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ABSTRACT. We show that the mean curvature flow of generic closed surfaces in R®
avoids asymptotically conical and non-spherical compact singularities. We also show
that the mean curvature flow of generic closed low-entropy hypersurfaces in R? is
smooth until it disappears in a round point. The main technical ingredient is a long-
time existence and uniqueness result for ancient mean curvature flows that lie on one
side of asymptotically conical or compact shrinking solitons.

CONTENTS

Introduction

Preliminaries

Linearized rescaled flow equation

Dynamics of smooth ancient rescaled flows

Uniqueness of smooth one-sided ancient rescaled flows

A family of smooth ancient rescaled flows

Existence of a smooth ancient shrinker mean convex flow

Long-time regularity of the flow

Uniqueness and regularity of one-sided ancient Brakke flows
Generic mean curvature flow of low entropy hypersurfaces
The first non-generic time for flows in R?

Appendix A. Geometry of asymptotically conical shrinkers
Appendix B. Non-standard Schauder estimates

Appendix C. Ilmanen’s localized avoidance principle
Appendix D. The Ecker-Huisken maximum principle
Appendix E.  Weak set flows of cones

Appendix F. Brakke flows with small singular set
Appendix G. Localized topological monotonicity
References

HEREREEEREEEBEREEER ==


http://arxiv.org/abs/2003.14344v1

2 OTIS CHODOSH, KYEONGSU CHOI, CHRISTOS MANTOULIDIS, AND FELIX SCHULZE

1. INTRODUCTION

1.1. Overview of results. Mean curvature flow is the analog of the heat equation in
extrinsic differential geometry. A family of surfaces M (t) C R? flows by mean curvature
flow if

(1.1) (2x)" = H (%),

where Hj; ;) (x) denotes the mean curvature vector of the surface M (t) at x. Unlike
the traditional heat equation, mean curvature flow is nonlinear. As a result, the mean
curvature flow starting at a closed surface M C R? is guaranteed to become singular
in finite time. There are numerous possible singularities and, in general, they can lead
to a breakdown of (partial) regularity and of well-posedness. A fundamental problem,
then, is to understand singularities as they arise.

A common theme in PDEs arising in geometry and physics is that a generic solution
exhibits better regularity or well-posedness behavior than the worst-case scenario. This
aspect of the theory of mean curvature flow has been guided by the following well-known

conjecture of Huisken [[Im95al, #8|:

A generic mean curvature flow has only spherical and cylindrical singu-
larities.

The implications of this conjecture on the partial regularity and well-posedness of
mean curvature flow is an important field of research in itself. See Section for the
state of the art on the precise understanding of the effects of spherical and cylindrical
singularities on the partial regularity and well-posedness of mean curvature flow.

The most decisive step toward Huisken’s conjecture was taken in the trailblazing
work of Colding—Minicozzi [CM12al, who proved that spheres and cylinders are the only
linearly stable singularity models for mean curvature flow. In particular, all remaining
singularity models are linearly unstable and ought to occur only non-generically. See
Section [[3] for more discussion.

In this paper we introduce a new idea and take a second step toward the genericity
conjecture and confirm that a large class of unstable singularity models are, in fact,
avoidable by a slight perturbation of the initial data. Roughly stated, we prove:

The mean curvature flow of a generic closed embedded surface in R3
encounters only spherical and cylindrical singularities until the first time
it encounters a singularity (a) with multiplicity > 2, or (b) that has a
cylindrical end but which is not globally a cylinder.

Cases (a) and (b) are conjectured to not occur (see the nonsqueezing conjecture and
the no cylinder conjecture in [[Im03]). This would yield Huisken’s conjecture in full.
Using a similar method, we also prove a related statement for hypersurfaces in R*:

The mean curvature flow starting from a generic hypersurface M C R*
with low entropy remains smooth until it dissapears in a round point.

In particular, this gives a direct proof of the low-entropy Schoenflies conjecture (recently
announced by Bernstein-Wang).

Our genericity results relies on keeping simultaneous track of flows coming out of
a family of auxiliary initial surfaces on either side of M. The key ingredient is the



MEAN CURVATURE FLOW WITH GENERIC INITIAL DATA 3

following new classification result of ancient solutions to mean curvature flow that lie
on one side of an asymptotically conical or compact singularity model:

For any smooth asymptotically conical or compact self-shrinker 3, there
is a unique ancient mean curvature flow lying on one side of v/—t% for
all t < 0. The flow exhibits only multiplicity-one spherical or cylindrical
singularities.

See Section [I[4] for more detailed statements of our results, and Section for a dis-
cussion of the method and the technical ingredient.

1.2. Singularities in mean curvature flow. Thanks to Huisken’s monotonicity for-
mula, if X is a space-time singular point of a mean curvature flow M, it is possible to
perform a parabolic rescaling around X and take a subsequential (weak) limit to find a
tangent flow M’ [Hui90, Im95b]. A tangent flow is always self-similar in the sense that
it only flows by homotheties. If the t = —1 slice of the flow is a smooth hypersurface
3., then . satisfies
H+ixt =0,

where H is the mean curvature vector of ¥ and x* is the normal component of x. In
this case, we call ¥ a self-shrinker. The tangent-flow M’ at a time t < 0 is then \/—t 3,
though possibly with multiplicity.

The simplest shrinkers are the generalized cylinders: R*~* x Sk (\/ﬂ), k=0,...,n.
However, there are known to be many more examples: [KKM18| Ket16].
See also the earlier numerical work [ACI95, [Cho94l TIm95a].

In general, non-cylindrical singularities (in the sense of generalized cylinders) can
cause a breakdown in partial regularity or well-posedness of the flow (cf. [ACI95,
Mm95al Whi02]). It has thus been desirable to find situations where only cylindri-
cal singularities arise and to use this information to analyze the partial regularity
and well-posedness of the flow. To that end, Huisken classified generalized cylinders
as the only self-shrinkers with positive mean curvature [Hui90, Hui93] (and bounded
curvature, cf. [Whi03|, [CM16]). This has led to a strong understanding of mean cur-
vature flow in the mean convex case thanks to Huisken—Sinestrari [HS99bl [HS99al,

[ES09], White [Whi00, Whi03, Whil5], Brendle and Brendle-Huisken BHI6],
Haslhofer—Kleiner [HHK17al [HKI7b], Angenent-Daskalopoulos—Sesum [ADST9,[ADSIS],
and Brendle-Choi [BCT9, BC1S].

The next level of difficulty is to understand flows of surfaces in R? that needn’t be
globally mean convex, but which happen to only experience multiplicity-one cylindrical
singularities. There have been major recent advances on this topic. Colding—Minicozzi
[CM16] proved (using their earlier work [CM15], cf. [CIM15]) that mean curvature flows
in R? having only multiplicity-one cylindrical tangent flows are completely smooth at
almost every time and any connected component of the singular set is contained in
a time-slice. More recently, Choi-Haslhofer—Hershkovits showed [CHHIS| (see also
[CHHW19]) that there is a (space-time) mean-convex neighborhood of any cylindrical
singularity. In particular, combined with [HWT17], this settles the well-posedness of a
mean curvature flow in R? with only multiplicity-one cylindrical tangent flows.

For flows of general surfaces in R?, which may run into arbitrary singularities, our
understanding of mean curvature flow near a singular point is quite limited at present.
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The most fundamental issue is the potential for higher multiplicity to arise when taking
rescaled limits around a singular point. Nonetheless, some important information is
available about the tangent flows at the first singular time due to important results of
Brendle [Brel6] classifying genus zero shrinkers in R and of Wang [Wan16] showing
that a smooth finite genus shrinker in R? has ends that are smoothly asymptotically
conical or cylindrical. Besides the issue of multiplicity, another problem is the huge
number of potential shrinkers that could occur as tangent flows, greatly complicat-
ing the analysis of the flow near such a singular point. (This issue presumably gets
considerably worse for hypersurfaces in R"*+1.)

1.3. Entropy and stability of shrinkers. Huisken has conjectured [[Im95al #8]
that cylinders and spheres are the only shrinkers that arise in a generic (embedded)
mean curvature flow. This conjecture provides a promising way of avoiding the latter
problem mentioned above.

Huisken’s conjecture was reinforced by the numerical observation that non-cylindrical
self-shrinkers are highly unstable. This instability was rigorously formulated and proven
in the foundational work of Colding—Minicozzi [CM12a]. They defined the entropy

A(M) := sup / (4W)_%6_ﬁ‘x_xo|2
xo€R3 J M
>0
and observed that t — A(M;) is non-increasing along any mean curvature flow, by
virtue of Huisken’s monotonicity formula. Moreover, they proved that any smooth self-
shrinker with polynomial area growth, other than generalized cylinders (i.e., R* ™% x
Sk(\/%) with k = 0,...,n), can be smoothly perturbed to have strictly smaller entropy.
This result has been used fundamentally in [CIMWI3| BW16] (cf. [HWI9]), though
we will not need to make explicit use of it in this paper.

There have been many important applications of Colding—Minicozzi’s classification
of entropy-stable shrinkers. First, they showed their result can be used to define a piece-
wise mean curvature flow that avoids non-spherical compact self-shrinkers. This idea
has been used to classify low-entropy shrinkers, beginning with the work of Colding—
Ilmanen—Minicozzi-White [CIMWT13] who showed that the round sphere S® C R"! has
the least entropy among all non-planar self-shrinkers. Subsequently, Bernstein—Wang
extended this to show that the round sphere has least entropy among all closed hyper-
surfaces [BW16] (see also [Zhu20]) and that the cylinder R x S? has second least entropy
among non-planar self-shrinkers in R? [BWI8d]. Bernstein-Wang have recently used
these classification results, along with a surgery procedure, to show that if M2 C R*
has A(M) < A(S? x R), then M is diffeomorphic to S3 (see also [BW1Ral).

1.4. Our perturbative statements. Let us describe our main perturbative results.
First, we have a low-entropy result in R*:

Theorem 1.1. Let M? C R* be any closed connected hypersurface with \(M) < \(S?).
There exist arbitrarily small C*® graphs M’ over M so that the mean curvature flow
starting from M’ is smooth until it disappears in a round point.
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We state and prove this ahead of our result for R® because its statement and proof
are simpler. The low-entropy assumption allows us to perturb away all unstable singu-
larities (in the sense of Colding—Minicozzi) and thus obtain a fully regular nearby flow.
In fact, Theorem [[.1]is a special case of Theorem [I0.1] which applies in all dimensions
under suitable conditions. See also Theorem [[0.7]and Corollary [[0.8]for results showing
that the above behavior is generic in a precise sense.

Theorem [L1] immediately implies the following low-entropy Schoenflies theorem,
recently announced by Bernstein-Wang (cf. [BWI9B, p. 4])[1

Corollary 1.2 (Bernstein-Wang [BW20]). If M3 C R* is a closed connected hyper-
surface with A\(M) < A\(S?), then M bounds a smoothly standard 4-ball and is smoothly
isotopic to a round S*

For generic mean curvature flow of embedded surfaces in R3, we show more:

Theorem 1.3. Let M? C R3 be a closed embedded surface. There exist arbitrarily
small C*° graphs M’ over M so that:

(1) the (weak) mean curvature flow of M’ has only multiplicity-one spherical and
cylindrical tangent flows until it goes extinct, or

(2) there is some T > 0 so that the previous statement holds for times t < T and
at time T there is a tangent flow of M’ that either
(a) has multiplicity > 2, or
(b) has a cylindrical end, but is not a cylinder.

Note two things:

e In the R? theorem, unlike in the low-entropy higher dimensional theorems, we
need to make use of a weak notion of mean curvature flow because we are placing
no entropy assumptions and are thus interested in flowing through spherical and
cylindrical singularities. See Theorem [II.1] for the precise statement, which
includes the notion of weak mean curvature flow that we make use of.

e Both of the potential tangent flows in case (2) are conjectured to not exist (see
the nonsqueezing conjecture and the no cylinder conjecture in [[Im03]).

There are two features of our work that distinguish it from previous related work:

e We only need to perturb the initial condition. See [CM12a] for a piecewise flow
construction that perturbs away compact singularity models (see also [SuniS]).
e We are able to perturb away (certain) non-compact singularity models.

1.5. Our perturbative method: ancient one-sided flows. For a fixed hypersur-
face My C R™! one has a weak mean curvature flow ¢t — My(t) starting at M.
Suppose that X = (x,T) is a singular point for ¢t — My(t). The usual method for

lwe emphasize that our proof of Theorem [[I] relies heavily on several of Bernstein-Wang’s earlier
works and as such our proof here of Corollary has several features in
common with their announced strategy. The key point here, however, is that our study of generic
flows in Theorem [[T] allows us to completely avoid the need for any surgery procedure or the refined
understanding of expanders obtained in [BW19a].

2The isotopy from M to the round S* follows from Theorem [T and the fact that M bounds a
smooth 4-ball is then a consequence of the Isoptopy Extension Theorem (cf. [Hir76, §8, Theorem 1.3]).
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analyzing the singularity structure at X is to study the tangent flows of ¢ — M(t) at
X, i.e., the (subsequential) limit of the flows

t = AM(Mo(T + N2t) — x) =: Mg\(t)

as A — 0o0. As discussed above, by Huisken’s monotonicity formula, for ¢ < 0, this will
weakly (subsequentially) converge to a shrinking flow ¢ — M’(t) associated to a (weak)
self-shrinker.

Our new approach to generic mean curvature flow is to embed the flow t — M(t)
in a family of flows by first considering a local foliation {M;} se(~1,1) and flowing the
entire foliation, simultaneously, by mean curvature flow ¢ — M(¢). The avoidance
principle for mean curvature flow implies that M(t) N My (t) = 0 for s # s’. The entire
foliation can be passed to the limit simultaneously, i.e., we can consider the flows

t = MM (T + N2t) — x) := M)(t)

and send A\ — oo.

If we choose s N\, 0 diligently as A — 0, then after passing to a subsequence, t —
M (t) will converge to a non-empty flow ¢ — M (t) that stays on one side of the original
tangent flow ¢ — M’(t) and which is ancient, i.e., it exists for all sufficiently negative
t. If we can prove that the one-sided ancient flow ¢ — M () has certain nice properties
(i.e., only cylindrical singularities), then we can exploit this to find a choice of s small
so that t — M,(t) is well behaved.

We proceed to give more details as to how we exploit this ancient one-sided flow,
t = M(t). Assume that the tangent flow to My(t) at X is smooth and has multiplicity
one, so M'(t) = /=t X for t < 0. Then, considering the rescaled flow 7 — eZ M(—e"),
we note that e2 M (—e7) lies strictly on one side of ¥ and
(1.2) Y= lim eZM(—e€")

T——00
(a priori, this could occur with multiplicity, but in practice one can rule this out by
upper semi-continuity of density). In the current work, we will deal with all ¥ that are:
(i) compact but not spheres, or (ii) non-compact with asymptotically (smoothly) conical
structure. These tangent flows encompass all the necessary ones for our aforementioned
theorem statements, by virtue of L. Wang’s [Wan16] characterization of the asymptotic
structure of non-compact singularity models.

Our definitive rigidity theorem of ancient one-sided flows is:

Theorem 1.4. Let X" C R™ be a smooth self-shrinker that is either compact or
asymptotically (smoothly) conical. Up to parabolic dilation around (0,0) € R"*! x R,
there exists a uniqud] ancient solution to mean curvature flow t — M (t) so that M(t)
is disjoint from /—tX and has entropy < 2F(X).

Remark. There has recently been an outburst of activity regarding the rigidity of an-
cient solutions to geometric flows. We mention here [BHS11l [Wan11l [DHS12, [DHS10
[HS15], [HH16! BC19, BC18, Brel8, [ABDS19, BDS20]. In the setting at

hand, Theorem [[4 was motivated from the recent work in [CM19] on the classification

3For technical reasons, the long-time aspect of the existence statement currently requires 2 < n < 6.
If one only cares about sufficiently negative times, existence and uniqueness hold true for all dimensions.
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of compact ancient solutions of gradient flows of elliptic functionals in Riemannian
manifolds. However, this is the first time that the one-sidedness condition has been
exploited so crucially, and geometrically, in the setting of ancient geometric flows. In
the elliptic setting, there have been interesting exploitations of one-sided foliations by
minimal surfaces; see, e.g., Hardt—Simon [HS85], Ilmanen—White [[W15], and Smale
[Smad3]. Our current parabolic setting, however, presents a number of complications
that come from the fact that the shrinkers 3 we are interested in are primarily noncom-
pact, which makes the analysis resemble what it might look like in the elliptic setting
for cones with singular links.

Remark. Neither of the hypothesis in Theorem [[.4] can be removed. There can be many
ancient flows that intersect v/—t Y and converge to ¥ as t — —oo after rescaling; see
Theorem [6.1l Also, for a > 0, the grim reaper in the slab R X (a,a + 7) is a nontrivial
example of an ancient flow that is disjoint from its tangent flow at —oo, 2[R x {0}].

Next, we show that M (t) encounters only generic singularities for as long as it exists.
We establish many properties of M (t) in Theorem [0 and some the important ones
are summarized here.

Theorem 1.5. Let t — M(t), ¥ C R"™! be as in Theorem[I.J] and 2 < n < 6. Then:
o The flow t — M(t) only has multiplicity-one, generalized cylindrical singulari-
ties: R"% x SF(V2k), k=1,...,n.
o Att =0, M(0) is smooth and star-shaped.
e If Y is noncompact, then t — M(t) exists for all t € R and

. 1 27
Jim 7 M(t)

s an outermost expander associated to the asymptotic cone of 3.

To prove Theorem [T, we show that the one-sided ancient flow ¢ ~ M (t) must
be shrinker mean conver; geometrically, this means that the rescaled flow moves in
one direction. This is where the one-sided property is crucially used. Indeed, we
show that the evolution of a one-sided flow is dominated by the first eigenfunction
of the linearization of Gaussian area along 3, which in turn yields shrinker mean
convexity due to the spectral instability of shrinkers discovered in [CMI12a]. Shrinker
mean convexity is preserved under the flow and can be used analogously to mean
convexity to establish regularity of the flow (cf. [Smo98| Whi00l, Whi03], [HW19)]).
We emphasize that our analysis of the flow M (t) in Theorem is influenced by the
work of Bernstein-Wang where they studied a (nearly ancient) flow on one
side of a asymptotically conical shrinker of low-entropy. Because we do not assume
that the flow has low-entropy (besides assuming the limit at —oo has multiplicity one),
we must allow for singularities (while in [BWI7b], the flow is a posteriori smooth). In
particular, this complicates the analysis of the flow near ¢t = 0 significantly.

1.6. Other results. We list several other new results we’ve obtained in this work that
might be of independent interest:

e For any smooth compact or asymptotically conical shrinker >, we construct
an I parameter family of smooth ancient mean curvature flows (where I is the



8 OTIS CHODOSH, KYEONGSU CHOI, CHRISTOS MANTOULIDIS, AND FELIX SCHULZE

index of ¥ as a critical point of Gaussian area, as defined in ([3.8])) that—after
rescaling—limit to ¥ as ¢t — —oo; see Theorem

e We show that the outermost flows of the level set flow of a regular cone are
smooth self-similarly expanding solutions. We also construct associated ex-
pander mean convex flows that converge to the given expander after rescaling;
see Theorem [R.211

e We include a proof of a localized version of the avoidance principle for weak set
flows due to Ilmanen; see Theorem This implies a strong version of the
Frankel property for shrinkers; see Corollary

e We improve known results concerning the connectivity of the regular set of a
unit-regular Brakke flow with sufficiently small singular set. See Corollary [E.5

e We localize the topological monotonicity of White [Whi95]. In particular, our
results should be relevant in the context of the strict genus reduction conjecture
of Tlmanen [[Im03, #13]. See Appendix[Gl and the proof of Proposition IT.41

1.7. Organization of the paper. In Section 2] we recall some conventions and def-
initions used in the paper. In Section [3] we analyze the linearized graphical mean
curvature flow equation over an asymptotically conical shrinker. We use this to study
the nonlinear problem in Section @l These results are applied in Section [B] to prove our
main analytic input, Corollary 5.2 the uniqueness of ancient one-sided graphical flows.

Section [6lcontains a construction of the full I-parameter family of ancient flows. This
is not used elsewhere, since we construct the one-sided flows by GMT methods allowing
us to flow through singularities. We begin this GMT construction in Section [l where
we construct an ancient one-sided Brakke/weak-set flow pair. In Section [§ we establish
optimal regularity of the ancient one-sided flow. We put everything together in Section
and give the full existence and uniqueness statement for the ancient one-sided flows.

We apply this construction to the study of the mean curvature flow of generic low
entropy hypersurfaces in Section [I0] and to the study of the first non-generic time of
the mean curvature flow of a generic surface in R? in Section [[1l

In Appendix [Al we improve some decay estimates for asymptotically conical ends of
shrinkers. In Appendix[Blwe recall Knerr’s non-standard parabolic Schauder estimates.
We prove Ilmanen’s localized avoidance principle in Appendix In Appendix [El we
study weak set flows coming out of cones. We show that Brakke flows with sufficiently
small singular set have connected regular part in Appendix [El Finally, in Appendix
we localize certain topological monotonicity results.
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2. PRELIMINARIES

In this section we collect some useful definitions, conventions, and useful ways to
recast mean curvature flow, which we will make use of in the sequel.

2.1. Spacetime. We will often consider the spacetime of our mean curvature flows,
R™*! x R, with its natural time-projection map t: R"*! x R — R:

t(x,t) :==1t.
For any subset E C R*"! x R we will denote

E(t):={x cR"™: (x,t) € E}.

2.2. The spacetime track of a classical flow. Let us fix a compact n-manifold M,
possibly with boundary. Suppose that f : M x [a,b] — R™"*! is a continuous map that
is smooth on M*° x (a,b] (where M° = M \ OM) and injective on each M x {t} for
t € [a,b]. Assume that t — f(M°,t) is flowing by mean curvature flow. Then, we call

M= {f(M,t) x {t}:t € [a,b]} CR"™ xR
a classical mean curvature flow and define the heat boundary of M by
OM := f(M,a) U f(OM,[a,]).

By the maximum principle, classical flows that intersect must intersect in a point that
belongs to either one of their heat boundaries (cf. [Whi95, Lemma 3.1]).

2.3. Weak set flows and level set flows. If I' ¢ R"™! x RT (where RT = [0, 00)
could be shifted as necessary) is a closed subset of spacetime, then M C R"*! x R is
a weak set flow (generated by I') if:

(1) M and I coincide at t = 0 and
(2) if M’ is a classical flow with OM’ disjoint from M and M’ disjoint from T,
then M’ is disjoint from M.

We will often consider the analogous definition with R™ replaced by R in which case
one should omit requirement (1).

There may be more than one weak set flow generated by a given I'. See [Whi95].
However, there is one weak set flow that contains all other weak set flows generated by
I'. It is called the level set flow (or biggest flow). For I' ¢ R""! x RT as above, we
define it inductively as follows. Set

Wy :={(x,0) : (x,0) €T}

and then let Wy, be the union of all classical flows M’ with M’ disjoint from T and
OM’ C Wy. We define the level set flow (or biggest flow) generated by I' as:

M= (R™"! x RY)\ (U W) € R™! x RY.

See [ES91] [Whil5] for further references for weak set flows and level set flow.
We will sometimes engage in a slight abuse of notation, referring to a weak set flow

(or a level set flow) generated by a closed subset 'y € R"*!, when we really mean that

it is generated by I'g x {0} (or a suitable time-translate) in the sense defined above.
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2.4. Integral Brakke flows. Another important notion of weak mean curvature flow
is a Brakke flow (cf. [Bra7hl [lm94]). We follow here the conventions used in [Whil9).

An (n-dimensional) integral Brakke flow in R"*! is a 1-parameter family of Radon
measures (4(t))wer over an interval I C R so that:

(1) For almost every ¢t € I, there exists an integral n-dimensional varifold V()
with u(t) = py () so that V(t) has locally bounded first variation and has mean
curvature H orthogonal to Tan(V (t),-) almost everywhere.

