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Abstract We apply the method of Hankel transforms to develop goodness-of-fit tests for gamma
distributions with given shape parameters and unknown rate parameters. We derive the limit-
ing null distribution of the test statistic as an integrated squared Gaussian process, obtain the
corresponding covariance operator and oscillation properties of its eigenfunctions, show that the
eigenvalues of the operator satisfy an interlacing property, and make applications to two data sets.
We prove consistency of the test, provide numerical power comparisons with alternative tests, study
the test statistic under several contiguous alternatives, and obtain the asymptotic distribution of
the test statistic for gamma alternatives with varying rate or shape parameters and for certain
contaminated gamma models. We investigate the approximate Bahadur slope of the test statis-
tic under local alternatives, and we establish the validity of the Wieand condition under which
approaches through the approximate Bahadur and the Pitman efficiencies are in accord.
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1 Introduction

The topic of goodness-of-fit testing has been intensely studied recently. Consequently, there exists a
comprehensive body of results developed, by Henze and other authors, using test statistics based on
integral transforms of Fourier, Laplace, Mellin, and related types, and making astute use of related
differential equations and distributional characterizations. The resulting test statistics have been
shown to be superior in various ways to classical goodness-of-fit statistics, notably in comparisons
of power, consistency, and in their behavior with respect to contiguous alternatives.

On reviewing the literature on goodness-of-fit tests we were motivated to develop such tests,
for multivariate exponential families, based on integral transforms, and the first step in such a
program is to derive such results for the classical gamma distributions. In this paper, we apply
Hankel transform methods to develop goodness-of-fit tests for gamma distributions with given
shape parameter « and unknown rate parameter. We remark that we were particularly fortuitous
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to have as a constant guide in our investigations the results of Baringhaus and Taherizadeh (2010)
and Taherizadeh (2009) for the exponential distributions.

The gamma distributions with known shape parameters arise in queueing theory (Allen, 1990),
ion channel activation (Kass, et al., 2014), the analysis of engineering equipment breakdowns
(Czaplicki, 2014; Sturgul, 2015), the calculation of insurance premiums for maritime commerce
(Postan and Poizner, 2013), and other areas, and goodness-of-fit tests for these distributions date
back to Pettitt (1978). For the case of unknown shape parameter, goodness-of-fit tests based on
empirical distribution functions were provided by D’Agostino and Stephens (1986) and numerous
other authors; in particular, Henze, Meintanis, and Ebner (2012) developed a test based on the
empirical Laplace transform and provided an extensive review of the literature.

Let X be a positive random variable with probability density function (p.d.f.) f(z); also, let J,
be the Bessel function of the first kind of order v, as defined in (2.1). For v > —1/2, the function

Hx,(t)=T(v+1) /Ooo(tx)_”/2 Jl,(2(ta;)1/2) f(z) d=, (1.1)

t > 0, is called the Hankel transform of order v of X. For X ~ Gamma(a, 1), a gamma distribution
with shape parameter o and scale parameter 1, we have Hx o—1(t) = et/

Let Xy,...,X, be independent, identically distributed (i.i.d.), positive, continuous random
variables with a distribution P. We wish to test the null hypothesis, Hy : P € {Gamma(a, \), A >
0} against the alternative, Hy : P & {Gamma(a, X), A > 0}, where « is known. Since Hy does not
specify A then X1,...,X,, cannot be used directly to conduct the test. Let X, =n~! Yo X; be
the sample mean and set Y; = Xj/yn, j=1,...,n; under Hy, the distribution of Y7,...,Y,, does
not depend on A, so we can base a test on them. Let Py denote the distribution function of the

Gamma(a, 1) distribution. We define the empirical Hankel transform of order v of Y1,...,Y,, as
1 n
Hoo (1) = “EED S gy 012, 2 /075), (1.2)
j=1

t > 0, and then the statistic for testing Hy against H; is
T2 o1 = / [Hn,a—1(t) — e—t/af dPy(t). (1.3)
0

As the Hankel transform is one-to-one we will infer from large values of T2 that H,, o—1(t) differs
significantly from e~*/®, hence large values of T? provide strong evidence against Hy. Therefore,
we will obtain the distribution of Tia_l and analyze its properties, e.g., consistency, behavior
under contiguous alternatives, efficiency, and compare its power with alternative tests.

We now summarize our results. We give in Section 2 basic results on the Bessel and related
special functions, and some properties and examples of Hankel transforms of some probability
distributions. In Section 3, we state the limiting null distribution of the statistic 72 as an integral
of the square of a centered Gaussian process Z.

We present in Section 4 properties of S, the covariance operator corresponding to Z, oscillation
properties of the eigenfunctions of S, and interlacing properties of the eigenvalues of S. In Section
5, we make applications to two data sets, assert the consistency of the test, and provide numerical
power comparisons with the Anderson-Darling and Cramér-von Mises statistics. In Section 6, we
consider the test statistic under various contiguous alternatives to Hy. In particular, we state the
asymptotic distribution of T'? under gamma alternatives with varying rate or shape parameters
and for a class of contaminated gamma models.

In Section 7, we present the Bahadur and Pitman efficiency properties of the statistic T2. We
investigate the approximate Bahadur slope of T2 under certain local alternatives and establish the
validity of the Wieand condition, under which the approaches through the approximate Bahadur
efficiency and the Pitman efficiency are in accord. In Section 8, we describe some open problems
and directions for future research, while Sections 9-11 are reserved for proofs or definitions.
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2 Bessel Functions and Hankel Transforms

Throughout the paper, all needed results on the classical special functions can be found in the
books by Erdélyi, et al. (1953) and Olver, et al. (2010), and we conform to their notation. Thus,

I'la) :/ e " du,
0

Re(a) > 0, is the gamma function, and for « € C and k € Ny, the set of nonnegative integers, we
will make frequent use of the rising factorial, (o) = a(a+1)--- (a+k —1).

We write X ~ Gamma(a, ) whenever a random variable X is gamma-distributed with shape
parameter a > 0, rate parameter A > 0, and p.d.f. f(z) = A*2* e **/I'(a), z > 0.

For v € R, —v ¢ N, the Bessel function of the first kind of order v is

My T (21)

z € C; see Erdélyi, et al. (1953, Chapter 7). In particular, the series (2.1) is continuous, converges
absolutely for all z, and converges uniformly on compact subsets of C.
The modified Bessel function of the first kind of order v is defined for —v ¢ N and € R as

ad 1

L,(r) = ];) m(l’/?)QHVa (2.2)

Let a,b € R, where —b ¢ Ny. The confluent hypergeometric function is defined as

‘ 3,

00 (l)
1F16Lbl‘ ;T

(2.3)

x € R. We refer to Olver, et al. (2010, Chapter 13) for detailed accounts of this function. Especially,
we will make repeated use of Kummer’s formula:

1Fi(a;b;x) =€ 1 F1(b— a; b; —x). (2.4)

Let X be a positive random variable with probability density function f(z) and Hankel trans-
form Hx,,, as defined in (1.1). Then, Hx,, satisfies the following properties:

Lemma 1 Forv > —1/2,
(i) Mx. ()] <1 for allt > 0.
(it) Hx,(0) =

(#i) Hx ,(t) is a continuous function of t.

Ezample 1 Let X ~ Gamma(a, \), where a, A > 0. For ¢t > 0, it follows from the definition (1.1)
of the Hankel transform that

Hoo(t) = LT o / (t2)~"/2 J, (2Vim) 22~ e* da.
0

Writing (tx) /2 J,(2V/tx) as a power series and integrating term-by-term, we obtain
Hx o, (t) =1F1(asv+1;—t/)N). (2.5)
For the case in which v = a — 1, (2.5) reduces to Hx,(t) = 1 Fi(a;a; —t/X) = e/ ¢ > 0.

In particular, if a = 1, so that X has an exponential distribution with rate parameter A, then
Hxo(t) = e "/* t >0, as shown by Baringhaus and Taherizadeh (2010, Example 2.1).
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Ezample 2 Let Z ~ Gamma(a, 1) independently of a positive random variable X. Then,
Hxzu(t) = Ex[1Fi(o;v+1;—tX)],
t > 0 . To prove this result, we again apply (1.1), and the independence of X and Z, obtaining
Hxz,(t) = Ex Ez[T(v+ 1)(tX2Z)7"/27,(2(tX 2)"/%)].
Applying Example 1 to calculate the expectation with respect to Z, we obtain

Hxzu(t) = EX[1F1(Oé; v+1; —tX)].

In particular, if v = o — 1 then Hxz,(t) = Ex [e_tX], the Laplace transform of X, a result shown

for v = 0 in Baringhaus and Taherizadeh (2010, Example 2.2).

The following example, which provides the Hankel transform of a function related to the gamma
density, will be needed repeatedly in the sequel.

Ezample 8 Suppose that X ~ Gamma(a,1). Then, for ¢t > 0,

1
B[(tX/a)' ™D I, (2(tX/a) /)] = ———te /™ 2.6
(1)) 1, (20X ) )] = o te (2.
Here again, we write (£X/a)'=(/2) J, (2(tX/a)'/?) as a power series in tX/a, integrate term-by-
term, and simplify the resulting series to obtain (2.6).

The next result constitutes a characterization of the gamma distributions using Hankel trans-
forms of arbitrary order v, where v > —1/2. The result allows extension to the gamma case the
results of Baringhaus and Taherizadeh (2013) on a supremum norm test statistic.

Theorem 1 Let X be a positive random variable with Hankel transform Hx ., . If there exist € > 0
and o > 0 such that Hx ,(t) = 1F1(o; v+ 1;—t) for all t € [0,¢], then X ~ Gamma(a,1).

We refer to Hadjicosta (2019) for three proofs of this result.

3 The Distribution of the Test Statistic

Let X1,...,X,, be ii.d., positive, continuous random variables with distribution P. We wish to
test the null hypothesis, Hy : P € {Gamma(a,X\),X > 0} against the alternative hypothesis,
Hy : P ¢ {Gamma(a, A), A > 0}, where « is known. Using the empirical Hankel transform H,, ,
given in (1.2), we define the test statistic

T, = n/oo (Mo () = 1 F1 (0 v + 1 —t/a)] dPy(1). (3.1)
0

Under Hp, E(X;) = /X and, for large n, Y; = X;/X,, ~ AX;/a, almost surely. By the Contin-
uous Mapping Theorem (Billingsley, 1968, p. 31), for each t > 0 and for sufficiently large n, the
sequence of random variables (th)_”/2J,,(2 tY;), j = 1,...,n, approximates the i.i.d. sequence
(MX;/a)7v/2,(2(\X;/a)t/?), j = 1,...,n. Applying to (1.2) the Strong Law of Large Num-
bers we obtain, for large n, H, , (t) ~ Hx, »(At/c), almost surely. By Example 1 and the Hankel
Uniqueness Theorem 12, Hy, ,(At/a) = 1Fi(o;v + 1;—t/a), t > 0, if and only if Hy is valid.
Therefore, large values of Tgvl, provide strong evidence against Hy.

