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Abstract

This paper studies the stabilization, tracking of a predefined trajectory and how
to reach a desired set point for a wheel which is rolling on a horizontal plane without
slipping. For this purpose, the wheel is controlled by small torque generated by internal
servomechanisms whose dynamics can be neglected. An efficient procedure to
determine the kinetic energy of the wheel is developed by introducing a set of reference
systems, which in combination with the Lagrange equations with multipliers allow
deriving the mathematical model of the rolling wheel. In this model, the Euler angles,
the coordinates of the plane-wheel contact point and a control law of proportional +
integral + derivative (PID) type provide an efficient computational procedure to track
arbitrary trajectories. It is shown that the nonholonomic constraints are fulfilled with
admissible reaction forces, even when the desired trajectory has cusp points. A
circumference and a family of astroids are used as trajectories to verify the motion
conditions derived from the energy conservation and dynamical equilibrium of the
wheel along such trajectories. The results of the analytical calculations are corroborated

through numerical simulations.

Keywords: Rolling Wheel, Nonholonomic Constraints, Control Torque, Path Tracking,
Set Point, Stability.

“*Author whose correspondence should be addressed


mailto:manolo@dfists.ua.es
mailto:ma_perez_m@hotmail.com
mailto:manolo@dfists.ua.es
http://ees.elsevier.com/submit2ijms/viewRCResults.aspx?pdf=1&docID=7493&rev=0&fileID=168839&msid={C74AD16C-7E87-409F-97D6-84FE4C689297}

©CO~NOOOTA~AWNPE

1 Introduction

The nonholonomic mechanical problem of a wheel that rolls on a horizontal
plane is emblematic in the history of rigid solid dynamics. Studies about this problem
begun in the XIX century and were considered in the classical works of Chaplygin,
Routh, Hamel, Appell and Korteweg, among others [1-4]. More recently, a wheel
assimilated to a disk or a torus that rolls on a horizontal plane without involving control
torques has been analyzed in Refs. [4-7]. On the other hand, the differential geometry
approach currently offers a powerful tool in the new developments of mechanics such as
nonholonomic systems [8-10] and the controlled motion of wheeled mobile robots,
which have become the subject of numerous research studies [11-14] (see also

references cited therein).

The stability of a wheeled vehicle is closely related to the kinematics and
dynamics of a wheel, including friction and deformation [15,16] as well as effects of
non ideal contact between the surfaces of rolling bodies as it can be found in Ref [4,
Chapter 1V] and in Refs [17-19]. Currently, non-ideal contact problems of wheels
rolling on surfaces of several materials can be found in Refs [20-21] and in the
references therein contained. On the other hand, the control and guidance of a rolling
disk on a horizontal plane has been analyzed assuming that the motion of the disk is
controlled by torques generated by internal servomechanisms, slender rods and rotors
[22-24]. A prototype is the so called gyrover, which in essence is a single-wheel robot
with a gyroscopic stabilization mechanism and an adequate pedaling torque [25].

In this work we derive the nonholonomic constraints of a rolling wheel on a
horizontal plane through geometrical considerations and then we deduce the kinetic
energy by using an adequate definition of a set of reference systems. Once the kinetic
energy and the nonholonomic constraints have been obtained, the mathematical model
of the wheel is deduced by using the Euler angles and the coordinates of the contact
point between the wheel and the supporting plane. By using such mathematical model
in combination with an adequate control law, we demonstrate the possibility of tracking
of a predefined trajectory and reaching an arbitrary desired set point for the wheel. In a
previous study [26], a rolling disk that can reach a predetermined set point (regardless
the followed trajectory) has been investigated by using the Newton-Euler equations.
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However, the current paper aims to track of a predetermined trajectory for a rolling
wheel that can be assimilated to a torus, and the nonholonomic constraints are different
than the ones of Ref. [26]. Other examples of related rolling disks can be found in Refs
[17], [22-24] and [27].

To carry out our study, we first analyze the limit values of the rotation velocity
to obtain a stable rolling wheel without control torques. Assuming that a friction rolling
torque is present, the motion of the wheel is also analyzed, showing that the energy
conservation principle is verified. Since the wheel without control torques is very
unstable, a stabilizing torque around the leaning angle is added, showing that in this
case the angular velocity of the wheel can be drastically reduced.

On the basis of the nonholonomic conditions it is shown that the wheel can be
driven along a circumference. In this case, it is verified that the analytical expressions
for the radius of the circle and the coordinates of the trajectory center are in agreement
with numerical simulations. Besides, the conditions of dynamical equilibrium between
the centrifugal force and the lateral reaction force at the contact point wheel-plane are

fulfilled with a small stabilization torque [1-4], [27].

The tracking of a prescribed trajectory is obtained by eliminating the Euler
angles between the differential equations that define the coordinates of the contact point
wheel-plane and the equations that arise from assuming fictitious forces applied at the
mass center of the wheel. In the resulting equations, a control law of PID type is
designed so that the error between the actual and the desired trajectory tends to zero.
The stability conditions for the integral action of the PID controller are analyzed from
the Routh’s criterion of stability [28]. This procedure has the advantage of obtaining
small torques even when the control is applied abruptly, and thus the dynamics of the
internal servomechanisms responsible for the control torques can be neglected. In
addition it is shown that it is possible to track trajectories with cusp points and to jump

to a prescribed set point from an arbitrary point of the tracked trajectory.
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2 Nonholonomic constraints and mathematical model of the wheel

In this section, the nonholonomic constraints and the mathematical model of the
wheel are analyzed. Let us consider a wheel modeled by a torus assuming that its mass
is uniformly distributed along its surface and that its geometrical center coincides with
the center of mass of the torus. In addition, the masses of the servomechanisms which
will generate the control torques are assumed to be located in the mass center of the
torus. As notation criterion, b shall denote the curvature radius of the torus meridian
(i.e. the outer radius of the torus) and a + b shall denote the radius of the equatorial
circle of the torus. On the other hand, p, g and r are the precession, leaning and spin
angles respectively, which define the orientation of the torus with respect to a fixed

reference frame OXYZ. Thus (p,q,l‘) are the corresponding angular velocities of the

angles (p,q,r) defined with respect to the moving reference system G&i{ bounded to the
torus, as shown in Fig 1 a). The magnitudes (p,q,r) are the classical Euler angles (also
denoted by w = p, 0 = g and ¢ = r [1-4], [6], [27]), for which the considered notation in
this paper aims to ease the discussion of the mathematical model. The magnitudes 4 and
w are the reaction forces located in the OXY plane, which will be interpreted as Lagrange

multipliers.
2.1 Nonholonomic constraints

Our first purpose is to determine the nonholonomic constraints of the torus when
it is rolling on a horizontal plane, assuming that C is the only contact point between the
torus and the supporting plane. To do this aim, from Fig 1 b) it is deduced that the two
curvature radii due to the rolling movement around point C are a and

CM =PG =b+asinq. Assuming that dS; and dS, are infinitesimal displacements of

the contact point C, we can write that:

dS, =adq ; dS,=(b+asing)dr (1)

where the curvature radius a is associated to the rotation defined by the leaning angle g

and the curvature radius b+asinq is due to the infinitesimal change of the spin angle r.
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The values of dS; and dS; are plotted in Fig 1 c). By projecting dS; and dS; on the OX
and OY axes it follows that:

dx =dS; sin p—dS, cos p )
dy =—dS, cos p—dS,sin p

On the other hand, substituting Eqs (1) into Eqgs (2) and dividing the resulting equation
by dt, Egs (2) can be rewritten as:

x=—f(b+asing)cos p+agsin p )
y=—r(b+asing)sin p—adcos p

where the upper dot indicates derivative with respect to the time. Egs (3) are the
nonholonomic conditions assuming pure rolling of the torus on the horizontal plane. It
should be noticed that the coordinates (x,y) of point C define the successive contact
points between the torus and the supporting plane, which form a trajectory that is

followed with a translation velocity (x y). Such translation velocity is the one that an

observer could perceive if he/she were unable of noticing the combined rotation motions
of the wheel. However, the point of the torus in contact with the horizontal plane has
zero relative velocity with respect to the OXYZ reference system. In some references [1-
3], [6] equivalent nonholonomic conditions are obtained assuming that the velocity of

the contact point between the body and the plane is zero.
Figure 1
2.2 Mathematical model of the wheel rolling on a horizontal plane

