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Resumo

A ideia de obter formulas para as derivadas e para as respectivas normas de
certas ¢ funcoes de matrizes foi sugerida pelo Professor Rajendra Bhatia, no
sentido de generalizar resultados obtidos anteriormente.

O pioneiro neste tipo de problemas foi Carl Gustav Jacob Jacobi (século
XIX) que calculou a primeira derivada da fungao determinante. Seja det :
M, (C) — C a aplicacao que a cada matriz quadrada de ordem n faz corre-
sponder o seu determinante, onde M, (C) representa o espago vectorial das
matrizes quadadradas de ordem n sobre o corpo dos numeros complexos.
Pela definigdo de derivada direccional no ponto A € M, (C), para cada
X € M,(C),

Ddet(A)(X) = % . det(A +tX).

t
A famosa Férmula de Jacobi é

Ddet(A)(X) = tr(adj(A)X),

onde adj(A) representa a matriz adjunta de A e tr o traco da matriz.

A questao que se coloca é como pode este resultado ser generalizado. Por
um lado, podemos tentar generaliza-lo para derivadas de ordem superior, por
outro podemos considerar a primeira derivada de outras fungdes matriciais,
das quais o determinante é um caso particular. O determinante pode ser
encarado como um caso particular de uma funcao generalizada de matrizes,
no entanto uma vez que det(A) = A"A, este também pode ser visto como
uma das poténcias de Grassmman de A, i.e. A" A, no caso em que m = n.

A nogao de k-ésima derivada de uma funcao ¢ é dada do seguinte modo:
considerando A, X!,... X* € M,(C),a k-ésima derivada no ponto A e nas
direcgoes de (X!, ..., X*) é uma funcao multilinear definida por

ak

k 1 By — =%
D (b(A)(X T ’X ) T Oty ...0ty lty=..=t,=0

PA+t X+ .+ XP).
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Dado y um caracter irredutivel do grupo de permutacgoes de ordem n, S,
sabe-se que o imanente de A, associado a y é dado pela expressao:

dy(A) = Z x(o) Haia(i)

U'GSn

e tem como casos particulares o determinante, que corresponde ao caracter
alternante, e o permanente que corresponde ao caracter principal. Con-
siderando y um carécter irredutivel de S,,, A"™A e V™A sao também casos
particulares da m-ésima poténcia y-simétrica de A, K, (A).

Em [9], R. Bhatia e T. Jain calcularam varias expressoes para as derivadas

de ordem superior do determinante. Em seguida T. Jain [17] obteve férmulas
para as derivadas de ordem superior das restantes poténcias de Grassmman
de A.
Recentemente, R. Bhatia, T. Jain e P. Grover [9], [§8] deram um passo
noutro sentido da generalizacao da férmula de Jacobi e calcularam diver-
sas expressoes para a k-ésima derivada de um outro imanente, o permanente.
Também obtiveram férmulas para as k-ésimas derivadas de outra poténcia
x-simétrica de A, a m-ésima poténcia induzida da matriz A, representada
por VA, onde 1 < k <m <n.

A outra questao que estudamos nesta dissertacao prende-se com as nor-
mas das derivadas de ordem superior do imanente e da poténcia y- simétrica,
em todos os problemas a norma considerada é a norma espectral.

Em 1981 R. Bhatia e S. Friedland, em [7] deram o primeiro passo neste
tipo de problemas quando demonstraram que

DA™ (A = pm—a (Vi - - vm), (1)

onde v; > vy > ... > v, sao os valores singulares da matriz A e p,,_1
representa o polinémo simétrico elementar de grau m — 1, neste caso em m
variaveis.

Pouco tempo depois, R. Bhatia, em [5], obteve uma expressao para a
norma da derivada da poténcia simétrica,

1D V™ Al = m| A" = mw" (2)

Em 2002 R. Bhatia and J. Dias da Silva demonstraram em [6], um resultado
para a norma da primeira derivada de qualquer classe simétrica, general-
izando deste modo as expressoes (1) e (2).



Recentemente, R. Bhatia, P. Grover e T. Jain estenderam as mesmas ex-
pressoes (1) e (2) noutra direc¢ao na medida em que estabeleceram férmulas
para as normas das derivadas de ordem superior das poténcias de Grassmman
e simétricas, respectivamente.

Em [17] e [8], os autores provaram que

m)!

(m — k)!

m—k

S

|
|D* @™ Tl = | DF v T = ——

T m—k —
I
|IDF A™ T|| = k! pr—ie(V1, - - - s V).
Em todos os casos estudados, notamos que a norma é dada por

k"pmfk(Z/’Ll? cety Vi'm)’

em que Py, € um polinémio simétrico elementar em m varidveis e v;,, ..., v;,,
um conjunto de m valores singulares do operador T (eventualmente com
repetigoes).

Apesar de se tratarem de resultados que abordam assuntos similares, con-

vem notar que as técnicas e areas envolvidas nos processos de demonstragao
de cada um deles sao bastante diferentes.
Nesta dissertacao de doutoramento generalizamos todos os resultados anteri-
ores, ou seja, sao calculadas formulas para as k-ésimas derivadas do imanente
e da m-ésima poténcia y-simétrica de A. Também s@o analisadas as normas
de algumas destas derivadas.

A ideia que levou ao estudo destes problemas pode ser inserida na area da
analise matricial, uma vez que queremos calcular expressoes para derivadas de
funcoes de matrizes. No entanto, ao observarmos as funcoes estudadas, este
problema insere-se claramente no contexto da algebra multilinear, que por
sua vez, estd fortemente ligada a combinatoria e a teoria da representacao.
Portanto, como acontece na grande maioria das vezes, estamos perante um
problema multidisciplinar. Os fundamentos teéricos que foram necessarios a
compreensao e resolugao destes problemas encontram-se nos livros [3], [12] e
[25], que s@o verdadeiras referéncias para qualquer tipo de trabalho que se
insira nestas areas do saber.

E também muito pertinente salientar a importancia que a notacao tem neste
tipo de areas da matemdtica. Por um lado utilizamos notacao classica da
algebra multilinear e combinatéria, por outro introduzimos muita notagao
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nova, com o objectivo de simplificar conceitos bastante profundos e de al-
guma forma manter-nos compativeis com a notagao existente.

O primeiro problema surgiu com a funcao imanente. As unicas pro-
priedades dos imanentes que sao herdadas do determinante sao aquelas que
decorrem do facto de qualquer imanente ser também uma funcao multilin-
ear nas colunas (ou linhas) da matriz A. Assim, foi possivel generalizar a
expressao da primeira derivada do imanente e, recorrendo ao argumento de
multilinearidade e alguma notacao bastante complexa, generalizar a primeira
expressao para a sua k-ésima derivada. Para obter a segunda expressao para a
k-ésima derivada foi necessario provar a expansao de Laplace para imanentes.
Para isso tivemos que contornar o facto de o imanente de uma matriz de or-
dem n nao se calcular através de imanentes de submatrizes. O que fizemos
para ultrapassar esta questao foi através da generalizacao da soma directa
usual de matrizes.

Quando passamos ao calculo da k-ésima derivada da m-ésima poténcia y-

simétrica de A, apresentam-se algumas questoes. A primeira é precisamente
construgao da matriz K, (A) que generaliza VA e A™A. Outra questao
prende-se com o facto de que os unicos caracteres lineares de S, serem o
caracter principal e o caracter alternante. Entre outras coisas isto significa
que apenas o espago de Grassmann e o espago dos tensores completamente
simétricos tém bases ortogonais conhecidas, para o produto interno induzido,
formadas por tensores decomponiveis.
No caso geral V, para x nao linear isto nao acontece. Como consequéncia ¢
necessario recorrer ao processo de ortogonalizacao de Gram-Schmidt na base
induzida. Desta forma os calculos sao significativamente mais complicados e
as expressoes obtidas para o caso geral sao muito mais complexas. Para além
disso, tal como acontece com o imanente, nao é possivel efectuar calculos com
submatrizes e temos que, novamente, utilizar uma generalizacao de soma di-
recta de matrizes

O estudo das normas das derivadas de ordem superior da poténcia -
simétrica é feito para o caso da norma espectral. Primeiramente observamos
que, dado um operador 7" e considerando a decomposigao polar T' = PW | que
as normas de D*K, (T') e D*K, (P) coincidem, uma vez que K, (W) é unitério
e a norma considerada é unitariamente invariante. Ainda assim se quisesse-
mos explicitar a norma de D¥K, (P) os calculos seriam complicadissimos.
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Porém, T. Jain [8] conseguiu generalizar o coroldrio do famoso teorema de
Russo-Dye para aplicacoes multilineares, o que nos permitiu concluir que a
norma da k-ésima derivada de K, (P) é atingida se todas as diregoes forem
iguais a matriz identidade, o que simplifica consideravelmente os calculos a
efectuar. Por fim, pela definicao da norma espectral temos que determinar
o maior valor préprio de D*K, (P)(I,I,...,I). Tal foi possivel através de
um resultado classico da algebra multilinear. Usando a expressao obtida
para a norma de D"“KX(T) conseguimos obter também uma expressao para
as normas das derivadas de ordem superior de K, (A), onde A é uma matriz
quadrada de ordem n que representa 1" em relagao a uma base ortonormada.
A partir desta expressao obtemos também majorantes para a norma das
derivadas de ordem superior qualquer imanente.

Finalmente, as ideias para trabalho futuro nesta area passam por varias

questoes distintas. A primeira questao que surge ¢ se os resultados continuam
validos se considerarmos que V' é um espaco vectorial com dimensao infinita.
No caso das desigualdades obtidas para as normas, uma das questoes que se
pode colocar é para que matrizes é que a igualdade ¢é valida.
No que diz respeito as expressoes das derivadas de ordem superior demon-
stradas, que melhoramentos podemos obter se considerarmos casos particu-
lares de caracteres irredutiveis de S, (ou partigdes de m), nomeadamente, se
considerarmos a familia de particoes com propriedades ja conhecidas e estu-
dadas, como ¢ o caso das hook partitions. Numa perspectiva mais generalista
podemos pensar se é possivel provar para qualquer imanente ou para qualquer
poténcia y-simétrica outro tipo de resultados conhecidos para o determinante
ou para o permanente e para as poténcias simétrica e anti-simétrica.

Palavras Chave: Caracter, imanente, derivada direccional, norma ma-
tricial, composta de uma matriz, poténcia induzida de uma matriz.
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Abstract

In this thesis we obtain formulas for higher order directional derivatives for
the immanant map, which is a generalization of the determinant and the
permanent maps. We also obtain formulas for the k-th derivative of the
m-~th y-symmetric tensor power of an operator or a matrix, where y is an
irreducible character of the permutation group .S,,. Moreover, we calculate
the operator norm of these derivatives.

We start by presenting some general concepts of multilinear algebra, rep-
resentation theory and matrix analysis, in particular some results about char-
acters of S, and differential calculus applied to matrix functions, which will
be useful throughout this work. We also present some well known results
about the immanant map, as well as other results such as the generalized
Laplace expansion for immanants.

The starting point of this kind of problems is the famous Jacobi formula
obtained in the 19th century by Carl Jacobi. This formula gives us the first
order derivative of the determinant function. In recent work, R. Bhatia, T.
Jain and P. Grover [9], [8] presented us formulas for higher order derivatives
of the determinant and the permanent maps and also the expressions for the
derivatives of the symmetric and antisymmetric tensor powers. These maps
are all particular cases of the immanant and the y-symmetric tensor power,
when yx is a linear character of S,,, namely the principal and alternating
characters. The general case has much more complicated features and needs
some new concepts and notations, which play a very important role through-
out our work.

We also study the norm of these higher order derivatives. This problem
was first addressed by R. Bhatia and S. Friedland in [7] where they proved
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a formula for D A™ (A). This result has been extended in two different
directions. In [9], R. Bhatia and T. Jain study the case for higher order
derivatives and they obtain a formula for the norm of D¥ A™ (A), whereas in
[6], R. Bhatia and J. A. Dias da Silva demonstrate a formula for the norm of
the first derivative for all symmetry classes. In our work we obtain a result
that subsumes all the previous expressions.

Keywords: Immanant, Fréchet derivative, matrix norm, compound matrix,
induced power of a matrix.
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Introduction

It is not uncommon to find a special richness and vitality at the
boundary between mathematical disciplines. With roots in linear
algebra, group representation theory, and combinatorics, multi-
linear algebra is an important example. Serious expeditions into
any of these fertile areas require substantial preparation, and mul-
tilinear algebra is no exception.

Russell Merris, in Multilinear Algebra.

When we start to read this thesis, the first thing we come across is its
title, which is clearly related to the field of matrix analysis. Although, after
we look at the contents, we see the strong presence of multilinear algebra
and combinatorics.

The idea, the motivation, the main goals and results of this work are, in fact,
in the area of matrix analysis, but the tools, the techniques, the lemmas are
certainly in the areas of multilinear algebra and combinatorics. That is why
we began by quoting the first paragraph of one of the most used references
in this area.

This dissertation is divided into three parts. Chapter two is devoted to gen-
eral concepts of three areas of mathematics, multilinear algebra, combina-
torics and representation theory, that we will use. In the other two chapters,
we state and prove some new results on higher order derivatives of special
matrix functions and we also derive expressions and upper bounds for the
operator norm of these derivatives.



2 CONTENTS

Symmetry, as wide or narrow as you may define its meaning, is
one idea by which man through the ages has tried to comprehend
and create order, beauty, and perfection.

Hermann Weyl

In chapter one we give an overview of tensor spaces and symmetry classes of
tensors, with a subsection devoted to characters of the permutation group.
In the last part of this chapter, we have gathered most of the results that are
known about the immmanant of a square matrix, but we also prove some new
results that extend the formulas which are already known for determinants
and for permanents, such as the Laplace Fxpansion for Immanants and the
Generalized Laplace Ezpansion for Immanants. The last formula evaluates
the immanant of a square matrix of order n using immanants of special type
of a direct sum of submatrices of order k£ and order n — k. In order to do this
we introduce some new notation that will be used in the following chapters.

In the next chapter we obtain formulas for the higher order derivatives of
the immanant and the m-th y-symmetric tensor power of an operator, where
X is an irreducible character of the permutation group .5,,.

It is known that the determinant map and the permanent map are special
cases of a more generalized map, which is the immanant, and the compound
and the induced power of a matrix are also generalized by other symmetric
powers, related to symmetry classes of tensors. These will be our objects of
study. We present various expressions for the k-th derivatives that extend
the formulas previously established for the two special cases.

In the last chapter we obtain exact values for the norm of the k-th deriva-
tive of the operator f(71") = K, (T'), where K, (T) represents the x-symmetric
tensor power of the operator T, that is, the restriction of the operator @1
to the subspace of y-symmetric tensors, which we will denote by V. This
kind of problem was first addressed in [7] by R. Bhatia and S. Friedland
where they found the norm of the first derivative of the Grassmann power of
a matrix, which led to a striking formula:

HD/\m (A>H :pmfl(yla"'aym) (3)

where p,,_1 is the symmetric polynomial of degree m — 1 in m variables and
v > 1y > ... > 1, represent the singular values of the matrix A. Later R.



CONTENTS 3

Bhatia and J. A. Dias da Silva have proved a formula that gives an explicit
expression for the norm of the first derivative for other symmetry classes.
Again, this expression is given by the symmetric polynomial of degree m — 1
in m variables calculated on the “top m” singular values of A, these “top m”
singular values are chosen according to each symmetry class.

Recently, T. Jain have generalized formula (3) in another way. In [17] it
is proved that
|DF A™ T|| = k! pro—ie (1, - -+, Um).

Similar formulas have been obtained by R. Bhatia, P. Grover and T. Jain [§]
for the norm of the higher order derivatives of the permanent and for V™7
In this last chapter we demonstrate a formula that subsumes all the previous
cases, which was published in [11]. Our proof is inspired in the techniques
used by R. Bhatia and J. A. Dias da Silva in [6].

Finally, we present a result for the norm of the k-th derivative of K, (A),
the m-th xy-symmetric tensor power of the matrix A, a matrix we have defined
in the previous chapter. Using this result we are able to obtain an upper
bound for the k-th derivative of the immanant d,(A) and some inequalities
which are consequences of Taylor’s formula.

There are some questions that are still unanswered, such as: “Do the
formulas hold in infinite dimension?”, “Are the inequalities sharp?”. We end
this thesis by summarizing some problems and questions for future work on
this subject.
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Chapter 1

General Concepts

The truth is rarely pure and never simple.
Oscar Wilde

We present some general results of multilinear algebra and some classical
definitions that will be used throughout the next chapters. General references
for this topic are [12] and [25].

