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Abstract

In this thesis, we study the Cauchy problem for the classic Korteweg-de Vries

equation

Up + Uy + Uty + Upee =0 forx € R, £ >0

u(z,0) = ug(x) forxeR

describing the propagation of long waves in shallow waters. We first use Bona and
colleagues’ approach of adding a regularizing term to the equation and show that the
equation is well-posed for initial data ug € H*, s > 3, with solution lying in this space
for each t globally. We then use Kato’s methods of semigroup theory in nonlinear study

to lower the bound on s to s > 3/2 for local solutions and to s > 2 for global solutions.



KORTEWEG-DE VRIES DENKLEMI ICIN CAUCHY PROBLEMI UZERINE BIR
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Anahtar Kelimeler: Korteweg-de Vries denklemi, Cauchy problemi, global varlik.

Ozet

Bu tezde, sig sulardaki uzun dalgalarin davranigini ifade eden klasik Korteweg-de

Vries denklemi i¢in Cauchy problemi

Up + Uy + Uy + Uppe =0 forx € R, £ >0

u(z,0) = ug(x) forxeR

incelenmektedir. Ilk olarak Bona ve ¢alisma arkadaslarmin denkleme diizenleyici bir
terim ekleme yaklagimim kullanarak, baglangi¢ verisi ug € H® (s > 3) igin problemin
iyi konulmug oldugunu ve ¢oziimiin global bir gekilde bu uzayda yer aldigin1 gosterdik.
Ardindan, s tizerindeki smir yerel ¢oziimler i¢in s > 3/2, global ¢oziimler iginse
s > 2 olacak sekilde diigiirmek i¢in dogrusal olmayan durumlardaki yari-grup teorisinde

Kato’nun metodlarim kullandik.
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Preliminaries

This chapter is mainly devoted to the description of the problem we have at hand, and
of tools we are going to use throughout the text.
We desire to grasp a basic comprehension of the Cauchy problem for the Korteweg—

de Vries equation:
() + Uy + Ugzr +uu, =0 forx € Rt >0 (1.1a)

u(z,0) = f(z) forxeR (1.1b)

which was named after Dutch mathematicians D. J. Korteweg and G. de Vries, who
tried to describe propagation of surface waves with long wavelengths in in shallow
waters, that is, where depth of the water is comparable to the amplitude of the wave.
This phenomenon is first observed by J. S. Russell, and problem he brought forth is
then studied by Lord Rayleigh and J. V. Boussinesq. Though waves are traditionally
studied via transport equation u; — cu, = 0 or wave equation uy — c2Azu = 0, there is
the unmentioned assumption of amplitude being small compared to equilibrium depth.
Lack of this assumption is what led mathematicians to look for different approaches
regarding the problem. It is worth the time to note that Russell made his observations
and experiments in 1834, Korteweg and de Vries published their paper in 1895, but
equation became a topic of wide interest only in 1965, after a paper by M. Kruskal and
N. Zabusky [10]. A more detailed investigation of history of the equation can be found
in [7].

An important feature of the equation is nonlinearity added by the uu, term. Clas-
sically we would consider problem in C?(R x R™), but working in this space with aim
to get a solution formula is quite hard. Turning our attention to showing whether
Cauchy problem is well-posed or not, however, lets us use a variety of analytical tools,

mainly functional analysis on various differential function spaces.

Definition 1.1. For domain U C R", the function space LP(U) is defined as

L”(U):{f:U»—>R|/U|f(x)|pdx<oo}.



Remark. Note that, with this norm | f||? = [ |f(2)|? dz, LP(U) becomes a Banach

space. Moreover, for p =2, L?(U) is a Hilbert space with inner product

. 9o = / f(2)g(x) dz

Now, since what we have at hand is a differential equation, we need to be able to
talk of derivatives of functions f € LP(U). However, since functions in LP are only

defined almost-everywhere, we need to step away from our usual calculus approach.

Definition 1.2. We say f € LP(U) is the o' weak derivative of F € LP(U) if f satisfies

/FDO‘gbdx — (—1)“|/fgbd:v Vo € C(U)

where C5°(U) is space of infinitely-differentiable functions that are identically 0 outside

a compact subset of U. In this case, we denote f by F(®). Here, o is a multi-index
a=(0q,as,...a,) €EN" Ja| =371 | o and D* = 931092 ... 09n.

Functions that do have weak derivatives up to an order k are set in Sobolev spaces:
Definition 1.3. W*?(U) = {f € LP(U) | @ € LP(U),|a| < k} is the Sobolev space
of index (k, p), where f(® denotes the at" weak derivative of f. The norm

||f||€vk,p(U) - Z ||f(a)H]£p(U)

laf<k

makes W*P(U) a Banach space. We also define W?(U) = (;2, W*P(U), however

there is no norm structure on this space.
Proof of following theorem can be found in [5], Section 5.6.

Theorem 1.4 (General Sobolev Inequalities). For U C R™ with sufficiently smooth
boundary, and v € W*P(U), we have

1. If kp <mn, then u € LY(U) where q = nﬁ—’;ﬁp. We also have the norm estimate
[ull Loy < Cllullwrrw)

for some constant C' independent of w.

2. If kp > n, then u is in Holder space C*~"/P1=17(U) where « is

In/p] +1—n/p, if n/p is not an integer
’}/ =
any positive number < 1, if n/p is an integer
We also have the norm estimate

[ull grtnroi-1.4 0y < Cllullwrrw)

for constant C' independent of u.



Remark. For formal definition of Hélder spaces see [5], Section 5.1. It is important to
note that C**1(U) c C*7(U) c C*(U) for every positive integer k, 0 < v < 1, and

that these embeddings are continuous.

Remark. In our study, n = 1, p = 2 and k£ > 1 is an integer. With that perspective,
theorem gives us that if u € W*2(U), then u € C*~LY2(0)).

Remark. From this point onwards, we will have U = R, p = 2, and instead of W*2(R)
will write H*, which is, like L?(R), a Hilbert space. Moreover, whenever it is clear

from the context, ||u|| and [|u||; will be used instead of ||u||r2 and ||u|| g+, respectively.
Lemma 1.5. For f,g € H* where k > 1 is an integer,
1. f e L®R) and || fllo < || fll1, where || || denotes the L norm of the function.
2. fge€ H* and ||fgllr < Cxl||fllllgllx where Cy, is a constant depending only on k.

Proof. 1. For all z € R,

:/”m ds_/f

/2|f( I (s |ds</|f ()P + 17(s) 2 ds =[£I

—00

showing that |f(z)| < || f|l1 uniformly, and taking supremum over R, we see that

1 flloe < [1f1]1-

2. Since f,g € H*, we have f@ ¢ € H' for 0 <i < k — 1, and by first part of the
lemma, ||fD e < 1PN < ||f|lx, and similarly for g. Now, fori < k—1, j < k,

. . . . 2 . .
#9991 = [ 1)@ @] do < IFO1E [P @) do < 17 1Rlolf:
Now we can use that [|/©g% | < £ lllgll to bound [|(£g)®.
1)@l = || 32 Cr@ged]| < 3= cullfOge) < 3 Gl gl
1=0 1=0 1=0

To finish the proof, look at || fg||x-

k k
1£917 =D I(F) N < Call fIIRlglz = Crll FIR g7
a=0 a=0

In the end we got || fgllx < VCkll fllxllgllx, which was our aim.

Corollary 1.6. The mapping O(u) = u? is locally Lipschitz on H*.



Proof. From Lemma we have [[u? — 0|y < Cyllu + v||gllu — v]|g, and restricting
O to the ball {u € H* | ||u|lx < R}, we get ||u® — v?|p < 2C4R||u — v||x, ending the
proof. O]

The special attention L*(R) and H* receive is a consequence of the ever-useful
operator Fourier transform. With this newfound perspective, let us play around with
the norm of f € H*.

k k k
A1 7 = Z 17N 2 m,) = Z 1N e = Y I(=1)* Fll 2
a=0

—Z/\ —i)* (O d€ = /Zy—zga (€)[? de

/(Z!&Qﬂ) () de ~ /1+£ Fe) P de

R
= [|(1+ )2 fl o,

Thus we obtain an alternative norm on H* by defining || f| g+ as ||(1 + 52)k/2j/‘\||Lz(R€).
Note that in the calculations above, we claimed the last two integrals to be equivalent.

k
This is an immediate result of élim Z(:ﬁ%z) =1 for all k. With this alternative point
—00

of view on characterization of H*, we can now more easily grasp a concept not so easy

to conceptualize otherwise:
Definition 1.7. For a non-integer s > 0, H* = {f € L* | || (1+ 52)8/2 Fllze < oo}

We could similarly define H® for negative s, but since by doing so we lose our
condition f € L? and instead obtain distributions, it will not be done in this text.