The following step in our analysis is to derive the mathematical model of the
system taking into account the nonholonomic constraints defined by Eqs (3). This
model is obtained by using the Euler-Lagrange equations, so it is necessary to obtain the
kinetic and potential energies referred to the inertial frame OXYZ [1-4]. In the model of

the wheel motion it is necessary to take into account the nonholonomic constraints
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given by Eqgs (3). For this purpose, the following vectors and reference systems are

introduced in Fig 2 a):

i) The inertial reference frame is denoted by ‘o’ and ﬁ(t) is the position vector

of the contact point C with respect to ‘o’.

i) The reference system ‘i’ has their axes parallel to the ones of system ‘o’ and
its origin is at the contact point C. On the other hand, F;(t)is the position
vector of the mass center G of the wheel with respect to .

iii) The reference system ‘s’ has its origin at the mass center G of the wheel and

its axes are parallel to the ones of system ‘o’. In the reference system ‘s’

r (t) shall denote the position vector of an arbitrary point P of the torus

S
surface.

iv) Finally, we introduce another reference system ‘pp” with origin at G and

bounded to the torus. In this reference system, 1, (t) will be the position
vector of a generic point of the torus surface, which is related to fs(t) by

means of rotation matrix R, (see Appendix 1) as F; (t) =R T, (t).

Taking into account the previous definitions and Fig 2a), it is deduced that:
(1) =R(t)+F (t)+7 (1) =R(t)+F (t)+ R, T, (t) (4)

Since T, (t) remains unaltered in the reference system ‘py’ (bounded to the wheel), it

holds that the derivative of T, (t) with respect to the time is zero, so differentiating in

both sides of Eq (4) with respect to the time it follows that:

b (£) = R(D)+F (1) R T, (1) Q)

where the components of ﬁ(t) r,(t) and r, in the inertial frame OXYZ are given by:
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X —bcosqcos p bsingsin p
R= y ;ﬁ: —bcosqgsinp |p+| —bsingcosp |d
0 0 0
(b+acosm)cosn
r.=|(b+acosm)sinn
asinm

(6)

whereas the elements of matrices F_{pqr and ﬁpq are given in Appendix 1. On the other

r

hand, the surface of the wheel is 4z°ab and thus its mass surface density is
o =M/4z%ab, being M the total mass of the torus. Fig 2 b) shows the basic geometry

of the torus as a function of the angles m and n, from which it can be deduced that the

surface element dS and the element of mass dv of the wheel are given by:

dS =a(b+acosm)dmdn ; dv =ca(b+acosm)dmdn (7)

Taking into account Egs (5) and (7), the kinetic energy of an element of mass

with respect to the reference frame OXYZ can be written as:
l _‘,2
dT =Earoa(b+acosm)dmdn (8)

Figure 2

The total kinetic energy is obtained by integrating Eq (8) with respect to m and n. Such
integration can be carried out through symbolic computation by introducing the

following nomenclature:

2 :[ﬁ(t)+ﬁ(t)+qurfp (t)T [ﬁ(t)"‘ﬁ(t)"‘qurrp (t)] )

The integration is first carried out with respect to angle n and afterwards with respect to
angle m. By doing so, for each term of Eq (8) it is necessary to calculate the integral

given by:
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2z 2z

%Idmj'ﬂaa(b+acosm)dn (10)
0 0

On the other hand, the kinetic energy of the servomechanism mass M; -whose mass
center coincides with the one of the wheel-, can be calculated taking into account Eqgs
(5) and (6), which leads to (see Fig 2 a):

= . U = .
Ta :%Ml[R(t)Jrﬁ(t)} RO)+i(0)] (1)
The result of adding the integral in Eq (10) to the kinetic energy of Eq (11) is given by:

T =%MT ()'(2 +y2)+
M. b (Xgsin psing— ypsin pcosq)—M;b(Xpcos pcosq+yqcos psing)  (12)

+cp?cos’ q+dp +ed® + fr® + gprcosq

where:
M, =M +M, ; c=1|\/|b2+1|v|(az+bz)+1|\/|lb2 ; d=1|v|(5a2+2b2)
2 8 2 8
e:EMb2+1M(5a2+2b2)+EMlb2 ; f:EM(3a2+2b2) ; Q:EM(3a2+2b2)
2 8 2 4 2

(13)
Taking into account that the potential energy of the wheel is:
V =M;g(a+bsinq) (14)

The Lagrangian of the system can be written as follows:

L=T-V =%MT (¥*+y?)+M;b(%dsin psing - ypsin pcosq)-

M. b(%pcos pcosq+ yqcos psing)+cp”cos® q+dp® +eq” + ff? + gprcosq—  (15)
—M;g(a+bsing))
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An interesting aspect of Eq (15) is related to the fact that the coordinates (x,y) of
the successive contact points between the wheel and the supporting plane appear as
generalized coordinates. This fact can be used to investigate which control torques must
be applied so that the wheel follows a predetermined trajectory on the OXY plane to

finally reach a predefined set point.

It should be remarked that the substitution of the variables (x,y) of the
nonholonomic constraints (Egs (3)) into Eq(15) allows to obtain a Lagrangian that only
involves the Euler angles. However, such Lagrangian does not verify the Lagrange
equations, as has been proved in Ref [2] (pag 382) and Ref [27] (chapter 22). This is
because the system is nonholonomic and thus the Lagrange equations cannot be applied
directly, but it is necessary to introduce the Lagrange multipliers [1-4], [26], [27], which

are identified with the reaction forces A and  that are indicated in Fig 1 a) and Fig 2 a).

It should also be noticed that the coordinates (x,y) of the wheel-plane contact
point and the Euler angles (p,q,r) constitute five unknown generalized coordinates, and
additionally we have two unknown reaction forces (4, x). From the Lagrangian given by
Eq (15) it is possible to deduce five equations associated to each of the generalized
coordinates, and considering jointly the nonholonomic constraints given by Egs (3) we
obtain a system of seven equations with seven unknowns. In addition, to track a path for
the wheel it is necessary to introduce a precession control torque M(t), a leaning control
torque Mq(t) and a pedaling control torque Mq(t). In this case, the corresponding control
equations must be added so that we have a well posed problem, as it will be investigated
in the next section. The Lagrange equations allow to deduce the following equations of

motion:

M, X+ MTb[—bcos pcosq+gsin psinq+(p2+q2)sin pCosq+2pgcos psinq]

(16)
=AC0S p—usinp

MTy—MTb[psin pcosq+gcos psing-+( p® +4*)cos pcosq—2pgsin psinq} an
= Asin p+ ucos p

—M . bx cos pcosq— M. bysin pcosq+ 2cp cos” g —4cpg cos p cosq (18)

+2dp -+ gi'cosg—grqsing :Qp
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M. bxsin psinq— M. by cos psinq+2cq +2cp? cos psing

s (19)
+@gprsing+Mgbcosq=Q,

2ff'+ pgcos p—pggsing =Q, (20)

where Qp, Qq and Q, are the generalized torques [1-4], [26], [27]. These torques can be
obtained by considering a cross section of the wheel as it appears in Fig 1 b). First, it
should be noted that the force x does not contribute to generate the angular velocity p,
so only the force A (at right angle with the wheel section plotted in Fig 1 b)) generates
the generalized torque given by:

Q, =4CQ=Abcosq (21)

Since the angle velocity ¢ is parallel to the OXY plane (see Fig 2 a) and it forms a right

angle with the cross section of Fig 1 b), it is deduced that:
Q, = uGQ = u(a+bsing) (22)

On the other hand, the reaction force p cannot give rise to a rotation of the wheel around
the mass center G, so only the reaction force A can generate the torque Q, and thus it is

deduced that:
Q, =APG=A(b+asinq) (23)

It should be noticed that the reference systems that are considered to determine
the kinetic energy (which are plotted in Fig 2 a)) can also be used to derive the
nonholonomic constraints given by Egs (3). To corroborate this assertion we note that
point O of the torus surface (see Fig 2 a)) is an arbitrary point, so Eq (5) can be applied
to the contact point C between the wheel and the plane. Assuming that the wheel rolls
without slipping, point C has null velocity with respect to the supporting surface, so Eq

