min{2R — Iy, R}
+p- (Bo — AMQ@xx, R) — Ig + R)], (162)

or, equivalently,

1
inf - [min{2R — I, R}

o< max n
{Qxx€9(Qx): Iq<2R}p>0 1+ p
+ - (Bo — MQxx/, R) — Iq + R)]. (163)
For simplicity, let us denote
A =min{2R — I, R}, (164)
such that
o< max inf {A+“B} (166)
{Qxx€9(Qx): Iq<2R}p>0 | 14+ p
= min{A, B} (167)

- max
{Q@xx€Q(Qx): Ig<2R}

:max{
rnax{

max{Qyx €2(Qx): Ig<2R, B>0} min{ 4, B}
max(q . €Q(Qx): Io<2R, B<o} Min{A, B}
(168)
max{Q v, €Q(Qx): Ig<2R, B>0} min{A, B}
max{Qy x €2(Qx): Io<2R, B0} B

(169)
= max min{ A, B} (170)
{Q@xx€2(Qx): Ig<2R, B>0}
= max min{2R — I,
Qxx'€V(R,Ep)
Eo—A(QXX/,R) —I@—FR,R} (171)
= E(R, Ev), (172)

where (169) and (170) are due to the fact that A > 0, while
(171) and (172) follow from the definitions in (42) and (44),
respectively. Thus,

P{—lloga(cn) > Eo}
n

% exp {— exp {n -supmin[F; (R, Ey, o), a]}} (173)
>0

=expl —exp{n- sup o
0<o<EX(R,Eo)

= exp {7enE|L|‘lh(RvE0)}

(174)

(175)

and the proof of the upper bound of Theorem 2 is complete.



VII. PROOF OF THE LOWER BOUND OF THEOREM 2
Let the sets B.(m,y) and B, be as defined in (52) and (54),

respectively. Also define G.(m,y) = B:(m,y) and G, = BE.
Let Ey > 0 be given. Then,

P{lloga(cm on}
n

exp{ng( x /y)}
“exp{ng(Pe,y)} + Zun(y)

(176)

< e—TL'EO }

LN S S Wiy

m=0 m’;ém yeyn

exp{ng(Ps, )}
“exp{ng(Pa,y)} + Zu(y)

<e B0 ¢, ege} 177)

EIP’ % i Z exp{—nl"(ﬁmmmm,,R—

m=0 m/#m

<e " C,eG.},

€)}

(178)

where (176) follows from the definitions of the probability of
error and Z,,,(y) in (11) and (51), respectively. Step (178)
follows from the same considerations as in eqs. (59)—(62).
Now, define the event

& =
M—-1
Z Z exp{—nl' (P, R—¢e)} <embod
m=0 m’/#m
(179)
such that, continuing from (178),
P{C, € &, Cn € G}
M-—1
=P () () Ge(m.w)|& p - P{&} (180)
m=0 ye)yn
M—-1
=|1-Ps U U Bem.y)|&op | - P{&} (18D
m=0 yeyn
M-1
> Z > P{B(m,y)&} | -P{&}  (182)
=0 yeyn
M—-1
=P{&}— D > P{B(m,y)N&}. (183)
m=0 yeym

Lower-bounding P{&y} in (183): First of all, note that

P{&}
M-—1

—nI'(Pe, = ,,R—¢) —n-E
= e me®, 10 < e 0
DD

m=0 m’#m

(184)

=P{ Y N(Qxxr)e "N@xx R0 < (R Fo)

(185)

nl(Qxxr,R—€) < on(R—Eo)

Ilo

P< max N /
{Q(fo) (Qxxr)e”

(186)

:[P’ﬂ

Q(Qx)

)

N(Qxx') < e"'(F(QxqufeHRon)}

(187)

where in (185), the definition of N(Qxx-) in (37) was used,
and (186) is due to the SME in (7).

Now, if there exists at least one Qxx/ € Q(Qx) for which
Io(X;X') < 2R and 2R — Io(X;X') > T(Qxx/, R —
€) + R — Ey, then this Qxx alone is responsible for a
double exponential decay of the probability of the event
{N(Qxx:) < e (T(@xx/E=)+R-FEo)1 (thanks to Lemma 2
in Appendix B), such that the probability in (187), which is
of the intersection over all Qxx/ € Q(Qx), decays double
exponentially fast. On the other hand, if for every Qxx/ €
Q(Qx), either Io(X;X’') > 2R or 2R — Io(X;X') <
I(@xx/,R—¢)+ R — Ep, then we have an intersection of
polynomially many events whose probabilities all tend to one.
Thus, this probability is exponentially equal to one if and only
if for every Qxx € Q(Qx), either Io(X;X’) > 2R or
2R—Io(X;X’) <T(Qxx’, R—¢€)+R— Ey, or equivalently,

2R < min Io(X; X'
S QoD o e X
+[M(Q@xx, R—€)+ R— Eo];}. (188)

Let us now find what is the maximum value of F for which
this inequality holds true. The condition is equivalent to

min max {Io(X; X’
QXX,eQ(QX)0<a<1{ ol )

a(T(Qxx,R—e)+R—FEy} > 2R, (189)
or
VQxx: € Q(Qx) Ja€[0,1]:
1o(X;X') +a(T(Qxx, R —¢) + R— Eo) > 2R, (190)
or

VQxx € Q(Qx) Ja €[0,1] :
1
I(Qxx R—e€)+ R+~ (Io(X; X') — 2R) > Ey, (191)
a
or, equivalently,

Eq

< min max {I' "R—€¢)+ R
QXX’GQ(QX)O<G‘<1{ (QXX )

¥ (IQ(X;X') - 2R)} (192)
min r wR—¢e¢)+ R
QXX'GQ(QX [ (@xx )
Io(X;X")—2R 2R > Io(X;X")
+ { o0 2R < Io(x;x7) | (199



- min T(Qxx R—¢)+ Io(X: X') — R
oL mn {M(@xx )+ Ig( ) — R}
Io(X;X)<2R

(194)