1.1 Tensor Power

Let V' be a vector space of dimension n over the field of complex numbers C
and let m be an integer such that 1 < m < n.

Definition 1.1.1. The m-th tensor power of V, denoted by ®™V, is the
tensor product of m copies of V. In particular, ®'V =V and @°V = C.

If E={ey,es,...6,} is a basis of V| then

is a basis of ®V induced by E. In order to simplify this notation we will
introduce some concepts.
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Let Iy, be the set of all maps from the set {1,...,m} into the set
{1,...,n}. This set can also be identified with the collection of multiindices
{(t1, .. yim) 45 < n,j =1,...,m}. If a« € I',,,, this correspondence
associates to o the m-tuple

In the set I',, , we will consider the lexicographic order.

Definition 1.1.2. Let o be an element of I',,,,. A decomposable tensor
associated to the element o, u2, is an element of ®™V such that

UE = Up(1) @ Ug2) @ - .. @ Un(m)-
In particular, if £ = {ey,es,...€,} is a basis of V' then the set
{2 :ael,,, .}
is the basis of ®™V, induced by F.

We have that dim ™V = n™.

Notice that @V # {11 Qs ® ... @ vy, : v; € V)1 < i < m}, meaning
that there are tensors in ®™V that are not decomposable.

Definition 1.1.3. A Hilbert space V is a vector space V over the field C
together with an inner product, i.e., with a map

(,):VxV—C,

that satisfies the following three axioms for all vectors u,v,w € V and all
scalars a,b € C

1. (v,w) = (w,v),
2. (au+ bv,w) = a{u,w) + b{v,w),
3. If u # 0 then (u,u) > 0.

If V is a Hilbert space, then the m-th tensor power of V' is also a Hilbert
space.
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Proposition 1.1.4. Let V' be an n-dimensional Hilbert space and suppose
that E = {ey, ey, ..., e,} is an orthonormal basis of V. Let z,w € @™V such

that
z = Z bae?, w = Z Cat?.
aGFm,n aerm,n
Then,
<Z7 w> = Z baaa
aEFm,n
defines an inner product on the space ™V . In particular, if x1, 2o, ..., Tm, Y1, Y2, - - -
V' then

i=1

This is called the induced inner product in @™V and this is the unique
inner product that satisfies (1.1). For simplicity we use the same notation to
represent the inner product in V' and the induced inner product in @™V
If £ ={ey,eq,...,6e,} is an orthonormal basis of V', then the induced basis
of ®™V is also an orthonormal basis, because for every a, 8 € I',,,, we have

m m

(e e5) = [ [(eatrr esr) = ] [ datisey = das-

=1 =1

We will denote by L(V) the vector space consisting of linear operators
T : V. — V. Recall that the adjoint operator of 7', T is the unique
operator that satisfies

(Tu,v)y = (u, T"v),

for every u,v € V.
Definition 1.1.5. Let 7" € L(V'). We say that
i) T is normal it TT* = T*T.
i) T is unitary if TT* =TT = 1.
iii) T is hermitian if T* =T,

where [ stands for the identity operator.

»Ym €
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Let us recall that every normal operator has an orthonormal basis of
eigenvectors, meaning that every matrix representation of 7" is unitarily sim-
ilar to a diagonal matrix. Moreover if T is unitary then its eigenvalues are
in the unit circle and if 7" is hermitian then its eigenvalues are all real.

If the operators T; € L(V), i = 1,...,m,then there is a unique operator
L € £L(®™V) such that

L(’Ul X (%) X...Q /Um) = Tl(vl) X TQ(UQ) ®X...Q Tm(vm),

for every v; € V. This operator L is called the tensor product of the operators
11,15, ...T,, and it is denoted by

L:T1®T2®®Tm
In particular, if Ty =T, = ... =T,, = T, we will write this as ®™7T, the
m-th tensor power of the operator T'.
Now, we list some properties of the tensor product of linear operators.

Proposition 1.1.6. Let T;,5; € L(V), i =1,...,m. Then

1. (Sl®52®®sm>o(T1®T2®®Tm>:(51OT1)®(SQOT2)®
. ®(SpoTy).

2. ®mIV = [@m‘/.

3 (M RT®..T,)(@™"V)=T1(V)T(V)®... T,(V).

4. If 1, Ty, ..., T, are injective (respectively: bijective, normal, hermitian
or unitary) then T) @ To @ ... ® T, is injective (respectively: bijective,
normal, hermitian or unitary).

5 TiRTy®...®T,, is invertible if and only if T1,Ts, ... T,, are invertible.

Since the tensor product of linear operators in V' is a linear operator in
®™V, it can be represented by a matrix of order n™.
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Definition 1.1.7. Let A, = (aj;) be a k, x n, matrix, 1 < p < m.
The Kronecker product of the matrices Ay, As, ..., A,,, represented by A; ®
Ay ® ... ® A is a [[k, x [[n, matrix whose rows are indexed by the
set {(i1,42,...,4m) : 1 <4, < k,} and whose columns are indexed by the
set {(J1,72:---,Jm) : 1 < j, < n,}, both ordered lexicographically. The
((11,72, -y m), (J1,J2, - - -, Jm))- entry of this matrix is

Example 1.1.8. Let A; = (a}j), Ay = (a2;) be ny x njand ny X ngy matrices.
Then A; ® As is a ning X ningy matrix, and

1 1 1
1 1 1
a3 As  as0Ay ... a5 Ao
Al ® A2 — 21 22 2n1
1 1 1
Up Az ay 0 As o ay, Ao

Theorem 1.1.9. Let E = {ey,es,...,e,} be a basis of the Hilbert space V
and T; € L(V), i =1,2,...,m such that A; is the matriz representation of
T; with respect to E, i.e. A; = M(T;, F).

Then the matriz representation of Ty @ To ® ... ® T,, with respect to the
basis {2 :a €Tt is AR AR ... Q Ap,.

In particular, if A is a n X n complex matrix we write

AMA = ARARD...® A,

the Kronecker product of m copies of A which is usually called the m-fold
tensor power of the matrix A. We have that ®™ A is an n™ x n™ matrix.

We list below some properties of these tensor powers. For A and B n xn
complex matrices, we have

1. (9™A)(®@™B) =@™(AB).
2. (@A)~ = @mA™! when A is invertible.
3. (RMA) = @MA*.
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4. If A is hermitian, unitary, normal or positive, then so is @™ A.

5. If Ay, Ag, ..., Ay, are m eigenvalues of A, not necessarily distinct, with
eigenvectors uy, ug, . . ., Uy, respectively, then AjAs... A\, is an eigen-
value of the matrix ®™ A associated to the eigenvector u; ®@us®. . . Quy,.

All of these properties are true if we replace the matrix A by a linear
operator 1" on the Hilbert space V.

1.2 Symmetry Classes of Tensors

Characters of 5,

Denote by M;(C) the set of [ x [ complex matrices and by GL(l,C) the
multiplicative group of all [ x [ invertible matrices.

Definition 1.2.1. Let G be a group. A representation of the group G of
degree [ is a homomorphism A : ¢ — GL(I, C). If the homomorphism is one-
to-one, then the representation is faithful.

In this thesis we only study the particular case when G = S,,, where .S,,
denotes the permutation group of order m, although in some parts we will
also state some interesting properties for a subgroup G of .5,,,.

Example 1.2.2. 1. For every o € §,,, define
A() = (0o () )is»

the m x m complex matrix whose (i, j)-entry is equal to 1 if o(j) =
and 0 otherwise. There are m! different matrices of this kind and they
are called permutation matrices of order m. Notice that if 01,00 € S,,
then:

A(O’lgg) = A(Ul)A(UQ).
Then A is representation of S,,, of degree m. It is easy to see that A
is faithful.

2. Using the previous example, for each o € S,, define
B(o) = det(A(0)).

With simple calculations we can see that B is a representation of 5,
of degree 1. It is easy to check that B is not faithful.
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Definition 1.2.3. Let N be a nonempty set and suppose S = {A(v) : v € N}
is a set of m x m complex matrices indexed by N. Then the set S is reducible

if there is an invertible matrix @) of order m and an integer p with 1 < p < m,
such that for all v € N,

02 (0] pin).

where B(v) is a p X p complex matrix. S is irreducible if it is not reducible.
The representation A of S,, is called reducible or irreducible if the set of
matrices {A(o) : 0 € S,,} has the corresponding property.

Definition 1.2.4. Let A be a representation of S,,. Let x :.S,, — C be
defined as

x(0) = tr A(0),
where tr A(o) stands for the trace of A(¢). The function x is called the
character of the group S,, afforded by the representation A.

If A is an irreducible representation, then y is an irreducible character.
We will denote by I(S,,) the set of all irreducible characters of S,,.

From now on, y will always denote an irreducible character of S,,. If A
is a representation of degree 1, then y is a homomorphism of groups, i.e. for
every o,7 € S,

x(o7) = x(o)x(7).

In this case x is said to be a linear character.
The following proposition is well-known.

Proposition 1.2.5. There are only two irreducible linear characters of S,
for every natural number m. These linear characters are

e \ =1 the principal character of 5,,.

e x(0) = sgn(o) the alternating character of S,,, where sgn(o) stands
for the sign of the permutation o.

Now we list some properties of characters of the permutation group.



12 CHAPTER 1. GENERAL CONCEPTS

Proposition 1.2.6. [25] Let x be an irreducible character of the group S,
with degree l. Suppose o, 7 € S,, and id is the identity element of S,,. Then:

1. x(id) =tr(1) = 1.
2. |x(o)| <, for every o € S,,.
3. x(o1) = x(10).
4. x(t7roT) = x(0), that is, x is constant on the conjugacy classes of S,.
5. x(0) is an integer for every o € S,,.
Remark 1.2.7. Notice that:

1. The elements o,7 € S,, are in the same conjugacy class if and only
if o and 7 have the same cycle type. We will represent by C(o) the
conjugacy class of the element o.

2. The last property of the previous proposition is only true if we consider
the characters of the whole permutation group. In this case o and o~}
are in the same conjugacy class, and as a consequence x has to be real.
Using some results of Galois theory, it can be proved that Im x has to
be an integer. However, if we consider a more general case, that is G a
subgroup of S;,, then the values of x need not be real and we only have
that Y is an irreducible character and X (o) = x(0) = x(o71).

Next we state two technical results, which we will use later The first one
establishes relations between two irreducible characters of S,,. This lemma
is an extension of a well known result called the Orthogonality Relations of
the First Kind.

Lemma 1.2.8. [25] Let x,§ € 1(S,,), then

mix(r) o
Y xeHe(or) =4 x(d) fx=¢&

0ESm 0, otherwise.

In order to state the second lemma we need the following notation. We
represent by o(G) the number of elements of the subgroup G. This lemma
describes the Orthogonality Relations of the Second Kind.
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Lemma 1.2.9. [25] Let o and T be elements of the permutation group Sy, .
Then

m!
—— ifTt e C(o);
S wo i) = 4 aceyy T EC)
0ESm 0, otherwise.

We are interested in studying some important subspaces of the space
®™V, which are associated to an irreducible character of S,,.

Definition 1.2.10. For each o € S,,,, we define the linear operator P(o) € L(®Q™V)
as

Po)(v1 @02 ® ... ® V) = Vp-1(1) @ Vg-1(2) @ . . . @ Up=1(p)-

We also consider the map P defined as
P:S, — L&@MV),
o — P(0).

It is easy to check that the map P has the following properties:
e P(or)= P(0)P(T), 0,7 € Sp.
e P(0) is invertible and P(c~!) = P(o)~1.
e For every o € S,,, P(0) is unitary, i.e. P(o)* = P(0)™".

In particular, P is said to be a unitary representation of 5,,, since every
matrix P(c) is unitary, for every o € S,,.

Definition 1.2.11. Let y be an irreducible character of \S,, and define the

operator .
K, =D 5™ (0)Plo),

UESm

where id stands for the identity element of S,,. For every x, K, is a linear
operator on ®™V. It is called the symmetrizer map.

Theorem 1.2.12. Suppose x is an irreducible character of Sy,. Then K, is
an orthogonal projection in the space Q™V .
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Proof. Suppose that y is an irreducible character of .S,,.

1. K, is an Hermitian operator:

2. K, is idempotent.

First we notice that K, commutes with P(o) for every o € S,,.

K2 = (%) <Z X(U)P(0>> (Z x(r)Pm)

0ESm TESm
() X aenmrien)

The fourth equality follows from Lemma 1.2.8.
[

Definition 1.2.13. Suppose x is an irreducible character of S,,. The range
of K, is called the symmetry class of tensors associated with the irreducible
character y and it is represented by

V, = K, (@™V).
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There is a relation between the whole tensor product space ®V and its
subspaces V), for an irreducible character x. This relation is a corollary of
the following theorem:

Theorem 1.2.14. Suppose x and & are irreducible characters of S,,. If
X # &, then K, K¢ = 0. Moreover,

where I is the identity operator in L(Q™V).

Proof. By the definition of the symmetrizer map

K = MO (Z X(U)P(U)> (Zsm%))

— XUUEED S~ (o)etr) Plom)

2
m!
oTESM

— xlidiad) > (Z X(0)€(0‘1u>> P(p)  (p=o7)

m!?
c€Sm \HESm

= 0,

by Lemma 1.2.8. On the other hand,

S K= o 3 i) Y ae)P()

x€I(Sm) " x€I(Sm) 0ESm
1
- Y LY v | Po)
0ESm XEI(Sm)
— P(id)
= I

by Lemma 1.2.9. [
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Corollary 1.2.15. The space @™V is the orthogonal direct sum of the sym-
metry classes V. as x ranges over 1(S,,). This means, if I(Sy) = {x1, X2, ---, X1},
then

MV =V, eV, ®...0V,,.

Proof.
"V = I(g™V)
= (le + sz +.o..+ KXz)(®mV)
= KX1 (®mv) D KX2(®mv) ©...P le(®m‘/)
=V, 0V, ...V,

Theorem 2.2.13 assures that the sum is direct. That concludes our proof. [J

It is well known that the alternating character x(o) = sgn(o) (sign of
the permutation o) leads to the symmetry class A™V which is called the
space of skew-symmetric tensors, the m-th Grassmann space, or the m-th ez-
tertor power of V. It is also well known that the symmetry class correspond-
ing to the the principal character x(c) =1 of the group S, is represented
by V"Vand is usually called the space of completely symmetric tensors.[25]

Given a symmetrizer map K,, we denote
Uy Uk .k Uy, =K (0 QU ® .. Uy,).

These vectors belong to V,, and are called decomposable symmetrized tensors.
It is important to observe that the chosen notation does not emphasize the
fact that * depends on the irreducible character x. Again if x(o) = sgn(o)
we usually write decomposable symmetrized tensors as

(AN S WA AN V.
and if x is the principal character, we write

Ul\/'UQ\/...\/Um.

The space V, contains all of the decomposable symmetrized tensors, but,
in general, it is not equal to this set. However, from the previous definitions
we can conclude that V,, is spanned by the set:

{ef == K (eZ) = Ky(ea(1) ® €a@) ® ... ® eqm)) @ € [y pt.
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Now we turn to finding a basis for the space V, . The set {e}, : a € I';;, .}
is a set of generators. It is easy to check that, in general, this set is not a
basis of V) , in fact some of its elements may be equal to zero. In order to
find a basis for V, we need some more definitions.

First notice that the group S, acts on the set I';,, ,, by the action defined

as

(0,a) — ac™?

where o € S, and a € I'yy, ..
We recall some standard definitions from group theory.

Definition 1.2.16. Let o € I, ,. The set
{ac:0€8S,,}
is the orbit of a.

If o, 8 € I',,,, are in the same orbit then we say that a and /3 are equivalent
and we write a = 5.

Example 1.2.17. Consider a = (3,3,5,1) € I'y¢. Then the orbit of « is:

{(1,3,3,5),(1,3,5,3),(1,5,3,3),(3,1,3,5),(3,1,5,3), (3,3, 1,5),
(3,3,5,1),(3,5,1,3),(3,5,3,1),(5,1,3,3), (5,3,1,3), (5,3,3, 1) }.

In particular, a = (1,3,3,5) € Gug.
Definition 1.2.18. Let a € I'),, ,,. The stabilizer of a is the subgroup of S,
defined as
Go={0€ Sy a0 =a}.
Example 1.2.19. For oo = (3,3,5,1) € I'yg,
G. = {id, (12)}.