(2) For a bounded interval [t1,3] C I and any compact set K C Rt

/: /K(l + [H[?)dpu(t)dt < oo,

(3) If [t1,t2] € I and f € CH(R™! x [t1,t2]) has f > 0 then

/ F(-rt2) du(ts) — / Fty) dults) < / 2 / (“[HPf +H-Vf + 2 f) du(t) di

We will often write M for a Brakke flow (1(t))er, with the understanding that we'’re
referring to the family I 3 ¢ — p(t) of measures satisfying Brakke’s inequality.
A key fact that relates Brakke flows to weak set flows, which we will use implicitly

throughout the paper, is that the support of the spacetime track of a Brakke flow is a
weak set flow [[Im94, 10.5][

2.5. Density and Huisken’s monotonicity. For Xy := (xq, %) € R xR consider
the (backward) heat kernel based at (xg,t):

X — X 2
(2.1) pxo(x,t) = (4m(to — 1)) % exp <_ﬁ> ’

for x € R"*1, t < tg. For a Brakke flow M and r > 0 we set

(2.2) Om(Xo,r) = / px,(x,t0 — 7‘2) du(ty — r2).
xcRn+1

This is the density ratio at Xy at a fixed scale » > 0. Huisken’s monotonicity formula

[Hui90] (cf. [Im95b]) implies that

X—XO
t) dp( H-
/pXo(X (t /‘ o)

so in particular, we can define the density of M at Xy by

pxo (X, 1) dpu(t)

(2.3) @M(X()) = h{‘% @M(X(),T).

4The definition of Brakke flow used in [[Im94] is slightly different than the one given here, but it is
easy to see that the proof of 10.5] applies to our definition as well.
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2.6. Unit-regular and cyclic Brakke flows. An integral Brakke flow M = (u(t))ier
is said to be

o unit-reqular if M is smooth in some space-time neighborhood of any spacetime
point X for which O (X)) = 1;

e cyclic if, for a.e. t € I, ju(t) = py () for an integral varifold V() whose unique
associated rectifiable mod-2 flat chain [V (¢)] has 9[V (t)] = 0 (see [Whi09]).

Integral Brakke flows constructed by Ilmanen’s elliptic regularization approach
(see also [Whil9, Theorem 22|) are unit-reqular and cyclic. More generally, if M, are
unit-regular (resp. cyclic) integral Brakke flows with M; — M, then M is also unit-

regular (resp. cyclic) by [Whi05] (cf. [SW20, Theorem 4.2]; resp. [Whi09l Theorem

4.2]). Recall that a sequence of integral Brakke flows M; converges to an integral
Brakke flow M, denoted M; — M, if

(1) pi(t) — u(t) for each t, and

(2) for a.e. t, we can pass to a subsequence depending on ¢ so that V;(t) — V (¢) as

varifolds.

The motivation for this definition of convergence is that these are the conditions that
follow (after passing to a subsequence) if we have local mass bounds for M; and seek
to prove a compactness theorem (cf. [[Im94] §7]).

2.7. Shrinkers. A smooth hypersurface ¥ C R"*! is a self-shrinker if
(2.4) Hy + ixt =0

where Hy; is the mean curvature vector of ¥ and x* is the normal component of x.
We will always assume that 3 has empty boundary, unless specified otherwise. One
can easily check that (Z4)) is equivalent to any of the following properties:

e {+— y/—1 X is a mean curvature flow for ¢ < 0,

e Y is a minimal hypersurface for the metric e~ xI? grn+1, OF
e Y is a critical point of the F'-functional

F(2) = (4m)8 [ i

b
among compactly supported deformations, as well as translations and dilations.
See §3].
We will say that X is asymptotically conical there is a regular cone C (i.e., the cone
over a smooth submanifold of S) so that AX — C in C2(R™ 1\ {0}) as A\, 0.

Remark. By considering the ¢ * 0 limit (in the Brakke flow sense) of the flow ¢ —
V—tX, we see that limy\, A¥ is unique in the Hausdorff sense, so the asymptotic cone
of ¥ must be unique. Moreover, because we have assumed that the convergence is in
Cre, there is no potential higher multiplicity in the limit (see, e.g., [Wanl6l §5]).

2.8. Entropy and stability. Following [CM12a], one uses the backward heat kernel
P(xo,to) from [I)) to define the entropy of a Radon measure p on R+ by

(25) A i= s [ piegin)(x.0)
onRn+1
to>0
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Then, one can define the entropy of an arbitrary Brakke flow M = (u(t)):er by:
(2.6) A(M) = sup A(u(t)).

tel
Huisken’s monotonicity formula implies that ¢ — A(u(t)) is non-increasing.

3. LINEARIZED RESCALED FLOW EQUATION

Let X" C R"*! be a smooth properly immersed asymptotically conical shrinker [

3.1. Spectral theory in Gaussian L? space. We consider the following operator on
>

(3.1) Lu:= Asu— 3x-Vyu+ su+ |Ag*u.

This is the “stability” operator for the F-functional in Section 27 in the sense that
| _ Flaraphs(su) = [ ~u(zu).

for any compactly supported function u : ¥ — R, where p is the Gaussian weight

(3.2) p(x) = (4m) " Be X,

i.e., p:= p(o,0)(-, —1) in the notation of [ZI]). See [CMI2al Theorem 4.1]. This stability
operator, ([B.]), is only self-adjoint if we we work on Sobolev spaces weighted by p. We
thus define a weighted L? dot product for measurable functions u, v : ¥ — R:

(3.3) (u, vy = / (u, v)p dH"
2
This induces a metric || - |y and a Hilbert space
(3.4) L3(2) = {u: Y = R: |jullw < oo}

Likewise, we define the higher order weighted Sobolev spaces
(3.5) Hiy(2) i={u: S =R |Jullw + | Vsullw + ... + | VEullw < oo}
They are Hilbert spaces for the dot product

(3.6) (u, Ywg = (u, 0w + (Vsu, Vsohw + ... + (VEu, Vi),

whose induced norm is denoted || - ||y . It is with respect to these weighted measures
spaces that L is self-adjoint, i.e.,

(3.7) (Lu,v)yw = (u, Lv)w, Yu,v € Hi (2).

We have:

Lemma 3.1. There exist real numbers A\ < Ao < ... and a corresponding complete
L%,V—Orthonormal set w1, P2, ... % — R such that Lp; = —X\;; and lim; \; = oco.

Proof. This follows from the standard min-max construction of eigenvalues and eigen-
functions and the compactness of the inclusion H{j,($) C L*(X), in the spirit of the
Rellich-Kondrachov theorem, proven in [BWI7bl Proposition B.2]. O

5The analysis here also holds in the much simpler case of compact X.
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Since A\; — 00 as j — 00, there exist I, K € N such that
(38) M <...<)Af <0§)\]+1 =0=... :)‘I-i-K <)\I+K+l <...
For notational convenience, for any binary relation ~ € {=,#,<,>,<,>} we define
the spectral projector IL.,, : L%,V(E) — L%,V(E) given by:
(3.9) Mo for Y (feiwes

JiAjep

We wish to study solutions of the inhomogeneous linear PDE

(3.10) (Z-Lu=hon T xR_,

where R_ = (—o0, 0] in all that follows.
At a formal level, if u(-,7) € H,(-,7) and h(-,7) € L}, (X) for 7 € R_, then we can
use Lemma [B.I] and Hilbert space theory to decompose

(3.11) u(-, 1) =: ZUj(T)(,Dj, h(-,7) =: Z hi(T)e;,
j=1 Jj=1

where the uj, hj : R_ — R are expected (by virtue of (BI0)) to be solutions of
(3.12) u;(T) = —)\j’LLj(T) + hj(T).
Turning this formal argument into a rigorous one is standard:

Lemma 3.2 (Weighted L? estimate). Fiz § >0, 0 < § < min{6, —\;}. Suppose that

0 2

(3.13) / e 7l | < .
There exists a unique solution u (“strong in L*”) of BI0) such that
(3.14) Ip(u(-,0)) =0,

0 ) 2
(315) | e el + et )| dr < o
It is given by the series representation in (BII)) with coefficients:

0

(3.16) uj(1) == —/ (o) do, j=1,...,1,
(3.17) uj (1) = / N (o) do, j=T+1,1+2,...

Moreover, for every T € R_,

(318) et ) < € |

— 00

0 s 2 %
N, ol | do] .

where C' = C(0,8 , A1,...,A\1).

Proof. The proof is a straightforward computation and adaptation of Galerkin’s method
from linear parabolic PDE. One starts with “weak L?” solutions ([Eval0, §7.1.2, The-
orems 3, 4]) and upgrades them to strong ones ([Eval(l, §7.1.3, Theorem 5]). O
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3.2. Weighted Hélder space notation. Let Q C . For k € N, a € (0, 1), we will
use the following notation for the standard C* norm, C® seminorm, and C*® norm:

k
(3.19) £l = ngp IV,

i=0

1f(x) = f(y)]
320 a;Q = Sup ——
(320) St = o )
(3.21) £ lk0s0 = I f s + [VE flaso
Now let d € R. We define the weighted counterparts of the quantities above:
k
d S () —di i
(3.22) I1£11i6 3= 3 sup Fx) V5 ().
i=0*

xtyen T(X)o 47 (y)d—  dy(x,y)®

d d d—k
(3.24) 11D, o = ALY, + Ve AP,

Here, 7 is a function defined on ¥ as in [CST9] Section 2].
In any of the above, if we don’t indicate the domain 2 over which the norm is taken,

then it must be understood to be = 3.

3.3. Pointwise estimates. We fix p € (0, —A7) and a € (0, 1) throughout the section.
We revisit the inhomogeneous linear PDE

(3.25) (Z—-Lu=hon T xR_.

We will treat classical solutions of the PDE, i.e., ones that satisfy it pointwise. We use
implicitly throughout the fact that regularity on A yields improved regularity on u by
standard (local) parabolic Schauder theory.

Lemma 3.3 (Interior C*® estimate). Suppose u, h satisfy B28). If

(3.26) sup e 207 (-, 7|5 < oc,

TER_ ’
(3.27) MIo(u(-,0)) =0,
and

0 5 9 2
(3.29) | fe it miwe + Igut. )| dr < .
Then, for every 7 € R_ and compact K C R*H1,
(3.29) e Ju, )l amnx < C sup 25071 (-, ) |2,
oelR_

with C' = C(X, a, §p, K).
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Proof. Lemma applies with § € (&9, 20p) and &' = dp < min{d, —A;} by virtue of

B20), @20, B25), and gives
0
e u Dl < | [

— 00

1

[0 o)l | do ]

Apply the non-standard Schauder estimate in Corollary [B.2] of Appendix[Blon ¥ N K’,
where K’ is a compact set containing K in its interior. It shows that, for 7 < 0:

[Ju(, T)||c2»a(me)

< (3,0, K) (el sty + sup [h(0) o e )

o€[r—1,7]

L 2 14
e hC0)lw | do]®+ sup [IhC0) oo )
o€[r—1,7]

< C’(E,a,éo,K)<e‘5°T[/0

—00

SoT O s (=1)\2 2 (=1)
< (8,080, K) (7] [ (e n(,0)|§V)2do)* + suphC,0)lI5L" )

—oo oe[r—1,7]

< C(8,0,00, K) (€97 sup e 97, 0) [0+ 2 sup e 20 (-, 0)]6)).

oeR_ oeR_
This gives (3.29). O
Lemma 3.4 (Global CY estimate). Suppose u, h are satisfy [B.25). If
(3.30) [l ) =0
and
(3.31) / 1(||u(',ff)||%v,2 +[15pul- o)) do < oo,
for all T € R_, then for all T € R_ and R > Ry(X):
1 1 0
(332 JuC )l < Csup [t o) l3ns,0 +IAC O 500
for C=C(%).
Proof. Fix 19 € R_. Following [CS19, Lemma 3.15], we consider ¢ := a|x| — § with
a=2 sup \h| + 2R sup ul,
(Z\Br(0))x(—00,70] (2NOBR(0))x (—00,70]
B =4 sup |h| + R71 sup [ul.
(Z\Br(0))x(—00,70] (2NOBR(0)) % (—00,70]
Note that, by definition,
and, if R > 2,
(3.34) ¢ >0on X\ Br(0).

Consider the function

f=u—pon (X\ Bg(0)) x (—oc0, 7).
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As in [CS19, Lemma 3.15], by construction:
(3.35) f<0on (XN9dBg(0)) x (—o0, 70],

(3.36) (& —L)f <0on (\ Br(0)) x (—o0, o]

for R sufficiently large. Multiply (336]) by fip, where f := max{f,0} and p is as in
[B2), and integrate over ¥\ Br(0). Using (8.7)), and differentiating under the integral

sign using (331)), (3:33)), and [Evalll, §5.9.2, Theorem 3| we have, for a.e. 7 < 7¢:
[ wsnleaw < [ GrielasPpan -k [ (2w
S\Br(0) S\Br(0) =\

r(O
<+ 0(3—2))/ PpdHr — 12 P2 pdH".
T\Br(0) T\Br(0)
Plugging into Ecker’s Sobolev inequality [Eck00] (cf. [CSI9, Proposition 3.9]) we get:
(3.37) (R?> —4n — 84+ O(R™?)) / fipdH" < —8L fipdH™.
T\Br(0) T\Br(0)

We take Ry > 2 large enough so that the above computation holds and R? —4n — 8 +
O(R™2) > 0 whenever R > Ry. By B.30), (.34,
lim fipdH™ =0.
T J\BR(0)
Because [Eval(l, §5.9.2, Theorem 3] shows absolute continuity of fZ\BR(O) f2pdH"

with respect to 7 < 79, integrating [B31) over (—oo, 79|, we find that fy = 0 on
¥\ Br(0) x (—o0,7p]. Therefore, f <0 on X x (—o0,79|. Thus, on ¥\ Br(0),

(-, o) < 2 sup |h| +2R7! sup .
(X\BRr(0))x(—00,70] (XN90BR(0))x (—o0,70]

Redoing this with —f in place of f implies ([8.32)). O
Lemma 3.5 (Global C*% estimate). Suppose u, h satisfy [3.25). Then,

1 1 ~1
(3.38) a7l < Csup [u, )57 +1RC. o) 5]

for all T € R_, with C = C (%, a).
Proof. 1t suffices to prove

1 1 -1
JuC, 0% < C sup [Jut DI + 1,75 ],

since the general claim will follow by translation in time.
Define the function ¥ : ¥ x (—00,0) — R"*! so that t + W(x,t) tracks the normal
movement in R™*! of x € ¥ by mean curvature:

%\P(X’ t) = HEt(\I’(Xv t))7

where ¥, := y/—t¥, and ¥(-,—1) = Id.
Let 79 € R_ be arbitrary. Set:

~

a(,7) == u(, 7+ 1), h(,7) = h(, T+ 10),
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o(-,t) = \/—_ta(ﬁ\y(-,t), —log(—1)).

Note that ¥(-,¢) makes sense for ¢t € (—oo0, —€™] D (—o0,—1]. As in [CS19, (3.3)], we
find that the transformed function v satisfies

(3.39) 29(x,t) = Ax,0(x,t) + |As, [*0(x, 1) +

as a function on ;.
We have, for R = R(X) sufficiently large and ¢t € [—e, —e™],

—~ ~ 1
(3.40) 15C, ) losanBan o) Ba©) < ClA( —log(—t)|I§".

Likewise,

h(A5¥(x,t), — log(—1))

(3.41) ”%tﬁ(%t\l’(':t):_log(_t))|’0,o¢;2tﬂ(B4R(0)\BR(O)) < Clh(-, —log(~t ))HOa ;
V=t Nt

with C' = C (%, o, R).
By Knerr’s Schauder estimates (Theorem [B] in Appendix [Bl) applied to balls of
unit size, and (340), (341), we find that for R = R(X) sufficiently large

100, —€™)l2,0,% 7o (B3 (0)\B2r (0))

<C swp |56 )lominn©nsa0)
te[~1,—em]

+ | AR (5P 1), — log(~t)) |’0,a;2m(B4R(O)\BR(O))}
<C sup |[al-—log(=0)§ + [A(, —log(=)) .|

te[—1,—e"0]
<€ sup [l + 1)

Undoing the renormalization for 0, we thus find

) (1) (1)
U <C su u(, 7 + Ao o
[[u(:, )H 20 ,Zm<B3 o ONB,, 70/2(0)> ! Ii [H (7o [12(-, 7)o, ]

Taking the supremum over all 79 € R_, we have
1 1 ~1
4 05y ) < € sp [l IS + 1 DL
Along with standard interior parabolic Schauder estimates, this yields (3.38). O

3.4. Nonlinear error term. In graphical coordinates over ¥, the rescaled mean cur-
vature flow is:

(3.42) %u =v[H — 1x. v],
where v is the geometric function

(3.43) vi= (1 +|(1d —uds)  (Vsu)?)
We can rewrite (3.42) as

(3.44) (Z - Lu=FE(u)on T x R_,

=
—~
A
S
]
~—
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where we take L to be precisely the operator from (B.I]) and
(3.45) E(u) :==v[H — 3x-v] — [Hy — $xx - vg] — Lu.
The nonlinear error term can be estimated as follows:

Lemma 3.6. There exists n = n(X) such that for u : ¥ — R with Hu”él) <'n, the
nonlinear error term E(u) from (B.45]) decomposes as

(3.46)  E(u)(x) = u(x)E1(x,u(x), Vsu(x), Viu(x))
+ Vyu(x) - Ey(x, u(x), Vsu(x), Viu(x)),
where Ey, B are smooth functions on the following domains:
Ei(x,-, ) : Rx TxX x Sym(TxX @ T X)) — R,
Eo(x,+, ) : R X T3X X Sym(TxX @ Ty X) — Tk X.

Moreover, we can estimate:
(347)  F(x)*TVLVIVEVAEL(X, 2,q, A)| < C(F(x) 7 2] + |a] + r(x)|A]),
(348) (%) VLVIVEVAE:(x, 2,4, A)| < C(F(x) " [z] + |a| + r(x)|A]),.
In the above, C = C(X), 7 is as in Section[32, and i, j, k, £ > 0.
Proof. Tt will be convenient to rewrite (3.45]) as

E(u) = [’L)H — Hs, — Asu — |A2|2u] —% [v(x V) —Xy vy + Xy - Vyu — u] .

=: EH (u) =: EXV(u)

By linearity, it suffices to check (3.48), (3.47), (B48) separately for £ (u), EXV (u).
Using [CS19, (C.4)], B (u) readily decomposes as
ER(u) = uEf (- u, Vyu, VEu) + Vsu - B (- u, Veu, Viu).

Estimates (3.47), B48) for B, Bl are a simple consequence of scaling; indeed, they

are the scale-invariant manifestation of the quadratic error nature of the linearization

of H on an asymptotically conical manifold where, crucially, |Ax| 4+ #|VgAx| < CF L.
Using [CS19, (C.2)], the term E*(u) can in fact be written as

o0
(3.49) EXY(u) = — Z ub AL (x5, Vsu),

k=1
where A’% denotes the k-time composition of Ay, with itself. Note that this is also of
the required form, ([3.40]), and in fact it can be viewed as both uET" or Vyu-E3". The
power series in ([3:49]) is absolutely convergent by [CS19, Lemma 2.7]. By the sharp
derivative estimate in Corollary of Appendix [Al the series in [349) can also be
differentiated and estimated termwise to yield B47) if we view it as wET", or (3:47)
if we view it as Vyu - EX". O]

Corollary 3.7. There exists n = n(X) such that for u: 3 — R with ||u||gl) <n:
(3.50) AE)| < CE ul + [Veul) (7 ul + [Vsul + 7 Viul),

(3.51) IE@)52" < Cllull 2 ull$2,
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and for u: ¥ — R also with ||ﬂ||§1) <n:

(3.52) 7|E(a) — E(u)] < CF 'ul + |Vsu| + 7| Viu| + 7 'al + |Vsa| + 7 Via))
(P a = ul + [Vs(@ — )| + 7| VE (@ - u)]),

_ —1 1 ()1 1
(3.53) 1BG@) ~ B@)ligs” < Clulls + @bl - ully.
Above, C = C(X), and B50), B52) are pointwise estimates on X.

Proof. Estimates (3.50), (3.51]) follow by applying ([3.46]) to decompose E(u) and (3.47),
B48) with i = j = k = ¢ = 0 to estimate the two terms in the decomposition.

Estimates (3.52), [353) follow by applying ([3.48) to decompose E(u), E(u), using
the fundamental theorem of calculus to expand

El('7 U, vzﬂv V%ﬂ) - El('v u, vE“v V%U), E2('7 U, VEZ_L, V%ﬂ) - E2('7 u, V2u7 V%U),

and then using B.47), (B48]) with i = 0, j+k+ ¢ = 1 to estimate the Taylor expansion
coming from the fundamental theorem of calculus. O

4. DYNAMICS OF SMOOTH ANCIENT RESCALED FLOWS
In what follows, we make extensive use of the L? projection notation from (3.9).

Lemma 4.1. Suppose u, h are such that

(4.1) (&~ Lu=h,

and that for some p € {A1,...,Ar} U{0}:

(42) lim T, e = 0.

Suppose that h satisfies, respectively for each binary relation >, =, <, that
(4.3) (s ) Mz ul, T)wl < 6(T)Jul, 7)llw [z ul 7)llw

for some function § : R_ — [0,0¢]. If &g is sufficiently small depending on X, then
(4.4) ML pu(, 7)lw < CO(r)[[M<pul, 7)|w, V7 € R,

and either

(4.5) M=pu(, 7)lw < CO(7) [Mepul-, 7)w, V7 € R,

or there exists 19 € R_ such that

(4.6) Myl T)llw < CO(r)[T=pul, 7)|lw, V7 < 7o,

Here, C = C(%,Cy).

Proof. Let p (resp. 1) be the largest (resp. smallest) eigenvalue of L below (resp.
above) p—if i = A1, the choice of p is irrelevant. Taking the dot product of (&.I]) with
eigenfunctions of L we find, by (@3]), that:

e, ) lw + pl e pul, 7)llw = =C8()ul,7)llw,
| I (, Dllw + pl ey, 1) llw | < CO(D) [l ) lw,
e I a7l + Bl (1)l < OO () [Jul, 7)llw,
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for C = C'(X). Note that we may multiply through with e#” and rewrite these as:
(4.7) g (T Mepu( ) llw) + (o = ) (T eyl 7) [w) = =CO(7) (e ||ul-7) w),

(4.8) |3 (T —u(, T)llw)l < CO(r) (e Jul- ) Iw),

(49) (T pul, ) lw) + (7= w) ("7 ITspul, 7)llw) < CO(7) (e ul, 7)llw);
By the Merle-Zaag ODE lemma (see [CM19, Lemma B.1}), applied to (&7), 3,

3), together with the a priori assumption (L2, it follows that if dy is sufficiently
small, then

s pul-, T)lw < Co(7) (e [Hepul-, 7)w), V7 € R,
and that either
T Hepul, T)llw < Co(r) (" [Hepul-, 7)w), V7 € R,
or there exists 79 € R_ such that
[ Hepul, T)w < CO(7) (e [H=pul-, 7)[[w), V7 < 7o
This is the required result after canceling out e#” from all sides. O

Corollary 4.2. Suppose u, h are such that (A1), @3] hold for all p € {A1,..., A1} U
{0} If

(4.10) d(1) < Cosup||u(-,0)|lw, Vr € R_,
o<t

and
(4.11) imu(,7)llw = 0,
then either w = 0 or there exists p € {A1,...,Ar} U{0} and 70 € R_ such that
(4.12) Mz Tllw < CO(r)[H=pul, 7)llw, V7 < 70,
for C =C(X2,Cy), and, if p < 0, then
(4.13) 0< liginf et lu(-, 7)||w < limsup e’ ||u(-, 7)|lw < oo.

T T——00

If K =0 (recall, K = dimker L in L¥,(X)), then p # 0.

Proof. Let p € {\1,...,Ar} U{0} be the smallest possible choice for which (£2]) holds
true; note that this statement isn’t vacuous, since (I1]) guarantees ([A2]) at least for
u=0.

Claim. ([@35]) cannot hold.

Proof of claim. Note that if (Z3) held, then p # ;. If p is the largest eigenvalue
smaller than p, by @1), [@3), [@4), and (I), if it did hold, we would have that

dr IMeyu e m)llw + plgu(, m)llw > =CO(n)|[Tepul, 7)|lw-

Arguing as in [CM19, Claim 4.5], which requires the knowledge that §(7) is bounded
per ([@I0)), it would follow that

Mepu(, 7w < C'e™27,
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at which point (£4)), (£5) guarantee that
I u(, Dllw = ITspu(, 7w < CO(r)[Mayul, 7)llw < Ce™,
violating the minimal nature of p. Thus, (@A) cannot hold. O

So, (6] must hold. Together, (£4]), (@A) give (ZI12]). If x = 0, there is nothing left
to prove; the result follows. Otherwise, we simply note that (1)), (£3), ([@4), (£.0)
give:

(4.14) | M, )l + pl Ty T)llw| < C8(r)[Mepul, )|lw
Arguing as in [CMI9] Claim 4.5] again, with g in place of A;, gives the rightmost

inequality of (@I3]), and the leftmost inequality is obtained by instead using the two-
sided nature of the bound in (ZI4]). O

The following lemma verifies that assumptions (4.3), (£I10) are met for ancient
rescaled mean curvature flows that stay sufficiently close to ¥ in the suitable scale-
invariant sense:

Lemma 4.3. Ifu:YX x R_ — R is such that (3.44]) and

(4.15) lim_{[Ju(-,m)[§" =0,
T——00

then the choice

(4.16) 5(7) = sup |[u(-,0)|1$")

satisfies (A3) with h = E(u), and @I0).