One benefit of working with time-dependent functions is our ability to mainly focus
on space-variable, in this case x € R. In other words, even though graphs of any
function of two variables are two-dimensional, we can “slice” it into functions of space-
variable only at time ¢ = ¢;. There are some ways to take this approach which we will
use them in Chapters 2 and 3, but the main idea is that we will not be using Sobolev
spaces H* on R x (0,7T) or R, x R;, but only on R, at fixed times t.

Best way to solidify this point of view is using the following space with the respective

norm:

Definition 1.8.
C([0,T); H*) = {f : [0,T] = H* | f(t) is continuous in H* norm},

that is || f(t) — f(to)||x — O whenever ¢t — #,. In this space, as we would normally have

in C(R), we use the sup-norm to obtain

[ lle oz my = sup{ILf (Bl [ t € (0,77}

4



With this norm, C([0,T]; H*) becomes a Banach space. From this point onwards,
instead of C([0,77]; H*(R)), we will write %, or H* when T is understood from the

context.

Also, as a final tool, there are methods called energy estimates and conserved quan-
tities. With these methods, we are basically taking the time-slices of u(z,t), in other
words uy(x), and trying to determine what relations are present for this family of

functions, by considering various integrals of them.

Example 1.9. Throughout the text, we will try to exemplify concepts we introduced

with the classic example of one-dimensional heat equation:
Up — Klgy = 0
u(z,0) = ug(x)

where x > 0. Multiplying the differential equation by w and integrating by parts, we
obtain [, (u?/2);dx + k [g(uz)? dz = 0, which is equivalent to

d

— qux:—Qm/uidxg().

Thus we conclude [ u(z,t)* dx is a decreasing function of ¢, and from that,
/u(x,t)2 dr < /u(ar;,O)2 dx :/uo(ac)2 dx
R R R

Example 1.10. Turning our attention to KdV equation, we see that multiplying (|1.1al)

with v and integrating by parts gives us

/uQ(x,t)da:—/UQ(x,O)dx—/u?](x)dx for all ¢
R R R

since, assuming « and its derivatives vanish at infinity, [, uu,de = [ wtge, dv =

d [ u?
S R -
dt/RQ =

which results in what is written above. Note that this implies, for initial data ug € L?,

for all ¢ > 0.

fR u?u, drv = 0. Therefore we get

solution u(t) € L? for all {. Similarly, multiplying the equation by u? + 2u,, and
integrating by parts, we get

d ) u3(x,t)

_ t)——"7 ) der=0

in other words

[ (-5 ar= [ (o - S20) o poran

It is shown in [6] that there are infinitely many such conserved quantities for the KdV

equation.



Approaching the KdV Equation
Through a Regularized Equation

This chapter heavily relies the on work of J. L. Bona and colleagues (see [1-3]). Tools
and the methodology used are more or less simple, yet the motivation behind it is
impressive, to say the least. We will first introduce a “regularizing” term into the
equation, and obtain a new equation easier to deal with. From this new equation,
we will derive bounds depending on the regularizing term and study limit behaviour
of bounds as regularizing term vanishes. With these methods, we will prove well-
posedness of KdV equation for initial data uy € H*, where k is an integer k > 3.

Finally, using an interpolation theorem, we will extend the result to non-integer s > 3.

2.1 Introducing the BBM Equation

Starting with the KdV equation, ([1.1al), change of variables & = x, = t — x gives us
the equation u; + wuz + uzzz = 0, which accepts regularizing term we will introduce

below better than the original equation.
Lemma 2.1. For a function u satisfying
Uy + Uy + Ugpy — €Uz = 0 (2.1a)
u(x,0) = ug(x) (2.1Db)
the function v(x,t) = eu <\/E(x — 1), \/e_3t> satisfies
Vg + Uy + VU — VUggr = 0 (2.2a)
vo(r) = v(x,0) = eup(Vex). (2.2b)

Equation ((2.2) is called the BBM equation, and is first brought forth by Benjamin,

Bona and Mahony in [1] as an alternative approach to problem of long waves in shallow

6



water. Leaving fluid mechanics aside, it has, at least mathematically , the advantage
of being easier to show well-posedness.

Taking Fourier transform of the BBM equation with respect to =, we obtain

~

e VR
O+ (i8)o+ (i) 5 — (i€)*0, = 0
which is a linear ordinary differential equation of © if we are to consider 02 as an

inhomogeneous term F(0). Indeed, solution ¢ of

(14 )i+ (i€)0 = (=€) 5 = F(0)
is expected to be

t

&y F(D g
e = | [ere E ar | 4 e T
0
and taking inverse Fourier transform of it, we obtain
-1 j K N -=
v(a,t) = o / %ewz‘ Yo2)dr | + <vo(§)e 1+£2L‘) . (2.3)

0

Question then becomes showing that this mapping O : HE +— H% where function
w € HE is mapped to the term above, with v? inside the integral replaced by w?,
has a unique fixed-point, at least for a small time 7. As it is often the case, showing
that this mapping is a contraction will be sufficient and the result will follow from
Banach’s fixed-point theorem.

For wy,wy € HE., fixing arbitrary ¢t < T, we get

ty i€ v
([ e
0 k

1 T S -
:§H(1+£2)k/2/ _1_ mie D (w? — w2y dr

0Guwn)(®) ~ Olw)(®) =

o 1+&2 L2(R¢)
I ' - ~
< 5/ (1+ gZ)W_l feewgz( D (w? — w?) dr
0 L?(Re)

1
2 2
d¢ ) dr

I O i€ Lo ~
= 5/0 (/_m‘(1+§2)"?/2—1+£261+£2 (w? — w?)
= 1, we continue as
1 t o]
— 1 2|k
5| ([m|+£|
1 = 2(k—1 2 2\~2 %
<5 [ ([ neerw - uf ) ar

7

i€
. — (T—t
since |eTrez ™Y

1
2

|(w} — wg)A‘Q d§> dr

2

§
1+¢




1
= [} = w3l dr < St sup [Juwi () — w3(7) k-

2 0 T€[0,¢]

t sup Jwi(r) —wy(r)|lk < 5 Tlwi — willp
and by Corollary [L.6] we have || fg|lx < Ck||f|llg|lx. Therefore,

1
< §T0k||w1 + w2||y£}||w1 - w2||7-£l}'

Calculations up to this point were for fixed ¢ € [0,7], however we found a bound

independent of t. We can now take supremum over ¢t and get the desired result,
|0(w1) = O(wz) |3, < TCRR[Jw1 — w2l (2.4)
where R is the radius of ball in 'H%, containing both w; and ws.

Proposition 2.2. There exists R, T > 0 such that map O : B(R) C Hk — B(R)

defined above becomes a contraction.

Proof. First find R such that mapping is well-defined, that is, O(w) € B(R). We have
_l’_

1 (/t i€ oy )V <A B
: TR dr fee T

)
2 0 1+¢& i} i

First term will be called I, and the other /5. Using the calculations above, we see that

10wl <

1 1
L < STy < 5 TCWR?
and since |e~(10)/0+6)| = 1,

i
b H(l + )G (e T

L (1 +€)*2a()]] 12 = llwoll-

Now, we want I} + I, < R, in other words (T'CyR?)/2 + |[vollx < R. However,
combining the calculations above and with aim to get TCy R < 1 from , we see that
|vollx < R/2 suffices. Now with R satisfying this condition, we can find T' < (CxR)™*
so that TCy R < 1, completing the proof. O

Discussion so far can be summed up in the theorem below.

Theorem 2.3. For initial data vy € H*, k > 1, there is some T > 0 so that the BBM
equation has a unique solution in HE.

In the end, we get that the BBM equation has a solution, at least for small ¢, and in
turn the regularized KdV, , has a solution. Note that, in this proof, R is bounded
from below, so it can be arbitrarily large. Having that, though, requires ¢ going to 0
as R — oo. Similarly, the lower bound on R means that this proof cannot give global
solutions. However, extending results to global solution is possible by using conserved
quantity [, u® 4+ u* = |lu|ly = ||lu||; obtained by multiplying the BBM equation by u
and integrating with respect to spatial and time variables. Now, having ||u(t)||; fixed
means, with help from the explanation made in Section [3.3.2], that we can extend the

solution for every s globally.