We also remark that since the family of gamma distributions is scale-invariant then the test
statistic, as a function of X1, ..., X, should satisfy the same property. Since Y7, ...,Y,, clearly are
scale-invariant in X1,..., X, then the same holds for Tiu.

Henceforth, we set v = a—1; since v > —1/2 then a > 1/2. We also denote Tg,aq and Hy 0—1
by T2 and H,,, respectively. By Kummer’s formula (2.4), the statistic (3.1) reduces to (1.3).

We now evaluate the test statistic 72 for a given random sample.
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Proposition 1 The test statistic (1.3) is a V -statistic of order 2. Specifically,

DL AD

11]1

where, for x,y > 0,

h(z,y) = T'(a) (zy) =2 exp(—z — y) Ln—1(2(zy)"/?)

) Lo (- 35) veo (- 29+ (55)
- exp ( — exp | —
a+1 P a+1 P a+1 a+2
Denote by L? = L?(P,) the space of (equivalence classes of) Borel measurable functions f :

[0,00) — C that are square-integrable with respect to Py, i.e. [;° |f(t)]> dPy(t) < co. The space
L? is a separable Hilbert space when equipped with the inner product

(f g = / 7t 900 APy (t),

(3.2)

and the corresponding norm, ||f|lzz = (f, f}lL/Qz, f,g € L?. Moreover, it is well-known that the

normalized Laguerre polynomials {E,(f_l)
basis, i.e. a complete orthonormal system, for L?; see Szegd (1967, Chapter 5.7).

Define the stochastic process

:n € Ng}, defined in Appendix 9, form an orthonormal

Zn( WZ[ YY) A= /2 1, (2 tY)—e’t/“} (3.3)

t > 0. We will view Z,, := {Z,(t),t > 0} as a random element in L? since, as we will observe in
Lemma 2 below, its sample paths are in L2. The proof of the following result follows directly from
the definition (1.3) of the statistic 72 and the observation that n'/2[H,,(t) — e="/*] = Z,(t).

Lemma 2 The test statistic (1.3) can be written as

< 2
12— [ (Z.0) ) = |2
0
In particular, || Z,||3: < oo.

Tt is well-known that under Hy, (Y7,...,Y,) has a Dirichlet distribution which does not depend
on \. Therefore, without loss of generality, we will set A\ = 1 in deriving the null distribution of T2.

Theorem 2 Let X1, Xs,... be i.i.d. Gamma(a, 1) random variables, where a > 1/2, and let Z,
{Z,(t),t > 0} be the stochastic process defined in (3.3). Then there exists a centered Gaussian
process Z = {Z(t),t > 0}, with sample paths in L? and with covariance function,

K(s,t) = e~(stt)/a [F(a)(st/a%(l-a)/?[a,l (2Vst/a) — a 3st — 1] : (3.4)
s,t >0, such that Z, 7 in L2 asn — . Moreover,

—>/ dPO)

Remark 1 The proof of Theorem 2 is by an approach similar to that of Baringhaus and Taher-
izadeh (2010) and is given in Section 10. As Y3,...,Y,, are not independent, we cannot directly
apply a Central Limit Theorem to deduce that Z,, — Z. Instead, we apply a standard method of
constructing auxiliary processes, Z, 1, Zn,2, and Z, 3, and then decomposing Z,, — Z into a sum
of four parts, viz.,

Zn -7 = (Zn - Zn,l) + (Zn,l - Zn,2) + (Zn,Q - Zn,S) + (Zn,B - Z)
Next, we show that Z,, — Z,1, Zp1 — Zyn,2, and Z, 2 — Z, 3 each converge to 0 in probability,
in L?; then we apply a Central Limit Theorem to deduce that Z, 3 4 Zin L2, and so we

obtain Z, 2 Zin L2 Finally, we apply the Continuous Mapping Theorem to conclude that
1Zall72 = 1213
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4 Eigenvalues and Eigenfunctions of the Covariance Operator

The covariance operator S : L? — L? of the random element Z is defined for s > 0 and f € L? by

sits)= [ " K (s, 0(0) APy (1),

where K (s,t) is the covariance function defined in equation (3.4). Let {dj : £ > 1} be the positive
eigenvalues, listed in non-increasing order, of S; also, let {ka : k > 1} bei.i.d. x? random variables.
It follows from the Karhunen-Loéve expansion of the Gaussian process Z(t) that the integrated
squared process, fooo Z2(t) dPy(t), has the same distribution as Y, dxX3,; see Le Maitre and
Knio (2010, Chapter 2). Therefore, under Hy, T7 — > poy 0k X3

For s,t > 0, let

Ko(s,t) = e /o () (st/a?) 92, (2Vst /@), (4.1)

the first term in the covariance function defined in equation (3.4); by (10.12),

Ka(sut) = [ (@) (so/)0- /20, s 250/ )
x D(a)(tz /o) =2 1, (2(tz/a)'/?) APy (x).

We will find first the eigenvalues and eigenfunctions of the integral operator Sy : L? — L2,
defined for s > 0 and f in L? by

Sof(s) = / " Ko(s.0)£(1) dPy(1).

Before presenting the results on the eigenvalues and eigenfunctions of Sy, we state for the sake
of completeness some preliminary definitions pertaining to (linear) operators on L2. Note that
these definitions are provided by Sunder (2015) or Young (1998).

An operator T : L? — L? is called symmetric (self-adjoint) if, for all f,g € L?, (T f,g)r> =
(f,Tg)r>. A symmetric operator T is called positive if (T f, f)r= > 0 for all f € L?. An operator
T is called compact if for every bounded sequence {fi, : k € N} in L?, the sequence {7 f, : k € N}
has a convergent subsequence in L2. The set of eigenvalues of a compact operator is countable.

An operator T is Hilbert-Schmidt if for every orthonormal basis {fi : k¥ € N} in L2, the series
S ore 1T fill%2 converges. Each Hilbert-Schmidt operator is compact (Young, 1998, p. 93).

An operator T is of trace class if for every orthonormal basis {fx : k € N} in L2, the series
> rey IT frll L2 converges. An operator T is trace-class if and only if it is a product of two Hilbert-
Schmidt operators (Sunder, 2015, p. 74). Further, trace-class operators are Hilbert-Schmidt.

Recall that a > 1/2. Throughout the remainder of the paper, we use the notation

AN 1/2
3= (‘” ) and b, = (1+1a(1—8)" (4.2)
[0
We also set
pr = abte, (4.3)
k € Ny, and for s > 0,
207V (s) = g2 exp((1 - B)s/2)Ly" "V (Bs), (4.4)

where E,(Cafl)(s) is the generalized Laguerre polynomial defined in (9.11).

Theorem 3 The set {(pk,léafl)) : k € No} is a complete enumeration of the eigenvalues and

eigenfunctions, respectively, of Sg, and the eigenfunctions {3[,(60‘71) : k € No} form an orthonormal
basis in L?. Moreover, Sy is positive and of trace-class.

For the proof of this result we refer to Hadjicosta (2019) or Hadjicosta and Richards (2018).
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Theorem 4 Let S : L? — L? be the covariance operator of the random element Z defined as

/ K(s,t)f(t) dPy(t),

for all s > 0 and for all functions f in L?, where K(s,t) is the covariance function defined in
equation (3.4). Then, S is positive and of trace-class.

The proof of this result is similar to the proof of Theorem 3, and the complete details are
provided by Hadjicosta (2019).

Recall that a non-trivial function f € L? is an eigenfunction of S if there exists an eigenvalue
0 € C such that Sf = df. As S is self-adjoint and positive, its eigenvalues are real and nonneg-
ative. In the next result, whose proof is given in Section 11, we find the positive eigenvalues and
corresponding eigenfunctions of S, and we will also show that 0 is not an eigenvalue of S.

Theorem 5 For d € R, § # py for any k € N, define the functions
-8 Z I

B)=1—ap S Dk 202 a2
() Oéﬁ kzzokﬂ(pk*(s)pk(a 6)

Pk—

and

= azﬂo‘z k' —/{Zﬁ)

Then the positive eigenvalues of S are the positive roots of the function G(8) = a>A(5)B(d) —
D?(6). Also, the eigenfunction corresponding to an eigenvalue § has the Fourier-Laguerre expansion

1/2 B
ey () v a0 -

where c1,cy are not both equal to 0, a®c1 A(§) = caD(6), and caB(8) = c¢1D(6).

In the previous result, we assumed that 6 ¢ {p;, : k € Np}. As stated in the following conjecture,
we believe that this assumption is valid for all a.

Conjecture 1 For § an eigenvalue of the operator S, there is no l € Ny such that § = py.

Conjecture 2 There is no |l € Ny such that

aBot? Z k' p— Pz (1—k)? =1+ —1p)> (4.5)
i

We will show in Appendix 11 that Conjecture 2 implies Conjecture 1.

Remark 2 Since b, < 1 then pg < pg for all £ > 1. Therefore, if [ = 0 then each term in the sum
on the left-hand side of (4.5) is negative, hence the sum itself is negative. On the other hand, the
right-hand side clearly is positive. Therefore, the conjecture is valid if [ = 0.

Conjecture 1 was proved by Taherizadeh (2009) for « = 1 and by Hadjicosta (2019) for oo = 2.
In both cases, the left-hand side of (4.5) was shown to exceed the right-hand side, so we conjecture
that the same holds for all &. We have found that the method of proof for o = 1,2 extends to all
integer o < 10, however the method is inapplicable for integer @ > 11 or for non-integral «.
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A difficulty of the eigenvalues §; is that they have no closed form expression; hence there is
no simple formula for m, the number of terms in the truncated series > -, dx X3, that should be
used in practice to approximate the asymptotic distribution, 21;“;1 (5kxfk, of the test statistic T72.

