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Abstract

We find the behavior of the solution of the optimal transport problem for the
Euclidean distance (and its approximation by p—Laplacian problems) when the
involved measures are supported in a domain that is contracted in one direction.
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1 Introduction.
In this paper we study the behaviour of the solutions (Kantorovich potentials and

mass transport plans) for the Monge-Kantorovich mass transport problem when
the involved masses (that we assume to be absolutely continuous with respect to
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the usual Lebesgue measure) are contained in a domain that is contracted (and
therefore thin) in one direction.

Thin domains occur in applications as they can be found in problems in me-
chanics. For example, in ocean dynamics, one is dealing with fluid regions which
are thin compared to the horizontal length scales. Other examples include lubri-
cation, meteorology, blood circulation, etc.; they are a part of a broader study of
the behaviour of various PDEs on thin n—dimensional domains, where n > 2 (for
a review see [24]).

In order to formulate precise statements as well as to put this work in context,
we first need to introduce some notations, concepts and results from the Monge-
Kantorovich Mass Transport Theory (we refer to [1], [13], [25] and [26] for details)
that will be used in the rest of the paper.

1.1 Monge-Kantorovich Mass Transport Theory

We denote by M(Q) the set of Radon measures on Q and by M™(Q) the non-
negative elements of M(Q). Given p,v € MT(Q) satisfying the mass balance
condition p(2) = v(2) we denote by A(u,v) the set of transport maps pushing
1 to v, that is, the set of Borel maps T : 0 — € such that T#u = v, that is,
w(T=H(E)) = v(E) for all E C Q) Borel.

The Monge problem. The Monge problem, associated with the measures p
and v, is to find a map T* € A(u,v) which minimizes the cost functional

F) = [ o =T duto) (L1)

in the set A(u,v). When p and v are absolutely continuous with respect to the
Lebesque measure, p = fLYNLQ and v = gLN LQ, there exists such an optimal
map T. A map T* € A(u,v) satisfying F(T*) = min{F(T) : T € A(u,v)}, is
called an optimal transport map of p to v.

In general, the Monge problem is ill-posed. To overcome the difficulties of the
Monge problem, in 1942, L. V. Kantorovich in [17] proposed a relaxed version of the
problem and introduced a dual variational principle. Let 7 (x,y) := (1 — t)x + ty.
Given a Radon measure 7 in Q2 X 2, its marginals are defined by proj,(v) := mo#7,
proj, (v) = m#y.

The Monge-Kantorovich problem. The Monge-Kantorovich problem, [17],
s the minimization problem

min{/QXQ|x—y|d7(x,y) e H(u,u)},

where (u,v) := {Radon measures v in Q x Q : wo#ty = p,m#y =v}. The ele-
ments v € II(u,v) are called transport plans between p and v, and a minimizer v*
an optimal transport plan. A minimizer always exists.

The Monge-Kantorovich problem has a dual formulation that can be stated in
this case as follows (see for instance [25, Theorem 1.14]).
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Kantorovich-Rubinstein Theorem. It holds the following duality result,

min{/ |z — y|dy(x,y) : v € H(u,y)} = max{/ ud(p—v):u€ Kl(Q)} ,
QxQ Q
- - - (1.2)

where K1(Q) :=={u: Q =R : |u(x) —u(y)| < |z —y| Yo,y € Q} is the set of
1-Lipschitz functions in Q). The maximizers u* of the right hand side of (1.2) are
called Kantorovich potentials.

Kantorovich potentials can be obtained taking the limit as p — oo in a p—Lapla-
cian problem. Assume that u = fLY L Q and v = gLV Q and consider

“Apup,=f—g in Q,
\vup|pf2fg;; =0 on 99, (1.3)
up(0) = 0.

The condition u,(0) = 0 is just a normalization (we assume here that 0 € ). We
have the following result, see [14] and Section 5 in this paper.
Evans-Gangbo Theorem. The solutions to (1.3) converge, along subsequen-
ces, uniformly in €,
lim u, = u”,
p—o0
where u* is a Kantorovich potential, that is, a maximizer for the right hand side of
(1.2). In fact, this limit procedure gives much more since it allows to construct an
optimal transport map.
For later reference, we will call TC(f,g)q the total cost of the transport of
FLNLQ to gLV L Q, that is given by the minimum or the maximum in (1.2).

1.2 The Monge-Kantorovich problem in a thin domain.

We consider a product domain Q; x Qs = Q C R”, with Q; C R*, Qy ¢ R! and,
for simplicity, we assume that |Q1] = |Q2] = 1 and that (0,0) € Q1 x Q5. We are
given two nonnegative L' functions fy(z,y) and f_(x,y), with z € R*, y € R},
supported in €2, with the same total mass,

/Q Fo (@) dudy = /Q f- (@) dady = M. (1.4)
Now we take € > 0 small and contract the second variable, y, that is, we consider
Q. =0 xeQo ={(z,ey) : x €N,y € N}

In this set €. we define

5@y = fs (xg)é and  f°(2,) = /- (azg)é for (2,7) € Q..

These functions still satisfy the mass balance condition in ()., indeed, it holds that,

/ £ (@, ) dedg = / f (7.7) dzdy = M.
Q. Q.
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We will keep the notation (z,y) for the variables in the reference domain, €1 x s,
and (Z,7) for the variables in the contracted domain, Q; x £Q9, along the whole
paper.