< E.(R). (195)

Thus, we assume that Ey > E,.(R), which ensures that there
exists at least one Qxx/ € Q(Qx) for which Io(X;X’) <
2R and I'(Qxx/,R—¢)+ R— Ey <2R —Io(X; X’), such
that the probability in (187) decays double exponentially fast.
Define

A ={Qxx € QQx): Io(X;X') > 2R}
Ay = {Qxx € Q(Qx) : Io(X;X') < 2R,
[(Qxx, R—€)+Io(X;X') — R< Ey+¢} (197)
Az = {Qxx € Q(Qx): Io(X;X') < 2R,
I(Qxx R—e€) +Io(X;X') = R > Ey +¢}. (198)

(196)

Defining the events

Fo= () {N@xx)=0}, (199
Qx x'€A1UA2
and,
F(Qxx) = {N(QXX’) < em(M@Q@xxr R=e)+R=Fo)
(200)
then considering the probability in (187), we have that
IP’{ N f(QXX,)}
Qxx€2(Qx)
=P N F(Qxx) 01)
QXX/eAlUAzuAg
>Pq [ F@xx), () {N@Qxx)=0}
Qxx'€As3 Qxx'€EAIUA,
(202)
=PS (] F@xx)|Fop-P{Fo} (203)
QXXIE.Ag
=1-Pq¢ |J FQxx)|Foy | P{FR} (04
Qxx'E€A3
>1- Y P{FQxx)|Fo} | P{F}. (205
Qxx'E€A3
Next, it follows from Markov’s inequality that
P {N (Qxx) > e MQxx R R~ Fo) ]—'0} (206)
E N ’
[N(Qxx)|Fo] (207)

— en(T(Qxx/,R—€)+R—Eo)

E[S020 S LXKy Xowr) € T(Quex)} | o]
- en (T(Qx x7,R—e)+R—Eo)
(208)
B Ym0 mrm P UK m, Xmr) € T(Qxx)|Fo}
- en-(F(QXX/,Rfe)JrR*EQ)
(209)

< en2h IP{(X(),Xl) € T(QXX’)LFO}
~ en‘(F(QXX/,Rfe)JerEO) .

We continue from (205) and get that

P{ N f(QXXo}
Qxx€2(Qx)

Z B P{(Xy,X1) € T(Qxx')|Fo}

en (N(Qx xr,R—€e)+R—Eo)
Qxx/E€A3

(210)

> 1-

P{Fo} (211)
=P{Fo}

_ Z e P{(Xo,X1) € T(Qxx), Fo} 212)
en‘(F(QXxMR—G)‘FR—EO) ’
QXX/E.Ag

In order to upper—bound the probabilities in the summation in
(212), we define the following truncated enumerators

N(Qxx)
M—-1

2y

m=2m’e{2,3,....M—1}\{m}

I{(wﬂmwm’) € T(QXX/)} )

213)
and the event
A= N {Nexx=o}. @
QxxrEA2
Then,
P{(Xo, X1) € T(Qxx"),Fo}
=P{(Xo,X1) € T(Qxx"),
N {N(QXX’) = 0} (215)

Qxx1€EALUAS

n n

QXX’ cA1UAS m=0

:]P’{(XO,Xl) €eT(QRxx),

N {(Xm, X o) ¢ T(@Xxo}}
m’€{0,1,.... M —1}\{m}
(216)

nn

Qx x/ EALUA, M=2

SP (X07X1)€T(QXX’)7

N {(X X ) ¢ T(@XX»}}
m’e{2,3,....M—1}\{m}
(217)

=P{(Xo,X1) € T(Qxx)}
M1
NN

X IP’{
Qx x1 €EA1UA, M=2

N {(Xm X)) € T(@Qxx0) |
m’'€{2,3,....M—1}\{m}
(218)



=P{(Xo,X1) € T(Qxx')}

Py N {N@Qxx)=0f 219)
Qxx'€EAIUAS
<P{(X0,X1)eT(Q@xx)}
P {F(@Qxx) =0} (220)
Qx x/ €Az
=P{(Xo,X1) € T(Qxx/)} -P{F1}. (221)

Substituting it back into (212), now yields

Py N
Qxx€2(Qx)
> P{Fo}

F(Qxx")

_ Z e . P{(Xo,X1) € T(Qxx'),Fo} 22)
en-(T'(Qxx/,R—e)+R—Eo)

QxxEAs
>P{Fo}
_ Z e P{(Xo, X1) € T(Qxx)} - P{F1}
en (N(Qx x/,R—€e)+R—Eq)
QxxE€As
(223)
=P{Fo}
e P{(Xo,X1) € T(Qxx)}
~P{A} ) o0 @Qxx RB—OFR-Eo)

QXX’ c€As3
(224)

Generally, it follows that P {Fy} < IP{F;}. First, we lower—
bound P {Fy}. The following proposition is proved in Ap-
pendix I:

Proposition 6: If Ey < E,(R), then

max {2R — I(X; X’)}}} .

P{Fo} > - :
(225)

In addition, we can easily prove that under the condition of
Ey < E,(R), P{F1} can be upper-bounded by the same
expression that lower—bounds P { Fy}. We have that

P{F}
—P ﬂ {N(QXX') = 0} (226)
Qxx/€A2

< . pIN ) =0 227
- QXT/HGIAQ { (Qxx) } o2
2 . _ e [ m(2R—Ig(X;X")) nR
< erg}gAz exp { min (e ,e ) } (228)
_ . _ n(2R-Ig(X;X")) 229

er)I(l/HelAz eXP { € } ( :
= exp {— exp {n o maé(Az{?R —Io(X; X/)}}} ’

b o ¢
(230)

where (228) is due to Lemma 2 in Appendix B and (229)
follows from the fact that Fy < E,(R) is equivalent to
ming, ., e, Io(X;X’) > R (Appendix I). Hence,