2.2 Smooth and Regularized Approximation

We would like to show that the solutions corresponding to regularized KdV equation
form a Cauchy sequence as e approaches 0. However, since we also want to benefit
from the bounds obtained in [3] for the case with smooth initial data, we cannot have
u as solution to with initial data ug. Instead, we will take convolution with a
smooth function with parameter € and use that smoothed function as our initial data.

For g € L?, smoothing g, is given as

ge(z) = ((&(e"/°€))" * g) () (2.5)

for a smooth function ¢ such that 0 < ¢(x) < 1 for all z, ¢(0) = 1 and ¢™(0) = 0 for
n=1,2,..., and tends to 0 at oo exponentially.

In the end, the solution to equation
Uy + Uy + Upgy — EUgyr = 0, (2.6a)

u(z,0) = ug(x) (2.6b)

will be called u., where ug € H” is the initial data of the original equation. We have

the following lemmas from Section 4 and Section 5 of [3]:

Lemma 2.4 (Norm estimates on smooth approximation). Let g € H* where k > 3
and g. be the smooth function obtained from g as in . Then, as € — 0, we have

the following estimates:
1. ,
L \gellss = O(e787) forj=1,2,...

1 ,
2. g — gellk—j = o(e6?) for j =0,1,2...

Moreover, on bounded subsets of H* the first estimate, on compact subsets of H* the

second estimate are uniform.

Lemma 2.5 (Bounds for smooth initial data). Let u be the solution of the KdV equation
reqularized with —€euy,;, with initial data ug € H*. Fizing arbitrary T where solutions
are considered fort € [0,T],

o ||ully < a(|luoll1), independent of € and t € [0,T],

o ||ulla < b(||uolls) for 0 < e < €y where €y depends on T and ||ug|3, independent of
t€0,7],

o for ey as above and € < €, solution u is bounded in HE., with a bound depending

only on T, e, ||uo||r and v/€l|ug ||kt

where a,b : R +— RT are monotone increasing continuous functions such that a(0) =

b(0) = 0.



A Sketch of the Proof. The first results in theorem, namely the ones regarding ||u||;
and ||u||, are based upon manipulations of the KdV equation. The general case is
proven by induction. Multiplying the Equation (2.6) by 0?"u (shown as u®*™ from

here on for simplicity) and integrating by parts gives

% ( (m)) +€( (m+1))2 dr = — /( )(m+1 (m) dr.

This method will be used almost the same way for the next theorem. The induction

hypothesis and various manipulations on the second term will result in

d oo oo
pr (u™)? 4 e(u™ )2 dg < C(/(u(m))2d:v+1>,
which, by naming [*_(u(™)? + e(u™*V))2 dz = E,,(t), turns into E/,(t) < C(E,, +1).

Now we have
En(t) < Epn(0)e + e — 1

and the observation (E,(0))"? < ||[uollm + €*/2||uo|lm+1 completes the sketch of proof.
[

Combining the two lemmas, we conclude that:

Corollary 2.6. Letting k > 3, u. 25 bounded in HE for any finite T, independently of

(sufficiently small) €. Moreover, 66 u, is bounded in HAt™ for each m > 1, finite T,

independently of €. Lastly, by takmg the inverse of operator (1 — 9?%), it can be shown

that Oyu, is bounded in 'Hk 3 and 66m3k+m 30uc is bounded in Hr, independently of

€, form <5 and for any T.

Theorem 2.7. For ug € H* k > 3 and u, the solution to Cauchy problem (2.6), {u.}
is Cauchy in H* as e — 0.

Proof. Our primary aim is to show that ||u. —us||x — 0 independent of ¢ as [e —d| — 0
and €,0 — 0. An easy way to have this construction is to have 0 < § < € and let € — 0.
Then we will call u, = u,us = v,u — v = w, which turns our problem into showing
|w|[x — 0. It should be noted that while it is not explicitly written, w is indeed a

sequence in H¥, {w.}. Tt is easy to see that w satisfies
wy + (uw — %wQ)x + Wopy — OWgar = (€ — 8)Ugay, (2.7)

which, by multiplying by w®? for j < k, and integrating over € R and over ¢ € [0, T},

gives the integral equation
[ s = [ ) 6 )

t 00 ' .
- 2/ / [(uw — %w2)(j+1) — (e — 5)u£ﬂ+2)}w(3) drdr. (2.8)
0 J—o0o

10



We are interested in ||w]|;, at each ¢, which leads us to investigate ||w(|| for j < k. In

the integral equation above, we have applicable terms, so we will call

o0 1/2
Vi(t) = {/ [(w(j))2 + (5(w(j+1))2] dz

oo

and we will have [|w"(t)|| < V;(t). If we can, using these tools, show that |lwl[z — 0
as € — 0 for k£ = 3, then we can use induction to show that it also holds for k£ > 3,
completing the proof. One thing to note is w € H® since initial data wy € H,
therefore w) € L? for all j (see [1]).

[The case k = 3] Starting with j = 0, equation turns into

V02< V2 _2// — Wy )W ]da:dT—i-Qe— // UgrrW dx dT

and bounding ]%uw — w,| by constant C , €'/3||ugy|| by Cy using Corollary 1) we

reach

t 9 t
VE(t) < VE(0) + 2C, / VE(T) dT + 230, / Vo(r)dr
0

0

and through simple calculations, we obtain
|w|| < Vo(t) < V5(0)eST + 62/301_102(601T —1). (2.9)

It is easy to see that second term goes to 0 as € — 0. We shall now bound the first
term, V4(0), by € by Lemma ((2.4)),

00 1/2

Vi0) = | [ = ) + S — )

o
1/2
— (Iloe — wos||? + 8l — uhs?)* < o — wos||s

S ||U()E — UOHI + HUO — U05||1 S 061/3 + 0(51/3 S 061/3,

where C', here and for the rest of the proof, is a constant, depending on 7" and norms
of g up to order k, but independent of . Combining and V4(0) < Ce'/3) we see
that [|w(t)|| — 0 as € — 0, uniform in ¢ € [0, 7.

Study of Vi, Vi, Vj is essentially the same. V() is bounded by terms in , V;(0)
and an integral. To bound the integral, Corollary is used to derive bounds on
either L or L? norm of various functions. Using the bounds, integral is simplified into
another integral of V;(7) and V(7) with a term of € in it. To bound V;(0), triangle

inequality is used. One thing to note is that, rather than using

V;i(0) < fluoe — wosllj1 < |luoe — uoll 1 + [Juo — uos|j11
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as above,

V;(0) < [luf) — ul]| + Vollus™ —uli™N < Jluoe — osll; + VOlluoe — uoslljs1 (2.10)

< JJuoe — woll; + lluo — wosll + V6||uoe — wollj+1 + V6[|wo — wos||j+1 (2.11)
or

< [uoe — uoll; + lluo — wosll; + V| |uoell 41 + V| [uos||j41 (2.12)

are used instead. It is done so, because ug ¢ H?, therefore when j = 3, |luge — uo|4
and ||ug — ugs||4 are undefined, or when j = 2, by Lemma [2.4) we lose e dependency on
norms ||ug — ugel|s and ||ug — uos||s. Though it still approaches 0, it is better to have a
control over the bound, in the form of v/3 in this case. In the end, however, all goes
to 0 as € — 0, showing that the sequence {u.} is indeed Cauchy when k = 3. Detailed
calculations of the proof can be found in [3], Section 5.