Now we consider the Monge-Kantorovich problem for the measures f{ and f¢
in the thin domain ..

From previous results (see [1], [13], [25] and [26]) we know that there exist i* an
optimal transport plan and u° a Kantorovich potential for this problem defined in
Q.. In addition if we consider the p—Laplacian approximation given by (1.3) with
J = [§ and g = fZ in the thin domain Q. we know that the solutions uj, to the
p—Laplacian type problems (1.3) in €. provide an approximation to a Kantorovich
potential.

Main goal. Our main concern in this paper is to study the behaviour as ¢ — 0
of all the relevant variables for this problem; the total costs TC(f$, f¢)a., the
optimal transport plans, i°, the Kantorovich potentials, 4, and the p—Laplacian
approximations, .

We find that when € — 0 the limit problem that appears is the mass transport
problem in ©; where the involved masses are given by the projections of fy and f_
in the x variable, that is,

g+(@)= | filz,y)dy and g (x)= [ f-(z,y)dy. (1.5)
Qo2 Q2
Associated with the mass transport problem for the projections we have optimal
transport plans (denoted by 7 in the sequel) and Kantorovich potentials (denoted
by u) and approximating sequences of solutions to p—Laplacians (denoted by u,).
Our main results can be summarized as follows:

Theorem 1.1. With the above notations we have the following commutative dia-
gram (for all the involved functions rescaled to the fized reference domain )

u; — u®
{ O L (e—=0).
Up — U
(p — o0)

This means that Kantorovich potentials (and their p— Laplacian approximations)
for the problem in the thin domain converge to a Kantorovich potential (and to
the p— Laplacian approzimation) for the problem for the projections of the involved
measures.

Concerning optimal plans, it holds that the optimal plans in the thin domain ¢
rescaled back to Q x Q) converge weakly-* in the sense of measures to a measure, v,
that allows us to construct an optimal plan for the projections, 1.

In addition, we find that the error is of order €, in the sense that the difference
of the total cost of transporting f5 to f° and the total cost of transporting the
projections gy to g_ is less or equal to 2Mdiam(§22)e.
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Remark 1.1. With the same methods and ideas we can handle the case of () being
a general domain in R¥*! (not necessarily a product domain). In this case we just
consider

Qe = {(I7€y> : (Ivy) € Q}7

f% are defined as above and the projections are given by g+ (z) = [ f+(z,y) dy.
All our results (and their proofs) can be obtained for this more general case. The
only place at which there is a difference is when we take the limit as ¢ — 0 of the
approximations sequence u, (with fixed p). In this case there appears a weight in
the limit PDE (that is the constant |Qz| for a product domain, but that depends
on z in the general case). We include a remark on this point when appropriate (in
Section 5). We prefer to present our results for a product domain to clarify the
arguments involved.

Remark 1.2. The same ideas can be used to handle the situation in which the
measures are contained in a domain that lies between two parallel hyperplanes that
are close one to each other. We don’t include the details for simplicity. Also,
the methods used here could be extended with domains that concentrate along a
surface, that is, domains of the form Q. = S 4 B(0,¢) where S is a k-dimensional
surface in R”™.

Remark 1.3. In general, the transport problem for the projections is simpler than
the original one (since it involves measures in a smaller dimension). This fact
together with the bound for the error allows us to build approximate transport
maps when the projections are one-dimensional, that is, Q1 = (a,b) C R. We
provide examples in Section 6.

To finish the introduction we briefly comment on the previous bibliography and
the methods and ideas involved in the proofs. Optimal transport problems is by now
a classical subject that still deserves attention. We refer to [2], [3], [4], [6], [21], [22],
[23] and the surveys and books [1], [13], [25] and [26]. It has many applications, for
example in economics (matching problems), [5], [7], [8], [9], [10], [11], [20]. Closely
related to this article is the case in which the involved measures are concentrated in
a small strip around the boundary of a fixed domain. This has been considered in
[15] (see also [16] for singular measures supported on the boundary). In [19] the role
of boundary conditions (Dirichlet and/or Newmann) in the p—Laplacian approxi-
mation was clarified (note that in our case we use Newmann boundary conditions
since no mass is to be taken/bringed to/from outside of the domain). The first
paper that uses the approximation by p—Laplacian type problems is [14] where the
authors use Dirichlet boundary conditions in a sufficiently large ball, we can not
use Dirichlet boundary conditions here since, as we want to contract the domain in
one direction, is it likely that some mass will be taken to/from the boundary of the
domain if we impose Dirichlet boundary conditions (we will elaborate more on this
issue in Section 7).

Concerning the methods used in the proofs we have: to pass to the limit in the
Kantorovich potentials, we first rescale back to £2 and then, using that Kantorovich
potentials are Lipschitz functions to gain compactness and that they are solutions
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to a variational formulation we find that any possible uniform limit is a solution to
a maximization limit problem. Then we find that the limit function is independent
of the y variable and just observe that integration in y gives the projections of fi.
The proof of the convergence of the optimal transport plans is similar but we have
to work in the space of Borel measures. To obtain convergence of the p—Laplacian
approximations we use mainly the variational characterization of the solutions to
the p—Laplacian as minimizers of an adequate functional in the Sobolev space W,
We include here the details of the approximation of a Kantorovich potential with
solutions to the p—Laplacian problems as p — oo for completeness.

