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Abstract: Let G be a compact Hausdorff group and let H be a closed subgroup of G. We introduce pseudo-
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1 Introduction

The study of pseudo-differential operators is started by Kahn and Nirenberg [17]. Pseudo-differential opera-
tors were used by Hérmander to study problems in partial differential operators [11]. Pseudo-differential oper-
ators on different classes of groups are extensively studied by several authors [2-4, 19, 22, 23]. Trace class
pseudo-differential operators on $! are studied by Delgado and Wong [4] and recently by Ghaemi et al. [10].
Molahajloo and Pirhayati [20] gave a characterization of and trace formula for trace class pseudo-differential
operators with L2-symbols. Chen and Wong [1] considered trace class pseudo-differential operators on the
unit sphere $"~1 = SO(n)/SO(n - 1) centered in the origin in R". In this paper, we try to replace SO(n) by
a compact Hausdorff group G and SO(n — 1) by a closed subgroup H of G. We study the Hilbert-Schmidt and
trace class pseudo-differential operators on the homogeneous space G/H. The homogeneous spaces of com-
pact groups play an important role in mathematical physics, geometric analysis, constructive approximation
and coherent state transform, see [12-16, 18] and the references therein.

We consider pseudo-differential operators on homogeneous spaces of compact groups with L2-symbols.
Pseudo-differential operators with L2-symbols are studied by many authors [3, 4, 10]. Recently, Ghaemi
et al. [9] characterized nuclear pseudo-differential operators with L?-symbols on a compact Hausdorff group.
By considering the LP-conditions, 1 < p < co, on symbols, we can allow singularities, and thus it becomes
ideal for applications in several areas of mathematics, ranging from functional analysis to operator algebras
or quantization. Our work can be considered a generalization of the corresponding work on $! [4], compact
Hausdorff groups [20], $"! [1] and finite Abelian groups [21]. Our main aim in this paper is to give a charac-
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terization of trace class and Hilbert-Schmidt pseudo-differential operators on the homogeneous space G/H
of the compact group G, where H is a closed subgroup of G. We give a trace formula for trace class pseudo-
differential operators. The main technique used here for obtaining the trace formula is to obtain a formula for
the symbol of the product of two pseudo-differential operators on homogeneous spaces on compact groups.

In Section 2, we give some results from harmonic analysis on homogeneous spaces on compact groups
[5-8] and operator theory to make the article self-contained. In Section 3, we define the pseudo-differential
operator on the homogeneous space G/H of the compact and Hausdorff group G with the help of the
Peter-Weyl theorem for G/H given by Ghani Farashahi [7]. We give a characterization of Hilbert-Schmidt
pseudo-differential operators on G/H. We also give a product formula for pseudo-differential operators,
acharacterization of trace class pseudo-differential operators and then a trace formula for pseudo-differential
operators on homogeneous spaces of compact groups.

2 Preliminaries

In this section, we recall some basic and important concepts of harmonic analysis on homogeneous spaces
of compact groups, developed by Ghani Farashahi in a series of papers [5-8], and operator theory.

Let G be a compact Hausdorff group with normalized Haar measure dx, and let H be a closed subgroup
of G with probability Haar measure dh.

The left coset space G/H can be seen as a homogeneous space with respect to the action of G on G/H
given by left multiplication. The canonical surjection g from G to G/H is given by g(x) := xH. Let C(Q) denote
the space of continuous functions on a compact Hausdorff space Q. Define Ty : C(G) — C(G/H) by

Ta(f)(xH) = J fchydh,  xH € G/H.
H

Then Ty is an onto map. The homogeneous space G/H has a unique normalized G-invariant positive Radon
measure y such that the Weil formula

| ot dpet) = | f00 dx

G/H G

holds.

Let (11, H;) be a continuous unitary representation of a compact group G on a Hilbert space Hj. It is
well known that any irreducible representation (77, H,) is finite-dimensional with the dimension d, (say).
Let (71, H;) be a continuous unitary representation of a compact group G. Consider the operator-valued inte-
gral

To = J n(h) dh
H
defined in the weak sense, i.e.,

(TFu, vy = J(n(h)u, vYdh forallu,v e Hy.
H

Note that the function h — (7(h)u, v) is in L1(H) for all u, v € H,. Therefore, the integral IH(n(h)u, v)ydhis
an ordinary integral of an L!-function. Hence, T}, is a bounded linear operator on J{; with norm bounded
by one. Further, T7, is a partial isometric orthogonal projection, and T7 is an identity operator if and only if
ni(h) = I for all h € H. Denote the set of all continuous irreducible unitary representation on G by G. Set

KH = {u e Hy : n(h)u = uforall h € H}.