Proof. First let’s show that §(7) satisfies ([@3]) with h = E(u). We use Lemma [B.@I's
decomposition, [340). By virtue of [3.47) and (£IG]), we only need to check that
(4.17)

<V2u('7 T) ’ E2('7 u, Vau, V%u)7 HEHU(W T)>W < 05(7—)Hu(7 T)HW ||H%uu(v T)HW

We deal with the cases <, = differently than >.
We can deal with < and = at the same time, and we use the symbol < to denote
either of these binary relations. From the asymptotics of ([B.8]), one easily sees that:

(4.18) IVI<yu(, T)lw < Cllzyul, 7)llw,

where C' depends on 3, p. In particular, (£I8]) implies ([@I7) for < after integrating
by parts and using [B48) with i +j7+k+¢ < 1.
We now deal with the binary relation >. Since

u(-,7) = H>uu(-, T) + H=uu(" T) + H<uu(-, 7),
we can rewrite the left hand side of (4I7) as
(Vyu(-,7) - Eo(-,u, Vyu, V%u),l‘[>“u(-,7')>w
= (V2H>Hu(-,7) Ea (-, u, Vsu, V%u),H>uu(-,7’)>W
+ (VeI u(-, 7) - Eo(-,u, Vyu, V%u),ﬂ>uu(-,7)>w
+ (Vsllcyu(-, 7) - Eo(-,u, Vyu, V%u),ﬂ>uu(-,7)>w



22 OTIS CHODOSH, KYEONGSU CHOI, CHRISTOS MANTOULIDIS, AND FELIX SCHULZE

= %<E2(7 u, VZUa v%”)? VE(H>MU('7 T))2>W
+ (VeI ju(-, 7) - Ea(, u, Vyu, V%u),ﬂ>uu(-,7)>w
+ (Vellcu(-,7) - Ea(, u, Vau, V%u),ﬂ>uu(-,7)>w.

The second and third terms we estimate via (£.I8]) and then ||II<,u(-, 7)[lw < [Ju(-, 7)|lw
and (3.48]) with i + j + k + ¢ = 0. The first term we estimate by integrating by parts
and then using |[IIs,u(-, 7)[lw < |lu(-,7)||lw and B48) with i+ j +k + ¢ = 1. This
completes our proof of (AI7) and thus (£3) with h = E(u).

Now we check that 0(7) satisfies (£I0)). Fix R > 0. By Lemma B3] then Lemma
B4l and then Corollary B.7t

Ju(, 1) IE% < Csup [fut )16 + 1B, o). |

OST

< Csup [lu( 0)lloao) + 1B @) I5 ]

o<t

< Csup [[lut, 0)llopao) + 9@l )52

o<t
In particular, since §(-) = o(1) by (&1]), we deduce

(1)

6(7) = sup [, )52 < Csup (- 0) | o

o<t
In the compact set ¥ N Br(0), we can thus control the C° norm of u(-,o) by the
L%(3 N Bag(0) x [0 —1,0]) norm of u, which is dominated by the L}, (X) norm. Thus,
d(7) satisfies (£10), completing the proof. O

5. UNIQUENESS OF SMOOTH ONE-SIDED ANCIENT RESCALED FLOWS

In this section, we characterize smooth ancient flows lying on one side of an asymp-
totically conical shrinker 3, with Gaussian density no larger than twice that of the
entropy of 2.

Lemma 5.1 (One-sided decay). Let (S(7))r<o be an ancient rescaled mean curvature
flow lying on one side of ¥ and such that, for T < 0, we can write S(7) := graphy, u(-, 7),
u > 0, with

(5.1) lim fu(-, )5 = 0.

T——00

Then, either uw = 0, or there exists a nonzero constant cy € R such that:

(5.2) lim eMTII_y u(-,7) = ar¢1,
T——00
(5.3) lim sup M7 Ty, u(-, 7) — ate” o1 |y < oo.
T——00
(5.4) limsup M7 [[u(-, 7) = Ty, u(, 7)[w < oo,

T——00



MEAN CURVATURE FLOW WITH GENERIC INITIAL DATA 23

Proof. Lemma A3l and (5.0]) imply that Lemma [£1] Corollary are applicable with

5(7) = sup |u(-, o) 1S

Invoke Corollary If uw = 0, there is nothing left to prove. Let us suppose u % 0.
Claim. p = A\.
Proof of claim. Note that

0<u(,7)=IH_pu(-,7)+Hpu(-,7) = M=,u(-,7))- < [eyu(-, 7).
By .12),
(5.5) M=, 7)) llw < [Mgpul, 7)lw < CO(7)[H=pul, 7)llw, V7 < 70.
Denote h(™) = |, u(-,7)|; Tepu(-, 7). Since =\ < p < 0, it follows from the
Rellich—Kondrachov theorem on L%,V(E) that h(™) converges after passing to a subse-

quence to some p-eigenfunction h(=>°) with ||hA(=°°)|y; = 1. By (5.5) and the fact that
lim,_,_oo 8(7) = 0, it follows that h(~>°) > 0, and the claim follows from elementary

elliptic theory. O
In view of p = Ay, (£I13) implies
(5.6) lim sup eM75(7) < oo.
T——00
Thus,

”%H=>\1u('77—) + )‘1H=)\1u('77—)”W < C(S(T)”H=>\1u('77—)”w

can be integrated to yield the existence of a limit lim,_, o, M TI_y, u(-, 7), i.e., (52),
and by (56]) also gives (B.3]). Finally, we note that, (12 and (G.6]) imply

(57) Hu(aT) - HZ)\lu('7T)”W = HH>)\1U('77—)HW < C(S(T)”H=>\1u('77—)HW < C6_2)‘1T,
which implies (5.4]). O

Corollary 5.2 (One-sided uniqueness for graphical flows). Up to time translation,
there is at most one non-steady ancient rescaled mean curvature flow (S(7))r<o on one

side of 3 satisfying ([B.1).

Proof. We assume that u, o #Z 0 are two such solutions. It follows from Lemma [5.1]
that we can translate either u or @ in time so that

(5.8) lim eM7||(@ —u)(-,7)||lw = 0.

T——00

It will also be convenient to write 6(7), 5(7) for the quantities corresponding to (ZI6)
for u, u. By Lemmas B3] and B.1],

(5.9) S(T)+6(1) < Cre™7, T € R_

for a fixed ;. Finally, we introduce the notation
w:=u—u, EY := E(u) — E(u),

so that

(5.10) (L — L)yw=E".
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Using (3.46]) and the fundamental theorem of calculus,
EY = aEB (-, u,Va, V2a) + Vi - Eo(-, 4, Vi, Vi a)
—uFy(-,u, Vsu, Viu) — Vsu - Eo (-, u, Vsu, Vau)
= wF (-, u, Vsu, Viu)
+ Vyw - Ey(+,u, Vsu, VEu)
+ (B (-, u, Va, V) — By (- u, Vsu, Viu)|
+ Vst [Es(, @, Vi, Vi) — Eo(,u, Vsu, Viu)]
= w1 (-, u, Vsu, Vau)
+ Vyw - Es(+, u, Vyu, V%u)

+ /DE1 dt|w
+_/DE1 dt] - Vsw
+:/DAE1 dt]
+|v zﬂ/DE2

\Y
|
+ :Vzﬂ-/o DqEz(-")dt} - Vsw

- 1
(5.11) - Vgﬂ'/ DAE2(---)dt} -Viw
- 0

where, in all six instances, --- stands for (-, u + tw, Vyu + tVyw, V%u + tV%w). We
take the LI%V dot product of (BIT]) with w and integrate by parts so that, in every term,
we have at least two instances of w and Vyw. In particular, we will pick up derivatives
of DAE; and DAE,. Using Lemma 3.6, (5.10), and (B.9]), we find

(5.12) [w(-,7), BV (- T))w| < Coe™ T Jw(-,7)[[fy1, ™ € R,

for a fixed Cy. Here, || - ||w,1 is the norm induced from (3.6 with k& = 1.
We use (5.12) to derive two estimates on the evolution of [Jwl|3,. First, together with
(EI0) and (3], it implies
2
bkl Ry = Gl 7), Lt 7) + B ()
< M)y + Coe M w(, )l 7€ R,

which in turn implies
(5.13) L DIy) < CoeM [l P, T e R

Second, recalling the definition of L in (B), integrating by parts, and using (5.12]), it
follows that there exists a sufficiently negative 1y such that:

saEllwlfy = —IVswllfy + (w, (5 + |As)w + E*)w
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(5.14) < —3|Vswllfy + Csllwlfy, T < 7o,

with a fixed Cj.
We next compute the evolution of |Vyw|?,. To that end, we need a couple of
preliminary computations. By the Gauss equation,

(5.15) Rics(Vyw, Vsw) = Hx Ax(Vsw, Vsw) — A%(Vsw, Vsw).

From the definition of the second fundamental form and the shrinker equation, Hy, =

1
EX‘V,

(5.16)  Vx(x-Vsw) - Vyw = |Vsw|? — 2Hx As(Vsw, Vsw) + x - Vaw(Vsw, -).

In what follows, we recall the Gaussian density p, defined in (B.2]), which satisfies
Vp = —%px. An integration by parts, followed by the Bochner formula Ayz,Vyw =

VyAyw + Ricy(Vyw, ), (6I5), (BI0), implies:
/E(Agw — ix - Vyw)?pdH"
= /Z(Azw — 1x - Vyw) divs (pVsw) dH"
= — /Z Ve (Ayw — %x -Vyw) - VywpdH"
=— /E(AEng — Rics(Vyw, ) — 3Vx(x - Vyw)) - Vsw pdH"
=— /E(Angw — 1x V3w + A3 (Vsw, ) — $Vsw) - Vsw pdH"”
= /Z [ — divs(pViw) + (- A%(Vsw,-) + §Vsw)p] - VywdH"
(5.17) = /Z(|v22w|2 — A3(Vyw, Vyw) + 3| Vyw|?) pdH".

We can now estimate the evolution of |Vsw|/%. Using (5I0) and the definition of L
in BI):
s EIVswliy = (Vsw, Vs Zw)w
= —(Ayw — %x - Vyw, %wﬁv
= —(Ayw — %x -Vsw, Asw — %x - Vysw + |As|?w + %w + EY)Yw
= —||Asw — ix - Vsw| + (Vsw, Vs (|As[Pw + 1w))w
— (Aysw — %x -Vyw, E)w
= | Asw — Ix - Vswlfy + (3 + 452 Vswlfy + (Vow, wVs|As 2w
— (Ayw — 3x - Vyw, BV ).
We claim that this implies:

(5.18) 3aIVswllfy < Cullwllfyy, 7 < 7o,
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with fixed Cy, after possibly choosing a more negative 7. Indeed, in the immediately

preceding expression, we use Cauchy—Schwarz on the last term to absorb the Asw —

%x - Vyw into the first term. The remainder of the first term is used, via (B.I7), to

dominate all V&w terms in E*, which we computed in (EII); note that these terms

have small coefficients for sufficiently negative 7 by virtue of (5.9]). This yields (B.I8]).
Together, (B.14)), (5I8]) imply that there exist C5 > 1, Cg such that

(5.19) & (IVswliy + Csllwliy) < Collwlly, ™ < 7.

Integrating (5.19) from —oo to 7 and using the decay of w, we deduce:

T

(5.20) w(, )y < IVsw(, 7l + Csllw(, 1) < Cﬁ/ (-, s)IIFy ds, 7 < 7o.

— 0o
By (B8)), we may take 79 more negative yet so that
(5.21) lw(, DI}y < e™?47, 7 < 7.
Thus, by evaluating the integral in (5.20) using the crude estimate in (521]), we find
06 6—2)\17
2[A1]
with the same 7. Integrating (G.I3) from —oo to 7, and using (5.8) at —oo and (5.22),
we get the following improvement over (G.21)):
CyC5
2\ 2
with the same 7. Now we iterate. Using (5.20) again, with (5.23]) in place of (B.21):
CyC2

5.24 w(,7) |y < 6 =T
(5:24) a7 < 52

with the same 7p. Integrating (5.13)) from —oco to 7, and using (5.24) rather than (5.22]),
we get the following improvement over (5.23)):

C20C?
5.25 LR, < 226 anT

with the same 7. Repeating this k € N times altogether (we showed steps k = 1, 2),
we find

(5.22) ()l < , T < 7o,

6—3)\17'

(523) ”w(aT)H%/V < y T < 70,

7T§T07

77—§7—07

9 CyCE (2+k)A

. - 17

(5.26) -l < grarreEEe 2T T <

with the same 7. Fixing 7 < 79 and sending k — oo, (5.20) gives w(-,7) = 0. O

6. A FAMILY OF SMOOTH ANCIENT RESCALED FLOWS

In this section we construct an I-dimensional family (recall, I is as in ([B8)) of
smooth ancient rescaled mean curvature flows that flow out of the fixed asymptotically
conical shrinker ¥* € R™! as 7 — —oo. Using the tools at our disposal, this is a
straightforward adaptation of [CM19, Section 3]. For the convenience of the reader, we
emphasize that this section is not used elsewhere in the paper and may be skipped on
first read. It is purely of independent interest.
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Remark. The characterization of one-sided flows of Section [l will apply to the flows
constructed in this section. However, it is not immediately clear at this point of the
paper that we have existence of one-sided flows. If 3 were compact, this would be a
simple consequence of the methods in this section, but asymptotically conical shrinkers
present some challenges to the techniques used here. Rather than address those head
on, we defer the issue of constructing one-sided flows until Section [1l where it will be
dealt with using geometric measure theory. (It will be important later in the paper
that our one-sided flows be continued through singularities, so a smooth construction
wouldn’t suffice for our applications in any case.)

6.1. The nonlinear contraction. We continue to fix 6y € (0,—A7), a € (0,1). It will
be convenient to also consider the operator

I
(6.1) t_:a=(ay,...,ar) € RT Zaje_)‘ﬂcpj.
j=1

Theorem 6.1. There exists j19 = po(X, o, dg) such that, for every p > o, there exists
a corresponding € = (X, v, 0o, ) with the following property:

For any a € B.(0) C R! there exists a unique #(a) : ¥ x R_ — R so that the
hypersurfaces S(7) := graphy, . (a)(-, 7) satisfy the rescaled mean curvature flow

(6.2) %x = Hgr(x) + %XJ', Vx € S(71),
with the a priori decay
(6.3) sw ¢~ |( (@) — e (@) ()5 < wlaf

and the terminal condition l.o(-(a))(+,0) = t—(a)(-,0).
Proof. The geometric PDE (6.2) is equivalent to ([344]). Consider the affine space
“la] :={u: X xR = R:1l<(u(-,0)) = t-(a)(-,0), [[ulls < oo}

where

Y 1 -1
Jull i= sup e (-, IS A+ 1 IS

It is complete with respect to di(@,u) := ||t — ul|«. Note that Lemmas B.4] and
imply that ||c—(a)|« < Clal.

Let n > 0 be as in Corollary B7l For u € ¥[al, ||ull« < 7, let .#(u;a) be a solution
of
(6.4) (2~ D) (us0) = B(w)
with .7 (u; a@)(+,0) = ¢_(a)(+,0). Equivalently, we are solving

(£ - D)(F(wa) — 1_(a) = E(w), Teo(#(w5a) — ¢ (@))(0) = 0.

Existence is guaranteed by Lemma [B2] since the a priori decay of u implies quadratic
decay of E(u) by (B5])). Now Lemma B3 and ([B51]) imply:

(6.5) sup ™07 (ws @) = t-(@)) (s ) l2,0mnBr(0) < Cllull?:

Then, (350), (6.5), and Lemma [B4] imply, for 7 € R_:
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(6.6) ¢ 7| (usa) - i—(a))(- 7"

< Ce“SOT[ sup [E(w]+  sup  [F(u;a) —L—(a)l] < Clull?.
(2\Br (0)) % (—00,7] 9B (0)x (—o00,7]

Finally, (3.51)), (6.6) and Lemma B8 imply, for 7 € R_:

e\ (us @) = (@) (75t
< Ce™ sup |[[(# (wsa) — o (@) (o)l + [ E@), 05" | < Clu

Recalling also Knerr’s parabolic Schauder estimates (see Theorem [B.Ilin Appendix [B]),
this implies:

(6.7) 1 (w; @) = i (a)]l+ < Clul:-

Therefore, . (u; a) € €[a]. Note that solutions of (6.4]) are uniquely determined within
%¢'la] (e.g., due to Lemma [3:2). Thus, .7(-,a) is a well-defined map of small elements
of €[a] into €[a].

Likewise, for @ € €[a], ||a|/« <, we have

(7 — L) (@ a) - (u;a)) = E(u) — E(a), Nao(S (@ a) 7 (u;a))(-,0) = 0.

Therefore the discussion above applies with @ — u in place of u — ¢_(a) and Corollary

Bs B.52), (353) instead of (B:50), (B51]), and gives:

7| ( (@) — (s @) (-, T)|1S

_ 1 _ 1 — _ 1
< C sup 7 |lul, @)IS) + a(, ) IS2] - sup e — ull§)
ocR_ ocR_

ie.,
(6.8) 1 (3; @) = F(u; @)l < C([Jull« + lall)lla = ul«

Consider the subset X := {u € ¥la] : ||u —t_(a)|+ < pla|?}. There exists py =
1o(X, o, dg) such that, for all u > pug, there exists ¢ = (X, a, dp, p) such that a €
B-(0) C R! and v € X imply . (u;a) € X, by the triangle inequality and (6.7)). Thus,
(-;a) maps X into itself. By (6.8]), it is a contraction mapping. By the completeness
of X, there exists a unique fixed point of .(;a) in X, which we denote .#(a). Note
that, by construction, it satisfies ([6.3]) and II.o("(a)(-,0)) = t—(a)(-,0). It remains
to check that .7 (a) satisfies ([3.44])) smoothly. Indeed, E(.#(a)) is Holder continuous in
spacetime by Corollary B.7 and Theorem [B.Ilin Appendix [Bl and the result follows by
bootstrapping standard parabolic Schauder estimates to get smoothness on .%(a). O

Remark. Bourni-Langford—Mramor [BLM19] recently constructed, using different meth-
ods, ancient one-sided flows coming out the Angenent torus and its higher dimensional
analog. Note that Theorem confirms the existence conjectures in [BLMI9] §4].
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7. EXISTENCE OF A SMOOTH ANCIENT SHRINKER MEAN CONVEX FLOW

In this section, we construct a smooth ancient shrinker mean convex flow on one
side of an asymptotically conical shrinker ¥ C R™*!. It would be possible to prove
this more in the spirit of the previous section, but thanks to the uniqueness statement
from Corollary 5.2, we can construct such a flow by any method that is convenient.
As such, we use methods that will also apply to construct a (generalized) eternal flow
which is smooth for very negative times. We will do so by modifying techniques used
in to the present setting.

We fix a component 2 of R"T!\ ¥ and assume that the unit normal to ¥ points into
Q. Note that by Colding-Minicozzi’s classification of entropy stable shrinkers, [CM16,
Theorems 0.17 and 9.36], asymptotically conical shrinkers are entropy unstable and
thus the first eigenvalue of the L operator (see Lemma B.]) satisfies \; < —1.

Lemma 7.1 ([BWI17b, Propositions 4.1 and 4.2]). The first eigenvalue p := A1 of the
L operator (see Lemma [31]) satisfies \y < —1. The corresponding eigenfunction ¢q
can be taken to be positive. For any 5 > 0, it satisfies

(L4 )27 S () € (14 x )2
VEe()| S (1+[x])2 7%
Moreover, there is g = £0(X) > 0 so that for e € (0,£9), the normal graph of p1 is a
smooth surface 3. C . Denote Q. C Q by the open set with 0. = X.. The surface
Y. is strictly shrinker mean convex to the interior of Q). in the sense that

2Hs, +x-vs, > Ce(1 + |x|*)*
for C =C(%).

The following lemma is essentially [BW17bl Proposition 4.4]. Note that because ¥,
has uniformly bounded curvature (along with derivatives) the time interval for which
[EH9T] guarantees short-time existence is independent of € — 0.

Lemma 7.2. There is § = §(X) € (0,1) so that there is a smooth mean curvature flow
Ye(t) fort € [=1,—1+ 0] with X.(—1) = X.. The flow remains strictly shrinker mean
convex with the bound

2Hs, 1y + % - vs, ) = Ce(1+ [x|* + 2n(t + 1))~

We now begin the construction of an eternal weak flow that we will later prove to
have the desired properties. Fix R > 0 so that for all € € (0,9) and p > 1, ¥ and X,
intersect 0B,r transversely.

Proposition 7.3. There is a smooth hypersurface ¥. , that formed by smoothing the
corners of (X N Byr) U (0B,r NSY:) and then perturbing slightly so that:

® as p — 00, X , converges smoothly on compact sets to X,

e the level set flow of 3. , is non-fattening, and

o letting K. , denote the level set flow of the compact region bounded by 3. ,, there
is a unit-regular integral Brakke flow M , with initial condition M. ,(—1) =
H™| S, and so that supp M. , Nt~ 1((—1,00)) = K., Nt71((—1,00)).
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Proof. Let {2 ,}qe(—1,1) denote a foliation of smooth surfaces close to (X N Byr) U
(0Byr NS2) chosen so that as p — oo, each ¥ | converges smoothly on compact sets
to Xe. For all but countably many a, the level set flow of 32 p does not develop a space-
time interior (i.e., does not fatten); see [[lm94, 11.3]. Write I'? ,(t) := {x : u(x,t) = a}
for the corresponding level set flow. We can arrange (after re-labeling a and changing
u if necessary) that the level set flow of the pre-compact open set bounded by g, 1s
{z : u(z,t) > a}. On the other hand, for a.e. a € (—1,1), 12.11] guarantees
tha

(7.1) {u=a}ty = (0*{u>a})s,
where Z, = ZNt71((—1,00)). Assume that a = a(e, p) € (—1,1) is chosen so that
(1)) holds and the level set flow does not fatten.

Non-fattening guarantees that ¢ — H"|[0*{z : u(x,t) > a} is a unit-regular integral
Brakke flow M. , by 11.4] (cf. Theorem 3.10]). It remains to check the
condition concerning the support of both flows. Note that

(supp M. p)+ = U O{x :u(x,t) > a} x {t}

t>—1 N
= (0"{u > a})+
={u=a}4
= ({u = a})+
The second equality is proven as in 11.6(iii)], the third is (1)) and the final
equality follows from non-fattening of I'? ). This completes the proof. O

Note that we could have used the work of Evans—Spruck [ES95] instead of Ilmanen’s
approach in the previous proof.

Lemma 7.4. There is ro = r9(X) > 0 so that for r > 2, we can take p sufficiently

large depending on r to conclude that in the space-time region
(Br\ Byy2) % [-1,2],

we have that OK. , and M. , agree with the set flow and Brakke flow associated to the
same smooth mean curvature flow of hypersurfaces. Moreover, there is C' = C(X) > 0
independent of r so that this flow has second fundamental form bounds

x||A| + [x|2|VA| + [x[]3|V24] < C.

Proof. This follows from pseudolocality (cf. [[INSI9, Theorem 1.5]) and local curvature
estimates (cf. [Eck04, Proposition 3.21 and 3.22]) applied on large balls far out along
Y. See also [BW1T7bl Proposition 4.4]. O

We can now pass to a subsequential limit p; — oo to find a Brakke flow M. (resp.
weak set flow IC.) with initial conditions H™|X. (resp. K., the closed region above ¥.;
in other words, K. is the unique closed set with K. C Q and 0K, = X.).

6Note that in [[Im94], there is a typo in the definition of (-);; it is clear that the proof of [[Im94]
12.11] only considers points (¢, z) for ¢ strictly greater than the initial time.
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Lemma 7.5. We have 0K \ t7}(—1) C supp M. C K..

Proof. For X € 0K. \ t7}(—1), there is X; € 0K, \ t71(—1) = supp M., \ t71(-1)
with X; — X. The monotonicity formula thus guarantees that X € supp M,.. The
other claim follows directly from the fact that IC. is closed. O

Lemma 7.6. Take ro = ro(X) in Lemma larger if necessary. Then in the space-
time region
(Rn+1 \ BT’O) X [_17 1]7

both K. and M. are the same smooth mean curvature flow which we denote by X.(t),
and satisfy

x||A] + |x|2|VA| + |x|*|V?4] < C.
Finally, .(t) intersects the spheres OB, transversely, for all r > rg.