P{Fo}

=P{F}
max {2R - Io(X; X’)}}} .

o
=exXpq —expqn-
p{-ew{n

x/EA2
(231)
Using the definition of the set A3 provides
P{&}
=P N F@xx) (232)
Qxx€2(Qx)
> P{Fo}
e P{(Xo,X1) € T(Qxx')}
—P{A} Z e (D(Qxx/ R—e)+ R—Eqg)
Qxx/EAs
(233)
n-(2R—Iq(X;X"))
o e
=\1- Z e (T(Qx x/,R—e)+R—Eo)
Qxx/ €Az
. — . 2R - Ip(X; X' 234
eXp{ exp {n o max { al )}}} (234)
= (1 - 67”6)

- exp {—exp {n . QXmX§§A2{2R —Io(X; X')}}} (235)

= exp {—exp {n | max, {2R — IQ(X;X’)}}} .

xx’'E€A2
(236)
Upper—bounding P {B.(m,y) N E} in (183): Recall that
P {Be(ma y) N 50}

Px .. -a(R—¢,P,
=P eng( X 5 v) < e o € y)7

me{0,1,..,M—1}\{m}

M-1 )
Z Z e~ Pxmx,  B=€) < on:(R—FEo)

m=0 m/#m

(237)

In order to upper—bound this probability, we do the following.
In the first event, instead of summing over {0,1,..., M —
1} \ {m}, we sum over {|M/2], |M/2| +1,....,M — 1} \
{m}, and in the second event, instead of summing over
{(m,m’) : m,m’ € {0,1,...,M — 1}, m # m'}, we sum
over N2 = {(m,m’) : m,m’ € {0,1,...,|M/2] -1}, m #
m'}, hence, the two events become independent:

P {Be(mv y) n 50}

<P >

me{|M/2],..,M—1}\{m}

>

(m,m’)eN?

eng(ﬁxmy) é en'a(R*Qﬁy)

x P e_nr(pXme/vR_e) < en'(R_EO)

(238)



As for the first factor in (238), note that its sum has exponen-
tially many terms as Z,,, (y), and hence is also upper—bounded
as in (53). The second factor in (238) can be upper—bounded
using similar analysis as in the proof in Section VI, which
results an upper bound similar to (230). Thus,

P{Be(m7y> n 50}
<exp{—e" +mne+ 1}

- ex —eXxX mn -
p{ p{ Q

Final Steps: Finally, we continue from (183) and use the
results of (234) and (239) to obtain

P{lloga(cn) on}
n

s, (27~ (i X} |
(239)

M-1
>P{&}— Y. Y P{B(m,y)n&} (240)
m=0 ye)yn
> exp {exp {n o max, {2R - IQ(X;X’)}}}
xx/EA2
M-1
- Z Z exp{—e"* + ne+ 1}
m=0 ye)yn

- exp {—exp {n . QXmexécAQQR —Ip(X; X’)}}} (241)

— (1 _ enR . |y|n . exp{_ene 4 ne+ 1})

o { e {n- max, (2R-To(XiX) 1} @42

2 exp{—exp {n.Q max {2R — IQ(X;X’)}} ,

xx/EA2
(243)
which proves the lower bound of Theorem 2.

APPENDIX A
Preliminaries

The main purpose of this appendix is to provide the general
setting and the main results that are borrowed from [19].

Let {Ug }eic, where K is a set of multidimensional indexes,
be a family of Bernoulli random variables. Let G be a
dependency graph for {Ug}rxeix, i-e., a graph with vertex
set K such that if A and B are two disjoint subsets of /C,
and G contains no edge between A and B, then the families
{Uk}rkea and {Ug}rep are independent. Let S = 3, i Uy
and A = E[S]. Moreover, we write 4 ~ j if (¢,7) is an edge
in the dependency graph G. Let

P = E[U;], Al
rzne%é( [U;] (A.T)
Q= > E[U, (A2)

JEK g~
Q= ;
max E[U;], (A.3)
JeEX,j~1

and

(A4)

@:%Z S U

e jek,j~i

The following result will be used in the proof of Lemma 2 in
Appendix B:

Fact 1: With notations as above, [19, Th. 10] states that
forany 0 <a <1,

P{S < aA}

2
< exp {— min <(1 — a)zwAm, (1- a)é) } .
(A5)

The following result will be used in the proof of Lemma 6 in
Appendix B:

Fact 2: With notations as above, [19, Th. 3] states that,

A2 A A
= < — 1 _— ., — .
PS =0} exp{ mm(s@’m’ 2>}

Next, define p(x), 0 < o < e~!, to be the smallest root ¢ of
the equation

(A.6)

t = et (A7)

It is well known that ¢(z) is well defined in [0,e7!], in
particular, p(x) = 1+ + O(2?). The following lower bound
will be useful in the proof of Proposition 6 in Appendix I.

Fact 3: With notations as above, suppose further that Q +
® < e~ ! Then, with ¢ defined by (A.7), [19, Th. 9] states
that

P{S =0} > exp{—A-p(Q+ P)}. (A.8)

APPENDIX B
Proof of Theorem 3

Let us abbreviate Z(m,m’) 2 T{(®m,xm ) € T(Qxx)}s
such that the enumerator N(Qxx-) can also be written by

>

(m,m")€[M]3

NQxx') = Z(m,m’), (B.1)

[M]? is an abbreviation for the set

m,m’ € {0,1,...,M —1}, m #m'}.

where the set
{(m,m’) :
Before proving Theorem 3, we start with the following

series of partial results, that are going to be instrumental in
proving Theorem 3.