Then X! is a closed subspace of 3. Let d, y be the dimension of K. Then it is evident that d, g < d. It
can be easily seen that d, g = d, if and only if [7] € H* :={[n] € G :m(h)=Iforallh € H}.
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Definition 2.1. Let H be a closed subgroup of a compact group G. Then the dual object G/H of G/H is a subset
of G and is given by
G/H := {[n] € G/H : Tj #0} = {[n] €G: Jn(h)dhio}.
H

Definition 2.2. Let H be a closed subgroup of a compact group G, and let [r7] € G/H. An ordered orthonormal
basis B = {e,-}fj1 of the Hilbert space Hj is called H-admissible if it is an extension of an orthonormal basis
of {e,-};-i:"'l” of the closed subspace XZ.

Now, we state a corollary of the Peter-Weyl theorem for homogeneous spaces of a compact group and
some of its consequences.

Theorem 2.3 ([7, Corollary 4.1]). Let H be a closed subgroup of a compact group G, and let u be the normalized
G-invariant measure on G/H. For each [n1] € G/H, let B, = {ee,n : 1 < € < dn} be an H-admissible basis for the
representation space H,. Then we have the following statements:
(i) The set B(G/H) = {\/d_,,n,-,- i€ C’}-/TI, 1 <i<dy 1<j<dgp} constitutes an orthonormal basis for the
Hilbert space L*(G/H).
(ii) Each f € L?>(G/H) decomposes as the following:
dg,
f = Z dn
[n]eG/H j=1
where the series converge in L>(G/H).

H

dn
Z(f, i) 12(G/H) TTij s
-1

Using the above decomposition of f € L2(G/H) and the orthogonality relation
(mij, M) 126wy = dy O SitcBits
we get the following Plancherel’s theorem (see [5]).

Theorem 2.4. For f € L?(G/H), we have
drr.H dn

||ﬂ|fz(G/H) = Z dn Z Z IKf, i) 126/m)l >
[H]Em j=1i=1
Let H be a complex and separable Hilbert space with the inner product (-, -) and norm | - |5¢. Denote by
|- I (3 the norm in the C*-algebra of all bounded linear operators on .
An operator T € B(H) is a Hilbert-Schmidt operator if for any (hence all) orthonormal basis {e; };fl of K,
we have Y| Tejllsc < co. The set of Hilbert-Schmidt operators, denoted by S5, is a two-sided ideal of B(J).
The Hilbert-Schmidt norm on S, is given by

0 b
ITlas = (ZuTe,-u%{) :
j=1
An operator T € B(H) is a trace class operator if for any (hence all) orthonormal basis {ej}]‘?;’1 of H, we have
tr(T) = Z)‘-fl (Tej, ej) < 0. The set of all trace class operators on H is denoted by S;.

The following well-known theorem describes a relation between a trace class operator and Hilbert—
Schmidt operators.

Theorem 2.5. Let T € B(H). Then T is a trace class operator if and only if there exist two Hilbert—Schmidt
operators U and V on 3 such that T = UV.

3 Pseudo-differential operators on homogeneous space
of compact groups

Throughout this section, we always assume that G is a compact Hausdorff group, and H is a closed subgroup
of G.
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In this section, we assume that the homogeneous space G/H has a unique G-invariant positive Radon
measure y, and G/H is the abstract dual of G/H. The inner product on L2(G/H) will be denoted by (-,-). We
will freely use the notation and concepts explained in the previous section. Now, we start with the definition
of pseudo-differential operators.

Let o be a measurable function on G/H x 577—1 x IN x IN. Define the pseudo-differential operator T, cor-
responding to the symbol ¢ as follows. For any measurable function f on G/H, define T,f formally on G/H
by

dn,H dn
(ToH(gH) = Y dn Y Y 0(gH,m,i,j){f, m;)m;(gH) for almost all gH € G/H,
[n]eG/H i=1 j=1

where (-, -) denotes the L2-inner product.
Let L2(G/H x G/H x N x N) denote the space of all measurable functions o on G/H x G/H x N x N such
that

dpi dy 3
10112 6/ rxE TR NN :=< z z Z J’ lo(gH, 7, i, j)mij(gH)|? dy(gH)) < 00.
(MeG/H =1 =157y

The following theorem gives the boundedness of pseudo-differential operators on G/H with correspond-
ing symbols in L2-space.

