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Abstract—This study proposes a novel decentralized output
sliding-mode fault-tolerant control design for heterogeneous
multi-agent systems with matched disturbances, unmatched non-
linear interactions, and actuator faults. The respective iteration
and iteration-free algorithms in the sliding-mode fault-tolerant
control scheme are designed with adaptive upper bounding laws
to automatically compensate the matched and unmatched compo-
nents. Then, a continuous fault-tolerant protocol in the observer-
based integral sliding-mode design is developed to guarantee
the asymptotic stability of multi-agent systems and the ultimate
boundedness of the estimation errors. Simulation results validate
the efficiency of the proposed fault-tolerant control algorithm.

Index Terms—Decentralized output feedback, sliding-mode
fault-tolerant control, integral sliding-mode control, heteroge-
neous multi-agent systems, actuator faults.

I. INTRODUCTION

Multi-agent systems (MASs) have attracted considerable
attention in diverse fields, such as aerospace, transportation,
wireless networks, and power systems[1], [2]. Heterogeneous
multi-agent systems (HMASs) are MASs composed of a large
number of non-identical agents that are connected by me-
chanical interconnections or communication networks[3]-[6].
A decentralized control is equipped with a simpler architecture
with local information than a single centralized control and
thus is more practical to realize on physical HMASs[7]-[9].
One essential issue of the decentralized control for HMASs
involves the interaction of different agents[10]. Thus, remark-
able benefits can be obtained by specifying the decentralized
control concept for HMASs with interactions and subsequently
achieve the satisfactory local performance of each agent and
the global property of the overall HMASs.

Faults may occur more frequently in HMASs than in single
agents due to the existence of a number of controllers, sensors,
and interconnected equipments[11], [12]. Therefore, HMASs
are required to operate safely, and the fault-tolerant control
(FTC) is regarded an effective approach to guarantee the
stability and desired performance of HMASs with unpredicted
faults. An active FTC scheme was presented with a high-gain
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observer for high-order HMASs in the presence of actuator
faults and communication disconnections[13]. An FTC design
with fault detection and recovery mechanism was developed
for stabilization and navigation of heterogeneous multi-agent
formations of autonomous aerial and ground robots[14]. How-
ever, most existing studies of HMASs in dealing with faults
have centralized or distributed configurations. The centralized
and distributed schemes are easy to implement, but both rely
on information sharing and transmission among agents[15]-
[19]. A decentralized FTC (DFTC) design should be able to
automatically compensate the effects of faults without neces-
sarily exchanging information between individual agents[20].
Various DFTC approaches, such as adaptive DFTC[21], [22],
fuzzy DFTC[23], [24], and neural network-based DFTC[25],
[26], have been introduced by research in recent years. Most of
the results are based on either the state[7], [23], [27] or output
feedbacks[4], [8], [13], [25]. The literature indicates that the
research on local output DFTC for HMASs has received
minimal attention thus far. Furthermore, the DFTC protocol
in [20] is usually effective for HMASs with weak interactions
and small couplings, and more general assumption is needed
in this study compared with the strong interconnections[26],
[28]. In addition, the existing disturbances and actuator faults
in single agents are easy to spread in HMASs. The sliding
mode control (SMC) has been widely applied in handling
uncertainties and improving the robustness of HMASs[29]-
[31]. A continuous SMC method with an adaptive strategy
was designed for second-order nonlinear MASs with actua-
tor faults and disturbances to realize the consensus-tracking
objective[30]. An SMC design with a heterogeneous finite-
time disturbance observer was proposed for high-order H-
MASSs to attenuate the effect of uncertainties[31]. On the one
hand, most results on SMC for HMASs focused on matched
disturbances in the input channel and did not consider the
unmatched one, such as flexible joint manipulators and multi-
machine power systems[9], which may not always satisfy the
matching condition[24], [32]. On the other hand, the results
on the decentralized output sliding-mode fault-tolerant control
(SM-FTC) of coupled nonlinear HMASs with matched distur-
bances, unmatched nonlinear interactions, and actuator faults
are dearth, hence the motivation of the present investigation.

To tackle the above mentioned difficulty, the decentralized
output SM-FTC scheme for HMASs is designed with adaptive
upper bounding laws. The matched disturbances, unmatched
interactions, and actuator faults are effectively compensated,
and then the robust performance of the SM-FTC strategy is
further achieved by rigorously performing a stability analysis
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of HMASs and conducting a reachability analysis of the SMC
motion. To the best of our knowledge, integral SMC can be
adopted in FTC schemes for various complex MASs[33]-[35].
Compared with the conventional SMC method that partitions
the state space into matched and unmatched parts[29], [36],
the matched disturbances and actuator faults are compensated
in the integral SMC strategy[37]. An integral SMC scheme
was presented for HMASs composed of quadrotors and two-
wheeled mobile robots associated with model uncertainties
and external disturbances to reach a consensus[34]. Actuator
faults and external disturbances/model uncertainties in a group
of nonlinear systems were tolerated by using the integral
SMC technique[35]. More importantly, there are few literature
on the subject of observer-based consensus for MASs[38],
[39]. The distributed pinning observer[40] and the finite-time
observer[41] in the consensus control strategy are designed to
estimate the state information of each single agent. In this case,
further introducing the observer-based integral SMC into the
decentralized output SM-FTC strategy for HMASs can lead to
complex research and analysis.

The major contributions of this study can be summarized as
follows. (i) This study is the first trial to consider the output
DFTC problem for HMASs with actuator faults and nonlinear
interactions, which contain unmatched components, in contrast
with the existing work that focuses mostly on matched model
uncertainties and external disturbances[26], [30], [34]. To
overcome this difficulty, an augmented dynamic configuration
is constructed with the dynamic compensator to satisfy the
Kimura-Davison condition[42] and the decentralized output
SM-FTC technique is introduced. (ii) In comparison with the
adaptive bounds[21], prescribed performance bounds[22], and
Lipschitz boundedness of the disturbances, model uncertainties
and nonlinearities[13], [19], [23], [35], the adaptive law is used
in this study to relax the known upper bound assumptions of
the matched disturbances and actuator faults. (iii) Two multi-
step algorithms based on the extended linear matrix inequality
(LMI) characterization are given to reduce the conservative-
ness of the solution of the nonlinear matrix inequality with
non-convex algebraic constraints by implementing iteration
and iteration-free strategies.