Considering the set of generators of V, indexed by I',,,, we want to
remove the ones that are equal to zero.
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Lemma 1.2.20. Let {ey,...,e,} be an orthonormal basis of the Hilbert space
V. For every a € I'y, ,, we have

fez =V 5™ (o). (12)

c€Gq

Proof. In order to calculate the norm of e}, we start by calculating the inner
product between two generators of V.. Let o, 8 € T, ,,. Since K, is hermitian
and idempotent,

(enrep) = (Ky(eg), Ky (€5))
= (Ky(ed)e5).

Using the definition of K,

m

ey = 2D 5™ (0) [T eaen oo

m!
o€ESm t=1

Since the basis is orthonormal the only nonzero summands are the ones for
which « and S are equivalent. So we have that

ez =20 5™ (o, (13

0€Gq
That concludes our proof. O]
Now let
Q=0 ={a€lp,: Y xlo)#0}. (1.4)
c€Gq

So the nonzero decomposable symmetrized tensors are {e}, : o € Q}, this
set, obviously, generates V.

Definition 1.2.21. Let A be the system of distinct representatives for the
quotient set ', , /Sy, constructed by choosing the first element in each orbit,
for the lexicographic order of indices.

Recall that G, ,, is the set of all increasing sequences of I',, ,,.
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Lemma 1.2.22. With the notation already defined, we have the following
1. If B € I'yn, then there are o € Gy, and o € Sy, such that B = ao.
2. We have o, 8 € Gy, and o € Sy, with B = ao if and only if o = 5.

Using the previous lemma it is easy to see that A = G, ,,, that is, in every
orbit there is an unique element of G,,,, and that element is the smallest in
the lexicographic order.

Let
A=ANQC G

On the one hand it can be proved that the set
{ef a € A}

is linearly independent. On the other hand, the set {e}, : o € Q}, spans V.
So, we can conclude that there is a set A, with

ACACQ

such that R
E={e ae A}, (1.5)

is a basis for V,, formed with decomposable symmetrized tensors.

From the classical theory, it is also known that if x is one of the two linear
characters of S,,, then A = A and in these two cases, the basis is orthogonal.
In particular, if x is the alternating character then

Z = Qm,n7
the subset of I';,, ,, of all strictly increasing maps, and in this case
dim(A™V) = <”>
m

If x is the principal character of .S, then
Z = Gm,n

and

dim(V™V) = (” = 1) .

m
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If x is an irreducible character of \S,, it is known that ¥ = yx, because
the range of y lies in the integers. However if x is an irreducible character
of a subgroup G of S,, this is not true. In this case we only have that ¥
is also an irreducible character of G. In the next proposition we establish
a relation between the symmetry class of tensors associated with y and Y,
which is trivial in the case of characters of \S,,.

Proposition 1.2.23. Let G be a subgroup of S,,. Suppose x is an irreducible
character of G. Then

Vi =Ky (®@"V) = Kx(@™V) = k.
Proof. First notice that
ZX - Zy,

it follows from the definition of 2, that

Z x(0) # 0if and only if Z X(o) #0

UGGQ O'GGa

with a € Iy, ..
So

AyNAg £

and we can choose o € EX N Ey.
From 1.2.15 we have that either

V, and V5 are ortogonal or V, = V4.

Let E = {ej,ey,...,e,} be an orthonormal basis of the Hilbert space V. Let
er € V., ef € V& be elements of the induced bases of the spaces V, and V4,
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respectively. We compute the inner product of these elements of @™V,

(ef ef) = <K e )>

- (e < w,zx<f—l>ea>
UGG TESM

). K
Y

- (nf) PIRCRCSEG
Y
)l

|

id)

B x(id)
- m'

Since a € Q,, we have that Y .. x(0) #0and > ., x(77') # 0, by the
definition of €2, . So

><

le511P > x(o)x(r™)
O'TEG

e3> > x(@) D x(r ™)

JGG T7€G

Then we must have

This concludes our proof. ]

Given a linear operator T in L(V') we have previously defined the m-
th tensor power of T" which we have represented by ®"1. Now we want
to define an induced transformation on the space V,. Since V, C ®™V, in
order to define this induced transformation, we consider the restriction of the
operator @1 to V,. We will see that the space V, is an invariant subspace
for the operator ®@™T'.

Definition 1.2.24. Suppose L € L(®™V). Then L is bisymmetric if it
commutes with P(c), for every o € S,,.

We will need the following lemma which characterizes the bisymmetric
operators.

Lemma 1.2.25. [25] Suppose L € L(®™V'). Then L is bisymmetric if and
only if L belongs to the linear closure of

(@™ : T € L(V)}.
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Using this it is easy to see that the symmetry class of tensors V) is an
invariant subspace of ®™7T'. Notice that P(c) is bisymmetric for all o € S,,.
Therefore, using the previous lemma, P(c) commutes with ®™7T for every

id
o € Sp,. Then ®™T commutes with any projection K, = X(1|) Z x(o)P(o).
m!

O’ESm

Definition 1.2.26. Let V' be a Hilbert space of dimension n and let 1 < m <
n. Suppose y is an irreducible character of S, and T' € L(V). The induced
transformation determined by x is the restriction of ®™T" to the subspace V.
This is represented by the symbol K, (T).

Now we list some properties of the induced transformation determined
by the irreducible character y.

Proposition 1.2.27. Suppose V' is a Hilbert space with dimension n and let
1 <m <mn. Let x be an irreducible character of S,, and suppose that S and
T are in L(V) and vy, ... v, € V. Then

1. K\(ST) = Ky (S)K(T),
2. K\ (T)(v1 % -+ - % vy,) =T (v1) # -+ % T(vy,),

3. K (T)" = K, (T™), where T* is the adjoint operator of T,

4. K,(T) is invertible for all invertible T and K, (T)™' = K,(T™1).

5. If T is a unitary operator then K, (T') is unitary.

We have already seen that if £ = {ey,eq,...,€,} is an orthonormal basis

of the Hilbert space V' then the set
{2 aelu,t

is an orthogonal basis of ®™ V', formed by decomposable tensors of ®™V. On
the other hand, if x is a linear character then

{ef :a € A}

is an orthogonal basis of V. Among other things, this is consequence of the

*

fact that for every o € S, e, = x(0)el, when x is linear. [25, p. 165]

oo
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In general, if x does not have degree one, there are no known orthonormal
bases of V) formed by decomposable symmetrized tensors, this means that
the induced basis

g ={e ae}

is not, in general, an orthogonal basis of the space V,, with the induced inner
product in V.

However, if we apply the Gram-Schmidt orthonormalization procedure to
the basis £, we obtain an orthonormal basis of the m-th y-symmetric tensor
power of the vector space V', which we denote by

E={v,:a €A}

Let T be an operator in £(V') and let A be a complex n X n complex matrix.
Suppose that A represents the operator T in the orthonormal basis F, i.e.

A= M(T;E).

Let t = ]3\ By the previous definitions, we have already seen that K, (T') is
in £(V,). Suppose A is a t x ¢t complex matrix that represents the operator
K, (T') in the orthonormal basis &, i.e.

A = M(K,(T): €).

Our goal is to find a relation between the entries of A and A, which will lead
us to the definition of the m-th y-symmetric tensor power of a matrix A. In
order to construct this matrix, we study the immanant of a square matrix,
in the next section.

1.3 Immanant

In this section, we present some properties of a multilinear function called
the immanant. The immanant function can be looked at in two different,
but equivalent ways. On the one hand it may be studied as a special case
of a map called generalized matriz function which was first introduced by I.
Schur, on the other hand it can be studied as a generalization of the deter-
minant.
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In this section we also define the y-symmetric tensor power of an n X
n complex matrix, where y is an irreducible character of S,,. Finally we
establish a relation between these two concepts.

Definition 1.3.1. Let A be an n X n complex matrix. Suppose G is a
subgroup of 5, and x a character of G. The generalized matriz function
dS : M,(C) — C is defined by

d$(A) =Y x(0) ][ aiw-
oelG i=1

In the special case G = 5,, and y irreducible, we have:

Definition 1.3.2. Let A € M,(C) and x be an irreducible character of S,,.
We define the immanant of A as:

d(A) =) x(o) Hawm-

UES’n

The map d, : M,(C) — C is a multilinear map on the columns (and
also on the rows) of A.

Example 1.3.3. The determinant of A,
det(A) = dgn(A) = > [ s8n(0)ainq)
o€eS, i=1

is the particular case of an immanant when Yy is the alternating character.

If x is the principal character then

n

per(A) = di(A) = Y [ aioo;

oeS, 1=1

which is the permanent of the matrix A.
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It is important to notice that these two immanants are the only im-
manants afforded by linear characters of S,, which means, among other
things, that in these cases x is a homomorphism.

Since the immanant is a multilinear function on the columns (or rows) of the
matrix A, all the properties of the determinant that are consequences of its
multilinearity are still true for every immanant d,.

Proposition 1.3.4. Let x be an irreducible character of S, and A € M,,(C).
Then

1. dy(AT) = d\(A);

2. d(A*) = d(A).

Proof. Suppose A € M,(C), we want to prove that

oES =1

= > x@][[ew: (G=070))
0ESh i=1

= > x@]laey  (@=7
0ESH j=1

- Z _I)HGJ'T(J
TESK j=1

= Y xO ][0
TES, j=1

= dx(A)

Recall that x(7) = x(771), because x is an irreducible character of the per-
mutation group.
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Now we will prove that d,(A*) =d

=

—~
N

~

) = Y @ [

€Sy i=1

= Z X<0-> H QAo ()i
ogE€Sy i=1

= Z x(o) H Ajo—1(5) (o(i) = J)
€Sy j=1

= Y xo Y ][am (o=
TESn j=1

= > x0]]5
TGSn .7:]-

= Z x(7) HCL]T(J)
TESH 7=1

= dx<A)

This concludes our proof. O

Using the last proposition, we can see that for the permanent function:
1. per(AT) = per(A),
2. per(A*) = per(A).

Now, if we consider the determinant function, the Laplace Expansion
gives us a formula to calculate the determinant of a matrix of order n using
determinants of submatrices of order n — 1. In general, there is no natural
way to associate a character of S,, with a character of S,,_;, so there is no
natural way to relate the immanant of an n X n matrix with immanants of
its submatrices. We intend to generalize the Laplace Expansion for every
immanant. In order to do that we need to relate the immanant of the matrix
A with the immanant of matrices of the same size.

First we need to introduce some notation and definitions.

We denote by A(i|7) the n x n matrix that is obtained from A by replacing
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the i-th row and j-th column with zero entries, except entry (¢, j) which we
set to 1. For example, suppose

2 -1 0 3
1 1 1 0
A= 0o -2 -1 3
-2 =2 6 1
then
2 0 0 3
1 010
A(3]2) = 0 1 00
-2 0 6 1

Definition 1.3.5. Let A € M, (C) and let x be an irreducible character of
Sp. The immanantal adjoint of A, adj, (A) is the n x n matrix in which the

entry (i, ) is dy (A(i])).
This definition agrees with the definition of permanental adjoint in [25],

but not with the usual adjugate matrix. In this case we would need to
consider the transpose matrix. This is only a matter of convention.

Using the fact that the immanant is a multilinear function, we get the
following result.

Proposition 1.3.6. (Laplace Expansion for Immanants) Let A € M,(C)
and x an irreducible character of S,,.
For every 1 < j <n,

dy(A) = Z aiidy (A(i]7)).

For every 1 <i <n,
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Proof. First notice that

ail
a1

aijdy (A(il7)) = dy | 7

an1
Since d, is multilinear we have

a11 a2
Q21 Aa22
dx (A) = dx

(0751 0

An1  Ap2
aix  Aaig
Q21 Q22

+dy

Gp1  Qp2

a1; a2

Q21 A22

d e
X1 0 0

Ap1  QAp2

So we have the desired result.

GENERAL CONCEPTS

CHAPTER 1.
a12 ayj
22 a2;
0 CLij
Ap2 Anj
a1 A1n
A9 Q2n
0 0
Q5 Qpn
ayj Ain
A2 Qon,
Ay 0
Qnpj Qpn
a1 Q1n
a2 Q2n,
O (077
anj QAnp

]

Now we want to go further in the sense of a Generalized Laplace Expan-
sion, that gives us a formula to calculate the determinant of a matrix of order
n, using products of determinants of submatrices with order k£ and n — k of
A, 1 < k < n. This expansion was first proved for the determinant and
the same arguments were later used to prove the corresponding generalized
expansion for the permanent. We now present both of these formulas that

can be found in [23] and in [28].
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Definition 1.3.7. Let X be a n X n complex matrix, £ a natural number,
1 <k<nanda,pf € @k, We denote by

Xals]

the k X k matrix obtained from X by picking the rows «(1),...,a(k) and
the columns £(1),...,8(k).
We denote by

X(alB)

the (n—k)x (n—k) matrix obtained from X by deleting the rows a(1), ..., a(k)
and the columns £(1),..., B(k).

2 -1 0 3
1 1 1 0

Example 1.3.8. Suppose A = 0 -2 1 3 and a = (1,3), 8 =
-2 =2 6 1

(2,3). Then
Alalf] = (:5 _01) AlalB) = (_12 ?)

For a € Q. denote |a| = a(1)+...+ (k). We now look at some results
that are already known.

Theorem 1.3.9 ([23], [28]). /Generalized Laplace Ezpansion for Determi-
nants and Permanents| Fizing o € Qg

det X = (—1)1 37 (=) det(X [al]) det(X (alB).  (16)
BEQkK,n
and
per X = Y per(X[a|B]) per(X(a|B)). (1.7)
BEQk,n

Example 1.3.10. Let n = 4 and k = 2, then Q24 = {(1,2), (1,3),(1,4), (2,3),(2,4), (3,4)}
-1
1
—1
1

1
fixing « = (1,2), A = g and using the previous formula for

W = N =
DO = O

—1
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the determinant,

det A

(=1)* > (=1)"det(A[(1,2)|5]) det(A((1,2)|5))

£€Qz2.1
—(=det(A[(1,2)|(1, 2)]) det(A((1,2)(1, 2)))
det(A[(1, 2)[(1,3)]) det(A((1, 2)[(1,3)))
det(A[(1, 2)[(1,4)]) det(A((1, 2)[(1,4)))
det(A[(1, 2)[(2,3)]) det(A((1,2)[(2,3)))
det(A[(1, 2)[(2,4)]) det(A((1,2)[(2,4)))
det(A[(1,2)[(3,4)]) det(A((1,2)[(3,4))))
10

10 0 1 1 -1
det<3 2>+det (1 2)det (3 1)——8

If we analyse both of the proofs, that can be found in [28] and [23] we
can see that the similarity between them is due to the fact that the deter-
minant and the permanent of a direct sum of matrices is the product of the
determinants, or the permanents, of the block summands. That is

det (é g) — det(A ® B) — det(A) det(B),

per (é g) = per(A @ B) = per(A) per(B).

However, if x is any other irreducible character, there is no clear general
relation between the immanant of A and the immanant of any submatrix of
A. In fact there is no relation between a character of S, and a character
of S;,, for m < n. So the Generalized Laplace Expansion formula for any
immanant is a little more complicated.

The idea to overcome this drawback is to calculate the immanant of A
using matrices of order n in which some of the entries are equal to the entries
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of A and others are replaced by zeros.

Let 1 <k <n, o € Qkn, we denote by Im a the image of a.

Definition 1.3.11. Let 1 < k£ < n, o, 8 € Q. We denote by S, 5 the
subset of S,, defined has

Sap={0 €S, :0(Ima)=Impg}.

Example 1.3.12. Let n =5, k = 3, then o, € Q35. Suppose a = (
and f = (2,4,5). It is easy to check that if o = (12)(34) and 7 = (
then o, 7 € S,

;3,5)
234),

1
1
Fixing a € Q,n, we have the following result.

Lemma 1.3.13. For every a € Qp.p, the set {Sap: 5 € Qrn} is a partition
of Sy.