For o = 1, Baringhaus and Taherizadeh (2010) calculated several ) numerically and found
that the truncated sum Ziil 01 closely approximates the exact value of Tr(S); hence, the distri-
bution of the truncated sum, Z,lcozl O X%k is a good approximation to the asymptotic distribution,
> e 0kX3y, of T2. This approach is feasible since, as Sy is of trace-class then by Brislawn (1991,
p. 237, Corollary 3.2), Tr(Sp) can be calculated by integrating the kernel Ky or by evaluating the
sum of all eigenvalues py:

/OOO Ko(s,8) dPy(s) = Tr(Sy) = f: pr = a®b2(1 —b2)~h (4.6)
k=0

Since S also is of trace-class then, using (3.4), we obtain

gék =Tr(S)= /Ooo K(s,s) dPy(s) = a® [117_‘2’23 _ (a—&Q)a (1 n ((5_:—21))2”. (47

To determine for general a the number of terms in the truncated series >~ 8 X3, that should
be used in practice to approximate the asymptotic distribution of T2, we derive bounds for the dj
in terms of the p, and then obtain a general formula for m as a function of «. In this regard, we
are reminded of the concept of a “scree plot” in principal component analysis; see Johnson and
Wichern (1998, p. 441), so we refer to the ratio (3 ;- , 6)/Tr(S) as the mth scree ratio for T2.

Since S is compact and positive then the set of all its eigenvalues is countable and contains only
nonnegative values (Young, 1998, p. 98, Theorem 8.12). To prove that the eigenvalues are positive
and also are simple, i.e., of multiplicity 1, we will apply the theory of total positivity; see Karlin
(1964). In what follows, we denote by det(a;;) the r x r determinant with (¢, j)th entry a;;.

Proposition 2 The eigenvalues {8 : k > 1} of S and the eigenvalues {pi, : k > 0} of Sy are
positive and simple. In particular, S and Sy are injective. Further, the corresponding eigenfunctions
{dr : k> 1} of S satisfy the oscillation property,

(1) =72 det (¢i(s5)) > 0 (4.8)

forallr > 1 and 0 < 51 < -+ < s, < 00, and the same property holds for the eigenfunctions
{Zy : k> 0} of So.

We now state an interlacing property of the eigenvalues d; and py.
Proposition 3 For k> 1, px—1 > 0 > prt1. In particular, 6 = O(pg) as k — oco.

Remark 3 The preceding result yields the inequalities pg > d1 > pa > d3 > -+ and p; > dp >
p3 > 04 > ---. For the case in which @ = 1, we have observed from the tables of eigenvalues
computed by Taherizadeh (2009, p. 28, 54) that the eigenvalues p; and dy satisfy the stronger,
strict interlacing property, pr > 0 > pr+1 for all k£ > 1, and we therefore conjecture that the
strict interlacing property holds for general a. We have not been able to resolve this conjecture
using general Hilbert space operator-theoretic methods or using specific properties of the Bessel
functions, and it appears that more powerful methods are needed to resolve the problem.

There is also the issue of choosing the value of m so that the mth scree ratio of T2 exceeds
1—¢, where 0 < € < 1. Applying the interlacing inequalities for 05, we obtain >," 6 > z;”j; Dk-
Since Tr(Sp) > Tr(S), we advise that m be chosen so that
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Table 1 Values of the lower bound on m for the scree ratio of T:2.

a | 0.5 0.75 1 3 5 10 20 50
m 15 12 10 6 4 3 2 1

This leads to a value for m that is readily applicable. Substituting p = a®b*+2 evaluating in

closed form the resulting geometric series, and substituting for Tr(Sy) from (4.6), we obtain

1 — pilm+2)  ml 1

ap2a - T Yo _ _ ap2a
a ba W_;ﬂpkz(l_e)Tr(So)_(l_e)a bOé 1_b4é

Solving this inequality for m, we obtain

m > loge -
~ 4logb,

(4.9)

We illustrate this bound by calculating it for various values of a. For € = 107!0, which represents
accuracy to ten decimal places, this results in the values displayed in Table 1.

5 Applications, Consistency of the Test, and Numerical Power Calculations

The first data set (Hogg and Tanis, 2009, p. 155) consists of n = 25 waiting times (in seconds)
for a Geiger counter to observe 100 alpha-particles emitted by barium-133. As noted by Hogg and
Tanis (2009, p. 464), a Kolmogorov-Smirnov test that the data were drawn from a Gamma(a =
100, A = 14.7) distribution failed to reject that hypothesis at the 10% level of significance.

We apply the statistic T2 to test Hp, the null hypothesis that the data are drawn from a gamma
distribution with o = 100 and unspecified A. The observed value of T2 is 6.301 x 10710,

We used the limiting null distribution of T to estimate 172, 5. For a = 100, it follows from
Table 1 that only one eigenvalue is needed to approximate accurately the asymptotic distribution
of T7%; therefore, T ~ §1x7. By (4.7), we obtain §; ~ Tr(S) = 6.722 x 10~°. Therefore, 177, o5 =~
61X7.0.05) Where x3.o05 is the 95th percentile of the x§ distribution, so we obtain Ty .5 =
2.582 x 1075. As this critical value exceeds the observed value of T2, we fail to reject the null
hypothesis that the waiting times are drawn from a Gamma(a = 100, \) distribution.

As an alternative approach, we conducted a simulation study to approximate Tﬁ; 0.05 » the 95th
percentile of the null distribution of T7>. We generated 10,000 random samples of size n = 25
from the Gamma(100,1) distribution, calculated the value of T'? for each sample, and recorded
the 95th percentile of all 10,000 simulated values of T2. We repeated this process ten times,
finally approximating T3;0_05 as the 20%-trimmed mean of all 10 simulated 95th percentiles, viz.,
T7.0.05 = 2.368 x 107°. Since this critical value exceeds the observed value of T} then we fail to
reject the null hypothesis at the 5% level of significance. Moreover, we derived from our simulation
study an approximate P-value of 0.99 for the test.

The second data set, given by Barlow and Campo (1975), provides n = 107 failure times
(in hours) for the right rear brakes on a sample of tractors. The data were analyzed recently by
Cupari¢, Milosevié and Obradovié¢ (2018), where the null hypothesis of exponentiality was rejected.

To test the hypothesis that the data are drawn from a gamma-distributed population, we
assume for illustrative purposes that a = 2.3. This value was obtained by setting the maximum
likelihood estimate of the mode of the Gamma(a, \) density, viz., (o —1)X,, /a, equal to a mode of
the histogram, and solving the resulting equation for .. Then the observed value of T2 is 0.0053.

For o = 2.3, it follows from (4.9) that T2 ~ 22:1 8k X3, We calculated the §; numerically as
the positive roots of the function G(d) in Theorem 5, and then we applied the results of Imhof
(1961) or Kotz, Johnson, and Boyd (1967) to derive the distribution of 22:1 Skx?, and carry out
the test. A one-term approximation (Kotz, Johnson, and Boyd, 1967, Egs. (71), (79)),

P(Eakx%k > t) = P(x > 2t/(01 +00))
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Table 2 The outcome of testing the tractor brakes data with numerous values of «.

a | 1.0 1.8 2.3 3 5 8
Observed T2 | 0.6965 | 0.0162 | 0.0053 | 0.0534 | 0.1977 | 0.3180
T2 .0.05 | 0-1406 | 0.0559 | 0.0356 | 0.0228 | 0.0088 | 0.0037
T2 0.1420 | 0.0576 | 0.0376 | 0.0235 | 0.0091 | 0.0037
P-value | 0.0000 | 0.3013 | 0.4702 | 0.0026 | 0.0000 | 0.0000

oo ;0.05

is well-known to be accurate for other problems (see Gupta and Richards (1983)) and leads to an
explicit formula, T2, o5 ~ 5 (61 + m) X2, . 0.05, for an approximate critical value of T}2.

As an alternative to calculating d1,...,d5, we can apply the interlacing inequalities in Propo-
sition 3 to obtain a stochastic upper bound, Zﬁ/lzl Sex3y < 22/[:61 prX3,- By applying results of
Kotz, Johnson, and Boyd (1967, loc. cit.) or Imhof (1961) to approximate the critical values of this
upper bound, we obtain a conservative test of Hy, i.e., with a level of significance at most 5%.

By performing a simulation study as for the previous data set, we obtained the approximation,
T?.0.05 = 0.0356, which exceeds the observed value of the test statistic. Also, by applying the results
of Imhof (1961), the limiting critical value derived from ZZ=1 Sk X3, denoted by Tgo;o_os, equals
0.0376. Therefore, we fail to reject the null hypothesis at the 5% level of significance. Moreover,
the simulation study provided an approximate P-value of 0.47.

Since it was assumed for illustrative purposes that o = 2.3, we repeated the test for several
values of «, obtaining the results in Table 2. We note that the null hypothesis is rejected for the
case in which a = 1 where, under the null hypothesis, the data are exponentially distributed;
hence, we deduce in this case the same conclusion as Cupari¢, MiloSevi¢ and Obradovié¢ (2018).

With regard to the consistency of the test statistic, we now provide a result that the test is
consistent against any fixed alternative distribution.

Theorem 6 Let X1, Xo,... be a sequence of positive, i.i.d., random variables with finite mean pu.
Let v € (0,1) denote the level of significance of the test and ¢, , be the (1 —)-quantile of the test
statistic T2 under Hy. If X1, Xa,... are not Gamma-distributed then

lim P(T? > c,.) = 1.

n— oo

With regard to a proof of this result, if we define
o0 2
A= [ (BID@X /)02 20630 )20 - ) dPo(),
0

then the essential part of the proof is to establish that n =172 2y A. The extensive details required
to prove this limit are provided by Hadjicosta (2019) or Hadjicosta and Richards (2018).

Remark 4 By applying Theorem 1 of Baringhaus, Ebner, and Henze (2017) we also find that, under

fixed alternatives to the null hypothesis, n'/2(n=1T2 — A) 4 N(0,02) as n — oo, where o2 is a
constant that is determined from the alternative distribution.

Turning to numerical calculations of the power of the test, we provide in Table 3 simulated
critical values for various n and four levels of significance, denoted by =, for a« = 2,5,10. The
last row of Table 3 is derived using the approximate limiting null distribution 22:1 Skx?, and the
method of Imhof (1961) for calculating the distribution of such linear combinations. The eigenvalues
{8k} are calculated numerically, by applying the results of Theorem 5, using the Newton-Raphson
method in the software R (R Development Core Team, 2007). All other entries in Table 3 are
calculated as the 20%-trimmed mean of 10 simulated (1 — v)-percentiles, each based on 10000
replications. The values in the table indicate that, as a increases, the critical points converge more
rapidly; in particular, for « = 10 and n > 20, the 90th and higher percentiles equal, to three
decimal places, the limiting percentiles.