The paper is organized as follows: In Section 2 we prove the existence of Kan-
torovich potentials @, and study their limit as € — 0; in Section 3 we study the
behaviour of the optimal transport plans; in Section 4 we show estimates for the
difference of the total costs of the e—problem and the limit problem; in Section 5
we deal with the p—Laplacian approximations and their behaviour as ¢ — 0; in
Section 6 we collect some examples that show that we can construct approximate
transport maps when the limit problem is one-dimensional; finally in Section 7 we
comment on the possibility of considering other boundary conditions than homoge-
neous Neumann ones in the p—Laplacian approximations.

2 Behavior of the Kantorovich potentials.

Lemma 2.1. Given fi, f— and Q, for each ¢ there exists a Kantorovich potential,
u®, that is, a solution to

wax [ o) () - £ (@) dedy (21)

Proof. Let K ={v:Q. - R : |[V5| <1,0(0,0) =0}, and, for v € K, consider
L) = [ o a) (5 @)~ - 2, 0)dods

If we take (7,%), (z,w) € Q. we have,
[0(z,9) — 0(z,w)| < [Vo@)||(z,9) - (z,0)] <[(Z,9) — (2,w)| < diam(Qe),
(2.2)
where £ lies on the segment between (z, %) and (2,w). Now, (1.4) implies
L(v) = /Q 0(2,9)f5 (2, y)dzdy — /Q o(z,y) [ (2, y) dzdy

€ €

< Qdiam(ﬂs)/ [5(z,y)dzdy = 2M diam(2.),
Qe

for all v € K. Hence L is bounded above in K. Let (7;),;en be a sequence in K
such that
L(v;) / sup L().

veEK
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This sequence is equicontinuos and equibounded by (2.2), using the condition
v(0,0) = 0. So we can extract a subsequence (7, )ken such that v;, = @ in
Q., uniformly. We have,

T [, (@, 9)(f5(5,9) — f2(5,5))dedg = L(a°) = sup L(D).
—o0 Jo, veK

To conclude we need to check that u* € K. This follows from the fact that
;,(0,0) = 0 and that, from (2.2) we get, |v;,(z,y) — v;, (2, w)| < |(z, g) (z,w)|.
When we take the limit as k — oo, we obtain, 4°(0,0) = 0 and |a°(Z,§)—u°(Z,w)| <
|(Z,9) — (2, w)|. So @ € K and then it is the desired maximizer.

Now we can state the following theorem concerning the behaviour as ¢ — 0 of
the Kantorovich potentials.

Theorem 2.1. Let @ be a mazimizer of (2.1) defined in Q. and rescale it to Q as
u(z,y) = a°(x,ey).

Then
u® (z,y) = u(x), when ¢ — 0, (2.3)

uniformly in Q along subsequences. The limit u only depends on x and is a Kan-
torovich potential for the projections of fi and f_, that is, u is a maximizer for

max [ o@)(g. (o) - g-(a)) da, (2.4)
[Veu(z)] <1 Jou
v(0) =0
with g4+ and g_ given by (1.5).

Proof. We have that u° is defined in €2, and we want to rescale it to €2, we let
T =z, § = ey, and we obtain, using that u° is a Kantorovich potential that

/ @ (7, 9)(f2 (7, 9) — £2(7,7)) didg
u(z,ey)(fL(z,ey) — (2, ey)) dady (2.5)

/ ) (f5 (@, ey) — f° (2 ey)) dudy,

I\/\

for any v such that |V v(z)] <1 and v(0) = 0. The function u¢ verifies u¢(0,0) =
@(0,0) = 0 and

IVou® (2, y)| = [Vau® (z,ey)] = |Veus(z,y)] <
IVyu® (2, y)] = [Vyu (z,ey)|e = [Vyui(z,y)| <e

Hence u® ia a equicontinuos and equibounded family and therefore we can extract
a uniformly convergent subsequence, that is, there is (€j)jen, with €; — 0 such as
u® = u, uniformly in 2. Now we check that u only depends on x. First we have,

(@, 91) = u (2, y2)| < [Vyu (2, §)|lyr — ya| < ediam(Qs)
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where £ lies on the segment between y; and y,. Now if £; = 0 we conclude

|“(3Uay1) - U’(xay2)| < 0.

Hence, u(x,y) only depends on x. So we write u(z) and next we show that u is a
Kantorovich potential for the projections of fy and f_. We need to check that u(x)
satisfy |V, u(z)| < 1. We have

[ (21,y) — v (22,y)] < [Vous (& y)l[o1 — 22| < |21 — 22

where & lies on the segment between x; and x2. Now taking €; — 0 we conclude
that

[u(z1) — u(w2)| < |o1 — 22|,
So |Vzu(z)| < 1 and, therefore the limit u is 1—Lipschitz. To see that w is a
Kantorovich potential for the projections of f; and f_ we argue as follows:

[ @ ) (o) — £ (2 2) dody
Q
- / u (2, y) (€ £ (2, 2y) — £ 2 (a, ey)) dudy.
Using (2.5) we obtain
! [ @ ) o) — £ (o) dody
Q
- /Q u (2, 9) (4 () — f— (&, y)) dady
> et [ o@)(F5 2y) — S ,0)) dady
Q
- / o(@)(fo(@,y) — f—(z,y)) dudy
- / o(z) / (Fo(@,y) — f—(z,9)) dydz,
Q1 Qo

for all v such that |V,v(z)| <1 and v(0) = 0. Now we take limits as ; — 0, using
that v = u, and (1.5), we get,