Proof. We first prove that

1. Let 8,7 € Qip, if B # 7 then Sy 5N Sa, = 0.

Suppose 0 € Sa5 M Say. Then o(Ima) = ImfS = Im~, and thus
Im B = Im~. Since 3,7 € Qk.n, it follows that 5 = ~.
Now we prove that

2. Sp=|J Sas
BEREK,n

Take 7 € S,, with 7(Im«) = {j1,...,Jx} and suppose j; < ... < Jg.
Let v € Qg such that v(i) = j;, for i = 1,..., k. Therefore 7 € S, ,
and S,, C U Sa,B-

IBer,n

The other inclusion is trivial. O]

Now, for every a € @, denote by Im a the complement of Im « that is
Ima=1{1,2,...,n} \ Ima.
Lemma 1.3.14. Let 1 <k <n and o, € Qin. If 0 € Sop then

o(Ima) = Im 3.
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Proof. Suppose that [ € Ima and o(l) = j; € Im 3. We have 0 € S, 3 so
we can find ¢ € Ima such that o(i) = j; = o(l). But i # [. This is a
contradiction, because o € S,,, and therefore is injective. n

Since {Sap: f € Qrn} is a partition of S,, we have

|
[{Sas: B € Qrn}tl = [Qrnl = m

In an analogous way, we can prove the same results if we fix 3 instead of a.
That is, if we consider the set {Sa5: @ € Qpn}-

Now, we can conclude that for every o, 8 € @), the value

Z X(O) U Qo (t)

O’ESQ,B
does not depend on the values of the following entries of the matrix A:
I. The k rows of A that are in Im « and the n — k columns of A in Im 5.
II. The n — k rows of A that are in Ima and the £ columns of A with
index in Im f3.

We now denote by
AfalB} = (a)
the matrix of order n obtained by replacing in the matrix A every entry in I
and II by zeros.

Example 1.3.15. Suppose

8 =2 1 3 =5
1 2 -3 3 =2
A=|[3 1 -2 4 -1
3 1 -1 2 7

3 -3 4 5 1
We have that n = 5, suppose k = 2 and let a = (2,3) and 8 = (1,5). Then

0 -2 1 3 0
1 0 0 0 -2
30 0 0 -1
0 1 -1 2 O
0 -3 4 5 0

A{(2,3)[(1,9)} =
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Lemma 1.3.16. With the previously established notation, we have that for
each o, B € Qpn,

Z x(o) Hata(t) = dy(A{a|B}).

o€Sa,8 t=1

Proof. Using the definition of the immanant and the fact that S,, = U Seys

’Yer,n
we have that

d(A{alB}) = > x@)]]ahe

VEQk,n TE€ESa,y t=1

Now take § € Qg such that § # 8 and o € S,;5. Then Ha;(t) =0,
t=1
because at least one of the factors is zero, by the definition of the matrix

Afalp}.

Therefore

n

Z X(U) Ha;(t) = 07

0€Sa,y t=1

for every v € Q. \ {8}
Moreover, for A{a|B}, if 0 € Sas then a; = ator). So

n

dy(A{a|B}) = Z X(U)Hata(t)o

O'GSQﬁ t=1
This concludes the proof. O

Proposition 1.3.17. Let A be an n X n complex matriz and suppose 1 <
k <mn. Suppose a € Q. Then

d(A) = Y dy(A{a]B}).

/BEQk:,n
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Proof.

dy(A) = Z x(o) Ha'ta(t)

O'ESTL
n

= > > xo)[[aww

BEQk,n 0E€ESa t=1
= > d(A{alB)). (1.8)
IBEQk,n

This concludes our proof. O

Now we construct matrices of order n using matrices of order k and order
n—=k. In general this could be done by using the usual direct sum of matrices.
We introduce a generalization of this concept.

Definition 1.3.18. Let o, 5 € Qk., and let A be a k x k matrix and let B
be a (n — k) x (n — k) matrix. Denote by @ be the unique element of @, »,

with Ima = Im «.

We define

A B = (zi).

alB
as a n X n matrix such that
o z;,;,=0if i € Ima and j ¢ Im f3;
° xij = aa—l(i)ﬁ_l(j) le € Im« andj € Imﬁv

® Tij = bafl(

98 6) ifiZImaand j & Im§f.

In a sense, we place A in rows a and columns 5 and we place B in rows
@ and columns f.

Example 1.3.19. Let

-2 1 3

A—(éia B=|1 -1 2},
-3 4 6
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then k =2 and n = 5. Suppose a = (2,3) and 8 = (1,5). So we have

0 -2 1 3 0
1 0 0 0 —2

A@B: 30 0 0 -1
alB 0 1 -1 2 0
0 -3 4 6 0

Ifa=p=(1,...,k), this is the usual direct sum of A and B, that is
A O
A @ B- ( 4 B) |
k)
Also it is easy to see that if a # 3 then

AP B+ AP B
alp Bla

The following result is easy to verify.

Lemma 1.3.20. Let X be an n X n complex matrix and let 1 < k < n
, o, 8 € Qprn. Then we have

X{a|B} = X[a|8| P X (alB).
alp

Proof. First notice that the matrices X[«a|f] and X (a|8) have order k and
n — k, respectively. So both matrices X{a[8} and X[a|8] D, 5 X (a|B) have
order n.

The (i, j)-entry of X{a|B8} is zero if

[. i€Imaand j € Imp, or
I. € Ima and 5 € Im S.

All the other entries of X{«a|5} are equal to the entries of the matrix X.
So rephrasing the last sentences, we have that the (7, j)-entry of X{«|8} is
equal to

e 0ifi € Ima and j & Im 3;
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e 0ifi ¢ Ima and j € Im f3;
® I,135)-1(;) if i € Ima and j € Im f3;

e I_
a

S @B G) if i ¢ Imid and j ¢ Im g3,

These entries are exactly the same as the entries of the n x n complex matrix

X[l Do s X (aB) O
Now we can state the Laplace expansion for immanants.

Theorem 1.3.21 (Generalized Laplace Expansion). Let X be an nxn com-
plex matriz, let 1 < k <n , and o a fivzed element in Q. Suppose x is an
irreducible character of S,. Then

d(X)= Y d(X[alfl@PX () = D d(X{alB}). (1.9)

/Ber‘,'n O’|ﬁ ﬁer,n

and

d(X)= Y d(X[Bla]@X(Bla)) = DY d(X{Bla}).  (1.10)

BEQk,n B|0é Ber,n

Example 1.3.22. Let A be a matrix of order 4. Let k = 2 and o = (1,2)
in (Q24. Then, we have

ann a0 0 apr 0 a3z O

o aiz azx 0 0 a2 0 ax O
dX(A) N dX 0 0 ass as +dX 0 azx 0 az
0 0 a3 au 0 ap 0 ay

a1 0 0 14 0 12 Q13 0

a19 0 0 24 0 92 Q923 0

+ dx 0 aszxp azx 0 +dx az; 0 0 as
0 ap asz O agz; 0 0 au

0 a2 0 au 0 0 a3 au

0 ax 0 ax 0 0 as an

Ty azi 0 asz O oy agir azxp 0 0

ag; 0 agz O ayr azz 0 0
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Now we show that Proposition 1.3.6 is a particular case of the General-
ized Laplace Expansion.

Take k = 1, then @1, = {(1),(2),...,(n)}. Suppose o, € Q1,, with
«a = (i) and B = (j). First, notice that for every X € M, (C), we have that

dy(X{a|f}) = di (X{()[(7)}) = wijdy (X (il7))-

So, using the previous theorem

d(X) = Y d(x{als})

aer,n

= de(X{(iN(j)})

= Dy (X))

The last equality is due to the multilinearity of the immanant.

We also want to prove that the generalized Laplace expansion for deter-
minants is a particular case of formula 1.9. For that purpose, we list some
properties of the matrix X{«|5}.

Proposition 1.3.23. Let o, 3,0/, 8 € Q. Then we have
1. X{a|B}a]B] = X|o|A].
2. X{a|f}(a]B) = X(a|B).

3. If B # B', then both matrices X{ca|B}[a|f'] and X{a|B}(c|5') have a

zero column.

4. If a # o/, then both matrices X{a|B}/|B] and X{ca|B}(/|B) have a

ZETO Tow.
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Proof. 1. Let us denote as before X{a|f} = (a::;), i,j=1,...,n. Then

+ + +
Topa)y Tampe) - Ta@k)sk)
Ty 2)8(1) x;r@)ﬁ(?) e x:@)ﬁ(k)
X{a|f}alf) = | Te@In T el
+ + *
Tampa) Tawse) - Tak)Blk)

By definition of X{«|8}, for every s,t =1,... k,

xZ(s)B(t) = La(s)B(t)

SO
Ta(1)B(1) Ta(1)B(2) --- La(k)B(k)
To To R 9
X{a|B}alp] = | Te@IW Te@re e Te®0 - = X(alg)
Lak)B(1) LTa(k)p2) --- Ta(k)B(k)

2. With similar arguments we can prove that X{a|8}(«|5) = X (a|B).

3. Now suppose that §’ # 3, then

- + *
Toypa)y Ta)p@ - La®)s (k)
/ xi@)gl(l) wi@)ﬂ’(?) T x;r@)ﬁ’(k)
X{a|f}alf] =1 U
+ + +
Tamp ) Tawp@ - Ta®p k)

Since B # B, there is j such that j = f'(t) and j € Im /. So the
elements of the j-th column of X{a|8}[«|p'] are :c;r(s)j, that are equal
to zero by the definition of X{«|5}.

4. Analogous to 3.
This concludes the proof. O

We can now check that this formula generalizes the known Laplace for-
mulas for the determinant and the permanent (see [23] and [28]).

If x = sgn, then dyz, = det. For a € Q) ,, recall that |af = a(1) + ... + a(k).
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Fixing o € Q.

det X = > det(X{a|B})

BEQk n

— (—1) Z Z DM det(X {a|B}a]v]) det(X {a|B} aly))

BEQK,n YEQK,n
= (=" Y ()P det(X{a|B}al|B]) det(X {a|8}(a|B))
BEQkK,n

= (=1 Y (=)l det(X[a]A]) det(X (a]5)). (1.11)

Ber,n

The first equality follows from Theorem 1.9, the second from 1.11, the third
and fourth from Proposition 1.3.23.

This is exactly the expression of the the Generalized Laplace Expansion
for determinants. With similar arguments we can prove the result for the
Generalized Laplace Expansion of the permanent.

Now we turn to another kind of properties of the immanants, that is the
relation between immanants and decomposable symmetrized tensors. This
question arises because both of them are associated with an irreducible char-
acter of the permutation group. These relations will allow us to state the
famous Binet-Cauchy theorem that was first stated for determinants but it
is true for every immanant, with the convenient notation.

The following results can be found in [12] and [25].

Proposition 1.3.24. Let A € M,,(C) and V' a Hilbert space. Letuy, s, ..., Up, V1, V2, ..., Unp
be vectors in V' such that

(aij) = (Uz‘,?fj>,
i,j=1,2,...m
Let x be an irreducible character of S,,. Then

m/!
x(id)

(Uq % Ug ook Uy, U] % Vg % ..k Uy ) = dy (A),

with respect to the induced inner product in V.
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Proof. Suppose A is an m x m complex matrix and (a;;) = (u;,v;). Since
K, is an orthogonal projection,

(U1 % Ug koo Uy, V] K Vg % ..k Upy) =

(Ky(u1 @ua @ ... @ Up), Ky (11 QU @ ... @ uyy))
= (WU ® ... Q Uy, KK, (1 @12 @ ... @ vy,))

(uy ®u2®...®um,K§(vl®v2®...®vm)>

(U @U@ ... @ Uy, Ky (11 QU2 ® ... @ Upy))

= D S ST [T v0100)

m!
ocE€ESm t=1
= XD S o) T v
m! 0ESm t=1
x(id)
This concludes our proof. O

Corollary 1.3.25. Let V' be an m-dimensional Hilbert space and suppose that
E ={ey,eq,...,en} is an orthonormal basis of V.. Let x be an irreducible
character of S,,. Take T € L(V) and let AT be the matriz of the operator T
in the basis E. Then

m!
x(id)
Proof. We have that AT = M(T; E), and E is an orthonormal basis of V' so
the (4, 7) - entry of A is

(ai) = (T'(ei), ¢)-

The result follows from the theorem by setting v; = e; and w; = T'(e;), for
every 1 =1,2,...,m. ]

dx (A) =

(K (T)(e1%eg%...%x€p),e1 %€ % ... %ep).

The next two technical results will allows us to prove the Cauchy-Binet
theorem.

Lemma 1.3.26 (Parseval’s Identity). Let E = {ej,ea,...,e,} be an or-
thonormal basis of the Hilbert space V. If v,w € V then

n

(v,w) =Y (v, e;)(es, w).

=1
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Now we present a result that establishes a relation between the induced
transformation K, (7') and the immanant d,.

Lemma 1.3.27. Let V' be ann dimensional Hilbert space and E = {ey, ..., e,}
an orthonormal basis of V.. For 1 < m < mn, let x be an irreducible character
of Spm. Take T € L(V) and let A be the matriz of the operator T in the basis

E. For every a, 8 € A, we have

(T (e e5) = X, (47 o)),

Proof. By the properties of the operator K, (T),

(Kx(T)(eq), €5) = (T(ea) * T(ea) * - - - T(€awm)), €s(1) * €p(2) * - - - % €a(m))-
On the other hand, since A = M(T; E) and FE is orthonormal, for every
1,7 =12,...,n,
(aij) = (T(e;), €:)-
So the (7, ) entries of the matrix A [«|f] are
(Ga(iysi)) = (T(€s(i)) €ati))-
Consequently the (i, j) entries of the matrix AT [a|3] are

(asa)) = (T(eaw)), €s05))-
So by Theorem 1.3.24 we have that

(T (e e5) = X, (47 o)),

]

It is a well known fact that the determinant is a multiplicative multilinear
map, that is, for A and B n X n matrices,

det(AB) = det(A) det(B).

In fact it is known that the determinant is the only multiplicative general-
ized matrix function. So this last equality is false if we consider any other
immanant. However, there is a result that includes this property which is
called the Cauchy-Binet theorem.
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Theorem 1.3.28 (Cauchy-Binet). Let A and B be n X n complex matrices.
Suppose x is an irreducible character of Sp,. If o, 8 € Q) then:

a(AB)ols) = XM S (AapDaBHIS).  (112)

vy

Proof. Suppose E = {ey,ea,...,e,} an orthonormal basis of V', S, T € L(V)
and
AT =M(S;E)  B' =M(T;E).

Then

O ((AB)[alf]) = (K (ST)(eq), e5)
= (K (9)(eq), Ky (T7)(e3))
= > (E(S)(eh). e e, K (T7)(eh))-

Y€l m,n

In the first equality we use Lemma 1.3.27, and in the last equality we use
Parseval’s Identity.
Since K is hermitian and idempotent and it commutes with ®”S and ®™T',
in the last expression we may replace ef? by €.
Now we have that e} = 0 if v € Q,. So

Xi?)dx((AB)[aW]) = D (%) (Al (BB

YEQy

applying Lemma 1.3.27 twice. Notice that

B [Bn] = BNIAT  dy(C7) = dy(C),

we conclude that

dy((AB)la|p

Alaly])d\ (B[7|8]).

v
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Example 1.3.29. We will prove that det(AB) = det(A) det(B), using Cauchy-
Binet theorem. In order to do that, take m = n , o = § = id and x the
alternating character of S,,. Then

dugn(ABid[id]) = det<AB>
— Z det(A[id|v]) det(B[y|id]).

'YEngn

Since Qsgn = I'y ., and det(A[id|v]) = 0 if 7 is not injective, we have, from
the last equality

det(AB) Z det(A[id|o]) det(B[olid]). (1.13)

UESn

Now, we analyse the matrices in each summand. For each o € S,,, A[id|o]
is the matrix whose (i, j)-entry is equal to the (i,0(j))-entry of A and we
also have that the (i, j)-entry of B[o|id] is equal to the (o(i), j)-entry of the
matrix B. So

o det(Alid|o]) = sgn(o)det(A),
e det(B[o|id]) = sgn(o) det(B).

Substituting this in the last equation, we get
1
det(AB) = - Z det(A) det(B)
= det(A)det(B).

We have already noticed that the permanent is not a multiplicative im-
manant, and it is easy to provide a counterexample where this property fails.

Example 1.3.30. Let A = (1 2 ) and B = (1 1).

0 —1 11
We have
per(A) per(B) = —1 x 2 # —6 = per(AB).
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There is, however, a relation between per(A) per(B) and per(AB), which
we can deduce using the Cauchy-Binet formula. If we apply this formula to
the permanent, we have y = 1 and

di(AB[idlid]) = per(AB)
— % Z per(A[id|v]) per(Bly[id]).