Next, we compare the power of the new test with the Cramér-von Mises (C?) and Anderson-
Darling (A?) tests. We conducted a Monte Carlo study with 5000 replications at a 5% significance
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Table 3 Critical values of T}? for a = 2,5, 10.

a=2 a=5 a=10

n 11— 11— 1—v

0.90 0.95 0.975 0.99 0.90 0.95 0.975 0.99 0.90 0.95 0.975 0.99
20 0.032 0.044 0.056 0.075 0.006 0.008 0.011 0.015 0.002 0.002 0.003 0.004
50 0.033 0.046 0.059 0.078 0.006  0.009 0.011 0.015 0.002 0.002 0.003 0.004
80 0.033 0.046 0.060 0.079 0.006 0.009 0.011 0.015 0.002 0.002 0.003 0.004
100 0.033 0.046 0.060 0.079 0.006 0.009 0.012 0.015 0.002 0.002 0.003 0.004
oo 0.033 0.048 0.063 0.080 0.006 0.009 0.012 0.016 0.002 0.002 0.003 0.004

level for n = 20, 50. The critical values of C? and A? are calculated in the same way as for T2, viz.,
as the 20%-trimmed mean of 10 simulated 95%-percentiles, each based on 10000 replications. In
Tables 4, 5, and 6, we present for o = 2,5, 10 the percentage points of 5000 Monte Carlo samples
found to be significant. An asterisk denotes a power of 100%, and we list in boldface the most
powerful test in each case. For 8 > 0 and = > 0, the alternative distributions considered are the:

Gamma(a): Gamma distribution with shape parameter o and rate parameter 1.

Weibull(#): Weibull distribution with density function 6z~ exp(—x%).

LIFR(6): Linear Increasing Failure Rate distribution with density function (1+6z) exp[—z — 3622].
LN(6): Lognormal distribution with density function (fz)~*(27)~/2 exp[(— log x)?/262].

IG(#): Inverse Gaussian distribution with density function (6/27x%)'/? exp[—6(x — 1)?/2z].
GO(#): Gompertz distribution with density function #e®+? exp(—fe®).

Rayleigh(6): Rayleigh distribution with density function (x/6) exp[—z?/26)].

These distributions were chosen from among numerous alternatives for which calculations were
done by several authors, e.g., Baringhaus and Taherizadeh (2010), Henze, Meintanis, and Ebner
(2012), and Taherizadeh (2009).

In the case of the Gompertz distributions, the test based on A? is the most powerful of the
three for all tabulated n and «, and the test based on T'? is the next most powerful. For o = 2 and
n = 20, we see from Table 4 that the test based on T is at least as powerful as the tests based on
C? and A? for 17 of the 26 alternatives considered. The tables for a = 2 and n = 50 also indicate
that the test based on T2 is comparable in power to the other two tests. Therefore, for small values
of a, the new test is a serious competitor to the classical tests, irrespective of the size of n.

For large o and small n, Tables 5 and 6 indicate that the test based on T is more powerful
than the tests based on C? and A? for the majority of alternatives considered here. If n is large
then T2 becomes less superior to the other two tests; this is a consequence of the consistency of
each test, which implies that, as n — oo, the powers of all three tests converge to 1.

6 Contiguous Alternatives to the Null Hypothesis

For n € N, let X,,1,..., X,n be a triangular array of row-wise independent random variables. As
usual, let Py = Gamma(a, 1), a > 1/2, and let Q,1 be a probability measure dominated by Fy.
We wish to test the null hypothesis

Hjp : The marginal distribution of each X,;, t =1,...,n, is P
against the alternative
H; : The marginal distribution of each X,;, it =1,...,n, is Qn1.

We write the Radon-Nikodym derivative of @,; with respect to Py in the form d@,/dP, =
1 +n"12h,, and then we will need the following

Assumptions 7 We assume that:

(A1) The functions {h, : n € N} form a sequence of Py-integrable functions converging pointwise,
Py-almost everywhere, to a function h, and
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Table 4 Percentage points of 5000 Monte Carlo samples found to be significant at 5% level of significance; o = 2.

n =20 n =50

Distribution T2 c? A? Distribution T2 c? A2
Gamma(1) 62 43 64 Gamma(1) 93 85 94
Gamma(15) 18 12 18 Gamma(L5) 33 22 33
Gamma(2) 5 5 5 Gamma(2) 5 5 5

Gamma(2.5) 9 8 7 Gamma(2.5) 16 15 13
Gammal(3) 19 18 13 Gammal(3) 46 40 39
Gamma(3.5) 33 29 26 Gamma(3.5) 77 65 67
Gamma/(4) 48 42 40 Gamma(4) 92 85 87
Weibull(1) 62 47 67 Weibull(1) 92 85 94
Weibull(2) 27 28 24 Weibull(2) 69 63 61
Weibull(2.5) 73 70 64 Weibull(2.5) 99 99 99
Weibull(3) 96 93 91 Weibull(3) * * *

LIFR(0.02) 61 46 64 LIFR(0.02) 92 83 92
LIFR(0.05) 56 41 62 LIFR(0.05) 89 80 91
LIFR(0.1) 53 36 58 LIFR(0.1) 86 74 89
LN(0.8) 21 19 20 LN(0.8) 35 38 36
LN(0.9) 39 34 37 LN(0.9) 71 66 66
LN(D) 60 52 55 LN(1) 91 83 88
LN(L.5) 98 96 97 LN(L.5) . * *

1G(0.5) 81 76 718 1G(0.5) 99 99 99
1G(1) 32 31 30 1G(1) 61 63 60
1G(1.5) 10 13 10 IG(1.5) 13 23 20
1G(3) 31 31 29 1G(3) 63 69 78
1G(3.5) a7 44 43 1G(3.5) 88 88 92
1G(4) 61 56 57 1G(4) 97 96 97
GO(2) 214 17 35 Go2) 4 39 63
GO(4) 38 25 47 GO() 69 57 79
Rayleigh(1) 27 27 22 Rayleigh(1) 69 61 59

Table 5 Percentage points of 5000 Monte Carlo samples found to be significant at 5% level of significance; o = 5.

n =20 n =50

Distribution T? C? A? Distribution T? c? A2
Gamma(4) 15 9 13 Gammal(4) 23 13 21
Gamma(4.5) 9 7 7 Ga,mma(45) 9 6

Gamma(5) 5 5 5 Gamma(5) 5 5 5
Gamma/(6) 7 7 6 Gamma/(6) 11 11 10
Gamma(7) 13 12 10 Gamma(7) 30 25 25
Gammay(8) 23 19 17 Gammay(8) 55 44 48
Gamma(10) 47 37 35 Gamma(10) 91 79 82
Weibull(3) 15 17 15 Weibull(3) 31 41 38
Weibull(4) 65 62 59 Weibull(4) 95 98 98
Weibull(5) 94 03 92 Weibull(5) " " *
LIFR(2) 92 7 93 LIFR(2) " 98 *
LIFR(4) 88 60 87 LIFR(4) " 95 *
LN(0.5) 18 13 16 LN(0.5) 27 25 26
LN(0.7) 83 63 76 LN(0.7) 99 95 98
LN(0.9) 98 92 o7 LN(0.9) - - "
LN(1) 99 96 99 LN(1) " - -
1G(2) 71 53 65 1G2) 95 89 94
1G(2.5) 49 36 43 1G(2.5) 81 72 76
1G(3) 31 22 o7 1G(3) 55 49 52
GO(2) 79 54 84 GO(2) 95 92 99
GO(a) 54 35 67 GO() 82 75 95
Rayleigh(1) 32 15 33 Rayleigh(1) 56 33 59

(A2) sup,, ey Ep,|hn|* < o0.
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Table 6 Percentage points of 5000 Monte Carlo samples found to be significant at 5% level of significance; o = 10.

n =20 n =50
Distribution T2 Cc? A? Distribution T2 c? A?
Gamma/(5) 68 37 58 Gamma(5) 96 72 89
Gamma/(8) 16 8 13 Gammal(8) 28 13 20
Gamma(10) 5 5 5 Gamma(10) 5 5 5
Gamma(12) 7 7 5 Gamma(12) 16 10 9
Gamma(15) 19 14 12 Gamma(15) 52 31 34
Gamma(20) 48 36 32 Gamma(20) 93 76 82
Weibull(5) 38 37 34 Weibull(5) 80 81 80
Weibull(6) 72 70 67 Weibull(6) 99 99 99
Weibull(7) 91 90 90 Weibull(7) * * *
LIFR(50) 98 sl 96 LIFR(50) - 99 *
LIFR(100) 97 18 96 LIFR(100) * 99 «
LN(0.2) 73 59 57 LN(0.2) - 97 98
LN(0.4) 42 23 33 LN(0.4) 73 50 61
LN(0.6) 97 86 95 LN(0.6) * 99 *
1G(4) 79 55 70 1G(4) 99 o1 96
1G(5) 59 37 48 1G(5) 90 72 82
1G(6) 39 32 1G(6) 69 47 59
1G(7) 23 14 19 1G(7) 43 29 33
1G(3) 14 10 11 IG(8) 23 15 18
GO(10) 82 57 83 GO(10) 98 93 99
GO(20) 59 42 67 GO(20) 84 81 93
Rayleigh(1) 94 68 91 Rayleigh(1) * 97 *

Since [(dQy1/dPy) dPy = 1 then we also have [ h,, dPy = 0, for all n € N. Denote the indicator
function of an event A by I(A). By applying (A2), we deduce the uniform integrability of |h,|*:

lim sup Ep, (|hn|*I(|hy]* > k)) = lim sup/|hn|2 I(|hn|* > k) dPy
k—00 neN k—00 neN
< lim k~'sup Ep, |ha|* = 0.
k—o00 neN

By Bauer (1981, p. 95, Theorem 2.11.4), the Py-almost everywhere convergence of h,, to h implies
the Py-stochastic convergence of h, to h. Again by Bauer (1981, p. 104, Theorem 2.12.4), the
uniform integrability of h? together with the Py-stochastic convergence of h, to h imply the
convergence of h, in mean square, viz.

lim /|hn —h[2dPy = 0.
By the triangle and the Cauchy-Schwarz inequalities,

1/2
0< tim | [(h,—w)an| < i [ in, - nlars < i ([ - aan)" o

n—roo

therefore

n—oo

lim [ h, dPy = /h dPy = 0.

Hadjicosta (2019) has shown that Assumptions 7 hold for several contiguous alternatives, e.g.,

(1) Gamma alternatives with shape parameter o > 1/2 and rate parameter A, = 1 +n~/2,

(2) Gamma alternatives with shape parameter o, = a + n~1/2 and rate parameter 1.
(3) Contaminated models, Q.1 = (1 — n_1/2)P0 + n~1/2P,, where the probability measure P; is
dominated by Py and [ (dP;/dPy)* dPy < oo.