[Inductive step: n — 1 = n] Now, we assume that the theorem is true for a certain
k—1 > 3, that is, for up € H*"1, {u.} is Cauchy in H*~! as ¢ — 0. Now our aim is to
show that it also holds for k, in other words that vy € H* implies {v.} is Cauchy in H*
as € — 0. However, an important note is that vy € H* gives us vy € H*~!, therefore we
already have {v.} is Cauchy in H*~!. This observation is telling us that our primary
concern for inductive step will be to show [|w®(¢)|| — 0 uniformly as ¢ — 0. Here, w
and V;(t) are the same as above. Now, recalling , we have

lw®* < V2(t) = Vi2(0) + 21

where [, = — [7 [% [(uw — )1 — (e — §)u§k+2)]w(k) dz dr. Using Leibnitz’ rule,

0 k41
/ / ch (k41— n) (n) (k) + an(kJrlfn)w(n)w(k)) - (6 B 5>u1(tk+2)w(k) dr dr
0 —oc0

and separating the first and last terms of the sums,
k41

k
Ik < C/ / <Z |w(k+1 n), (n w(k)| + Z |w(k+1—n)w(n)w(k)|
n=1

+ e|ulF TPy ®) | — (uw(k“)w(k) + 2ww(k)w(k+1))) dxdr (2.13)

is obtained. We now want to somehow bound the terms in the integral, with a factor
containing e if possible. Primary motivation is, as we did in (2.9)), to send Vj(¢) to 0

as € = 0. To this end, let us examine what we already have at hand:

1. Initial data vy € H*, thus u, v, w are bounded in H¥, let us say by Cj, by Corollary
2.6 We thus have |u®], [v®], [w®|, |u@]], [[vD)]], |wD]| < Cj for integers i < k,

12



j < k. Moreover, {w,} is Cauchy in H*~! meaning that |w®|, ||w || — 0 for
integersi < k—1, j < k—1. To be precise, it is shown in [3] that ||w||,_, < Ce'/
as € — 0.

2. By second part of Corollary e/ 6Hu,§k+2) || is also bounded, say by constant C.

3. By integrating by parts, last term in the integral transforms into

t [e8)
/ / — (v 4 200w Fw* D) dy dr =
0

—0o0
/ | / (5w (u®) drdr < / R ar
0 —00 0

since |u, /2 + w,| is bounded, as seen in the first item.

Combining all of the facts above, (2.13)) and I} are bounded from above:

t

L.<C / ((ckv,fm + (Y Gl Vi(m)) + ]w|Hu(’““)HVk(7))

+ (zckx/g(r) + (%ckéel/ﬁvk(f))) + (é/ﬁ‘évk(f)) + (%v,ﬁm)) dr. (2.14)

Getting rid of all the various constants and simply calling them C is possible. The
main question, however, is whether we can bound |w||u®**V||V,(7). It is known from
Corollary [2.6| that €'/Su, (= €/%u in this case) is bounded in H**! independently of
e. Then, if we can show that |w| has a power of € greater than 1/6, we will be able
express I, as an integral of V}, only. Fortunately, it is shown by Bona and Smith in [3],
when proving induction step in the proof. While it is skipped now, main idea is that
since initial data vy € H*, k > 3, Lemma [2.4] gives ||vg — voc|[1 < Ce'/3, concluding
|w|l; < Ce*/3. From there, it is our conclusion in Chapter 1 telling us |w| < Cel/?.

The final estimate for I, turns out to be
t
I <C / V(1) + €/5Vi (1) dr.
0
We can now, once again, turn our attention to Vi (t). As we did in , from
t
V2(t) < V2(0) +2C / V2(7) + €/5Vi(r) dr
0

we get
|w®]| < Vi(t) < Vi(0)eCT + €/6(eCT - 1).

Now the final step is showing V4 (0) going to 0 with e, which is easy by using estimate
212).
Vi(0) < Jlvo — voellx + [|vo — vos|x + Ce'/3,

13



From this, we get the result |w®| — 0 as ¢ — 0, concluding that ||w|;, — 0 with
€ — 0. Thus the proof is complete with this inductive step. O

Corollary 2.8. For u. as above, {0y} is Cauchy in 7—[?3 as € — 0.

Proof. For w as in the previous theorem, leaving w; term by itself in (2.7]) gives us

wy = —(uw — %uﬂ)m — Wagy + OWegy + (€ — 0)Upyy-

Last two terms go to 0 in norm since ¢ — 0, and other two terms go to 0 in norm since
w is Cauchy in H% and w,,, is Cauchy in H5® by previous theorem. From this, it

immediately follows that w, is Cauchy in H*=3. O

It should be emphasized that great lengths Bona and Smith go in [3] to prove that
|w||r—1 < C€'/8is essential in the proof. Without that kind of control over norms ||w) |
for j =0,1,...k, we have no apparent way to control terms [ |w*" 1=y w®)| dy
and [ |w*F+1=m)qy My (*)| do appearing in (2.13). Without such bounds, combining
|w® || < Vi(t) and ||[w™| < Cy would turn out to be insufficient as it only gives us
[0 JwkE =My My ®) | do: < C2Vi(7) which does not vanish. In the end,

We can now state our primary theorem for the section.

Theorem 2.9 (Existence - Uniqueness). For initial data u. € H* with k > 3, Cauchy
problem shown in has a unique solution u € HE. for all finite T.

Proof. Uniqueness is immediate with the following argument: Calling different solu-

tions to the same initial data wq, us, u; — uy = w satisfies
Wy + Wy + Wape + [(ug + uz)wl, = 0.

Multiplying by w and integrating with respect to x, we get the integral equation

d [e.@] [e.@] [e.e]
pr w? dr = — / 2[(u1 + wo)w|,wdr = / 2(uy + ug)ww, dz
= /(u1+u2)xw2d:c§0/w2d:c

oo
meaning that [ w?dz = 0 for all ¢, and since we consider the continuous version of

w, w=0 identi?:oally.

For existence, we will use tools from Theorem [2.7] and Corollary 2.8 From machin-
ery built in the respective proofs, we know that u, is convergent in H%., du, is conver-
gent in HA 3 to some functions u, v respectively. It is also trivial that 9%u, — d3u in
HE3 ) and so 9, (u?) — 0,(u?) in HA once we recall our result Corollary . More-

over, since u, — u in distribution sense, we can say J;u. — O;u in distribution sense,
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but that just means v = u;. Finally, note that d;u. is bounded in 7—[?_3 by Corollary
2.6} therefore 920u, is bounded in H4 . From this, we get that ed20,u, — 0 as e — 0,
at least in the distribution sense. Combining all of these, solutions to the regularized

KdV equation converges to a solution of the KdV equation. O

It should be noted that we never mentioned space H*.. We have arbitrarily large,
but finite 7. This distinction is not essential when defining the function, since we can

have the following definition:
f R, xRf —» R
f(l‘7t) = fT(xvt)

for some T' > t and fr solution to KdV equation on H% we found above. By uniqueness
property, this f is well-defined. However, this definition gets important when we
attempt to conclude continuous dependence on initial data. It turns out that we cannot
have continuous dependence on space HY . A simple counterexample is solitary waves,
the phenomenon first observed by S. Russell. It primarily says that certain kind of
waves of different speeds of propagation diverge, therefore ||uc—upl|r — ||uc|lx+||uplx
even when initial data converge. However, even when we cannot have continuous

dependence for space H”_ , we can have it for H% for arbitrary 7' > 0.

Theorem 2.10. The mapping U : H* — HE, where u = U(g) is the unique solution of
the KdV equation with initial data g € H*, k > 3 in time interval [0,T], is continuous.

Proof. We will use sequential characterization of continuity. That is, for g, — ¢ in
H* we want to get ||u® — |3 — 0, in other words [|u" — ||, = 0 uniformly in [0, T1,
where u" and u are solutions to problems with initial data g, and g, respectively. To
be precise, fixing 6 > 0, we want to find N such that n > N implies ||u" — ul|x < §
uniformly. Proof is relatively straightforward.

We will first, using triangle inequality and bounds ||u — u|[z < Ce'/® +Cllg — ge|l,
|u™ — ul||) < Ce/% 4+ C||gn — gnellr obtained in [3], make the observation that

Ju™ = ull < flu" = wd |k + Jud = velle + [ue — ull
< (C* 4+ Clign = gnell) + lug = uclli + (Ce'’® + Cllg — gelx)
< G [lud = uclle + 3
Last step is a result of Lemma (2.4). Since g, — g, all are bounded in H*, thus the
bound is uniform. Therefore we may find some € small enough that we may bound the
terms in this manner. Now we have variable n and fixed € > 0.
Now, since € is fixed, we can benefit from transformation done in (2.5)), and consider

v"™ and v instead, with initial data h,(x) = €g,.(v/ex) and h(z) = eg.(y/ex). Now, if we

can have v" — v in H¥ for fixed R > 0, we can then invert the transformation and get
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our desired result, u" — u. in H%. This inversion of transformation is where € being
fixed helps.