The remainder of this study is organized as follows. Section
II introduces the system formulation. Section III is devoted to
the SMC design with the stability analysis of HMASs and
reachability analysis of the SMC motion. The iteration and
iteration-free algorithms are further illustrated. The observer-
based integral SMC design is proposed in Section IV to
guarantee the ultimately uniformly boundedness of the esti-
mation errors. Simulations in Section V validate the efficiency
of the proposed algorithm. Finally, conclusions follow in
Section VI. The symbol sgn(-) denotes the sign function,
the vector z = col(z;) = [z¥,--- 2%]T, and the matrix
Y = diag(Y;) is of diagonal form with elements of matrices
Y;,i = 1,---,N. He(X) = X + X7 and x denotes the
symmetric part of the specific matrix.

II. SYSTEM FORMULATION

Consider a group of N agents in the presence of matched
disturbances, unmatched nonlinear interactions, and actuator

faults. The i-th agent of HMASs (i = 1,--- , N) is given as

T; (t) = A;x; (t) + B; (ui (t) + d; (.Z‘Z', Uj, t))

+Fi fi (t) + & (1) (1)
where z; € R",u; € R™ and y; € RP? are the system state,
input and output vectors respectively, d; (z;, u;,t) € R™ de-
notes the matched disturbance, f; (t) € R% denotes the actu-
ator fault and &; (x,t) € R™ denotes the nonlinear interaction
in HMASs with the global state vector x = col (x;). Matrices
A;, B, F; and C; are known with compatible dimensions and
m; < p; < ny; is satisfied.

Assumption 2.1: (1) The pairs (A;, B;) and (A;, C;) are
controllable and observable, respectively. (ii) The actuator
fault f; (t) is satisfied with rank (B;, F;) = rank (B;) and
rank (C;F;) = rank (F;), and it belongs to L [0,0), i.e.,
Ilfi ®)|| < fi with the unknown upper bound f;. (iii) The
matched disturbance d; (x;,u;,t) belongs to Ly [0,000), i.e.,
ldi (z,ui,t) || < d; with the unknown upper bound d;.

Assumption 2.2: The nonlinear interaction term &; (x,t)
in HMASs satisfies with the quadratic constraint, i.e.,
EF (2,4) & (2,t) < 22T ETE;x, where E; is a known
constant matrix and «; is a known upper bound scalar.

Remark 2.1: Assumption 2.1 provides the controllable and
observable conditions for the described HMASs and guaran-
tees the actuator fault f; (¢) to be constrained in a given com-
pensation range. The interaction term &; (z,t) in Assumption
2.2 can be described as the physical interconnections, e.g. the
transmission links of smart grids[1] and the interconnections
of multi-machine power systems[9], [36]. Define £ (z,t) =
col (&; (z,t)), and it follows that the overall interaction term
satisfies €7 (x, 1) (x,t) < 2T (N, a?ET Ey)x = T ETEx
with F/ = [OzlE;, s ,OzNEJZ\;]T.

Remark 2.2: In comparison with the known smooth and
bounded interactions[28], the known upper bounds of the
actuator faults[24], [26] and external disturbances[16], and the
unknown but locally Lipschitz nonlinearities[13], [19], [23],
the proposed assumptions in this study are more general with
adaptively approximating a surrogate of the upper bounds.
By contrast, the previous works on actuator faults have been
combined with interconnection delays[21], [22], unmeasured
states[23], and unstructured uncertainties[25], [26].

Lemma 2.1[43]: Consider the following inequality with a
symmetric matrix Q € R'! and matrices S and H of the
column dimension I:

QO+ STXH+HTXTS <0 )

and the inequality (2) has a solution of matrix X of compatible
dimensions if and only if NYQNg < 0 and N;,QNy < 0 are
satisfied, where Ng and Ny represent the column form bases
of the null spaces of S and H, respectively. Furthermore, on
the basis of Finsler’s Lemma, the inequalities NEQNS <0
and NLQNy < 0 hold if and only if there exist scalars pig
and g such that Q — usSTS < 0and Q — ug HTH < 0.

III. SMC DESIGN AND STABILITY ANALYSIS

A dynamic compensator of the appropriate dimension is
used in the output feedback SMC design to satisfy the Kimura-
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Davison condition[42]. On the basis of the available output
information, the dynamic compensator is given by

z; (t) = Az (t) + By (t), T (to) = Zio €))

and the decentralized control input is given associated with
the dynamic compensator (3) as follows

u; (t) = Cii (t) + Diyi (t) + v; (1) “4)

where Z; € R™ denotes the state of the compensator and
v; € R™ denotes the nonlinear SM-FTC switching function
to compensate for the effects of matched disturbances and
actuator faults. Matrices A;, B;,C; and D; are system gains
with compatible dimensions to be designed.
Define the augmented vectors 7; = [z} z!]T and §; =
[yl zI1T. The i-th augmented dynamics of the combined
HMASs and the dynamic compensator are described as

T (t) = (/L: + BiKiéi) @i (t) + Fifi (t)
‘l’BiO (dl (J,‘i, Ui, t) + V; (t)) + éi&i (.13, t) (5)
¥i (t) = Ci%; (1)
where
- A 0] 5 [ B 0 D; G
A=1"% o }’Bi* 0 I }K {BL A;
~ Ci 0 > B; n I”i
Ci: 0 ]7L:|7B7LO—|:O:|7F7$_|: :|7G7, 0 :|
Then, the augmented HMASs can be written as
(1) = ([1+ BKC’) i)+ Ff(t)
+Bo (d (z,u,t) + v () + GE (2,1) (©)

yt)=Cz(t)
where & = col(ﬂ) € R g = col(y;) € RPY",d =
col(d;) € R™ v = col(v;) € R™, f = col(f;) € R%
Matrices A, B, By, K,C, F and G are of diagonal forms with
elements of the respective matrices Az, i B107 K, C’l, F; and
G;. Scalars n = valn“m = Ziil mi,q = Zf\il i, p =