Theorem 3.1. Let G be a compact group, and let H be a closed subgroup of G. Let o € L>(G/H x G/H x N x N).
Then the pseudo-differential operator Ty : L?(G/H) — L?(G/H) is bounded and

1TollBL26rmy) < 100126 axa R NN -

Proof. Let f € L?(G/H). Then, by Minkowski’s inequality, we have

ITelizorm = ( | (To(eMI duiem)’

G/H
dﬂ.H dn 2 %
:< j Y dx ) Y o(gH,m, i, j){f, my)mi;(gH) du(gH)>
G/H [r]leG/H i=1 j=1
dn,H dn 2 %
< ) ( j d3| > Y o(gH, m, i, )){f, mij)mij(gH) du(gH)) .
[t]leG/H i=1 j=1

G/H

Using Cauchy-Schwarz inequality, we get

m,H d drr,H dr( %
I Tofl2om < ) ( j (Z Y, m,>|2)( > Ylo(gH, i,j)ni]-(gH)P)du(gH))
[n]eG/H G/H i=1 j=1 i=1 j=1
n dn % dﬂ,H dn %
) ( Y I m,->|2) ( j dr )" Y lo(gH, m, i,j)m;(gH)qu(gH))
[n)eG/H i=1 j=1 G/H i=1 j=1

ﬂ e % dﬂ,H dn %
( Y d Z|<f,mj>|2) ( D dnj Y lo(gH, m, iJ)m,-(gH)Pdu(gH)) :
[m)eG/H i:l j=1 [n)eG/H G/H i=1 j=1

Therefore, Plancherel’s theorem gives

ITofll26/m) < WlL26/m 0l L2 (6 axGTmyxNxN -
Hence, T, is a bounded operator on L2(G/H) and | Tyl 512 (6/m)) < 0026 /G x NN O

Our next result provides a characterization of Hilbert—-Schmidt pseudo-differential operators on G/H.
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Theorem 3.2. Let G be a compact group, and let H be a closed subgroup of G. Let 0 be a measurable func-
tionon G/H x 5/71 x IN x N. Then the corresponding pseudo-differential operator Ty : L>(G/H) — L?(G/H) is
a Hilbert-Schmidt operator if and only if o € L?>(G/H x Gﬁ{ x IN x IN). Furthermore, we have

ITollzs = 101126 /HxcTRxNxN) -

Proof. Letn' € G/Hand 1 < iy < dy, 1 < jo < dy . Then, by the relation (s i) 1267y = A 811 Skt S
we get

M:.
M:l

(Tomy; &) = ), dx
[1leG/H 1

= 0(gH, 7', io, jo)ij,(gH), gH € G/H.

o(gH, m, i, ))(m; ; , mi ;) wij(gH)

1i=1

Since {\/d;m;j : 1 < dg, 1 <j < dn p} forms an orthonormal basis for L2(G/H), we have

dy dnn

ITolfs = Y, Y D ITo(Ndamti)lFagym

(nleG/H =1 j=1

dﬂ dﬂ.H
Y i) Y | 1 Tamper? dueh)
[nleG/H  1=1J=1 gy
dﬂ dﬂ.H
> dn) ) j lo(gH, 7, i, j)m(gH)|* du(gH)
[nleG/H  1=1J=1 gy

2
= ol

L2(G/HxG/HxNxN)"

Therefore, T, is Hilbert-Schmidt operator if and only if o € L2(G/H x G/T{ x IN x IN). O

Let 0 and T be two measurable functions on EFI x G/H x N x N. Define 0 ® T by

(0®71)(gH, & k, 1)
dﬂ dﬂ‘H
= j T(WH, & k, D&a(wH) ) dn ) ) o(gH, .1, j)m(wH)mij(gH) du(wH)(&a(gH)) ™!
G/H [nleG/H  =1j=1

forallgH € G/H, [¢] € G/H,1<k<dpand1<l< dn,H.
In the following theorem, we prove that the product of two pseudo-differential operators on G/H is again
a pseudo-differential operator on G/H.