Lemma 1: For any two pairs (i, ), (i,k) € [M)2, j # k,

E[Z(i,7)Z(i, k)] = exp{—2nlo(X; X")}. (B.2)



Proof: Since all codewords are independent, it follows by the
method of types that

E[Z(3,5)Z(i, k)]
=P{(X:, X;) € T(Qxx'), (X4, Xi) € T(Qxx')}
(B.3)
€T (Qx)

-]P){(CE,XJ') S T(QXX/), (:B,Xk) S T(QXX/)} B.4)
Y P{X; =z} P{(z,X;) € T(Qxx)}

zeT(Qx)

P{(z, X) € T(Qxx)} (B.5)
= > P{X;=a} exp{-nlo(X; X")}

zeT(Qx)

~exp{—nly(X;X')} (B.6)
= exp{—2nlo(X; X")}, (B.7)

where (B.5) is because X ; and X, are statistically indepen-
dent. Lemma 1 is proved.

Now, we have the following Lemma, which proposes an
upper bound on the probability of the lower tail in the case of
TP type classes.

Lemma 2: Let € > 0 be given. Then, for any Q) xx/ such
that Io(X; X') < 2R —¢,

P{N(Qxx') <e ™ -E[N(Qxx)]}

% exp {— min (e”(QR_IQ(X;X/)), e"R)} . (B.3)
Proof: We use the result of Fact 1, that appears in Appendix
A. In our case, we have @ = e~ "€ and A = n(2R—Io(X;X"))
and it only remains to assess the quantities © and 2. One can
easily check that the indicator random variables Z(%,j) and
Z(k,1) are independent as long as i # k and j # [. Thus, we
define our dependency graph in a way that each vertex (4, )
is connected to exactly e 4 "% — 2 vertices of the form
(i,1), 1 # j or (k,j), k # 4. If the vertices (4, ) and (k,[) are
connected, we denote it by (¢,5) ~ (k,1). Using the result of
Lemma 1, we get that

1 .
0=35 > E[Z(i,/)Z(k,1)] (B.9)
(L) EIMI2 (kD)E[M]2,(k,1)~(i.5)
1 7
- 562711% . (enR + enR _ 2) . e—QTLIQ(X;X ) (BIO)
= en(BR=2Ig(X;X’ ) (B.11)
and
Q= max E|Z(k,I B.12
(i.9)e[M2 - (k0] .12
(k.)E[M]2 (K, D)~ (i.5)
= ("R 4 "B _ 9). ¢ (XX (B.13)
= UB-1e(X:X) (B.14)
Then,
A n(2R—Iq(X;X"))
2.¢ R, (B.15)

60 en(R—Ig(X:X")) —

and,
A2 en(AR—2I (X;X"))
= ~ —~ (B.16)
80 +2A  en(BBR-2Io(X;X)) 4 en(2R—Io(X;X))
en(2R—Io(X;X"))
T (R Ig(XiXN) 1 (B.17)
en(2R—Io(X;X"))
= R I (XiX Ty (B.18)
Hence,
IP){N QXX/ 67716 E QXX’)]}
o e (2R—Iq(X;X")) -
< exp { — min ST (B.19)
= exp — min ( n(2R-1q(X;:X")) nR) } _ (B.20)

Now, if Io(X; X") < R, we get

P{N(QXX/) <e M. E[N(QXX/)]} S exp {_enR} :

(B.21)
and otherwise, if R < Io(X;X') < 2R —¢,
P{N(Qxx') <e ™ -E[N(Qxx)]}
% exp {—e”(QR_IQ(&XI))} (B.22)
<exp{—e"}, (B.23)

which completes the proof of Lemma 2.

Before moving on to the upper tail, we need the following
lemma, proved in Appendix C.

Lemma 3: For any k € N,

E [N(Qxx)"]
S{ exp{nk 2R — Io(X; X))}

exp{n (2R — Io(X; X))}
Concerning the upper tail, we have the following result.
Lemma 4: Let € > 0 be given. Then, for any Q) xx/ such
that Io(X; X') < 2R,
P{N(QXX/) > g€ ]E[N(QXX/)]} < e ", (B.25)
Proof: For any k € N, Markov’s inequality and Lemma 3

implies that

P{N(Qxx) > " -E[N(Qxx)]}
E[N(Qxx)"]

- IirelN enke (B[N (Qxx)])* (B.26)
exp {nk 2R — Io(X; X"))}

< keg enke . (eXp {n (2R — IQ (X, X’))})k B.27)

= inf exp{—nke}, (B.28)

thus,
lim inf —— IOgP {N(Qxx) > e™ -E[N(Qxx)]}
= sup ke = (B.29)
keN



which proves Lemma 4.
Next, we treat the TE type classes.

Lemma 5: Let € > 0 be given. Then, for any Qxx such
that Io(X; X') > 2R,
P{N(Qxx:) > €™} < e ™. (B.30)

Proof: For any k£ € N, Markov’s inequality and Lemma 3
implies that

P{N(Qxx') >e"}

k
< inf E[N(Qikxx)] (B.31)
keN enke
. _ !
keN enke
= lirelgexp {—n(Io(X;X') — 2R+ ke)}, (B.33)
and hence,
. 1 ne
lim inf 0 logP{N(Qxx) > "}
> sup {Io(X;X') — 2R + ke} = oo, (B.34)
keN

which completes the proof of Lemma 5. Furthermore, we have

Lemma 6: For any Qxx- such that Io(X; X') > 2R,

P{N(Qxx') > 1} = exp{n(2R — Io(X; X'))}. (B.35)

Proof: An upper bound simply follows from Markov’s in-
equality:

P{N(Qxx/) 2 1} < E[N(Qxx)]
= exp{n(2R — IQ(X; X/))}

(B.36)
(B.37)

For the lower bound, we use Fact 2 from Appendix A.
Similarly to (B.15) and (B.16), we have

A2 ) en(4R—21Q(X;X’))

- — nl
80 en(BR—21q(X;X")) e (B.38)
and,

A en(2R-Ig(X:X'))

- - - nR
60 en(B-Ig(x;x)) ¢ - (B.39)

Now, since I(X; X') > 2R,
P{N(Qxx) =0}

1 X
< exp {— min (e”R, enft 3 e (2R-Iq (XX ))> } (B.40)

— exp {_; _ en(2R—IQ(X;X'))}

. en(@R—Ig(X:X") | é . en(#R=210(X:X") (B 42)

(B.41)

<1-

DN | =

where (B.42) is due to the fact that for t > 0, e ? <1 —t+
t2/2, and so,

P{N(Q@xx/) 21} =1 -P{N(Qxx/) =0}
> 5 - exp{n(2R — Io(X: X))}

(B.43)

- é ~exp{n(4R — 2Io(X; X'))}
(B.44)
= exp{n(2R — Ig(X; X))}, (BAS)

which is compatible with the above upper bound, proving
Lemma 6.