(5) allows determining the nonholonomic conditions as follows:

0=R(t)+F (t)+R T (t) (24)

10
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Taking into account the equations of the rotation matrix and its derivate with
respect to the time indicated in Appendix 1, the symbolic computation of Eq (24) gives
the same results as in Egs (3). It is interesting to remark that Eq (24) is general and can
be applied to obtain the nonholonomic constraints of a wheel that rolls on an arbitrary

surface of class C" with n > 2.
3 Stability of the wheel motion and nonholonomic constraints

Once the mathematical model of the wheel has been obtained from Eqgs (16-23)
of the previous section, we are going to develop a procedure to obtain an efficient
computational program for integrating these equations. Since the model of the wheel
has been deduced from the hypothesis of rolling without slipping (which is equivalent to
say that the nonholonomic constraints of Eqs (3) are fulfilled), it is very important to
corroborate that Eqs (3) are verified. For this purpose, different trajectories will be
investigated from a set of initial conditions, and a procedure to elucidate if the
nonholonomic conditions are verified will be outlined. In addition, since the wheel is
highly unstable, a stabilization torque around the leaning angle g must be introduced to
warrant the motion stability. Differentiating Eqgs (3) of the nonholonomic constraints
with respect to the time it is obtained that:

X =—F(b+asinqg)cos p—f(—apsin psing+aqcos pcosq—bpsin p) (25)
+agsin p+apqgcos p

y=—t(b+asinq)sin p—r(apcos psinq+agsin pcosq+bpsin p) (26)
—atjcos p+apgsin p

Substituting Eqgs (25) and (26) into Eqgs (16) and (17) respectively, we obtain equations
of the form:

f,+f,=Acosp—usin p} 27

f,+f,=Asinp+ucosp

11
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where fy, and fy, are the terms that only contain second-order derivatives of the Euler

angles (i.e. p,0, i) whereas fy; and f,; are the terms that only contain first-order

derivatives of the Euler angles (i.e. p,q,r), so it follows that:

f., =—M;bcos pcosqp + M, (a+bsing)sin pg—M; (b+qsing)cos pf
: ; , y : L (28)
f,, =—M;bsin pcosqp + M, (a+bsing)cos pg—M, (b+qsing)sin pr

fq :—MTr'(—apsin psing+agcos pcosq—bpsin p)+ M, apqcos p +

MTb[( p? +4?)sin pcosq+2pgcos psin q]

29
f,, =—M;f(-apcos psinq-+adsin pcosq-+bpcos p)+ M apgsin p+ (29)
MTb[( p”+G” )cos pcosq—2pgsin psin q}
According to Egs (27), the reaction forces 4 and x« can be written as:
ﬂ:(fxzcos p+f,,sin p)+(fxlcos p+f,sin p) (30)
30
u :(—fxzsin p+f,,cos p)+(—fxlsin p+ f,cos p)

Substituting Egs (25), (26), (28)-(30) into Egs (18)-(20) and taking into account Eqs
(21)-(23) (generalized torques), the equations associated to Euler angles can be

expressed as:

M11p+Mqu+Ml3r= f1 M
M21D+M22q'+M23’r’:f2 ;M = M21 Mzz Mzs (31)
Mg B+ Mg,G+Mgi = f, M

where the coefficients Mjj only depend on the Euler angles (p,q,r) whereas the

functions f; depend both on the Euler angles (p,q, r) and its derivatives with respect to

time, i.e.

(32)

Mij(t):Mij(p!qlr) 1,]=123 }
f.(t)=f,(p.q.r, PG r);i=123

12
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Specifically, the coefficients Mj; which are not null and the coefficients f; (i = 1,2,3) are

given by:

M,, = 2ccos’ g+ 2d + M, b* cos’ g

M,, =2M;bcosq(b+asing)+gcosq
M,, = M absing+2c+M; (a+bsing)’
M,, = gcosq+M;b(b+asing)cosq
Mg, =2f +M; (b+asinq)’

f, =—M.bsin pcosqr (apcos psing-+agsin pcosq+bpcos p)
+ M. abcosgpg
— M bcos pcosqr (—apsin psing+adcos pcosg—bpsin p)
+4cpgeosqsing + (jr'QSinq+b( focosp+f,sin p)cosq

f, =—Mbsin psinqrf (—apsin psinq+agcos pcosg—bpsin p)
+M;bcos psingr (apcos psinqg-+agsin pcosq+bpcos p)
—ccp? cosqgsing —gprsing—M, gbcosq

+(—fxlsin p+ f, cos p)(a+b3i” a)

f, =gpgsing+( f, cos p+ f,,sin p)(b+asinq)

(33)

(34)

It is interesting to remark that the coefficients M;; (i = 1,2,3) in Eqgs (33) are non

zero regardless the values of the Euler angles, and therefore the matrix M given in Eq

(31) has always inverse, i.e. we have a well posed problem. Next, from Egs (31), (33)

and (34) the stability of the wheel will be analyzed. For this purpose, Eq (31) can be

rewritten taking into account the inverse of matrix M as follows:

dzdi’z( ) MIZS)[MSSM () =M (0) £ (1)
dqutgt) - I\/flzzz(zt)) ; A(t) =My, (t)[Mn(t)M% (t)_Ml3(t)M31(t):|
d;rtgt) = Miit)t)[—m31<t> f (1) + My, (1) £ (1)

13

(35)
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From a physical viewpoint, a stable rolling motion of the wheel will be achieved
if the angular velocity is sufficiently high to maintain the wheel in vertical position, i.e.
with a leaning angle of w/2. This case can be investigated through the linearization of
Egs (35) and assuming a small disturbance for the leaning angle around its equilibrium

value of /2, for which the deviation variable a(?) is defined as:
cosq(t)=sina(t)~a(t)
a(t)=Z-a(t) ; a(t)<0={sinq(t)~1 (36)
a(t)=-a(t) ; 4(t)=-a(t)

From Eqs (36), Eqgs (33) can be approximated as follows:

My~2d ; M, ~[g+2M;b(a+b)]a
M,, = 2c+Mab+M; (a+b)’ ; My ~[g+M;b(a+b)]a (37)
My, ~2f +M; (b+a)’

Taking into account Egs (29) and (36), and assuming a motion that is almost
perpendicular to the supporting plane, it is possible to take pa =0 when the precession
velocity is very small (i.e. when the trajectory of the wheel approaches to a straight
line). Consequently, from Eqs (34) it is deduced that:

f =~ ggr — 2M. abpaa — 2M. b’ paa ~ gor (38)

On the other hand, assuming that c¢a ~0and pa~0, Egs (29) and (34) allow to

approximate the values of the functions f, and f; as:
f, ~M;a(a+b) pr —gpr — M, gba (39)
f,~—[ g+M;a(a+b)r | pa—[ M a(a+b)+2M;b(a+b)]|pa~0 (40)

In addition, the term Maaf; in the third equation (35) can be neglected, since:

14
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M, f, ~—[G+M;b(a+b)]agra~0 (41)

Taking into account the approximations given by Eqs (36)-(41), the mathematical

model of the wheel around a stable vertical rolling motion can be simplified as follows:

d’p f, | _dzoz~ f, . d2r~0

dt> M, = dt* M, ' dt?