Recalling how we defined transformation that smooths the initial data, we can see
that g, — ¢ in L? gives us h, — hin H" for all r = 0,1,... Getting closer to desired
result, we will name v" — v = w" and once again construct the equation that w™

satisfies:
wy +wlr +w'wl + (vw"), —wh,, =0

w"(x,0) = hy(z) — h(z) = ful(z).

For the rest of the proof, we drop superscript n and simply write w instead of w".
Multiplying the above equation by w®) and integrating by parts as we done before,
and calling W;(t) = [ [(w"9))? 4+ (wl+D)?] dz, we get the integral equation

W (t) = W;(0) — 2 / t /_ " [)9%) + (ou)90 w dd

Using Leibniz’ rule, we get the bound

t oo Jt+1 J+1
/ / { S g 0) 4 3 U(j+1—n>w<n>w<j>} dr dr
0 — Lnp=0 n=0

(2.15)

W;(t) < W;(0) +C

and letting 57 = 0, it turns into

t [ee)
/ / vew? dx dr
0 —00

< Wo(0) + C/t Wo(r)dr

t 00
0 —

oo

where C are all various constants. Now the last inequality is implying Wy () <Wy(0)e®,
which lets us to conclude ||w"||; < || f.|l1e®, giving us w, — 0 € H} since h, — h in
H'. Now assume inductively ||w"||; = 0 as n — oo uniformly on [0, R]. Then (2.15)

turns into

t
W;(t) < W;(0) + C / W,(r) + auW2(r) dr
0
where a,, is a combination of various norms ||w"||;, @ < j. Then we have a, — 0 as
n — 00. Integral equation above turns into

1/2 1/2 CR CR
W,72(0) < W) 2(0)eC + (¢ — 1),

and since a,, — 0 by discussion above, W;(0) — 0 by the fact that W;(0) < || f,|j+1 4 0,
we conclude W; — 0 uniformly.

We just showed that v™ — v in H%, but that means u” — . in H%. Combining
this with the triangle inequality gives ||u,, — ul|x < 9, completing the proof. O]

16



We have answered the most important question of the chapter: Cauchy problem
for the KdV equation is well-posed if initial data ug € H* k = 3,4,.... It is not the
whole work of Bona and Smith [3]. They also show more smoothness properties for
time derivatives, and in the appendix, weaken the condition for initial data ug € H?
by the use of distribution techniques. However, we will weaken this condition in the
next chapter, following the footsteps of Tosio Kato, using semigroup theory. Yet we
still have one more issue to take care of: extension of the results for non-integer s, that

is, up € H®, s € [3,00). This will be done in the following section.

2.3 Non-integer Interpolation

The extension of our results to non-integer values of s in H® will use an interpolation
method, applicable to nonlinear situations as well. The following results are from Bona
and Scott [2]. Throughout the section, we will first state the theorems, then define the

concepts introduced in the theorem.

Theorem 2.11. Let By, By, Cy, Cy be Banach spaces such that By D By, Cy D Cy with
both inclusions continuous, and (X, q) pair in the range 0 < A < 1, 1 < ¢ < oo. Let A

be a mapping satisfying the conditions

1. A: By, — Cy and for f,g € B4, we have
1Af = Aglley < colllfllr, + 9182 ) f = 9ll50,
2. A: By~ C} and for h € By, we have

[ARlle, < ex(llhllsy )IIP 5,

where ¢y, c1 : RT — R are continuous non-decreasing functions.

Then, for By, 2 By, A maps By, into Cy, with norm estimate

1A leo, < el flIBr S 5o,
for f € By, c(x) = 4co(4x) ¢ (32)°.

Theorem will be given without proof. Still, for it to make sense, some defini-

tions and properties need to be presented.
Definition 2.12. For Banach spaces By D By, continuously included,

e By, (or [By, Bilg, to avoid ambiguity) with 0 < § < 1, 1 < p < oo is an
intermediate Banach space such that By D By, O B;, with inclusion mappings
continuous. Parameter p, as usual, expresses norm power, while # shows the

“weight” relative to original spaces By and Bj.
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o f € Byisin By, by definition, if and only if the norm below is finite:

[ K(fep
1 V5, = | — g5 de
0

where K(f,e) = inf {||f — gl|B, + €ll9l/5, }-
geB,

e This consturction bestows a linear ordering on family By,. Intermediate spaces

corresponding to pairs (61, p;) and (6,, p2) are related as follows:

B‘91,P1 D) 3927172 <= either 6; = 05 and p1 > pg Or 01 < 6.

Now we see that the theorem above is about the extension of mappings satisfying
certain conditions to intermediate spaces. The next theorem will allow the extension

to be continuous as well. Required definitions will be given later.

Theorem 2.13. Let us take By, B1,Cy, C1, N\, q and A as in Theorem [2.11] and also
assume that pair By, By has a (0,p) approximate identity {S.}. Then, if A satisfies the

additional condition
3. A: By — (] is a continuous mapping,
then A : By, — Cy,, is also a continuous mapping.

Definition 2.14. For Banach spaces By D Bj, continuously included, and 6 and p as
constructed above, we say that By, By pair has a (6, p) approximate identity if there is

a family of continuous mappings {S.} for 0 < e <1 with S, : By, — B satistying

1. ||S€f||39,p + -51*9||S€f||]31 < c||f||39’p for all f € By, and € € (0, 1].

2. ||Sef = flls,, + € °lSef — fll, = 0 as e — 0 for all f € By, uniformly on

compact subsets of By,

Applying these results according to our goals is natural at most points. Obviously
we have A = U : H* — H%, sending initial data to the solution of the KdV equation,
a continuous mapping by virtue of Theorem . Therefore, it is safe to call By = H”,
C, = Hk for k > 3. However, to be able to truly use the theorems, we need to determine
intermediate spaces. There is no harm in calling H° (= L?) = By and HS = Cy. Also,
since our Banach spaces are in fact Hilbert spaces, and norm power is 2, we will have
p = ¢ = 2. This much is sensible enough, but for By = L?, B; = H*, question of
what B, o is remains. However, it turns out that in this case By o = H M 50 choosing
A= %, we can identify By, as H*"!. It follows that, for § > X, Bgo = H* for non-
integer s. We might have expected that [H}, H5]p2 = C([0,T]; H®) = Hs, but it does
not hold. Fortunately we have Cpo C H5., shown in [2], so extension of mapping A will
be useful. Now the final conditions before checking condition 1 and 2 from Theorem
is whether L? = H° and H* has a (6,2) approximate identity or not. This is

non-trivial, and will be explained below.
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Example 2.15 (From Bona and Scott, [2]). We want to have a family of operators
S.: H® — H* where s = 0k, 0 < ¢ < 1. Knowing that By = L? By, = H*, B; = H",

conditions in Definition 2.14] turn into
LSl =S < el fl, for all £ € Y, e € (0,1]

2. |ISef — flls + € **||Scf — f|| — 0 as e — 0 for all f € H*, uniformly on compact
subsets of H”.

Now, for fixed ¢ € C* such that ¢ = 1on[-1,1], ¢ = 0Oon R\ (—2,2) and
0<¢<1,S, defined as @(f) = ¢(eV/*¢)a(€) satisfies the following conditions

IScflls = 11+ )25 Fll = (1 + )23 5 Il < II(1+€2F ] = | flls, (2.16)

and
x R 1/2
1. £l = ( [a +€2)’“¢2(61/k§)|f(§)|2d€)

1/2
s( " \<1+5 )es| / 1+ 62| f(e >|2ds) < (Cy(4e2/Ryr=s || £112) 2

< (Co(e 02| |22 = ce 0= ||, (2.17)

Therefore condition 1 is satisfied. For condition 2, note that for r < s, the following
holds:

s =si2= [ T ) S fe) de
< / (1+ YO de

|€]>e—1/k

< sup |(1+€) / (1+ €21 f(o)) de
|€|>e—1/k loem1/k

< Oyl 0i=) / (1+ )17 de.

|g|>e=1/k

and as € — 0, f|§|>6,1/k(1 + 52)5“3(6)‘2 d¢ — 0 uniformly on compact subsets of H*.
Therefore we can say ||f — S.f||» = o(e®*~"/%) when ¢ — 0. Now plugging in extremes
r=0,7r=s,weget ||f—S.f| = o(e’*) and || f — Scf|ls = o(1), which is precisely what
condition 2 is. Therefore we showed that this particular family of mappings satisfies
conditions, thus L? and H* have a (6,2) approximate identity for all § € (0, 1).