Note that the smooth flows from Lemmas and agree when they are both
defined, so naming this flow ¥.(¢) is not a serious abuse of notation.

Proof. The smoothness and curvature estimates follow by passing the curvature esti-
mates in Lemma [74] to the limit along a diagonal sequence r — oo. Since K. C
supp M. C K., we see that the smooth flows must agree. Finally, transverse intersec-
tion follows from Theorem 2.1] applied to balls far out along ¥, = ¥.(—1). O

Lemma 7.7. There is § = §(X) > 0 so that in the space-time region
(-1, -1+ 4]),
both 0K and M. agree with the smooth mean curvature flow X (t) from Lemma 72

Proof. Because Y. ,, are converging smoothly to ¥, on compact sets, pseudolocality
and interior estimates guarantee that for any r > 0, there is a uniform § > 0 so that
taking i sufficiently large, one component of

OK. p; N (Br x [-1,=1+4])

is a smooth mean curvature flow with uniformly bounded curvature (and similarly for
M;,,) fort € [-1,-1+4].
Small spherical barriers show that for ¢ large, no other component of

OKe p, 0 (By x [1, 1+ 8])

can intersect B, /5 X [—1,—1+ 4]. As such, sending i — oo, we can pass the curvature
estimates to the limit to find that KC. Nt~1([~1, —1 + §]) (and similarly for M.) are
both smooth mean curvature flows with uniformly bounded curvature that agree with

Y. at t = —1. The assertion thus follows from 0K, C supp M. C K. as before, or
alternatively from the uniqueness of smooth solutions to mean curvature flow with
bounded curvature, [CY07, Theorem 1.1]. O

We define the parabolic dilation map
Fr: R xR - R xR, Fi:(x,1) = (Ax, \*1).
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The following result is a consequence of Lemma and relates the analytic property
of shrinker mean convexity to the behavior of the flow under parabolic dilation. It is
convenient to define

(7.2) N i= ——

VAl
where § is as in Lemma Observe that Fy(X-(t) x {t}) = AZ.(t) x {)\%t}, so

AX.(—=A72) is the t = —1 slice of the parabolic rescaling (by A) of the space-time track
of the flow ¢t — X (¢).

Corollary 7.8. For A € (1,)\g) the surface \X.(—\"2) is contained in the interior of
Q.. Moreover, for any r > 0 large, there is ¢ = c(r,¥) > 0 so that

d(Z. N B, A (=23 N B,) > cs(A —1).

>1

for all A € (1, Xg).

Proof. By Lemma [L2 the family of hypersurfaces defined by A — AX.(—=A"?) has
normal speed given by
2(=A"%) Hy, (Cx2) +x vy a2y 2 Ce(L+ [x[ + 2n(1 = A7)~

This is strictly positive, which proves the first statement. Moreover, the speed is strictly
bounded below on B,., which proves the second statement. O

For A > 1, we define K2 := F\(K.) N t~1([~1,1]) and similarly for M2. Recall that
Ao has been defined in (ZZ). Note that K2 Nt71(—1) = AX(=A72) for A € [1, \o).
Below, we will write KC! (and similarly M}) (as opposed to. K. and M.), the difference
being that the time parameter has been restricted to —1 <t < 1.

Lemma 7.9. There is r1 = 71(3) > 7o so that for any X € (1,X\g), AZ(A7%¢) \ By,
can be written as the normal graph of a function f; defined on the end of X..(t) for all
t € [-1,1]. The function f; satisfies

[x[fel + x|V fol + %PV fi] < C,
where C'= C(X). Moreover,

(5 — Ds.w) fr=a- V.ol +bfi
where |a| + [b] < C = C(%).

Proof. This follows from the argument in Proposition 4.4]. Indeed, we first
observe that by taking r; sufficiently large, AX.(A~2t) and X.(¢) are locally graphs of
some functions u, u® over
Bn|z|(z) cT,C

for n = n(X) > 0 and |z| > r sufficiently large. Differentiating the mean curvature
flow equation as in Lemma 2.2] yields curvature estimates that prove that f;
exists and satisfies the asserted estimates. Finally, the fact that f; satisfies the given
equation follows by considering the quadratic error terms when linearizing the mean
curvature flow equation; a similar argument can be found in [Ses08, Lemma 2.5]. [

Proposition 7.10. The support of the Brakke flow supp M} is disjoint from the scaled
weak set flow K2, for all X € (1, o).
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Proof. We follow the proof of [BWI17bl Proposition 4.4], but use Ilmanen’s localized
avoidance principle in the compact part, due to the possible presence of singularities.
Fix A € (1, A9) and let T € [—1, 1] denote the first time the claim fails:

T = sup{7 : supp ML N K2 Nt~ ((~1,7)) = 0}.

By Lemmas [T 2 and [T7) T > —1 + §. Assume that 7' < 1.
Using Theorem (recall that, by 10.5] the support of a Brakke flow is a
weak set flow), we find that

supp./\/l; (T)N ICg\(T) N Bsrgry = 0.

Because M! and 0K. agree with the smooth flow Y. (¢) outside of B,, by Lemma [7.6]
there is n > 0 so thad]

Supp M;(t) N K?(t) N (B4>\07‘1 \ B2>\07‘1) = 0.

for t € [-1,T + n]. Now, observe that ¥.(¢) and AX.(A\~2t) are smooth flows with the
curvature estimates from Lemma and so that the second is graphical over the first
by Lemma (with appropriate curvature estimates). Moreover, at ¢ = —1, the two
surfaces are disjoint, so the graphical function is initially positive.

Now, the Ecker—Huisken maximum principle [EH89], specifically the version in Theo-
rem[D.J] (which applies because the graphical function satisfies the PDE given in Lemma
L), to conclude that the graphical function remains non-negative for ¢t € [—1,T + 7]
(over the flow ¥ (¢)N(R™ ™1\ B3y, ). Now, the strong maximum principle implies that
the graphical function is strictly positive in Y. (¢) N (R" 1\ Bsy,,, ) for t € [-1,T + 7).
Applying Theorem again, we conclude that

supp ML(t) N K2 (t) = 0.

for t € [-1,T + n]. This contradicts the choice of T
Finally, we can repeat the same argument to show that the flows cannot make contact
at ¢ = 1. This completes the proof. ]

Corollary 7.11. For A € (1, )g), OKL\ t71(—1) is disjoint from K2.
Proof. This follows from combining Proposition with Lemma O

Intuitively, this corollary proves that K2 lies inside of X! (since it has moved away
from its boundary). We make this intuition precise below. Write B for the interior of
a set B and B¢ for its complement.

Lemma 7.12. If A, B are closed subsets of a topological space with A connected and
OBNA=0, then either A C B° or AN B = (.

Proof. We have A = (AN B°)U(ANB°)U(ANJIB) for any sets A, B. O
Lemma 7.13. For each A € (1, ), K2\ 71 ({#1}) is connected.

"This is just the claim that two smooth flows that are initially disjoint remain disjoint for a short
time; this holds for flows with boundary moving in any arbitrary manner.
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Proof. We will prove that K. Nt~ 1((=A72,A72)) is connected for any A € (1, ). By
Lemma [7.6] we have that
Ko (E (A2 072) \ (R x By,)
is the space-time track of the region above ¥.(t). Hence, if K. Nt71((—=A72,172)) is
disconnected, then there is a connected component
R C By, x (=A% 072).

Note that RNt~ 1((—=A72,—=\;?)) = 0 by Lemma [T.7

Thus, the component R “appears from nowhere.” This easily leads to a contradiction.
Indeed, we have shown that there is a point (x,¢) € R with minimal ¢-coordinate and
because R is a closed connected component of K., there is r > 0 so that B, (x) x {t—72}

is disjoint from K.. This contradicts the avoidance property of K-.. O
Corollary 7.14. For all XA € (1, )g), K2\ 7 1({#£1}) c (Kl)°.
Proof. This follows by combining Corollary [Z.11] with Lemmas and [.13] O

Lemma 7.15. We have (0,0) & K. and for each t € [—1,0),
supp M (t) C v—t€,

where ) is the open set lying above 3.
Proof. This follows adapting of the argument Proposition 4.4] to the present

setting (using Theorem [C.3)); as we have already given similar arguments in the proof
of Proposition [.I10], we omit the details. O

We now rescale the flow as € — 0 to obtain an ancient solution. We consider F)(K.)
for € small and A large (the precise relationship to be quantified in (73] below) and
consider this a weak set flow with initial condition A\X. x {—\2}.

Lemma 7.16. For e > 0 fized, the space-time distance satisfies
lim d((0,0), Fy(K.)) = oc.
A—00

On the other hand, for A > 1 fized,
lim d((0,0), F\(K:)) = 0.
e—0

Proof. The first claim follows immediately from Lemma [Z.I5 To prove the second
claim, it suffices (by Lemma [T.5]) to show that

lim d((0,0), supp M.) = 0.
e—0

Choose a subsequential limit M of the flows M. as ¢ — 0. Note that M(—1) =
H™| X, since Y. converges locally smoothly to ¥. The monotonicity formula and unit
regularity property (cf. [Whi05]) of M implies that M is the multiplicity one Brakke
flow associated to a smooth flow for some interval t € [—1,—1 + n]. As in
Proposition 4.4] (following [Eck04]), this flow is a smooth graph over y/—t% and
has bounded curvature; thus the flow must agree with /—t% by e.g. [CY07] or [EHS9).
This can be iterated to show that

M(t) =H|V=t%
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for t < 0. This proves the claim. O

Now, choose g; — 0. It is clear that A — d((0,0), Fa(K.,)) is continuous. Thus, for
i sufficiently large, we can choose A; so that

Taking a subsequential limit as i — oo, we find a weak set flow K and Brakke flow M.
We summarize the basic properties of (M, K) in the following proposition.
Theorem 7.17. The flows M and K have the following properties:

(1) we have d((0,0),K) =1,

(2) the Brakke flow M has entropy A(M) < F(X),

(3) we have OK C suppM C K,

(4) for X > 1 we have F\(K) C K° and supp M N F\(K) =0,

(5) there is T > 0 large so that for t < =T, M(t) and OK(t) are the same smooth

flow in which we denote 3(t),

(6) the flow X (t) lies in /—tQ for all t < —T,

(7) the flow X(t) is strictly shrinker mean conver,

(8) \/%—tE(t) converges smoothly on compact sets to ¥ as t — —oo, and

(9) there is a continuous function R(t) so that, for any t € R,
MOLR™\ Brgy)) and 9K N0 (1(t) \ Bre)

are the same smooth, multiplicity-one, strictly shrinker mean convex flow, which
we will denote by X(t); moreover, there is C' > 0 so that the curvature of 3
satisfies [x[|Ax | < C.

Proof. Claim (1) follows by construction. Claim (2) follows from the fact that A($.) <
F(X) proven in Appendix C]. The claim (3) follows as in Lemma We
prove (4) below, but for now, we note that Corollary [[.I4] immediately implies that
Fr(K) C K for A € (1, \9). We will refer to this weaker property as (4’).

We now turn to (5). Consider M_.,, any tangent flow to M at t = —oco. We
know that M _, exists and is the shrinking Brakke flow associated to an F-stationary
varifold V_, thanks to the monotonicity formula and the entropy bound A(M) < F(X).
Lemma [Z15 implies that supp V_o, C Q. By the Frankel property for self-shrinkers (cf.
Theorem [C4)), it must hold that X Nsupp V_. # 0. By the strong maximum principle
for stationary varifolds [SW89 [Im96] (either result applies here because ¥ is smooth),
there must exist a component of supp V_., which is equal to . By the constancy
theorem (and Frankel property again) we find that V_,, = kH™ |3, for some integer
k > 1. By the entropy bound in (2), kK = 1. Thus, by Brakke’s theorem (c.f. [Whi05]),
there is T' > 0 large so that M(t) is the multiplicity one Brakke flow associated to a
smooth flow X(¢) (and \/%—tE(t) converges smoothly on compact sets to X as t — —o0).
Since K C supp M, we see that 9K(t) = X(t) as well. This completes the proof of
(5); note that we have proven (8) as well.

By Lemmall.T5] ¥(t) C /—£ . Since /—t X and X(¢) are both smooth (for t < —T),
they cannot touch unless () = y/—t X for all ¢ < —T. This cannot happen by an
argument along the lines of Lemma This proves (6).

8Note that the simpler statement A(X.) < F(Z) + o(1) as ¢ — 0 would suffice here.
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Now, we note that (4’) implies that X(¢) is weakly shrinker mean convex. By the
strong maximum principle (see [Smo98, Proposition 4] for the evolution equation for
the shrinker mean curvature), X(¢) is either a shrinker for all t < —T or strictly shrinker
mean convex. The first case cannot occur (by the argument used for (6)), proving (7).

By Lemma [T.I8] proven below, we know that for ¢ sufficiently negative, \/%—tz(t) is

an entire graph over ¥ of a function with small || - Hi(,,l) norm. From this, we can use
pseudolocality to prove (9) exactly as in [BWI17bl, Proposition 4.4(1)] (the exterior flow
M) |(R*1\ B R(t)) = %(t) is weakly shrinker mean convex by (4’) and thus strictly
so by the strong maximum principle).

Finally, we prove (4). Strict shrinker mean convexity of the exterior flow guarantees
that for A > 1, supp M and F,(K) are disjoint outside of a set D in space-time which
has D Nt~ !([a,b]) compact for any a < b. Thus, we may apply Ilmanen’s localized
avoidance principle, Theorem [C.3] to show that supp M and F)(K) are indeed disjoint.
Using (3) and (4’), this completes the proof of (4). O

The following lemma was used above, and we will also use it again when proving
uniqueness of ancient one-sided flows.

Lemma 7.18. Suppose that (S(7))-<o is an an ancient rescaled mean curvature flow
so that S(T) converges to ¥ smoothly with multiplicity one on compact sets as T — —o0.
Then, for T sufficiently negative, there is a function u(-,7) on ¥ so that S(T) is the
normal graph of u(-,7) over ¥ and so that

: . 1 _
im0 =0

Proof. This follows from an simplified version of the argument used in [CS19, Lemma
9.1]. Indeed,

STO (t) :== V=t S(m9 — log(—t))
iSA an ancient mean curvature flow for t < —e™. Moreover, as 79 — —oo the flows
(S (t))t<—emo converge smoothly on any compact subset of ((—oo,0] x R**1)\ {(0,0)}

to the shrinking flow {\/—tX}:<o (cf. the proof of Lemmal[l.T5)). This implies that there
is 7 sufficiently negative so that for 7o < 7 and t € [—1, —e™],

STo (t) N (B2r \ Br)
is the graph of some smooth function 1, defined on a subset of \/—t¥ and that

(7.4) sup gy (-, #)[lcs — 0
te[—1,—e™0]
as 79 — —oo. Below, we will always assume that 7y < 71.
We can rescale the above observation back to S(7) to find that

.

S(m)N {x crezl < x| < 27‘6%}

is the graph of some function (-, 7) defined on Q, (1) C X, as long as 79 € (—o0, 7).
For such 79, by varying 79 € (—o0, 7], we find that S(7) \ B, is the graph of some
function u(-, 7).
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Now, the C? estimate (Z.4) rescales as follows. We have

1 ~ TO—T
laC )0, . ry S Nitry (=€l es
for 79 € (—o0,7]. Let
Qp (1) := U Q7 (1) C 2.
T0E(—00,7]
Taking 7 smaller if necessary, we can assume that
¥\ Bar C Q. (7).
for 79 < 71. In particular, we find
(1) _ (1)
Ll R LI LSt e

Soosup e (—e™7T)]os
T0E€(—00,T]

< sup sup ||dr, (- 1)l os-
T0E€(—00,7] tE[—1,—€T0]
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For 7 sufficiently negative, u(-, 7) extends across the compact part of ¥ with C3-norm

tending to 0, so combined with the previous inequality and (Z4]), the result follows.

8. LONG-TIME REGULARITY OF THE FLOW

O

In this section, we analyze further the flow (M, K) from Theorem [[.I71 We must

separate our analysis into three time scales, t <0, ¢t =0, t > 0.

8.1. Regularity for ¢ < 0. Here, we show that White’s regularity theory [Whi00,

(Whi03] for mean-convex flows applies to the flow (M, K) for ¢ < 0.
We define the rescaled flow K (and analogously for M) by

K= U e3K(—e™T)

TE(—00,00)

for 7 € (—o0,00). It is easy to see that K is still a closed subset of space-time. Indeed,

it is the image of a closed set under the diffeomorphism

R :R"™ x (—00,0) = R"™ xR, R:(x,t) — ((—t)_%x, —log(—t)).

Let
(8.1) Tn R R SRR, Th:(x,t) = (x,t —h)
denote the time-translation map.
Lemma 8.1. For h > 0, we have
Th(K) € K° and supp M N T(K) = 0.

Proof. Note that Tj,(K) = R(F L (K)). Thus, (4) in Theorem [Z.I7]implies both claims.

Proposition 8.2. We have oK = SuppM.

O
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Proof. Suppose that (x,7) € supp M \ K C K°. Choose 7 > 0 so that B,(x) C K(7).
Lemma 8] implies that B,(z) is disjoint from supp M(r — h) for all A > 0 small.
For h sufficiently small, the rescaled level set flow B generated by B,(x) x {T — h}
has (x,7) € B°. On the other hand, supp M N B = () by the avoidance principle. In
particular, (x,7) ¢ supp M. This is a contradiction. O

Proposition B2 and [[lm94] 10.5] imply that 9K is a (rescaled) weak set flow.
Corollary 8.3. If (x,79) € reg M then there is > 0 so that
M(7)[ B, (x) = H"[(OK(7) N B, (x))
for € (1o —r?%, 70 +712), and K° N (B,(x) x (10 — 2,70 +12)) # 0.

Proof. By definition, there is 7 > 0 sufficiently small so that M(7)| B (x) = H"| M(7)
for M (1) a smooth rescaled mean curvature flow in B,(x). Thus,

OKN(B,(x)x (19—12, 19+12)) = supp MN(B,(x) x (ro—12, 79+72)) = U M(T)x{r}.
|7 —710|<r2

This proves the first statement. The second statement follows from Lemma and
Proposition O

Corollary 8.4. For 1y € R, we have (9K) N {r =1} = d(K N {r = 70}).
As such, we can (and will) unambiguously write dK (7o) for either of these sets.

Proof. 1t is clear that

(OK) N {r =79} D AK N {r =70}).
and that . R

OR)N{r =71} C (KN{T =m10}).
Consider now 3 3

ze OR)N{r=71n}n(Kn{r="1})°.

Considering a small shrinking ball from a slightly earlier time, as in the proof of Propo-
sition R2] we see that (z,7) € K°, a contradiction. O

Lemma 8.5. The sets {OK(7)}rer form a singular foliation of Q.
Proof. Note that the sets {0K(7)},er are disjoint by Lemma Bl Now, note that
lim 7,(K) = Q, lim 75,(K) = 0,
h——o00 h—o00
by Theorem [[.I7l As such, for x € Q, we can choose the maximal T € R so that

(z,T) € K. Assume that (z,T) € K°. By considering a small shrinking ball barrier as
in the proof of Proposition B2, we can contradict the choice of T'. O

Recall that the F-area of a measure p (with u(B,) < r* for some k > 0) is

F(u) = (4m) " / e~ dpu(a).

(cf. Section 27]) Set also F/(A) := F(H"|A) when it is defined. We have the following
proposition, which is a straightforward modification of the corresponding result in the
mean-convex case.
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Proposition 8.6 (cf. [Whi00, Theorems 3.5, 3.8, and 3.9]). Suppose that V is a locally
F-area minimizing hypersurface (intengal current) contained in Q0 with boundary in
K(1). Then V- C K(7). In particular, OK(T) has locally finite H™-measure and for any
By (x) C €, )
F(OR(r) N By(x)) < F(OB, ().

Finally, for BT(XN) C Q,if S is a slab of thickness 2er passing through x and OK(7) N
B, (x) C S then K(T)N (B (x)\S) consists of k = 0,1, or 2 of the connected components
of Br(x)\ S and

FOK(T) N By(x)) < (2 =k + 2ne + e(r))w,r"
where e(r) = o(1) as r — 0[]

At this point, we have no guarantee that the Brakke flow M has M(7) = H"|0K(7)
as in [Whi00, §5]. As such, we cannot immediately deduce regularity following [Whi00,
[Whi03]. Instead, we must use a continuity argument: consider the set in space-time

D:={X eR" xR: 0 (X) >2}.

By upper semi-continuity of density, it is clear that © is closed. Moreover, by (5) in
Theorem [.17] it is clear that the projection of ® onto the 7-axis is bounded from
below, and the projection on R"*!-factor is bounded. As such, if ® is non-empty, we
can choose an elelement X = (Z,7) € ® with smallest possible T-coordinate.

Lemma 8.7 (cf. [Whi00, Theorem 5.5]). If (M, K;) is a blow-up sequence limiting
to (M',K"), around points (x;,7;) with limsup, ,. 7; < 7 then supp M’ = 0K’ and
K} — oK.

Proof. As usual, we can show that K’ C supp M’ C K’. On the other hand, by [Whi97,
§9], almost every X € supp M’ has a tangent flow that is a static or quasi-static plane.
By definition of 7, these must be static and multiplicity-one (by unit regularity). Thus,
Corollary implies that there must be points in the complement of K’ that are
arbitrarily close to X, since (M;, K;) converges smoothly near X. This implies that a
dense subset of supp M’ is contained in AK’. This completes the proof. O

Lemma 8.8 ([Whi00, Theorem 7.2]). If (M’,K') is a static or quasi-static limit flow
at (z,7) with T < T, then M’ is a stable minimal hypersurface whose singular set has
Hausdorff dimension at most n— 7. In particular, a non-flat static or quasi-static limit
flow cannot exist when n < 7.

From now on, we assume that n < 7.

Corollary 8.9. We have (singM) N {r < 7} is of parabolic Hausdorff dimension
< n —1. Moreover, for each T < T, at time T, the singular set sing M(7) has spatial
Hausdorff dimension at most n — 1.

Proof. This follows from Lemma B8 and [Whi97, §9]. See also [Whi00, Theorem 1.3].
U

Corollary 8.10. For 7 <7, M(r) = H"|9K().

IWe emphasize that this last statement does not hold uniformly for all x.
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Proof. We claim that
M(1) < H"[supp M(7).

Indeed, bounded entropy implies that ./\;l (7)(Br(x)) < r". On the other hand, Corollary
implies that H"(supp M(7) \ sing M(7)) = 0. Thus, for H" a.e. x € supp M(7) =
OK(7), there is r > 0 so that supp M(7) N B,(x) is a smooth hypersurface and

M(T)| B, (x) = H"|supp M (7) N B,.(x).
Combining these two facts, the assertion follows. O

Proposition 8.11. The set ® is empty. Moreover, for any limit flow (./\;l',la), we
have that supp M’ = OK' and there is T < oo so that

(1) K'(t) is weakly convex for all t,

(2) K'(t) has interior points if and only if t < T,
(3) OK'(t) are smooth fort < T,

(4) M'(t) is smooth and multiplicity one for t < T,
(5) K'(t) is empty fort >T.

If (M’, l@’) is a tangent flow, then it is a multiplicity one generalized cylinder S** xRF.

Proof. By Lemma 8.1} Proposition 8.6l and Corollary B.I0, White’s regularity theory@
[Whi00, [Whi03] applies to the flow (M,K) for 7 < 7. Indeed, [Whi00, Corollary
8.5, Theorem 9.2, Theorem 12.3] imply that any static or quasi-static planar tangent
cone at time 7 < 7 has multiplicity one, and any static or quasi-static planar limit
flow of points with time < 7 has multiplicity one (this point uses n < 7). Then, as
in [Whi03, Theorem 10], any tangent flow at X (a point in ® with smallest possible
T-coordinate) must be a multiplicity-one generalized cylinder. However, this implies

that © (X) < 2. This is a contradiction, so we see that ® = (. Given this White’s
regularity theory applies to (M, I@) for all time, completing the proof. ]

We now summarize the above conclusions for the non-rescaled flow.

Corollary 8.12. The non-rescaled flows (M, K) have the following properties fort < 0
(1) M(t) = H"[9K(1),
(2) sing M N {t < 0} has parabolic Hausdorff dimension < n — 1 and for t < 0,
sing M(t) has spatial Hausdorff dimension <n — 1,
(8) any limit flow at X = (x,t) with t < 0 is weakly convex on the regular part and
all tangent flows are multiplicity one generalized cylinders, and
(4) any singular point has a (strict) mean-convex neighborhood.