(42)

From the third equation of (42) it is deduced that the angular velocity of the
wheel is approximately constant. Furthermore, the system of differential equations (42)

is linear according to Eqs (37)-(41). Introducing f, ~ Cte for the angular velocity of the

wheel, Eqgs (42) can be rewritten in the form:

d°p__ 9% da
dt? M,, dt
_ (43)
_d’a | M;a(a+b)-7 ;dp Migb
dt? M,, dt M,

Assuming that p(0)=0 and «(0)=¢, for t=0, the value of dp/dt can be deduced

from the first equation of (43) and it can be substituted in the second equation of (43) to
obtain that:

4’ +{g[g_|\/|Ta(a+b)] fh MTgb}a: g[g-Ma(atb)|r a,  (44)

M11M22 M22 M11M22

From Eq (44) it is deduced that the following inequality must be fulfilled to obtain a

stable system:

" M:gbM,,
r°>\/§[g—MTa(a+b)] (45)
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where the term inside the square root is always positive, since g > MTa(a+b) (see EQs

(13) and (37)). Equation (45) provides a lower limit for the angular velocity of the
wheel to achieve stability, but it does not provide an upper limit for the angular velocity.
To overcome this inconvenience, Eqs (44) and (45) allow to deduce the angular

frequency associated to the wheel vibration motion as:

M22 Mll

a)n=\/ 1 {G[@—MTa(Mb)]r'o _MTgb} (46)

Considering that the polar moment of inertia of the wheel is C, (without taking into
account the mass M; of the servomechanisms), the stability will be assured when the

gyroscopic torque due to the rolling motion of the wheel (with angular velocity ;)

compensates the gravity torque. Consequently, it follows that:

C,fho, =M;gba ; C, =M (bz +ga2j (47)
Eqs (46) and (47) lead to a four order equation which can be solved assuming that the
term (MTgboz/Cp)2 is negligible, which allows to deduce that the angular velocity of

the wheel to obtain a stable rolling motion is given by:

, M_gbM, .M
fo= |t 11122 (48)
° \/g[g—MTa(a+b)]

It is interesting to remark that, on the basis of the Newton-Euler equations for a

torus, the following stability condition has been obtained in Ref [4]:

- AM; gb A Mo 49
ro>\/Cp[Cp+MT(a+b)2} ;A 4( +5a°) (49)

where A and C, are the equatorial and polar moments of inertia respectively. From Eq

(49) it follows that r, >2.6713 rad/s, which is a clearly smaller value than the values
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4.9769 and 8.4607 rad/s respectively deduced from Eqs (45) and (48). Finally, it is

interesting to remark that the value of r, can be much smaller than the values deduced

from Eqgs (45) and (48) when the wheel is actuated by control torques, as it will be
analyzed in the next section. It should be noticed that the previous values for the angular
velocity of the wheel deduced from Eqs (46), (48)-(49) are valid under ideal conditions

of rolling without slipping. In fact, as long as the value of r, given by Eq(48) becomes

high, the lateral reaction force u (see Figs 1 and 2) can be very high and consequently
other phenomena that have not been considered in our model -such as sliding and
pivoting- may appear. To investigate this issue, the mathematical model of the wheel is

solved numerically by introducing the following state variables:

x(t)=p(t) % (t)=P(t)  x(t)=a(t) ,x (t)=d(t) . x(t)=r(t) % (t)=r(t)
X (t)=x(t) % (1) =x(t) X% () = ¥(t) %o (t) = ¥(2)

Assuming that M, is a constant rolling torque that accounts for the deformation at the

(50)

contact point between the wheel and the supporting plane, Egs (16), (17), (29), (30),

(34), (35) and (50) allow to obtain the following nonlinear differential equations:

X1:X2
X, = MM, fl_M13M22[f3+Mr]
A
X3 =Xy
X, = f2
M,,
X = X
M., M
X =— ZZA 31 fl+MllM22[f3+|\/|r]

A :(fX2 cosx, + f ,sin x1)+( focosx + f, sin xl)

p=(—fpsinx + f,cosx )+(=f,sinx + f, cosx)

X, = Xg

Xq =—b[—>’<2 COS X, COS X, + X, Sin X, Sin x3+(x22+xj)sin xlcosx3]
+2bXx,X, C0S X, Sin X, +(A/M; )cos x, — (/M )sin x,

Xg = X0

X = b[)’(2 Sin X, C0S X, + X, €08 X, Sin X, +(X; +X; ) cos x, cos x3} (51)

—2bx,x, sin x;sin X, +(A4/M; )sin x, + (/M )cos x,

17
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The Euler angles (p,q,r) can be obtained by integrating Eqgs (51), whereas the
reaction forces A and u can be deduced from Eqgs (28-30). On the other hand, the
position of the contact point (x,y) between the wheel and the plane can be obtained
through Egs (16), (17) and (30). The initial conditions for Egs (51) are chosen assuming
that the nonholonomic constraints given by Eqs (3) are verified at t = 0. The Runge-
Kutta-Fehlberg integration method has been used with simulations steps between
0.0001 and 0.001 s. It should be noticed that the problem of the integrability of Eqs (51)
is not considered in this work since it has already been discussed for a rolling disk in
Refs [29-32].

Fig 3 shows the simulation results obtained for the wheel and assuming that the
rolling torque M, is zero. The parameter values are indicated in the legend of Fig 1 and
the initial coordinates of the contact point between the wheel and the horizontal plane
are arbitrarily taken as (0.2, 0.5) m. The initial value of the precession angle is
arbitrarily chosen as 50° (p(0) = 0.8727 rad), whereas dp(0)/dt = 0.05 rad/s, ao = -10
rad (q(0) = /2 — 10™) and r(0) = 0.

Taking r, =10 rad/s > 8.4607 rad/s, Fig 3 a) shows that the trajectory of the

contact point between the wheel and the plane is close to a straight line, which is in
accordance with the previous hypothesis of a very small angular precession velocity

(p~0). Fig 3 b) shows that the angular velocity of the wheel changes very slowly, so

the angular acceleration of the wheel can be neglected in accordance with the previous
approximations. The reaction forces (4, u) are plotted in Fig 3 c¢), which shows that the
reaction force /4 is very small whereas the lateral reaction force u increases with time,
and therefore the wheel will be ultimately unstable for high values of u (see Figs 1 and
2). The results of Fig 3 d) show the nonholonomic conditions as a function of the time,
which are defined from Eqs (3) as follows:

Nh, =%+ (b+asing)cos p —agsin p} 52)
Nh, =y +f(b+asing)sin p+agcos p

If the condition of rolling without slipping had been fulfilled, Nh; and Nh, would have
been equal to zero (despite the unavoidable numerical errors associated to the
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integration process). However, Nh; and Nh, grow with time in the case shown in Fig 3
d). Consequently, after a long period of time Nh; and Nh; will reach high values and
thus the hypothesis of rolling without sliding stops being valid, i.e. the mathematical

model given by Eqgs (51) looses its validity.

Figure 3

Fig 4 shows the effect of the rolling torque M, due to the deformation of the
wheel rolling on the horizontal plane. Fig 4 a) shows a plot of the coordinates of the
contact point C (see Figs 1 and 2) as a function of the time, where the time t, denotes
the instant at which the wheel lies on the plane at rest. Fig 4 b) shows the velocities
associated to the coordinates x(t) and y(t) (see Eq (12) for the kinetic energy of the
wheel). The trajectory of the contact point of the wheel in the horizontal plane is plotted
in Fig 4 ¢), and the precession angle is plotted in Fig 4 d). It should be noted that, for t

> t,, the precession velocity is zero and the precession angle remains unaltered.

Figure 4

The leaning angle and velocity plotted in Fig 5 a) are both zero (wheel lying at
rest on the plane) for ¢ > #,. On the other hand, Fig 5 b) shows that the angular velocity
of the wheel decreases with time due to the effect of the rolling torque M, and
approximately at t = t, the wheel looses its stability and begins to drop on the horizontal
plane. The drop time is approximately given by t, — t; = 0.3110 s. Fig 5 c) shows that
the reaction forces between the wheel and the plane increase very quickly when the
wheel starts to drop. Fig 5 d) shows that the nonholonomic conditions (Eq (52)) are not
fulfilled when the wheel drops, i.e. the hypothesis of rolling without sliding does not
hold.