Final step that is missing is simply conditions 1 and 2 of Theorem for our
mapping U, which translates as [[Uf — Ugllye. < col([flli-1 + [lglle-1)]f — gll and
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[URl3g < cr([[R][k—1)[| 2]l in our case. Second one requires the use of conserved quan-
tities for the KdV equation, which is shown in [2] after lengthy calculations. First
one, however, is easier to tackle, especially with us accepting Condition 2 of Theorem
2.11 Calling Uf =u,Ug =vUf —Ug = w, we see that w satisfies the partial differ-
ential equation w; + [(u + v)w|,/2 + Wy = 0 with initial data w(z,0) = (f — g)(z).
Multiplying the equation by w and integrating over R and ¢ as before, we get

d [ 1 I
G [ wtde < 5l ol [ vt dn

Using second condition, we see that ||u|lx <||fllkci(||flle=1), lvllx <||gllkei(llgllx—1), so
we can have [ull, +[[ollx < ([Fllx + llglls)er([f]lx + [lgllx). Then we have

d
E\lw(t)ﬂz < c(|lFlle + gl lwl®
where ¢(z) = zc;(z) for ¢; above. Using Gronwall’s inequality, in the end we get
[w(t)]]* < [Jw(0)]*.

Here, ¢ is a constant depending on || f||«, ||g|lx, ¢1, but not on ¢. On bounded time

interval [0, 7] taking the square root, for cr(z) = e7*®/2 we have

1Uf = Ugllag. < cx([fllx + gl = gl

giving us the first condition. Note that we did not get (|| f||x_1 + [|g][x—1), but there is
no problem in using a greater bound. With this, this chapter comes to its conclusion,

summarized by the theorem below.

Theorem 2.16. Let us be given uy € H®, s > 3, not necessarily an integer. Then the

Cauchy problem for the Korteweg-de Vries equation

Uty + FUUL + Uy =0, z €R, >0

u(z,0) =up(x) zeR

has a solution uw € H35. for all T > 0. The solution is unique, and depends continuously

on the initial data.
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Semigroup Approach to the
Problem

Following the theorem from last chapter with initial data ug € H®, s > 3, our primary
goal for this chapter is lowering the bound for s to s > 3/2 for local solutions, and to
s > 2 for global solutions. We will heavily follow Tosio Kato’s work [8,9]. To familiarize
ourselves with the methods a brief study of linear situation will be presented, then the
result will be stated and exposed, followed by application of the general theorem to

our specific case, that is, the KdV equation.

3.1 Studying the Linear Situation

Throughout the chapter we will, in a sense, be interested in ordinary differential equa-

tions with Banach space values. Linear situation, in general, is expressed as

%u@) +A(Du(t) = f(t) for t € [0,T] (3.1a)
u(0) = u. (3.1b)

Here, u: [0,7] — X is a function of time ¢ with values in a Banach space X, which,
in our case, will be H*® for some s. Moreover, u, f(t) are elements in X and A(t) is a
family of operators on X.

Now that we have mentioned operators, some definitions need to presented.

Definition 3.1. 1. Given two real Banach spaces, X, Y, and a linear operator
O : X — Y, operator norm of O, ||O|xy, is defined as

10]lxy = sup {[|O(@)ly | [[#]lx =1}
2. Set of all bounded linear operators from X to Y is shown as

BX,Y)={0:X =Y ||O]xy < o0}
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Remark. When X =Y we use ||O||x, B(X) instead of ||O]|x,y, B(X,Y), respectively.
Before going further, a new operator must be derived from the equation to express

how u(t) and u are related.

Definition 3.2. For equation (3.1a)) with f = 0, operator family, called evolution
operator, {U(t,s)} C B(X) on triangle 0 < s <t < T is defined as

U(t, s)u(s) = u(t),
taking solution at time s to solution at time t.

Obviously, u(t) = U(t,0)u(0) = U(t,0)u. The inhomogeneous case has solution

u(t) =U(t,0)u + /Ot Ult,s)f(s)ds.

We established a relation between u(t) and u via evolution operators. We now want
to relate U(t,s) to A(t). If instead of a family of operators A(t) we had a constant
bounded operator A, U(t,s) would be e~ =94 where e is defined in form of Taylor
sums, ed = Yoo %. Though the exact methodology is still obscure, let us simply

follow the following terminology.
Definition 3.3. For Banach space X and A as in (3.1a)):

1. We say evolution operators U (t, s) form a Cy-semigroup if the following conditions
are satisfied:

(a) Vs € [0,7], U(s,s) = I, identity operator on X.
(b) U(t,s)U(s,r) = U(t,r), independent of choice of ¢, s and r.

(¢) The mappings t — U(t,s) and s — U(t, s) are continuous in the operator
norm. In other words, for ¢, — ty, we have ||U(t,,s)u — U(to, s)u||x — 0
for all u € X and similarly for s,, — s.

2. We say A generates a Cy-semigroup if the evolution operator U(t, s) associated
with the differential equation is a Cj semigroup. Semigroup generated by A is
shown as {e~4}.

3. The set of all negative generators of Cy-semigroups is shown as G(X). We also
define G(X, M, ) = {A € G(X) | |le™]|x < Me'P}.

Remark. We are interested in negative generators because taking A(t)u(t) to the other
side of the equation we get W'(t) = —A(t)u(t) + f(¢t). In the end, it is just a

convention to word the definition as it is.
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Example 3.4. To solidify the concepts introduced so far, let us go back to the heat

equation once again. Rewriting the equation in both old and new notation, we have

Uy — Kllgy = 0, u(t) + Au =0,

u(z,0) = ug(x) for z € R, u(0) = up.
(Classical methods give the solution for this problem as

(z—y)?

1
\/m et wuy(y) dy.

u(z,t) =

Here, our operator A is —xD?, our evolution operator U(t,0)uq is \/ﬁ (fe *up) (x)
with fy(z) = e=**/4!_ Also, from Example (1.9, we know that ||u(t)|| < |Juol| for all ¢,
so we can say —xD? € G(L?1,0).

We will now cite some conditions from [9] which will allow us to successfully con-
clude that evolution operator U(t, s) can be constructed for A satisfying the conditions.
Then some remarks regarding the conditions will be presented, followed by the main
theorem, stating properties and estimates of U(¢, s). We will thus conclude this section

and expand our case to nonlinear one.

1. {A(t) }o<t<r is a stable family of operators in G(X) with stability index M, 5.

2. There is a Banach space Y C X, embedded densely and continuously in X, and
an isomorphism S : Y < X such that, for all ¢ € [0, 77,

SA(t)S™" = A(t) + B(t), where B(t) € B(X) satisfies the conditions
(a) t — B(t)z is a measurable X-valued function for every = € X.
(b) t — ||B(t)||x is upper integrable on [0, T
3. Y C D(A(t)), the domain which A is defined in X, for all 0 < ¢ < T, so that

A(t) e B(Y, X).

Remark. 1. In our study, instead of “stability index”, having A(t) € G(X, M, f)
will suffice. General case may be demanding the distinction, but our case does

not.

2. Note, first of all, that SA(t)S™' € B(X). Moreover, for the definition to make
sense, we need to have A(t) : Y — Y for all ¢.

3. The condition Y C D(A(t)), combined with the remark above, gives us
A(t) € B(Y). Clearly, t — A(t) € B(Y, X) is continuous in norm, since t — B(X)
is, and Y C X is continuously embedded.
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Theorem 3.5 (Kato, [9]). Under conditions (1)), (4) and (3), the evolution operator
U(t,s) corresponding to A(t) uniquely exists on A = {(t,s) | 0 < s <t <T}, with the

following properties:
1. U is continuous as a mapping U : A\ — B(X) and U(s,s) =1 for all s <T.
2. U(t,s)U(s,r)=Ul(t,r).
3. U(t,s)Y CY and mapping U : A — B(Y) is also continuous.

4. LU, s) = —A)U(t,s) and LU(t,s) = U(t,s)A(s) which ezists continuously
on B(Y, X).

Moreover, we have the bounds

sup ||U(t,s)||x < MePT (3.2)
(t,s)eN
Sup U )y < 1S 11y x 15~ ]y MM e (3.3)
t,s)EA

where ||§HX’1 denotes the upper integral fOT | B(t)]|x dt.