Proof of Theorem 3: Let us abbreviate Ig = Io(X;X’).
We use the results of Lemmas 2, 4, 5, and 6, and get the
following exponential rate of decay for P{N(Qxx) > e™}:

E(R,Q,s)
Iop —2R Ip >2R,s<0
B 00 Ig >2R,5s>0
10 Io <2R,s <2R—1Ig (B.46)
o0 IQS2R,S>2R—IQ
[IQ - QRL_ IQ Z QR,S S [2R - IQ]Jr
) = Ig >2R,s > 2R — Ig|+ (B.AT)
B [IQ — 2R}+ Ig <2R,s < [QR — [Q]Jr ’
00 Ig <2R,s > [2R—IQ}+
_ [ Ug—2R],  [2R—-Igly >s
N { 00 2R —1Igl+ <s ’ (B.48)
which proves Theorem 3.
APPENDIX C
Proof of Lemma 3
For a set of indices J let us denote J2 = {(j,5') €

J? . j # j'}. Recall that Z(m,m') = Z{(Xn, Xm/) €
T(QXX/)} and N(QXX/) = E(m7m')€[1\/[]i I(m, m/). We
show by induction that

I <2R

. ok(2R—T)
{ r>2r ° ©V

E [N(Qxx/)F] < o—n(I—2R)

where I is a shorthand notation for I (X; X’). This clearly
holds for £ = 1 by linearity of expectation. We assume it
holds up to £ — 1 and show this for k.

Proof for k: Assume that {(m;,m/)}*=! are given, where

(mi,ml) € [M]? for all i € [k — 1]. Let M1 =
U;:ll {m;} U {m}}} be the set of indices of the k — 1
pairs of codeword indices {(m;,m})}*~]. We condition on
all these codewords, and then compute expectation w.r.t. all

other codewords. For any fixed k, the number of codewords



in the first £ — 1 indicators is negligible to the number of all
other codewords. Specifically, |M_1| < 2(k—1) holds. Now,

>

(my,mi)E[M]Z

Z(my,my,)

= Z Z(my,my,)
(mg,mi ) €([M\Mp_1)2

DD

mEEMp_1 mj e[M\Myp_1

>

(mp,mp)E(Mp—1)3

(Z(my, my,) + Z(my, my))

(e, mly). (C2)

By (C.2), linearity of expectation, the independence of code-
words assumption, and the trivial fact that Z(my, m}) <1,

E Z I(mk’m;c) {Xl}lEMk—l
(me,m})E[M]3
< R0 4 gk — 1)e™B=D 4 (K — 1)?

= max{e"F=D 1},

(C.3)
(C.4)

Now,

(C.5)

Mk—1
= Z E H Z(m;,m})
Li=1

2.

(my,mj ) €[M]Z

Z(my,my,) (C.6)

The expectation in (C.6) is given by

I(mkv m;c)

>

(my,mj ) EM]Z

2.

(my,m})EM]2

H{X e, ]]

k—1
E H Z(m;,m,)-
i=1

[ [xk—1
=E |E | [] Z(mi,m)) - T(my, m},)
1=1

) (C.7)
(k-1

HI(mi,m’i) -E Z

=1 L \(memp)EM]Z

{X hem,,]] (C8)

Z(my, my,)

(C9)

k-1
< max{e"*=D 1} . E H Z(mi,m;)| ,
Li=1

where (C.8) is due to the fact that upon conditioning on
{ X1} eme_ss H;:ll Z(m;,m}) is fixed, and (C.9) follows
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from (C.4). Substituting it back into (C.6) and using the
induction assumption provides

E [N(Qxx)"]

< max{e"F=D 11

> E

{(mz'»mi)E[M]fa}

k—1
H I(mia m;)]

1<i<k—1
(C.10)
= max{e"R~D 1} .E [(N(QXX,))k_l} (C.11)
. n(k—1)(2R—1I) I < 2R
n(2R—1I) ) €
< max{e 71} { e—n(I-2R) I>2R
(C.12)
enk(ZR=1) I <2R
= { o-n(I-2R) I>9R (C.13)
Thus, Lemma 3 is proved.
APPENDIX D

Proof of Proposition 1

The monotonicity is straightforward, and follows the fact
that £(R,Ey) and M(R, Ey), defined in (26) and (27),
respectively, become larger when E grows. In order to show
the fourth item, observe that when Ey < Eg™, the set L(R, Ey)
is empty. As for the second item, we seek a condition on Ej
such that E*(R, Ey) > 0:

min

Io(X;X') — 2R]; > 0.
QXX,GL,(R’EO)[ al ) ]+

D.1)

Explicitly,

min
{Q@xx€Q(Qx): PR—Iq(X;X")]+>T(Qxx/,R)+R—Eo}

[Io(X; X') — 2R], > 0, (D.2)

and by wusing the identity mingg. ¢)<oy f(Q) =
ming sup,>o{f(Q) + s - g(Q)}, it can also be written
as

min sup{s- (I wR)+ R— E
QXX/EQ(QX)SEI(:)){ ( (QXX ) 0

“[2R — Io(X;: X)) + [Ig(X; X') — 2R].} > 0, (D.3)

which means that for every Q x x' € Q(Q x) there exists some
s > 0, such that

s - (MQxx,R)+ R—Ey— 2R — IQ(X;X/)]+)