Theorem 3.3. Let G be a compact group, and let H be a closed subgroup of G. Let 0 and T be measurable
functions on G/H x C’;/?I x IN x IN. Then

TO'TT = T}l,
whereA=o0®T.

Proof. For f € L>(G/H) and gH € G/H, we have

dy; dog
(TeTef)gH) = ). dn) Y 0(gH,m, i, ))(Tof, my)m(gH)
[ﬂ]ec'/f.] i=1 j=1
Z dn Z Z o(gH, m, 1, 1)( J (T:H(wH)m;5(wH) dy(wH))m,-(gH)
[mleG/H =1 j=1 GIH
Z dy Zn: i o(gH, m,1,j)
[mleG/H =1 j=1

d, den
x( | % de) Y cu &k DG G e du(wH))m,-(gH)

G/H [§leG/H  k=11=1
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dn dnn
Y d:) ) o(gH,m,i,j)
[ﬂ]GG’/FI i=1 j=1

d, den -
X( J 2 de ) ) TOwH, &I DU, S G (wH) i (wH) dH(WH)>7Tij(gH)
GJH [{leG/H k=1 1=1

d; d{]H d, drn

> dey Y JT(wH,f,k,l)é“kz(wH) Y dn io(gH,n,i,j)

[£leG/H  k=11=1gy (meG/H  1=1j=1

x i (wH)mi(gH) du(wH)(&a(gH)) ™ (£, &) éa(gH)

dg dgu dy dn
- Y &Yy { j twWH, &k, DEwH) Y de Y Y olgH, 7,1, )

[eG/H  k=11=1 ‘qig [meG/H =1 j=1

x ii(wH) (g H) du(wH) (¢1a(gH)) ™ } (s &k)éx(gH)
de den

Y, deY Y AGH, &k, DS, &) ia(gH)

[{]66/71 k=1 I=1
= (Taf)(gH),
where A(gH, &, k, 1) = (o0 ® T)(gH, &, k, 1) defined as above.
Hence, T;T; = T;. O

Finally, we present the trace formula for a pseudo-differential operator on G/H.

Theorem 3.4. Let G be a compact group, and let H be a closed subgroup of G. Let A be a measurable function
on G/H x G/H x N x N. Then Ty is a trace class operator if and only if there exist two measurable functions o
and 7in L2(G/H x G/H x N x N) such that A = o ® 7. Furthermore,

d;-, dﬂ,H
W= Y di) Y | AgH.m iyt du(e)
[H]GE/T'I i=1 j=1 G/H
dy dnn dg dgg
Z dn ). Y Z de Y Y (T, &1, ))&, mad (T, 71, ky D7, &)
(mleG/H  k=11=1 [feG/H  i=1j=1

Proof. The first part of the theorem follows from Theorem 3.2 and the fact that the product of two Hilbert—
Schmidt operators is a trace class operator (see Theorem 2.5). Now, the absolute convergence of the series

d,-, dﬂ,H dn dﬂ,H
Yoda ) Y Y de ) Y (s &, P&, ma) (Tl 7k, D, &)
[mleG/H k=1 I=1 [g1eG/H  i=1J=1

follows from Plancherel’s theorem and Cauchy-Schwarz inequality.
Since the set {\/d,m;j : m € G/H, 1 < i < dyn, 1 <j < dy )} forms an orthonormal basis for L2(G/H), we
have

drr dﬂ.H

(M) = Y de ) Y (Tadij» &)

(QeGrm  i=1 j=1

dg den
Y ey Y | A& i gy EH dueH)
[leG/H  =17=15)y
dg¢ den dy dnn
Y 4y Yy J { jr(wH,f,i,j)f,-,-(wH) Y d.y Z o(gH, 1, k, I
[&leG/H  =1J=1gy “GH (nleG/H  k=11=1

Xﬂkl(WH)ﬂkl(gH)dH(WH)} &ij(gH) dpu(gH)
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d; dnn ds den
=Y 4 dey Y | TOUH & )8 v dpw)
[nleG/H  k=11=1[geG/H  =1J=1 gy
x| otgH, m. k. Dma(eH)Een du(gH)
G/H
dy dnu dy dgy
= Z dnz Z Z d:z Z(T(',cf, i, )&, ma)(t(, m, k, Dy, &) O
[,-[]Ef;/T.I k=1 I=1 [‘ﬂeG’/?I i=1 j=1
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