Figure 5

To verify that the numerical computations lead to physically meaningful results,
Fig 6 shows the Kkinetic energy T, the potential energy V, the total energy E and the
energy WM, associated to the rolling torque M,, all of them plotted against the time.
These energies are used to verify the energy balance, and are defined at different

instants of time as follows:
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E(0)=T(0)+Vv(0)

E(tl):WMr(ti)+WMrd+T(tl) V(t)-V(t,) (53)
=erwr(r)dr ; WM =J‘Mrwr(r)dz' ; a)r(t)=d:j(tt)

where E(0), K(0), V(0) and E(t1), K(t1), V(t1) are the total, kinetic and potential energies
att =0 and t = t; respectively. The term WM; is the energy disipation due to the rolling
torque between t = 0 and t = t;, whereas WMq is the energy disipation due to the drop
process of the wheel between t =t; and t = t,. The instant t; = 18.9250 s is calculated in
the simulation process assuming that the wheel drops when the leaning angle q(t) is
higher than 20°, while the instant t, = 19.2630 s is the one at which q(t) = 0 (see Fig 5
a)). The total energy E(0) is calculated from Eqs (12)-(14) and from the initial

conditions, which are defined as:

o | P p q q r r X X y y (54)
° |50 0 (#/2)+10* 0 0 84607 05 -2.1754 0.2 -2.5925
where the values of X and y are deduced from the nonholonomic constraints given by

Egs (3). The values obtained for T(0), V(0) and E(0) are 75.8781, 31.3600 and 107.2381
joules respectively. Similarly the values obtained for WM,(t;), WMq, T(t1), V(t1) and
V(ty) at t; = 18.952 s are 41.2656, 0.6994, 42.8367, 29.9483 and 7.8400 joules
respectively. The sum of such energies is equal to 106.9101 joules, which is very close
to the value of E(0) = 107.2381 joules (with a relative error of only 0.3058 %) in

accordance with Eq (53). It should be noticed that V (t,) = M ga =7.8400 joules is the

residual potential energy of the wheel when it remains at rest.
Figure 6
4 Stabilization torque and circular trajectories of the wheel
The discussion of the previous section clearly shows that the wheel is highly

unstable, so a stabilizing torque is required to maintain a stable vertical rolling motion.

On the other hand, a small rolling angular velocity is desirable to achieve the fulfillment
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of the rolling without slipping condition. Consequently, we shall define a stabilizing

torque around the leaning angle q(t) as follows:

f.M gbcosq(t)+K,[z/2+La—q(t)] if q(t)>r/2+La
M, (t)=1 f,M;gbcosq(t) if z/2-La<q(t)<z/2+La (55)
f,M;gbcosq(t)+K,[7/2-La-q(t)] if q(t)<z/2-La

where f, >0 is a factor to compensate the gravity torque, La is a limit angle whose value
is chosen between + 1° and K, is a tunable constant whose value is chosen between 10
and 100 Nm. Next, we are going to demonstrate the suitability of the torque defined in
Eq (55) to achieve stability.

Taking into account the approximations of Eq (36), introducing the stabilizing

torque defined by Eq (55) and assuming that r ~ r,, Eq (39) can be written as:

M;a(a+b) pr, — gpf, - M  gba + f,M; gba + K [ + La]
—a(t)>La or —a(t)<-La

o
Q

(56)
M.a(a+b) pr, — gpf, - M, gba + f,M; gba ; for K =0
On the other hand, from Eqgs (42)-(44) it is deduced that:
B q[g-MTa(a+b)]r'02+K g[g M.a(a+b) e’
d’a B M;;M,, M;M,,
d* | (g[g-M,a(a+b 1-f g[g-M,a(a+b)]r
- g[g-M.a(a+b)]i; ( ) Tgb g 9- L a, for K, =0
MllMZZ Iv|22
(57)
Let us assume that:
K,>0 and K, >(1-f,)M;gb ; 0<f, <1
p p ( a) Tg (58)

K,=0 and f, >1
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From Eq (57) it can be deduced that the values of K, and f. given in Eq (58) lead to an
unconditionally stable system, so Eq (54) can be considered as an adequate stabilizing
torque for the rolling wheel.

Once the stabilizing torque is defined, the conditions to obtain a circular
trajectory can be analyzed from the nonholonomic constraints given by Eqgs (3). For this
purpose, we assume that the nonholonomic conditions given by Eqgs (52) are exactly
verified and therefore Nh; = 0 and Nh, = 0. Besides, appropriate torques around the
Euler angles (p, q ,r) are applied at an arbitrary instant t = t; so that the following

conditions are fulfilled:
p(t)=10 :a(t)=d,=0d(t)=0; r(t)=r (59)

where p, , g, and r, are constants. From Egs (52) and (59) it is deduced that:

X(t)=K,cos p(t) ; y(t)=K;sinp(t) (60)
P

K,=—t,(b+asing,) ; p(t)=p,+ P, (t—1,)

where pg is the precession angle of the wheel at t = ty. Consequently, the coordinates of
the contact point C of the wheel describe a circular trajectory whose radius and center
coordinates can be calculated through the following procedure. By integrating Eqs (60)
it is deduced that:

X() K = Kl{co; Po sin[ py (t—t,) ]+ sir;)po cos| (t—to)]}

y(t)- K, =K, {Sir;—posin[po (t—to)]—%cos[ Do (t—to)]} (61)

Ko =%, —ﬁsin Py s Kyo =Y, +ﬁcos Po
0 0

and by eliminating the time between Eqs (61) it is deduced that:

[X(t) =Ko | +[ y() =K, 2=(ﬁj2 (62)

Po
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which is the equation of a circle with radius |K1/p0|and center coordinates (Kyo, Kyo).

Next, from Egs (31) and (35) it is possible to determine the necessary torques to obtain
a circular trajectory. Considering the stabilization torque Mg, (t) given by Eq (55) for ¢ <
to, and denoting by Mp(t), Mq(t) and M(t) the torques around the Euler angles p, g and r
for t > t, it is deduced that:

P(t) _

dtz S ML (1.0 -Ma () £(0]
djtﬁt):M;;f)”[—msxt)fl<t>+Mu<t>f3<t>]
el MAzz)t{ O L(0)+M, (1)]-My (O £,(0)+ M, (1)}
ddqtg) fzﬁ%i(t) forts>t, (64)
r(y)_ Miit()t (Mo (O L(0)+ M, (6)]+ My, (O] £,(0)+ M, (1))

Consequently, the system given by Eqs (63) is unconditionally stable. On the other
hand, from Eqgs (59) and (64) it is deduced that the required conditions to obtain a

circular trajectory are given by:
Mp(t):_fl(t) ; Mq(t):_fz(t) ; Mr(t):_fa(t) (65)

The investigation of the circular trajectories is carried out through the simulation
of Egs (50) by using the fourth-order Runge-Kutta method with integration steps

between 0.001 s and 0.004 s, and with initial conditions given by:

PP q q r r x x y Y

X, = o 66
° 150" 0.05 (7z/2)+10‘2 10° 0 0.5 05 -0.1285 0.2 -0.1533 (66)

where the values of x andy have been obtained from the nonholonomic constraints

given by Egs (3). Assuming that the rolling torque M; is very small, the stabilizing
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torque Mgy given by Eq (55) is applied and thus f, must be replaced by f, + Mgq in Egs
(51). The application of such stabilizing torque Msq allows to achieve stability even
when the initial angular velocities are smaller than the values deduced from Eqs (45)
and (48)-(49) (which are 4.9769, 8.4612 and 2.6713 rad/s respectively). Consequently,
an arbitrary initial angular velocity of 0.5 rad/s is now chosen. The simulation time is 80
s, and for ¢ < t,, = 40 s the stabilizing torque given by Eq (55) is applied taking f;, = 1,
La = 1° and K, =50. The previous values ensure the fulfillment of Eqs (57) and (58), i.e.
the system is unconditionally stable. For t > t, the torques given by Eqgs (65) are

applied so that Eqs (58) are fulfilled, and consequently the circular trajectory appears.

Figs 7 a) and 7 b) depict the coordinates and velocities associated to the
trajectory of the contact point C, where sinusoidal oscillations appear due to the
presence of a circular trajectory for t > t, = 40. Fig 7 c) shows the precession angle
and its corresponding velocity, which is equal to 0.05 rad/s for 0 <t <ty =40 s (see Eq
(66)) and it is set to 0.2 rad/s fort >t,, =40 s. Fig 7 d) shows that fort <t, =40s
the leaning angle has maintained oscillations with a very small amplitude due to the
stabilizing torque (compare with Fig 3 without stabilizing torque), whereas for t > tg,
the wheel remains stable with a circular trajectory as shown in Fig 8. The coordinates of
the center of the circular trajectory have been obtained from the simulation results, and
they are approximately equal to the values deduced from Eqgs (61), in which X, and yo
are the coordinates of contact point P at t,, = 40 s. On the other hand, denoting by x(t)
and y(t) the coordinates of the contact point C between the wheel and the plane at a time
instant t, the curvature radius of the trajectory of point P is calculated as:

(0)+y ()] (67)
X

T
=5 (0 y(©

The mean value of r(t) is 1.0009 m, which is almost equal to the value 1.0004 m

obtained for the radius of the circumference through Eq (61) for ty = tc,.