Let P, =Py®---®@Pyand Q,, = Qn1 ® - ® Qn1, where Py = Gamma(a, 1), a > 1/2, be the
n-fold product probability measures of Py and Q1 respectively.
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Theorem 8 Let X,1,...,Xpn, n € N, be a triangular array of positive row-wise i.i.d. random
variables, where Xy; = X;, 7 =1,...,n. We assume that the distribution of X,; is Qn1 for every
j=1,...,n. Further, let Z, := {Z,(t),t > 0} be a stochastic process with

Znlt) = =

J

[F(a)(tan/X’ﬂ)(l_a)/QJa—l (2(tan/Xn)1/2) - e_t/a:| )

1 n
=1

t > 0. Under Assumptions 7, there exists a centered Gaussian process Z := {Z(t),t > 0} with

sample paths in L? and the covariance function K(s,t) in (3.4), and a function

c(t) = /O - [F()(tz/a) =2 ]y (2(tx /) /?) + o~ 2te "/ 2] h(x) dPy(),

t >0, such that Z, 4z + ¢ in L?. Moreover, as n — 0o,
a [ 2
72 4 / (2(t) + (1)) dPy(0).
0
A detailed proof of this theorem is provided by Hadjicosta (2019) who followed the approach
of Taherizadeh (2009, pp. 79-91).
7 The Efficiency of the Test

Let X;, Xo,... be ii.d., positive random variables with a distribution P that is indexed by a
parameter § € © := (—n,n) or O := [0,n), for some n > 0. We represent Hy by Oy = {0} and
H; by ©; = O\ {0}. In Section 3, we showed that 7?2 is scale-invariant, i.e. it does not depend

on the unknown rate parameter A. Under the null hypothesis, we assume that X, Xo,... are
i.i.d., positive Py-distributed random variables; further, under the local alternative, represented by
0 € ©1, we assume that X, Xs,... are i.i.d., positive Pyp-distributed random variables.

The Radon-Nikodym derivative of Py with respect to Py is dPy/dPy = 1+ 0hy. We assume
that as @ — 0, the function hy converges to some function h in L?. Since [(dPy/dPy) dPy = 1,
we obtain fooo hg(z) dPy(z) = 0, for 8 € ©;. Further, we shall assume that for 6 € O,

/O " who(z) dPo(z) = 0. (7.1)

Let Oy and ©; be null and alternative parameter spaces, respectively, and {U,, : n € N} be
a sequence of test statistics. For 6 € Oq, F,(t) = Py(U, < t), t € R, is the null distribution of
U.,, and the level attained by U,, is L, :== 1 — F,,(U,,). For 6 € ©1, the exact Bahadur slope of the
sequence {U,, : n € N} is
c(f) = =2 lim n~'log Ly,

n—oo
whenever the limit exists (almost surely). For 6 € Oy, this limit exists with ¢(6) = 0.

For a sequence {Uj,, : n € N} of test statistics with exact Bahadur slope ¢;(f), j = 1,2, the
ezact Bahadur asymptotic relative efficiency of {Uy,, : n € N} with respect to {Usz,, : n € N} is
efy(0) = c1(0)/c2(0), 0 € O1. If eP5(0) > 1, then we prefer the sequence {Uy,, : n € N}.

In general, it is difficult to calculate the exact Bahadur slope (Bahadur, 1971, Theorem 7.2),
so we investigate the approximate Bahadur slope. We note that Bahadur (1967) showed that
for ©g = {6y}, the approximate Bahadur slope is close to the exact Bahadur slope for 6 in a
neighborhood of 6y, i.e., under local alternatives.

To obtain the approximate Bahadur slope of our test statistic 72 under local alternatives, we
need to show that the sequence {7, : n € N} is a standard sequence (Bahadur, 1960, Section 2).

Theorem 9 The sequence of test statistics {T,, : n € N} is a standard sequence. The approximate
Bahadur slope of the test is c¢(®)(0) := 67 b*(0), where &, is the largest eigenvalue of S and

b2(0) = 6 /O b [ /0 " (0) (k) 1= 2, (2t ) D ke () APy ()] ARe(t).  (7.2)
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Table 7 Limiting approximate Bahadur slopes for the contaminated gamma models.

k 2 3 4 5 6
cr | 0.149 0.284 0.373 0.433 0.477

Moreover,

(@) 0o oo 2
Jim 9(9):5;1 /O [ /0 P(a) (ke /a) /2 1,1 (2(tz/a) /2)h(z) dPy(x)] dPoy(t).  (7.3)

0—0 2

A complete proof of this result is given by Hadjicosta (2019) following the approach of Taher-
izadeh (2009, p. 98, Theorem 5.4).

If we write the squared term in (7.3) as a product of two integrals, one in x and one in y,
interchange the order of integration, and apply Weber’s integral (10.1), then (7.3) reduces to

(a) 9)
. C
A

= 51_1/OO/OOF(a)(ﬂfy/az)“‘a)/Qe‘(”y)/“Ia—l(2($y/a2)”2)h($)h(y)dPo(x)dPo(y),
0 0

and a similar result holds for (7.2). These expressions provide an alternative way to calculate the
approximate Bahadur slope of the test.

We now obtain the limiting approximate Bahadur slope for several alternatives. In the follow-
ing calculations, we will take v = 2 as the general case can be treated similarly. Consider the
contaminated models Py = (1 — 0)Py + 6P, where P; is a probability measure dominated by Pp;
for a = 1, these alternatives were considered earlier by Baringhaus and Taherizadeh (2010). It is
straightforward to verify that assumption (7.1) is satisfied if [zdPi(z) = [2xdPy(z) = 2. Also,
he = (dP1/dPy) — 1. By (7.3), the limiting Bahadur slope of the sequence {T}, : n € N} is

) c(“)(G) [ /N2
or = i —g— =0 1/0 (Hp, (8/2) = e"/2) AP (b),

where ‘H p, denotes the Hankel transform of P;. Further, by applying the results of Theorem 5 for
calculating the eigenvalues of S, we obtain 07 1= 83.242.

Consider the contaminated gamma models Py = (1 — 0)Py + 0 - Gamma(2k, k), k € N, k > 2.
By equation (2.5) and Kummer’s formula (2.4), we obtain

HGamma(Qk,k) (t/2) = 1F1 (Zky 21 _t/Qk) = e_t/2k1Fl(2 - Qka 25 t/Qk)

In Table 7, we provide the limiting approximate Bahadur slopes for k = 2,3,4,5,6.

Next, consider the contaminated model Py = (1 — )Py + 6 - U(0,4), where U(0,4) denotes
the uniform distribution on the interval (0,4). By Olver, et al. (2010, (10.22.9)), Hy(o,4)(t/2) =
(1 — Jo((8t)*/?)/(2t) and the limiting approximate slope equals 0.018.

Wieand (1976) showed that if two standard sequences {U; ,, : n € N} and {Us,, : n € N} satisfy
an additional criterion, now called Wieand’s condition, then the limiting approximate Bahadur
efficiency is in accord with the limiting Pitman efficiency, as the level of significance decreases to
0. In the next theorem, we state that Wieand’s condition is valid for our sequence of test statistics
{T), : n € N}. The proof of this theorem is omitted; we refer to Hadjicosta (2019) or Hadjicosta
and Richards (2018) for full details.

Theorem 10 The sequence {T,, : n € N} satisfies Wieand’s condition: There exists a constant
0* > 0 such that for any € > 0 and v € (0,1), there exists a constant C > 0 such that, for any
0 € ©,N(—0%,0) and n > C/b*(0), P(In~1/2T,, — b(0)| < b(0)) > 1 — 7.

8 Concluding Remarks

In constructing the test statistic 772 in (1.3), we set v = o — 1. In this case, the test statistic has a
relatively simple expression as a V-statistic, so the test can be carried out in a straightforward way.
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The resulting test statistic also is consistent, has good power performance, and extensive results
can be obtained for the eigenvalues and eigenfunctions of the corresponding covariance operator.

For general v, the calculations in the proof of Proposition 1 can be extended. However, the final
expression for the resulting V-statistic will be more complicated, for it will involve the generalized
hypergeometric series. Under Hy, we will again obtain T2 LN Yooy 5kX%k7 but the eigenfunctions
of the corresponding covariance operator will be more complex and may be unavailable.

We remark that there are many choices, other than Py, for the weight measure. Our choice of
Py is motivated by classical tests, such as the Anderson-Darling and Cramér-von Mises statistics,
for which the weight measure is determined by Hy. In the gamma case, the orthogonal polynomials
for Py are well-known; however, this may not hold for more general weight measures. We note that
Henze, Meintanis, and Ebner (2012) and Taherizadeh (2009, p. 65) provided results for weight
measures w of the form dw(t) = e #*dP,(t), where 3 is a “tuning parameter;” similar results for
the testing problem considered in this paper can be obtained using our methods.

The entries in Table 2 reflect the dependency of T2 on the value of a. This raises the problem
of extending our results to the case in which « is unknown. This problem appears to be formidable;
if we replace each « in (3.2) with a suitable estimator &, then parametric bootstrap procedures
can be used to estimate the resulting critical values and the power of the test. However, it may be
more difficult to derive the analytical properties of the test statistic.

If & is scale-invariant, the results of Henze, Meintanis, and Ebner (2012) lead us to believe
that, under certain regularity conditions, the asymptotic distribution of the resulting statistic can
be obtained. However, the comments of Henze, Meintanis, and Ebner (2012, Remark 2.3) also
apply to our problem, viz., a finite-sample implementation of the test will require knowledge of
the value of o which, however, is unknown. We also note that there is a substantial literature on
the problem of inserting a parameter estimator into a V-statistic; cf., de Wet and Randles (1987),
Leucht and Neumann (2013), and Matsui and Takemura (2008); it is an open problem to apply
those approaches to our test statistic.
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9 Appendix: Bessel Functions and Hankel Transforms

For the special case in which v = f%, it follows from (2.1) that, for z € R,
9\ 1/2
z1/? J_1)2(x) = (7) cos x, (9.1)
T

For v > —1/2, the Bessel function is also given by the Poisson integral,
(z/2)" " 2w
Jy(z) = m ; cos(x cos 0)(sin 0)*” d6, (9.2)
x € R; see Erdélyi, et al. (1953, 7.12(9)), Olver, et al. (2010, (10.9.4)). This result can be proved

by expanding cos(x cos f) as a power series in z cos(f) and integrating term-by-term.
The Bessel function J,, also satisfies the inequality,

1
< —|2/2) I 9.3
< g /21 explim(a) 0.3
v > —1/2, z € C; see Erdélyi, et al. (1953, 7.3.2(4)) or Olver, et al. (2010, (10.14.4)).
Henceforth, we assume that v > —1/2. For t,2 > 0, we set z = 2(tz)'/? in (9.3) to obtain
_
I'v+1)

Although the next two results may be known, we were unable to find them in the literature.