Proof. Everything but the last claim is proven above (in the rescaled setting). The last
claim follows from the fact that all limit flows are convex so [HW17] applies. O

100bserve that when n < 7, does not require an a priori bound for the quantity G considered
in e.g. [Whi03l Theorem 4]. It seems likely that our arguments here could be extended to n > 7, but
some care would need to be taken when constructing the flows in Proposition See [Whil5l [HHIS]|
[EHIZT9| for techniques related to this issue.
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8.2. Regularity at t = 0. We now turn to regularity near time ¢t = 0.
For A, B C R™! x R, subsets of space-time, we write

drg(A,B) = inf o — Xpl?2 + (t, — tp)2
E( ’ ) (xa,ta)e,l%ll?(xb,tb)GB \/‘X Xb’ +( b)

for the Fuclidean distance between the two sets. We emphasize that this differs from
the usual parabolic distance between the sets. Note that the parabolic dilation map
Fy: R R — R x R generates the vector field

d

V= F = (x,2t) € T,R"™ & T,R.
D=2 € @1

We now consider the geometry of hypersurfaces in space-time swept out by a mean-
curvature flow.

Lemma 8.13. Consider a family of smooth hypersurfaces (a,b) — M(t) c R"*!
flowing by mean curvature flow. Set

me= J M) x{t}.
te(a,b)

Then, MM is a smooth hypersurface in spacetime R™1 x R with unit normaly at (x,1)
given by
Uiy + Harge) (%)

1+ Hppr(x)?
Moreover, the normal speed of A — F (M) at A =1 is
2tH ) + X - Varn)
1+ Hyp (x)?

Vogn —

(8.2)

Proof. The given unit vector is orthogonal to
TiopyMM =T, M(t) © spang (0; + Hpz)(x)).

This implies the expression for vgy. To prove (R.2]), we may compute

Vg = (x +2t0y) - ( M(t) +HM(t)( x)0) _ 2tHM(t) —l—X-VM(t)‘
«/1+HM(t \/1+HM(t)(x)2
This completes the proof. ]

Now, recall that by Theorem [TI7] there is a smooth flow () so that 0K(t) and
M(t) agree with 3(t) outside of By and on R"*! x (=00, —T'). Choose Ry sufficiently
large so that Ry > R(t) for t € [—4T,0] (we will take Ry larger in (83]) in Proposition
BI85 below). Then, define

S = U E®nBsg,) x{t}| U U =@ n(Bsr, \ Br,) x {t}
—AT<t<-2T —2T<t<0

Hyye emphasize that the unit normal is taken with respect to the Euclidean inner product on
spacetime R" "1 x R ~ R"*2,
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Lemma 8.14. There is ¢ = ¢(Ry, %), C(Ro, X) > 0 and \y = A1 (Rp,X) > 1 so that
¢(A— 1) < dp(6, Fr(8)) < C(A — 1)

for X e (1, \).

Proof. 1t suffices to show that

d

4| 4p(8. R (®)) € (0.50).
This follows from ([82) (and the compactness of &) since positivity of the shrinker
mean curvature of X(¢) was established as (7) and (9) in Theorem [T.17] O

Proposition 8.15. For r > 0 sufficiently large, there is ¢ = d(r,X) > 0 and \| =
N (r,X) so that

dp(OK N (B, x [—1,0]), FA(OK) N (B, x [-1,0])) > (A —1)
for A e (1, \)).
Proof. Given r > 0 large, we fix Ry by requiring that
(8.3) ARZ 4 60T > r?

and that Ry > R(t) for t € [-3T,0] (where R(t) is defined in Theorem [I.I7)). This
choice of Ry will allow us to use Theorem below. We fix ¢ = ¢(Ry, X) as in Lemma
and will choose ¢ < ¢ below.

For A — 1 > 0 sufficiently small, assume that

(8.4) dg(0K N (B, x [~1,0]), FA(9K) N (B, x [=1,0])) < g()\ —1)
(otherwise the assertion follows) and that the distance is achieved at
(x,t) € OK N (B, x [-1,0]), (x+2z,t+ ) € FA(OK) N (B, x [—1,0]).

In particular, [s| < §(A —1).
Recalling the translation map 7 defined in (81]), observe that, Lemma and
B4) imply that

de(Ts(FA(8)), 6) > dp(FA(6),6) — dp(Ts(FA(6)), Fa(6))
> dp(Fa(6),6) —|s|
> g(A —1).

Now, we consider the weak set flows T5(F)(9K)) and K and apply Theorem [C.3 with
a=-3T,b=1t, R= 2Ry, and v small to conclude that (here and below, the implied
constant in 2, < depend on r, ¥ but not on \)

|z| 2 di(Ts(FA(OK)),0K) = d—37(Ts(FA(9K)), OK),
where the distance d; is defined in (C2]). However, by Lemma E14]
d—s7(Ts(FA(9K)),0K) Z c(A = 1) — |s]
Putting these inequalities together, we find that
cA—1) < |z| + |s| = dg (0K N (B, x [-1,0]), FA(OK) N (B, x [-1,0])).
This completes the proof. O
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Corollary 8.16. For r > 0, there is s = s(r,X) > 0 with the following property.
Choose (x,t) € reg M N B, x [—=1,0] and fix a space-time neighborhood U of (x,t) so
that in U, M agrees with t — H"™|M(t), for a smooth mean curvature flow M(t).

Then,
26H pp () (%) + X - vag() (%) = 84/ 1+ Hygr) (x)?

Proof. Proposition implies that the speed of A + AM(A72t) at A = 1 has a
uniformly positive lower bound. Thus, the conclusion follows from (82]). O

Corollary 8.17. There is C = C(X) > 0 and 6 = §(X) € (—1,0) so that K(t) is
smooth with |Hai )| < C for t € (6,0).

Proof. By (9) in Theorem [T.17 it suffices to prove this for points in B, for some r > 0
sufficiently large. Fixing such an r, Corollary B.16] implies that there is s > 0 so that

26H py () (%) + X - V() (%) = 84/ 1+ Hppr) (%)?

for (x,t) € reg M N B, x [—1,0]. Solving for H, we find that |H| < C on reg M N (B, x
(—24,0) for some § € (—1,0) sufficiently small.

However, by (3) in Corollary B12] any X € sing M N {t < 0} has a multiplicity-one
generalized cylinder as a tangent flow. In particular, there are points X; € reg MN{t <
0} with X; — X and H(X;) — oo. This contradicts the mean curvature bound,
completing the proof. O

Corollary 8.18. We have that sing M(0) = (), M(0) = H"|9K(0) and X - vgi() > 0,

Proof. By Corollary B.IT, we know that for ¢ € (4,0) and x € 9K(t), |Hax (x)| < C.
Thus, by Corollary B.I6], we conclude that for r chosen as in the proof of Corollary B.I7],
taking § smaller if necessary, for ¢ € (0,0) we find that 9C(t) is strictly star-shaped in
B, i.e., there is ¢ > 0 so that

X VaK(t) = €
for x € OK(t)N B,. In particular, this implies that 0/C(t) is locally uniformly graphical.
Interior estimates [EH9I, Theorem 3.1] then imply that the flow OK(¢) remains smooth

and strictly star-shaped up to ¢ = 0 (outside of B,, the flow is automatically smooth
and strictly star-shaped by (7) and (9) in Theorem [.I7]). O

8.3. Regularity for ¢ > 0. Using sing M(0) = () and (9) from Theorem [T.I7], there is
some 0 > 0 so that M(t) = H"|0K(t) is smooth for ¢ € [0,0). We can now consider
the rescaled flow

K= U e"IK(eT),

TE(—00,00)

and M similarly defined, exactly as in the ¢ < 0 situation. The only difference is that
the flow is moving outwards rather than inwards:

Th(K) C K°

for h < 0 (cf. Lemma [BJ]). This does not seriously affect the arguments used above,
and we find that Corollary holds for ¢t > 0 as well.
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8.4. Long time asymptotics. We continue to use our notation from the ¢t > 0 regu-
larity section. Moreover, we denote with Cy; the asymptotic cone of the asymptotically
conical shrinker. We will also need to consider the integral unit-regular Brakke flows
t € [0,00) = pE(t) constructed in Theorem whose support agrees with the inner
and outer flow M*(t) of Cx. They can be used to prove:

Lemma 8.19. For all t > 0, OK(t) is disjoint from the level set flow of Csx.

Proof. Using that (u*(t));>0 is smooth with unit multiplicity outside of B ViR, (0) for
some Ry > 0, the Ecker-Huisken Maximum Principle (Theorem [D.]), and Ilmanen’s
localized avoidance principle (Theorem [C.3]), together with a continuity argument like
the one used in the proof of Theorem [I7] we find that 9K(t) is disjoint from M*(t)
for all ¢ > 0. This implies the claim. O

This allows to characterize the convergence of the rescaled flow for 7 — oco. We
assume that M (t) lies outside the outer flow M™(t) of the level set flow of Cy.

Theorem 8.20. The rescaled flow M(T) converges smoothly as T — oo to an expander
E, which is smoothly asymptotic to Csx. and minimizes the expander functional

(8.5) £(S) = /Se%le dH"

from the outside (relative to compact perturbations) and is thus smooth. Furthermore,
M*(t)=VtE
fort > 0.

Proof. Since 7 € (0,00) — M(7) is expander mean convex, and is smooth with uniform
control on all derivatives outside of Bp,(0), it follows from the arguments in [Whi00l
§11], that M(7) converges smoothly to an outward minimizing minimal surface F

in the expander metric g = ez’ grn+1. This yields the claimed regularity and the
smoothness of the convergence. Note that any blow down of the flow ¢ € [0, 00) > M(t)
lies inside the level set flow of Cy, so E has to be smoothly asymptotic to Cyx. By
Lemma B9 the flow t — v/tE has to agree with the outer flow of Cf.. O

8.5. The outermost flows of general hypercones. We consider, for n < 7, a
general embedded, smooth hypersurface I' C S™ and the regular hypercone C(I") C
R™*1 We show in this subsection that the previous arguments can be generalized to
characterize the outer and inner flows of the level set flow of C(I") as in Theorem 8201

Note that I' divides S™ into two open sets S*. We can construct smooth hypersur-
faces M* which are smooth radial graphs over S*, smoothly asymptotic to C(I') with
sufficiently fast decay such that x - v+ (with vy;+ the upwards unit normal) decaying
to zero at infinity along M*. Let (M* (t))tefo,r+) be the maximal smooth evolution of
M*. Note that by the maximum principle of Ecker-Huisken [EH89] together with the
strong maximum principle we have that

2tHMi(t) +Xx- VN*(t) >0
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along (M™*(t))e(0.7+)- We can thus repeat the arguments in Section to construct
expander mean convex flows (M (t));~0 such that the corresponding rescaled flows
converge to expanders, smoothly asymptotic to C'(I"). This implies

Theorem 8.21. The outermost flows of C(T') are given by expanding solutions t €
(0,00) VEET smoothly asymptotic to Cx,. The expanders E* minimize the expander
energy (B8] from the outside (relative to compact perturbations) and are smooth.

See also the notes of Ilmanen [[Im95b] for the proof of smoothness in case n = 2.
Furthermore by an argument of Ilmanen—White [[Im95b] any such outermost expander
has genus zero.

9. UNIQUENESS AND REGULARITY OF ONE-SIDED ANCIENT BRAKKE FLOWS

We now combine the three regimes considered above with Theorem [Z.I7 to conclude
the following existence and regularity for the flow (M, K).

Theorem 9.1 (One-sided existence). For n < 6 and X" a smooth asymptotically
conical self-shrinker, choose Q a fived component of R"T1\ X. Then, there exists an
ancient unit-reqular integral Brakke flow M and weak set flow K with the following
properties:

(1) M(t) =H"[9K(1),

(2) OK(t) C /—tQ for all t < 0,

(3) there is T > 0 so that fort < =T, M(t) is a smooth multiplicity one flow X(t)

with Y(t) is strictly shrinker mean convez,
(4) \/%—tE(t) converges smoothly on compact sets to ¥ as t — —oo,

(5) there is a continuous function R(t) so that for any t € R, M(t)[(R"™1\ Bp))
is a smooth strictly shrinker mean convex multiplicity one flow 3(t),
(6) the Brakke flow M has entropy A(M) < F(X),
(7) sing M has parabolic Hausdorff dimension < n—1 and for any t € R, sing M(t)
has spatial Hausdorff dimension <n — 1
(8) any limit flow is weakly convex on the reqular part and all tangent flows are
multiplicity one generalized cylinders,
(9) any singular point has a strictly mean-convex neighborhood,
(10) there is § > 0 so that OK(t) is completely smooth for t € (—=§,d) and OK(0) is
strictly star-shaped, and
(11) %WC(t) converges smoothly on compact sets to an outermost expander coming
out of the cone at infinity of X3, as t — oco.

Now, we will combine Theorem with Corollary to prove uniqueness of the
flow constructed above.

Theorem 9.2 (One-sided uniqueness). For n < 6, fix ¥ a smooth asymptotically
conical self-shrinker as in Theorem [O1l. Let (jit)—co<t<oo be a unit-reqular integral
Brakke flow such that

(9.1) supp pu is strictly on one side of \/—tX for everyt € (—o0,0),
and
(9.2) 0 <O((u), —00) < 2X\(X).
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After a time translation, p; coincides with the Brakke flow from Theorem [9.1].

Proof. As in the proof of (5) in Theorem [[.I7], the Gaussian density bound guarantees
that the tangent flow to u; at —oo is the multiplicity one shrinker associated to X. As
such, Lemma [7.18 and Corollary imply that after a time-translation there is T > 0
so that for t < =T, py = H"|[X(t), where X(t) is the smooth flow from Theorem
(4).

As in Proposition [LI0, Ilmanen’s localized avoidance principle (Theorem [C.3)) com-
bined with Ecker-Huisken’s maximum principle at infinity (Theorem [D.I]), we see that
supp p¢ is disjoint from Fy (supp M) for X # 1. This implies that supp p; C supp M.

Finally, since reg M is connected by (9) in Theorem and Corollary [F.5] we see
that puy = M(t) in (sing M)¢ (using the unit-regularity of M and p). This completes
the proof. O

Remark. Both Theorems 0] and @.2] clearly hold (with simpler proofs) in the case that
Y is a smooth compact shrinker.

Remark. We expect that the dimensional restriction in Theorems and can be
removed (cf. [Whil5l EHIZ19]). We note that when X has sufficiently small
F-area, Theorems and hold in all dimensions. See 10l for a precise statement.

10. GENERIC MEAN CURVATURE FLOW OF LOW ENTROPY HYPERSURFACES
We recall the following notions from [BWI8]. Denote by S, the set of smooth
self-shrinkers in R""! and S} the non-flat elements. Let
Sp(A) ={2 €S, A\2) <A}
and similarly for S¥(A). Let RMC, denote the set of regular minimal cones in R"*!

and define RMC, RMC,,(A), RMC;(A) analogously. We now recall the following two
“low-entropy” conditions from [BWI&d]:

(*n,A) RMCE(A) =0 forall 3<k<n
and
(*xn,0) no1(A) = 0.

Set A\ = A(R"F x SF).
Given these definitions, we can state the following result.

Theorem 10.1. For n > 3 and A € (A, \p—1], assume that (%, p) and (xxn ) hold.
Then if M C R"* is a closed hypersurface with \(M) < A there exist arbitrarily small
C® graphs M' over M and corresponding unit-reqular integral Brakke flows M’ with
M (0) = H"| M, so that M’ is completely regqular until it disappears in a round point.
That is, there is X € R" x R so that sing M’ = {X} and so that any tangent flow at
X is a round shrinking S™.

We will prove this below. Note that (x3,,) holds by Theorem BJ and (%x3,)
holds by Corollary 1.2], so Theorem [I0.1] implies Theorem [[T]

We also note that Theorems and hold in all dimensions with the assumption
that (x,,4) holds and F'(X) < A. Indeed, the dimension restriction in Theorems
and [0.2] arises due to the use of [Whi03], where it is used to rule out static cones as limit
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flows to a mean-convex flow (cf. [Whi03| Theorem 4]). However, in the low-entropy
setting static cones cannot occur as limit flows, by assumption (s, ) (cf. [BWISd]
Lemma 3.1]) even without assuming mean-convexity.

Lemma 10.2 ([BWI18d] Propositions 3.2 and 3.2]). For n > 3 and A € (A, \n—1],
assume that (%p ) and (xxp ) hold. If M is a unit-reqular integral Brakke flow with
A(M) < A then any tangent flow to M is the multiplicity one shrinker associated to
a smooth shrinker that is either (i) compact and diffeomorphic to S™ or (ii) smoothly
asymptotically conical.

Lemma 10.3 ([BW18dl Proposition 3.5]). Fizn >3 and A < \,_1 ande > 0. Assume
that (%,,,7) and (5% A) hold. Then, the space of non-flat smoothly asymptotically conical
shrinkers ¥ C R™1 with entropy A(X) < A — ¢ is compac in Cp2.

From now on, we fix n > 3, A € (A, A\—1] satisfying (x,,4) and (xxpA).

Lemma 10.4. There is § = 6(n, A, e) > 0 so that if M is a unit-reqular integral Brakke
flow with M(t) = H"|/—tX for t < 0, where X is a non-flat smooth asymptotically
conical shrinker with F(X) < A — ¢, then for any X € R"™ x R with | X| = 1, we have
that O (X) < F(X) — 4.

Proof. Assume there is M (and the associated smooth asymptotically conical shrinkers
¥;) and X; with |X;| =1 so that

O, (Xj) =2 F(X5) — %
Up to a subsequence, we can use Lemma [I0.3] to find a Brakke flow M, so that
My = H" |/t for t < 0, where ¥, is a non-flat smooth asymptotically conical
shrinker, and X with |X| = 1 and O (X) > F(X). Parabolic cone-splitting (cf.
[Whi97] and p. 840-1]) implies that either ¥, splits off a line or it is static
or quasi-static. This is a contradiction, completing the proof. O

Lemma 10.5. For integral unit reqular Brakke flows M;, M, suppose that X; €
sing M; has M; — M and X; — X € sing M. Suppose that some tangent flow to
M at X is a round shrinking sphere with multiplicity one, t — H™|S"™/—2nt. Then,
for i sufficiently large, any tangent flow to M; at X; is a round shrinking sphere.

Proof. Assume that X = (0,0). For any r > 0, there is n > 0, so that
M (Bar /7(0) x (—4n, —n))

is a smooth, strictly convex mean curvature flow (without spatial boundary). Thus,
for 7 sufficiently large,

Ml (B, /7(0) x (=31, —2n))

is a smooth, strictly convex mean curvature flow. Taking r sufficiently large, this
completes the proof (using e.g., [Hui84]). O

12yye emphasize that because A < 2, any limit of such shrinkers has multiplicity one.
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For any integral unit regular Brakke flow M with A(M) < A,_1, denote
singge, M
for the set of singular points for which all tangent flows given by multiplicity-one round
shrinking spheres. The previous lemma proves stability of these sets.

Assume for now that M™ C R"! has A(M) < A. Fix sg small enough so that
for s € (—sp,s0), the graph of s, denoted Mj, has A\(Ms) < A — ¢, for ¢ > 0 fixed.
For any s € (—sg, s0), let §(s) denote the set of integral unit regular Brakke flows M
with M(0) = H"™|[M,. Note that F(s) # 0 (e.g., choose s; — s with the level set flow
of M, non-fattening and pass Brakke flows starting from M,,—these exist by [[Im94,
Theorem 11.4]—to the limit).

For s € (—so, s0), set

D(s) :=sup{Om(X) : M € §(s), X € sing M \ sing,,, M}.

We recall that sup) = —oco and note that by compactness of integral unit-regular
Brakke flows and upper-semicontinuity of density, D(s) is always attained.

Proposition 10.6. We continue to assume that A(M) < A. For sy as above, suppose
that s; /s € (—s0,50). Then
limsupD(s;) < D(s) — 9,
1—00

where § = d(n, A,e) > 0 is fized in Lemma[10..

Proof. Tt suffices to assume that lim sup,_,., D(s;) > —oo. Choose integral unit-regular
Brakke flows M; € F(s;) and space-time points X; € sing M; \ sing,, M; with
Passing to a subsequence, we can assume that M; — M € F(s) and

X; — X € sing M \ sing,,, M.
The fact that X ¢ sing,,, M follows from Lemma We now rescale around X so
that we can apply Theorem Note that supp M, supp M are all pairwise disjoint,
since their initial conditions are compact pairwise disjoint hypersurfaces.

We will repeatedly pass to subsequences without relabeling in the following. Rescale
M, around X by |X; — X| # 0 to M, and assume tlgat ./\/lz-N4 M. Si{nilarly, rescale M
around X by | X; —X| # 0 to M; and assume that M; — M. Since M is a tangent flow
to M at X ¢ singg,, M, by Theorem [[0.2] there is a smooth shrinker 3" C R+ that
is either compact or asymptotically conical so that M(t) = /—tX for ¢t < 0. Finally,
assume that after rescaling X; around X by |X; — X| to X;, X; — X.

We claim that A(M) < ©(X) = F(X). Indeed, choose X; — X and 7; — 0 so
that B R
On the other hand,

OMm(X, 1) = Om(X) +o(1)
as r — 0. Hence,
Om(X,7) = lim Opg,(Xi,r) > lim Oy, (Xiy75) = A(M).

1—00 1—00
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Sending r — 0 shows that )\(./\/l) < Om(X).

Consider a tangent flow to M at —oco. Since A(M) < A, Lemma [I0.2 implies that
any such tangent flow is the shrinking flow associated to a smooth shrinker 3. We claim
that 3 = ¥ and that M lies (weakly) on one side of the shrinking flow associated to 2.
Indeed, by the Frankel property for self-shrinkers (Corollary KEI) there is x € N Y.
Because ¥,3 have multiplicity one, we can find regions in MZ,M that are (after
a common rescaling) smooth graphs over connected regions in > and ¥ containing
x. Because supp M; and supp M are disjoint, it must hold that 3= Applying
Lemma [718] (and the maximum principle), we can find a sequence of times t; — —o0
so that either M(t;) = H"|\/—t:%, or M(t;) is a smooth graph over v/—%; of a nowhere
vanishing function. In the first case, we see that M(t) = H"|/—t% for all t < 0 (cf. the
proof of Lemma [Z16)), while in the second case, we see that supp M(¢) is disjoint from
V/—t3 for all t < 0 (by Ilmanen’s localized avoidance and the Ecker-Huisken maximum
principle, as in Lemma [T.T5]).

We claim that the second case cannot occur. Indeed, Theorems and (and
A < A\,_1) imply (since A(M) < F(X)) that singM = SinggenM, so Lemma
implies that X; € Singgen M, for i sufficiently large. This is a contradiction, so the first
case (i.e., M(t) = /=t for t < 0) must hold.

Now, we can apply Lemma [I04] to M and X (the limit of the rescaled points X,,
note that |X| = 1) to conclude that

limsup D(s;) = limsup Opy, (X;) < O (X) <F(X)—-6<D(s)—0.
1—00 11— 00
This completes the proof. ]
Using this, we can prove the existence of generic flows.

Theorem 10.7. For n > 3 and A € (A, \p—1], assume that (%, p) and (xxn ) hold.
Then if M C R is a closed hypersurface with A\(M) < A and ¢ > 0 is a smooth
positive function on M, let My denote the normal graph of s@ over M. Then, there
is so > 0 and a closed, countable set B C (—so, So) so that for s € (—so,s0) \ B, any
unit-reqular integral Brakke flow with initial condition Mg is completely reqular until it
disappears in a round point.

Proof. Note that
B={s € (—s0,8):D(s) > —oc}

is closed by upper semicontinuity of density and Lemma[I0.5l Thus, it suffices to prove
that B is countable. Define

Bj:={s € (—s0,50):D(s) € [A—jo,A—(j+ 1))},
so B = U}-IZOB]-, for J > %. By Proposition 0.6} if s € B;, there is an open interval [
so that I N B; = {s}. Hence, B; is countable. This completes the proof. 0

Proof of Theorem[I0.1l By Theorem 4.30], if M is not a round sphere, then
after replacing M by a nearby C'*°-close hypersurface, we can assume that A(M) < A—e

for some € > 0. The statement then follows from Theorem [10.71 O
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Corollary 10.8. Forn >3 and A € (A\p, \p—1], assume that (%p a) and (xxp a) hold.
Consider the set

Embp(R™) := {M C R" A\(M) < A}

with the C*° topology Define a subset G by the set of M € Emb_(R"™1) so that
any unit-reqular integral Brakke flow starting from M is reqular until it disappears in
a round point. Then G is open and dense.

Proof. We claim that Emb<, (R"*1) \ G closed. Consider M; € Emb<p(R"™1) \ G
with M; — M € Emb<(R"™!). Let M, denote integral unit-regular Brakke flows
starting at M; with non-round tangent flows at X;. Passing to a subsequence, M; —
M, a integral unit-regular Brakke flow starting from M. By Lemma [[0.5] a further
subsequence has X; — X € sing M with M having a non-round tangent flow at X.
This shows G is open. Finally, the density of G follows from Theorem [I0.71 O

11. THE FIRST NON-GENERIC TIME FOR FLOWS IN R?

In this section, we will study the mean curvature flow of a generic initial surface in
R3. We will remove the low-entropy assumption considered in the previous section and
study the possible singularities that generically arise.