Figure 7
Figure 8
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Fig 9 a) shows that the reaction force A is very small whereas the reaction force u
is oscillating for t < t,, = 40 s and it remains almost constant when the wheel reaches
the circular trajectory for t > t,, = 40. Fig 9 b) shows that the nonholonomic conditions
given by Eqgs (52) are acceptably small to warrant that the wheel has an approximately
pure rolling motion without slipping, so the simulation results are in accordance with
the mathematical assumptions of the model. Another verification of the simulation
results is plotted in Fig 9 c), where the reaction force 1 and the centrifugal force Fy(t)

are plotted for t > t,, = 40 s. Taking into account that the radius described by the mass

center of the wheel is r(t)—bcosq(t), the dynamical equilibrium around the circular

trajectory implies that:
F (t)+u=0= M (t) r(t)-bcosq(t)]+u=0 (68)

as shown in Fig 9 c). Fig 9 d) shows the relative error between Fgy(t) and p, which is

another indirect verification of the accurateness of the simulation results.
Figure 9

Fig 10 a) shows that the variations of the angular velocity are very small for t <
tco = 40 s when the stabilizing torque given by Eq (55) is applied. Besides, the value of
f is almost constant for t > t,, in accordance with the condition to obtain a circular
trajectory given by Eqgs (59). Figs 10 b) and c) depict the stabilizing torque given by Eq
(55) and the torques given by Eqs (65). It is important to remark that such torques are
very small and thus it is not necessary to take into account their energy in the
Lagrangian equation (Eq (15)).

Figure 10

5 Arbitrary trajectories for the wheel rolling on the horizontal plane
In this section we investigate how to obtain control torques around the Euler
angles (p,q,r) so that the contact point C between the wheel an the horizontal plane

tracks a prescribed trajectory, being the latter described by a moving point in the plane

OXY (see Fig 1). The key point for this study is that the Lagrangian formulation given
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by Eq (15) contains the velocities x and yassociated to the trajectory of the contact
point C. It must be emphasized that x andy can be respectively viewed as the

projections of the contact point velocity onto the axes OX and OY in an hypothetical
situation in which the wheel would have a pure translation motion without rolling on the

OXYZ reference system.

It should be recalled that Eqgs (55) and (63) allow to stabilize the rolling motion
around the leaning angle. On the basis of Eqs (64) we shall add torques Mpy(t), Mq(t)
and My(t) to obtain the adequate values of the Euler angles (p,q,r) and their derivatives
so that the contact point C tracks the trajectory of a moving point on the OXY plane
defined by the following parametric equations:

X () =% (P.t) 5 ¥y (t)=Ys (Pi1) (69)

The symbol p denotes a vector parameter which depends on the curve form. Assuming
that the first and second derivatives of x4(t) and yq(t) can be calculated from Eqgs (69),

the velocity (%,,Y,) and the acceleration (X, ;) will be regarded as known functions.

For this purpose, Eqgs (25) and (26) can be rewritten as:

X=C,(p.0.r) p+Cy(P.0.1)4+C, (PG, 1)F+C, (p,a.r, .0, 1)

) ) ) ) (70)
y=Cy(p.a,r)p+Cy(p.a.r)d+C, (p.a.r)f+C, (p.a.r. p.q.r)

where Cyp, Cxq, Cxr and Cyp, Cyq, Cyr only depend on the Euler angles whereas Cy and C,
depend on the Euler angles and their first derivatives. Operating in Egs (25) and (26) it
is deduced that:

C,=0; C,=asinp ; C,=—(b+asing)cosp

xp
(w2 . o 1. (7
C, =-b( psin pcosq+ pqcos psing)—b( pdcos psing-+4°sin pCOSq)+M f,

X
T

C,=0; C,=-acosp ; Cyr=—(b+asinq)sinp

ypP

72
C, =b( p’ cos pcosq — pqsin psing)—b( pdsin psing -+’ cos pcosq)—+Mi o (72)

T
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where fy; and fy; are given by Eqgs (29). Next, the functions Fy(t) and F,(t) are defined
as:

X77nxX X77nxX

F (t) =-26,0,X(t) - oL x(t)+ X, (1) +25,@,%; (1) + op X (t)

2 [, (7)ar &, (0)=[x ()-x(1)]

T
IX 0
. . ) (73)
F,(t)=-25,m,y(t)- o,y (t)+ s (t)+ 25,0, Y (t)+op, Yy (1)
2 t

[ (5)de e, (1)L, (7)-¥(7)]

Tiy )

where F(t) and F»(t) are forces per unit of mass whereas e,(t) and ey(t) are the errors
associated to the difference between the coordinates of the desired trajectory

[ %, (t),y,(t)] and the actual coordinates [ x(t),y(t)] of the contact point C between

the wheel rolling and the supporting plane OXY (see Figs 1 and Fig 2). The parameters

o, and o, are regarded as damping coefficients, whereas @, and «, will be

considered as the natural oscillation frequencies. It should be noted that if we take

o,=0and5,=0 (i.e. when there is no damping) and we assume that

7, = and 7, =00, Eqs (73) are similar to the ones related to undamped oscillators.

Taking into account that Cy, and Cy, are zero, and assuming that the coordinates

of the desired trajectory [x, (t),y,(t)] as well as their derivatives [ X, (t),V,(t)],

[ %, (t), 4 (t)] are known, Egs (70)-(73) can be written as follows:

R (t)
. } (74)

where the terms F,(t) and Fy(t) have units of force and they arise from the application of
the required torques Mqr and M, around the Euler angles (q, r) (which are generated by

the internal servomechanisms of the wheel) to ensure that:

X()=F(t) ; y(t)=F(t) (75)
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It should be noticed that F,(t) and Fy(t) cannot be change the precession angle p, which

Is in accordance with the fact that the coefficients Cy, and Cy, are zero (see Eqgs (70)-

(72)) and thus the acceleration b(t) does not appear in Eq (74). On the other hand, Eqs

(73) and (75) allow to rewrite the error along the axis OX as:

6, () + 26,08, (1) + e, (042 [, (£)dz =0 (76)

x“nxx nx ~x
Tix

Eq (76) has the structure of a classical proportional + integral + derivative PID
controller [24-26]. Taking zix = 0, 0 < dx < 1 and assuming that C; and ¢ are constants
that depend on the initial conditions, the solution of the differential equation (76) is:

exp(—5,m,t)

_ - 2 - _
e (t)= Clem[wW/l—&X t +(0} =lim_, e, (t)=0 (77)

The same reasoning can be made for the error along the OY axis, and
consequently, the desired trajectory can be reached by means of an adequate choice of

the parameters ¢ and w, for the axes OX and QY.

The effect of the integral action is a quick decrease of the error, although the
reset time zjx cannot be arbitrarily chosen in this case. This assertion can be corroborated
by analyzing the roots of the characteristic polynomial of Eq (76) once the integral term
has been removed by differentiation. Taking into account the Routh stability criterion
[34], for the equations along the axes OX and OY it can be deduced that:

O<i<25xa)m:>rix> ;O<i<25ya)ny:riy>
T, 20,0, T, 20,@

ix x““nx iy y“ny

(78)

Once the control law has been corroborated, it is necessary to analyze whether
the nonholonomic conditions given by Egs (52) are fulfilled. For this purpose, let us

assume that the leaning angle along a prescribed trajectory is defined by:
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q(t) = Ay, Cos oyt
(t)=-Aw;sina,t (79)

q(t)= 7z/2+a+Ahsma)t:>{

where a and Aq are small angles (a = 107, Aq = 10 rad) whereas wq IS an arbitrary
frequency which can also be small. If the previous assumptions are verified, the

nonholonomic conditions can be approximated as follows:

X(t)~—r(t)[b+asinq(t)]cos p(t) et 3(t)

y(t)~-r(t)[b+asing(t)]sinp t)} = P(t)~arct {x(t)}
s (1) < JOX () - X(t) y(t)
BT

In Eq (80) it must be taken into account that the term X*+ y* can be zero, as it occurs in
trajectories with singular points such as the astroid. To avoid excessively high values, a

maximum value p,, is chosen for p. Therefore, if p(t)<0 and |p(t)|> p,,, then the
value p(t)=—p(t—T) is chosen in the numerical integration process. Similarly, if
p(t)>0 and [p(t)|> P . the value p(t)=p(t—T) is chosen, where T is the

simulation step. In addition, taking into account Eq (80), the value of r(t) is:

F(t)~ X(t)cosbi(;)si_nyq((tt))sm - >

The accelerations f(t) and ¥ (t) can be calculated from Egs (80) and (81), and

taking into account the Eqs (64) the corresponding torques Mpyi(t), Mq(t) and My(t) to
track a desired trajectory can be very approximately calculated. To investigate the
previous facts, in Fig 11 we illustrate how the contact point C follows a curve with

general parametric equations given by:

Xy (t) = X4 + T (K —1)cos et +rcos| (K —1) et | o
Ya(t) =Yg +1(K-D)sinet+rsin[ (K -1) et ] (79)
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which is an astroid curve with K = 3 peaks, r = 2, center coordinates (Xgc, Yac) and o =
3.3wmin, Where wmin = 0.0785 rad/s is the minimum frequency to obtain a cycle during a
the simulation time of t,, = 100 s with a simulation step of T = 0.005 s. Fig 11 a) shows
the simulation results of the successive contact points between the wheel and the plane
OXY.

Starting from the initial conditions given by Egs (66), the wheel rolls during 20 s
with a stabilizing torque defined by aL = 0.01°, K, = 50, f, = 1 according to Eq (55).
For t > 20 s, the control law given by Eqgs (73) is applied assuming dx = dy = 0.9, wn =
wny = 2.55 rad/s and zix = iy = 10™, so the integral action is negligible and thus a high
steady-state error appears. Fig 11 b) is obtained with the same parameter values but
taking zix = 7iy = 0.3 s, which are close to the stability limit 7z = 0.2174 s given by Eq
(78). In this case, a large initial oscillation appears. Taking into account the previous
considerations, the values dx = dy, = 0.9, wnx = wny = 2.55 rad/s and i, = ziy = 0.5 s will

be used in the rest of the numerical simulations.
Figure 11

Next we shall investigate the way to obtain an astroid with four peaks assuming
the velocities, accelerations and torques in accordance with the previous analytical
results. Assuming the same initial conditions given by Eqs (66) and the same parameter
values used to obtain the Fig 11, Fig 12 a) shows the coordinates of the contact point C
between the wheel and the supporting plane OXY. It should be noted that the
stabilization torque given by Eq (55) is only applied for t < 20 s, whereas the
stabilizing torque together with the control law defined by Eqgs (73) and (74) are applied
for t > 20 s. As expected, the contact point of the wheel tracks the desired trajectory. At
the arbitrary instant t = t, = 65 s, the control law given by Eq (73) is changed by the

following one:

(80)
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where Jys and dys are the damping coefficients, wnyxs and wnys are the natural oscillation
frequencies and X, Yset are the coordinates of an arbitrary set point that will be reached
by the wheel. Consequently, for t > 65 s Eq (75) must be replaced by:

X(t)=F(t) 5 ¥(t)=F,(1) (81)

Assuming that dys = dys = 0.5 (i.e. satisfying that 0 < d,s < 1 and 0 < dys < 1) and taking
wnxs = wnys = 0.5 rad/s, Egs (80) and (81) allow to conclude that the origin (which has
been selected as set point) is reached as shown in Figs 12 a) and b). Taking a maximum
value of the angular precession velocity of 5 rad/s, Figs 12 ¢) and 12 d) respectively
show the precession and the leaning angles, which are in accordance with Egs (79) and
(80). Fig 13 shows the graphic of the astroid together with the trajectory of the contact

point C. It should be remarked that the trajectory for 0 <z < 20 s is very approximately

a circumference since ¢(t) = /2 (see Eq (79)), p(t) is constant (see Fig 12 c)) and ¥ (t)

Is also constant and equal to the initial value of 0.5 rad/s. Consequently, the conditions
given by Eq (59) are fulfilled.

Figure 12
Figure 13

Fig 14 a) shows the precession torque Mp(t) and the pedaling torque My(t) that
are necessary to generate the trajectory of the wheel, which have been deduced from

Egs (64) and (65) taking into account the accelerations deduced from Eqgs (80) and (81)

and assuming a maximum value of P(t)=20 rad/s®. It should be noticed that there is

an abrupt change of the precession torque at the peaks of the trajectory, whereas the
values of the precession torque are small in the zones between peaks. In Fig 14 b) the
stabilizing and the leaning torques are plotted showing that they are very small when the
set point has been reached. However, such torques are not exactly equal to zero since
they are necessary to maintain the wheel in vertical position once the set point has been
reached. Other stabilization methods can be found in Refs [13-15], [33].

Figure 14
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Fig 15 a) shows the plots of the terms Fy(t) and Fy(t) deduced from Eqs (74),
whereas Fig 15 b) depicts the torques M,r(t) and Mqr(t) that give rise to Fy(t) and Fy(t).
Projecting Fx and Fy in the direction of ¢ (see Fig 2 a)) and denoting by y the angle

between GC and GP in Fig 1 b), it is deduced that:

M, =(F, cos p+F,sin p)GCcosy =(F,cos p+F,sin p)(b+asing) )
82
M =(Fxsin p—F, cos p)sin qGC cos;/z(FX sin p—F, cos p)sinq(b+asin q)

It should be noted that the values of Me(t) and Mqe(t) are small except at the
trajectory peaks. In Fig 16 a), the angular velocity of the wheel is plotted showing that it
Is oscillating without sign changes when the wheel tracks the astroid curve, since the
wheel makes several cycles before the occurrence of a trajectory change to reach the set
point. Fig 16 b) shows admissible values for the constraint reaction forces 4 and u at the
contact point C whereas Fig 16 c) shows the nonholonomic conditions given by Eqgs
(52), both of them as functions of the time. It should be noticed that such nonholonomic
conditions are very small and consequently the hypothesis of rolling without slipping
can be regarded as acceptable. Finally, the wheel remains at rest at approximately at t3 =

100 s, but with a small (stabilizing) oscillation around the leaning angle.

Figure 15
Figure 16

6 Conclusions

The controlled motion of a wheel rolling without slipping on a horizontal plane
has been investigated in this paper. The first step in our analysis has consisted of
deriving the nonholonomic constraints associated to a pure rolling motion. By
introducing adequate reference frames, the kinetic energy of the wheel has been
obtained as a function of the Euler angles and the coordinates of the contact point
between the wheel and the supporting plane. The proposed procedure is completely
general and can be extended to a wheel rolling on an arbitrary surface whose implicit

equation is known.
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The mathematical model of the wheel is deduced from the Euler equations by
using the method of the undetermined Lagrange multipliers and the nonholonomic
constraints, which lead to a system of five second-order nonlinear differential equations.
By eliminating the equations associated to the coordinates of the contact point between
the wheel and the supporting plane, the system is reduced to three second-order
nonlinear differential equations that only involve the Euler angles. These equations have
been used to deduce the lower bound for the angular velocity of the wheel and the
stability conditions for the motion assuming rolling without slipping and without
external torques. In addition, the presence of a friction torque has also been investigated
showing how it alters the stability of the wheel. The fulfililment of the principle of

energy conservation has allowed to corroborate the simulation results.

The simulation results have shown that the rolling motion of the wheel is highly
unstable in the absence of control torques. Consequently, a torque for stabilizing the
wheel around the leaning angle has been included in the mathematical model of the
system, leading to an unconditionally stable system with a smaller angular velocity that
fulfills the nonholonomic conditions. The appearance of a circular trajectory is
investigated from the nonholonomic conditions, showing that the dynamic equilibrium
between the centrifugal and reaction forces are verified and thus the circular trajectory

is stable.

The procedure to track an arbitrary trajectory is investigated through the second
derivatives of the coordinates associated to the trajectory and defined at the contact
point between the wheel and the supporting plane. For this purpose, two additional
torques around the leaning and pedaling angles have been included in system giving
raise to the appearance of two terms Fx and F, with dimensions of force in the
mathematical model. These terms are calculated by canceling of the nonlinear terms of

the axes OX-OY with control laws of PID type.