/ (@) (g4 () — g (x)) dady > / o(2)(94 (2) — g (2)) da,
[oF (971

for all v such that |V, v(z)| <1 and v(0) = 0.
Also from the previous proof we obtain the following result:

Corollary 2.1. Under the same hypothesis of Theorem 2.1 we have,

tiy [ (@ 9)(F .0) ~ 2 (@5) dadg = [ @)l (o) - g (o)) do.

e—0 o 0
That is, we have that

lim TC(f5, f2)a. = TC(g+,9-)o,-
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3 Behaviour of the transport plans.

We consider measures [i° in 2. x €2, that are solutions to the minimization problem

min = (0,9)|dn((z, 7). (9,€))- (3.1)
Projia.g) (1) = /5 / / ’
Projg.g) (1) = f<

Now, for F' C Q we let S.(F) = {(0,€£) : (0,§) € F'} and we define the rescaled
measure as

P (E x F) = @5 (Se(E) x S.(F)). (3.2)

Concerning the limit as € — 0 of optimal transport plans we have the following
result:

Theorem 3.1. Let u° be the measure in Q0 x Q given by (3.2) where i is a mini-
mizer of (3.1). Then
us = v

weakly-* as € — 0 along a subsequence. If we let

0z, 0) = / / dv((z.y), (0.€), (3.3)

it holds that n depends only on the first coordinates (x,0) and is an optimal transport
plan for the projections of fy and f_, that is, n is a minimizer of

mm //|x—9\d77x0)
projz(n) = g+ JuJm

projo(n) = g-
Proof. First, let us compute the projections of u®. We have

(@ ) = (O 20 x S.(F) = [ | 0D = [ 0.0 avie.

Therefore, we have that projg ¢ (1) = f—. Analogously, we obtain proj, ,(u°) = fi.
Hence, p® are nonnegative measures with bounded total mass,

p@x )= [ f=m

and therefore there exists a sequence ¢; — 0 such that
,LLEj Ny i

weakly-* in the sense of measures. It follows that proje ¢(v) = f—, and proj, ,(v) =
f+. Now we observe that, taking into account (3.2),

/ / (7,9) — (0,)ldi (&, 7), (6,8))
/ / (@2¢59) — (0,250 (2,9), (6, )).
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Hence, the limit as €; — 0 is given by

/Q/Q |z — O|dv((z,y), (6,8)).

Finally, we easily obtain that the measure n given by (3.3) is a minimizer for

min / / | — 0]dn(x,0).
projz(n) = g+ /o
projo(n) = g-
4 A bound for the error.
In this section our main goal is to estimate the error committed in the total cost

when we replace the optimal transport problem in 2. with the transport problem
of the projections, that is, we want to obtain a bound for

ITCUS. ), — TC(gs.9-)a | = ] [tz -0- [ ata —g>]

in terms of €. Our main result in this direction is the following:

Theorem 4.1. There exists a constant C := 2Mdiam(Qs) independent of € such
that

[t = )= [ e g0 < ce

Proof. Changing variables as before Z = x, § = ey and @°(Z,y) = u(z,y) we
get
[ w65 = )@y dudy = [ (4 1) (o) dady

with u® verifying |V, uf|? + e72|V,uf|? < 1. As u depends only on z and verifies
|V ul <1 it competes with ©® in the maximization problem, hence we have

/Qg ﬂs(fi—fi)Z/ u(gy — g-)-

ol
Let
he(z) = / u (2, y)dy.
Qo

Now, we observe that, from the fact that |V,u®| < 1 we get that this function h®
competes with v in its maximization problem, then,

/Ql h*(g9+ —g-) < /91 u(gs+ —g-).

[u (z,y) — h¥(x)] < diam(Qg)e.

In addition, we have
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Tt follows that (recall that we assumed |[Q] = 1)

/Ql ulor =)= [ @5 - r)

€

< /Ql /Qz |he —uw®|(fy + f-) < 2Mdiam(Qa)e.

This ends the proof.

Remark 4.1. The bound depends in a sharp way of the relevant quantities as it
can be seen taken two masses concentrated near points (x1,y1) and (z1,y2) with
ly1 — y2| ~ diam(§2). Note that since both concentration points have the same
first coordinate, we have T'C'(g+, g—)o, ~ 0 and for the total cost TC(fS, f%)a. ~
elyr — yo| M ~ diam(Qz)Me.

We can also characterize when we have equality of the total cost for the original
functions and the projections.

Theorem 4.2. There is a Kantorovich potential for the transport of f$ to f° that
depends only in the x variable, that is, of the form @(Z,y) = u(Z), if and only if the
total cost of sending f§ to f is the same as the total cost for the projections gy to
g_.