) yEQ

Again it is easy to check that € = I'),,,. On the other hand, there are
summands that are equal. In fact, suppose 7,0 € I'y, we have that

per(Alid|y]) per(Bly[id]) = per(A[id|d]) per(B[d[id])

if Imy = Imd = {iy,iz,...,4} and |y (ix)] = |7 (ix)] = my for every
k=1,2,...,1. So the sum in Cauchy-Binet formula can be indexed by G,
and for each element 6 € G,,, there are W;ml, elements in I, ,, that
have the same value for per(A[id|y]) per(B[y|id]). For each element 6 € G,,,
denote u(d) = my!ms!...my!. With this notation we can rewrite the formula

for per(AB),

per(4B) = 37— per(Afidl8) per(Bpfd)

which is exactly the expression stated in [23].

If 0 = id then @ per(A[id|id]) per(B[id|id]) = per(A) per(B) and so

per(AB) = per(A) per(B) + > ﬁper(A[id|5])per(B[ahd]).

s#id



Chapter 2

Higher Order Derivatives

Analysis takes back with one hand what it gives with the other.
Charles Hermite

There is a well-known formula for the first directional derivative of the
determinant function, due to Jacobi:

Ddet(A)(X) = tr(adj(A)X),

where adj(A) is the adjugate matrix.

When looking for extensions of this formula, one can consider higher order
derivatives of the determinant function. This was done by R. Bhatia and T.
Jain in [9)].

One can also notice that det(A) = A"A and look for formulas for deriva-
tives of other Grassmann powers of A. T. Jain has presented some formulas
in [17].

Yet another possible path is to consider the permanent instead of the
determinant, and the symmetric tensor powers instead of the Grassmann
powers, and try to establish formulas for their derivatives. This study can
be found in a very recent paper by R. Bhatia, P. Grover and T. Jain, [8].

In our work we address the problem of generalizing these formulas for all
immanants and all symmetric powers of a matrix or an operator. One of the
obstacles in this generalization is that the permanent and the determinant
are the only immanants that are associated with linear characters, which
have better properties. Another difficulty was finding the expression of the

45
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immanant of a direct sum of matrices. Finally, it was necessary to find good
bases for the symmetry classes. The results have been collected in [10].

In dealing with symmetric powers we take two approaches: first, we con-
sider powers of matrices and present formulas that depend on the entries
of these matrices, then we establish formulas for the symmetric powers of
operators and show what is the relation between them.

2.1 Differential Calculus

We present some basic concepts and results of differential calculus, more
details and proofs can be found in [3]. Like in the previous chapters V' is an
n dimensional Hilbert space over C.

Let X and Y be real Banach spaces, we write £(X,Y") to represent the
space of all bounded linear operator from X to Y. Let U be an open subset
of X.

Definition 2.1.1. Suppose f : U — Y is a continuous map. The map f
is said to be differentiable at a point u of U if there exists a bounded linear
operator 7' € L(X,Y) such that

) — f) T

v=0 o]

0.

We can easily see that if the operator T exists, it is unique.
If the map f is differentiable at u, the operator T in the previous defini-
tion is called the derivative or the Fréchet derivative of f at wu.

Definition 2.1.2. Let ¢ : M,(C) — M;(C) be a differentiable map and
A, X € M,(C). The directional derivative of ¢ at A in the direction X is
given by

o d o H(AFEX) — o(A)
= Gl ?A T ) =1 : '

If f is differentiable at u, then for every v € X the directional derivative
of f at u in the direction v exists. However, the existence of directional
derivatives in all directions does not imply differentiability.

If T is a linear operator then 7' is differentiable at all points, and its
derivative is equal to itself, i.e.,

Do(A)(X)
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for every A, X € M, (C).
Example 2.1.3. Let A, X € M,(C).
1. Let f(A) = A3, then
Df(A)(X) = A’X + AXA + X A%
2. Let f(A) = AA*, then
Df(A)(X) =AX"+ X A",

In the next proposition we recall the usual rules of differentiation, which
remain valid in this context.

Proposition 2.1.4. Let f,g : M,(C) — M, (C) and A, X € M,(C). Sup-
pose f and g are differentiable at all points. Then

1. D(f + g)(A)(X) = Df(A)(X) + Dg(A)(X),

2. D(g o f)(A)(X) = Dg(f(A))(f(X)).Df(A)(X),

3. If g is a linear map, then D(go f)(A)(X) = g(f(X)).Df(A)(X),
4. D(f9)(A)(X) = [Df(A)(X)]g(A) + f(A) [Dg(A)(X)].

We can also define higher order derivatives of a differentiable map.

Definition 2.1.5. Let f : M,(C) — M,,(C) be a differentiable map. Sup-
pose 1 <k <nand A, X', ... X* € M,(C), the k-th derivative of f at A in
the directions of (X*,..., X*) is given by the expression

ak

k 1 Ry — 7
D f(A)(X o 7X ) T Oty ... atk t1=...=t=0

P(A+ 1 X+ .. +1.X5).

Later we will need the following proposition, which generalizes the rules
of derivation — recall that the derivative of a linear map ¢ at each point is

qg.

Proposition 2.1.6. If f, g and h are maps such that fog and goh are well
defined, with g linear, all of them being k times differentiable, then

D*(f o g)(A)(X', ..., X*) = D" f(g(A))(9(X"),..., g(X"))

and

DF(goh)(A)(X?,...,X¥) =go D*n(A)(X?, ..., X*%).
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2.2 First Order Derivative of the Immanant

Let det : M,,(C) — C be the multilinear map taking a n x n complex matrix
to its determinant. By the definition of the directional derivative at a point

A € M,(C), for each X € M, (C),

Ddet(A)(X) = % o det(A +tX).

The famous Jacobi formula states that
Ddet(A)(X) = tr(adj(A)X),

where adj(A) stands for the usual adjugate of the matrix A.
Our first theorem gives a generalization of Jacobi’s formula to all im-
manants.

Theorem 2.2.1. Let A be an n X n complex matriz. For each X € M,(C),
Dd, (A)(X) = tr(adj, (4)" X).
Before we prove the theorem, we prove the following lemma.

Lemma 2.2.2. Let dy, : M,(C) — C be the immanant function and let
A X € M,(C). Suppose t is a variable. Then d, (A +tX) is a polynomial
in t with degree less or equal to n, and the first derivative of d, at A in the
direction of X is the coefficient of t in the polynomial d,, (A + tX).

Proof. By the definition of the immanant we have that
dy(A+tX) = d(A) + art + ast® + ... + aut”,

where a; € C. Then

d
DA(A)(X) = —| d(A+tX)
~ lim dy(A+tX) —dy(A)
t—0 t
~ dy(A) + art + ast* + ... + ant™ — d, (A)
=0 t
= lima, +ast + ...+ a,t"?
t—0
= ax.

This concludes our proof. O
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Now we can prove Theorem 2.2.1.

Proof. For each 1 < j < n, let A(j; X) be the matrix obtained from A by
replacing the j-th column of A by the j-th column of X and keeping the rest
of the columns unchanged. Then the given equality can be restated as

Dd,(A)(X) = de(A(j;X))- (2.1)

On the other hand, using the previous lemma, we note that Dd, (A)(X)
is the coefficient of ¢ in the polynomial d, (A + tX). Let us calculate the
coefficient in t. By the definition of the immanant, we have that

dX(A +tX) = Z H X(U) (aig(i) + txw(i))

oc€eSy =1
= Z H X(0)(@o(iyi + tTogi),
oeS, i=1
because x(o) = x(c7!), for every o € S,,. So, the coefficient in ¢ is equal to

Z X(U)($U(1)1aa(2)2 <+ Ao (nyn T
O’ESn

Uo(1)1T6(2)2 - - - Qo(nyn + - - -+ Ao(1)106(2)2 - - - To(n)n)

= Z X(U)%(l)l%(m o Qo(n)n T

O'ESn
Z X(0->aa(1)1xa(2)2 - - Qo(n)n oot Z X(U)aa(l)laU(Q)Q - To(n)n
O‘ESn UESn

= A (A X)) + d (A2 X)) + ...+ do(Aln; X))

= de(Au;X))

That concludes our proof. O

Now we use the Laplace Expansion for Immanants, in the j-th column.
This says

dy(A) = Z aijdy (A(i] 7))
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Using this and (2.1), we can re-write the expression for the first derivative
of d\(A) as

n n

Dd\(A)(X) = D wyd (A(il))). (2:2)

i=1 j=1

We will obtain, in the next sections, a few expressions generalizing (2.1)
and (2.2) for the derivatives of all orders of the immanant.

2.3 First Expression

In this section we follow the techniques used in the papers [8] and [9] by R.
Bhatia, T. Jain and P. Grover. In these papers we can find several expres-
sions for the higher order derivatives of the determinant and permanent maps.

Let V and U be Hilbert spaces over the field of the complex numbers.
We use the symbol V" to represent the cartesian product of n copies of V,
ie.

V=V x...xV.

We recall the definition of the k-th derivative.

Definition 2.3.1. Let ¢ : V" — U be a multilinear map, and take 1 <
k<nand A, X', ... X* € V" The k-th derivative of ¢ at A in directions of
(X1, ..., X%) is given by the expression

ak

DFp(A)(X, .. XF) = ————
¢( )< ’ ! ) 8t18tk t1=...=tp=0

P(A+H X+ ..+, XF).

For a fixed A, D¥¢(A) is a multilinear map.

We need the following classical result. Let nq,no,...n, be m positive
integers we define

F(nyyeeynm) ={a:{1,2,...,m} — N:a(i) <n;i=1,2,...m}.
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Proposition 2.3.2 (Multilinearity Argument). Let Vi, ..., V,,,U be vector
spaces over C and ¢ : Vi X ... x V,,, — U a multilinear map. Suppose that

foreach i € {1,....,m} , u; € V; and u; = Zuw Then

O(Upy ooy Uy Zulj,...,Zumj) = Z ©(U1a(1)s s Uma(m))-
j=1

a€l(ni,...,nm)

We use the multilinearity argument to obtain the first expression of the
higher order derivatives of the immanant. We need to introduce some new
notation. Let

nk ={a:{1,..,n} —{0,1,....k}}.
o S5 = S{0,1,...k}, i-e. the permutation group of the set {0, 1,...,k}.
e S, ={0cS:0a(0)=0}.

Given « in I, and we denote by |a™"(i)| the number of elements of
{1,...,n} whose image is equal to i, 0 < i < k.

Definition 2.3.3. Let o € Fn i, We define the support of a as
suppa = {i € {1,2,...n} : a(i) # 0}.

In I?  we consider the elements « that are bijective when restricted to
supp ¢, i.e.

A={aely,:[a(0)=n—Fk, a7 (1) =]a"'(2)=...=]a" (k)] = 1}.
In A we define the following equivalence relation:

apf if and only if supp a = supp 3,
meaning that two elements of A are in the same equivalence class if they have

the same support.

Let X be a subset of {1,...,n} we denote by X the complement of X in

{1,...,n}.
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Lemma 2.3.4. Let o, 3 € A. Then ap B if and only if there is o € S, such
that B = o«

Proof. Suppose = o« then

by the definition of Sj.
Now, for the converse, let

(0 () e alR)
"_(0 B(1) .. 5(k;)>€5k'

Then for every i € {1, ..., k} we have that
0,2 10
s =0 €O
B(i),i & a=(0)
So oa = f. n

For each 8 in A we will write Ag to denote the equivalence class of 3 with
respect to the relation p.

Define also the set of elements « of A that are strictly increasing in supp «,
i.e.

Qn,k = {Oé e\ a|suppa € Qk,n}

Then we have the following result.

Proposition 2.3.5. The set Qi ,, s a system of representatives of the equiv-

alence classes of —, i.e.
P

A={As: 8 € Qni}.

Proof. We will start by proving that if o, 8 € Q,, and ap 8 then o = .
We have seen that if ap then there is o € 5] such that « = 0. Let
v = (asuppa) "t and 0 = (Blsupps) ', With a p B. Tt follows from the definition
of the set A that v and 0 are elements of Q.

7= (a’Suppo)il = (B’suppa)ila'il - (ﬂysuppg)ilail = (90’71
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So ¢ = id and then a = £5.
Now we have to prove that every class has an element of Q,, j.

If we A then let w=(0) = {i1, .., ig )y i1 < ... < .
Suppose v € T, such that v~'(0) = w™'(0) and v(i1) = 1,..., (i) = k,

notice that in particular v € Q,, .

Let 0 € Sy, defined as follows.
We have that

ov(iy) = w(iy),...,ov(ig) = w(ig).

Then ov = w. Now we can conclude that every element of the set A is p
equivalent to an element of the set Q,, ; and that element is unique.
That concludes our proof. ]

It is a direct consequence of the previous proposition that it is possible
to define a map

Qk,n ? Qn,k
a— A,

where

0, otherwise

Mali) = {of (i), 1€ Ima

In other words, this means that for every v € A there are unique o € S}, and
a € Q. such that:
v =0\ (2.3)

Example 2.3.6. Suppose k =3 and n = 6. Let o = (3,5,6) € 3. Then
Mo {1,2,3,4,5,6} — {0,1,2,3)
Ao = (0,0,1,0,2,3),
that belongs to Qg 3.

We now obtain a generalization of the expression (3.1) for higher order
derivatives. First we demonstrate a more general result for multilinear maps
using the multilinearity argument. For A, X', ..., X* € V" we can write
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A= (A, ... Ay) and X' = (X{,..., X)) with A;, X7 € V, for every 1 < i <
k and 1 < j < n. Define

U= Aj + . X} 4 .+ 4. XF.
toA;, j=0

Uij = i ’
thi7 ] = ]_,...,k?

where tg = 1 for a matter of convention. We also define

U =4 +X +...+ X}

Ai7 ]:O
UTNXI, =1,k

We start by proving the following result.

Lemma 2.3.7. Let 1 < k < n and let ¢ : V* — U be a multilinear map.
Suppose A, X', ..., XF € V™ and let t,, ..., t, be k complex variables. Then

-1 -1
pA+0uX + o+ uX5) = D Ol lel, gy, ). (24)

0
ye Fn,k
Proof.

A+t X+ .+t X" = (U, ..,Uy)
= Z ¢(u17(1)7“-7un'y(n))

S FSL,]{:
= Z ¢(t’7(1)u/1'y(1)7 s t’y(”)“iw(n))
ye FSL,k}
-1 —1(k
S Fg,k,‘

For the second equality we have used the multilinearity argument. For the
last equality we use th fact that ¢ is a multilinear map. O
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Now we can prove a proposition that gives a result for the higher order
directional derivatives of a multilinear map.

Proposition 2.3.8. Let 1 < k < n. Let ¢ : V" — U be a multilin-
ear map. Suppose A, X', ... Xk € V" and let ty,...,t;, be k complex
variables. Then D*¢(A)(X1Y, ..., X*) is the coefficient of ti...t in the
polynomial (A +t, X1 + ... + XF).

Proof. By the definition of the k-th derivative, we have that

ok
k 1 kY
DRO(AYX o XN = 5=

P(A+ 1, X+ ..+ 1. XF).

t1=...=tx=0
Using the previous lemma, we know that
-1 Ik
A+ X + o+ u X = Y O e ) )
PO
€ lnk
This is a polynomial in the variables ¢, ..., %, and its derivative is

—ak Iyt GV, '
Oty ... 0t Z b ol (b(ul’Y(l)’ T 7un’y(n)) =
e F%,k

“t)|-1 “k)|-1
Zt'l’y ( )| e t‘k'y ( )‘ (b('u,;_,y(l), e ,'U,;l,y(n)),
~ver
where T ={y €I, : |[7y7'(i)| > 1,1 <i < k}.

The last sum is indexed by T because the summands that are indexed by
), \ T are equal to zero.

Now, taking t; = t, = ... = t; = 0, the only nonzero summands are the
ones in which

O =@ = =R =1,

for v € T.
This is exactly the coefficient of #; ... ¢, in ¢(A + ;X1 + ...+, XF%). O
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We have proved that the higher order derivatives of a multilinear map ¢
are certain coefficients of the polynomial ¢(A + t; X + ... + ¢, X*). In the
next theorem we give the explicit expression for those coefficients. We first
introduce some notation.

Definition 2.3.9. Let o € Q.. We denote by A(a; X1, ..., X*) the element
of V™ obtained from the element A by replacing coordlnate a(j) of A by
coordinate a(j) of X7 for every 1 < j < k.