+ [Io(X;X") = 2R]+ > 0, (D.4)
or equivalently,
Ey<TI'(Qxx,R)+R—[2R— Io(X; X))+
JUo(XiX) 2Rl o

S



Thus,

Ey < min sup{I'(Qxx/,R)+ R

Qxx€2(Qx) s>0
. N _

} (D.6)

R)+ R~ 2R — Io(X; X’
Qxxfrélg@x)[ (@xx', R) [ al )]+
0 Ig(X;X')<2R
- { o Ip(x;x)>2r | PP
= min {F(QXX/,R) + R

{Qxx€Q(Qx): Io(X;X’)<2R}
—2R—Io(X; X")]4} (D.8)

= . r /’R
{Qxx/GQ(QX%}ITIIQ(X;X/)§2R}{ (QXX )
+Io(X;X')=R} (DY)

= Eer(R)7 (Dlo)

where the oo in (D.7) is because the maximizing s > 0 in
(D.6) when Io(X;X’) > 2R is s* = 0. The proof of the
third item is very similar to the proof of the second item and
hence omitted.

APPENDIX E
Proof of Proposition 3

The monotonicity is immediate, since both V(R, Ey) and
U(R, Ey), defined in (42) and (43), respectively, become larger
when Ej grows. In order to show the second item, we seek a
condition on Ey such that E®(R, Ey) > 0:

max 2R — Ip(X; X")} > 0. E.1
QXX/EU(R,E()){ Q( )} ( )
Explicitly,
max
{Qxx€Q(Qx): Io(X;X")<2R, T(Q@x x/,R)+1(X;X')—R<Eo}

{2R — Io(X; X')} > 0, (E2)

and thanks to the fact that maxyqg. ¢@)>0 f(Q) =
maxg inf,>o{f(Q) + p - g(Q)}, it can also be written as

inf {2R — Io(X; X")
{QXX/EQ(QX) IQ(X X")<2R} u>0

+p-(Bo —T(Qxxr, R) — Io(X; X') + R)} >0, (E3)
or, equivalently,
ElQXX/ S Q(Qx) S.t. IQ(X;X/) < QR, V/L >0:
1By > Io(X;X') - 2R
- T(Qxx, R)+Io(X;X')—R), (E4)
or,
AN
Eo > sup {IQ(XvX)QR
(@ €Q(Qx): IQ<XX )<2R} ;>0 0
+T(Qxx/, R) +Io(X; X') — R} (E.5)
= min T R
{Qxx€Q(Qx): IQ(X§X/)§2R}{ (QXX )
+I(X;X') -~ R} (E.6)
= E.(R), (E.7)
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where (E.6) is because the maximizing ¢ > 0 in (E.5) is
w* = o0, since Io(X; X') < 2R. The proof of the third item
is very similar to the proof of the second item and hence
omitted.

APPENDIX F

Proof of Corollary 1

The probability of any codebook in the ensemble is given
asymptotically by exp{—nHg(X)e"?}, hence, in order to
assure that a code exists, we demand that

1
P {— log P.(C,,) > EO} > exp{—nHqg(X)e"R}. (F1)
n
Now, the lower bound of Theorem 2 reads

1
P{—nlogmcn) on}

o
> exp {—exp {n

er - fo(x: X0 }}.

max
Qxx/€EU(R,Ep)

(F.2)

thus (F.1) will obviously be satisfied if
max 2R —Io(X; X"} < R, F3
QXX,GM(R’EO){ al )} (F.3)

or, equivalently,

min Io(X;X') > R, (F4)

Qx x'€U(R,Eyp)

which is exactly (I.19). Then, following some algebraic work,
that can be found in (I1.20)-(1.30), we found that (F.4) is
equivalent to Ey < E.(R).

APPENDIX G
Proof of Proposition 4

For a set of indices J let us denote J2 = {(j,j') €
J?: 7 # j'}. Recall that Z(m,m') = Z{(X ., Xm) €
T(QXX/)} and N(QXX’) = Z(m,m’)E[M]i I(m,m’). Let us
abbreviate Z(m) = Z{(X,,y) € T(Qxy)}. such that

Ny(@xy)= > I(m

me[M]

(G.1)

Recall the definition of F'(S,Quv,j) in (115). We show by
induction that

E [Ny (Qxy)'N(Qxx)"]

< F(R,Qxvy,1)- F2R,Qxx/, k).  (G.2)

Checking for k£ = = 1: Note that due to the symmetry of
the random draw over the type class:

(G.3)
(G.4)

E [Z(m, m')Z(m)] = E [Z(m)E [Z(m,m’) | X,,]]
— E[Z(m)] - E[Z(m,m")]



and similarly, E [Z(m, m')Z(m/)] = E[Z(m/)] - E [Z(m,m')].
Thus, for k=1=1:

E[Ny(Qxy)N(Qxx")]

= Z Z E[Z(m,m')Z(r)) (G.5)
(m,m/)€[M]? re[M]

= Y > E[Z(m,m)E[Z(r)]
(m,m/)e[M]2 \re[M]\{m,m’}

+E[Z(m,m)Z(m)] + E[Z(m,m)Z(m)]) (G.6)

= Y Y EZma)EIG]  ©)
(m,m/)E€[M]2 re[M]

= nRR-Io(X;X") | n(R-Iq(X;Y)) (G.8)

Induction assumption: Assume that (G.2) holds up for some
(k—1,1—1). We show by two inductive steps that this holds
for (k,l — 1) and (k — 1,1) and thus for any (k,1).

Proof for (k,1 —1): bl
{r; 5;11 are given, where (m;, m}) € [M]? for all i € [k —1],
and r; € [M] for all j € [l —1]. Let Mp_1;-1 =
Uf;ll{{mi} u{mi}} U Ué;ll{r]} be the set of indices of
the k — 1 pairs of codeword indices {(m;, m})}*=} and of
the I — 1 codeword indices {rj}é;ll. Clearly |[My_1,;-1] <

2k-1)+1-1 2 Ck—1,1—1 holds. Now,

2.