For M an integral unit-regular Brakke flow, define Ty, to be the supremum of
times T so that at any point X € supp M with ¢(X) < T, all tangent flows at X are
multiplicity-one spheres, cylinders, or planes.

Theorem 11.1. Suppose that M C R? is a closed embedded surface of genus g. Then,
there exist arbitrarily small C* graphs M’ over M and corresponding cyclic integral
unit-reqular Brakke flows M’ with M'(0) = H2| M’, so that either:
(1) Tyen(M') =00, or
(2) there is x € R? so that some tangent flow to M’ at (X, Tyen (M) is kH?|/—tE
for ¥ a smooth shrinker of genus at most g and either: k > 2 or X has a
cylindrical end but ¥ is not a cylinder.

We will prove this below. Note that Theorem [I1.1] yields the following conditional
result. Recall that the list of lowest entropy shrinkers is known to be the plane, the
sphere, and then the cylinder by [Whi05, [CIMW13, BW17b]. Suppose that there is
Ay € (A\1,2] so that any smooth shrinker 3 C R? with genus(X) < g and F(X) < A, is
either a plane, a sphere, a cylinder, or has no cylindrical ends/"] Then:

Corollary 11.2. If M C R? is a closed embedded surface with genus(M) < g and
AM) < Ay, then there are arbitrarily small C* graphs M’ over M and cyclic integral
unit-reqular Brakke flows M' with M'(0) = H2| M so that M’ has only multiplicity-one
spherical or cylindrical tangent flows, i.e., Tgen(M') = c0.

Bror example, we can say that M; — M if for j large, M; = graph,,; u; with u; — 0 in C*(M).

Mwork of Brendle [Brel6] implies that only possible genus zero self-shrinkers are the plane, sphere,
and cylinder. This immediately implies that Ag = 2. Ilmanen has conjectured that no non-cylindrical
shrinker can have cylindrical ends [[Im03] #12], which would mean we can take Ay, = 2 for all g.
However, it could theoretically happen that the next lowest entropy shrinker is a counterexample to
Ilmanen’s conjecture, i.e., has a cylindrical end.
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We now establish certain preliminary results used in the proof of Theorem IT.Il The
proof of Theorem [[T.1] can be found after the statement of Proposition I1.4l We define

sing,e, (M) C sing(M)

as the set of singular points so that one tangent flow (and thus all of them by [CIM15];
alternatively, this follows from or [BWI8d)) is a multiplicity-one shrink-
ing sphere or cylinder.

First, we note the following result establishing regularity of tangent flows at Tye,

(see also the proof of [CHHIS| Theorem 1.2]).

Proposition 11.3. Consider a cyclic integral unit-reqular Brakke flow M in R3, with
M(0) = H?| M for a closed embedded surface M. Then, M has the following properties:

o the level set flow of M does not fatten before Tyen(M),

o for almost every t € [0, Tgen(M)], the level set flow of M is given by M(t), a
smooth embedded surface,

o M(t) =H%|M(t) for almost every t € [0, Tyen(M)], and

o t+— genus(M (t)) is non-increasing for all smooth times t € [0, Tgen(M)].

Furthermore, assuming that Tyen(M) < o0, then any tangent flow M at (X, Tyen(M))
satisfies

M(t) = kH?| V=t fort <0,

where 3 is a smooth embedded self-shrinker with

~

genus(X) < lim genus(M (t
(B)<  Jim - genus(M(1)
tgt~ ! (sing M)

Moreover, 3 has finitely many ends, each of which is either asymptotically conical or
cylindrical (with multiplicity one), and if (X, Tgen(M)) € sing(M) \ sing,, (M), then
S has genus(3) > 1.

Proof. By [CHHIS, Theorem 1.9], the level set flow of M does not fatten for ¢ €
[0, Tyen(M)). Hence, by [CMI6l Corollary 1.4] and Corollary [E.5] for almost every
t € [0, Tgen (M)], the level set flow of M at time ¢ is a smooth surface M (t) and we have
that M(t) = H2|M(t). Now, by [Whi95, Theorem 1] (cf. [Whil3]) t ~— genus(M(t))
is non-increasing. These two facts suffice to repeat the proof in [[Im95b] with only
superficial changes (to avoid the singular time-slices) proving all but the final two
claims. Finally, the statement about the ends of 3 is proven in [Wanl6] (cf. [SWIg,
Appendix A]), while genus zero shrinkers are classified in [Brel6]. O

We note that by Proposition [[1.3] we can unambiguously define:

enus M) = lim enus(M (t)),
gemisr, (M) 1= | lim  genus(M (1)
tgt~ ! (sing M)
the genus of M right before the first non-generic singular time. This notion will be
useful in the following proposition which will be the key mechanism used to perturb
away asymptotically conical (and compact, non-spherical) singularities.
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Proposition 11.4. Suppose that M C R3 is a closed embedded surface of genus g
and M is a cyclic integral unit-reqular Brakke flow with M(0) = H?| M. Assume that
Tyen(M) < 00 and that any tangent flow at time Tyen (M) has multiplicity one and that
there is no non-cylindrical tangent flow at time Tyen (M) with a cylindrical end.

Then, there exists arbitrarily small C™ graphs M' over M, and cyclic integral unit-
reqular Brakke flows M’ with M'(0) = H?| M’, so that

Tyen(M') > Tyen(M) and genusy,  (M') < genusy, (M) — 1.
Before proving this, we will show that it implies the full genericity result.

Proposition implies Theorem [I1.1. For M a closed embedded surface of genus g,
consider any cyclic integral unit-regular Brakke flow M with M (0) = H2| M. Such a
flow M exists by [HWI17, Theorem B.6] (alternatively, one could perturb M slightly
at this step so that the level set flow of M does not fatten, and apply [[Im94, Theorem
11.4)).

First, suppose that either Tyen(M) = 00 or Teen(M) < 0o but at Tyen(M) there
is a tangent flow that either has multiplicity greater than one or is a non-cylindrical
shrinker with a cylindrical end. In this case, we can take M’ = M and M’ = M,
completing the proof. In case this does not hold, Proposition [1.4] yields a small C*°
perturbation My of M, and a Brakke flow M; with M1(0) = H?| M. Moreover,

genusy, (M) < genusy, (M) — 1 < genus(M) — 1.

At this point, we can iterate. Either M satisfies the desired conditions, or Proposition
IT4] applies to M7. In the former case, we can conclude the proof, and in the latter
case we find a small C'°° perturbation My of M with a Brakke flow My as above.
Repeating this process k times, we find that

genusy,, (My) < genus(M) — k,

By Proposition [[T.3] it must eventually hold that M, M, satisfies one of the two
desired conclusions (1) or (2) for some k < genus(M). Thus, after at most genus(M)
perturbations, we find the desired M’ = M, and M’ = M,. This completes the
proof. O

The proof Proposition [T.4] will depend on the following lemmata.

Lemma 11.5. There is 69 > 0 so that if M is a cyclic integral unit-reqular Brakke
flow in R® with M(0) = H?| M for a smooth surface M, then for any

X € (sing(M) \ singyen(M)) 0 {t = Ty (M)},
we have O (X) > A1 + dp.
Proof. This follows by combining Proposition [1.3] with Corollary 1.2]. O

Lemma 11.6. Suppose that M is a cyclic integral unit-reqular Brakke flow in R3 with
M(0) = H2|M for some closed embedded surface M. Assume that Tyen(M) < 00
and that any tangent flow at time Tyen(M) has multiplicity one and that there is no
non-cylindrical tangent flow with a cylindrical end[H

15 hat is, assume that we cannot simply take M’ = M in Theorem [IT.1]
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Then for (xq, Tgen(M)) € sing(M) \ sing,,,(M), there are r,p,7 > 0 so that
My =M {(B4T’(XO) X (Tgen(M) — 27, Tgen(M)] \ {(X07 Tgen(M))}7
Mg = MK(BM(XQ) \ BT/4(X0)) X (Tgen(M) — 27’, Tgen(M) + 27’)
are smooth mean curvature flows. Moreover, any (x,t) € supp M N (U U Us) satisfies
(11.1) |(x — x0)*| < &lx — x0l,
where
Uy = {(x0 + %, Tgen (M) — 1) : 0 < p*t < [x|? < 162t < 27}
U2 = (B4T(X0) \BT/4(X0)) X (Tgon(M) — 27’, Tgon(M) + 2’7’).

Proof. Observe that by Proposition[IT.3land the given hypothesis, any@ tangent flow at
(x0, Tgen(M)) is associated to a smooth multiplicity-one shrinker that is either compact
or asymptotically conical.

We begin by proving that the smoothness assertion holds for M for any r,7 > 0
small. Indeed, suppose there are singular points X; := (X;, Tgen (M) —ti) = (X0, Tgen(M))
with t; > 0, rescaling around (xq,Tgen(M)) to ensure that X; are a unit distance
from the space-time origin, we would find a singular point in a tangent flow to M at
(%0, Tgen(M)) lying in the parabolic hemisphere

{(x,t) : t <0, x> + |t| = 1}.

However, no such point in the tangent flow can be singular (since such a flow would
not be asymptotically conical).

We now consider (II.1]) for points in supp M N U;. Note that by the smoothness of
My, all such points are smooth points of M. We claim that there is p > 0 sufficiently
large so that (II.I]) holds in supp M N Uy, after shrinking r, 7 > 0 if necessary. Choose
(x0 + X, Tyen (M) — t) € supp M with (x,t) — (0,0) and 0 < p?t < x| but so that

x> .

Rescaling around (xg, Tgen(M)) and passing to the limit, we find a tangent flow to M
at (x0, Tgen(M)) with associated shrinker ¥, so that for some x, € ¥ with |x,| > p

%1 > 15%pl-

However, this will be in contradiction to [CM12b], Proposition T3] and the fact that
the set of tangent flows is compact Indeed, consider Brakke flows M, associated to
Y,. We consider the point (,o_lxp, —p~?) and take a subsequential limit of M p to find
M a shrinking flow associated to 3 an asymptotically conical shrinker; however, the
subsequential limit (xX,0) of the space-time points (p_lxp, —p~?) lies on the asymptotic
cone of ¥ (and is not at the origin) and thus has x-
completing the proof.

= 0. This is a contradiction,

16yye emphasize that while we do not need to refer to uniqueness of the tangent flow in this proof,
it does indeed hold in this setting by for compact tangent flows and [CS19)] for asymptotically
conical ones.

17Alternatively7 one may argue as follows: by [CS19], 3, is independent of p, which immediately
yields a contradiction since for any fixed asymptotically conical shrinker, |x*| < o(1)|x| as x — oo.
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Finally, we prove both the smoothness of My and (II1.1]) for points in supp M N Us.
If some tangent flow to M at (xo, Tgen(M)) is compact, then by considering shrinking
spherical barriers, we can choose r, 7 > 0 so that M is empty. As such, we can assume
that there is an asymptotically conical shrinker ¥’ associated to some tangent flow M’
of M at (X0, Tgen(M)). Because ¥’ is asymptotically conical, |x||As/(x)| = O(1) and
Ix*| < o(1)[x| as x — oo. Arguing as in [CS19, Lemma 9.1], we can use pseudocality
(e.g., [INS19, Theorem 1.5]) on large balls along the end of ¥ to find R > 0 sufficiently
large so that

M [((R™\ Bg) x [~1,1]) is smooth

and satisfies [x| < i5(x|. From this, we can choose 7,7 > 0 so that the assertions
about My follow after choosing a blow-up sequence at (xq,7gen(M)) converging to
M. O
Proof of Proposition [11.7] Fix a closed set K with 0K = M. Choose smooth surfaces
M; = 0K; with M; converging to M in C'°°, where K; are closed sets with K; C K;1
and M; N M; 1 = () and M; M = (). We can moreover assume that the level set flow of
M; does not fatten p. 63], so by Theorem 11.4] there is a cyclic integral
unit-regular Brakke flow M; with M;(0) = H?| M,;.

Passing to a subsequence, M; converges to a Brakke flow M., with M (0) =
H?| M. On the other hand, combining Proposition [T.3] with Corollary [F.5], we find
that Mo = M for t € [0,Tyen(M)). In particular, Tgen(M) = Tyen(Ms) and any
tangent flow to Moo at time Tgen (Moo) has multiplicity one and no such tangent flow
is non-cylindrical but with a cylindrical end.

We claim that for i sufficiently large, M’ = M; and M’ = M; satisfy the assertion.
Note that Lemma and upper-semicontinuity of density imply that

lim inf Tyen (M) > Tyen(Moo)-
1—>00

We claim that
Tgen(Mi) > Tgen(MOO)

for sufficiently large 7. If not, we can pass to a subsequence so that
(112) Tgon(Mi) é Tgen(Moo)-

We claim that this leads to a contradiction using the strategy of proof from Proposition
Choose
Xi € (Slng(MZ) \Singgcn(Mi)) N {t = TgCH(Mi)}7

and let X; — Xo. By (II.2]) and Proposition any tangent flow to My, at X is
associated to a multiplicity one smooth shrinker with all ends (if any) asymptotically
conical (note that X, cannot have a multiplicity-one cylindrical or spherical tangent
flow by Lemma [[TH). In particular, Theorems and apply to the shrinkers
associated to any tangent flow to M, at X..

After rescaling by | X; — Xo| # 0, the flows M; converge either to a flow on one side
of the tangent flow to M, at X, or a flow which agrees with a tangent flow to M
for t < 0. By (II2). In the first case, the limit has only multiplicity one cylindrical
and spherical singularities by Theorems and This contradicts the choice of
X; by Lemma On the other hand, the second case cannot occur because ([I1.2])
would imply that some tangent flow to M, has a singularity at (x,t) with |(x,t)] =1
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and ¢t < 0, contradicting Proposition [T.3] and the assumption that no non-cylindrical
tangent flow to Moo at Tyen(Moo) has cylindrical ends. Thus, for 7 sufficiently large,
(11.3) Toen (M) > Tyen(Moo).

It remains to prove the strict genus reduction. Let us briefly sketch the idea for the
reader’s convenience. By the work of Brendle [Brel6], every non-generic singularity
that occurs at time Tge, (M) has to have positive genus. Lemma will be used to
show that this positive genus is captured in the tangent flow scale of our non-generic
singularities. Our understanding of the long-time behavior of flows to one side of a non-
generic shrinker (Theorems [0.1] 0.2]) and Lemma again will then imply that, near
the non-generic singularities of M, the one-sided flows M, will experience strict genus
reduction. The result will follow by a localization of the well-known genus monotonicity
property of mean curvature flow, given in Appendix [Gl

We assume that

(OaTgon(MOO)) € sing(Moxo) \Singgcn(MOO)

Fix the corresponding parameters r, p, 7 as in Lemma

Defind'§

d; := d(supp M;(Tgen(Mx)),0) > 0.

Note that lim;_, d; = 0. Moreover, rescaling My, (resp. M;) around (0, Tgen(Moo))
by d; to Moo (resp. ./\;lz), we can pass to a subsequence so that as i — 0o, My ;
converges to a tangent flow to My at (0, Tyen(M)) and /\;lZ converges to the ancient
one-sided flow described in Theorems and associated to this tangent flow.

We begin by proving the following two claims that imply that perturbed flows M;
lose genus locally around points x.

Claim (A). There is T € (0, 7] so that for any ¢ sufficiently large and t € [T, 27],
Mi(Tgen(Moo) - t) LB3T(O)

is smooth [H intersects 0By, (0) transversely, and M (Tyen(Moog)—1)| B2r(0) has positive

genus P9

Claim (B). For i sufficiently large, there is &
Mi(Tgen(Moo)

is a smooth genus zero surface.

Proof Claim (A). By Proposition [[1.3] any tangent flow to Mo, at (0, Tgen (Moo)) has

multiplicity one and positive genus. Thus, by Lemma [[1.6]“1 we can take 7 sufficiently
small so that My (Too(Mso) — t)[Byr(0) is smooth and has positive genus for ¢ €

(i) > 0 so that for ¢t € [0,£)
t)| B3, (0)

18Note that this is spatial (Euclidean) distance.

19The restriction to a ball B of a time-t slice of a Brakke flow M, i.e., M(t)| B, is said to be smooth
if t71(t) Nsing M N B = (. Note that this is stronger than simply asserting M ()| B = H*| M for some
smooth surface M C B. For example, the flow associated to a shrinking sphere disappearing at time
T satisfies M(T) = H?|0, but M(T) is not smooth in the sense above.

20Recall: the genus of a surface (possibly with boundary) I' properly embedded in a ball B C R? is
the genus of the surface obtained from I after capping off each boundary component with a disk.

218peciﬁcally, the regularity of Mi.
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[7/2,37]. Combined with Brakke’s theorem [Whi05] and another application of Lemma
IIIZE the remaining assertions follow. ]

Proof of Claim (B). We have fixed a tangent flow to M, and associated one-sided
flow from Theorem Let 6 > 0 denote the interval of regularity around ¢t = 0 for
the one-sided flow, as described in property (10) of Theorem We thus define

. 0d?
(i) =
This will ensure that when rescaling by d;, we are considering a short enough time
interval to apply (10) in Theorem

We first show that for i sufficiently large, M;(Tgen(Moo) — t)[B3-(0) is smooth for
all t € [0,£(7)). Suppose, instead, that there were some y;, t; such that

(11.4) yi € (sing M;(Tyen(Moso) — t3)) N B3 (0), t; € [0,£(7)).
Since
M;[(Bar(0) x {t < Tgen(Moo)}) = Moo |[(Bar(0) x {t < Tgen(Moo)})

as Brakke flows (for i — 00), it follows by Lemma [T.8P] that y; — 0 as i — oo.
On the other hand, by definition of £(7) and (10) in Theorem [O.1]

(115) dl = d((yi,Tgen(Mw) — ti), (O,Tgen(Moo)) > dl

In particular, rescaling M; by d; around (0, Tyen(Moo)), the flow converges to some
flow M. By (IIA), we have that (0,0) € supp Mso. Thus, we have that for ¢ < 0,
M agrees with a tangent flow to Mo, at (0, Tgen(Moo)). This is a contradiction since
Proposition implies that M. | ((R"! x (=00, 0]) \ {(0,0)}) is smooth. Thus, no
points y; as in (I1.4]) will exist. This completes the proof of the regularity assertion.

We finally prove that for ¢; € [0,£(7)), the surface M;(Tgen(Moo) — i) [ B3-(0) has
genus zero for ¢ large. We show below that that for some R > 0 sufficiently large
(independent of 7), for any i large and

(11’6) X € supp Mi(Tgen(Moo) - ti) N (B37”(0) \ BRdi (0))7

we have |x1| < I|x|. This follows from essentially the same scaling argument as
above. Indeed, consider a sequence of a points y; and times t; violating this bound
while still satisfying (I1.6]) (we will choose R > 0 large below). Rescaling M, around
(0, Tgen(Moo)) by

d; == d((Ythen(MOO) - ti)7 (Ongen(MOO))a

we claim that it now must hold that
. d;
(11.7) limsup — < oo.
isoo i
Indeed, if this fails, we can argue precisely as in the previous paragraph to rescale by

d; to find a tangent flow to My at (0, Tgen(Moo)); the points (y;, ;) converge-after

228pecifically, ([ITII) on supp M N U,
238peciﬁcally, the smoothness of M.
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rescaling—to a point on the tangent flow at ¢ = 0 (at a unit distance from 0). Clearly
the cone satisfies the asserted bound, so this is a contradiction.

Thus, (IL7) holds. In particular, the points (y;, —t;) remain a bounded distance
from (0,0) when rescaling by d; (but lie outside of Br(0) x R). It is easy to sed that
we can take R > 0 large so that the one-sided flow from Theorem (scaled to have
unit distance from (0,0)) satisfies |x*| < x| for (x,t) with |x| > R and [t| < 6.

Putting these facts together, we have proven the claim, since after rescaling by d;
the flows M; converge to the one sided flow to the tangent flow of M, and thus by
property (10) of Theorem 0.1l and the choice of &(i), M;(Tyen(Moo) — ti) | Bara, (0) has
genus zero for i large. O

Now, take 7 smaller if necessary and then fix i large. We write M; = M’ and
assemble the following properties established above:

(1) For t € (Tyen(Moo) — 27, Tyen(Moo) + 27) a smooth time for M’ we have that
M'(t) = H? | M'(t),
for M'(t) smooth with
genus(M'(t)) < genusy, | (Meo);

this follows from the monotonicity of genus (cf. Proposition [1.3]) and the fact
that M; — M as Brakke flows.

(2) For t € [7,27], M (T (Moo) — t)| B3,(0) is smooth and has positive genus in
Bs,.(0); this was proven in Claim (A) above.

(3) There is 0 < £ < T so that for t € [0,8), M/'(To(Mu) — t)| B3, (0) is smooth
and has zero genus; this was proven in Claim (B) above.

(4) We have that

M[((Bsr(0) \ By /2(0)) % (Tgen(Mog) — 27, Tgen(Moo) +27))

is a smooth flow of annuli (possibly having several connected components),
intersecting dB,(0) transversely for r < ' < 3r; this follows from Lemma [[T.0]
and the fact that M; = M, as Brakke flows.

Choose
t1 € (Tgen(Moo) — 27, Tyen(Moo) — 7,
52 S (Tgon(Moo) - 5, Tgen(Moo)]
smooth times for M’. We claim that
(11.8) g := genus(M'(t2)) < genus(M’(t1)).

By property (1) in the above list (and monotonicity of genus, cf. Proposition I1.3]),
once we have established (I1.8]), we will find

genusy, (M) < genus(M'(f2)) < genusy,  (Moo) — 1,

which will complete the proof.

24By the argument in Lemma [.T6 the blow-down of the ancient one-sided flow agrees for ¢t < 0
with the shrinking Brakke flow associated to the fixed shrinker.
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It thus remains to establish (IL8]). We will show this by combining the properties
above with a localization of White’s [Whi95] topological monotonicity, which we have
included in Appendix [Gl Define

B = BQT(O)
The key observation, which makes Appendix [Gl applicable, is that, by property (4)

above, the level set flow for times in [t1, 2] of M'(¢1) x {t1} (which must agree with the
restriction of M') is a simple flow (defined in Appendix[Q]) in the tubular neighborhood

U := Bs3.(0) \ B,(0),

of OB for t € [t1,t2]. We can thus apply results of that appendix with [¢1, #5] in place of
[0,7], and R3\ B in place of Q. (Certainly, we can and will also apply White’s global
topological monotonicity results.) We invite the reader to recall the notation W ty, o],
Wt1], Wlto] from (GI)-(G2) in Appendix[G] which we're going to make use of here.

Choose loops 1%, ... ,fyZ in W{ts] as in Lemma [IT.7] below. That is,

{2)s - )} € Hu(WiE2))
is linearly independent and each 752 satisfies either:

. fy? is contained in B¢ (since genus(M’(f3) N B) = 0 implies that no ’y? can be
contained in B), or
e there is some component U;[to] of Wta] N OB that has non-zero mod-2 inter-

section with ’yfz, and zero mod-2 intersection with each previous ’y%, j <.
By the injectivity of Hy(Wta]) — H1(Wt1,ts]) [Whi95, Theorem 6.2], the inclusion

{2] - bl € Hu(W ik, t2))
is linearly independent too. We now construct loops ’yfl, e ,’yglg so that:

e Each 4% is homotopic to 47 in W[fy,%y]; see [Whid5, Theorem 5.4].
o If ’yfz is entirely contained in B¢, then so is ’yfl and the entire homotopy between
them; see Theorem
e If 7' is not entirely contained in B¢, there is some component U;[#1] of W[t;] N
OB that has non-zero mod-2 intersection with ’yfl, and zero mod-2 intersection
with each previous ’ygl, j < i; this follows from the simplicity of the flow in
U X [t1,t2] and the fact that mod-2 intersection is preserved under homotopy.
We can now easily complete the proof. If (IL8) were false, then genus(M’(t1)) = g by
White’s global topological monotonicity [Whi95]. Applying Lemma [TT.8] to ’y?, e ,’yéfq
now says that, because genus(M’(t1) N B) > 0 by property (2) above, at least one of
the 7;?1 must be contained in B, a contradiction. O

Lemma 11.7. Suppose that S C R? is a closed and embedded genus-g surface which
is transverse to a sphere 9B C R3. Denote W := R3\ S.