Theorem 2.3.10. Let 1 < k <n andlet ¢ : V™" — U be a multilinear map
and A, X*,...,X* € V™. Then

DFp(A)(X?,. => Y o (Al x°W, . XMy

g€ESy, aEQk n

Proof. By Proposition 2.3.8, D*¢(A)(X?, ..., X*) is the coefficient of ¢; ...
in the polynomial

“1(1)]-1 “(k)|-1

ver

where [ = {y €I, : |77 '(i)] > 1,1 <i <k} and

WV WI=hT @)= =R =1
for v € T'. This also means that 7 is in A. Therefore,
Dk¢(A)(X17 Z(b ul'y 9 n’y ))
veEA

We have also seen in (2.3) that for every v € A there are unique o € S}, and
o € Qg such that v = o), so we have

Dk¢(A)(X1’ Z quulo)\ LR na)\a(n))

aer n O'GS/

Fixing a coordinate ¢, 1 < ¢t < n, we analyse u;m\a(t). If t ¢ Ima, then
Ao(t) = 0 and we have that

!/ o !
U0y = W0 = Ay.
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If t € Ima, then \,(t) = a~!(t) and we have that

ola=1(t
Ui (a1(t)) = X7,

In this case ¢ € Ima, so there is an s such that ¢ = a(s) and we have
X7 ) xo0

AUy (1)5 -+ Unora(my) = & (Ala; X7, XT0))
So we have

DFo(A) X' XF) =Y Y 6 (Aa; X7, XW))

0€SL a€QL n

. Therefore, for every a € @, and for every o € Sy,

This concludes our proof. O

Given a matrix A € M,(C), we represent by Ay the i-th column of A,
i € {1,...,n}. In particular, we have A = (A, ..., Ap).

Now we consider each matrix to be a list of n columns, so that if V = C",
V" = M,(C). With this identification, we have that A(a; X, ..., X*) is the
matrix of order n obtained from A replacing the «(j) column of A by the
a(j) column of X7.

Example 2.3.11. Suppose n = 5, A = I5, (X');; = —1, for every i,j =
1,...,5and (X?);; =i+ 7, for every 4,5 =1,...,5. Let a = (35). Then

10 —-10 6
01 -10 7
Ala: X', X)) =100 -1 0 8
00 -11 9
00 —1 0 10

The following theorem states the main result of this section.
Theorem 2.3.12 (First expression). For every1 < k <n, let A, X", ..., X*
be n x n complexr matrices. Then
DFd (A) (X', X5 =) > dAla; X7 X)),
0€SL a€QL n
In particular,
DFdy(A)(X,..., X) =kl Y dyA(e; X,..., X).

aer’,n
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Proof. We only have to take ¢ = d,, and V" = M, (C).
FX!'=.. . =X"=X, thend A(a; X°V ..., X°W) =d Al; X, ..., X)
for every o € Si. So, in this case
D*d (A)(X,... . X) =k Y dyA(o;X,..., X).
aer,n
]
We can re-write the last expression for the k-th derivative of the immanant

map using the concept of mixed immanant, generalizing the respective con-
cepts for the determinant and the permanent.

Definition 2.3.13. Let X!, ..., X" be n matrices of order n. We define the
mized immanant of X', ... X" as

T n]

n ]' e agn
Ay(XE L XM = > duxgV L xp).

O'GSn

If X!'=...=X"= A, for some t <n and A € M,(C), we denote the mixed
immanant by A, (4; X . X",
As with the permanent and the determinant, we have that
AV(A, ... A) =d,(A).
Proposition 2.3.14. Let A € M,(C). Then
vl ky . (n —k)! . yo(l) o (k)
A (A XY xRy = Y dyAa; X0, X®),

n!
0€S; QL

Proof. One simply has to observe that each summand in A, (4; X1,..., X¥)

appears (n—k)! times: once we fix a permutation of the matrices X1, ... X*,
these summands correspond to the possible permutations of the n—k matrices
equal to A. O

As an immediate consequence of this result, we can obtain another for-
mula for the derivative of order k£ of the immanant map. This generalizes
formula (26) in [9].

Proposition 2.3.15 (First expression, rewritten). For every 1 < k <mn, let
A X, ..., X* ben xn complex matrices. Then

n!

D ()X, XY =

A (A X XR). (2.5)
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2.4 Second Expression

In order to generalize the second expression of the k-th derivative of the
determinant and the permanent, we wish to separate in the expression of
Dd, (A)(X*, ..., X¥) the entries of the matrices X!,..., X* from the entries
of A. In the two cases that have already been studied, the determinant
and the permanent maps, this was easier, because in both cases there are
formulas that allow us to express the determinant of a direct sum in terms of
determinants of direct summands, and the same happens with the permanent.
With other immanants, the best we can do is use formula (1.9), which is what
we do in this second expression.

Definition 2.4.1. Let 1 < k <n, X', ..., X" complex matrices of order n.
Suppose o € Si, and 8 € Qi ,. Denoting by 0 the zero matrix of order n,
we define

Xg=0(8;X°W, ... XW),

the matrix whose 3(p)-th column is equal to X f'ﬁ(gj))] and the remaining columns

are zero, for 1 < p < k.

Example 2.4.2. Suppose n =4 , k=2, f = (2,4),

1 2 3 4
1 2 3 4
1 _ 2 _
X =LXT=11 9 3
1 2 3 4
We have that Sy = {id, (12)}. Then
000 4
; 010 4
id _
Xen =109 0 0 4
000 4
and
02 00
a |0 2 0 0
Xem =0 2 0 0
02 01
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Theorem 2.4.3 (Second Formula). For every 1 <k <mn, let A, X', ... X*
be n x n complex matrices. Then

D*d A(X => ) d(X5[alB D Alalp)),
€Sk ,BEQkn alp
in particular
DkdxA(Xa o X) =k Z dy (X [a| 8] @A(@’B»
a,B€Qk,n alB
Proof. We have proved that
DL AKX, XM =)0 Y dAB XML XOW),
UESk ﬂer,n
By the Laplace expansion for immanants, for every 8 € Q) ,, we have that
dyA(B; XM, X"(’“)) =
= D0 A(AG X, X7 {al))

a€Qin
= > d(AB XY XNl @ AB; XD, X7 W) ().
a€QLn alB

Now we just notice that

A(B; XWX W) [a|B] = XG[alf]

and
A(B; X70, . X7 (a]B) = AlalB).
This concludes the proof of the formula. n

2.5 Formulas for the k-th Derivative of K, (A)

The main goal of this chapter is to generalize higher order derivative formulas
for the antisymmetric and symmetric tensor powers obtained by R. Bhatia, T
Jain and P. Grover. In the previous section we have already generalized the
formulas for the determinant and the permanent functions to all immanants.
Now, we intend to calculate formulas that generalize the ones that have been
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calculated for the m-th induced power of a n x n matrix A, which is usually
represented by V™A and for the m-th compound of A, A" A, these are also
called the permanental compound and the determinantal compound of A,
respectively. Before we can do this, we need quite a bit of definitions, includ-
ing the very definition of this matrix, which is a little bit more complicated
than in the particular cases that have already been studied.

Let £ = {ey,eq,...,e,} be an orthonormal basis of the Hilbert space V.
Then R
E={el :a e A}, (2.6)

is basis of V,, induced by the basis £. It is also known that this basis is
orthogonal if y is a linear character.

In general, if we consider the induced inner product on ®™V, if x does
not have degree one, there are no known orthonormal bases of V) formed by
decomposable symmetrized tensors. Let

E={v,:aeA}

be the orthonormal basis of the m-th y-symmetric tensor power of the vec-

tor space V obtained by applying the Gram-Schmidt orthonormalization

procedure to &£'. Let B be the ¢t x t change of basis matrix, from & to
={e! :a € A} where ¢t = dim(V/ ). This means that for each a € A,

*
Vg = E bwev.

veA

We note that this matrix B does not depend on the choice of the or-
thonormal basis of V', since the set A is independent of the vectors of F,
and has a natural order (the lexicographic order), which the basis £ inherits.
Moreover, the Gram-Schmidt process only depends on the numbers (e, eE}
and these are given by formula

(en>€5) = an' > x(o) [ [{eaw: esoe)-
t=1

UGSm

Hence, they only depend on the values of (e;,e;) = ¢;; and are thus
independent of the vectors themselves.

Now we want to define K, (A), the m-th y-symmetric tensor power of the
matrix A.
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Definition 2.5.1. Let E = {ej,es,...,e,} be an orthonormal basis of the
Hilbert space V and A an n X n complex matrix. Consider the linear endo-
morphism 7" such that A = M(T,E). Let 1 < m < n and x an irreducible
character of S,,. Suppose &£ is the orthonormal basis of V) applying the
Gram-Schmidt orthonormalization to the induced basis. We define the m-th
x-symmetric tensor power of the matriz A as the t X t complex matrix

Ky (A) == M(K\(T),€)
where ¢t = |£| and Q.| <t

We now notice that this matriz does not depend on the choice of the
orthonormal basis E of V. This is an immediate consequence of the formula
in lemma (1.3.27).

Proposition 2.5.2. Suppose o, 5 € 3 the (o, ) entry of K, (A) is

1d
Z bﬂ/ﬁb&x 6|7])

v,6€A

Proof. Since the basis £ is orthonormal, the (o, §)-entry of K, (A) is given
by:

(Kx(T)vg,va) = Z (bys K\ (T)er, bsacs)
7,663
= > bubsalK\(T)es, €5)
756&
1d
= Z bysbsady (A" [7]6])
'ytSEA
- m‘ Z b'yﬂb(?oz 5|’ﬂ )
v,6€A
1d
= Z b'yﬁbzia 5|’7D
v,0€A

In the second equality we use the properties of the induced inner prod-
uct, in the third, Lemma 1.3.27, in the fourth the fact that d, (AT[v|d]) =
dy (A[6]~]") and in the last equality we use the fact that d,(X) = d,(X7).
This concludes our proof. O
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This definition admits, as special cases, the m-th compound and the m-th
induced power of a matrix, as defined in [25, p. 236]. The matrix K, (A) is
called the induced matriz in [25, p. 235], in the case when the character has
degree one.

Definition 2.5.3. Let A be an n X n complex matrix and x an irreducible
character of S,,. We denote by imm, (A) the ¢ X ¢t matrix for ¢ = |A|, with

rows and columns indexed by A, whose (,0) entry is
dy (Al9]).

We call the elements of this matrix immanantal minors indexed by A.
The usual minors are obtained by considering the alternating character, in
which case A = @,,,. With this definition, we can rewrite the previous
equation as

x(id) ...
Finally, denote by miximm, (X*!,..., X") the ¢ X ¢ complex matrix with

rows and columns indexed by A, whose (7, d) entry is A (X [y]d],. .., X"[v]d]),
so that miximm, (4, ..., A) = imm, (A). We use the same shorthand as with
the mixed immanant: for k£ < n,

miximm, (A; X', ..., X*) := miximm, (4,..., A, X" ... X").

We will present two formulas for the higher order derivatives of K, (A).
The first formula is written as a matrix equality and the second formula is an
expression where we split the entries of A from the entries of X', X2,..., X*.
Before our main formulas, we recall a general result about derivatives, which
we have stated in section 1.

Lemma 2.5.4. If f and g are two maps such that f o g is well defined, with
g linear, then

D*(f o g)(A)(XY,..., X*) = D f(g(A))(g(X1), -, 9(X")).
Theorem 2.5.5. According to our previous notation, we have

x(id)

DFE(A) (XY, X)) = b

B* miximm, (A; X',..., X*)B
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and, using the notation we have already established, the (c, 8) entry of this
matrix 1S

T —F D bysbsa Ay (AN X511, -, X*[3]])

v,0eA

Proof. Notice that the map A — A[d|7] is linear, so we can apply the previous
lemma in order to compute the derivatives of the entries of the matrix K, (A).
The (a, B) entry of the k-th derivative of the m-th y-symmetric tensor power
of A, i.e., the (a, 3) entry of the matrix D*K, (A)(X*', ..., X*) is:

M S b Dby (AR (KBl ..... Xola)).

v,6€A

To abbreviate notation, for fixed ~,d € ﬁ, we will write C':= A[d|], and
Z':=X'0|y],i=1,...,k. Using formula (2.5), we get

D¥dy(A[IN)(X o], .., XF[oly]) = DY (C)(Z,..., Z%)
m! 1 k
_ (m_k)!AX(C;Z,...,Z).

So the (a, B) entry of D*K, (A)(X*,..., X*) is

x(id —  m!
fm) Z bygbsa ——A(C, 21, ..., ZF) =

—k)!
7563 (m )
x(id) 5 i
=11 2 babsac(ABN: X Bl ., XM [81)
v, selA
According to the definition of miximm, (4; X*,..., X*), we have

DMEL(A)(XY, ... XY = %B* miximm, (4; X', ..., X*)B.

This concludes our proof. O

1

Corollary 2.5.6. According to our previous notation, we have that DK, (A)(X?, ...

1s equal to

D S bt Y Y d(XBRElol ED ABRI).

v,6€A o€Sk p,TEQK,m plT

,X*)
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Proof. Again,to abbreviate notation, for fixed 7, d € 3, we will write C' := A[d|y],
and Z':= X'[0]7], i =1,..., k.
Using the formula in Theorem 2.4.3, we have that

DML (C)(Z'..., 25 =) Y A Zl ol D Clolr)).
o€SK P,TEQK,m plT

Recall that
77 =0(r; 2°W, ... 7%,

where 0 denotes the zero matrix of order m.
So, the (o, B) entry of the k-th derivative of K, (A) is:

XS) S b Y Y A Z2lpl @ C(plr) =

v,6€A o€Sk p,TEQk,m plT
X(ld T o
U S bt S dXIBRIzlolr) D Al (ol
’ 7,563 0€SkL p,TEQK,m plT
This concludes our proof. O

The formula obtained for the higher order derivatives of K, (4)(X*,..., X*)
generalizes the expressions obtained by Bhatia, Jain and Grover ([9], [15]).
We will demonstrate this for the derivative of the m-th compound, establish-
ing that, from the formula in Theorem 2.5.5, we can establish formula (2.5)
in [17], from which the main formula for the derivative of the m-th compound
of A is obtained.

Let x = sgn. Then

K (A (XY XF) = Am(A) (XYL XR).

In this case A = Qm.n and the basis {e) : @ € Q. } is orthogonal and it is
easy to see (by direct computation or using formula (1.2)) that every vector
has norm 1/v/m!. So the matrix B of order (:;) is diagonal and its diagonal
entries are equal to W .

We now notice two properties that we will use in our computations:

L. For any matrices X € My(C), Y € M,_,(C) and functions «, 5 € Qp.n,

det X @Y = (—1)*"1¥ det X det Y.
ol8
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This is a consequence of formula (1.11). We again notice that if v # 3, the
matrices

(X P Y)lah] and (X PY)(aly)

alg alp

have a zero column. Now, using the Laplace expansion for the determinant
along «,

detX@PY = (D 3 (~1)F det((xX P Y)lah]) det((X P Y)(ah)

alp YEQk,n alp alp

= (=D P det(X @ Y)[al8)) det((X P Y)(alB))
alB alB
= (=1)le¥Fl det X det Y-

II. For o, B € Q. and p, 7 € Q. p, We have

> det(X[alB)7[plr]) = KA [al]p|], ... X*[alA][o]r])

ocESk

To check this, consider the columns of the matrices involved. Remember that

X[al)7 = o(7, X W[als], ..., X al ).

For given o € Sy and j € {1,2,...,k}, we have:

entry (i, ) of X[alfJzlolr] = entry (p(i),7(j)) of X[a|8)2
— entry (pli), 7(j)) of X°@[a]8].()
— entry (i,j) of X"@[al8][plr].

Therefore,

X[alg)Zlplr] = (X7 Dal]lplr]n - .. X7lalBlplrIm)

and the matrices that appear in the first sum are the same as the ones that
appear in the mixed discriminant.

We are now ready to prove the result. If we replace in Theorem 2.5.5
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d, = det, we have that that the (a, 3) entry of D* A™ (A)(X1, ..., X*) is

— Y bygbsa » > det(X[37[olT] D AN (pl7))

’Y 0€Qm,n o€SkK p,TEQR,m plT
~ LY S deXlalahir] @ Alalsleln)
0€SEL P, TEQK,m plT

= > D (=1 det(AlalS](plr)) det(X[al B)7[pl7])

O'GS].C P TEQk m

= kY (=P det(Ala|B)(plr)AX [alAllplr] - ., X ¥l BlpI7)).

vaer,m

We denoted by
A(By, ..., By)

the mixed discriminant. The formula we obtained is formula (2.5) in [17], if
you take into account that in this paper the roles of the letters k and m are
interchanged.

Using similar arguments we can obtain the formula for the k-th derivative
of V(A)(X?, ..., X*) in [15].

2.6 Formulas for k-th Derivatives of K, (T

We now present a formula for higher order derivatives of K, (7") that gener-
alizes formulas in [7] and [8].