N N
Yoiapiand r =321
The nonlinear interaction term Gf (w,u,t) in (6) can be

written in the following form with E = [a, ET -+ Jay E%]T.
T
TETAEe « 2T [N 2| Bi 0 Ei 0] .
£G6GGE<z (Zi_ﬂ)‘i{o O} [0 0 o

=37 (DX, 2B B;) & = T BT B3
(N
The SMC function for the ¢-th augmented HMASs on the
basis of the newly available output information §; = [y z7]7
is designed as

0i (Zi,yi,t) = Ty = [T Tia] Ci%s = Ty + TioTi (8)
where T;; € R™i*Pi and T; € R™i*" are matrices to
be designed. Furthermore, define the upper bound estimation
errors eq, = d —d; and ef, = fl f7, where d and f,
are the estimations of the unknown upper bounds d; and f;,

respectively. Here, the adaptive algorithms for the estimated
upper bound parameters d; and f; are designed as

JiZHBiIlHﬂiH,i=1,---,N ®)

fi=Elglli=1,--- N (10)

Remark 3.1. If the so-called Kimura-Davison condition[42]
is not satisfied, it is verified that it is difficult to propose a static
output feedback SMC scheme. In this case, a sufficient condi-
tion to solve this problem is adding an extra compensator (3),
(4) (i.e. a particular subsystem with the relative dimensions
Z; € R™), thus, providing additional degrees of freedom.

Here, the following theorem is given to achieve the stability
of the augmented HMASs and the insensitivity to the matched
disturbances and actuator faults.

Theorem 3.1. Consider the augmented HMASs (6) and the
decentralized control input (4), the overall dynamic system is
quadratically stable and the matched disturbances and actuator
faults can be compensated with the adaptive algorithms (9),
(10) and the following SM-FTC switching function v; if there
exist matrices Wy; € R#*% W, € RWitridx®itri) apd
matrix P = diag(P;) with each symmetric positive-definite
matrix P, € R(mitri)x(ni+7i) gych that

Biowlié% + C’?WQ,C’Z >0 (11D

He(PA+ PBKC)+ PP+ ETE <0 (12)

where Bio € Rf"ijr”)“i is the orthogonal matrix of BiO
satisfying with BX B;o = 0. The SM-FTC switching function
v; in the decentralized control input (4) is designed as

vi (8) = = [(GC) NP Billdi + 1511 f:)
+ni)sgn (04(Z4,Yi, t))
where (EéZ)T = ((Tlél)T<Tlél))_1(Eél)T and 7n; is a
positive scalar. The sign function sgn(c;(Z;,y;,t)) = 0 when
0i(Z;,yi,t) = 0 is satisfied, which implies that each SMC
function has been reached. Then, the gain matrices of the
nonlinear SM-FTC switching function (13) are derived as

= BLCTw3;

13)

P = Bz‘OWuBiTO + C'?széz, T; (14)

Proof. Since P; = Bzowhlg% + C’lTWQZCZ in (14) is a
symmetric positive-definite matrix, a Lyapunov function Vj;
for the augmented HMASs (6) is considered as follows

Ve =3TPi+ L IPIIGH (3 +¢)  a9)

The time derivative of Vz in (15) is obtained as
Vi =iT(PA+ ATP 4+ PBKC + CTK"B"P)z
+29:TPG§ + Zl L 28T P Bio(d; + v;)
+ZZ 28T P f;
+ 300 20| B 13 Billeas + [ Filless)
<iT(PA+ ATP+ PBKC +CTKTBTP
+PP+ETE)E + YN, 257 P, Byyv;
+ S, CIE BBl + |1 FL i)
+ 0 201711 Billeai + [ Filles:) .

Since P; = BzoWtho + CTWy,C; and T; = BLCTWE,
it is derived as P;B;g = C’TTT Then, it follows that

Vi <i#T(PA+ATP+ PBKC +CTKTBTP

AT 17
+PP+ETE)E — SN 2|\ % 4
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It is obtained that V; < 0 when the inequality in (12) and
n; > 0 are satisfied. This completes the proof.

Notably, the inequality in (12) is not convex and thus cannot
be solved with the LMI toolbox. Here, the following corollary
is given with iteration to solve the non-convex constraints.

Corollary 3.1. Given the pre-designed symmetric matrix P,
scalars «;, positive scalars p= and py, and matrices W; =
diag(W1;), Wy = diag(Ws;), the inequality in (12) is solvable
for the symmetric positive-definite matrix P = BOW180
CTW,C > 0 with a diagonal matrix By = diag(Bio) if the
following minimization problem is solvable.

Q P ET ET
*  —Inir 0 e 0
* * —a; 27 0 <0 (18)
* * * —a&zf
Q P PB ET EL T
* n+r 0 0 0
* * —puw Imgr 0 0
* * * —a %I 0 <0
| * * * * —ay’T |
. o _ U9
where € = He(PA) — usCTC and Qy = He(P(A + BK))

with the derived matrix K = —BT P.

Proof. According to Lemma 2.1, it is easy to check that
the inequality in (12) is in the form of that in (2). Define
W = BT P, and the inequality in (12) is solvable for matrix
K if and only if there exists a symmetric positive-definite
matrix P such that

NI(PA+ ATP+ PP+ ETE)Ng <0

NE(PA+ ATP + PP+ ETE)Ny <0
where N@and Ny denote the column form bases of the null
spaces of C' and W, respectively. Then, the inequalities in (20)

are solvable by using Finsler’s Lemma if the following forms
are satisfied with positive scalars i~ and pyy .

PA+ATP+ PP+ ETE — pzCTC <0

(20)

2y

PA+ATP+ PP+ ETE — uwPBBTP <0 (22)

The existing condition, i.e., ;LWPBBTP > 0, makes the
inequality in (22) non-convex, which needs to be further dealt
with. Furthermore, the inequality in (19) is equivalent to the
following form with K = —BTP.