3.2 Existence Theorem for Nonlinear Case

We now want to add nonlinearity to our equation. To do this, instead of (3.1al), we

consider
—u(t) + A(t,v)u(t) = f(t,v) for 0<t<T, withu(0)=u. (3.4)

The idea is, if this equation has a solution u(t), then we will have a mapping ®(v) = u

defined. If this ® can be shown to be a contraction mapping, then the equation

%u(t) + A(t,u)u(t) = f(t,u) for 0<t<T, withu(0)=u (3.5)

will have a unique solution. Conditions required for this approach will be, naturally,

more strict.

Theorem 3.6 (From [9], unique existence). For equation (3.5), let us assume the

following conditions are satisfied.

(X) X is a reflerive Banach space and there is Y C X, continuously and densely

embedded in X, also reflexive. There is also an isomorphism S of Y onto X.
(A1) For the open ball W CY, A:[0,T] x W — G(X,1,1).

(A2) SA(t,y)S~ = A(t,y) + B(t,y) where B(t,y) € B(X) for ally € W, t € [0,T]
and ||B(t,y)||x < A1 uniformly.
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(A3) A(t,y) € B(Y, X) for all (t,y) € [0,T] x W with the additional conditions

e The mapping t — A(t,y) is continuous in B(Y,X) for all fixred y € W.

e The mapping y — A(t,y) is Lipschitz continuous in B(Y, X) uniformly for
all fired t € [0,T], that is, ||A(t,y) — A(t, 2)|lv.x < lly — 2| x-

(A4) For yo € W, center of the ball W, we have A(t,y)yo € Y, uniformly bounded
|A(t, v)yolly < A2 for all (t,y) € [0,T] x W.

(f1) f(t,y) is uniformly bounded in Y, ||f(t,y)|ly < Az for all (t,y) € [0,T] x W with

the additional conditions

e The mapping t — f(t,y) is continuous in X for all fivred y € W.

o The mappingy — f(t,y) is Lipschitz continuous in X uniformly for all fized
t €[0T, that is, |[f(t,y) — f(£,2)lx < pally — 2llx-

Then, for initial data ug € W, will have a unique solution
ue C(0, 7, W)nCH([0,7; X) with u(0) = ug
for some 0 < T' <T.
Corollary 3.7. For the homogeneous equations with f =0, having
(Aw(t), w(t)) = —Bllw(t)]?
suffices to obtain condition (Al).

Proof. Having A € G(X,1,3) means [le”*}|| < €'’ but this is in operator norm for
an evolution operator, thus it is just having [|w(t)|| = ||e7w(0)|| < e||w(0)||. For a

homogeneous equation, we have

3O = [ wile e o) de = ), w(0) = ~(Au(), w(0) < Ao

which immediately gives ||w(t)]|? < [Jw(0)]?*e*#, proving the result. O

3.2.1 Application to Korteweg-de Vries Equation

We will now apply Theorem [3.6] to the KAV equation,
Up + Uggy +u, =0 2€R0<ELZT, (3.6)
u(z,0) = ug(x) x€R. (3.7)

We first have to convert this equation into a Banach space valued differential equation.

One immediate suggestion is having X = L?, Y = H*® for some possibly non-integer
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s, S = (1—D?% A(t,y) = A(y) = D>+ yD, f(t,y) = 0 where D denotes spatial
differentiation operator d/dzx.
Condition (X) is almost trivially satisfied, possibly except S being the desired

isomorphism.

Proposition 3.8. The mapping S(f) = (1 — D?)*/2f is an isomorphism of H® into
L2

Proof. Taking the situation to Fourier transformed spaces, what we have is S ( f) =
(14 £2)%/2f. We have seen that f € H* implies S(f) € L? before, therefore mapping
is well-defined. Moreover, obviously it preserves norm, since it is how we have defined

H? norm for non-integer s. Lastly, this mapping is an isomorphism because it has an
inverse, S71(g) = (1 + £2)7%/24. O

Definition 3.9. Operator (1 — D?)/? is traditionally shown as A, so S is A®.

Remark. This method of considering Fourier transformed spaces also justifies the fact
that A, A=! and D all commute, since they all correspond to multiplication by functions

of £ in Fourier variables, which do commute.

Remark. For conditions (A1-4), we will take W as the ball with center 0, radius R in
H?. Moreover, for A(y) to be defined on subsets of H*, we need to have, at least, s > 3

because of the D3 factor in A.
For condition (A1), we easily obtain

v®v 4+ y'vde = /

1 R
=y (v°/2) dz 2 =5 |yl l0l* = =5 [[o]”
R

(D + Do) = [

R

since y € W, a ball in H® with radius R, s > 3, and this result, with Corollary [3.7]
satisfies the condition.
Condition (A2) can be expressed as having A*A(y)A~*— A(y) € B(X) and bounded

uniformly. By the remark above A and D commute, therefore we quickly get that

AN A(y)A* — A(y) = A*(D* + yD)A™* — (D* + yD) = A*yDA™* — yD
= (AN°yD — yDAN°)A™° = (N°yD — yA*D)A ™ = (A°y — yA®)DA™?
= (AN°y —yA*)A™°D.

Now, calling A®y — yA® = [A®,y|, the commutator of A® and y, and M; the operator
of multiplication by function f and using the fact that |[[A%, MJA'5| < c||f]|s with
s > 3/2 from [9] and [4], we get

I(A*A(y)A™ = A) Il = [A* y]AT DS = [[[A®, y]A""AT'Df||

< cllylIAT'DfI < eR| /1,
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last step following from ||y||s < R and

: gy —ie |
DA = 1A D= [ |

£eR

e < /£ e =17

Thus the operator A*A(y)A~° — A(y) is uniformly bounded in B(X) by cR, satisfying
the condition.
For condition (A3), f € H®, we have

LA = 15"+ uf I < W lls + ol < (X + RS s

We therefore have A(y) € B(Y, X) for all y € W. For continuity conditions on A, ob-
serve that mapping t — A(¢,y) is constant, so first part of (A3) is automatically satis-
fied. For the second part, what we want is to have ||A(y1) — A(ya)||z2.ms < Cllyn — y2lls,
that s, [A() — A@))f1l < Cllyy — gall | fIl, for all f € H2, lyl, < R. Since s > 1,

we get the result:

ITAQ) — Ay)l Il = [I[(D* + y1D) — (D* + 52 D) £ = |1 — y2) '
<y = wollool /N < Nlyr = w2l Lf 1l < Nlyn = w2l 1]

Condition (A4) is automatically satisfied, because we have center yo = 0, therefore
Aly)0=(D*+yD)0=0€Y forally e W.
Similarly for condition (f1), we have f = 0, automatically satisfying the condition.

Theorem 3.10. For initial data ug € H®, s > 3, the KdV equation (@ has a unique
solution u € H5 N CH[0,T]; H*=3) for some T < <.

Proof. Discussion so far gives us solution to the KAV equation, u, exists in C([0, T']; W)N
CY([0,T); L?) with W C H*. However, t; = — U, —Ully —Ugzy, Shows us that u,(t) € Hi 3,
in other words u € C*([0,T]; H*~?%), concluding the proof. O

This result, while nice, does not add anything to the discussion we had so far.
However, we can indeed lower the bound on s to s > 3/2 by considering a different
operator than A(y) = D3 + yD. The following discussion is from [8].

If we make the transformation
u(t) = P(t)v(t) with P(t) = e ",
we get u(t) = —D3u(t) + P(t)vy(t), so the KAV equation becomes
Up + Uy + uty, = P(t)vy(t) + (P(t)v(t)) (DP(t)v(t)) = 0.
This equation can be rewritten as

d
prihs A(t,v)v =0 (3.8)
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with A(t,y) = P(—=t)Mp)y,DP(t), Mp@), being multiplication by function P(t)y. Now
we want to apply Theorem to this new equation. Showing the existence of such a
v will give us solution u to the KdV equation.

We will again pick X = L? Y = H* (this time with s > 3/2), W a ball in H*
with center 0 and radius R for this problem, S = A®, f = 0. Following the discussion
above regarding the case with A(y) = D3 + yD, conditions (X, A/, f1) are seen to be
automatically satisfied in this case as well.