‘JV(Z)

|(tz) /20, (2(tz)/?)| < (9.4)

Lemma 3 Forv > —1/2 andt > 0,
[t ()] < W;g
T I’(V + 5)
Proof. By Olver, et al. (2010, (10.6.6)),
Ty (t) = = (70 1(1)' (96)
t > 0. For v > —1/2, it follows by differentiating the Poisson integral (9.2) that

2”71'1/2F(V—|— DT @) = ’/ cos 6 sin(tcos®) (sin6)> do
0

< / |cos 0] |(sin 0)2¢] do.
0

By a substitution, s = sin? 6, the latter integral reduces to a beta integral,
1
_ _ I'(a) ()
771 —s)blds = L2
/0 ( ) I'(a+b)
a,b > 0. This produces (9.5).

For v = —1/2, it follows from (9.6) and (9.1) that
Y200 (t) = (2/7)'/? sint; (9.7)
cf. Olver, et al. (2010, (10.16.1)). Then, |t1/2J1/2(t)| < (2/m)Y/?, as stated in (9.5). O
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Remark 5 Substituting v = 0 in Lemma 3, we obtain |J;(t)| < 2/m, t > 0. This bound is sharper
than a bound given in Olver, et al. (2010, (10.14.1)), viz., |J1(t)| < 272, ¢t > 0.

Lemma 4 For v > —1/2, the function t="J,41(t), t > 0, is Lipschitz continuous, satisfying for
u,v € R, the inequality

_, . 1
"U/ J,,_H(u) — v Jy+1(’U)’ S W "LL — ’U|. (98)

v+2)

Proof. For v > —1/2 we apply (9.6), (9.2), and the triangle inequality to obtain

2”7r1/2F(V +3) [u " Ty (w) =07 g (v))

< / | sin(u cos 0) — sin(v cos )| | cos @] (sin 6)?” db.
0

By a well-known trigonometric identity, and the inequality |sint| < [t|, t € R,

| sin(u cos§) — sin(v cos0)| = 2|sin (5(u —v)cosf) cos (4 (u+ v)cosb)|
< |u—wv| |cosf| |cos (5(u+v)cosb)|

< |u—wv]| |cosb|. (9.9)
Therefore,

2

[ o) = 0| £ e Ty

w/2
lu— o] / (cos0)? (sin0)2” df.
0
Substituting ¢ = sin? # reduces the latter integral to a beta integral, and then we obtain (9.8).
For v = —1/2, we apply (9.7) to obtain
’ul/QJl/Q(u) - vl/QJl/Q(U)‘ = (2/m)Y? |sinu —sinv| < (2/7)Y? |u — v],

the latter inequality following from (9.9) with = 0. Then, we obtain (9.8) for v = —1/2. O
As regards the modified Bessel function I, defined in (2.2), with i = v/—1 we find from (2.1)
that I, (z) =17Y J,(iz), € R; hence, by (9.3),

[F'(v+1)(x/2)7" I(x)] < 1. (9.10)
For n € Ny and a > 0, the (generalized) Laguerre polynomial of order aw — 1 and degree n is

o ~ (o i (-2)*
L) = O Py (nsaza) = 30 (:_k)/:)' S

k=0

x € R; see Olver, et al. (2010, Chapter 18) or Szeg6 (1967, Chapter 5). The normalized (generalized)
Laguerre polynomial of order o — 1 and degree n is defined by

a— n! 12 a—
e = () T (9.11)
z € R. Tt is well-known (see Olver, et al. (2010, Chapter 18.3) or Szegd (1967, Chapter 5.1)) that
the polynomials cﬁf“” are orthonormal with respect to the Gamma(a, 1) distribution:

oo a-leg—z 1, ifn=m
£ () Le V(@) dr =4
/0 (@) (@) I'(a) 0, ifn#m

Lemma 5 Forv >0 and a > 0,

F(Ozn—;— n) (v — 1)71_11}—(a+n+1) (a(v —1) - n)

n

/ e "L (z) do =
0
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Proof. Starting with the known integral (Olver, et al., 2010, (18.17.34)),

(oo}
/ xa—le—va(a—l)(x) dor = F(a + n) (7) _ 1)nU—(a+n)
0 " TL' ’
we differentiate each side with respect to v and simplify the outcome to obtain the result. O

Proof of Lemma 1. (i) By (9.4) for J, (), I'(v+1)|(tz)~*/?J,(2Vtx)| < 1 for all z,¢ > 0. Therefore,
by the triangle inequality, [Hx . (¢)| < 1.
(ii) It follows from the series expansion (2.1) that

=1

P+ 1))/, (200)7%)|

for all z, so we obtain Hx ,(0) = 1.

(iii) As the function (tz)~"/2.J,(2v/tx) is a power series in tx, it is continuous in ¢ > 0 for every
fixed 2 > 0. As it is also bounded, then I"(v+1)(tx)~*/2.J,(2v/tx) f(z) is bounded by the Lebesgue
integrable function f(x) for all ,¢ > 0. Therefore, the conclusion follows from the Dominated
Convergence Theorem. O

The following Hankel transform inversion theorem is a classical result that can be obtained
from many sources, e.g., Sneddon (1972, p. 309, Theorem 1).

Theorem 11 (Hankel Inversion) Let X be a positive, continuous random variable with proba-
bility density function f(x) and Hankel transform Hx . For x > 0,

f(z) = ﬁ /Ooo(tx)”/QJy(z\/tE) Hx,(t) dt,

As a consequence of the inversion formula, we obtain the uniqueness of the Hankel transform.

Theorem 12 (Hankel Uniqueness) Let X andY be positive random variables with correspond-
ing Hankel transforms Hx,, and Hy,. Then Hx, = Hy, if and only if X Ly,

The next result, on the continuity of the Hankel transform, is analogous to Theorem 2.3 of
Baringhaus and Taherizadeh (2010). Therefore, we will omit the proof.

Theorem 13 (Hankel Continuity) Let {X,,,n € N} be a sequence of positive random variables
with corresponding Hankel transforms {H,,n € N}. If there exists a positive random variable X,

with Hankel transform H, such that X, 4, X, then for allt > 0,
lim H,(t) = H(t) (9.12)

n— oo

Conversely, suppose there exists H : [0,00) — R such that H(0) = 1, H is continuous at 0, and
(9.12) holds. Then H is the Hankel transform of a positive random variable X, and X, 4 x.
10 Appendix: The Test Statistic

Proof of Proposition 1. By squaring the integrand in (1.3), there are three terms to be calculated.
First,

/ H2(t) dPy(t / (ZF Y(Yit) A= 92 g, (2 tY))QdPo(t)
ZZYY (1= a>/2/ Jae1(2V/ 1Y) Jo—1(24/1Y;)e ™" dt.

=1 j=1

These integrals are of the form of Weber’s exponential integral (Olver, et al., 2010, (10.22.67)):

/Om exp(—pt) J,(2v/at) J, (2VB0) dt = " exp (— (a+b)/p) L(2Vab/p),  (10.1)
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valid for v > —1 and a, b, p > 0. Simplifying the resulting expressions, we obtain

n/ H2(t) dPy(t) = #ZZ ViY;) 1=/ 2 exp(—Y; — V) Tn—1 (2(Y3Y5) /).
0 i=1 j=1

Second, by proceeding as in Example 1, it is straightforward to deduce

oo
2n/ Hn(t)e —t/a dPy(t) = 22 1+at "‘e_”‘Y?‘/(O‘H)
0

= % Z Z (a - 1> { —aYi/(a+1) | ew%/(aﬂ)} .

i=1 j=1

Third, we have a gamma integral:

TR 3 R

2

Collecting together all three terms, we obtain the desired result. O

Proof of Theorem 2. By (9.6), (s'™*J,_1(s)) = —s'=2J4(s). Therefore, the Taylor expansion of
order 1 of the function s'~%J,_1(s), at a point s, is

70 1(8) = 85" Ta_1(s0) + (s0 — s)u' "o (u),
where u lies between s and sg. Setting s = 2(tY;)'/? and so = 2(tX;/a)'/2, we obtain

21_a(tY})(1_a)/2 Ja—l(Q(t}/j)l/2) — 21_a(th/Oé)(1_a)/2Ja_1(Q(th/Oé)l/Q)

i (10.2)
+ 2[(#X;5/a)"? = (@) i (),
where u; lies between 2(tY;)'/2and 2(tX;/a)'/?. Define
W, =a 22X, = Xn — (10.3)

—1/2.’

(X)) 22+ X, 7)

then
(tX; /)2 = (V)2 = (tX; /)" = (tX;/X )% = W, (EX;)1/2,

and (10.2) reduces to
21—a(tyj)(1—a)/2 Ja71(2(th)1/2)
=217 (X /o) T2 Ty (24X /) ?) 4 2W, (EX5) M2 1l Ta(uy). (10.4)
Multiplying both sides of (10.4) by 2¢~1, adding and subtracting the term
2tX,) Wy, (61X /a) I =/2 I, (2(tX; /) ?)
on the right-hand side, and then simplifying the result, we obtain

(£Y;) =2,y (2(45)12)
= (15 /a) 2 T (206X /@)?)
+ 222 W, (tX; /) D) g, (2(tX; /) ?)
27 W ()12 (™ ) — (206X /0)/2) 77 14 (206X, /)1 %) )

(10.5)
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Define the processes Z,, 1(t), Zn 2(t), and Z, 3(t), t > 0, by
n,l t \F Z tX]/a) (1-a)/2 T (2(th/Ol)l/2)
+ 2F(o¢)a1/2 W, (th/a)lf(a/Z) Ja (2(th/o¢)1/2) o eft/a],
Znalt) fz ) (X /)02 oy (206X /0)' /%) 4 2072 W te ™!/ — e,
Zn3(t) f Z ) (£, /) 1=/2 I,y (2(tX; /a)2) + a~2(X; — a) tet/@ — et/o],

We will show that

Zns S Z in L2, (10.6)
1Z0 = ZnallL = 0, (10.7)
| Zpa — Znollze 20, (10.8)
1Zn,2 = Znsllr2 2 0. (10.9)

To establish (10.6), let
Zps;(t) = T(a) (tX;/a) =92 Jo 1 (20X, /a)?) + a72(X; — a)te™ /™ —e7H* (10.10)
t>0,j=1,...,n. Since X; ~ Gamma(ca, 1) then E(X; — a) = 0; also, by Example 1,
E[N(a)(tX;/a) 2001 (2(6X, /a)/?)] = e,

Therefore E(Z,,3,(t)) =0,t>0and j=1,...,n,and Z, 31,..., 23y clearly are i.i.d. random
elements in L?. Applying the Cauchy-Schwarz inequality and (9.4), we obtain E(||Z, 31[/3:) < oc.
Thus, by the Central Limit Theorem in L? (Ledoux and Talagrand, 1991, p. 281),

1 < d
Ing=—"=Y Znz; =7,
Vi

where Z = (Z(t),t > 0) is a centered Gaussian random element in L?. This proves (10.6) and
shows that Z has the same covariance operator as Z, 3 1.