(my,mj)EMIZ

Assume that {(m;,m}) and

Z(my, my,)

= Z Z(my, my,)
(mp,mj)E([MN\Mp_1,1-1)2

+ Z Z (I(mk,m;)—l—z(m;wmk))

MmEEMEk_1,1-1 mj E[M\Mp_1,1-1

+ 2.

(mp,m})e(Mp_1,1-1)2

Z(my, my,). (G.9)

By (G.9), linearity of expectation, the independence of code-
words assumption, and the fact that Z(my, mj},) < 1,

Bl )
(7nk,m;€)e[M]z
Len(2R=Iq(X5X") 4 Qck_l,l_len(R*IQ(X;X’)) +e_
(G.10)

(G.11)

I(mkv m;g) {XS}SGMk—l,l—l

- max{en(2R—IQ (X;X’))7 1}
Next,
E [Ny (@Qxv)'  'N(Qxx)"]

- Yy o=

(g i)

- Yy o=

{(mi,mg)e[M]E,} { r;e[M], } =1

1<i<k—1 1<5<i—1
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> Z(mw,mp) (G.13)
(mk,7rz;€)e[M]§
The expectation in (G.13) is given by
k-1 -1
E HI(mlvmz) I(rj) Z I(mkam;c)
i=1 j=1 (mpy,m})E[M]2
k-1 -1
=E |E | [] Z(mi,m}) - [] Z(r))
i=1 j=1
Z I(mk7m;§) {XS}SEMk—l,l—l (G.14)

(mmm;e)E[JW]i

k—1 -1
=E HI(mi,m;) : HZ(rj)
i=1 j=1

-E Z Z(my,my,)

(mi,m} )€[M]3

{XS}SEMIC—I,Z—I

(G.15)
< max{e"(2R-Te(X:X) 1}
k—1 -1
B | [ Z(mi,m}) - [[Z(r5) |, (G.16)
i=1 j=1
where (G.15) is thanks to the conditioning on

{Xs}semy_1,_.» and (G.16) is due to (G.11). Substituting it
back into (G.13) and using the induction assumption provides

E [Ny (Qxv) 'N(Qxx)"]

< max{e"2R-1a(X:X") 1}

2. 2

E ’ﬁz(mi,m;).
(imzigee (st} L2

(G.17)
— max{en(ﬂ:i—IQ(X;X’))7 1}
‘E [Ny(Qxv) ' N(Qxx)F '] (G.18)
< max{e"2R-1a(X:X") 1}
-F(R,Qxy,l—1)- F2R,Qxx/,k—1) (G.19)
=F(R,Qxy,l—1) - F2R,Qxx", k), (G.20)

which completes the proof of the first inductive step. The proof
of the second inductive step follows exactly the same lines and
hence omitted. The proof of Proposition 4 is complete.

APPENDIX H
Proof of Proposition 5
By the union bound,

P{Bn(a)}:P N(jl U U Bn(o,m,m',y) p (H.1)

m=0 m/#m yeyn"



Z en9(Px y) > g (BE.Qy)+o) & (H 3)
me{0,1,... M—1}\{m,m’}
Z N(Qxy)e ng(Qxy) > ¢ (B(R.Qy)+o) (H.4)
QXY
Z N(Qxy) > e (B(R,.Qy)+o— Q(Qxy))} (H.5)
Qxvy

- Z P {N(QXY) > e"(B(RvQYHU—g(Qxy))}
{QXYZ IQ(X,Y)SR}
+ Y P{N(@xy) 2 cnBR@to-a@x)},
{Qxy: Io(X;Y)>R}
(H.6)

where (H.3) is due to the definition of Z,,, (y) in (74),
in (H.4) we introduced the type class enumerator N(Qxy ),
which is the number of codewords in C,,, other than x,, and
., that have a joint composition ) xy together with y, and
where (H.5) is due to the SME. The first summand of (H.6)
is upper—bounded by

P{N(Qxy) = exp{n (B(R,Qy) + 0 — 9(@xv))}}
=P{N(Qxy) > exp{n (o + B(R,Qyv) — 9(Qxv)
~[R-Io(X:Y)], + [R-Io(X:V)], ) }} ()
<P {N(QXY) > exp {n (cr +[R - Ig(X; Y)]+) }}
(H.8)

=P{N(Qxy) > en<a+R*’Q<X;Y>>} (H.9)

< exp {_enR D (e R+ R=To(XY))]|| = nla(X:¥))
(H.10)
= exp {—e"RD(efn(IQ(X*Y)f") ||e*"IQ(X?Y))} (H.11)
< exp {_e"R e~ (X;Y)—0)
e—nlo(X:Y)—0)
: <ln e e i 1)} (H.12)
= exp {—e"(R_IQ(X;Y)J“T) - (no — 1)} (H.13)
<exp{—e"’}. (H.14)

In (H.8), we use the definition of 5(R,Qy) in (22), which
implies that B(R,Qy) > g(Qxy) + [R— Io(X;Y)],, and
for (H.9), recall that R > Io(X;Y"). Step (H.10) is according
to Chernoff’s bound [16, Appendix], [12, Appendix B], (H.12)
is due to the following lower bound to the binary divergence
[22, Sec. 6.3, p. 167]

D(a|b) > a (m% - 1) : (H.15)
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and (H.14) is true since R > Io(X;Y). Similarly, for the
second summand of (H.6), we have

P{N(Qxy) = exp{n (B(R,Qy) + 0 — g(Qxv))}}
< P{N(Qxy) > exp {n (O‘ +[R-— IQ(X;Y)]+>}}

(H.16)
=P{N(Qxy) >¢€"} (H.17)
< exp {—e"RD(e_”(R_”) ||e_"IQ(X;Y))} (H.18)
< exp {G”R ceTME=) <1n :_:;;% - 1)}