The verification of the nonholonomic conditions along the prescribed trajectory,
-even with singular cusp points such as in astroid curves- is carried out assuming that
the variation of the leaning angle around the equilibrium position is very small.
Consequently it is possible to calculate the second derivative of the Euler angles and the
corresponding control torques through the equations of the mathematical model.
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The investigations of this paper can be extended in many directions. For
example, is possible to consider the stability properties of a wheel rolling on an arbitrary
surface, for which a unified procedure to determine both the nonholonomic constraints
and the mathematical model of the system can be computationally implemented through
the proposed method in the paper. Finally, it should be noted that the consideration of
more complex control laws deduced from the differential geometry can provide other

interesting dynamical behaviors.
Appendix

In this appendix we introduce the rotation matrices and their derivates with
respect to time, which are necessary to obtain the kinetic energy of the wheel with
respect to the inertial frame OXYZ shown Figs 1 and 2. It should first be recalled that
from step iv) of section 2.1 it follows that:

I, (t) - ﬁpqup (t) (A1)

where F_Qp is the rotation matrix defined as a function of the Euler angles (p,q,r) as

qr

follows:

Iipqr =[qur (1) R (2) qur
COS pcosr —sin pcosqgsinr —C0s psinr —sin pcosqcosr
R, (1)=|sin pcosr+cos pcosgsinr |; R, (2)=| —sin psinr+cos pcosqcosr | (A2)
singsinr singcosr

R, (3)=| —cos psinq
cosq

sin psing }

The derivative qur of the rotation matrix with respect to time can be simplified by

introducing the following notation:
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c

pqr (2) U par (3)]

ar (2) Vi (3)] (A3)
par (2) qur (3)}

<

Jpqr = I:U par (1)
qur = pJpqr + qqur + rvqur Voor = [qur (1)

par
qur I:qul’ (1)

=

where the column vectors in Eq (A3) are given by:

—C0S pcosqsinr —sin pcosr —CO0S pCcosqcosr +sin psinr
U, (1)=| —sin pcosgsinr+cos pcosr |; U, (2)=| —sin pcosgcosr—cos psinr
0 0
cos psinq
U o (3)=| sin psing
0
(Ad)
sin psingsinr sin psinqcosr
V, (1) =| —cos psingsinr |; V. (2)=| —cos psingcosr
cosqsinr cosqcosr
. (A5)
sin pcosq
V, (3)=| —cos pcosq
—-sing
—Sin pcosqcosr—Ccos pcosr sin pcosqsinr—cos pcosr
W, (1)=| cospcosqcosr—sinpsinr |; W, (2)=|—cos pcosgsinr—sin pcosr
sinqcosr —singsinr
Woy (3): 0
(AB)

Equations (A3)-(A6) can be used to calculate the kinetic energy of the wheel with
respect to the inertial frame OXYZ.
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Figure 1
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Figure 2
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Legend of figures

Figure 1. a) Wheel rolling on a horizontal plane with reaction forces A and x. The Euler
angles and their derivatives are denoted by (p,q,r) and (p,q,r’) respectively. The

inertial system is OXYZ whereas G&ne is the reference system bound to the body. b)
Cross section of the wheel that is used to determine the generalized torques. c) Scheme
showing an infinitesimal displacement of the contact point C to determine the
nonholonomic constraints. The parameter values are a = 0.1 m, b = 0.3 m, M = 5 kg
(wheel mass), M; = 3 kg (servomechanism mass) and My = M+M; = 8 kg. The
equatorial and polar moments of inertia are A. = 0.2875 kgm? and Cp = 0.5250 kgm?
respectively.

Figure 2. a) Reference systems ‘o’, i’, s’ and ‘pp’ associated to the wheel motion,
which are necessary to define a surface element of the wheel with respect to the inertial
system OXYZ. b) Basic geometry of the wheel to determine its kinetic energy by
integration along its surface.

Figure 3. a) Trajectory of the wheel in the absence of control torques and with a large
angular velocity of 10 rad/s. b) The angular velocity of the wheel remains
approximately constant. ¢) Reaction forces at the contact point between the wheel and
the supporting plane OXY, being the longitudinal force A very small. d) The
nonholonomic constraints are negligible and thus the condition of rolling without
slipping is verified.

Figure 4. a) Effect of a friction torque M, = -0.3 Nm due to the non ideal contact
between the wheel and the supporting plane OXY. For t = t, the wheel drops and the
coordinates (x,y) remain constant. b) Velocities associated to the values of x(t) and y(t)
depicted in Fig 4 a). c) Trajectory of the contact point in the OXY plane. d) Precession
and angular velocities as functions of the time.

Figure 5. Effect that a friction torque M, = -0.3 Nm produces on the leaning angle and
its velocity. b) Angular velocity of the wheel. For t < t; the velocity decreases and for t
> t; the wheel drops. c¢) Variation of the reaction forces in the OXY plane against time,
where the abrupt change is due to the dropping of the wheel. d) Nonholonomic
conditions as functions of the time. As expected, such nonholonomic conditions are not
fulfilled while the wheel drops.

Figure 6. Kinetic energy, potential energy, dissipated energy due to the friction torque
and total energy of the wheel, all of them plotted against time.

Figure 7. a) Coordinates of the contact point between the wheel and the supporting
plane plotted against time. For t > 40 s the radius of the circular trajectory remains R =
1 m. b) Velocities associated to the trajectory of the contact point shown in a). ¢)
Precession angle and its velocity as functions of the time. d) Leaning angle and its
velocity as functions of the time.

Figure 8. Trajectory tracked by the contact point between the wheel and the supporting
plane. For t > 40 s the trajectory radius remains R = 1 m.
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Figure 9. a) Reaction forces at the contact point between the wheel and the supporting
plane. For t > 40 s the lateral reaction force p remains approximately constant. b)
Nonholonomic conditions against time. c¢) Dynamical equilibrium between the
centrifugal and lateral reaction forces. d) Relative error between the centrifugal and
lateral reaction forces as a function of the time.

Figure 10. a) Angular velocity of the wheel plotted against time. For t > 40 s the
angular velocity remains constant. b) Stabilizing torque as a function of the time. c)
Control torques within the circular motion of the wheel.

Figure 11. Trajectories obtained for different integral actions of the PID controller. The
desired trajectory is an astroid with three cusp points assuming: a) zix = ziy = 10" s
(negligible integral action) and b) zix = ziy = 0.3 s.

Figure 12. a) Coordinates of the contact point between the wheel and the supporting
plane to track an astroid curve with four cusp points and with final position at the set
point (0,0). b) Velocities corresponding to coordinates shown in a). c) Precession angle
and its corresponding velocity versus time. d) Leaning angle and its corresponding
velocity versus time. The results have been obtained with a simulation time of 120 s, a
simulation step of 0.005 s and the initial conditions given by Eq (66).

Figure 13. Initial trajectory only with the stabilizing torque given by Eq (55). Desired
trajectory to reach the astroid with four cusp points. Tracked trajectory to reach the set
point (0,0).

Figure 14. a) Control torques around the precession and pealing angle to reach the
desired trajectory for 20 < ¢ <65 s. b) Stabilizing torque given by Eq (55) and leaning
torque deduced from the second equation of (64) assuming Aq = 10" rad and og =1
rad/s.

Figure 15. a) Terms Fy and F, deduced from Eqs (74), which are plotted for 20 < ¢ <65
s (the astroid curve is tracked) and for t > 65 s (the set point (0,0) is reached). b)
Torques Mqr and Myr (wWhich give raise to F, and Fy) around the leaning angle and the
precession angle deduced from Eqgs (82), which are plotted for 20 < ¢ <65 s (the astroid
curve is tracked) and for t > 65 s (the set point (0,0) is reached).

Figure 16. a) Angular velocity of the wheel as a function of the time. The astroid curve
is tracked for 20 < ¢ < 65 s whereas the set point is reached for t > 65 s. b) Reaction
forces at the contact point between the wheel and the supporting plane plotted against
time, which are approximately zero when the set point is reached (for t > 65 s). ¢)
Nonholonomic constraints plotted against time. This conditions are very small for 20 <
t <65 s when the astroid curve is tracked, whereas they are not exactly equal to zero for
t > 65 s due to the application of the stabilization torque.
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