It is well-known that the covariance operator of the random element Z,, 31 is uniquely deter-
mined by the covariance function of the stochastic process Z, 31(t) (Gikhman and Skorokhod,
1980, pp. 218-219). We now show that the function K (s,t) in (3.4) is the covariance function of
Zn.3.1- Noting that E[Z, 31(t)] = 0 for all ¢, we obtain

K(S,t) = COV[Zn’g 1(8 n31( )]
= Cov [Zn,g 1(8 —s/a Zn’g,l(t) + e_t/o‘]
= E[(Zn’3’1<5> +e s/“) (Zn,371(t) + e_t/o‘)] — e~ (sHt)/a,
By (10.10),

E(Zn31(s) + e_s/a) (Znsa(t) + e_t/a)
= E[I() (sX1/a) =2 J 1 (2(s X1 /) /?) + a7 2(X1 — a)se™/*] (10.11)
x [I'(e) (X1 o)1 =)/2 Ja,l(Z(tXl/a)l/z) +a 3(X; — a)te_t/a],
so the calculation of K (s, t) reduces to evaluating the four terms obtained by expanding the product

on the right-hand side of (10.11).
The first term in the product in (10.11) is evaluated using Weber’s integral (10.1):

EI(@)(sX1/a) =2 (X0 /)17 2 001 (2(s X1 /@) V2) Jam1 (2(4X1 /@)1 /?)
= I'(a)(st/a?) 1=/ 2e=(HD/ar (2V/st/a). (10.12)
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The second term in the product in (10.11) is a Hankel transform of the type in Example 1,
E[I(a)(sX1 /)™ 2001 (2(sX1 /) ?) a2 (Xy — a)te™/*] = —a Pstexp (— (s +1)/a),

and the third term in the product is the same as the second term but with s and ¢ interchanged.
The fourth term in the product in (10.11) is

Ela*(X1 — oz)zste*(”t)/a} = o tste” /@ Var (X)) = a 3ste= (/e

Combining all four terms, we obtain (3.4).
To establish (10.7), we begin by showing that

B V(X — a) 2
(\/EWR)Q B <(aXn)1/2(a1/2 +X1/2)> - X%/4O&2,

where x7 denotes a chi-square random variable with one degree of freedom. By the Central Limit
Theorem, \/n(X,, —«) 4N (0, &), and by the Law of Large Numbers and the Continuous Mapping
Theorem, (aX,,)"/?(a'/? +Yib/2) 2, 203/2. By Slutsky’s theorem (Chow and Teicher, 1988, p. 249),
VAW, & (0, La~2), hence (vaW,)? % X2 /4a2.

By the Taylor expansion in (10.5),

Zu— Zun = T S [(030)0-2, Ly 200711 - (1, /o)1= 27,y (0, ) )
. = 2012 W, (X /) 1) 1, (20X /0) ) |
= 2L () S [l ) — (200, /)2 (200X, )]
Define B
o= [ [S0EX)2 (w2 Tuluy) = (26X /) /2) T 206X /00 2))” R0

j=1
Then, ||Z, — Zn 1|22 = 4%[I(a)]?(v/nW,)? V.. By the Cauchy-Schwarz inequality,
* & o 1- 2

Vv, < —/0 £ X Jul T Jaluy) — (206X /0)?) % T (26X /) 2) | APy (8).

n -
Jj=1

Recall that u; lies between 2(tY;)/? and 2(tX;/a)'/?, so we can write
= 2L = O3 ) (15 /0) 2 4 26,50 (8) 2 = 2(tX,)12 (0712 4 6,,5,(K,* = a7/,
where 6, ;+ € [0,1]. By Lemma 4, the Lipschitz property of the Bessel functions,
490 (o + D)2 Jud ™ Taug) — (206X, /) V) Jo (201X /0)Y?) |
< |uy —2(tX; /)%
= [200,)200,34(X, 1 = a7V
<4tX; (X, * —a"1/2)2,

n

since 0,, ;. € [0, 1]. Therefore,
vV, < ;(1 En X2)(X‘1/2 — a2y /OO 2 dPy(1).
T4 M a4+ 1)]2 \n = I " 0

By the Law of Large Numbers, (y_l

so it follows that V;, £ 0. By Slutsky’s theorem, || Z, — Zn1||2. = 4°[['(a)]>(vaW,)? - V,
therefore || Z, — Zn1 |12 2 0, as asserted in (10.7).
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To establish (10.8), define
Aj(t) i=D(a)(tX;/a) =D J, (26X, /) /?) — a~ e,

t>0,j=1,...,n. Then it is straightforward to verify that

n

20{1/2
Zn,l - Zn,2 = \/’E Wn ZA](t)

j=1
and therefore

1Zns — Znz|Ze = (20" W) /O [TZ t} APy (t). (10.13)

By the Law of Large Numbers, W,, 2+ 0. Also, as shown in Example 3,
E[I(o)(tX;/a) =@/ Jo (2(tX; /o) /?)] = a~ et/

hence E(A;(t)) =0,t >0, j =1,...,n. Also, A(t),...,A,(t) are i.i.d. random elements in L?.
We now show that E(||A1]|2,) < co. We have

Bl = £ [ 430 am
=FE /O h [F(@)(£X1 /) =@/ g, (206X, Ja)/?) — a~ e ] dPy(1).
To show that E(||A;]|2.) < oo it suffices, by the Cauchy-Schwarz inequality, to prove that
E / Q) (X1 /o) =@/ g, (26X, /a) V)P dPy(t) < oo (10.14)

and .
E/ (o~ tte /)2 dPy(t) < oo. (10.15)
0
To establish (10.14), we apply the inequality (9.5) to obtain
o (2(tX1/0)'/?)| < (tX:1 /a) =072 /2 200+ 4),

for t > 0. Therefore,

E /0 h (1) (tX1 /)= (/D T, (2(tX1 /o) /?)]* dPo(t)

< (%)2 E(X1/a) /Oootho(t) < .

As for (10.15), that expectation is a convergent gamma integral. Hence, E(||A1]|2,) < co.
By the Central Limit Theorem in L2, n~!/2 > j=14,(t) converges to a centered Gaussian
random element in L?. Thus, by the Continuous Mapping Theorem,

‘\%im(t)‘ i - /OOO [\}ﬁzn:Aj(t)r APy (1)

converges in distribution to a random variable which has finite variance. Since W, %+ 0 then by
(10.13) and Slutsky’s Theorem, we obtain ||Z,1 — Z,, 2|2, LN 0; therefore, || Z,,1 — Zp 2| L2 0.
To prove (10.9), we observe that

1 n
Zno—Zpg = % Z (Qa_l/QWnte_t/a — a_Z(Xj — a)te_t/o‘)
j=1

=te V*/n(X, — )R,
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where
2 1

Ry = — =
(3[)(}/2(041/2 +X:L/2) a?

Therefore,

1Zns — Zosl2e = [VA(Xn — )R] / Y ety apy().

0

As noted earlier, fooo (te~t/*)2 dPy(t) < oo. Also, by the Central Limit Theorem, \/n(X, — a) 4
N(0, @); and by the Law of Large Numbers, R,, = 0. By Slutsky’s theorem, [Vn(Xn—a)R,] 24, 0;
hence [\/ﬁ(yn - a)Rn]2 20, and therefore | Zn2 — ZnsllLe 0.
Finally, by the Continuous Mapping Theorem in L?, ||Z, |3, 4 1Z]|3, i.e.
T2 = / Z2) dPy(t) L [ Z2(t) dPy(3).
0 0

The proof now is complete. O

11 Appendix: Eigenvalues and Eigenfunctions of the Covariance Operator

Proof of Theorem 5. Since the set {l,(ffl) : k € Ng} is an orthonormal basis for L2, the eigenfunc-
tion ¢ € L? corresponding to an eigenvalue & can be written as

¢ = i l(a 1)

k=0

We restrict ourselves temporarily to eigenfunctions for which this series is pointwise convergent.
Substituting this series into the equation S¢ = §¢, we obtain

(6, 7y 27 (s). (11.1)

NE

/ K(s,t) Y (6, 20 ) 22V () dRo(t) = 6
k=0

el
Il

0

Substituting the covariance function K(s,t) in the left-hand side of (11.1), writing K in terms of
Ky, and assuming that we can interchange the order of integration and summation, we obtain

62 (a— 1) l;ﬂafl) (S)

k=0
= 6,2V / [Ko(s,t)—e’(Ht)/a(a’Sst—i-l) 27V (1) dPy(t).  (11.2)
k=0 0

By Theorem 3,
| Kol 02 0) dre) = ),
0

On writing 1}(;—1) in terms of L,(f_l), the generalized Laguerre polynomial, applying the well-
known formula (Olver, et al., 2010, (18.17.34)) for the Laplace transform of L;Ca_l), and making
use of (4.2) and (4.3), we obtain

—t/a y(a— X agla a)p\2
= [Tt an = (K95 e )

_1)

Again writing I,(fa_l) in terms of L,(Ca , applying Lemma 5, and (4.2) and (4.3), we obtain

a— > —t/ a— 1/2 a
(te=t/e, gl My ;:/ te /(1) dPy(t) = (%) o232 p (b2 — kB).  (11.4)
0 .
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In summary, (11.2) reduces to

(SZ (a— 1) léa—l) (8)
k=0

i ¢,I(a 1) [l;a—l)(s) _ efs/a(%>l/2ﬂa/2(a715(bi —kB) + 1)] (11.5)
= !