We can find loops Y1, ...,y inside W so that {[y1],..., [yeg]} € Hi(W) =~ Z?9 is
linearly independent and so that, for everyi=1,...,2g, either:

e ; is contained in B or in B¢, or
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e there is a component U; of OB\ S that has non-zero mod-2 intersection with ~;,
and zero mod-2 intersection with each previous v;, j < i.

Moreover, we can arrange that exactly 2 genus(S N B) of the v; are contained entirely
in B and that if, in H(W N B),

> nlvl =8
{i:’inB}
for some cycle p C W N OB, then all of the coefficients n; vanish.

Proof. We induct on the number of components b of S N JB.

First, consider b = 0. In this case, S decomposes into the disjoint union of two closed
surfaces, Sp := SN B, Sg. := S\ B, which do not meet dB. We have genus(Sg) +
genus(Sg.) = g, so by applying Alexander duality we find a linearly independent set

{hnls - el € Hi(W)

with 2 genus(Sp) of the 7; contained in B, and the remaining 2 genus(Sz.) contained in
B¢. Moreover, W NOB = 0B when b = 0. Therefore, if a linear combination of v; C B
is homologous to a cycle in W N OB then the combination must be = 0 € H; (W) (since
H,(0B) = 0). This completes the base case.

Now, we consider the inductive step. Consider the b components of SN JB. By the
Jordan curve theorem, each component of SNOB divides 0B into two regions. As such,
we can find a component « of SN OB so that there is a disk D C 9B with 0D = « and
SN D° = (. Form the surface S’ by removing an annulus A = U, /10(@) C S and then
by gluing two disks that are small deformations of D, into and out of B respectively,
to cap off the boundary of S\ A. We can arrange that this all occurs in U.(D) C R3
(with € > 0 small enough so that U.(D) is contractible).

The surface S’ now satisfies the inductive hypothesis, since S’ N 0B has b — 1 com-
ponents. Note that, by definition,

(11.9) genus(S’ N B) = genus(S N B),

although the genus of S might be different from S’ as we will see below.

There are two cases to consider: either a separates the component of S that contains
it, or it doesn’t separate it.

Separating case. Suppose that « separates the component of S that contains it. It
will be convenient to give a name to this component, so let us denote it S,. In this
case, S, \ A is a disconnected surface with boundary. Hence

genus(S,) = genus(S, \ A4),

so genus(S’) = g. Applying the inductive step to S’ (which has b — 1 < b boundary
circles), we find a linearly independent set of loops 71, ..., 73, in R3\ ' satisfying the
conditions of the lemma with S in place of S. The curves 7/ that are not contained in B

25This can be seen by the inclusion-exclusion principle for Euler characteristic: if we can decompose
a connected surface into two connected components M = M; U M2 where M; and Ms intersect in a
circle, then x(M) + x(S') = x(M1) + x(Mz). We have that x(S*) = 0, x(M) = 2 — 2genus(M), and
x(M;) = 1 —2genus(M;) (because they both have a single boundary component). Hence, genus(M) =
genus(Mi) + genus(Ma).
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or in B¢ have associated components U/ C OB\ S’ with the required mod-2 intersection
properties, per the inductive step.

Note that we can assume that the loops 71, . .. ,’yég are disjoint from U, (D). As such,
they lie in W, so to prove the inductive step we can simply take

"M = ’Yia s 772g = fYég

For any ~; that is not contained in B or in B¢, we set U; = Z/{i’ \ D or U; := Z/{i’
depending on whether D C U/ or not (respectively). We claim this configuration of
M, ---,724 satisfies the properties we want. Note that the two bullet points are just a
consequence of how our curves are disjoint from U, (D), and that 2 genus(S N B) of the
~; are contained in B in view of (IT.9) and the inductive step. It remains to check two
required homological properties.

Suppose there are n; so that

> nilyl = (8] in Hi(W N B),
{iv:CB}
for some cycle 8 C OB\ S. Note that the components 3” of 8 that intersect D must
be fully contained inside D. We write 8 = 3’ + 8”. Note further that we can assume

that 3’ consists of finitely many disjoint embedded circles. Thus, we can find a 2-chain
o C B\ S such that

do=p— > n
{i-v;CB}

Using the structure of 3" we see that we can replace o by ¢’ + ¢” such that o' is
contained in B\ (SUU(D)) € B\ S and ¢” is contained in B N U.(D). Since the
latter region is contractible (D was contractible), this implies that

> nilul =[81in Hi(B\ S).

{i-v;CB}
By the inductive step, all of the coefficients vanish.
We finally show {[y1],...,[v2¢]} C H1(W) is linearly independent. Assume
(1110) nl['yl] + -+ ’I’LQQ[’)/QQ] =01in Hl(W)

By construction and the inductive step, for any v; not contained entirely in B or B¢,
there is a component U/ C B \ S’ that has non-zero mod-2 intersection with ~; and
zero mod-2 intersection with each previous vy;, j < 7. Proceeding from large indices
to small this implies that any 7; not contained entirely in B or in B¢ has n; = 0 in
(III0). The Mayer—Vietoris sequence for (W N B, W N B€) yields the exact sequence

o HH(WNOB) - Hi(WNB)® H(WN B — H(W) — ...

Let Ip denote the indices ¢ so that «; C B and similarly for Iz.. Consider

> nailvil,— Y nilvl | € Hi(W N B) @ Hi(W N B).

i€lp iEIBc
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Seeing as we're assuming this is sent to 0 € Hy (W), exactness yields a [3] € H;(WNJB)
so that B
8] =Y mibw] in Hy(W 0 B), and

i€lp

18] = = > mily] in Hy(W N B°).
iEIBc
We have already seen above, though, that n; = 0 for all ¢ € Ip since 3 is a cycle in
OB\ S. Thus [8] =0 in H;(W N B). Arguing as above we can replace 3 by 8 (which
has no component in D), such that

[3'1=0in Hi(B\ 9
and
8=~ nily] in Hi(R*\ (BUS)).
i€lge
Using Mayer-Vietoris as above with S replaced by S’, we find that

Z ni[y] =0 in Hy(R3\ ).
i€lzc
The inductive step implies that the n; all vanish. This completes the proof in the
separating case.
Nonseparating case. We turn to case where oo does not separate the component of S
that contains it. We continue to denote that component of S by S,. Observe tha

genus(S, \ A) + 1 = genus(S,),

so genus(S’) = g — 1. We apply the inductive step to S’ (which has b—1 < b boundary
circles) to find a linearly independent set {[{], ..., [v5, o]} C Hi(R*\S’) satisfying the
conditions of the lemma with S’ in place of S. For every ~/ that is not contained in B
or in B¢, there exists a component U C OB\ S’ with the mod-2 intersection properties
postulated by the inductive step.

As in the previous case, we can assume that the cycles are disjoint from U, (D), and
thus lie in W. So, we may take

— A
Y= T ooy V29—2 0= V2g—2s

and, as before, set U; := U\ D or U depending on whether D C U/ or not (respectively).
We further define vo,—1 C B¢ to be « shifted slightly into the non-compact component
of R?\ (S, UB). Finally, we define 75, to be a loop in the compact component enclosed
by S, with the property that 7o, intersects the disk D transversely and in precisely
one point (it is easy to find such a curve thanks to the non-separating hypothesis); we
take Upg := D°.

We claim that the loops 71,...,72, satisfy the assertions of the lemma. The two
bullet points are easily checked by the construction of v24_1, 72, and the assumption
that the curves obtained via the inductive step avoid U.(D). The other two claims in
the assertion follow by essentially the same argument as in the separating case.

26For a connected compact surface M with &M consisting of two circles, and the surface M’ formed
by gluing these two boundary circles together, the inclusion-exclusion principle implies x (M) = x(M").
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This completes the proof. ]

Lemma 11.8. Suppose that S C R? is a closed and embedded genus-g surface which
is transverse to a sphere 9B C R3. Denote W := R3\ S.

Assume that we are given {[y1],...,[v24]} C Hi(W) & Z?9 which is linearly inde-
pendent and where each y; satisfies one of the following conditions:

e ; is contained in B or in B¢, or

e there is a component U; of OB\ S that has non-zero mod-2 intersection with ~;
and zero mod-2 intersection with each previous v;, j < i.

Then, at least one of the v; is contained in B, provided genus(S N B) > 01

Proof. Note that, since genus(S N B) > 0, Lemma [[T.7 implies (among other things)
that there is n C B\ S so that [n] # 0 in Hi(W) and so that for any m € Z \ {0}, mn
is not homologous in B\ S to a cycle in 9B\ S.

Now, assume that none of the 7; described above are contained in B. We claim that

{[71]7 ceey [’725]], [’l’}]} C Hl(W) ~ 7,29

is a linearly independent set. This is impossible, so we will have proven the lemma. To
this end, assume that there are coefficients so that

29
mln] = Z"i[%] in Hy(W).

As in Lemma[IT.7] by working downwards from ¢ = 2¢ and considering the intersection
of each ~; with appropriate components of W N 9B, using the U;’s, we can show that
n; = 0 unless ; is contained entirely in B°. As in the proof of Lemma [IT.7], applying
Mayer—Vietoris to the pair (W N B,W N B€), we find that m#n must be homologous
in B\ S to a cycle in B\ S. This contradicts the above choice of 7 unless m = 0,
but in this case this contradicts the linear independence of the [v;]. This completes the
proof. O

APPENDIX A. GEOMETRY OF ASYMPTOTICALLY CONICAL SHRINKERS

Consider a shrinker X" C R"*! that is asymptotic to a smooth cone C. In [CS19,
Lemma 2.3], it was shown that the function w : C \ Bgr(0) — R parametrizing the end
of X, i.e., such that

graphe w := {x + w(x)ve(x) : x € C\ Bg(0)} C X,

must satisfy w = O(r=1), ng)w = O(r~1%), and V®w = O(r=1=%+7) for any n > 0.
Here, r = |x| is the radial coordinate on the cone. The sharp asymptotics of w (which
we need in this paper) are, in fact:

Lemma A.1. The function w above satisfies Vék)w =0 7% as r — .

2TWe do not need this here, but with minor modifications one can show that at least 2 genus(SN B)
curves y; are contained entirely in B.
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Proof. We prove this for k = 1—higher derivatives follow by induction. The shrinker
equation along 3 implies that

Hi(x + w(x)re (%) = § (x + w(x)ve(x), vm).
Moreover, by [CS19, (C.1)] we have
ve(x) = (1+|(Id — w(x)AC(x))_IVw(x)lz)_%(—(Id — w(x)Ac (%)) Vw(x) + ve(x)).
By combining these equations we find
rVa,w(x) —w(x) = W(x),
where
W (x) == —2(1 + |(Id — w(x) A¢ (%)) "V (x)[2) 2 Hs (x + w(x)ve (x)).

We have used the fact that A¢(0,,-) = 0, as well as that Id — wA¢ is an endomorphism
of TC and vg L. TC. Observe that

(A1) vEW = o1k,
Indeed, V) Hy, = O(r‘l_k), while the other terms decay at a faster rate. For x = rp

for p € T', the link of C, choose a vector ¥ € T,I'. Extend ¥ to be parallel along
v : 7 — rp. Note that [rd,0,] =0, so by (AJ) we find:

Vo, (Vygw) — Vyegw = VW = O(r™1)

Integrating this from infinity (cf. [CST9, Lemma 2.3]), we find V,yw = O(r~!). As
¥ = O(1), we find that Vw = O(r~2) (decay of the radial component was shown in

[CS19] Lemma 2.3]). O

Using this improved decay, one can set 7 := 0 in [CS19] Corollary 2.4], [CS19, Lemma
2.5], [CS19, Lemma 2.7], [CS19, Lemma 2.8]. Thus, we have:

Lemma A.2. The second fundamental form of ¥ satisfies, for k > 0,
IV (As 0 F — Ac)| = O(r—3F)
as v — 0o. Here, F : x — x + w(x)ve(x) parametrizes the end of ¥ over C.
Corollary A.3. The second fundamental form of ¥ satisfies, for k > 0,
[V As(" ) = 0

T is the projection of the ambient position vector x € ¥ to Ty Y.

as r — oo. Here, x

APPENDIX B. NON-STANDARD SCHAUDER ESTIMATES

We recall the following non-standard Schauder estimate due to Knerr:

Theorem B.1 ([Kne8Il Theorem 1]). Suppose that Bo C R™ and we are given coeffi-
cients a;j, b;, ¢ : By x [—2,0] = R and functions u, h : By x [=2,0] = R so that u is a
classical solution of
2
%u - aij%u — bi%u —cu=h.
Assume

S[UP } |:Haij('7t)H0,a;B2 + {165 (-, O)ll0,0: B2 + [le(5 D)ll0,a382 | < A
te[—2,0
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and
al](x7t)£lgj > )‘|£|27 Vé S an
with X\, A € (0,00). Then, for T € [—1,0],

2
(B’l) Z”Dg(u”o,a,a/Zle[—l,T}+ sup ”%u('vt)”oﬁﬁBl
]:0 te|— 7T]
<C sup [l )l + 150 Dllo.asn |
te[—2,T)
where C' = C(n,a,\,A). Here, || - |lo,a,a/2 denotes the standard parabolic spacetime

Hélder norm and Diu denotes the matriz of 7 partial derivatives in spacial directions.

Note that this differs from the standard Schauder estimates because we’re only as-
suming Hoélder continuity on a;j;, b;, ¢, h in the space directions. As a result, we only
get a spacial Holder bound on %u. The other Holder bound remain as in the standard
Schauder theory.

We also have the following variant:

Corollary B.2. Assume the setup of Theorem [Bl. Then, for T € [—1,0],

2

(B2) Y [ID%ulloaaszx(-10+ sup [FuCO)loas

=0 te[—1,T]

< C{lullprxi-am + sup (B Dlowss |
te[—2,T]

where C'= C(n,a, A\, A).
Proof. For simplicity, let’s prove this for 7' = 0. Let us consider the seminorm
[u]*BTX[—TZ,O] = [Dpzcu]a7a/2;BT-><[—r,0}-

By interpolation and integrating along line segments, we can show that for each € > 0
there exists C' = C(n, a, ) such that

sup ||ullo;, < e[ulp, (20 + CllullLr(Byx[-2.0)-

te[—2,0]
Thus, (B.1)) implies
B.3)  [Wp x10 S Wby x20 T CllullLrByx(—20) +  sup }Hh("t)HO,a;Bz ;

te[—2,T

where C = C(n,a,e,\,A). By scaling down to parabolic balls B, x [—r2,0] and also
recentering in space and time, we obtain

*

u] By(yo) x [to—12 to] s er

*

24
e U By, (o) x[to—ar,t0] T >

24« [

where

v:=C |"I,LHL1(B2X[_27OD + sup ”h('7t)H0,a§B2
te|—2,T)

is just the second term of the right hand side of (B.3]). We now apply the absorption
lemma due to L. Simon, [Sim97, Lemma, p. 398] on the monotone subadditive function



MEAN CURVATURE FLOW WITH GENERIC INITIAL DATA 65

S(Br(yo) x [to — r*, to]) == [u]} (o) X [£2—r2 0]’ with scaling exponent 2 4+ . (Note that
T 0 )

this monotone subadditive function extends trivially to convex sets.) By L. Simon’s
absorption lemma, we can choose € small enough depending on n, o, such that

5w 10 < C el a2 + sup 148l |

te[—2,
where C' = C'(n,a, A, A). This yields (B.2)): the first summand of the left hand side is
obtained by interpolation, and the second by reusing the parabolic PDE. O

APPENDIX C. ILMANEN’S LOCALIZED AVOIDANCE PRINCIPLE

In this section we will give a proof of [lmanen’s localized avoidance principle for mean
curvature flow. The proof is a parabolic version of the barrier principle and moving

around barriers in [Ilm96].

Let Q be an open subset of R x R, and let I' ¢ R**! x R be relatively closed
in Q. We call " a barrier (resp. strict barrier) for mean curvature flow in  provided
that, for every smooth open set £ C Q\ T and for every (x,t) € OE NT N Q with
Vopt(x,t) # 0, we have

(Cl) f(X, t) < Hé)E(t) ’ V(Xv t)

(resp. < 0), where Hpg(;) the mean curvature vector of JE(t), v(x,t) is the inward
normal of JE(t) at x, and fr is the normal speed of the evolution ¢ — OFE(t) in a
neighborhood of (x,t).

Let W C R™! x R be open and let u : W — R be smooth, positive, bounded and
such that u vanishes on 0W (t) for all ¢ € t(W). For p,q € W (t), define the distance

(C.2) di(p,q) := inf { /u(y(s),tY1 ds : 7y is a curve joining p,q in W(t)}
g

We assume that, for each t € t(W), the distance d; is complete. We use the standard
convention that inf() = oco. Note that d; is just the distance in the (complete) con-
formally Euclidean metric g; := u(-,t) 2ggn+1. More generally, we can consider the
distance between two closed sets in W; defined in the usual way. For U C W, define

U ={(x,t) €U : dy(x,0U(t)) >r}.

Define the degenerate second order elliptic operator
Ku(x,t) = irslf trg D?u(x,t)
where S ranges over all n-dimensional subspaces of R"*1,
Lemma C.1. Suppose that W\ U is a barrier in W and u: W — R is as above, with
uy — Ku <0 (resp. <0).

Then W\ U" is a barrier (resp. a strict barrier) in W.
Proof. Let E € W be a smooth open set with

EcCU"and (x,t) e OEN(W\U").
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We have to show that (CI) holds. Define
E° ={(x,t) e W :dy(x,E) < s}, F:=FE".

Then F is compact, F' € U, and OF meets OU.

For 7 close to t, let x(7) be the normal evolution of x along 7 +— OE(7) such that
x(t) = x. Let (1) be the shortest g,-geodesic from OF(7) to OU(7) with endpoints
x(7) € E(1) and y(7) € OF(7) N QU (7). The normal exponential map of 0E(t) with
respect to ¢g; has no focal points along ~(¢) \ {y(¢)}. Note that this also holds for the
exponential map of OE(7) with respect to g, in a spacetime neighborhood of ~ \ {y}.
Therefore in a spacetime neighborhood of v\ {y}, 7 — 9E?*(7) is smooth and smoothly
varying. Note that

1=g:(¥' (1,7 (1) = u2ganr (V' (1), (7)) = 7' (D)lggnin = u-
We denote x(7,s) = (7, s) and frvpgs(r) to be the normal velocity of the evolution
7+ OF%(7) in R""!. Furthermore, note that the g.-length of v(r,-) satisfies

Eg-r (7(7—7 [07 8])) =S5
and thus

0= % 697— (7(7—7 [073])) - dir/ deg‘r = dir/ u_l dgan+1
~(7,[0,s]) ~(7,[0,s])
s T

), T) — / w2, dly...
~(7,[0,5])
= —u(x(7,s)) f(x(1,5),T) + ux(r,0) "L f(x(7,0),T) — / u gy dly,
0
Differentiating the last equation in s yields
(C.3) 2f = —ur + fDu-vopsg)

Similarly, looking at the evolution of s+ E*(t) in R"*! we have

Al
= —u(x(7,8)) " f(x(1,5),T) + ux(r,0) "L f(x(7,0

L Hops(ry = —Dopsyt — |Apps ) *u
(C.4) = —trgD2u—|—HaEs(t)Du- VoE; — |A*u
< —Ku+ HypsyDu - vaps (1)
Combining (C.3)), (C.4l) we see that ¢ := f — H satisfies, along ~(t),
(C.5) Lo > —Cy.

We first assume that y(¢) is not a focal point of the exponential map of OE(t). This
implies that F is locally smooth around y and Vygt(y,t) # 0. If 0(0) > 0 then (C.H)
implies that ¢ (r) > 0 which gives a contradiction to the assumption that W \ U is
a barrier. If (0) > 0 and u; — Ku < 0 then likewise ¢ (r) > 0 which again yields a
contradiction, proving that P\ U, is a strict barrier.

If the normal exponential map of OE(t) focuses at y(t), then we may approximate
E by E' C E such that E' N oU, = {x}, y is not a focal point and such that in the
above argument we can replace E by E’. O
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Lemma C.2. If ) is an open subset of spacetime and M is a closed weak set flow in
Q, then M is a barrier in €.

Proof. Assume E C 2\ M is open and smooth, and at (xg,tg) € 9E N MNQ we have
(C.6) Vart(xo,to) # 0, f(x0,%0) > Hap)(Xo,to)-

where Hypp)(%,t) = Hap() - Vop@) and vpp() is the inward pointing unit normal of
OE(t). We can furthermore assume that 0E N M = {(xg,tg)}. For small r > 0, (C.4)
implies that

(C?) f > Hé)E(t) on BT(XO) X [t() — 7‘2,t0],

and that OE(t) is C%-close to an n-dimensional plane for all ¢ € [tg—72,ty]. We can thus
solve mean curvature flow S = (S(t))eft,—r2,4, With the induced parabolic boundary
conditions on OF N B,.(xq) x [tg — 72, t0]. Note that ¢t — E(t) N B.(xg) is a barrier for
S from one side, in view of (C7). Thus S has to run into M, contradicting that M is
a weak set flow. Thus, (C.6]) fails, and the result follows. O

We can now state and prove Ilmanen’s localized avoidance principle. For R, o > 0,
and (xg,t0) € R"" x R, we set

(C.8) U (%,1) == (R* — |x —x0|> — (2n 4+ @) (t — o))+
on R x R"*1. Note that for o > 0:
(C.9) Dua(x,t) < Kug(x,t).

for all (x,t) with uq(x,t) > 0.

Theorem C.3 (Ilmanen). Consider two closed weak set flows M, M’ in R"*! and

constants satisfying R > 0,7 >0, a <b<a+ R;;ﬁ’. Assume that

M(t)NB and M'(t)N B

Y+R2—2n(t—a) (XO) v+R2—2n(t—a) (XO)

are disjoint for t € [a,b). Then, using this choice of R and x¢ along with ty = a and
a =0 in (C8), we have that t — dy(M(t), M'(t)) is non-decreasing for t € [a,b) and

M(b) N M/(b) N B\/m(XO) = @

Before proving Theorem [C.3] let us indicate how we plan to apply it. If M(a), M'(a)
are disjoint and one knows a priori that

M(t) N M (t) N (B —ant—ayX0) \ B/ manmay (%0)) = 0.
for t € [a,b], then Theorem and a straightforward continuity argument imply that

M(B) VM (8) VB fr———(x0) = 0

for t € [a,b]. In other words, if the two weak set flows are disjoint near the boundary
of the comparison region, then they remain disjoint.
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Proof of Theorem [C 3. We first note that the assumptions imply that for suffciently
small o > 0, the distance d* with respect to (ua(-,t)) " 2grn+1 between M and M’ is
attained away from the boundary of the set {uy(x,t) > 0} for all ¢ € [a,b). Assume
that d¥(M, M’) =r > 0. We can thus argue as in [[Im93, C*! Interposition Lemmal]
find a C1! hypersurface T' in ({uq(x,a) > 0},g,) separating M and M’, such that
d3(M,T) = d¥(M',T") = r/2, with both distances attained away from the boundary
of {u®(x,a) > 0}. Consider I'' = I' N Br_,(x¢) for suitable small > 0 such that I"
has smooth boundary. Solve smooth mean curvature flow I'j starting at I” with fixed
Dirichlet boundary conditions for a < ¢t < a + € for small € > 0. We can assume that
d¢(M,T}) and dff (M, T'}) are attained away from the boundary OI" for all a < t < a+e.
By Lemmal[C Iland LemmalC.2] together with (C.9]), the distance d§* between M and T
and between M’ and I'} is non-decreasing in time. Thus d@(M, M’) is non-decreasing
for all ¢t € [a,b). Letting a — 0 gives the result. O

We note that this implies a well-known Frankel property for self-shrinkers. For
completeness, we state our result in full generality, in the context of F'-stationary
varifolds, i.e., varifolds in R"*! that are stationary for the conformally Euclidean metric
in Section [2.7] whose stationary points coincide with self-shrinkers.

Corollary C.4 (Frankel property for shrinkers). If V.V’ are F-stationary varifolds,
then supp V Nsupp V' # 0.

Proof. If supp VNsupp V’ = 0, then the associated self-similarly shrinking Brakke flows
M, M’ satisty

supp M(t) Nsupp M'(t) =0, t < 0.
Applying Theorem with a = —1, b = 0, R > v/2n, and recalling that the support
of the spacetime track of a Brakke flow is a weak set flow 10.5] we arrive at a
contradiction; indeed, 0 € supp M(0) N supp M'(0). g

APPENDIX D. THE ECKER-HUISKEN MAXIMUM PRINCIPLE

For the reader’s convenience, we recall here a special case of the variant of the
Ecker—Huisken maximum principle (see [EH89]) proven in [BWI7b], which we’re going
to make use of:

Theorem D.1 ([BWI7h, Theorem A.1]). Suppose that {¥i}iciap) is a smooth mean
curvature flow in R"*1\ Bg, with 0%, C 0Bg. Assume that u is a C? function on %
so that

(1) it satisfies

(% —Ay,)u>a-Vy,u+bu
with Supe(q ) SUPs, |af + [b] < oo,
(2) u >0 on the parabolic boundary %, U (Use|a,p)0%1),
(8) for allt € [a,b), and

/E (uf? + 1222 + [V, ul? + [V, uf2) progdH" < oo
t
where

x\2

n
o) (X, t) = (Am(b—t))"2e 1D,
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Then, for all t € [a,b), infy, u > 0.