Proof. Using that u(z) is a Kantorovich potential for the transport of f{ to f2
and the previous proof we obtain that

max /Q 0@, 0)(f5(2.9) — 1 (z.9)) dz dg

V(@ p) < 1
7(0) =0
~ [ A@ 5@ - £ ) dady = [ Aa)(gs(@) - 9 (@) de
Qe Q
< g /| ()94 () - (@) de
v(0)=0
max o(z,9)(f5 (7, 9) — fo(z,7)) dz dy,
< o /Q (2, 9)(f2(, ) — f2(,5)) di dj
7(0)=0

and hence we conclude that the total costs for f$ to f¢ and for g, to g_ coincide.
Conversely, if the costs coincide, then take @(z) a Kantorovich potential for the
projections and observe that

/a<x><g+<z>—g_<x>>da:: max /v<x><g+<x>—g_<x>>da:
(o Qq

Vau(z)] < 1
v(0)=0

= max o(Z, ) (fo (7, §) — fE(z,7)) dz dF,

oo /Q (#.9)(f(2.9) - I (z.9)) dz dg
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and we conclude that u is a Kantorovich potential for f§ to f¢ that depends only
on .

5 A p—Laplacian approximation and its behaviour

as ¢ — 0.
‘We consider L1
min —= V@p—/ o(fS — f2). 5.1
b oy o= [ - (5.1)
9(0)=0

Note that we have normalized the gradient term in the functional with ;11 This
is the right scale to compensate the fact that |Q.| ~ &!. This scaling factor is not
needed in the second term since we have normalized f§ in such a way that they
have constant total mass M.

Lemma 5.1. There exists a unique minimizer of (5.1), that we will call U,

Proof. We just observe that the functional

Ly(5) = =+ /Q Vol — /Q B(f5 — £)

is bounded below in W1(Q.). Indeed, for v € W1?(Q.) with 9(0,0) = 0, calling
€= fi — f2 we have,

/Q (5F°) < oot |l oy < CrIVEl Lo,

where C] is a constant that depends on f€. So

11 11
L(@:**/ Vﬁp—/ﬁfs—fi Z**/ VolP — Ci||VO| priayy-
(0 =57 QE\ | 0. (F-f=z57 QE\ | IVl e 0.
(5.2)
Using Young’s inequality ab < %p + bpi, with a = e//?Cy, b = VO] Lr .y, We get

1 1/ Vol — e/e-V(@C)” (IVollr))? _ eVeD(Cy)”
elp Jo. % elp B % '

So L,(v) > C for all v € WHP(Q.) with 9(0,0) = 0. Take ,, a minimizing sequence.
From (5.2) and the fact that ©,,(0,0) = 0 we get that ¥, is bounded in W1P(€,)
and extracting a subsequence if necessary we can assume that v,, — u;, weakly in
WP(Q.). From the lower semicontinuity of L, we conclude that « is a minimizer
of Ly.

Uniqueness follows from the strict convexity of L.
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From the fact that , is a minimizer of (5.1) we have that u;, is a weak solution
to the following PDE problem

—H A = [T~ f2 in Q.,
TvagP2 52 =0 on 99, (5:3)
5(0) = 0.

Theorem 5.1. Let ug, be a minimizer of (5.1). Then, extracting a subsequence if
necessary,

u,, — u’
as p — oo uniformly in e where u° is a Kantorovich potential for the transport
problem of the mass f5 to the mass f<.

Proof. Along this proof ¢ is fixed and C denotes a constant that is independent
of p but may depend on £ and change from one line to another. Let @® be a
Kantorovich potential for the transport of f{ to f (its existence is guaranteed by
Lemma 2.1). We have |V#©| < 1 and @°(0) = 0 and hence @° is bounded in €2, and
u® € WhP(Q.). Using that @} is a minimizer of L, we get

11 11
T/ \va;|P—/ B - ) < —;/ |W|p—/ (5 — f°)
e'pJao. Q. P Ja. Q.

) (5.4)
< == wt(fs — f5) <C.
<a - e

It follows that

7,/9 Vil < c+/Q a5 (f5 - f2)
< C+ Cllas] Lo,y < C 4+ CSlIVES| Lr.),

here S, is the best Sobolev constant that can be bounded by Cp (see [12]). There-
fore, we get

VG| Loy < (Cp)MP.

Now, fix ¢ with n < ¢ < p and observe that
Vg Laga.y < \Qs|%||Vﬂ;HLP(QE) < Q.| %" (Cp) /P,

Hence, we have that (uS),, is bounded in W'4(Q.). Therefore, by a diagonal
procedure, we can extract a subsequence (that we call @, ) such that

U, — U as p, — 00
weakly in every W14(€,) and, therefore, uniformly in Q. (we are using here the

compact embedding W4(Q.) < C*(Q.) when ¢ > n). Since u, (0) = 0 we get
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9(0) = 0. From the semicontinuity of the norm we get || V|| raq.) < [Q:['/9, and
hence, taking ¢ — oo, we obtain

VOl Lo () < 1.

From (5.4) we have

/QE UNGE RS S /Q w5 =12

Now, taking p — co we obtain

_/QE o(fs - f2) < —/ us(f5 = f9),

€

from where we conclude that v, the limit of u, , as p, — oo is a Kantorovich
potential.

Remark 5.1. With the arguments used in the previous proof we can obtain an

alternative proof of the existence of a Kantorovich potential for the transport of f$
to f2.