For condition (A1), when checking this new condition introduced in Corollary
for our new operator A(t,y) = P(—t)Mp), DP(t), it should be noted that P(t) = e~tD’
is a continuous family of unitary operators, seen by Fourier transform of the operator,
e’ Therefore, showing that the inequality holds for

(Mp @y, Dw,w) = /R(P(t)y)(Dw)w dr = /RP(t)y(uJQ/Z)'dx

suffices. Since D and P(t) commute, integrating by parts gives us

[ Pt 2y s = [ =P /2)de 2 =51PO ol 2 =5 il

This holds because y € H®, therefore v/ € H*™' C L, and P(t) is unitary. Hence,
condition (A1) is satisfied.

For condition (A2), we are interested in [A®, A(t,y)]A™°. Direct manipulations give
A%, At y)]A™ = (A" P(=)Mp(, DP(t) — P(~t)Mp(), DP(A")A™
— (P(=1)A* Mp(o, DP() — P(—1) Mp(y,A* DP()) A~
= P(=)(A" Mgy, — Mp(y, A" DP(H)A™
= P(—1)[A%, Mp,JA—*DP()

since A, D and P(t) are all differential operators and commute. Now we were looking
for [A*, A(t,y)]A~% € B(L?), but calculation above says it is same as aiming to get
P(=t)[A*, Mpg),JA~*DP(t) € B(L?), and P(t), P(—t) being unitary, it suffices to have
[A®, Mp,JA*D € B(L?). In the end, as before, we get

[(ASA(t)A — A(t9)) £I| = [[A°, Mp(y,JA*Df || < [[[A%, Mg, JA'*A~' D |
< POyl IATDF| = cllyll IA~ DF| < cRI

showing that (A2) is satisfied.
Finally, condition (A3) is studied. First, we have ||A(t, y)]
0<t<T, seen from

s 2 < Az forally e W,

1A, ).f11” Z/RI(P(t)y(w))f’(x)IZd:v < [Pyl I

< IP@yIEILIZ = IylEIFIZ < BEIAIE. (3.9)
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For Lipschitz continuity of y — A(t,y), we look at

I(A(t, y) = At 2)) fI = |(Mp@y, — Mpw:) DS

= [(Mp@y-2)Df = [[AGy = 2)fl < lly = zll[l.flls - (3.10)

giving us the desired result. For continuity of t — A(%,y), note that continuity of P(t),
combined with the fact that Mp, is continuous in B(X), gives us the result.

This concludes the discussion, showing that there is a solution v. In turn, this is
equivalent to showing u, solution to KdV equation. We can now finally state the main

theorem for this section.

Theorem 3.11. For initial data ug € H®, s > 3/2, the KdV equation (@ has a
unique solution u € Hi N C([0,T]; L?) for some T < oo depending on ||ug||s.

3.3 Continuous Dependence and Global Extension

3.3.1 Continuous Dependence on Initial Data
As before, we will state the theorem from Kato [9] and apply it to the KdV equation
with A(t, y) = P(—t) Mp(y, DP().

Theorem 3.12. Assume that we have a sequence of equations

d

%u”(t) + At u"u" = M (tu) 0<t<T (3.11a)
u™(0) = Upo (3.11b)

such that each term satisfies conditions (X), (A1-4), (f1) set in Theorem[3.6, in addition

to the two conditions (Ab), (f2) below, with bounds on estimates, X\, and Lipschitz

constants, |, being uniform, that is, independent of n.
(A5) Mapping y — B(t,y) is Lipschitz continuous in B(X) uniformly for allt € [0,T],
1B(t,y) = B(t, 2)|lx < pslly — z[ly-
(f2) Mapping y — f(t,y) is Lipschitz continuous in B(Y') uniformly for allt € [0,T],

1t y) = F(E2)ly < pally = 2]y

Then, if each term A™(t,y), B™(t,y) and f™(t,y) are convergent in their respective
spaces B(Y, X)), B(X) and Y for each (t,y) € [0,T] x W and u,o converges in W, then
there is T" < T such that sequence of unique solutions {u™} corresponding to sequence
of equations above converge to u € C([0,T"];W) N C*([0,T]; X), unique solution to

problem
d
au(t) + A(t,w)u = f(t,u) 0<t<T" u(0) = up.

Moreover, we have u"™(t) — u(t) in Y, uniformly in t.
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We want to deal with the same KdV equation, so only initial data wu, is changing.
Moreover, in our study in the last section we had f = 0, so condition (f2) is automat-
ically satisfied. Therefore, checking Lipschitz continuity of y — B(t,y) suffices. For
fel? yzcWcC H?,

[(B(t,y) — B(t,2)) f|| = || (A", A(t, y)]A™ — [A%, A(t, 2)] A=) f]]
_ H (P(—t)([As, Mo, — A%, Mp(t)z])A‘sDP(t)) fH
= [[[A%, Mp(y(y—)]ADf[| = ||[[A®, Mpgyy—o)] A A D

< c|P(t)(y — 2)IAT DS < elly — 2111,

last step following from P(t) being unitary and ||[A™'Df| < ||f]| as we have done
before. This concludes the discussion, showing that y — B(t,y) is indeed Lipschitz

continuous, independent of t. We can now state our strongest result so far.

Corollary 3.13. For uy € H®, s > 3/2, Theorem holds with the mapping uy —
u(t) continuous in H®. Moreover, if ug, — ug in H*, we have u,(t) — u(t) in H*,
uniformly fort <T' < T.

3.3.2 Global Extension to T = oo

It should be noted that discussion in this section is not specific to the KdV equation.
Basically any equation satisfying the conditions set forth can have a global extension.
Methodology depends on combination of various ideas, which in turn can be applied
to BBM equation introduced before in Section
First, let us take u(t) € H®, solution to the KdV equation for some s >4, 0 <t <
T < oo. Then, after multiplying the equation by u? + 3((uux)x + uum) + %umm and
lengthy integrations by parts, we get
d [*9
at J_ 5 ™

implying that a monotone increasing function ¢ : [0, 00) + [0, 00) can be found so that

1
— 3uu? + ZU4 dr =0

we have [|u(t)]l2 < q(]|u(0)||]2) for all u, solution to the KdV equation in H* for some
s > 2. A result of Kato [8] states that solutions of KdV equation have intervals of
existence independent of s in H*®, that is, if a solution to equation exists in both H7|
and H7;, then Ty = T,. With that, we see that [lu(t)]]2 < q(||u(0)]2) is true for all
solutions to the KdV equation in H2, not only for those in #2. This is simply because
we can approximate ¢ € H? with a sequence ¢,, € H*®, and solutions corresponding to
¢, will converge to solution corresponding to ¢ in H2.

With that, for any solution to the KdV equation in H5, we consider it in H2,
extend it globally to get a result in H2,, which, in turn implies v € HZ_. This concludes
this section, showing that global solutions to KdV equation exists for all initial data

U()EHS,SZQ.
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Conclusion

Finally we have showed that the Cauchy problem for K-dV equation is well-posed for
initial data ug € H® with s having lower bound s > 3/2. Tools we have used for this
purpose are varied, from being specifically tailored to fit our needs to being simply an
application of much more general theory.

We first used analysis with the aim of obtaining a Cauchy sequence in a Banach
space. A well-posedness result was obtained, but it was not as strong as we would like.
We then used non-integer interpolation, which had the benefit of being applicable in
nonlinear situations such as ours. Though the conditions required by the interpolation
is strict, it may be used in a wide range of problems.

In the last chapter, we peeked into semigroup theory and saw how operator theory
has applications in the study of both partial and ordinary differential equations. After
all, we have simply considered Banach space valued ordinary differential equations.
This theory, easily and surely, can be applied to ordinary differential equations as
well. However, main result regarding semigroup theory to be obtained from this thesis
should be thus: this theory is not a trivial matter and indeed deserves serious study
from those interested in analysis. Regardless, we managed to lower the bound on s to
3/2 for local existence, and this bound originates mainly from restrictions on Kato’s
theorem regarding norm estimate of commutator of A® and M. Similarly, bound
s > 2 arises from relation ||u(t)|l2 < q(]|uol|2). If these bounds could be played with,
and lowered, we would have less and less smoothness requirements on initial data wuy.

Indeed, it is my knowledge that s has been lowered as low as —1, but once again,
we lose our familiar notion of functions once we are in the unfamiliar setting of H*®
for negative s, and obtain distributions instead, a discussion we have tried our best to
not stray into. It should be stated that this study of the well-posedness for the KdV
equation covers the results presented in mid-to-late 1970’s, and not the more recent

results regarding the problem.
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