PA+ A"P— PBB"P - PBBTP + PP
+ETE + py PBBTP <0
= PA+ ATP — uwwPBBT"P+ PP+ ETE <0

(23)

Thus, the inequality in (19) is equivalent to that in (22).
Meanwhile, the formulation in (18) is equivalent to that in
(21). The solvable LMI formulations in (18),(19) imply that
there exists a solution of matrix P satisfying the forms in
(21), (22). Hence, the inequality in (12) is solvable by using
Lemma 2.1 and this completes the proof.

The following algorithm is given with the iteration strategy.

Algorithm 3.1.

1) Define A, = A + 51+, where s is the pre-designed
degree of stability. Then, solve the following algebraic
Riccati equation and derive the symmetric matrix P:

PA,+ ATP — PBBTP +¢l, ., =0 (24)
where € > 0 is arbitrarily small. ~
2) Set K = —B” P with the derived matrix P in step 1.
3) Solve the LMI minimization problem in (18), (19) and

derive the symmetric matrix P.
4) Fix P = BoW:1BL + CTW,C and derive the matrices

W1 and Wj. Solve the following LMI minimization
problem and derive the matrix K.
Q P ET : EY
* =Ly 0 0
* * —al’zlnﬂ e 0 <0
—2
* * * —ay Lngr
L (25)
where Q3 = He(P(A + BKC(C)). Then, the dynamic

compensator matrix K = diag(K;) and the matrix in
the SMC function (8) is derived as T; = BLCT W4
Furthermore, the matrices P and K in (12) can be decou-
pled without iteration and the following corollary is given to
reduce the space complexity of the LMI formulation.
Corollary 3.2. Given scalars «;, and matrices W; =
diag(Wy;), Wy = diag(Ws;), the inequality in (12) is solvable
for the symmetric positive-definite matrices P = diag( 111)
and Q = diag(Q;11) with Py = BWyBE + CEWo,C; if
the following minimization problem is solvable.

Q4 NIP NLET NLEL
* =, 0 0
-2
* * —Qq In s 0 <0 (26)
* * * —ay I,
Qs NLOQET NLQFEY
*  —og 2In e 0
<0 27
* * —ozNQI
T T
BW.B* +C*WyC 1, -0 (28)
* Q
where 4 = NL(He(PA))Nc, Q5 = N (He(AQ) + I, ) Np.

Matrices N and Ng denote the column form bases of the null
spaces of C' and B, respectively. Matrix B = diag(B;) and its
element B; € R™*% is the orthogonal matrix of matrix B;
satisfying with B} B; = 0. Matrices C' and B are of diagonal
forms with elements of matrices C; and B;, respectively.
Proof. Define the symmetric positive-definite matrices P =
diag(P;) and Q = diag(Q;) = P~!. According to Lemma
2.1, the necessary and sufficient condition of the feasible
solution in (12) is that matrices P and () are satisfied with

NT(PA +ATP+ PP+ ETE)Ng <0

NT(AQ + QAT + Iy, + QETEQ)N5 < 0 29
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Partition every P; and its inverse matrix (); as

p_ Piii Pie ] Qi Qirz
[ 7Qi - .

* Qi22

* Pigo
Meanwhile, the following compact is derived on the basis
of the matrix inversion lemma.

5 —1

p-1_ [ Py —Pi11P12P;5,
i = —1 “1pT B —1
*x Py + Py PiaPiii PP,

(30)

] €Y

where Pjy; = (Pjy — PiaPgg PL,) . Then, it is derived
as P11 — Qz_lﬁ = P112P1521P17£2 > 0, i.e., P11 > Ql_lﬁ and
BWyuBE + CIWo,C; > Qflll The following form is then
obtained and is equivalent to the formulation in (28).

BW.BT + CTW,C > Q! (32)

Select the first row and column in (29), and it is derived as

NL(PA+ ATP + PP+ ETE)Nc <0
NE(AQ+ QAT + 1, + QETEQ)Np < 0

where P = diag(P;11) and Q = diag(Q;11)-

The inequalities in (33) are equivalent to that in (26), (27).
The solvable LMI formulations in (26)-(28) imply that there
exists a solution of matrices P, Q, W7 and W; satisfying the
forms in (32), (33). Thus, the inequality in (12) is solvable by
using the following algorithm with an iteration-free strategy
and this completes the proof.

Algorithm 3.2.

1) Solve the LMI minimization problem in (26)-(28) and

derive the matrices P, Q, W7 and Whs.

2) Define Pigg = Ir,ﬂ, and Ml = Z‘lgpglwz. Then, Pﬂl —

Q;1 = M, is obtained with the derived matrices P and
Q in step 1. Then, the following form is obtained with
the diagonal decomposition method.

BiWyBI + CTWo,C; — Q1) = Vini VT

(33)

(34)

where \; = diag(A\;1, -+, Ain;) and V; denote the
respective eigenvalues diagonal matrix and eigenvec-
tor matrix of matrix M;. Furthermore, define \; =

diag(v/Ni1, - »/Miws)- Then, Pijg = V;A; and the

corresponding matrices P; and ); are given as
p _ | BWuBl + CIWaiCi Viki
o * I, (35)
Qi —QinVihi
* I, + )\iViTQinVi)\i
Hence, matrices P and () are obtained.

3) Solve the LMI minimization problem in (25) with the
derived matrix P in step 2 and derive the dynamic
compensator matrix K = diag(K;).

4) The matrices T;; and T;o in the SMC function (8) are
derived with Ws; in step 1 and F;p2 in step 2.