Now we study the limit as ¢ — 0 of .
Theorem 5.2. Let
uy(x,y) = u;, (T,9), ©=1I, ey=71,
where g, is a minimizer of (5.1). Then

€
’LLp—)Up

as € — 0 uniformly in Q and weakly in WP (Q) where u, depends only on x and is
a solution to the minimization problem

1
win [ 90p - [ o —g) (5.5)
NS Wl,p(Ql) P Jo, (95

v(0) = 0.

Proof. We have Vzu5 (T, ) = V,us(z,y) and eV (7, 9) = Vyug(z,y). Hence,
is a minimizer of

119/91 /Q (\/|va|2+5—2Vyv|2)pdxdy—/ﬂl /Q2v(f+ — f_)dzdy

in WP (Q) with v(0) = 0.

g

Up
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By the same arguments used in Lemma 5.1 we obtain the existence of a unique
minimizer of (5.5) that we call u,. As u, € W'P();) we can consider it as a
function of WP(; x ) and then it competes with us,. We get

(N ) dady - [ [ usr - g dady
D Jo, Ja, P v Q1 JQo b

1 (5.6)
<o awlde = [ upler g ds
p Ql Q1
(we recall that, for simplicity, we have assumed that |Q3] = 1). Therefore there

exists a constant C independent of € such that

1 P
f/ / (\/|vxug|2+s—2\vyu;|2) dmdy§0+/ / w(fy—f) dady. (5.7)
P Ja, Ja, Q1 JQ2

Taking e < 1 and arguing as in the proof of Theorem 5.1 we get that uj, is bounded
in W1P(Q) uniformly in €. Therefore, we can extract a subsequence such that

U;" — v, as €, — 0,
weakly in W1P(Q) and (using that p > n) uniformly in €. In addition we have
Vau,® — Vo and Vyur — Vyo weackly in LP ().

Now we observe that from (5.7) we obtain that there exists a constant C' inde-

pendent of € such that
1/p
(/ / |Vyu;"|pdxdy> < Cey,.
Q; J,

Vyu," =0 strongly in LP()

Therefore,

and we obtain that the limit v is independent of y.
Now, from (5.6) we get

1
] agdsdy = [ s - 1o deay
P Jo, Ja, Q1 JQ2

1
N AR
P Jo,

1

Taking €, — 0 and using that v is independent of y we conclude that

1 1

o[ Vapdyds [ vtge—gde < [ VauPde [ e g)do
b Jo, ol D Ja, o

Hence the limit v is a minimizer. By uniqueness we must have v = u, and then it
holds that lim. o uy = up.
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Corollary 5.1. Under the same assumptions of Theorem 5.2 we have that

11

lim min - / |V17|p—/ o(fs = f9)
=0l pewtr(Q,) € PJa. Qe

2(0) =0

1
= min */ Ivalp—/ v(g+ —g-)-
ve WP (Qy) PJo il
v(0) = 0.

Remark 5.2. The unique minimizer u, of (5.5) is a weak solution to

—Apup = g4+ — g— in Qq,
|V, |2 3;77? =0 on 09y,
up(0) = 0.

Remark 5.3. When we deal with a general domain €2 (instead of a product domain)
and we take the limit as € — 0 the limit problem that appears involve the weight

wz) =y : (z,y) € Q.

In fact, with the same arguments used before, we get that the uniform limit of u;,
as € — 0 is a weak solution to

—div(w|Vu,|P~2Vu,) = g4+ — g in 4,
w\Vup\p’z% =0 on 99,
up(0) = 0.

Theorem 5.3. Let u, be the unique minimizer of (5.5). Then
Up = U

uniformly in Qp where u is Kantorovich potential for the transport of the projections,
g+ to g—.

Proof. The proof is analogous to the one of Theorem 5.1 and hence we omit the
details.

6 Examples.

In this section we look for a method to define, using an optimal transport map from
the projections, an approximation for the original problem. The construction of
such a transport map is known in the literature as the Knothe map, [18].

To simplify let us suppose that we are in R?, and we have Q; = (a,b) a
Qs = (¢,d). Hence the projections are defined as g+ : Q1 = (a,b) - R a
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g— : 1 = (a,b) — R. Let us assume that the support of the projections are also

intervals, that is, supp(g4+(z)) = [a, f] and supp(g—(y)) = [, 4]
Now in one dimension we are going to see two ways to define an optimal transport
map for the projections T : [, 8] — [, d]. This optimal transport map must satisfy

for all E € (v,9),
| a@i= [ g
T-1(E) E

Therefore, assuming that T is differentiable, we get

frosy 2= [t [ ol

Now we have two options, to consider T’(x) > 0 or T"(z) < 0. We will call this
possibilities applications as Tp and T7. First we will take 77(z) > 0 and look for
Tp a solution to the ODE problem,

9+(@) = 9-(Tp(2))Tp(),
Tp(a) = 7.

Observe that we move the mass ”directly”, it means Tp preserves orientation. An
alternative way to define T for all z € [a, (] is the following:

T@O=inf{y€P%ﬂ:/§g+==[7g}.

The other choice to define T' is to consider T"(z) < 0. We call it 77 and have
the ODE,

9+ (@) = =g (Tr(2))Ty(x),

T[ (a) =9.

Observe that this time we move the mass reversing the orientation of the interval.
An alternative way to define T for all z € [, §] is given by,

T(ﬂc):suzo{yé [%5]:/;5”:/:9}-

The two options are optimal.