—s/a

By applying (11.3), we also obtain the Fourier-Laguerre expansion of e with respect to the

orthonormal basis {l,(cafl) : k € No}; indeed,

s/ — Z<675/a71’(€a—1)> (a 1) _ g2 Z ( ) ](goe—l)(s)'
k=0
Similarly, by applying (11.4), we have
se—s/ — Z(se”/“,l;‘)‘ 1) > l(a 1) = 2B°/? Z ( ) N kﬁ)lgf_l)(s),
k=0
Let
> —t/o /2 (a—1) (a)k 1/2
c= | eMpt) dRy(t) = B Z 6.2 s - ) (11.6)
0 .
and
> —t/a 2 p0/2 = (a—1) (a)k 1/2 2
= [ tetan are) = o?p S0 () ot < ke ()
0 k=0 :

Combining (11.5)-(11.7), we find that (11.1) reduces to

62 (a— 1) l;ﬂafl) (S)

k=0

ki [ (;571(04 1) ﬂa/2((k? )1/2(Cl —|—CQO{71(bi . kﬁ))]l;j‘_l)(s), (11.8)

and now comparing the coefficients of 3!. o 1)(s), we obtain

5 (020 ) = (020 — 2 () P e p a2 - k8)]. (119)

for all £ € Ny. Since we have assumed that 0 # py for any k then we can solve this equation for
(@, l,(f_l)nz to obtain

(%)1/2 (1 + caa™ (b2 — k). (11.10)

<¢),1§€a—1 > ﬁa/Q Pk o

)
Substituting (11.10) into (11.6), we get

o a - (a)k —1 pa 2012
61—616 ];)k|(pk_6 k+c « B Zkl pk_ )pk(ba kﬂ)

= c1(1 — A(8)) + c2a™3D(6);

therefore,
1 A(0) = eaD(6). (11.11)

Similarly, by substituting (11.10) into (11.7), we obtain
e — 1028 (@) 252 _ 1B) + corrB* (@) 212 _ 1.5)2

= ch(6) + c2 (]. — B(d)),
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hence,
coB(0) = ¢1.D(0). (11.12)

Suppose ¢; = ¢o = 0; then it follows from (11.10) that <¢,1,(€a71))L2 =0 for all k and so ¢ =0,
which is a contradiction since ¢ is a non-trivial eigenfunction. Hence, ¢; and cp cannot be both
equal to 0. Combining (11.11) and (11.12), and using the fact that c1,ce are not both 0, it is
straightforward to deduce that a®A(8)B(8) = D?(5). Therefore, if § is a positive eigenvalue of S
then it is a positive root of the function G(8§) = a®A(8)B(§) — D?(6).

Conversely, suppose that § is a positive root of G(§) with § # py for any k € Ny. Define

1/2
o = ﬁa/Q(%) / pk”f <(c1 + coa ™' (82 — k), (11.13)
k € Ng, where ¢; and ¢y are real constants that are not both equal to 0 and which satisfy (11.11)
and (11.12). That such constants exist can be shown by following a case-by-case argument similar
to Taherizadeh (2009, p. 48); for example, if D(§) # 0, A(d) # 0, and B(d) # 0, then we can choose
¢2 to be any non-zero number and then set ¢; = c2B(0)/D(9).

Define

Bs) =Y WAV (s), (11.14)
k=0

s > 0. By applying the ratio test, we find that ZZO:O v2 < oo; therefore, 5 e L2
To show also that (11.14) converges pointwise, we apply (9.11), (4.4), and a Laguerre polynomial
inequality (Erdélyi, et al., 1953, p. 207) to obtain

|22 (s)| = B/ exp((1 - ms/z)((f;k)l/? L (Bs)
) () e s

(11.15)
a>1

) -

for s > 0. Thus, to establish that (11.14) pointwise converges pointwise, we need to show that

S () Pt <o and Y (H) e < e (11.16)
' k=0

k=0 (@)

However, the convergence of each of these series follows from the ratio test.
Next, we justify the interchange of summation and integration in our calculations. By a corollary
to Theorem 16.7 in Billingsley (1979, p. 224), we need to verify that

> el /OO K(s,t) |E7 V()] dPy(t) < oo. (11.17)
k=0 0
By (9.10) and (4.1),
0 < Ko(s,t) < exp(—(s +t)/a) exp(2Vst/a) = exp(—(v/5 — V1)?/a) < 1. (11.18)

By the triangle inequality and by (11.18), we have
0< K(s,t) < Ko(s,t) + (o ®st + 1) exp(—(s + t) /o) < 2+ a st

s,t > 0. Thus, to prove (11.17), we need to establish that

ZW/ (24 a 3st) |Z* V()] dPy(t) < oo.
k=0 0
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By applying the bound (11.15), we see that it suffices to prove that

i (%)Wlwl /Oootj dPy(t) < o0

and
o0

> () el [ <o

k=0

j =0,1. As these integrals are finite, the convergence of both series follows from (11.16).
To calculate S¢(s) from (11.14), we follow the same steps as before to obtain

85(3): KstZ'y al) t) dPy(t)

/
S-S () et
k=0 k=0 :

— coa 132 Z (%y/zpk(bi B kﬁ)l,(f*l)(S).
k=0

By the definition (11.13) of 7, and noting that

Pk flzi
pr—0 P —0

Y

we have

= /
(s) = 87 Z [pkpf 5~ 1] ((O,gk)l “or(er + e (02 — kB)ELV(s)
_ Ba/Q(SkZO pkpi (ﬂ)lﬂ(q + Cza_l(bi . kﬁ))iia_l)(s)

=6 IV (s) = 00(s).
k=0

Therefore, § is an eigenvalue of S with corresponding eigenfunction (E a

A proof that Conjecture 2 implies Conjecture 1. Suppose there exists [ € Ny such that § = p;.
Substituting k£ = in (11.9) and simplifying the outcome, we obtain

c1 = cpa NI —b2). (11.19)
Substituting 6 = p; in (11.8), applying (11.19), and cancelling common terms in (11.8), we obtain

(O( 1) 5 — —1 (2+a /2 ( ) 1/2 l_k 112
(6.2 V)i = e 07 10/2 () Ty (11.20)

for k # I. Substituting this result for the inner product into (11.6), we obtain

clzﬁ‘*/z[Zw,z(“ D)5 (L) oy 10,2070y, (101) )]

k=
k;él
_ pa/2 = —1p(240)/2 (@) 1=k , (a=1)y (@)1 \1/2
8 [k§=0;c2a g ok 0. 1 e () el

kAl
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Similarly, substituting (11.20) into (11.7), we obtain

er = 2872 320010 ) s (L) 02 1) + (0,200 (80) 12— 18]

k! I
k=0
lel
_ . 2pa/2 —1p(2+a)/2 = (@ L=k 5 5 _ (a—1) (@12 5 _
0?82y a”1 ; W o PR =8+ o ) () a0 - 1)
k£l

On simplifying the above expressions and substituting for ¢; from (11.19), we obtain

Ba/Z(@>1/2pl<¢7il(afl)>L2 =y [(171([,6 _ bi) _ a*lﬁoﬁ*l Z % L—k pi:|’ (1121)

g 5—0 Pk — Pi
kAl
and
9 pas2((@\V2 o (a=1)y . _ i (@ I=k 5o,
o272 (58 ) (b~ 18)(0. 1" V)1 = oL — 2 > i k9)]. (11.22)
kAl

Suppose that ¢; = 0 then it follows from (11.19) that ¢; = 0, which contradicts the earlier
observation that c; and ¢y are not both zero; therefore, co # 0. Also, by (4.2), b2 < 1 < f3, so
b2 — kB # 0 for all k € Ny. Solving (11.21) and (11.22) for the inner product ((ﬁ,ll(a*l)),;z and
equating the two expressions, we obtain

Pk — Pl Pk — Pl

1—aptt Y O TR s kg —1g)[0—12) - et Y OB LR e,
k=0 k=0
iy iy

Simplifying the above equation, we obtain (4.5). O

A C* kernel K : R? — R is extended totally positive (ETP) if for all » > 1, all 1 > -+ > s,,
all t; > --- > t,., there holds
det (K(Sl‘, tj))
[licicj<r(si —85)(t: — t5)

where instances of equality for the variables s; and ¢; are to be understood as limiting cases, and

> 0, (11.23)

then L’Hospital’s rule is to be used to evaluate this ratio.

Proof of Proposition 2. By (3.4), the kernel K(s,t) is of the form

o0
K(s,t) = e (/o242 Z cpstth,
k=0

where the coeflicients ¢, are positive for all £k = 0,1,2,.... Therefore,

det (K (s;,t;)) = det (e*(si“f)/”‘s?t? Z cksftf)
k=0

r oo
— (H e_(Si“’ti)/aS?t?) - det, (Z cksftf)
i=1 k=0

By Karlin (1964, p. 101) the series Y-, cxs"t* is ETP so, by (11.23), K(s,t) is ETP.
In the case of Ky, we have

Ko(s,t) = e~ (sHt)/ Z cpsth,
k=0
where ¢ > 0 for all k. Then it follows by a similar argument that Ko(s,t) is ETP.
By a result of Karlin (1964), the eigenvalues of an integral operator are simple and positive if
the kernel of the operator is ETP. Therefore, the eigenvalues of S and Sy are simple and positive.
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In particular, 0 is not an eigenvalue of S or Sy, so both operators are injective. Also, the oscillation
property (4.8) follows from Karlin (1964, Theorem 3). O

Proof of Proposition 3. Define the kernels ko(s,t) = —e~ 510/ and ky(s,t) = —e~(5t0/@q 35t
s,t > 0. Also, define on L? the corresponding integral operators,

Uif(s) = /000 k;(s,t) f(t)dPy(t),

j=0,1, s > 0. Then it follows from (3.4) that S = So + Uy + U;.
Each U; clearly is self-adjoint and of rank one, i.e., the range of I{; is a one-dimensional subspace
of L2. Also, Sy + Uy is compact and self-adjoint and its kernel, Ky + ko, is of the form

Ko(s,t) + ko(s,t) = e_(s'”)/o‘stz cjst!,
=0

where ¢; > 0 for all j. Arguing as in the proof of Proposition 2, we find that the eigenvalues of
So + Uy are simple and positive; hence, Sg + Uy is injective.

Let wg, & > 1, be the eigenvalues of Sy + Uy, where wi; > we > ---. Since Sy is compact,
self-adjoint, and injective, and since U is self-adjoint and of rank one then, by Hochstadt (1973)
or Dancis and Davis (1987), the eigenvalues of Sy and Sy + Uy are interlaced: pr—1 > wi > pg
for all £ > 1. Also, there is exactly one eigenvalue of Sy + Uy in one of the intervals [pg, pr—1),
(Pk> PE—1);5 OF (prs pr—1]-

Since U, is self-adjoint and of rank one then by Hochstadt’s theorem, the eigenvalues of Sy + U
and Sg + Uy + U; = S are interlaced: wy > 0 > wi4q for all & > 1. Also, there is exactly one
eigenvalue of S in one of the intervals (w41, W), (Wkt1, W), OF (Wr+1, Wk].

Combining these interlacing results, we obtain px_1 > 0 > pr+1, & > 1. Also, since p =
b2+ +2 then, by the interlacing inequalities, d; = O(b2¥), hence §; = O(py.). O
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