Ty = BT CI'Wy;, Ty = BTV, (36)

Remark 3.2. (i) The orders of the LMI formulations (26)-
(28) in Corollary 3.2 are less than the formulations (18), (19)
in Corollary 3.1. Hence, compared with the multi-step iterative
algorithm, the iteration-free algorithm has the advantage of the

o-|

lower space dimension and computational complexity, which
is more conducive to solving the non-convex constraints in
(12). (ii) Compared with the FTC based on fault detection and
isolation approach[11], [15], the nonlinear SM-FTC switching
compensation (13) does not need a fault diagnosis mechanism,
and the DFTC protocol is designed by the local output
feedbacks without the threshold setting and fault isolation. (iii)
Unlike the adaptive approximation algorithm of the unknown
disturbance effects and actuator fault function[21], [22], [33],
the unknown functions in this study are compensated through
adaptively approximating a surrogate of the estimated upper
bound parameters. Furthermore, the known boundedness of
the disturbances/faults[13], [16], [24], [26] and their first-order
derivatives[35] is not required in this study.

Consider the SMC function for the i-th agent in (8). The
time derivative of the SMC function o;(Z;, y;,t) is given as

6i(Ti,yi 1) = TiCi(A; + BiK;Ci)ii + TiCi F f; 37)
+T:C;iBio(di + vi) + T;C:Gi&;

It is necessary to prove the reachability of the sliding surface
0i(Z;,yi,t) and the following theorem is given.

Theorem 3.2. Consider the pre-calculated matrix P =
diag (P;) satisfying (12) in Theorem 3.1, the SMC function
(8) for each agent (1) can be reached with the adaptive
algorithms (9), (10) for the unknown upper bounds and the
SM-FTC algorithm (13) in the decentralized control input (4).

Proof. Consider a Lyapunov function V,, for the SMC
function o;(Z;, y;,t) in (8) as

Vo, = S0 07 (i, yi, ) (BR P Bio) ~104(Z4, yi, 1)
N = -
+ i1 IPICH ™ (e + €3:)
The time derivative of V,,, in (38) is derived in the following
form with a positive scalar 7;.

Vo—i =2 Zf\;l U}(i’i,~yi7t)£B%PiBiol_{
x(1;Ci(A; + BiK;C;)¥; + T;C; Bio(d; + v;)
+T,CF; fi + T,C;G;&;)

+ N8 2ABICH gl (1 Billeas + | Fille )
<z"(PA+A"P+ PBKC+CTK"BTP

+PP + ETE)z — S 2|\ @i]|n;

N @Iz B I + 1L f2))

+ 3y 2| BillllE: N (| Billeai + (| Fille i)

= 2A1E BB s + 1L fo)
<z#'(PA+ATP+ PBKC +CTKTBTP

+PP + ETE)z — YN 2||%i]|n;

(38)

(39

It follows that V,, < 0 when the inequality in (12) and
n; > 0 are satisfied, and each SMC function o;(Z;,y;,t) =0
can be reached and subsequently remained there.

Remark 3.3. From Theorems 3.1 and 3.2, both the stability
of HMASs and the reachability of the SMC motion depend
on the nonlinear inequality constraint in (12): PA + AT P +
PBKC +CTKTBTP + PP+ ETE < 0 and 7; > 0. The
positive scalar 7); is related with the estimated upper bounds of
the matched disturbances and actuator faults (d; and f;) in the
SM-FTC function (13). In fact, the SMC function o;(%;, yi, t)

is essential to limit the updates in d; and ﬁ Furthermore,
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the parameters A;, B;,C;, D; in the dynamic compensator
(3),(4) and the matrix 7; in the SMC function (8) can be
derived in the two multi-step algorithms with iteration and
iteration-free strategies.

IV. OBSERVER-BASED INTEGRAL SMC DESIGN

In this section, both the matched disturbances and actuator
faults occur in the control input. The observer-based integral
SMC design can effectively reject the matched perturbations
and improve the robustness of the unmatched interactions.

First, the linear Luenberger observer is designed as

Z;(t) = Aidi(t) + Biuio(t) + L; (yi(t) — 9:(¢))
7:(t) = C;24(t)
where Z; and ¢; are the respective estimations of z; and y;.
Matrix L; € R™*Pi is the observer gain and u;y = KC;&; is
the linear component to make the SMC motion stable.
Define the state error e,; = x; — Z; and the decentralized
control input u; = u;0+u;1 with the nonlinear FTC component
u;1 to compensate for the effects of disturbances and actuator
faults and to guarantee the system trajectories to remain within
the SMC surface. Then, the state error dynamics are given as

xi(t) = (Ai — LiC;) exi(t) + &i(w, 1)
+Bi (uin (t) + diwi, wis t) + fi(t))
The SMC function here is modified in the following com-
pact with an integral component.

7Rz j;i CZ (Alil (8) -+ Biuio (S)) ds

(40)

(41)

(42)

where matrix R; = BTl CJ is designed to guarantee the
invertibility of matrix R;C;B; and C;r = (Crc,))~'CF. The
SMC function in (42) implies that the system trajectories start
from the SMC manifold, i.e., o;(&;, y;, to) = 0. Then, the time
derivative of the SMC function (42) is derived as

0i(Zi, yir t) = RiCi(Aieqi(t) + &i(x, 1)
+B; (ui1 (t) + di(wi, uis t) + fi(t)))
Here, an extra bound condition of the nonlinear interaction
term is given as [|§;(z, )| < &; with the unknown upper bound
&;. The parameter estimation error eg; is defined as eg; = & —

(43)

&; with the estimation of the upper bound &;. Furthermore, the
adaptive algorithms for the estimated upper bound parameters

(Z, fi and &; are modified as

&= Cilllo: (@s, 9, ) i =1, N

S (44)
fi =d; = ||01 (‘%hyzvt) ||7Z = ]-7 ,N

Theorem 4.1. Given a matrix R; = B} C’;r which satisfies
the invertibility of matrix R;C;B; and a large enough scalar
7 » the SMC function (42) can be reached with the adaptive
algorithm (44) and the nonlinear FTC input as follows

uin (t) = —(|(R:C:By) " Ri|| (| Cill&;)
+ﬁ' + CL + ﬁi)tanh(ai(:ﬁi, Yis t))

Furthermore, given diagonal matrices A and J with ele-
ments of the respective A; = BiBin and J; = I, — Bl-BiT,

(45)

the HMASs are asymptotically stable and the overall state
estimation errors e, = col(e,;) are ultimately bounded if there
exist symmetric positive-definite diagonal matrices S; and So
with elements of matrices S;; € R™*™ and S;p € R™*™i,
and diagonal matrices L and K with elements of matrices
L; € R"*Pi and KC; € R™i*™ guch that

®11 P2 S1T ST
* Doy 0 0
LT | <o (46)
* * * -1,

with &1, = S A+ ATS| +S1BK+K'BTS, + ETE, &5 =
—S51BK—S1A and ®yy = SQA+ATSQ —SQLO—CTLTSQ —
S9A — ATSy + ETE, where matrices A, B and C are of
diagonal forms with elements of A;, B; and C;, respectively.