APPENDIX E. WEAK SET FLOWS OF CONES

For this appendix, the reader might find it useful to recall the notions set forth in
Section 2l We collect results of [HW17] on weak set flows and outermost flows and show
that they are also applicable (with minor modifications) to the flow of hypercones.

Proposition E.1 ([HWI7, Proposition A.3]). Suppose that F is any closed subset of
R and let M C R x RT be its level set flow. Set:

M(t) == {x e R""!: (x,t) € OM]}.
Then t — M(t) is a weak set flow.

In what follows, we consider F' to be the closure of its interior in R**! and satisfy
OF = OF°.
We call such a set F admissible] Let F' := F¢, denote the level set flows of F, F' by
M, M, and set F(t) :== M(t), F'(t) := M'(t). In line with Proposition [E.I], we set:
M(t) = {(x,t) cR"™ : x € oM},
M'(t) := {(x,t) CR"™ : x € IM'}.

(Here OM, OM'’ are the relative boundaries of M, M’ as subsets of R**! x RT). We
call

tes M(t), t— M'(t)
the outer and inner flows of M := OF. By Proposition [E1l M (t), M'(t) are contained
in the level set flow generated by M. Furthermore,

M(t) = lig OF (7)

for all t > 0, and M(t) = OF(t) for all but countably many ¢. See [HW17, Theorems
B.5, C.10]. Note that [HWI7, Theorems B.5] directly carries over to M = OF where
F' is admissible.

Let I' € S™ denote a fixed smooth, embedded, closed hypersurface. Consider the
equidistant deformations (I'y) _ccs<. of I' C S™ for some consistent choice of normal
orientation. We further consider the regular hypercone C' = C(I') and the smooth
perturbations Cy = C(T's). Note that Cy divides R"*! into two open sets Q0 such that
Cs = 00F as well as C(IN)NQF =0 for s >0 and C(T)NQ; =0 for s < 0. We now
consider,

Es,r = 8(9: \ BT’(O))7

for 0 <r <1 and s > 0. We denote with i‘,w a smoothing of 3, . that rounds off the
corners near 0B, (0). Similarly we set:

S 1= 0((QF N Byy(0)) \ B.(0))

28Note that this slightly extends the definition in [IW17], where &F (AU in their notation) would be
a compact, smooth hypersurface. This extension allows us to flow from non-compact and non-smooth
initial surfaces. This does not change anything in the analysis of [HWT7].
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for0 <r <1, s>0, and is,r to be a smoothing of E’s’r that rounds off its corners.

/

Note that by using the smoothings is’r we can construct compact regions F; C QF

with smooth boundaries such that

(1) For each 4, Fj is contained in the interior of Fj ;.

(2) UEF; = Qr.
(3) H™|OF] — H"| M.
By perturbing F; slightly, we can also assume that
(4) the level set flow of OF; never fattens.
We then directly generalize [HW17, Theorems B.6, B.8]. The proof extends verbatim.

Theorem E.2. There is an integral unit-reqular Brakke flow t € [0,00) — u(t) such
that p(0) = H™|C(T") and such that the spacetime support of the flow is the spacetime
set swept out by t € [0,00) — M(t), where t — M(t) is the outer flow of C(I"). That is,
fort >0, the Gaussian density of the flow u(-) at (x,t) is > 0 if and only if x € M(t).

Remark. (i) Note that in case M = C(T'), by uniqueness of the level set flow, the
outer flow satisfies M (t) = v/tM(1). Together with unit regularity and White’s local
regularity theory this implies that there is a Ry = Ro(I') such that the Brakke flow
constructed in Theorem is a smooth expanding solution, agreeing with M (), out-
side of B (0) for all ¢ > 0.

(ii) Theorem [E.2] and all of the above, applies also to the inner flow.

APPENDIX F. BRAKKE FLOWS WITH SMALL SINGULAR SET

In this section we show that if a Brakke flow has small singular set, then the regular
set is connected, provided it is connected in a neighborhood of the initial time. To
prove this, we show that for a closed set S € R™™* x R, a Brakke flow (with bounded
area ratios) on (R™* x R)\ S extends across S provided S has vanishing n-dimensional
parabolic Hausdorff measure 2

Remark. In [CHHIS8, Claim 8.4] it was observed that the classification of low entropy an-
cient flows implies connectivity of the regular part of a flow in R? with only (multiplicity-
one) spherical and cylindrical singularities, by an argument similar to Kleiner—Lott’s
proof Theorem 7.1] that a singular Ricci flow of 3-manifolds has only finitely
many bad world lines. We show here that one can prove connectivity under consid-
erably weaker hypothesis. We note that our approach has no hope of estimating the
number of bad world lines. It would be interesting to study the Hausdorff dimension
of bad world lines in a k-convex mean curvature flow in R?*1,

We first recall a well known extension theorem for varifolds, originally considered by
de Giorgi-Stampacchia [DGS65].
Lemma F.1. Let V be a rectifiable n-varifold in R with bounded area ratios, i.e.,
IVI[(Br(x)) < Cr™. If S € R™* is closed, H""1(S) = 0, and the restricted varifold
V' = V[(R"*\ S) has absolutely continuous first variation H' € LL (R™"*; uy1), then
V' has absolutely continuous first variation equal to H', too.

298ee also [CESY16, Appendix D] where it is shown that an integral 2-dimensional Brakke flow in
R3\ {0} with bounded area ratios extends across the origin.
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Proof. Without loss of generality, we assume that S is compact. For § > 0, we can find
balls {B,,(x;)}}¥, covering S with

r?_l < 4.
i=1
Choose cut-off functions 0 < & < 1 with & = 1 outside of By, (x;), & = 0 on By, (x;),
and |Dg;| < % Then, set & = [T ;& and note that

Al
D& <> —XBy, (x:)
i=1 "
For a vector field = € CH(R"*1), we have

/§5diVMEduv+/§5E-H/duvz = —/DT§5'Eduvz

Note that
N o
<> S IVIBy, xa)lEl = < C5.

i=1 "

‘ [ D72y

Sending 6 — 0, the dominated convergence theorem implies
/divMEd,uV = — /E . H/d,uV/.

Thus, 0V is absolutely continuous with respect to duy and, since py(S) = 0, the
generalized mean curvature of V' also equals H'. This completes the proof. O

We now extend this to Brakke flows (recall our conventions in Section 24)).
Theorem F.2. Consider (u(t))ier be a 1-parameter family of Radon measures on Rk
and S C R"™F x R a closed set with H%(S) = 0. Assume that

(1) The measures u(t) have uniformly bounded area ratios, i.e., u(t)(By(x)) < Cr™.
(2) For almost every t € I, there exists an integral n-dimensional varifold V(t)
with p(t) = py ) so that V'(t) = V(t) | (R™*\ S(t)) has absolutely continuous
first variation in L%OC(R"H“; dpyi(ry) and has mean curvature H orthogonal to
Tan(V'(t),-) almost everywhere.

(8) For any compact set K C (R"* x R)\ S, we have
/ (1+ [H)dp(t)dt < oo
K
(4) If [t1,ta) C I and f € CL(R™F x [t1,t2]) \ S) has f >0, then
ta ,
[ty dutea) - [ £t duten) < / [ CIBPEHF ) du(e)

Then (u(t))ier is a Brakke flow on R™F,
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Proof. Tt suffices to prove this for S compact. We begin by defining the relevant cutoff
function. Choose a family of parabolic balls

P, (xi,t;) = By, (x;) X (t; — 2t +12)
where i = 1,..., N, so that S € UY, P, (x;,t;) and

N
Z ri < 6.
i=1

For each parabolic ball, choose a cutoff function 0 < ¢; < 1 so that ; = 1 on Py, (x;,t;)
and ¢; = 0 on P, (x;,t;). We can assume that |D¢;| < C/r; and \%Q\ < C/r2. Set
(s =ming;

and define a mollified function (s. as follows. Choose 0 < ¢1,¢,4r < 1 standard
mollifiers on R, R"** and set

(elx,t) = /R L RE‘"_2¢n+k(€_1(x —y))p1(e2(t — )Gy, 5) dyds.

We now estimate the derivatives of (5.

Claim.
ARy}
(F.1) lim sup ]%C&e(x, ) <C Z IXPar, (i)
e—0 =1 i

Proof of (E1]). We have

‘ %C&e (X7 t) ‘

Lo e e - YR )y ) s

/RM . e " onir(e  (x—y))@i (et — )Gy, s) — Cs(y 1) dyds

<Cmax  sup |%Ci(y, s)|
b (ys)EP(xt)
N

<C sup | 2¢i(y, )],
;w,s)ea(x,w g

which implies the inequality follows after sending ¢ — 0. g
Claim.
AR
(F.2) lim sup IDGe(x, )P <O 5 XPo, (i )
E—> ;

=1 7

Proof of (E2). As in the proof of (E.l), we find

N
|DCso(x, 1) < Cmax  sup | D¢(y,s)]? < CZ sup | D¢G(y,s)?
U (y,8)€EP:(x,t) i—1 (¥,8)EP:(x,t)
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This implies the claim, as before. ]

Now, for 0 < f € C2(R""* x [ty,t3]) we consider Cief in (4) above. We find
/C5,€(',t2)2f(’,t2)d,u(t2) - /C575(’,t1)2f(',t1)du(t1)
to
= /t / (—[HPG.f + CH-Vf + s f) du(t)dt
to
+ /t / (2Ce,6fH : vCe,é + f%gg,&) dpu(t)dt
1t2
< /t / (—(L=NHEPG S+ CH -V +Cos5if) du(t)dt
to
+/t / (v HVCsl® + F2C25) dult)dt

t2
= / / (= HEPGf +CH- VI + 55 f) du(t)dt
t1
to N 1
+ny—1\\chl/t > () (Br, (50)) X1, 142 (D)
1 ;=1 "1
to
= /t / (L= HPGf + CH -V + Csfif) dult)dt
+ Cy 10| fllen
to
< /t / (—(1 = 29)[HPG.f + 5 f) dpa(t)de
+Cy78| fller + Cy YD fl oo

In the final inequality, we have used [[Im94, Lemma 6.6].

Sending § — 0, we can use Lemma [E.T] (and Lemma [E-3] below) to conclude that for
almost every ¢, the varifold V(¢) has absolutely continuous first variation in L (R"™, du(t))
and that

/: /K(l +[H[?)dp(t)dt < oo

for any compact set K and [t1,t2] C I. Then, dominated convergence and the above
inequality guarantees

/ F (o to)dp(ts) — / Fertr)dpu(t)
< / 2 / (~(1—)[H2f + H-Vf+ 2 f) du(t)dt,

which implies (4) after sending v — 0. This completes the proof, after observing that
0 < f € O} can be approximated by 0 < f € C2. g
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Lemma F.3. Suppose that S C R"** x R is a closed set with H'5(S) = 0. Then for
almost every t,

H'2(S(t) =0,
where S(t) = S Nt7L(¢).

Proof. As usual, we can assume that S is compact. Choose parabohc balls Py, (x;,t;)
covering S with 7; < § and >, 7" < §. Set Z(t) :={i : t € (t; —r?,t; +1?)} and note

that
c |J Bnx).
1€Z(t)

Note that

/ Z ri2dt = / Zr" 2 X (121,42 (D) dt = 227’? < 26.
e i
This proves that
_ 0
[{t € [t1,t2) : HY2(S(t) > e} < c.
Because Hj~2(S(t)) is non-decreasing as § N\, 0, we thus see that
{t € [t1,ta] : H"2(S(t)) > e} =0.
Sending ¢ — 0 completes the proof. O
For a Brakke flow M, define reg M to be the set of points (x,t) so that there is e > 0
with
M| (Be(x) x (t —&2,t]) = kH" [ M (1),
where k is a positive integer and M (t) is a smooth mean curvature flow. Note that

points in reg M are defined similarly, but with k& = 1; thus, reg M C reg M.

Corollary F.4. Consider M = (u(t))ier a unit-reqular integral n-dimensional Brakke
flow in R™F with pu(t) = H™|M(t) fort € [0,6), where M(t) is a mean curvature flow
of connected, properly embedded submanifolds of R** and 6 > 0. If

Hip(supp M \ regM) = 0,
then reg M = reg M and reg M is connected.

Proof. We claim that 9(0) # () for any a connected component, 9, of reg M. From
this, we immediately have that the multiplicity on this component is k = 1, so reg M =
reg M. Moreover, since M (t) is connected for t € [0,0), we also will have reg M is
connected. -

Now, consider 21 as above. Set 9 := M U (supp M \ reg M). Theorem [F.2] implies
that pu(t) L§)\T(t) is a Brakke flow. However, if 91(0) = (), then we can apply Huisken’s
monotonicity formula to conclude that p(t) Lﬁ(t) = 0 for all t. This is a contradiction,
completing the proof. O

Combining White’s parabolic stratification [Whi97, Theorem 9] with the previous
corollary this implies:
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Corollary F.5. Suppose that M is a unit-reqular integral n-dimensional Brakke flow
in R™E with u(t) = H*|M(t) for t € [0,0), where M(t) is a mean curvature flow of
connected, properly embedded submanifolds of R"** and § > 0. Assume that M has
the following properties:

(1) If there is a static or quasi-static planar tangent flow at X, then X € reg M.
(2) There are no static or quasi-static tangent-flows supported on a union of half-
planes or polyhedral cones.

Then teg M = reg M is connected.

APPENDIX G. LOCALIZED TOPOLOGICAL MONOTONICITY

In this appendix we localize some of the results from [Whi95]. We say a closed subset
M of a spacetime R"™! x R is a simple flow in an open set U C R"t! with smooth
boundary and over a time interval I C R, or a simple flow in U x [ for short, if there
is a compact n-manifold M, with or without boundary, and a continuous map

f:MxI— R

so that:

(1) M(t)NT = f(M,t), where M(t) := {x € R"*1: (x,t) € M},

(2) fis smooth on M° x I, where M° := M \ OM,

(3) f(-,t), t € 1, is an embedding of M° into U,

(4) t — f(M°,t), t € I, is a smooth mean curvature flow: (%f(-,t))L = H(-, 1),
and

(5) floamxr is a smooth family of embeddings of M into 9U.

The following lemma is easily proven but we will use it repeatedly in the sequel.
Lemma G.1. If M C R*""! x R is a simple flow in U x [0,T] then we have a diffeo-
morphism

(U [0, T\ M ~ (U \ M(0)) x [0,T]
that restricts to diffeomorphisms U \ M(t) ~ U \ M(0) along each fibre.

We recall some definitions from [Whi95]. For M C R x 0,77, t € [0,T], we set:
(G.1) Wt] .= Mn 1 ({t}),
(G.2) W0, T] := Mcnt ([0, T7)).
The results of [Whi95] apply precisely to these W [t], W|[0,T]. Since we wish to localize
some of these results to open subsets  C R™™! with smooth boundary, we introduce
the following localized objects.
(G.3) Walt] .= MenQn e ({t)),
(G.4) Wal0,T] := M nQneL([0,T)).
Note that, in this notation, Wt] = Wgn+1[t] and W0, T] = Wgn+1[0, T].

The following is a localization of [Whi95, Theorem 5.2].

Theorem G.2. Let M be a level set flow and @ C R™ be an open set with smooth

boundary, so that M is a simple flow in U x [0, T] for some tubular neighborhood U of
09). Then:
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(1) For every point X in Wql0,T], there is a time-like path in Wql0,T) joining X
to a point Y = (y,0) at time 0.

(2) If X, Y are in different connected components of Wq[0], then they are in differ-
ent connected components of Wql0,T].

Proof. To prove (1), note that for X € U x [0,T], it is not hard to construct such a
path (by the simplicity assumption). In general, by [Whi95, Theorem 5.2(i)], we can
find a time-like path in M€ connecting X to time 0. If this path remains in Q x [0, 77,
the claim follows. On the other hand, if the path does not remain in Q x [0, 7], then
it must enter U x [0, 7] at some point. In this case, we can stop and concatenate with
the path in U x [0, T] that exists by the fact that the flow is smooth in that region.

For (2), consider X,Y € W[0] that are in distinct connected components of Wq|[0],
but in the same connected component of Wq[0,T]. First, consider the case when at
least one of the points, say X is in a connected component V' of Wq[0] that does not
intersect the tubular neighborhood U. Because M is simple in U x [0, T'], the component
V of M¢Nt71([0,T]) containing V does not intersect U x [0, T]; thus, it is contained
in Q x [0,T]. As such, X,Y are in distinct components of W[0] := M N t1({0})
but in the same component of W[0,T] := M N t~1([0,T]). This contradicts [Whi95]
Theorem 5.2(ii)]. Thus, both X and Y must be connected in W[0] to U. As such we
can assume below, without loss of generality, that X, Y € U.

Let us set up some notation. For each connected component V' of Wq[0], we write
Vi :=V NU (note that Vy may be disconnected). Write 0Vyy = 0_Vyy U0+ Viy Uom Vi,
where 0_Vyy = (0VNIQ)\ M(0), 0. Vy = (VNoUNQ)\ M(0) and OV = OV NM(0)
are distinct and 0_Vyr (resp. 04 Vy) is relatively open in OU (resp. 092). Let V(X)) #
V(Y') denote the components of Wq[0] containing X, Y.

Because X and Y are assumed to be in the same connected component of W0, 7],
they are in the same connected component of W[0] by [Whi95, Theorem 5.2(ii)]. Choose
a path v C W/[0] between X and Y so that v is transverse to OU U0S). For * € {X,Y },
we can assume that v does not intersect 0,V (x)y (we might have to exchange the
points x € {X, Y} for some other point in V(x)y). Indeed, we can simply consider the
last time that + intersects 04V (X)y and the earliest time that + intersects 0V (Y )y
and truncate « near these times (to still have endpoints in U).

Choose a curve n C Wq[0,T] from Y to X so that nN (U x [0,T]) C U x {0} and
consists of two arcs exiting U through 0,V (Y)y U0+ V(X)y (with a single transverse
intersection with each). Concatenating v with 7, we can find a loop o1 in W0,T]. By
[Whi95, Theorem 5.4], there is a homotopy of loops in W[0,T] between o1 and a loop
oo in WJ0]. Perturb oq slightly so it is transverse to OU. By construction and the
simplicity of M in U x [0,T], the loop ¢ has the property that for x € {X,Y}, the
mod 2 intersection number of oy with 04V (%) is 1. This is a contradiction. O

The following is a localized version of [Whi95, Theorem 5.4].

Theorem G.3. Let M be a level set flow and Q C R™ be an open set with smooth
boundary, so that M is a simple flow in U x [0,T] for some tubular neighborhood U of
O in Q. Then, any loop in Wq[0,T] is homotopic to one in Wq[0]. In particular

H,(Wq[0]) — H1(Wq[0,T)

18 surjective.
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Proof. Fix a cover II : Wq[0,T] — Wql0,T] associated to g : Wol0] — Wql0,T].
Set W := M¢n (U x [0,T]). Note that W C Wq[0,T] deformation retracts onto
Wy0] C W, by the assumption that M is simple in U x [0,T]. Set Wq[0,T] :=
(Wal0,T] N W3[0, T]) U W, where W3[0, T] = Wi Nt~ 1([0,T]) (see Section for the
definition of W}). Because W deformation retracts onto Wy[0], we can find a lift

io : Wa,[0,T] — Wql0,T.
In the remainder of the proof we inductively define lifts of ¢ : W 1[0, 7] — W0, T7,
i : Warl0, T] — Wal0, T,

so that Zk|WQ,k,1[0,T] = [;_1. Having done so, we can fit these lifts together to produce
a lift 7 : Wql0,T] — Wql0, T]; thus, the covering IT was trivial, completing the proof.

Let M’ be a classical flow corresponding to F : M’ x [a,b] — R**! in R**1 x [0, 7]
disjoint from M (0) so that OM’' C Wj_1. Set Mp, := M' N (Q x [0,T]). (Note that
M’ might not intersect 9 x [0,T] transversely and there is no guarantee that points
in Mg, can be connected to a part of the heat boundary of M".)

Claim. There is a unique lift ¢ : Mp, — W0, T] so that ¢(X) = i_1(X) for all points
XeMn WQJf_l[O, T].

Proof. Fix X = F(p,t) € Mg,. Choose an open set O € Q x [0,T] so that (Q\ U) x
[0, 7] C O, X € O, and 90 is a small C* perturbation of 992 x [0, 7] intersecting M
transversely. Define

to = inf{7 € [a,t] : F(p x (1,t)) C O}.

It is clear that F'(p,to) € Wq x—1[0,T], so we can consider 4 the unique lift of the curve
vt [to,t] > 7+ F(p,7) with 3(to) = lx—1(F(p,to)). We then define ¢p(X) = 5(t).

It is clear that ¢ is continuous and does not depend on the choice of O. It remains
to check that ¢(X) = 1 (X) for X € M’ N Wq _1[0,T]. Choose O as above and
let V' denote the connected component of M’ N W ;_1[0,7] N O containing X. The
argument in [Whi95, Lemma 5.3] can be easily adapted to show that V' contains a point
Y e oM UOO C WQJg_l[O,T]. Since 00 C WQ7]€_1[0,T]. Since ¢(Y) = i_1(Y), the
maps agree on all of V. This completes the proof of the claim. O

Claim. If Mj, My are two classical flows with heat boundaries in Wj_; and X €
My Mz (2% [0,1]) then ¢1(X) = ¢2(X).

Proof. Given X, we can choose O as above but with JO transverse to M; and M.
Now, as in [Whi95, p. 328|, the maximum principle guarantees that there is a connected
subset K of M;NM; containing X and some point in 9M1UIMs. Either KNOO = ),
in which case there is Y € (OM1UIMo)NKNO or KNIO # (), in which case there is
Y € KNoO. Either way, Y € W _1[0,T]. By the previous claim, ¢1(Y) = 51 (Y) =
¢2(Y). Because ¢1|k, d2| ik agree at Y, they must also agree at X. O

This completes the proof. ]
The following is a localized version of [Whi95l Theorem 6].
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Theorem G.4. Consider Q C R™ an open set with smooth compact boundary and U
a fized tubular neighborhood of ). Choose Ty so that the mean curvature flow of OS2,
t + 0Q(t) remains smooth and inside some open set U € U for t € [0,Ty]. Then, for
any 0 < T < Ty, let M be a weak set flow in R" ! that is simple in U x [0,T]. Then,
Hy1(WalT]) = Hn1(Wa[0,T])

18 injective.

Proof. For 0 < T < Ty fixed, suppose that [C] € H,_1(Wq[T]) is a polyhedral (n — 1)-
chain so that there is P a polyhedral n-chain in Wq[0,T] with 0P = C. We can
assume that the support T’ of P is disjoint from U U {t = 0}. Consider the projection
m(x,t) = (x,T). Set mxP = P' and note that 9P’ = C. We aim to show that P’ is
homologous (relative to its boundary) to a chain disjoint from M (7).

Let M’ be the level set flow generated by I'. By the avoidance principle for weak
set flows (cf. [Whi95, Theorem 4.1]), M'(t) remains a positive distance from M(t) as
well as a positive distance from 9€(¢). In particular, we can enlarge  slightly to €’
to ensure that M’ avoids some tubular neighborhood U’ of 92’ (so in particular, it is
a simple flow in U’ x [0,T]).

Fatten M'(T) slightly to get a closed set K in R"™! x {T'} that is disjoint from
UUM(T) and has smooth boundary. If 5 is a loop in (2 x {T'})\ K, then by Theorem
[G3lapplied to M, v is homologous in (£ x [0,T])\ M’ to a loop at t = 0. In particular,
this means that the oriented intersection number of v with P (and thus P’) is zero.

Now, assign each component of

(@ < {T}H\ (KU P

a multiplicity so that the multiplicity changes by n when crossing a face of P’ with
multiplicity n; we can do this consistently, since the intersection of any loop avoiding
K with P’ is zero (this is only well defined up to a global additive constant, but this
will not matter). This yields a (n+1) chain @ in ' x {T'} whose boundary is a chain in
K along with the part of P’ that is disjoint from K. Now P’ — 9@ has 9(P' —9Q) = C
and is supported in K. As such, P’ —9Q is disjoint from M (t). The result follows. [
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