Now we go back to the original problem and show how we can use this optimal
maps in R? to obtain a transport map S : supp(fy) — supp(f_). Let us suppose
further that exist g11, g12, g21 and gao functions which allow us to write: supp(f;) =
{(z,y) € R? : gu1(2) <y < gia(x)} and supp(f-) = {(z,y) € R* : gz (z) < y <
g22(x)}. We will propose S to be of the form S(z,y) = (Ti(z), Te(z,y)) (with Ty
equal to Tp or T7). Hence we want for all E € Qy x Qo,

/ﬂuwmwz/ ﬁmwmwz/ﬁwummmwﬂmmmw
E S-1(E) E
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Since S(z,y) = (T1(x), To(x,y)) with T} independent of y, we have,
0Ty

!
Ti() ()
DS = T
2
0 Ty(x’y)

Therefore,
0T

det(DS (. ))] = T{(x)ayu,y)'.

And we obtain,

i) G )| (6.1)

f+($7y) = f*(Tl(w)vTQ('Tvy))

This equation can be seen as an ODE for Ty as a function of y (here x plays the
role of a parameter). Now, again, we have two options for Ty given by consider
Ty increasing or decreasing as a function of y. In each case we choose as initial
conditions to complement (6.1),

Ty(x, g11(x)) = go1(x), if %—7; >0,
Ta(x, g12) () = gaa(2), if G2 <0.

In this way we can construct a transport map S (that is in general not optimal)
moving fy to f_.

Example 1. To start with, let us consider the simplest situation. In R? consider
f+ and f_ two measures supported on two points with mass 1/2, that is

1 1 1 L
F+ = 3000 T 3000 and o =500+ 50

So, for the projections we have the optimal transport maps Tp = z + 1 and T} =
2 — x, and then all possible transport maps S are given by all possible assignments
of {(0,0),(1,0)} — {(1,1),(2,1)}. We obtain,

Si(z,y) = (z+ 1,y + 1), and Sa(z,y) = (2—z,y+1).
Let us compute the total costs corresponding to these maps. We have,
F(S1) = V2 =1,4142 < F(S,) = %(1 +/5) = 1, 6180.
In the contracted domain Q1 x £Qy we get
Si(e,y) = (@+1,e(y+1)), and  Sy(z,y) = (2 —we(y+1)),

with approximate costs (up to the first nontrivial order in €),

5 2

F(S1)~ 1+ 5 +0(e%) < F(S2) ~ 1+ = +0fe).
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Example 2. As a second example we consider as f the characteristic functions
of the triangles, C; = conv{(0,0),(1,0),(1,1)} and Cs = conv{(3,0),(3,1),(2,1)}.
So, for the projections we have the optimal transport maps,

=/ —(22 —22) + 2, and Tr=3—u=.

Then we can obtain four different S(z,y) transport maps given by the construction
that we explained before, these are given by,

(V—(2% —2z) + 2, y¥———=— )+3—x)
(vV/—(22 — 22) + 2,y Y= ‘_2“)+1)

S3(w,y) = 3 — 2,y + ),

Sa(z,y) =3 —=z,1—vy).
Now, we approximate the total cost in the thin triangles
E; = conv{(0,0),(1,0),(1,¢)}

and

Ey = conv{(3,0), (3,¢),(2,¢)}
with the transport maps
Y
Rl(l’,y) = (3 - :C?E:(l - g)) = (3 —T,€— y)v
Ry(z,y) = (3 —z,y +ex).

We estimate the cost as follows:

1 ex
:/o /0 I(2,y) = (3 — 2,6 — 9) | f5. (2, y)dyda,

1 ET 1
= [ [ e 320 - 2l Laya
1
// V(2z —3)2 4 (2y — )2 Edydx.

We take z = £ and we obtain

~ 1 xT 1
F(Ry) = / / V(2x —3)2 +£2(2y — 1)2 - edydr = A(e?),
o Jo
and hence

F(R) = A0) + A(0) ¢ + O(c) = 2 + 22 (27In (3) — 26) 2 + O(c*).
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We perform the same computations for Rs(z,y) = (3 —x,y+¢ex) and we obtain,

F(Ry) = > + 27 (In(3) — 1) e2 + O(e").
6 32
Since = (271n(3) — 26) < 2T (In(3) — 1), we sece that F(Ry) < F(Ry) for e small.
We just note that in this example we obtain that the two possible transport
maps, constructed as explained before, considering T} increasing or decreasing, may
have different costs.

7 Boundary conditions.

In this last section we comment briefly on the possibility of using Dirichlet boundary
conditions instead of Neumann. Along this paper we have used Neumann boundary
conditions for the p—Laplacian approximations. This choice is due to the fact that
we want to transport the whole mass of f§ to cover the whole mass of f¢ inside ..
If we impose Dirichlet boundary conditions we allow for some mass to be imported
(created) at some point on the boundary or exported (eliminated) at other points
on the boundary, paying in this case an extra import/export tax per unit of mass
given by the value of the Dirichlet datum in addition to the usual transport cost
given by the Euclidean distance. This problem was analyzed in detail in [19]. Here
we contract the domain in one direction. Therefore, if we impose Dirichlet boundary
conditions on the boundary €y x 9§25 it will be more convenient to import/export
some part of the mass trough the boundary than to transport it inside €2, (since the
distance of our masses to that part of the boundary is of order € and hence negligible
as € — 0 while the distance between masses remains of order one as € — 0). Hence,
the choice of homogeneous Neumann boundary conditions on €27 x 02 seems
natural. However, we can impose Dirichlet boundary conditions on 927 x £, but
to pass to the limit as ¢ — 0 we need to take a constant as Dirichlet datum. If we
do this we arrive to a limit problem that corresponds to an optimal mass transport
problem between the projections in ; with import/export taxes at the boundary
of €1 equal to the constant Dirichlet datum.