Proof. Consider a Lyapunov function V;, for the SMC
function o;(&;,y;,t) in (42) as

. ) L
Vé‘i = %Ez:l(o-zT(xuyut)(thlBl) 10'i($i,yi7t)
HI(RiCiBy) T Ryl|e2, + €3 +€%)

The time derivative of V3, in (47) is obtained as

Vs, = Ei]\il o] (24, v, t) (RiC; B;) "N (R Ci Ajeq;

+RiCi&i) + Z'fil ol (Zi,yi, t) (i + di + fi)
+ 3000 llos(@, ya I (I(RCiBy) Ry |
x(eg;||Cill) + eq, +ey,)

< Yy Jloa(@a yo DI (R:Ci B) ™ RiCi A lleai|
+ 500 lloi (s, yi O | (N(R:Ci By~ Ril| | G| &
+fi+di) + sz\; of (Zi,yi, t)uin
+ 3000 llos(@e, ya I (I(RCiBy) L Ry |
x(eg,|Cill) + eq; +ey,)

< i@, i, 1l
X ([I(R:CiBi) ™ RiCi Aill|exil — 7:)

(47)

(48)

It is easy to check that the system trajectory will remain

within the SMC function if the Euclidean norm of the state es-

timation error ||e;;|| is bounded and decreasing. Furthermore,

define 7; = ||(R;Ci B;) "' R;C; Aill||exi(to) || + €i, where €; is
a positive scalar. Hence, it is derived as

— i eilloi(@iyi, )] <0

This implies that the SMC function can be reached with
the nonlinear FTC strategy (45) and the reachability analysis
is completed. Hence, the dynamic trajectory of HMASs can
remain within it on the basis of the stability of the state
estimation error e,;, which needs to be further dealt with.

Note that the dynamic trajectory can remain within the SMC
surface, i.e., 0;(#;,y;,t) = 0 and &,(Z;, y:,t) = 0. Hence, the
equivalent FTC input u;; can be derived as

uy = —(R;C;B;) Y (R;iC; Ajey; + RiCiBid,
+R;C;iB; fi + RiCi&;)
Then, the dynamics of the ¢-th agent can be modified as
&; = Aiwi + Biugo — Aieri + Ji&i
= (A; + BiKi)x; — (BilKi + Aj)ewi + Tii

where matrices A; = BiBJAi and J; = I, — BiBZT. Note
that the matched disturbances d; and actuator faults f; are

V&i <

(49)

(50)

(S
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completely compensated with the equivalent FTC input (50).
Then, the state estimation error dynamics are also modified as

ézi = (Ai — LiC; — Aj) e + Ti&i (52)

Furthermore, consider a Lyapunov function V' (x;,e,;) for
the dynamics (51) and the state estimation error dynamics (52)
with symmetric positive-definite matrices S;; and S;s.

V(xi, eqi) = Zi\il(ﬂ?iTSﬂxi + el Sises;) (53)

The time-derivative of V' (x;, e,;) in (53) is obtained as

V(.’Iﬁi7 em') = Ziil xf(Szl(AZ =+ Bsz) + (Al + BiK:Z‘)T
XS“)JJZ' -2 Ef\il x?Sll(BLKZ + Al)em
+ 30 el (Sin(Ai = LiCy — Aj)
+(Ai = LiCi — Ai)" Siz)ewi
+2 Zf\il el SinTi& + 2 Zf\; zl Sin JTi&i
7 T 2
<[] el
— | e * (O €x
(54
where &1 = $14 + ATS; + $1BK + KTBTS, + ETE +
Sljstl, ®19 = -5 BK—S1A and ®yy = SQA+ATSQ —
SoLC — CTLTSy — SoA— AT Sy + ETE + S, T T Ss.

The inequality in (54) is equivalent to that in (46) with
Schur Lemma. Hence, V(:ci,em) < 0 is obtained, which
implies the asymptotic stability of the dynamic system (51)
and the state estimation error (52). This completes the proof.

Remark 4.1. (i) It follows that V' (x;, e,;) is bounded, i.e., x;
and e,; are bounded. On the basis of the bounded parameters
;e and &, x; and é,; are bounded, i.e., V(xi,em) is
bounded as well. Thus, the condition that the derivative
of V(x;,e,;) in (53) should be uniformly continuous with
respect to t is satisfied. (ii) Since V(xi,exi) < 0 in (54)
and the uniform continuity of the derivative of V(z;, e;;) in
(53), it follows that lim; o V (24, €4) = 0, ]|2]] — 0 and
|lexi]| — O are satisfied by using Barbalat Lemma.

Remark 4.2. The conventional separation principle cannot
be used in HMASs because of the existing interactions among
HMAS:s. The bidirectional interaction term &;(x,t) appears in
both the state dynamics (51) and the estimation error dynamics
(52). In comparison with the work that the interactions are
satisfied with the matching condition[24], [32], the unmatched
interactions in this study are further handled with additional
freedoms provided in the integral SMC design.

Remark 4.3. (i) The decentralized controller in the integral
SMC contains two parts, namely, the linear and nonlinear
FTC compensating components. The nominal linear controller
serves to guarantee the stability of the SMC motion, whereas
the FTC compensating controller aims to attenuate the effect
caused by disturbances and actuator faults. (ii) As opposed
to the discontinuous dynamics in the SMC protocol[33] and
the sign function sgn(-) in (13), the nonlinear FTC input in
the integral SMC protocol is continuous within a boundary
layer of the hyperbolic tangent tanh(-) and prevents system
chattering[30], [31]. More importantly with the help of an
adaptive mechanism, the corresponding protocol can work
effectively even without prior knowledge of the actuator faults
and interactions[13], [21], [22], [25].