(H.19)
=exp{—€e" - [n(Io(X;Y)—-R+0)—1]} (H.20)
<exp{—e"’}, (H.21)

where (H.16) is true for the same reason as (H.8), (H.17) is
because Io(X;Y) > R, (H.18) is again due to Chernoff’s
bound, (H.19) is true thanks to (H.15), and (H.21) is due to
Io(X;Y) — R+ o > 0. Hence, we conclude that for every
c>0

P{Bn(o—7 m? ml? y)}

=P{Zpnm (y) > exp{n- (B(R,Qy) +0)}}  (H22)
< exp {—e"7}, (H.23)
and so, continuing from (H.2), this means that
R o M-1
P {Bn(o)} < Z Z Z exp {—e"7} (H.24)
m=0 m/#m yeYyn
Z exp{—e"’}, (H.25)
which completes the proof of the proposition.
APPENDIX I
Proof of Proposition 6
First, note that
Fo= > N@xx)=0 (L1)
Qxx/€EAIUA,
Let us define
NAUA) S Y NQxx), (12
Qxx'€EAIUAS
and the binary random variables
A
I(m7m/7QXX’):I{(Xm7Xm’) ET(QXX’)}7 (13)
such that,
M—1
NAUA) = Y D > Z(mm',Qxx).

Qxx'€ALUA m=0 m'#m

In order to use Fact 3 that appears in Appendix A, let us first
define an appropriate dependency graph. One can easily check
that the indicator random variables Z(i,7,@Q) and Z(k,[, Q)



are independent as long as i # k, j # [, and QQ # Q. Thus,
we define our dependency graph in a way that each vertex
(i,4, Q) is connected to exactly e — 1 vertices of the form
(k,7,Q), k # i, to e — 1 vertices of the form (i,l,Q),
[ # j, and to exactly |A; U Ay — 1 vertices of the form
(i,7,Q), Q@ # Q. Let us now examine the quantities A, €,
and . First,

A =E[N(A UAy)] (15)
Qxxr€AIUA

=) ey )
Qxx/€EAIUA,

= Qe T 8)
Qxx'€EAIUA,

- ' 2R — Ip(X; X' 19

o {" 0 4, 12— Lol >}} (19)

B ' 2R—Io(X;X")}p,  (LIO

exp {n mexfaé{f\z{ of )}} (1.10)

where the last equality follows from the definitions of A; and
Ay and the assumption that Ay is nonempty. Regarding the
quantity €2; ; o of (A.2), notice that it actually depends only
on . Thus, for some @ € A; U A,

QQ - (enR +enR N 2) . 67nIQ(X;X')

+Y e IL11)
Q€A1UA2\{Q}
= o(R-Ig(X:X") | Z e~ Mo (X5XN(112)
QEAUA,
= (B-Io(XiXD) | pax e MeGX)(113)
QEAIUA,
and hence
Q= max Qo= max "B LX) (114
QEAIUA, QEALIUAL
Furthermore,
®= max e Me(XX) (L15)
QeAIUA,
such that
Q+®= max e BTe(XX) (I.16)
QEAIUA,
— max e"B—Io(X:X") 1.17)
QEeA>

Now, we would like to have 2+ ® € [0, e~]. Specifically, if
Q4P — 0 as n — oo, then (2 + ®) = 1. In order to have
QO+ ® — 0, we need that

R—Io(X: X' 0 1.18

ggé{ o(X;X")} <0, (L.18)
or

in Io(X;X") > R. L19

o min, Io(X; X) (1.19)
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Let us abbreviate Io(X;X’) by Ip. In order to find
the highest FEy for which (I.19) holds, let us derive
ming, ., e, Io(X; X’) as follows:

min [
Qx x/EA2 Q
= min Io (1.20)
{Q@xx€Q(Qx): Iq<2R, T(Q,R—e)+Ig—R<Eo}
= min supsup{lp + o -(Ip — 2R
QXX/EQ(QX)UZFO)MZPO{ @ ( @ )
+u-(CQR—o)+Ig—R—Ey)}, (21
where in (I.21) we used twice the fact that

minq: ¢(@)<oy f(Q) = ming sup,>o{f(Q) +0-g(Q)}. For
(1.21) to be strictly larger than R, it is equivalent to require

that for all Qxx € Ay there exist ¢ > 0 and g > 0 such
that

IQ+U~(IQ—2R)

+u-T(QR—¢)+1g—R—Ey) >R, (122

or, equivalently,

_lo—R+0-(lg—2R)

Eo p +T(QR—¢) +1g—R.
(1.23)
Thus,
Ey < min supsup{l'(Q,R—¢)+ Ig — R
0 QXX/EQ(QX)u2p002pO{ @ ) @
+IQR+U'(IQ2R)} (124)
7
= min  sup |[[(Q,R—¢€)+ 1o — R
QXX,eQ(Qx)uzpo[ (Q ) N
Io—R <
L T e s2R ) g
o0 IQ > 2R

= min sup{I'(Q,R—¢€)+ 1
{Qxx/€Q(Qx): Ig<2R} MZ%{ (Q ) @
Io — R
Q } (1.26)
0

= min I'NQ,R—e¢)+Iog—R
(@Ot comy 1@ )+ 1o

~R+

0 Ig <R

+{ 00 Io>R :| @1.27)
= : F 7R .

{QXX’EQ(QXI)I}I?QSQR, IQSR}{ (Q 6)
+ I — R} (128)
= min T ,R_ € +I _ R 1‘29
{Q@xx/€Q(Qx): IQSR}{ @ ) Q b (1.29)
= Ea(R©). (1.30)

where the oo in (I.25) is because the maximizing ¢ > 0 in
(I.24) when I > 2R is 0* = oo. The oo in (1.27) is due to
the fact that when I > R, the maximizing ;v > 0 in (1.26) is
w* = 0. Note that the exponent function E., (R, €) converges
to E,(R) when € | 0. Finally, we use these results in Fact 3
and get the desired lower bound on P{F;}.
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