References

. Ambrosio. Lecture notes on optimal transport problems. Mathematical as-

1] L. Ambrosio. L imal bl Math ical
pects of evolving interfaces (Funchal, 2000), 1-52, Lecture Notes in Math.,
1812, Springer, Berlin, 2003.

[2] L. Ambrosio and A. Pratelli. Existence and stability results in the L! theory
of optimal transportation. Optimal transportation and applications (Martina
Franca, 2001), 123-160, Lecture Notes in Math., 1813, Springer, Berlin, 2003.

[3] G. Bouchitté, T. Champion and C. Jiminez. Completion of the space of mea-
sures in the Kantorovich norm. Riv. Mat. Univ. Parma 7 (2005), 127-139.



Optimal mass transport in thin domains 21

[4]

[14]

[15]

[16]

[17]

[18]

L. A. Caffarelli, M. Feldman and R. J. McCann. Constructing optimal maps
for Monge’s transport problem as limit of stricttly convex costs. J. Amer. Math.
Soc. 15 (2001), 1-26.

G. Carlier. Duality and existence for a class of mass transportation problems
and economic applications. Adv. Math. Econ. 5, (2003), 1-21.

T. Champion and L. De Pascale. The Monge problem in R?, Duke Math. J.
157 (2011), 551-572.

P-A. Chiappori, R. McCann and L. Nesheim. Hedoniic prices equilibria, stable
matching, and optimal transport: equivalence, topolgy, and uniqueness, Econ.
Theory 42 (2010), 317-354.

I. Ekeland. An Optimal matching problem, ESAIM COCV 11 (2005), 57-71.

I. Ekeland. Ezistence, uniqueness and efficiency of equilibrium in hedonic mar-
kets with multidimensional types. Econ. Theory, 42 (2010), no. 2, 275-315.

I. Ekeland. Notes on optimal transportation. Econ. Theory 42 (2010), no. 2,
437-459.

I. Ekeland, J.J Hecckman and L. Nesheim. Identificacation and Estimates of
Hedonic Models, Journal of Political Economy 112 (2004), S60-S109.

L. C. Evans. Partial Differential Equations. Grad. Stud. Math. 19, Amer. Math.
Soc., 1998.

L. C. Evans. Partial differential equations and Monge-Kantorovich mass trans-
fer. Current developments in mathematics, 1997 (Cambridge, MA), 65-126,
Int. Press, Boston, MA, 1999.

L. C. Evans and W. Gangbo. Differential equations methods for the Monge-
Kantorovich mass transfer problem. Mem. Amer. Math. Soc., 137 (1999), no.
653.

J. Garcia Azorero, J.J. Manfredi, I. Peral and J.D. Rossi. Limits for Monge-
Kantorovich mass transport problems. Comm. Pure Appl. Anal. 7(4), (2008),
853-865.

J. Garcia Azorero, J.J. Manfredi, I. Peral and J.D. Rossi. The Neumann prob-
lem for the co-Laplacian and the Monge-Kantorovich mass transfer problem.
Nonlinear Analysis TM&A. 66(2), (2007), 349-366.

L. V. Kantorovich. On the tranfer of masses, Dokl. Nauk. SSSR 37 (1942),
227-229.

H. Knothe. Contributions to the theory of convex bodies. Michigan Math. J. 4
(1957), 39-52.



22

[19]

[20]

[21]

[22]

[23]

J. C. Navarro-Climent, J. D. Rossi and R. C. Volpe

J.M. Mazén, J.D. Rossi and J.J. Toledo. An optimal transportation problem
with a cost given by the euclidean distance plus import/export tazes on the
boundary. To appear in Rev. Mat. Iberoamericana.

J. M. Mazén, J.D. Rossi and J. Toledo. An optimal matching problem for the
Fuclidean distance. Preprint.

L. De Pascale and A. Pratelli. Regularity properties for Monge transport density
and for solutions of some shape optimization problem, Calc. Var. PDE. 14
(2002), 249-274.

L. De Pascale and A. Pratelli. Sharp summability for Monge transport density
via interpolation , ESAIM Control Optim. Calc. Var. 10 (2004), 549-552.

A. Pratelli. On the equality between Monge’s infimum and Kantorovich’s min-
imum in optimal mass transportation, Ann. Inst. H. Poincaré Probab. Statist.
43 (2007), 1-13.

G. Raugel. Dynamics of partial differential equations on thin domains, in
CIME Course, Montecatini Terme, Lecture Notes in Mathematics, 1609 (1995),
Springer Verlag, 208-315.

C. Villani. Topics in Optimal Transportation. Graduate Studies in Mathemat-
ics. Vol. 58, 2003.

C. Villani. Optimal transport. Old and new. Grundlehren der Mathematischen-
Wissenschaften (Fundamental Principles of Mathematical Sciences), vol. 338.
Springer, Berlin (2009).