Machine
1
'xl

Machine
2
x2

— P ]
T | T

Fig. 1. The 3-machine power systems.

TABLE I
THE PHYSICAL MEANINGS AND VALUES OF THE PARAMETERS

Parameter Physical meaning M1 M2 M3
D Damping coefficient 5 3 3
H Inertia time constant 4 5.1 5.1
Wo Synchronous speed 3142 | 3142 | 3142
T Time constant of turbine 0.35 0.35 0.35
Te Time constant of speed governor 0.1 0.1 0.1
Km Gain of turbine 1 1 1
K. Gain of speed governor 1 1 1
R Regulation constant 0.05 0.05 0.05

V. SIMULATION RESULTS

In this section, a numerical simulation of 3-machine power
systems with nonlinear interactions and actuator faults is put
forward to validate the effectiveness of the proposed control
designs, i.e., the decentralized output SM-FTC scheme and the
observer-based integral SMC scheme.

The HMASs model of the 3-machine power systems with
steam valve control is given in the form of (1) with the state
vector z; = [AST w] AP, AXL]T of each machine, where
Ad; = 0;— 60, APppi = Py — Prjo and AXe; = X — Xeio-
0;,w;, Py and X¢; denote the rotor angle, relative speed, per
unit mechanical power and steam valve aperture of the i-th
machine (i = 1,2, 3), respectively. d;0, Prmio and X.;o denote
the respective nominal values. Furthermore, the 3-machine
power systems are characterized by the following matrices[36].

0 1 0 0 0
Di Wo
A = 0 T 2H; 2H; B — 0
1 T 0 O _ Km, b (2 0
thi Tnli 1
O _ Ke; O _ 1
TeiRiwo Tei Tei

The structure of the 3-machine power systems is shown
in Figure 1 and the physical meanings and values of the
parameters are illustrated in TABLE 1[36], [37]. Furthermore,
the nonlinear interaction term &;(x,t) is given as

T
&i(z,u,t) = 2?21 pij |0 — %}j% 0 0} sin (Ad; — Ad;)

where p;; is a weight coefficient and p;; = 0, p;; = 1 if there
is a connection between the i-th and j-th machines, otherwise
pij = 0, ¢; and g; are the per unit internal transient voltages
and B;; is per unit nodal susceptance between the i-th and j-th
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machines. It follows that the overall interaction term is satis-
fied with €7 (z,t)¢(z,t) < 2T (LT, ® CL)(Lmax @ Ci).

0.6598 —0.3299 —0.3299
Liax = | —0.2772 05544  —0.2772 | ,Cyn = [1 03]
~0.3299 —0.2772  0.6071

To demonstrate the efficiency of the proposed algorithms in
Theorems 3.1, 3.2 and 4.1, the actuator faults in the power
systems are considered in the steam valve control inputs and
the fault distribution matrices are satisfied with F; = B,.

5= |0.1sin (0.5¢t) |, t < 8 fy = { 02140
170 0.05sat (0.1sin (0.5¢)),t >8 727 1 0.1, > 40
b e |0.2sin (0.5¢) |, ¢ < 20
Y =

0.1sat (0.2sin (0.5t)) , ¢ > 20

The matched disturbances d;,? = 1,2,3 are considered as
dy = 0.1sin(0.5t), d2 = 0.1cos(0.5t) and d3 = |0.1sin(0.5¢)|.
Simulation parameters are designed as ¢ = 0.01 and pp5 =
uw = 0.1, and the gains in the augmented dynamics (5) and
the SMC function (8) are derived by solving Algorithm 3.1.

T, = [-5.7768 0], T, = [—0.0828 0],Ts = [—3.7063 0]

Ky = —2.2451  0.0000 Ky — —1.2882  0.0000
0.0000 —4.0499 |’72 0.0000 —4.0499
Ky = —1.9541  0.0000

0.0000  —4.0499

Furthermore, the following gains, i.e., the symmetric posi-
tive definite matrices P; in (12), the SMC matrices T; in (8)
and the dynamic compensator matrices K; in (5) are derived
by solving Algorithm 3.2.

[ 0.1517 —0.0099 —0.0109 0.0487 —0.0773 T
—0.0099 0.0040 —0.3333 0.3339 —0.2419
P =| —0.0109 -0.3333 0.8193 —0.0537 —0.0976
0.0487 0.3339  —0.0537  0.7292 1.0093
| —0.0773 —0.2419 -0.0976  1.0093 1.0000 |
[ 0.1755 —0.0168 —0.0184 0.0503 0.0799 7
—0.0168 0.0026  —0.3558  0.3320 0.2410
P,=| —0.0184 —0.3558 0.8461 —0.0567  0.0957
0.0503 0.3320 —0.0567 0.7289 —1.0131
L 0.0799 0.2410 0.0957 —1.0131  1.0000 |
[ 0.1637 —0.0154 —0.0173 0.0491 0.0923 7
—0.0154 0.0023 —0.3555 0.3321 0.2696
P;=| —0.0173 —0.3555 0.8459 —0.0566  0.0803
0.0491 0.3321  —0.0566  0.7289  —1.0279
L 0.0923 0.2696 0.0803 —1.0279  1.0000

T11 = 8.4265,T»1 = 8.1593,T3, = 8.1774
T12 =10.0931, 752 = —10.1309, T32 = —10.2794

K — 0.2866 —1.6224 K:[0.3101 1.5162

—1.6224 5.6023 |’*? 1.5162 4.5578
Ky — 0.3314 1.5393}
1.5393  4.6515

In the presence of the time-varying additive faults both in
the first and third machines and the time-invariant additive
faults in the second machine, the results in Figures 2-3 indicate
the effectiveness of the decentralized output SM-FTC design in
Theorems 3.1 and 3.2. The respective deviations of the rotor
angles Ad; in the three machines are depicted in Figure 2
with the application of Algorithms 3.1 and 3.2. The respective
deviations of the relative speed w;, the per unit mechanical
power AP,,; and the steam valve aperture AX,; in the three
machines in Figure 3 show the robust stability of the 3-
machine power systems. Note that the first machine fails at

t = 8s, the second one fails at ¢ = 40s and the third one
suffers a failure at ¢ = 20s. These figures show that with the
proposed SM-FTC strategy, the HMASSs are insensitive to the
considered actuator faults and the matched disturbances can
be compensated in finite-time simulations.