Definition 2.6.1. Let V be an n dimensional Hilbert space, let S*,...,S™ €
L(V) and let x be an irreducible character of S,,,. We define an operator on
XMV as

NP 1
S1®S2% ... RS™ = — § : S % 572 @ ... g §7m)
m!
o€ESm

Proposition 2.6.2. Let S*,..., 5™ € L(V) and let x be an irreducible char-
acter of Sy,. The space Vi, is invariant for the operator S*®S*® ... ®@S™.

Proof. We only have to prove that S'®S5?®...®S™ sends decomposable
symmetrized tensors to elements of V. Let uj * ... *u,, € V,.
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S'RS2® ... RS™ (U ¥ Ug * ... ¥ Upy) =

1
= LY s g g5y ()P 86 @ )
m! &= 2
1
B ml Z X(T)P(T)So(l) ® 5o QK ® SU(m)(Iu RUs Q... &R Um)
’ oTESH
1
IR Z X(T)P(T)Sg(l)(ul) X 50(2)(u2) ® - ®87m (Um)
' oTESH
1
= — S ST uy) 5 57 (ug) 5 - 5 ST ().
m! &=
This belongs to V,. -

We denote the restriction of the map S'®S5%®...®S™ to V, by
Sls 82 .. 5% 8™

and call it the symmetrized x-symmetric tensor product of the operators
S1,52,...,8™ We remark that the notation chosen to represent the sym-
metrized y-symmetric tensor product does not convey the fact that the prod-
uct depends on the character y.

In [8] the following proposition was proved.

Proposition 2.6.3. Let V' be an n-dimensional Hilbert space. For 1 <k <m <n,
suppose T, S, ..., S™ € L(V). Then

! ~ . e -
DH@™T)(SY,. .., S*) = ﬁm...@msl@ @Sk (28)

m—k copies
If k > m all derivatives are zero.

Proof. In this context we can use Theorem 2.3.10, which states that this
derivative is the coefficient of ¢; ... ¢, in the polynomial

Q™(T + 15" + ... 4+ ,.5%),
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given by the expression

Y @M 57, 87W)),

ocESE OéEQk m

For a given a € Q. n, the summand @™ (T'(a; SV ... S7®))) appears (m — k)!
times in the expression of T® - - ®TRS'® - - - ®@S*, since T appears m — k
times as a factor. Thus,

k’ . S .
m Z Z T(e; So(D) SU(k))) =T - - QTRS'S - - &3*.
ocES OéEQk m
This proves the formula. O
From this proposition we can deduce a formula for D*K (T)(S?, ..., S¥),
using the same techniques that were used in the previous proof.

Theorem 2.6.4. Let V' be an n dimensional Hilbert space, 1 < k < m < n,
T,S....,8™ e L(V) and x an irreducible character of S,,. Then
m)!
DFK(T)(S',...,S%) = mT*.-.*T*Sl*...*Sk.
In particular, if k = m then
DK (T)(S',...,8™) =m!S' % S%... x S™.
For k > m all derivatives are zero.

Proof. Let @) be the inclusion map defined as @) : V,, — @™V, so its adjoint
operator (Q* is the projection of ®™V onto V). We have that for any operators
Tl,TQ,. . Tm of V

Ty*-xT,=Q"(T1® - T,)Q.
Both maps L +— Q*T and T' — L() are linear, so we can apply formula (2.8)
and a derivation rule from Proposition 2.1.6 and get
D*E(T)(S",....8%) = DM@ (@"T)Q)(S",....5")
Q*D*(@™T)(S',...,S"Q

o m! « ~ ~ = ol s Sk
= o IT&- RTRS'® - 05")Q
m—k times

|
— (L%)'T*---*T*Sl*---*sk'
m — k)!

This concludes the proof. O
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In the previous section we have calculated several formulas for the k-th
derivative of K, (A), in the directions of (X', X?, ..., X*). We have seen in

Theorem 2.5.5 that the («, 8) entry of this matrix is equal to

(m — k: (m — k) Z b“/ﬁbéa Al6|7]; 1[5|7],...,Xk[5|7]),

v,6€A

If we look at the formula obtained in the last theorem it is clear that there
are similarities between these two expressions. We now establish a relation

between D*K, (T)(S',...,S*) and DFK, (A) (X, ..., X*).

Recall that £ = {ej, e9,...,e,} is an orthonormal basis of V', & = {e,
a € A} is the induced basis of V, and €& = {v, : @ € A} is the orthonormal

basis of V), obtained by applying the Gram-Schmidt orthogonalization to the
basis &’.

Proposition 2.6.5. Let T,S", S?, ..., S* be operators on the Hilbert space
V and let E be an orthonormal basis of V.. Let A, X', X2, ..., X* ben xn
complex matrices such that A = M(T;E), X' = M(S% E),i = 1,2,... k.
Then

DFK (A)(X?, ..., X") = M(D*K (T)(S",...,S*%),;¢&),

where € = {vy 1 a € ﬁ} is the orthonormal basis of V. that is obtained by
applying the Gram-Schmidt orthogonalization to the induced basis E'.

In order to prove the previous proposition we need the following lemma.

Lemma 2.6.6. Suppose T1,T5,...,T,, are linear operators in the Hilbert
space V and let E = {ey,eq,...,e,} be an orthonormal basis of V. Let
Ay, Ag, .o Ay be noxX no complex matrices such that A; = M(T;; E), for
i=1,2,...,m. Let x be an irreducible character of S,, and 6, € A. Then

(METH . ET(e3).e2) = VA, (A,418], A, ., Anbald]).
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Proof. We have that

TOT® ... 0T, (;) = IRTy® ... RTy, (Z x(a)ﬂa)(e?))

oESM

= > X PO)TOT® ... &Tp(c5)

UESm
1
= — X(U)P(J) Tr(l) X T.,-(g) X .. .TT(m)(e(;(l) Des2) ... eg(m))
m/! S S
ogEOm TESm

1
= % Z X(U)P(U)TT(I) (65(1)) & TT(2)(66(2)) ... Tf(m)(eg(m))

0,TESm

1
o Z Try(eswy) * Trizy(€s2)) * - Trgmy (€5(m))-

) TESm

The induced inner product in V,

(Tray(esy) * Tri)(€s@)) * - - % Trmy (€50m))s €5(1) * €4(1) -+ * Ex(m))

is by Proposition 1.3.24 equal to

ng) d(Tro)(€s(i)), €x() =
- @dx(m(l)(@é(l))» ex i1 (Te@)(€52)), )2l - - - » (Triom) (€00m) ) €403 o))
m)
_ xgc!l> dy (A 819 Ar@ 1Y) 235 - - -+ Arion [017]m)-
So,
(MOTL® ... T (e;),e;) =
_ % > ch!UdX(AT(l)[amm,AT(Q)[(WM,...,Af(m)[gw][mn
TE€Sm
= X;?i(!i)Ax(A1[7|5]7A2[7|5],...,Am[7|5]),
This concludes our proof. .

Now we can prove Proposition 2.6.5.
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Proof. Let o, € 3, since the basis £ is orthonormal, the (a, #)-entry of the
matrix that represents D¥ K, (T)(S?, ..., S*) in the basis & is:

<DkK (T)(S,... ,Sk)<115),1}a> =

|
— (mLk<T*T* *T*Sl*...*Sk(vg),va>
m! 15 = ok
_ (m—k<T®T® BTRS'® ... &S (vg), va)
' ~
" (m—k)! N bysbs(TETS ... @TES'G ... 85" (e}), e2).

"/(56A

By the previous Lemma, we have that

TETS... 6Tas'S .. ast(e),e) = XUA (s, XI1a), ..., X))

el m!
So we can conclude that the (a,f)-entry of the matrix of the operator
DkKX(T)(Sl, ..., S*) is equal to
m kf ' Z b’yﬁb&l ’7|5]H [V|5]’7Xk[’7|5}) )

v,6€A

which is exactly the («a, 8)-entry of the matrix D*K, (A)(X*',..., X"%). O



Chapter 3

Variation of Multilinear
Induced Operators

The definition of a good mathematical problem is the mathematics
it generates rather then the problem itself.

Andrew Wiles

Let V be a complex Hilbert space and £(V') be the vector space of linear
operators from V' to itself. Let 7" be an operator in £(V') and let ||.|| be the
vector norm on V' defined by the inner product. The operator norm induced
by the vector norm ||.|| is defined by

IT|| = sup [[T].

llzll=1

This norm is called operator bound norm or spectral norm of T. From
now on we always consider the spectral norm on L(V). If vy > s > ... > 1,
are the singular values of T, then ||T|| = ;.

R. Bhatia and S. Friedland have addressed in [7] the problem of finding
the norm of the derivative of the Grassmann power of a matrix, which led to
a remarkable formula:

|D A™ (A)]| = pm-1(V1s- -y Vm) (3.1)

73
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where p,,_1 is the symmetric polynomial of degree m — 1 in m variables. It
should be noted that this formula gives an exact value for the derivative and
not just an upper bound.

After this, R. Bhatia has addressed the problem of finding a similar for-
mula for the symmetric power, which was done in [5], finding that this norm
was the same as that of the derivative of the m-th fold tensor power:

|D V™ Al = mHAHm_1 = mV{”_l. (3.2)

We note that mv)" ' = p,,_1(v1,...,v1), where vy appears m times.

Generalizing both these results, R. Bhatia and J. A. Dias da Silva estab-
lished in [6] a formula for the norm of the first derivative for all y-symmetric
powers of an operator. Being technically more intricate than the previous
results, the final formula also involves the value of the symmetric polynomial
of degree m — 1 on m variables calculated on some of the singular values of

A.

Recently, R. Bhatia, P. Grover and T. Jain have established formulas that
generalize (3.1) and (3.2) in a diferent direction: formulas are established for
higher order derivatives of symmetric powers and Grassmann powers. Before
we briefly describe these results we recall the definition of norm for multilinear
maps — the m-th directional derivative is a multilinear map.

Let V and U be complex Hilbert spaces and let ® : (L(V))"™ — L(U)
be a multilinear operator. The norm of ® is given by

@[ = sup (X", ..., X™).
X1 |=...= [ X |=1

In papers [17] and [8], the authors have established the following values:

m!
m—k
1

DF @™ T|| = || D" v T = —
|D* ™ T = | | T

m! —
T =

|D* A™ T|| = K (1, -+ ., V).

In all cases, we note that the norm is the value of the elementary sym-
metric polynomial of degree m — k applied to a certain family of m singular
values of T' (possibly with repetitions), multiplied by &!.

In our work, which was done simultaneously with [8], formulas are es-
tablished that subsume all the aforementioned formulas. The techniques are
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similar, but the fact that the symmetry classes we considered were associ-
ated with an arbitrary irreducible character made it necessary to use more
intricate combinatorial theorems.

3.1 Basic Concepts and Results

Recall the operator K, (T"), Definition 1.2.26. In this chapter we will obtain
exact values for the norm of k-th derivative of the operator f(7T') = K, (7).

Definition 3.1.1. Let 7' € L(V'). The operator T is positive semidefinite if
for every x € V, (z,T(x)) > 0 and T is positive definite if for every z € V,
z#0 (x,T(x)) > 0.

For any 7' € L(V) the operator TT* is always positive semidefinite, so
its eigenvalues are always nonnegative. The eigenvalues of this operator are
called the singular values of the operator T

Definition 3.1.2. Let V and U be complex Hilbert spaces and let @ :
(L(V))™ — L(U) be a multilinear operator. We say that ® is positive if
O(X!, ..., X™) is positive definite for every family X! ... X™ € L(V) of
positive definite operators.

Definition 3.1.3. Let m, n be positive integers 1 < m < n, x1,22,...2, N
variables. The elementary symmetric polynomial in n variables and degree
m is the homogeneous symmetric polynomial defined as

pm(asl, Lo,y ... ,xn) = Z xa(l)xa@) .. .xa(m).
OéEQm,n

Example 3.1.4. 1. pi(z1,...,2p) =21 + T2+ ... + Ty,
2. Pa(x1, T2, T3) = T1T2 + X123 + ToTs,

3. DTy, X)) = T1To . Ty
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Definition 3.1.5. Let m,r be positive integers, 1 < r < m. A partition 7
of m is an r-tuple of positive integers m = (71, ..., 7m,), such that

® 7T12...Z7T7«,
o T + ...+ T =m.

Sometimes it is useful to consider a partition of m with exactly m entries,
so we complete the list with zeros. The number of nonzero entries in the
partition 7 is called the length of m and is represented by (7).

Example 3.1.6. If m =10, 7 = (4,2,2,1,1,0,0,0,0,0), 7 = (10,0,0,0,0,0,0,0,0,0)
and 7’ = (1,1,1,1,1,1,1,1,1,1) are partitions of 10. I(7) =5, [(7) = 1 and
[(7") = 10).

Given an n-tuple of real numbers © = (z1,...,2,) and o € I',,,, we

define the m-tuple
Lo = (xa(l)v Te(2)y - - - 7xa(m))'

It is known from representation theory (see [25]) that there is a canonical
correspondence between the irreducible characters of S,, and the partitions
of m, it is usual to use the same notation to represent both of them. Recall
that if x = (1,...,1) then V,, = A™V is the Grassmann space, and if y =
(m,0...,0), then V, = Vv™V.

Definition 3.1.7. For every partition m = (71,72, ..., 7 x)) of m we define
w(m) as
w(m) = (1,...,1,2,....2,...,U«),....[(7) € Gy C -
(m) = ( (m) (7)) , ,
w1 times 72 times Ty () times

Example 3.1.8. For 7 = (4,2,2,1,1,0,0,0,0,0), 7 = (10,0,0,0,0,0,0,0,0,0)
and 7 = (1,1,1,1,1,1,1,1,1, 1) partitions of 10, we have

w(m) =(1,1,1,1,2,2,3,3,4,5);

w® = (1,1,1,1,1,1,1,1,1,1);
w(r') = (1,2,3,4,5,6,7,8,9, 10).

Now to every element of I',, ,, we will associate a partition of m.
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Definition 3.1.9. For each o € ', ,, let Ima = {iy,..., 4}, suppose that
la=1(i1)] > ... > |a7(i;)]. The partition of m

pla) = (la™ (i), [~ (i)]) (3-3)

is called the multiplicity partition of «.

Example 3.1.10. Consider o = (2,2,5,4,8,8,8), then
p(@) = (Ja™ @B, a7 (2)], a7 (4)], [a™(5)]) = (3,2,1,1).

For 5 =(3,3,3,1,2,5,5), we see that () = p(5). This means that p is not
an injective map.

So the maps defined before are not inverses of each other, however there
is a weaker relation between them.

Remark 3.1.11. The multiplicity partition of w(7) is equal to the partition
T
plw(m)) =

We have that Imw(rr) = {1,2,...,l(m)} and that |a~'(i)| = m;, for every
i=1,2,...l(7). So

pw(m) = (la (W) o @), o (Um)]) = (71,72, . Tym) = 7
We recall a well known order defined on the set of partitions of m.

Definition 3.1.12. Let p and X be partitions of the positive integer m. The
partition p precedes A, written u < A, if for all 1 < s < m,

D<A
j=1 j=1
We will also need the following classical result, that can be found in [25],

that characterizes the elements of the set €2,.

Theorem 3.1.13. Let x be a partition of m and o € Ty, ,,. Let Q,, and p(c)
be as defined in (1.4) and (3.8). Then a € Q, if and only if x majorizes

().
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3.2 Norm of the k-the Derivative of K, (T)

We recall that the norm of a multilinear operator ® : (L£(V))* — L(U) is
given by
lofl= sup  [[@(S",....SM).
18 =...=l|S¥]|=1

The main result of this section is the following theorem.

Theorem 3.2.1. Let V' be an n-dimensional Hilbert space. Let m and k
be positive integers such that 1 < k < m < n, and let x be a partition of
m. Suppose T is an operator in /J(V) and vy > 19 > ... > 1y, ils singular
values. Let T'— K, (T') be the map that associates to each element of L(V)
the induced operator K, (T') on the symmetry class V. Then the norm of the
derivative of order k of this map is given by the formula

ID*E (D) = K i (V) (3.4)

where p,,_r 18 the elementary symmetric polynomial of degree m — k in m
variables.

The proof of our main result is inspired in the techniques used in [6].

Proposition 3.2.2 (Polar Decomposition). Let T' be a linear operator in V.
Then there exist a positive semidefinite operator P and a unitary operator
W, such that

T = PW.

If T is invertible then this decomposition is unique.

We will now highlight the most important features of the proof of our
main theorem.