The deviation of the rotor angle with Algorithm 3.1
T T I

0.04 T T T T
— The 1st machine
—— The 2nd machine
oozp e The 3rd machine ||

0 10 20 30 40 50 60 70 80

ts
The deviation of the rotor angle with Algorithm 3.2
0.06 T T T T T T

— The 1st machine
0.04 — The 2nd machine
""" The 3rd machine

j I I I I I
0 10 20 30 40 50 60 70 80
ts

Fig. 2. The respective deviations of the rotor angles AJ; in three machines
with the decentralized output SM-FTC scheme (Algorithms 3.1 and 3.2).

The relative speed
T T T

0.2 T T T
— The 1st machine
0.1 : —— The 2nd machine |
T The 3rd machine

-0.1 B
_02 L L L L L L L
0 10 20 30 40 50 60 70 80
ts
The deviation of the mechanical power
0.04 T T T T T T

— The 1st machine
— The 2nd machine
----- The 3rd machine

0.02

-0.02

i L i

-0.04 !
0 10 20 30 40 50 60 70 80

t/s
The deviation of the steam valve aperture
T T T T =

0.2 T :
— The 1st machine
0.1 H — The 2nd machine H
!I:‘ """ The 3rd machine
0 ot —kv
I?'
H
-0.1 i 4
_02 L L L L L L L
0 10 20 30 40 50 60 70 80

t/s

Fig. 3. The respective deviations w;, AP,,; and AX,; in three machines
with the decentralized output SM-FTC scheme.

In the observer-based integral SMC scheme, the following
gains, i.e., the linear feedback gains KC; and the observer gains
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L; in (40) are derived by solving Theorem 4.1.

Ky=[ 00106 —0.1521 —0.0004 0.0419
Ko=[ 00101 —0.1251 —0.0008 0.0429
Ks = 00101 —0.1251 —0.0009 0.0429
—0.3247 ~0.2961 —0.2956
3.3132 3.0191 3.0177
Li=1 11008 [ L2=| 11828 |'L3=] 1.1830
1.7007 1.6974 1.6967

In the presence of the same actuator faults in the steam valve
aperture channel, the results in Figures 4-6 show the effec-
tiveness of the observer-based integral SMC design. Using the
proposed control scheme in Theorem 4.1, the time responses
of the states in 3-machine power systems are shown in Figures
4-6. These figures indicate that the 3-machine power systems
are stabilized and insensitive toward the matched disturbances
and faults under the action of actuators in their respective
time constants ¢ = 8s,20s and 40s. The curves in Figure
7 depict the state estimation errors and indicate the good
tracking properties of the rated and estimated states of the
3-machine power systems. Only the state estimation errors
€z14,€z24 and ezsy4 in the fourth channel in three machines
show the fluctuations at each fault occurring time instants. The
state estimation curves are within the rated values and exhibit
small oscillation amplitudes during convergence at each fault-
occurring time instance.

Hence, the numerical simulation case demonstrates the ef-
fectiveness of the proposed decentralized output SM-FTC and
the observer-based integral SMC schemes for the 3-machine
power systems.

The deviation of the rotor angle The relative speed

0.1 04
0.05 02
0
0
-0.05
0.1 02
-0.15 -
0 20 40 60 8004 20 40 60 80

/s

t/s
The deviation of the mechanical power 0 1The deviation of the steam valve aperture

0.04
0.02 0.05
0 0
-0.02 -0.05
0045 20 40 60 80 075 20 40 60 80
ts ts

Fig. 4. The respective deviations Ad;,w;, AP,,; and AX.; in the first
machine with the observer-based integral SMC scheme.

VI. CONCLUSIONS

In this study, a decentralized output SMC-FTC design is
developed for a class of nonlinear HMASs in the presence
of matched disturbances, unmatched interactions, and actuator
faults. The nonlinear interaction term is treated as a quadratic
constraint. Meanwhile, the disturbances and faults are com-
pensated by adaptively estimating the unknown upper bound-
s. Subsequently, two LMI minimization algorithms, namely,
iteration and iteration-free protocols, are integrated into the
SM-FTC design to solve the nonlinear matrix inequality.

The deviation of the rotor angle The relative speed

0.2 04
0.1 0.2
0 0
-0.1 -0.2
_0'20 20 40 60 80 _0'40 20 40 60 80
/s tIs
0.06 The deviation of the mechanical power o 15The deviation of the steam valve aperture
0.04 0.1
0.02 0.05
0 !\/\/V\N»—b/v\%k 0 W
-0.02 -0.05
-0.04 -0.1
0 20 40 60 80 0 20 40 60 80

/s ts

Fig. 5. The deviations Ad;,w;, APy,; and AX,; in the second machine
with the observer-based integral SMC scheme.

The deviation of the rotor angle The relative speed

0.2 0.4
0.1 0.2
0 0
0.1F 0.2
02 20 40 60 80 % 20 40 60 80
t/s t/s
004 The deviation of the mechanical power 0 1The deviation of the steam valve aperture
0.02F 0.05
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Fig. 6. The respective deviations Ad;,w;, AP,; and AXe; in the third
machine with the observer-based integral SMC scheme.

The observer-based integral SMC is further introduced into
the proposed SM-FTC scheme to guarantee the asymptotic
stability of HMASs and ultimately realize the boundedness
of the estimation errors. Current investigations focus on the
extension of the proposed method to nonlinear HMASs with
model uncertainties, unmatched disturbances and simultane-
ous actuator/sensor faults under the circumstance of network
disconnections and cyber attacks.
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