First we will use the polar decomposition of operator T, in the following
form: P = TW, with P positive semidefinite and W unitary. We will see
that

ID*E(T)|| = |ID"E,(P)|.

This allows us to replace T by P.

After that we observe that the multilinear map D*K, (P) is positive be-
tween the two algebras in question, so it is possible to use a multilinear
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version of the famous Russo-Dye theorem that states that the norm for a
positive multilinear map is attained in (I, I,...,I), where I is the identity
operator. This result considerably simplifies the calculations needed to ob-
tain the expression stated in our theorem.

The second part of our proof consists in finding the largest singular value
of D*K,(P)(I,1I,...,I), which is also the norm of D*K,(T).

Proposition 3.2.3. Let T € L(V) , P the positive semidefinite operator and
W an unitary operator such that P =TW . Then

ID*E(T)|| = [ DK (P)]I.
Proof. Let P =TW, with W unitary. Then K, (W) is also unitary , because
(K W) = K (W) = K (W) = [K, (W]
Therefore, we have

ID"K(T) (XY, X")| =
= [ DFE(T)(X, ... . X" K (W)

am
=1 <3t1 ... Ot t1:...:tk:0KX(T +hX 4+ t’ka)> K, (W)
am
= Oty ...0t t1=...=tk:0KX(T 0 X+ X (W)
am
= Bty e P BXTW G X

= | D*E(P)(X'W, ..., X" W)

We have || X‘W|| = ||X?|| and moreover {XW : || X|| = 1} is the set of all
operators with norm 1, so

ID*E (T = sup IDFK\(T) (XY, X9
X1 [=...=] X*]|=1
= sup IDF K (PYXW, ..., X W)
IX1[=...= ]| X*]|=1
= [|ID"K,(P)]|.

]

Now we need to estimate the norm of the operator D*K, (P). For this,
we use a result from [8], a multilinear version of the Russo-Dye theorem.
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A Multilinear Version of the Russo-Dye Theorem

Throughout this chapter we are following the techniques of R. Bhatia and J.
A. Dias da Silva that were used to obtain the value of the norm for the first
derivative. In their work they used the famous Russo-Dye theorem which
is sometimes phrased as every positive linear operator on M,(C) attains its
norm at the identity matrix.

We intend to calculate the norm of higher order derivatives, so we need
a multilinear version of this result. But first we present the classical result
and its well known corollary.

Let ¢ : M,,(C) — M, (C) be a linear operator, ¢ is unital if p(I) = I,
where [ is the identity matrix of order n.

Definition 3.2.4. Suppose ® : (L(V))* — L(U) is a multilinear operator
and X!, ..., X* € £(V). @ issaid to be positive if ®(X*, ..., X*) is a positive
semidefinite linear operator whenever X!, ..., X* are so.

Theorem 3.2.5 (Russo-Dye Theorem). If ¢ is a positive and unital operator
on M, (C), then ||¢| = 1.

Corollary 3.2.6. Let ¢ be a positive linear operator, then ||¢|| = ||o(1)].

We need some definitions and some technical results to prove the multi-
linear version of the previous theorem.

First we need the following result from [4]. Let us recall that a linear
operator K is said to be a contraction if ||A|| < 1.

Proposition 3.2.7. Let A and B be positive matrices of order n. Then the
matrix (;}* g) is positive if and only if X = A%KB%, for some contrac-
tion K.

Now we can prove a multilinear version of the Russo-Dye theorem. This
proof was presented to us by Tanvi Jain and can be found in [§]

Theorem 3.2.8 (A multilinear Russo-Dye Theorem). Let ® : (L(V))* — L(U)
be a positive multilinear operator. Then

]| = [[®(L, I, ..., ).
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Proof. Let Uy, ..., U, be unitary operators. First we will show that

|2V, - Ul < (1L 1, - D

T
For each i = 1,...,k, let U; = Z Ai; P;; be the spectral decomposition
j=1

for U;. Then

T1 T2 Tk
QUy,. . Uk) =D > ) A day A, ®(Pyy, Py Py

J1=172=1 Jr=1

Let X =®(I,1,...,I) and Y = ®(Uy,...,Uy), then we have

(5 0)-

& L 1 A Aoy Ak,
E E § J J2 ik
<)\1le2j2.")\kjk 1 )@@(Plijsza-.-,ijk)

J1=1j2=1 Jr=1

(3.5)
is positive semidefinite and hence by the last proposition we can conclude
that

VI

OUy,... . U)=®(I,1,....1)2K®(I,1,...,1)

for some contraction K. Thus

In order to prove the other inequality let A;, A, ..., Ax be contractions.
Ui +V; o .
Then each A; = + for some unitaries U;,V; and i = 1,2,...,n, and
hence
1
(A1, Ay, A = 580+ Vi, Us Vo, U + i)

2 2

2
1
< D 2 eXg Xy X,
n=lje=1  jp=1
where Xy, = U; and Xy, = V.
Since each [|®(X;1, Xj2,..., Xu)|| < |®(1,1,...,1)|| and there are 2F
summands, we have ||®(A;, As, ..., A)|| < ||®(L,1,...,1)|. O
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Now we can apply this result to our particular case.

We have that D* K, (P) is a positive multilinear operator, since if X!, ..., X*
are positive semidefinite, then by the formula in Theorem 2.6.4, D*(P)(X1, ..., X%)
is the restriction of a positive semidefinite operator to an invariant subspace,

and thus is positive semidefinite.

Therefore,
ID*E(T)| = | D" K\ (P)|| = | D*K\(P)(I,1,...,T)|.

Now we have to find the maximum eigenvalue of the positive operator
D*K, (P)(I,1,...,I). This will be done by finding a basis of V, formed by
eigenvectors of D*K, (P)(I,1,...,I). We will see that if £ = {ey,...,e,}
is an orthonormal basis of eigenvectors for P, then {e} : a € ﬁ} will be
a basis of eigenvectors for D*K, (P)(I,I,...,I) (in general, it will not be
orthonormal).

Definition 3.2.9. Let 1 < k < m and 8 € Qi Define ®F P as the
tensor X' ® --- ® X™, in which X* = P if i € Im 8 and X* = I otherwise.

Lemma 3.2.10. Suppose P € L(V) and let I be the identity operator.

1. We have
. RO - kEl(m — k)!
Po- 6PHIG. a1 = PP > @pP
m—k times BEQm—k,k
2. Let vy, ...,vy, be eigenvectors for P with eigenvalues Ay, ..., \p,. Then

> @FP1 @ @) = Puk(Ms o A1 @ @ U,
BeQm—k’,m

Proof. 1. It is a matter of carrying out the computations: for each [, the
summand ®F P appears k!(m — k)! times in PQ---®PRI®---QI, since
there are k repetitions of the symbol I and m — k repetitions of the symbol
P.

2. For each 8 € Qy—k,m We have that

m—k

RFPU1® - @ V) = H gy (11 ® - - @ Upy).

i=1
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So,

m—k
Z REP1 @ @vy) = Z H)\ﬁ(i)(vl®"'®vm)

6€mek,m Bemek,m =1
= Pmt(A, A1 @ L R Uy

This concludes the proof. ]

The following proposition gives us the expression for all the eigenvalues
of D*K (P)(I,1,...,1).

Proposition 3.2.11. Let a € A and define
Ma) =K pmi(Va).
Then A(«) is the eigenvalue of DK, (P)(I,1,. .., 1) associated with the eigen-

k
vector e,.

Proof. Recall that E' = {ey,...,e,} is an orthonormal basis of eigenvectors
for P, with eigenvalues 14, ...,1,. For every a € I';,, ,, we have

i =S o,

O’GSm

Then

DFK(P)(,...,1)(e) m! !(p(g...@p@[@...@[)(ez)

(m — k)

m!  kl(m —k)! o
= w2 ERPE)
IBEmek,m

= k! Z x(0) Z ®p5 P(ey,)

oESM BEQm—k,m

— Kl Z X(O)Pm—k (Voo )€,

O'ESm

= Kl Z X(O)Pm—k(Va)es,

UESm
= klpm—i(va)e,

In the last equations we used the previous lemma and the symmetry of the
polynomial p,,_x. So the eigenvalue associated with e, is A(«). O
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We have obtained the expression for all the eigenvalues of the operator
D*K,(P)(I,...,I), now we have to find the largest one.

Lemma 3.2.12. Suppose o, B € Iy, ,,. If o and B are in the same orbit, then
Aa) = A(B).

Proof. If a and [ are in the same orbit, then there is ¢ € S, such that
aoc = . So by the definition of the symmetric elementary polynomials, we
have

pm—k(Vﬁ) - pm—k(Vao) - pm—k(Va)'
This concludes the proof. O
We have already seen that every orbit has a representative in G,, ,,, and
this is the first element in each orbit (for the lexicographic order). Therefore,
the norm of the k-th derivative of K, (7') is attained at some A(«) with

o €. A C Gy We now compare eigenvalues coming from different elements
of A.
Lemma 3.2.13. Let o, 3 be elements of A C G Then Ma) > N(B) if

and only if o precedes B in the lexicographic order.

Proof. The result follows directly from the expression of the eigenvalues of
D*K,(P)(I,...,I) given in Proposition 3.2.11. O

We are now ready to complete the proof of the main theorem. From now
on we will also write x to represent the partition of m associated with the
irreducible character y.

Proof. (of Theorem 3.2.1). We have that w(x) € A, so we must have
ID*E(P)(I,..., D] = Mw(x))-

Now let o € A. Using the results from Theorem 3.1.13 and Remark 3.1.11,
we have that x = p(w(x)) majorizes u(«).

By the definition of multiplicity partition, we have that w(x) precedes « in
the lexicographic order. By Lemma 3.2.13, we then have

Aw(x)) = Aa)

and
ID*K(T)|| = ID*K(P)(I, ..., )] = AMw(X)) = ! prr(Voy))-
This concludes the proof of the theorem. n
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Now observe that the formulas obtained by Jain [17] and Grover [15] are
particular cases of this last formula.

If x = (m,0,---,0) then K, (T") = V™T. In this case v,y = (v1,...,11).
So we have

IDEVTT = klppnk (V)
= klpmi(vi,vi,...,01)
m m!
- ] m—k __ m—k
- k‘(k;)”l “m—k)
m! .
= mHTH g

Also, if x = (1,1,--- ,1), then K\ (T') = AT and v,y = (11, V2, , Um).
In this case we have that

||Dk A" TH = k!pm—k(yla Vgy -t JVm>7

where pp,_(v1, Vo, - -+, V) is the symmetric elementary polynomial of degree
m — k calculated on the top m singular values of T'.

Our main formula also generalizes the result for the norm of the first
derivative of K, (T') obtained by R. Bhatia and J. Dias da Silva in [6]. Just
notice that if £ = 1, we have that Qy,, = {1,2,--- ,m}, so

IDE(T)]| = pm-1Vu)
= Vo()@Vw()B) " Yol m) T Yu)@)Vw()@) " Vo) (m) t -

- VoMY@ " V) (m-1)

- Z H Vo))

=1 i=1
J 1#£]

3.3 Norm of the k-th Derivative of the Im-
manant

We now wish to establish an upper bound for the k-th derivative of the
immanant, which we recall is defined as
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where A is a complex n x n matrix. For this, we also recall the definition
of K,(A), the m-th x-symmetric tensor power of the matrix A. We fix an
orthonormal basis £ in V, and consider the linear endomorphism 7" such
that A = M (T, E). We have seen that &' = (e, : @ € A) is the induced basis
of V. Recall that £ = (v, : @ € 3) is the orthonormal basis of the m-th
x-symmetric tensor power of the vector space V obtained by applying the
Gram-Schmidt orthonormalization procedure to €. We have that

K\ (A) = M(K\(T),€)

The matrix K, (A) has rows and columns indexed in A, with Qmn C A.
This definition admits, as special cases, the m-th compound and the m-th
induced power of a matrix, as defined in [25, p. 236].

Since the basis chosen in V, is orthonormal, the result for the norm of
the operator applies to this matrix:

HKX(A) H = k!pmka/w(x))a

where v1 > ... > v, are the singular values of A. This equality is what we
will need for the main result in this section.

We have denoted by imm, (A) the matrix with rows and columns indexed
by A, whose (v, d) entry is d,(A[7|d]). Let B = (bsp) be the change of basis

-~

matrix from £ to £'. This means that for each a € A,
Vo = Z bya€l,-
veA

This matrix B does not depend on the choice of the basis F as long as it is
orthonormal (it encodes the Gram-Schmidt procedure applied to &’).
With these matrices, we can write

x(d) o, .
We also have
k 1 W xid) o A vl k
DK, (A)(X",...,X") = ———B"miximmg(A4; X",..., X")B
(m —k)!
Notice the similarity with the formula in Theorem 2.6.4.

We now use the results on the norm in order to get an upper bound for
the norm of the k-th derivative of the immanant.
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Theorem 3.3.1. Keeping with the notation established, we have that, for
k<n,
ID*d\ (A)]| < k! pa—i (Vi)

Proof. We always have @, ,, C A.

We now take m = n and denote v := (1,2,...,n) € Q,, C A (this is the
only element in (), ,). By definition, d,(A) is the (v,7) entry of imm, (A),
and, according to formula (3.6), we have

imm, (A) = ——(B*) 'K, (4)B".
Since multiplication by a constant matrix is a linear map, we have
DF((B) 'K (A)B (XY, ..., X" = (B)'D"K (A)(X', ..., X"B™.
We denote by C' the column v of the matrix B~!:

C= (BN =), acA

Then
n! .
DFd (A) (X, ..., X") = X(id)o DFK (A) (X, ..., X")C.
By formula (1.2), we have that
. x(id
Jeg2 = XD

By definition of the matrix B, we have

efr - Z b/ﬁwvﬁ

BeA

with C' = [bf, : B € A]. Since the basis {v : @ € A} is orthonormal, we

have
x(id)
n! ’

IC1* = [IC1z = lle3lI* =
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where ||C]|5 is the Euclidean norm of C'. Therefore,

n!

DFd, (A)|| = CD*K,(A)C*
D%y (A)]] X(id)“ V(A
n!
< ——|IC|I!IID* K, (A
< S ICIFID )]
= k" pn_k(Vw(X)).
This concludes the proof. O

This upper bound coincides with the norm of the derivative of the de-
terminant obtained in [9]. When d, = per, the upper bound presented in
formula (52) in [8] is, using our notation, (n!/(n — k)!)||A||"~*. Using our
formula, we get the same value: for w(x) = (1,1,...,1),

_ n nok_ M n—k
Mpastino) =R (" )t = Al

(n
=0 o)

we have strict inequality, for d, = per.

It is also shown that for

One of the purposes of having upper bounds for norms is the possibility
of estimating the magnitude of perturbations. Taylor’s formula states that
if f is a p times differentiable function between two normed spaces, then

flatw)—fla)= %D’“f(a)(% o x) +O([lz]7).

Therefore,

p

If(a+a) = fla)ll <) %HD’“f(a)HHxH’“

k=1

Using our formulas, we get the following result.
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Corollary 3.3.2. According to our notation, we have, for T, X € L(V') and
A,Y € M,(C):

1K (T) = KT+ X)) < D pii(voc0) 1 X1

k=1

[ (A) = d(A+Y) <D paes ()Y 1™
k=1
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Concluding Remarks

If you want a happy ending, that depends, of course, on where
you stop the story...

Orson Welles

The aim of this dissertation has been to generalize the formulas of higher
order derivatives of certain matrix functions and its norms. Throughout this
process we have proved different formulas using several different processes
and techniques. Sometimes it was purely a matter of using classical results
of multilinear algebra, other times we had to apply heavy and new technical
results of functional and matrix analysis.

Fortunately, our goal has been attained and in a way that we first did
not expect, some of the general formulas look simpler than the ones proved
in particular cases. Still, we have various questions that are unanswered.

1. In [8] the authors have proved that their results for norms hold also
in the infinite dimensional case. Can we state the same formulas if
we consider the infinite dimension case, and if so, which adaptations

should be made?

2. We have found an upper bound for the norm of D*d, (A). It is inter-
esting to find a matrix A where the equality holds and also to check if
the inequality is sharp.

3. While generalizing the formulas for D*K, (A)(X*, X?,..., X*), one of
our drawbacks is the fact that we do not know the basis of V, in the
general case. However, if the irreducible character x is associated with
a special partition of m, usually called a hook partition, there is quite

91
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some work done in these cases and the basis of the space V), is known.
The formulas that we obtained might be improved, if we consider these
family of irreducible characters.
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